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Abstract

We address and answer the question of optimal lifting estimates for unimodular complex valued maps: given s >0and 1 < p <
00, find the best possible estimate of the form |¢|ys.p < F(|€'?|ws.p).

The most delicate case is sp < 1. In this case, we extend the results obtained in [3.,4] for p = 2 (using L? Fourier analysis
and optimal constants in the Sobolev embeddings) by developing non-L? estimates and an approach based on symmetrization.
Following an idea of Bourgain (presented in [3]), our proof also relies on averaged estimates for martingales. As a byproduct of
our arguments, we obtain a characterization of fractional Sobolev spaces with 0 < s < 1 involving averaged martingale estimates.

Also when sp < 1, we propose a new phase construction method, based on oscillations detection, and discuss existence of a
bounded phase.

When sp > 1, we extend to higher dimensions a result on optimal estimates of Merlet [20], based on one-dimensional arguments.
This extension requires new ingredients (factorization techniques, duality methods).
© 2014 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Our first motivation is provided by the following problem.

Lifting estimate question. Let £2 C R” be smooth bounded simply connected. Let 0 < s < 00, 1 < p < 0o. Assume
that W*P(£2; S') has the lifting property, i.e., that every u € W*?(£2; S') has a phase ¢ € W*7(£2; R). Which is the
best possible estimate of the form

|¢|W.;,,;§F(|u|w.v‘p)? (11)
Here, A < B means A < CB, with C possibly depending on p and on the space dimension 7, but not on s or u.

Estimate (1.1) can be seen as a reverse estimate for superposition operators. Superposition operators are mappings
of the form

To(p)=Pogp, VpelX,

with X a function space. Classical questions concerning such operators are: under which regularity assumptions on @
we have Tp : X — X, and existence of estimates of the form

1Te (@) < G(lelx): (1.2)

see e.g. [27] for a detailed account of these topics. The questions we discuss in the present paper are related to a sort
of converse of (1.2), namely existence of estimates of the form

lellx < F(IITa ()]l x) (1.3)

(or of a similar estimate where the full norm || ||x is replaced by a semi-norm | |x). Clearly, (1.3) cannot hold for
every @, even smooth (take @ = 0). A hint is given by the analysis of the case where X = W!-7. The fact that

IV@on)|,, =2 @Ve],,

suggests that, in order to have both (1.2) and (1.3), a reasonable condition is that
O<a§|¢’|§b<oo.

This suggests considering the model nonlinearity ®(t) = ¢'', which satisfies |@’| = 1, and then the corresponding
problem is given by (1.1).

For simplicity, we consider only periodic maps u : T" — S', where T" = R /Z" (but it will be transparent from the
proofs that the constructions and arguments we present extend to maps defined on Lipschitz bounded domains). We
setC=[0,D)".Ifu:T" — S! is smooth, then u has a smooth phase ¢ : C — R. Of course, such a phase need not be
Z""-periodic and thus cannot be identified with a smooth map on T”. However, for notational simplicity, we still write
most of the times ¢ : T" — R. When periodicity may play a role, we turn back to the notation ¢ : C =[0, 1) — R.

The maps we consider are normed in the standard way (over a period); e.g., we let || fllzr := [ fllLr(c)-

Before presenting our contribution, let us briefly recall some previously known results concerning the existence of
phases ¢ : C — R of maps u : T" — S!, and the corresponding estimates. First, the characterization of s and p such
that W*?(£2; S) has the lifting property was obtained in [3] and is the following.

1.1. Theorem. (See [3].) The space W5 P(T"; S1) has the lifting property precisely in the following cases:
1. sp<1.

2. sp>n.
3. s>1andsp=>2.
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Concerning optimal estimates of the form (1.1), two qualitatively different situations are to be considered. As
an illustration, let us assume that we have an estimate of the form (1.1) at our disposal, and also that the equality
|@o|ws.» = F(|u|ws.r) holds for some @y € W* 7, with u := ¢'%. Starting from this, we would like to assert that (1.1)
is optimal. This is easily obtained when sp > 1. Indeed, in this case, if u = ¢'?! = €'?2 with ¢, 9o € WP then
@1 = @2 (mod2) [3, Theorem B.1]; thus the phase (if it exists) is unique. Consequently, there is no phase ¢ € W* P
of u such that |@|wsr < F(|lu|ws.r), and thus (1.1) is optimal. We will present in Section 5 the optimal estimates
corresponding to the range sp > 1; for the time being let us only mention the strategy. First, an inspection of the
construction of phases in [3] and [21] leads to estimates of the form (1.1). Next, we test these estimates on typical
W*-P functions (like x — |x| ™%, with (« + 5) p < n) and conclude to their optimality.'

Much more involved is the case where sp < 1. Indeed, assume that we have established an estimate of the type (1.1)
and that we want to prove its optimality. This time, if ¢ is a W*? phase of u, then so is ¢ + 2w 14, with A a smooth
compact subset of §2. Thus even if the estimate (1.1) cannot be improved for a specific ¢, it could be possible to obtain
another phase of u satisfying a better estimate.

Optimality when sp < 1 and p = 2 was investigated in [3] and [4]; the corresponding optimal estimates have impli-
cations in the analysis of the Ginzburg—Landau equation [5] and were part of the original motivation in studying (1.1).
In order to explain the results obtained in [3,4], we first recall a phase construction method due to Bourgain and
presented in [3]. Assume that sp < 1 and let u € W*?(T"; S!). For j € N, we let & ;i denote the set of the (dyadic)
cubes of the form 2~/ ]_[;;1 [my, m;+ 1), withm = (my, ..., m,) € Z". Thus each x € R” belongs to exactly one cube
Qi(x)e Zj,andwehave Q;(x) C Q;_1(x)if j>1.Ifue L} (R"), then we let

loc
uj(x)=Eju(x) denote the average of u on Q;(x). (1.4)

We let &; denote the set of functions which are constant on every cube of &;. For a given u € W*7(T"; S, the
construction of a phase ¢ goes as follows. Let u; be as in (1.4), and set U 7= IZ_]I € &}, with the convention % =1.
J

We then let ¢° be any real number such that U° = ¢'%" and next construct inductively a phase ¢/ € &jof U J such that
l/ — o/ < |UT = U, (1.5)

The arguments developed in [3] imply that the sequence (/) converges in L” to a phase ¢ of u satisfying the
estimate (1.6) below.

1.2. Theorem. (See [3].) Assume that sp < 1. Then every u € WP (T"; S') has a phase ¢ € WP satisfying

1
p < p
|§0|W&p ~ e —sp)P |u|w.v,p~ (1.6)

Here, | - |ws.» is the standard Gagliardo semi-norm,

|f|€v&p=/ @ =N,

e =yl

As explained above, when sp < 1 the phase is not unique, and this raises the question of the optimality of (1.6). It
turns out that (1.6) is not optimal.> When p > 1, an improved estimate is provided by the following result.

1.3. Theorem. Let 0 < s < 1 and 1 < p < o0 be such that sp < 1. Let u € WP (T"; S"). Then there exists a phase ¢
of u satisfying the estimate

|w%m5ﬂa )m%w. (1.7)

—sp

1 Special cases of the results in Section 5 were obtained by Merlet [20].

2 Itis proved in [3, Section 5 and Appendix A] that the estimates used in the proof of Theorem 1.2 are essentially optimal and thus cannot lead
to an estimate better than (1.6). However, this does not imply that the phase obtained via the iterative construction in formula (1.5) does not satisfy
an improved estimate. We do not have an example of « such that the corresponding ¢ does not satisfy (1.7).
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When p =2, the above result is due to Bourgain [3, Theorem 3.1]. Bourgain’s proof relies on an averaging method,
reminiscent of Garnett and Jones [13]. The idea is to perform the dyadic construction explained above starting from
u? :=u(- —y) instead of u, and obtain a corresponding phase ¢”. Then prove that, for some y € T", ¢” (- + y) (which
is clearly a phase of u) satisfies the improved estimate (1.7). While the first part of the proof (construction of ¢) does
not depend on p, the argument leading to the last part (existence of an appropriate y) in [3] is based on L? Fourier
analysis. Thus, in the proof of Theorem 1.3, our main task was to develop new, non-L2, arguments.

We continue with a digression related to the use of the averaging method. In [3], the proof of (1.6) (and of the
corresponding phase existence result) is based on the semi-norm equivalence [3, Theorem A.1]

fper ~ Y2215 = fi-all], (1.8)
j=l1

Here, the averages f; are as in (1.4) (with u replaced by f), and | |ws.» is any standard semi-norm on W*?, e.g. the
Gagliardo one.” It is easy to see that the above semi-norm equivalence cannot hold when sp > 1. Indeed, let 0 < s < 1
and 1 < p < oo be such that sp > 1. Let f be (the periodic extension of) the characteristic function of [0, 1/2)".
Then the right-hand side of (1.8) is finite,* but f ¢ W*”, as one may easily check. However, we have the following
result, proving that the semi-norm equivalence (1.8) is valid in average when 0 < s < 1, irrespective of the assumption
sp < 1.

1.4. Theorem. Let 0 <s < 1 and 1 < p <o0. Let f¥(x) := f(x — y). Then we have

Flr~ [ X 221(), = (7)1 . (19)

Tn j=1

This leads to the following picture, reminiscent of the connection discovered in [13] between BMO and dyadic
BMO semi-norms:

1. The dyadic semi-norm () =1 28IP | f = fi— ||z,,)1/ P is equivalent to the standard semi-norm | |ws.p precisely
when sp < 1. This is Bourdaud’s result [2, Théoreme 5]. We note that this equivalence requires 0 < s < 1, and
for such s it holds for only for some p’s in the range [1, c0).

2. However, in average, the two semi-norms are equivalent in the full range 0 <s <1, 1 < p < co.

We next turn to the question of the optimality of the estimate (1.6), settled in [3, Remark 7] for p =2 and n > 2,
and in [4, Theorem 2] for p =2 and n = 1.

1.5. Theorem. Assume that 1 < p < oo. Then estimate (1.7) is optimal.
Here, optimality means that (1.7) cannot be improved to

e(s)
ol fysp < W'”WV”’

—sp
with e(s) > 0assp /1.

The original argument in [4, Theorem 2] relies on an involved result: the behavior of the best constant in the
embedding W!'=1((0, 1)) — L'Y2((0,1)). We develop here a related, but simpler, argument, whose main ingredient
is the fact that the nonincreasing rearrangement on an interval does not increase the fractional Sobolev norms. This is
well-known on the real line, and goes back to Riesz when p =2 [17, Lemma 3.6]; on an interval, the corresponding
result is more recent and is due to Garsia and Rodemich [14].

As it turns out, the proofs of Theorems 1.3 and 1.5 we present below are slightly simpler than the original ones
even when p =2.

3 See formula (3.1) below.
4 Since fj = f,Vj > L.
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The reader may wonder about the role of the assumption p > 1 in Theorem 1.5. It turns out that this result is wrong
when p = 1. Instead, we have the following improved estimate.

1.6. Proposition. Let 0 < s < 1. Then every map u € WS (T"; S has a phase ¢ such that
[@lws.1 < 2|ulys.1. (1.10)

Estimate (1.10) is essentially optimal, since we clearly have |u|yys,1 < |@|yys.1. The proof of Proposition 1.6 follows
the approach of Dévila and Ignat [12], who established, for BV maps u : T" — S!, the existence of a BV phase ¢
satisfying the (optimal) estimate |¢|gy < 2|u|pv.

Our paper is organized as follows. Sections 3, 4 and 5 are devoted to optimal estimates. In Section 3, we prove
Theorem 1.3, which leads to an optimal estimate when sp < 1 and p > 1, and Proposition 1.6, giving an optimal
estimate when s < 1 and p = 1. Section 4 contains the proof of Theorem 1.5, which asserts the optimality of the
estimate in Theorem 1.3. In Section 5, we examine optimal estimates when sp > 1.

Sections 6 and 7 are devoted to further developments. In Section 6.1 we discuss the existence of a bounded phase
when sp < 1. In Section 6.2, we describe a new method for constructing phases when sp < 1. This construction
combines a factorization technique developed by the first author [22,23] with an averaging idea due to D4vila and
Ignat [12]. Section 7 is devoted to the proof of Theorem 1.4.

The final Section 8 gathers various useful auxiliary estimates.

2. Notation

We present here some notation that we use throughout the paper.

1 x| =|(x1,...,x0)| = maxc[1,x] |x 1.

2. If r<land x € T%, then B(x,r)={y € T% |y — x| <r}.

3. {ei}}_, is the canonical basis of R".

4. P;, j =0, is the family of dyadic cubes of side length 27/ of T". Thus an element of & is of the form
Q=27 TT}_lme,mg + 1), withm = (my, ...,m,) € [0,2/ —1]".

5. If x € T", then Q(x) is the (one and only one) cube Q; € &; such thatx € Q;.

6. & :={f:T" — C; f is constant on each Q; € ¥;}.

7. The average of f on Q;(x) is denoted either f;(x) or E; f(x). Thus f;(x) = E; f(x) := fQ,—(x) f.

8. tnf(x):=f(x—h).

In the next four items, welet 0 <s < land 1 < p < 0.
9. |f|€v-v‘p(1rn) = Jpu Jp % dxdy = [, [ W%W dxdh.

10. We also sometimes denote X (f) := |f|€vs_,,.

1Y) =201 2P fi = fi=1ll -

12 Z(f) =202 I f = fill -

13. The characteristic function of A is denoted 1 4.

14. €A is the complement of A.

15. U denotes a disjoint union.

16. If u = (f, g) € C'(£2; R?), with £2 C R?, then the Jacu := det(V f, Vg) is the Jacobian determinant of u.

17. A(f) < B(f) stands for A(f) < CB(f), with C a constant independent of f. When f € W*”, we will further
specify whether C depends on the parameters n, s and p.

18. A(f) ~ B(f) stands for B(f) < A(f) < B(f).

19. “A” is used for the vector product of complex numbers: (u1 + tu2) A (v + 1v2) = ujvy — uovy. Similarly,
(u1 +1tur) AV(@i +1v) =uiVoy —usVouy.

3. Optimal estimates when sp < 1. Proof of Theorem 1.3

We start with some preliminary results. We recall that Q;(x) is the unique cube in &7; such that x € Q;(x). We
set fj(x):= fQ,(x) f.f(x):= f(x —h), and we associate with f, s and p the following quantities:
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|f ) = fIP |f () — T f (0)]P
T Tn
Y(f) =Y 2PN f = fi-illf,, (3.2)
j=1
Z(f) =Y 2P f = filll,. (3.3)
j=0

When sp < 1, we have that X (f), Y(f) and Z(f) are equivalent semi-norms in W*-7(T"). This fact was estab-
lished by Bourdaud [2]; see [3, Theorem A.1] for a quantitative form of this equivalence. For the convenience of the
reader, we briefly recall in Section 8.1 the result in [3] with a slightly different proof; see Lemma 8.3.

It can be easily shown that the phases ¢/ given by (1.5) satisfy the following inequality [3, (1.5)]:

o/ =/ Slu—ujl +lu—uj—yl, VYj=L1 (3.4)

In [3], estimate (1.6) is obtained by combining (3.4) with the (quantitative form of) the equivalence between X (u),
Y (u) and Z(u) (with X, Y and Z as in (3.1)—(3.3)).

The proof of the improved estimate (1.7) is more subtle. In order to obtain (1.7), we follow the approach in [3],
which is itself inspired by a result of Garnett and Jones [13] showing that one can recover the standard BMO norm of
a function u from the dyadic BMO norm of a suitable translation t,u of u. More specifically, the argument goes as
follows. Let u” := tyu and let ¢” be the phase of u” obtained via Bourgain’s construction, i.e., ¢ :=lim;_ @Y.
Here, ¢”»/ € &} is a phase of u’ /|u7| satisfying

o) =TT S =l + | =], V=L (3.5)
In the spirit of [3], we will prove that
/WI” dy < e (3.6)
Wermi el —spy W

Indeed, for every measurable function f : T" — C we clearly have

|f|Ws , = // [(th —ld)f(x)|p dxdh < 22(n+sp)(j+l) / /|(Th —1d)f(x)|dedh

|h|ntsp
Tn v j=0 lhlel; T

where 1 := [27/=1,277). We find that the average of |¢” |Iv’v& » can be estimated by

/Iw |vady</22("+‘1’></+” / /\(rh —id)g*|” dx dhdy. 3.7)
™ J20 \hjel; T

In order to estimate the right-hand side of (3.7), we start from

|(th —id)@”| < |(th — i)/ | + |(zy —id) (¢? — @*7)|, Vj=0. (3-8)
Consider now p =1(_1,2,1/2)n, and set pe(x) :=& " p(x/e), Ve > 0, Vx. We define

Ag,j = {x € T"; dist(x, Q) < 27/ for some Q € Py}

By Lemma 8.6 in Section 8.2, when |h| € I; we have

|(th — i)™ | = |z — id) (9 — 9*0)| =

Y @ —id)(p7f — ")

1<k<j

< D @ —id) (@ =™ S D0 et =" T kppida . (3.9)
I<k<j I<k=j
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Before going further, let us note that

Pk S py3-k  and Apt1,j C Ak

By (3.5), (3.9) and (3.10), we thus have
(@ = i)™ [ S Y [u’ —u) [ oy i agy, -

0<k=j
Thus
. i p b
|(rh —id)eY/ (x)| < < Z ‘uy — u,{| * Pk Lag,, (x)) =:J1,j(x,y).
0<k<j

On the other hand, (3.5) implies

R e 1 [ /(Zwku) o))

k>j+1
§/<Z|uy(x)—u,{(x)|) dx =: J2 ; ().
Tn k>j

By combining the estimates (3.11) and (3.12) with (3.7) and (3.8), we find that

/W Wer dyS//Zzs”"fl,j(x,y)dydﬂr 227y dy=:Li+ La.
’I[‘n

Tn Tn ]ZO Tn ]ZO

We first estimate the term L», via a Schur type estimate (Corollary 8.2) and Lemma 8.3:

P
S 2,m= [ T(T20 et e ) des L S -y,

7z0 fn JZ0 k=j =0
= LZ(My) S iX(uy) = LIul"},s,p, Vy e T".

sP sP sP
Consequently,

1
Ly < _|M|Wap

971

(3.10)

@3.11)

(3.12)

(3.13)

We now turn to L. We decompose the sets Ay ;, which are increasing with k, as a finite disjoint union of sets by

defining

B j:=Ap i\ Ar-1,j, Vk>2 and By j:=Ay;.

Thus, Ay, j = | |,<,< B:,j and we have

Jok+1
Ll:ZZ'YPj//<ZZ’uy—uk|*pz4 kILB,](x)) dydx
T T"

j=0 k=0 t=1

— Zzw Z

j=0 Ist=j+lp .

p
Z | — u | % pya—k (x) dx.

1—1<k<j Ly(T")

Using Minkowski’s inequality and noting that |B; ;| <|A; ;| <2 —J, we find

5 Asin[3], the integration with respect to y does not play any role in the estimate satisfied by L.
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; . P
LY ¥ ZH( 2 sup|||”y_”Z|*pz4-k(x)||L§<1rn))'

j=0 1<t<j+1 1—1<k<j *
Now comes the key estimate.
3.1. Lemma. Assume that 0 < s < 1. Let u € WP (T"), and define g : T" x T" — R by

ge(x,y) = |u’ —u | % pra—i(x).

Consider also the quantity

ar =2 sup| ge(x, )| ,. Vk=0.
X
Then Y y-oat <2lullys.,.
Proof. Holder’s inequality combined with the fact that the integral of p equals 1 gives

/ng(x,y)\”dy < //Iuy —u}|” (x = 2)ppx(2) dy dz.
Tn Tn Tn

We next note that
’“y - u;{‘p(x —7)= ' ][ (uy(x —7)— uy(w)) dw

Ok(x—2) B(x—z,27%)

here, we use Holder’s inequality together with the fact that Qi (x — z) C B(x — z,275).
Integration of (3.15) over y leads to

/‘uy—u,{’p(x—z)dyff’k/ / }uy(x—z)—uy(w)“"dydw
T T" B(x—z,27%)

=2nk/ / lu() = u(t — )|’ dhdr, Vx,zeT".

T h|<2*

Using (3.14), we obtain

Za,ng/ / 20Dk (1) — u(t — h)|P dh dt

k=0 k=00 12k
) t) —u(t —h)|?
_ > 2(”“p)k|u(t)—u(t—h)|pdhdt§c//lu() ut =17 s,
e
Tn Tn 25<1/|h| Tn Tn

with

c=c(n,s, p):= sup |h|n+sp Z 2(n+sp)k <2.
k1<l 2k<1/|h|

Therefore, we have Zkzo a,f < 2|”|[v7vw’- O

Proof of Theorem 1.3 completed. By the above lemma and Corollary 8.2 we have

ngzzm’*l)i Z 2t< Z 2Skak>pzz Zz(spl)(jl)< Z 2s(k’)ak)p

j=0 l<t<j+l “i—l<k<j =1 j=i—1 1—1<k<j

1 P 1 1
< Z—S(k—t) < P < PJ .
~1—sp E ( E Ak ~ 5Pl —sp) E a"NsP(l—sp)MW”’

t>1 “k>r—1 k>0

14
<onk / lu? (x = 2) —u’ (w)|” dw;

(3.14)

(3.15)

(3.16)
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By combining this with the estimate (3.13) of L,, we find that

1
/|(p WspdyN p(l )|M|Wsp O

Proof of Proposition 1.6. As mentioned in the introduction, we rely on an argument devised, for BV maps, by
Davila and Ignat [12]. Let u € W*¢ A1 SY. For every o € S! define @y := 0, (1), Where 6, (z) represents the unique
argument of z € S! in the interval (o« — 27, «]. The functions ¢, are clearly measurable phases of u. We claim that
there exists o« € S! such that |@a lys.1 < 2|u|yys,1. For this purpose, we estimate the average of |¢ |51 over st

][|(ﬂa|ws1d(x—][(/ %dxd >da

T T

// T y|n+y (/\9 u(x)) — (u(y))|da> dxdy. (3.17)

Applying Lemma 8.12 and using (3.17), we obtain fsl |@a st doa < 2|ulys1, which proves the claim and completes
the proof of the proposition. O

4. Optimality when sp < 1. Proof of Theorem 1.5

The next result quantifies the asymptotic optimality of Theorem 1.3 in the special case where n =1, 1 < p < o0
and s = (1 — ¢)/p, with ¢ — 0. As we will see, the general case is an easy consequence of Proposition 4.1.

4.1. Proposition. For every ¢ € (0,1/2), there exists u, € WI=9/P-P(T;SY) such that any phase ¢ €
wa=)/pr.r((0,1); R) of us satisfies

ol wa-eormp =€ P lulya-ems.

The above proposition is a variant of [4, Theorem 2]. In turn, [4, Theorem 2] relies on a very involved result
[4, Theorem 1] providing the asymptotic behavior of the best Sobolev constant in the embedding W!=%1((0, 1)) —
L'/¢((0, 1)). We present below a cousin argument, based on an inequality involving non-increasing rearrangements
of functions, obtained by Garsia and Rodemich [14].

Proof of Proposition 4.1. As in [4, Proof of Theorem 2], the key step consists in establishing the following estimate

1/¢
|A||[°A| < (Ce// dXdyz ) : (4.1)
lx —yl==*

for every ¢ € (0, 1/2) and every measurable set A C (0, 1). Here, “A is the complement of A, and C is an absolute
constant.

Step 1. Proof of (4.1).
Recall that, if f : (0, 1) — R is a measurable function, then its non-increasing rearrangement f*: (0, 1) - R
is defined by

ffx)= inf{
It is easy to see that, when A C (0, 1) is a measurable set, we have (14)* = 14+, with A* = (0, |A|). Thus

Jfrelo, ;s f()>A} =x}, Vxe(,1).

[Al 1

/ / dxdy // dxdy — (1—]JAD*+|A]F =1 JA]P +|°A]F — 1 “2)
x —y[>—¢ Ix —y|2=¢ e(l—¢) T e(l—g) :
0 |A]

A* €(A¥)

On the other hand, we have
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IAFFI°A]" S (1 1A +AFF —1 (4.3)

(see Lemma 8.13 in Section 8.4).
In view of (4.2) and (4.3), in order to establish (4.1) it suffices to prove that

// dxdy // dxdy
|x — |2 £ lx — |2 e’

A* ¢ (A*)

This is precisely the rearrangement inequality of Garsia and Rodemich [14, Theorem 1.1]
11
* —
//lp<f (x) = f* (y)>dxd < // <f(x) f(y))dxdy,
p(x—y) p(x—y)

0 0
applied with f :=14, p(¢) :=|¢t]>~¢ and ¥ (1) := |z].
Step 2. Proof of Proposition 4.1 completed.

This part follows closely [4, Proof of Theorem 2], with some slight simplifications. For the convenience of the

reader, we also detail some arguments which are only sketched in [4].
For § € (0, 1/2), we define the phase

0, ifx <1/2
s (x) ::{(Zx—l)n/& if1/2<x<1/248, 4.4)
27, if1/24+68 <x.
We next choose 8 = 8(¢) := e~/¢. For this choice of 8, the map u, (x) := e'#™  for x € (0, 1), satisfies

|M|W(l—s)/p,p((0’l)) ~1 whene—0 (45)

(see Lemma 8.14 in Section 8.4).
In order to prove Proposition 4.1, it suffices to show that any lifting ¢ of u, satisfies

lolwa-eomp 2P,
for ¢ € (0, 1/2). Arguing by contradiction, we assume that, for every n > 0, there are some ¢ € (0, 1/2) and ¢ €
w=8)/p.P((0,1); R) such that u, = ¢'¢ and
n
|‘P|€V“,a)/p,p <3 “6)

We set ¢ := %. Since both ¢ and ¢; are liftings of u,, the function ¢ takes its values into Z. Straightforward
calculations (see Lemma 8.15) show that

125 15
[V ) — v <o) —e()| ifx,yel = (0,5+?>, orifx,y el := <§+§,1). (4.7)

We next invoke the following result, whose proof is postponed to Section 8.4.

4.2. Lemma. Let I C R be an interval and let  : [ — 7 be any measurable function. Then there exists some k € 7.
such that

_ /e
xel;y(x)#kt| <4|Ce dedy ,
i }
I 1

lx —y|>—¢

forall e € (0,1/2), where C is the absolute constant in (4.1).

Step 2 continued. Applying Lemma 4.2 with I = [} and with I = I,, and using (4.7) together with (4.6), we obtain
that there exist m, my € Z such that

[“(Ap] <4/ and  |(A2)] <4(C)'E, (4.8)
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where

A= {x e ly; w(x):ml} and Aj:= {x € Iy; w(x):mg}.

1 . . . .
We now choose n > 0 such that n < T With this choice of 7, we have (using (4.8))

8(e)
AN As|=[A1N AN LN D> LN L —|(A)|— | (A2)|>——8(C e >

and thus we must have m| = my. We may further assume that m; =m, = 0.
Consider the following sets:

By :={x€(0,1/2);¥(x) #0} C(0,1/2) and By:={xe(1/246,1); ¥ (x) #0} C (1/2+3,1).
We clearly have

¢=¢s on‘(B;) and ¢=g¢; on(By)

and, in addition, by (4.8) we also have

|B1] <38/6 and |By| <§/6. 4.9)
By the definition of ¢;, we then find
p lp(x) —oW)I? . lps (x) — @s(y)|?
Wneonn= | [ SR ar= [ | MO asay
¢(B1)€(B2) €(B1) “(B2)
dxd
> 2m)? / / 4y
(x—y)2e
¢(B1) “(B2)

It is easy to see that the latter quantity does not increase if the sets B and B are replaced respectively by the intervals
B = (% —|B1l, %), and By := (% + 4, % +8 4 |Ba)); see Lemma 8.16. Hence, using (4.9) and the fact that § = e~/
we obtain

12-8/6 1
/ dxdy  (Q2m)P
(x—y)2=*  e(l—¢)

@1 aepp = Q)7 (1—=1/e+o(D)), (4.10)
0 1/2+75/6

when ¢ — 0. For an appropriate choice of 7, (4.10) contradicts (4.6). O

Proof of Theorem 1.5. The optimality of the estimate (1.7) in Theorem 1.3 means that, for every 0 < s < 1 with
1 —sp < 1, there exists a map u € WP (T"; S!) such that any lifting ¢ € W*?((0, 1)"; R) of u satisfies

1 14
lolhysr 2 l_splulwx,p. 4.11)

This is true in dimension n = 1 by the above Proposition 4.1. In order to prove (4.11) in arbitrary dimension, we use
a dimensional reduction argument. More specifically, for every s € (1/(2p), 1/p) we define

u(x) =u(xy, x2,...,x,) =u(xy, x') :=us(x1), VxeT".

Here, uy is a map in W57 (T; S') that satisfies the property that for any lifting ¢ € W* ([0, 1]; R) of u; we have

1
p p
|(P|Ws,1r([0’1]) 2 qmﬂws,p(’ﬂ‘)- (4.12)
Note that the existence of u; follows from Proposition 4.1.
Consider an arbitrary lifting ¥ € W*?((0, 1)"; R) of u. Clearly, for almost every x" := (x2, ..., x,) € (0, )"~ 1,
the map x; — v (x1, x") =: @ (x1) is a lifting of u, and thus satisfies the estimate (4.12). By combining this fact with
Corollary 8.19, we find
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1
W By con, > oxysrn 2 7= sl ien (4.13)

On the other hand, we have, again by Corollary 8.19, that [u|ws.»(Tr) & |us|ws.»(T), Which, together with (4.13), leads
to

p p
IWIWx,p(Tn) 2 q|u|wx,ll(’ﬂ‘n)- (W
5. Optimal estimates when sp > 1

As we will see below, when sp > 1 two quantitatively different types of estimates occur: linear estimates of the
form |@|ws.» < |u|ws.r, and superlinear estimates of the form

lolws.r < lulwsr + [ulfysp, G.D

with o > 1.

The linear regime corresponds to the case where s > 1. When s = 1, we actually have the identity ||y 1., = |uly1.p,
and optimality is irrelevant. When s > 1, several natural semi-norms® | - |ys.» can be considered, and optimal estimates
do depend on the choice of such a semi-norm. Therefore, we restrict ourselves to a more modest task, which consists
in proving that optimal estimates are indeed linear.

When s < 1, we will obtain superlinear estimates of type (5.1). In this case, we focus on the optimality of the
exponent o (when |u|ws.p is large) and of the linear term |u|ws.» (When |u|ws.p is small).

5.1. Theorem. Let s > 1, 1 < p < 00 be such that sp > 2. Let u € WP (T"; Sl) and let p € WP (T"; R) be a lifting
of u. Then

lplws.» < C(s, p)lulws.r. (5.2)
Moreover, the above estimate is optimal in the sense that

[@lws.p l@lws.»

lim sup >0, and limsup > 0.

lolws.p—0 |Ulwsp lit]yys.p—o0 |UlWsp

Proof. Since the estimate (5.2) does not depend on the choice of the semi-norm, we can work for convenience with
the semi-norm | f|ws.» := |V f |l ys-1.p-

Step 1. Proof of (5.2).

Since s > 1, we may differentiate once the equality u = ¢'¥ and find that Vo = u A Vu.” Thus we have to establish
the estimate ||u A Vu|lys-1p S |u|ws.p. We first extend u to a map in R” using a standard extension operator P :
WSP(T") — W*P(R"). This goes as follows. We first define v := P(u — fT,, u), which belongs to W* 7 (R") and
then w:=v + fw u is an extension of . We next note that

<v+T[u)Aw

5 lv A VU”Ws—l,p(Rn) + ||VU||Wx—1.p(Rn) =|lvA VU”WS—I,p(Rn) + |U|WS>I’(]R")-

||lu A VM”Ws—l,p(Tn) <|lwA Vu)”ws—l,p(Ru) =

Wx—l,p(Rn)

In the last inequality we used the fact that | f u| < 1. Therefore, by Lemma 8.21, and by the fact that |v| < 2, we obtain

lu A Vullys—1.pny S Ivllwse ey = HP(M - /M>
’]I‘n

M_/M
Tﬂ

(the last inequality following from Poincaré’s inequality).

WP (R

<

~

5 |M|Ws—l.p(Tn)
Ws:p (T")

6 A natural semi-norm is a semi-norm modulo constant functions and equivalent to the standard norm on the quotient space W*7 /C.
7 Recall that (up +1up) AV +1v2) =u;Voy —upVuy.
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Step 2. Optimality in dimension n = 1.
The optimality of (5.2) needs to be checked for |¢|ws.» — 0 and for |u|ws.»r — o0, that is we need to show that:

1. There exists (¢;) j>1 in W*?(T; R) such that |¢;|ws.» — 0 and |uj|ws.» S |@jlwsr, Wwhere uj :=e'%i.
2. There exists (u;)j>1 in WP (T; S!) such that |ujlws.p — oo and |uj|lwsr S |@jlws.r, Where @; is the (unique
modulo 2) lifting of u ;.

For the optimality “at zero”, we let f € C°((0, 1); R), and define ¢; := f/j, and u; := ¢'%/. Clearly, we have

r, 1
|¢j|Wr,p:|f|me—_—>O as j — 0o, Vr > 0. (5.3)
J

Using (5.3) and a straightforward induction, it is easy to see that, when k > 1 is an integer, we may write
Dkuj =gk, juj, forsome g ;€ CE’O((O, 1); (C) such that [gg, jlwrr S 1/j, Vr>0. 54
We now establish item 1 for the above choice of ¢; and u ;. Assume first that s is an integer. Then by (5.4) we have
1
ujlws.r = 1Vujllysro = D [ DAuyl|, < = (5.5)
I<k<s J

By (5.3) and (5.5), we find that |u j|ws.» S l@jlwse.
Assume next that s is not an integer and set 0 :=s — [s] € (0, 1). By (5.5), we have

| D ujll,, S1/j VI<k<Isl. (5.6)
As a consequence of (5.6) with k = 1, we also have
lujlwrr S1/j, Vre(O,1). (5.7)

< 1/j. This estimate is an immediate conse-

~

In order to conclude, it suffices to establish the estimate | D51 jlwer
quence of (5.4), of (5.7) and of the inequality
|D[S]uj|€[/o,p S |’4j|pwc,p + |g[s],j|pws.p S |”j|lvjv<7-p +1/j". (5.8)

In turn, (5.8) follows from

|g1s1,; Ouj () = gps1,; D j ()] < | 811, | ) — uj )|+ |8151,5 () — 81517 O]
S i ) = u ;)] + (811, = 8151, 0)]-
In order to prove the optimality of (5.2) “at infinity” we take ¢; to be a sum of j copies of a properly scaled

CZ° function. More precisely, we fix f € C°((0, 1); R) and we define the functions ¢; := Z,j(;(l) fxj—k),vVj=>1,
whose semi-norms can be estimated by

|¢j|WS*" a7 js (59)
(see Lemma 8.20). ® Next, we take g = el —1e C>((0,1); C) and
j—1
wj=y gxj—k+1, Vjx=1.
k=0

Since u;(x) = Yo (@@ — 1) 4 1 = [[/Z} e/ @ ~h = ¢19;®) | the function ¢, is “the” lifting of u;. On the
other hand, by Lemma 8.20 we have

|Mj|Ws.p%js. (5.10)

By (5.9) and (5.10), we have |u j|ws.»r = |@;|ws.» — 00 when j — oo, which proves item 2 whenn = 1.

8 Recall that A ~ B stands for B < A < B.
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Step 3. Optimality in higher dimension.
Let ¢}, u; be as in Step 2. As in the proof of Proposition 4.1, we let:

Vi(xr, x") =g (1), vi(xn, x') =ujxy) =ity eT,x" eT" . (5.11)

Thenv; = ef‘/’f and, by Corollary 8.19, we have the equivalence of norms [ |ws.» X |@;|ws.r and |vj|ws.p = |uj|ws.p.
Therefore, since ¢; and u; were chosen such that |u;|ws.» S |@j|ws.r, we also have |vj|wsr S |¥jlwsr. O

We next turn to the case where 0 < s < 1. In view of [3] (see also the Introduction), when 0 < s < 1, W*:? has the
lifting property if and only if sp > n. We start by presenting an exceptional case, already observed in [3], where there
is no possible estimate of ¢ in terms of u. More specifically, we have the following:

5.2. Proposition. (See [3].) Let 1 < p < 0o. Then there is no estimate of the form |@|w1/p.p < F(|tly1/p.p)-

Let us briefly recall the argument in [3]. Let @5 be as in (4.4) and set us := ¢'%. Then it is easily checked that
lus|wipr S 1and |@lyi/p., — 00 as § — 0. Since @s is the unique phase (mod 27) of us, we obtain the non-existence
of an estimate of the form |@|y1/p.p < F(ulywi/p.p).

As we will see below, this is the only exceptional case. In the remaining cases, we will establish several positive
results. We start by recalling an elementary estimate, due to Merlet [20, Theorem 1.1], and whose proof is postponed.

5.3. Theorem. (See [20].) Let n = 1. Assume that 0 <s <1, 1 < p < oo and sp > 1. Let u € W5P(T; SY and let
@ € W5P(T; R) be a lifting of u. Then

1/s
l@lwsr S lulws.o + lulys . (5.12)

In higher dimensions, we obtain the same result as the one in Theorem 5.3, but the corresponding proof is much
more involved.

5.4. Theorem. Let n > 2. Assume that 0 <s <1, 1 < p < oo and sp > n. Let u € WSP(T"; SY) and let @ €
WS:P(T"; R) be a lifting of u. Then

1/
l@lwsr S lulws.o + lulys . (5.13)
We start with the

Proof of Theorem 5.4. Estimate (5.13) will be obtained via the factorization method presented in [21]. More pre-
cisely, the arguments in [21], that we will detail below, lead to the existence of some ¢ € W*?(T"; R) such that
_ 1
@ilwer Slulwer  and ||V (ue™ )| < lulyl,-

The construction of the map ¢; goes as follows. First, by suitably extending u,” we may identify u with a map in R”,
still denoted u, with the following properties:

L Julwsr@ey S lulws.e .

2. |ul <2.

3. uis S'-valued in (=3, 4)".

4. u is constant outside (—4, 5)".

9 Asin Step 1 in the proof of Theorem 5.1.
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We next consider a mollifier p € CZ°(R") satisfying: p > 0, fR,, p=1and suppp C B(0,2)\ B(0,1). We then let

w(x, &) =ux*p.(x), VYxeR" Ve>0, (5.14)
and define
7 0
@1(x) ::—/How(x,s)/\gﬂow(x,s)ds. (5.15)
0
Here,
TeC®R%R?*) and I1(z) =z/|z| when|z|>1/2. (5.16)

We now explain the motivation behind this construction. Intuitively, ¢; encodes the small amplitude oscillations
of u, while the remainder ue™'%! encodes the large amplitude oscillations (as those contained in the topological
singularities of type z/|z|). The reason is the following. Assume that u# has only small amplitude oscillations, say
around the value 1. Then the extension w of u is still close to 1, and thus the restriction of IT o w to T" x (0, 00)
is a smooth S!-valued extension of u. It follows that IT o w has a smooth phase . By differentiating the identity
ITow=¢"Y, we find that

d ad
a—l//‘(x, ey=MHow(x,e) A 8—(1'[ ow)(x,e), VxeT" Ve>0. 5.17)
e e
Assuming in addition that IT o w converges sufficiently fast to 1 as & — 0o, we may integrate (5.17) and find that
u(x) = lirr%)w(x, g) ="' fora.e. x, with ¢ given by (5.15).
£—>

Therefore, ¢ gives (under some reasonable assumptions) a phase of u provided u has small amplitude oscillations.
In general, u need not have small amplitude oscillations, and the remainder ue™'¢! measures what is left, i.e., the large
amplitude oscillations.

We now turn to the implications of this construction for the proof of Theorem 5.4. The next two results are
from [21].

55.Lemma. Letn > 1,0 <s <1l and 1 < p <o0. Let u : R" — C satisfy items 1, 2 and 4 above. Let ¢| be as
in (5.15). Then:

1. The function ¢ is well-defined a.e. on T", in the sense that the integral in (5.15) is absolutely convergent for a.e.
x e T
2. @1 € WHP(T") and

lp1lws.r S lulwsp. (5.18)

5.6. Lemma. Letn > 1, s > 0 and 1 < p < 00 be such that sp > 1. Let u : R" — C satisfy properties 1-4 above. Let
@1 be as in (5.15).
Then ue ' € WhsP(T"; SY) and

[V (ue™")

1/s
Lsp("ﬂ‘n) 5 |M|Wx.p(Tn)- (519)

Proof of Theorem 5.4 completed. Let @1 be as in (5.15). By Lemma 5.6, the map ue™'%' belongs to the space
WI'SP(’]I‘”; Sl). Since sp > 2, by Theorem 1.1 we may write ue™'% = ¢'¥2 with ¢; € WI'SP(']I‘”). Since sp > n,
we have W15P(T") < W*P(T"), and thus u = €'¢ with ¢ := ¢ + ¢ € WP (T"; R). Since sp > 1, ¢ is the unique
(mod 2m) phase of # in W*-? [3, Theorem B.1]. Moreover, using (5.18) and (5.19), we can estimate |¢|wsp» as follows.

lolws.r Sletlwse + |@2lwsre S lulwse +1@2lwise = lulwse + [IV@2l L
_ 1/:
= ulwsr + | V(e )| o S lulwsr +lulys,. O (5.20)
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We now turn to Theorem 5.3 and present three different proofs, with different flavors. The first one is a variant of
the proof of Theorem 5.4. The second one simplifies Merlet’s original argument. The third one is non-constructive
(unlike the proof of Theorem 5.4) and is inspired by an argument in Nguyen [26].

First proof of Theorem 5.3. The following argument is similar to the one in Theorem 5.4. We consider the phase ¢
defined therein. This time, we have ue™¢! in W$?(T; S!) with sp > 1. Since (by Theorem 1.1) in dimension n = 1
all the Sobolev spaces do have the lifting property, we can write ue ¢! = ¢'?2 with ¢o € W1*P(T). Since sp > 1, we
have W15P(T) — W*P(T), and thus u = ¢'¥ with ¢ := ¢ + ¢» € W*P(T; R). We now obtain the estimate (5.12)
following the argument leading to (5.20). O

Second proof of Theorem 5.3. The starting point is the estimate (5.21) below, due to Merlet [20]:

o) —e)|” S [u@) —uM|” + =0 wlf S oy 0Sx<y =L, (5.21)

(For a simplification of Merlet’s original argument leading to (5.21), see the proof of Lemma 8.25.)
Dividing the inequality (5.21) by (y — x)!*7 and then integrating in x and y, we find that

Ly
|M|Wv1>( )
m%wsw%mﬁ// — D g dy, (522)
00

with @ :=1+sp — p + 1/s. Next we note that, since s < 1, we have p/s > p and therefore

p/s p
|l ys.p (. yy) = |”|WA P(T)'“'WJW((x,y»' (5.23)

On the other hand, since s < 1 and sp > 1, we have « < 2. We obtain

1y
|1/i| s — 1114
// — WP (x.) dxdy //|u(z) u) dtdzdxdy
o —0° @—xw HiFP
0 0
Z » t 1
—u(tr
lz) = ult)] // dxdydtdz
(z—1)l+sp (y —x)*
0 z 0

t+1 ¢t
Iu(z)—u(t)ll’ 1 )
/ ot | [ o eavsds = Culfsc,

ror—1

Q

o _

o\_ o _

A

Here, C := fo fol o lx)u dxdy < oo (since o < 2). The above inequality together with (5.22) and (5.23) implies
@1bp S lutlbysp + lulDfS,. Thus (5.13) holds. O

Third proof of Theorem 5.3.
Step 1. Proof of (5.13) when u is smooth and has a smooth periodic phase.

Suppose that u belongs to C°°(T; S]) and that we may write u = ¢'¥, with ¢ € C*°(T; R).IO In this case, we will
prove the existence of two linear maps, 71 and 7>, such that for every ¢ € C*°(T; R) we have

Jp@' ()¢ (x)dx =T1(¢) + T2(0).
Ti1(1)=T>(1)=0.
TS EN  ipy el s -

T2 S 1E s, lut .

Eall S

10" This is equivalent to deg(u; T) =
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Assume for the moment that items 1 to 4 are proved. Using the dualities (L(Sf’),)* = L*P, respectively (Wl_‘”’/)* =
Ws=1-7 we find that there exist some € L*” and ¥, € W=7 such that

a) ¢ = | + Y in the distributional sense.
b) [r¥1=0and wz(l) = 0.

o) lilleser S IMIW”,

d N2l S lulwss.!

By estimates c) and d) and by property b), we may find some ¢; € W7 and ¢, € W*? such that ¢} = ¥ and
cpé = v,. In addition, we note the estimates |@1|y1.sp S Iulwf, » and |@2|ws.p < |u|ws.p. By construction, we have
@ = @1 + @2 (up to an additive constant). Using the Sobolev embedding WLsP(T) < W*P(T), we obtain

1/s
@lws.r < lgalwse + l@1lwsr S lgalwse + 101w S lulwse + lulys

which is the desired conclusion.

So let us construct T; and 75 satisfying items 1-4. We identify T with the boundary S! of the unit disc D and
we identify the derivative on T with the tangential derivative on S'. Let £ be the harmonic extension to D of ¢,
and let @ = | + 17> be a smooth extension of u = u; + tuy to D.!2 Noting the fact that the Jacobian determinant
Jac(f, g) :=det(V f, Vg), f, g : D — R, satisfies the identities

/f——/Jac(f g) and Jac(f, gh) =hlJac(f, g) + gJac(f, h), ‘v’f,g,heCl(]ﬁ);R),

we ﬁnd that

/ /_; /[(ulg)——(uzc)—] —/(Jac(ulé i) — Jac(i2, 1))

=2/§Jacﬁ+/(ﬁl Jac(§, 1ip) — Uz Jac(§, 1))

D D
=z/§Jacﬁ+/ng(ﬁAW) = Ti(C) + Ta(2).
D D

We next prove that, for an appropriate choice of i, T} and T satisfy items 2, 3 and 4 above.
Proof of 2. We clearly have 7>(1) =0 and f1r ¢ =0.Thisleads to T1(1) =0. O

Proof of 3. Let M¢ denote the maximal function of ¢. Recall the inequality
sup |E(rw)| < M¢(w), VYo eSs! (5.24)

0<r<l1

(see Lemma 8.26). We have

—|T1(§)| /|é(x)||]acu(x)|dx—//|§(rw)|‘Jacu(rw)|rdrdw<//|§(rw)|’]acu(rw)|drda)

sl 0 st 0

1
5/ sup |£(ro) yJacﬁ(rw)\drdws/(Mg)(w)/\Jacﬁ(rw)ydrdwzz /(M;“)(w)s(w)dw.
0<r<l1
st T T 0 st 0 1

T Jtem d) requires a proof. In view of item 4, of the Poincaré inequality ||u — f ullwo.g < lulwog (withO0 <o < 1and 1 <g < o00) and of the
fact that T (1) =0, we find that |72 ()| = T2 (¢ — f OIS lelfswp’ lu|ws.p S H§||W1—s,p’ |u|ws.p . This leads to item d).
12 The choice of & will be specified later.
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Here, ¢(w) := fol |Jacu(rw)|dr. Applying Holder’s inequality, we obtain

1
§|T1 O < IMEN ey el SN epy el Low, (5.25)

by the maximal function theorem.
We now specify u. Let v be the harmonic extension of u to ID. Let IT be as in (5.16). Then we set

w:=1IIov. (5.26)
The key estimate is
lellzor S lulys.s (527)

(see Lemma 8.27). This estimate, combined with (5.25), leads to [T1()| S 1Sl epy |u|%f,p, i.e., item 3 holds. O
Proof of 4. We have

|T>(2)| 5/|vg/\(ﬁA vﬁ)|(x)dx5/|vs(x)||viz(x)|dx=/(h(x)—l|vs(x)|)(h(x)|v’ﬁ(x)|)dx,
D D D

where A (x) will be specified afterwards. By Holder’s inequality we obtain

, , 1/p' 1/p
10| < (/h(x)p |VE@) | dx) (/h(x)PWJ(x)}”dx) ) (5.28)
D D
In order to estimate the right-hand side of (5.28), we rely on Lemma 8.31, which implies that
/ (1= 1) V)| de < Julfy s (5.29)
D
and
op'—1 / ’
/ (1=l [Veo|” ax S 1l . (5.30)
D

By combining (5.29), (5.30) and (5.28) (applied with h(x) := (1 — |x!=5=1/P), we obtain the desired estimate
2O Sy lulwse. O

Step 2. Proof of (5.13) in the general case.

We assume now that u € WP (T; S) and that ¢ € W52 ((0,1); R) is a phase of u. In order to use the result from
Step 1, we proceed as follows. By extending ¢ by reflection and 2-periodicity we obtain a function ¥ which belongs
to W;oP(R; R) and is periodic. We define w := ¢'V. We clearly have |w|ws.» & [u|wsr. If p is a mollifier, then the
maps V. = V¥ * p, and w, := e'¥* are smooth and verify ¥, — ¥ and w, — w in W*”, as ¢ — 0.'° By the previous
step, we can write v, as the sum of two functions v, 1 and ¥, 2 in WP (T; R) that satisfy the estimates

1
Wetlwsr S lwelyy and (Yo olwsr S lwelws.r.
Since |wg|ws.» — |w|ws.r, we can apply Fatou’s lemma to find some convergent subsequences v/ 1 — 1 and ¥ 2 —
Yo in L? such that

[Yilws.e SHminf|y; 1lwse  and  [Yalwse S Hminf [y 2|ws.p.
J J

13 The convergence wg — w relies on the continuity of the map W57 (T"; R) > ¢ — Ve WS:P(T"; Sl) when0<s<land 1< p<oo(27,
Theorem 1, Section 5.3.6].



P. Mironescu, 1. Molnar / Ann. I. H. Poincaré — AN 32 (2015) 965-1013 983

We thus have ¢ = | + 2. Consequently, we may write ¢ = @1 + @2, with ¢ := 101y € WP (T; R) and ¢, :=
V2)0,1) € WHP(T; R) satistying the estimates

1/:
lolwsr S lwlye, ~ lulys, and lg2lwse S lwlwsr ~ ulyse. O
We end this section by establishing the optimality of the estimates (5.12) and (5.13).

5.7. Proposition. The estimates (5.12) (when n = 1) and (5.13) (when n > 2) are optimal in the sense that
lmsupg;., , -0 lwr 0 gnd Tim SUP 5.0 —>00 :‘pl‘ﬁf” > 0.

IM\WS

Proof. When n = 1, the optimality of (5.12) “at co” was obtained by Merlet [20, Theorem 1.1]. We reproduce here
its argument. Let f € C2°((0, 1); [0, 1)) be such that f s 0. Define, for j > 1, ¢; := jf and u; := ¢'%/. Clearly, we
have

l@jlws.r = jl1flwsr = j. (5.31)
In computing |u j|ws.», we use the estimates

|uj ) —uj| = j[f ) = f()| when |x —y| <1/j,

1—h

/ |f(x+h) — f@)|"dx ~|h*, Vhe(0,1/2) (witha € R fixed),

0

and

luj(x) —uj(y)| <1 when|x —y|>1/j.

dxdy p
e —yra-np ~ Wilwer

Thus we have

[x—yl<l/j
dxdy dxdy ~ 5P
// Ix — y|I+6=Dp ny T // [N ~I (5.32)
[x—=yl<l/j [x=y|>1/j

In particular, we have |u ; |‘{,’VS_,, — 0o when j — oo. Moreover, (5.32) together with (5.31) yield |u ; I%f_p R pjlwsp.
The above example extends to higher dimension as in the Step 3 of the proof of Theorem 5.1.
The optimality “at zero” is obvious since |e'?|ws.» < |p|ws.» forany ¢ € WP (T"; R). O

6. Further thoughts when sp < 1

6.1. Existence of bounded phases and the sum-intersection property

We address here the following question.'*

Question (Q). Let 0 < s < 1, 1 < p < 0o be such that sp < 1. Let u € WP (T"; S!). Is there some ¢ € W? N
L% (T"; R) such that u = ¢'??

The motivation behind this question is the following. The phase ¢ whose construction is described in the introduc-
tion depends only on u, not on s or p. This has the following consequence. Let 0 <6 < 1,0<s<land l < p <oo
be such that sp < 1. Let u € W*P(T"; S"). Then u belongs to all the spaces wos.p/0 (T ST (by the Gagliardo—
Nirenberg embeddings) and thus ¢ € W?7/% v € (0, 1]. We find that

14 Also discussed in [7].
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pe [ WPl cwsrn () LY.

0<0<1 g<0o

It is then natural to ask whether the above conclusion can be improved to ¢ € W¥? N L.

We start by noting that the answer to (Q) is positive when p = 1. Indeed, an inspection of the proof of Proposi-
tion 1.6 shows that the phase constructed there is bounded.

We next turn to the relevant range 0 <s < 1, 1 < p < 00, sp < 1. Our main result here is the reduction of (Q)
to a sum-intersection property of function spaces. In order to describe this property, we start with a very simple case
which requires no technology. If f € L? then f € L' + L™ (since [L', L = L?) and thus L2 c L' 4+ L.
Thus each map f € L? splits as f = f; 4+ f», with f; € L' and f» € L°°. But more can be said. Indeed, we have
f=fi+ fo,with fi == fljp=1y € L2N LY and fo:= fl(p<1y € L> N L. Thus L> = (L>N L") + (L> N L™®).
This is the sum-intersection property for the triple (L2, L', L>°). This property extends to other function spaces. Here
is an example [21]. If o > 1 is not an integer and p > o, then

Wl,o — (Wl,o N Wa/p,p) + (Wl,a N WU,I)-

For an investigation of this property in usual function spaces, see the forthcoming work [18].
We are now ready to reformulate (Q).

6.1. Proposition. (Q) holds if and only if (R) holds, where (R) is the property
(R). WSP(T"; R) = (WP N L®)(T"; R) + (WP N WP-1)(T"; R).

Proof. We may assume that p > 1, since both (Q) and (R) hold when p = 1.

Implication “(Q) = (R)”. Let ¢ € WP (T"; R). Let u := ¢'¥. Consider some i € WP N L>°(T"; R) such that u =
eV . Then ¢ = ¢ +2n f, where f := (¢ — ) /21 € WP (T"; Z). We leave to the reader the following straightforward
inequality. If 0 <s < 1, 1 < p < oo and if f € W¥? is integer-valued, then

| Flwspt < 1f liys.- (6.1)
Using (6.1), we obtain that ¢ = + 27 f, with ¢ € WP N L™ and 27 f € N"W*? N W*P-1_ Therefore, (R) holds.
Implication “(R) = (Q)”. Let u € WP (T"; S1). Let ¢ € W52 (T”"; R) be such that u = ¢'?. Write ¢ = ¢| + ¢», with
@1 € WP N L™ and ¢ € WP N WP L, Set v :=e'¥2 € W1, Then v = ¢'#* for some @3 € W*P-! N L™ (by the

proof of Proposition 1.6). By the Gagliardo-Nirenberg embeddings, we have 3 € W$? N L>. Thus u = ¢'¥, where
Y= +e3e WHPNOL®., O

We do not know whether (R) holds. It is easy to see that a weaker form of (R), where L is replaced by the slightly

larger Besov space Bgo’ oo 18 valid:

WP = (WP N BY, )+ (WP n w1
(see Lemma 8.32).

6.2. Lifting via the factorization method

In this section, we propose a new lifting construction in the case where sp < 1. Our method relies on three ingre-
dients:

1. The factorization method.'?
2. The averaging method of Ddvila and Ignat [12].'°
3. The theory of weighted Sobolev spaces, due among others to Uspenskii [30].!”

15 Explained in Section 5, and used in the proof of Theorem 5.4.
16 Which proved useful in Section 3, in the proof of Proposition 1.6.
17 For the results we use here, see also [19, Section 10.1.1, Theorem 1, p. 512] and the comprehensive discussion in [24].
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Let us explain the construction. Let u : T" — S'. We first extend u to R” as explained in the proof of Theorem 5.4,
and define ¢; as in (5.15). Recall that ¢; € W57 (Lemma 5.5). The key is the following substitute of Lemma 5.6.

6.2. Lemma. Let | < p < o0 and 0 < s < 1 be such that sp < 1. Let u € WSP(T"; SY) and let @1 be as in (5.15).
Then we have ue™'%' € WsP-1(T"; Sh).

Assuming Lemma 6.2 proved for the moment, we complete the construction of a phase of u as follows. Set v :=
ue™'#!. Since the map v belongs to W*?:!, we find that v has a phase ¢, in the space W*”'! N L (by the proof of
Proposition 1.6). The Gagliardo-Nirenberg embeddings and the fact that ¢, belongs to W*P'! N L> imply that we
also have ¢, € W* 2. In conclusion, ¢ := ¢ + ¢> is a W*? phase of u.

It remains to proceed to the
Proof of Lemma 6.2. A first ingredient of the proof is the following flat version of [6, Lemma 1.3].'8
by (5.14). For x € R", set

Let w be given

A(x) :=inf{e > 0; |w(x, &)| = 1/2}. (6.2)
Then A satisfies
1
< p
/ P dx Slullye, + 1. (6.3)

(=2,3)"

Estimate (6.3) is established in [21]. Alternatively, (6.3) can be obtained by adapting the proof of Lemma 8.28.
A second ingredient is provided by the following local estimate in the spirit of the theory of weighted Sobolev
spaces.

6.3. Lemma. Let 0 <o < 1. Let U : T" x (0, 00) — C be a smooth map. Assume that

f(x):= gll_r)r%) U(x,e) exists fora.e. x € T". (6.4)
Then
| f Iy S / e77|VU(x,¢)|dxde. (6.5)
T x(0,1)

The proof of Lemma 6.3 is postponed to Section 8.6.
We will apply Lemma 6.3 with o :=sp and U(x, &) := IT o w(x, &)e™' V% Here, w is as in (5.14), IT satis-
fies (5.16), and we set

00
0
Y(x,e) = —/1'[ ow(x, ) A EH ow(x,t)dt, VxeR" Ve>0. (6.6)
€

We now explain how these ingredients lead to the conclusion of Lemma 6.2.

Step 1. U is smooth and (6.4) holds with f :=ue™"%!.
Indeed, since u equals a constant C in the set R" \ (—4, 5)", we have

1 - 1 -
w(x,£)=C+8—n/p<¥)[u(y)—C]dy=C+8—n / p(xgy)[u(y)—C]dy. (6.7)

R" (—4,5)

On the other hand, a straightforward induction on || leads to

18 For a related result, see Lemma 8.28.
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1 - 1
a“(g—np(x - y>>=0<m), Vo € N'tL (6.8)

By combining (6.7) with (6.8) and with the fact that « is bounded, we find that

3w (x, &) = / B‘Y(inp(ﬂ))[u(y)—C]dy:O(%lo[), Va € N+ {0} 6.9)
& & &

(=4.5)"

In view of (6.9), we obtain by induction on || > 1 that

34 (IT o w)(x, &) = 0(%) +o(m>, Vo e N"T1\ {0} (6.10)

This shows that v defined by (6.6) is smooth, and thus so is U. For further use, we also note that all derivatives of ¥
are obtained by differentiating under the integral sign.

On the other hand, by Lebesgue’s differentiation theorem we have lim;_,o w(x, €) = u(x) for a.e. x € R". In addi-
tion, Lemma 5.5 I implies that lim,_,¢ ¥ (x, &) = @1 (x) for a.e. x € T". We find that lim,_,o U (x, &) = u(x)e ™9™
fora.e. x € T".

Step 2. Basic estimates.
Let us note the fact that the inequality |u| < 2 implies that, in addition to (6.9), we have

|0%w(x, e)| < Vo e N'T1, 6.11)

glol”
In turn, (6.11) and formulas (5.14) and (5.16) lead, by induction on ||, to
1
0T ow)(x,&)| S —5r, Ve eN'FL (6.12)
&

Finally, (6.12) combined with the definition (6.6) of i leads to

1
|3°‘U(x,8)|§m, Vo € NP+ (6.13)
&

Step 3. The role of A(x).

Let A(x) be as in (6.2). In this step, we establish several identities valid at a point (x, &) with & < A(x).
To start with, it follows from the definition (6.2) of A(x) and from (5.16) that

|[Mow(x,e)] =1 intheopenset ¥ :={(x,&) € R" x (0,00); 0 <& < A(x)}. (6.14)
By differentiating the identity (6.14), we find that

VT ow)(x,e) LITow(x,e), V(x,e)eV. (6.15)
By combining (6.15) with the identity

y=1w(wAy), VyeC, VweS' suchthaty | o,
we find that

VI ow)(x,e) =z(17 owl(x, 8))[17 ow(x,e)) A (V(H ow)(x, 5))] in Y. (6.16)

On the other hand, (6.15) implies that in ¥ the partial derivatives of IT o w are mutually parallel. This leads to

(3(170 w)) A <i(n o w))(x,s) =0 in?,Vje[ln]. (6.17)
de 8Xj

We are now in position to compute VU in 7.
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First, using (6.6) and (6.16) we find that

0 d d
—U(x,8) = — (T ow)(x,e)e” V& — 1 —y(x,e)[T o w(x, e)e V™o
e e e

3 3 _
- (_(17 ow)(x, &) — i1 ow(x, s)[(n ow) A (5(17 o w)>:|(x, e))e 1 (x.e)

de
=0 in7. (6.18)
We next note that an integration by parts combined with (6.6) and (6.17) leads to

2

d
3t8x]'

iw(x,s)=—/(now)A< (How))(x,t)dt
ij

3 9
- /(E(n o w)) A (a(n o w))(x,t)dt

={UTow)A <i(ﬂow)>(x,s) —2/(i(ﬂo w)) A (E(How)>(x,t)dl
ij ax]' ot
d
={UTow)A (—(17 o w))(x,e)
ij
—2/(—(How))A(%(How))(x,t)dt in Y. (6.19)
A calculation similar to the one leading to (6.18) yields (using (6.19))
V,U(x,e)=21U(x, ¢) / (VX(H o w)) A <%(1‘[ o w)) (x,t)dt. (6.20)

A(x)

Step 4. Estimate of U /d¢.

By combining (6.13) with (6.18), we find that
d
—U(x,¢)
&

o0
1
/ g 5P dxdsg//s—”’—ldsdng — dx. (6.21)
3 A(x)’P

T % (0,00) T A(x) ™

Step 5. Estimate of V,U.

This time, (6.13) combined with (6.20) and with the fact that sp < 1 leads to

00 A(x) 9] |
/ 8_SP|VXU()C,8)|dxd8§//E_Sp_ldé‘dx-i-/(/é‘_s[)dé‘)(/ t—zdt)dx
T x (0,00) T A(x) ™ 0 (x)
1
g/ dx. (6.22)
A(x)*P

'H‘Vl
Step 6. Final conclusion.

By combining Step 1 and Lemma 6.3 with estimates (6.3), (6.21) and (6.22), we find that ue™'¢! € W*P-1(T"),
which is the conclusion of Lemma 6.2. O
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7. Another application of the averaging method. Proof of Theorem 1.4

In this section, we prove a quantitative version of Theorem 1.4. For the convenience of the reader, we start with
the case n = 1, which is easier to follow. In this case, the main ingredient is Proposition 7.1. Once this proposition is
obtained, the one-dimensional case follows easily; see the proof of Theorem 7.2.

Our first result in this section is a sort of averaged “discrete” semi-norm estimate.

7.1. Proposition. Let0 <s <1, 1 < p <ooand f € WP (T). Then

N o 1 C, \ Va7
ZzAPJ”(TQ—j—ld)f”Lp(T)S[;(l_S) ] /Y(fy)dy
T

j=l

Proof. By Lebesgue’s differentiation theorem we have, for a.e. x € T,

x427k x427k x+21F
reo=tim f f(z)dz=k2;<][ r- f f)+/f=:;52kf(x)+/f- .0
X = X X T = T

Here, 8, f (x) := f;+8 f@dz — f;+28 f)dz.
Let j > 1. Applying the operator 7,-; — id to the identity (7.1), we obtain

(Ty-j —id) f(x) = (15-; — id) (Z 8yt f(x)>, forae. x € T.

k>1

By Minkowski’s inequality and the above estimate, we obtain that

|(ams —id) £ <D [ (s = i85 £ - (7.2)

k>1
We split the sumin (7.2) as 3 4oy =Dy pjog "+ Dpsjgq1 -+ = St + Sz (with £ integer to be determined
later). On the one hand, we estimate Sy via Lemma 8.10. On the other hand, we estimate S, using the trivial inequality
| (@ —id)g |, <2lgler. (7.3)

By combining (7.2), Lemma 8.10 and (7.3), we obtain
| =i s, S D 2 @a—idf],+ D 16 fle
1<k<j—t k>j—0+1
Hence for every j > 1 we have
29 (- —id) £, £ Z 27T [y —id) ], + Z 2591185k f | Lp- (7.4)
I1<k<j—t k>j—L+1
Raising the inequalities in (7.4) to the power p and summing over j we find

22”’||<r2-,~—id>f||ip52< N ””)

j=1 j=1 M<k<j—t
) r
+Z( > 2s’||32kf||Lp>- (7.5)
jzl k= —l+1

In what follows we use the notation X ; := 25 || (ty-j —id) f|lLr and Yy := 2Sk||52—kf||Lp. In terms of X; and Yy,
(7.5) reads

Sxr< ( 3 2-(1—s></—k>xk)”+z< )3 25(-/—’<)Yk)p_ (7.6)

jzl1 jz1 M=k=j—t jz1 Ck=j—t+1
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In order to estimate the sums in the right-hand side of (7.6), we apply Corollary 8.2. By combining (7.6) with Corol-
lary 8.2, we obtain

7—(1=s5)t
Zx”gcl( ) Zx”+cz( ) Y.
j=>1 k>1
Hence
27(17s)é p ZSZ p
[1—c1< — ) ]fo,g(?) vy (7.7)
Jj=1 k>1

We may choose a fixed real M and an integer £ = £(s, p) such that

logy(1—5) M +o(l —(1=s)t
_logy(1 —5) to 4 1- c
1—y) -5

With this choice of £, (7.7) and (7.8) lead to

1 1 p/(1=s)
ZZV’] ” (tp-j —1d)f||Lp = (5 +0(1)> (WZM-M(])) ZZ‘ka||527kf||€p

) :%—}—o(l) ass /1. (7.8)

jz1 k>1
1 1 M+o(1) pIa= k p
<|=z D) ———2%" 25PK15,-
_<2+o< ))(s(l—s) ) ; 1854 F 1175
1/ C, 1/(1=s)qp ook »
SK,,[;(I_S) } > 28y u £ (7.9)
k>1
By Lemma 8.7, we have
18,4 17, <2 / I(f S (7.10)

We complete the proof of Proposition 7.1 by combining (7.9) with (7.10). O
We now state and prove a quantitative form of Theorem 1.4 with n = 1.

7.2. Theorem. Let 0 <s < 1, 1 < p <ocoand f € WSP(T). Then

1/(A=s)7p
X(f)<[ <1C_”S) }/Y(fy)dy
T

Proof. We first note that

Il (zn —id) £1I7» ||(Th —id) flIz,
X(f)—/ ni+sp L dh = Zl ?plldh
J>

< sz““l’) / |(za —id) £, (7.11)

izl

Let j > 1. Forevery h € [1/2/,1/2/~1) and k > j, we denote by &, (h) € {0, 1} the kth binary digit of /; thus

h= ng(h)_ 3 % (7.12)

k=j k>j
ex(h)=1
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We also note that

[0,1)>h> |(th —id) f|,, is subadditive."” (7.13)
From (7.12) and (7.13), we obtain that
@ =i ], < >0 [@w—idf, <D [ —id f],,. Vhe[27/,2'77). (7.14)
khzj k>j
ex (=1

Inserting (7.14) into (7.11), we find that

21-J
p
X(f) <) 2/tp / <Z||(r2_k—id)f||”) dh
jzl 2y kzi
. P . 14
=22 (Z |2 —id>f||Lp) = Z[ZZ“J“(Z“‘ e —id>f||Lp>} : (7.15)
j=1 k>j j=1 k>j

If we estimate the last sum in (7.15) via Corollary 8.2, we find that

1 spk : P
XN S 2 2@ —id £, (7.16)
k>1
We complete the proof of Theorem 7.2 by combining (7.16) with Proposition 7.1. O

We now consider the case of an arbitrary n.
We start by adapting Proposition 7.1.

7.3. Proposition. Let 0 <s < 1, 1 < p < oo and f € WP (T"). Let {e;}!_, be the canonical basis of R". Then, for
everyi € [1,n],

i ) » 1/ C, 1/(=s)7p
22317] ||(1—2*jei _ld)f”Lp(Tn)S,[;(l_s) :| /Y(fy)dy

Jj=1 Tn

Proof. We start by noting that, for a.e. x € T,

f@x) = lim ][ f(z)dz=;< ][ f- ][ f)—I—T/f=:Z82kf(x)+T/f. (7.17)

x-+(0,2-k)n 2l 40,2k x4(0,21-k)n k=1

Here, 8 f(X) 1= £, 0oy (@ dz = £ (020 f (D) dz.
Let j > 1 and i € [1, n]. Applying the operator t,-;,. — id to the identity (7.17), and then Minkowski’s inequality,
we obtain

” (Ta-ig; — id)f”m(w) = Z” (Ty-ig; = id)‘SZ*kf”Ll’(T")' (7.18)
k>1
As in the proof of Proposition 7.1, we split the sum in (7.18) as 3 oy = +* = jp<jp  + D gz jgq1 = S1+ 52,

with £ an integer to be determined. We estimate Sy via Lemma 8.11, and S using the trivial inequality

| @ne; —idg]| Lp gy < 21181120 o (7.19)
Therefore, by combining (7.18), Lemma 8.11 and (7.19), we obtain

19 This follows from [(th4 —1d) f| < |7y (7 —id) f| + |(zj, — id) f| together with Minkowski’s inequality.
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| oy =10 [ ooy S D 27 ke, =D f |y + Do 180k fllrmn. (7.20)

I1<k<j-t k>j—e4+1
As in the proof of (7.5), this leads to

. . p
> 2 |(tysy, —id) f “LP(’]I")NZ( > 2T, i) f ”LP(W))

j=1 Jj=1 M<k<j-¢
] p
+Z< > 2~YJ||52kf||Lp(w)). (7.21)
j>1 k>j—e+1

Using the notation X; = 2Sj||(7,'2—je[, —1id) fllzr () and Yy := 2Sk||527kf||L17(Tn), (7.21) reads

Sy sy X i) e (X 20 on) 02

izl Jj=1 M=k=j—t jz1 k= —l+1

As in the proof of (7.9), Corollary 8.2 combined with (7.22) leads, for an appropriate choice of ¢, to

N o 1/ Cp \MU-97r -
D 2 (i —id) HLP(W)SKP[;<1_ ) ] D 2 PRS-k FIT - (7.23)

S
jz1 k>1

We complete the proof of Proposition 7.3 by combining (7.23) with the inequality
”82*1"](”{/1(’]1‘” =< 2" /” fy - k 1||LP(']I‘" dy (7.24)

(see Lemma 8.9). O

Proof of Theorem 1.4. Let f € WP (T"). Since [0, 1)" 5 v+ |[(ty, —id) f|lLr () is subadditive, we can estimate
X(f) by

Ity — id) £ g " e — 1) FI e
x(f)= [t T an g Y [ S v,
i:lr]rn

|n+sp |(v1’ e vn)|n+sp
Tn
. 2l=j
. | Ehes — i) £11 e
Z h1+sl) dh = Z Z 2 || (The, ld)f || LP(T” (725)

i=17p i=1 j>1

In (7.25), we rely on Corollary 8.19 in order to justify the second 1nequa11ty.
Following the proof of (7.16), we obtain, for every i € [1, n], the estimate

1
22](1+sp) / ” (The —1id) f ”Lp(Tn) dh S s_P Zzspk H (Tz—ke id) f ”LP(’]I‘" (7.26)

Jj= i>1 kZ]
By combining (7.25) and (7.26), we find that

X(f)< — ZZW’C | (ryte, —id) £]|¥ Ly (7.27)

i=1k>1

Applying Proposition 7.3 to (7.27), we obtain

c. \/1=97p ‘
X(f)<[ (1_"S> } /Y(fy)dy, (7.28)

Tn

hence the conclusion. 0O
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7.4. Remark. It would be interesting to obtain the analog of Theorem 1.4 when s > 1. Here is a hint suggesting that
such an analog should exist. Using Fourier series, it is easy to see that the right-hand side of (1.9) converges when
feWw'2=H! and that we have the estimate

e S [ L), = (7). 129

™ Jj=1

Here, we consider e.g. the semi-norm

> cmezl”’” =Y Imllenl*.

meZ mez"

The analog of (7.29) for other values of s > 1 and p has not been investigated.

7.5. Remark. The quantitative form of Theorem 1.4 is not optimal, at least when p = 1. Indeed, when p = 1 estimate
(7.28) deteriorates exponentially fast when s ' 1, while we know from estimate (8.4) that the growth is of the order
of 1/(1 — s). We do not know the optimal blow up rate when 1 < p <ocoands 1.

8. Toolbox
We present here the proofs of several auxiliary estimates used in the previous sections.
8.1. Schur’s criterion and applications

The material presented in this section was mainly used in the proof of Theorem 1.3.

We start by recalling (a slight generalization of) Schur’s condition—or Schur’s criterion—on the boundedness of
integral operators and by presenting some of its consequences of interest to us. For a further discussion on Schur’s
criterion, see e.g. [ 16, Appendix I].

8.1. Lemma. Let (X, u) and (Y,v) be two measure spaces, and let p, q be conjugated exponents. Consider the
integral operator T associated with a measurable kernel x : X x Y — C, defined formally by

Tu(x)= /K(x, u(y)dv(y), Vu:Y —C.
Y
Let f : X x Y — C be a measurable function on X, and set g(x) := || f (x, -) |k (x, Ve lLay)-
If M :=ess sup, ||ﬁ|/<(-, WIYP\ Lo (x) is finite, then T defines a bounded operator from LP(Y) into LP(X),
with |T|| <M.
In particular (with the choice f =1) we have

1 1
1Tl <M, M), 8.1)
where M| := ess sup, fY lk(x, y)|dv(y) and M, := ess sup,, fX [k (x, )| du(x).
Proof. By a standard argument, it suffices to establish the bound ||Tu||pr < M||u||L» when «, f and u are non-

negative. We assume that p < 0o; the case where p = 0o is similar. By a suitable application of Holder’s inequality,
we find that

4 V4
(/x(x,ym(y)dv(y)) _ (/(f(x,y>x‘/‘f<x,y))( U (x, y)f(( )y))dv@))
Y Y

P
<gp<x>/x<x v ((”y) dv(y).

Therefore,
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/ (Tu())’ dpx) < / ( 2O y)du(x))uﬂ(y)dv(y)<MP||u||"
= no = LP(@)’
Y

fPx,
X X
The special case is obtained by noting that, when f = 1, we have g < M,’%, which implies that M < M|"'M)/?. 0O
By taking f =1 in the above lemma, we obtain the following consequence.

8.2. Corollary. Let (o i) j k>0 be an infinite matrix, and let 1 < p < oc. Consider the operator T formally defined by
T (xi)k20 = (Q_g>0 %) kXk) j>0-

If the quantity M := SuPizO(Zjio lajil(Qpe |aj’k|)l7—1)l/1’ is finite, then T is continuous from £P into £P, with
1T <M.

In particular, we have, for 1 < p < oo,

1/q 1/p
Il < (supZ |Olj,k|> (supZ |a,~,k|) .
i % k5

We continue with a quantitative form of the equivalence X (f) ~ Y (f) ~ Z(f) when sp < 1. Here, X (F), Y(f)
and Z(f) are given by (3.1)—(3.3). The next result and its proof follow closely [3, Appendix A].

83.Lemma. Let 0 <s < land 1 < p <oo. Let f € LP(T"), and let X(f), Y(f) and Z(f) be as in (3.1)—(3.3).
Then

sPZ(f) SY(f) <2Z(f), (8.2)

Z(f) S X(f) (8.3)
and, if sp < 1,

X(H<s—"1 vy (8.4)

~sP(1—sp)P ' '
Proof.
Step 1. Proof of (8.4).
We have that
|(th —id) f (x)]” o A (rtsp) .
X(f):// h— e dx dthz( +5p)] / (@ —id) f 7, dh, (8.5)
T T j=l lhlel,

where 1; =[27/,270U~D)_ Since fi — f in LP(T"), and fug = [y, f is constant, we have

< @ =i = fie)) - (8.6)

Lr k=1

| —id ], = Z(rh —id)(fk = fi-1)

k=1

We next invoke [3, Lemma A.2] in the following form:

8.4. Lemma. Let f € &, j > 1 and h € T" be such that |h| < 2'~/. Then

| —id) L, < Bl il (8.7)
where

ifj<k,

17
Pik = { @=hr. ik 8)
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Step 1 completed. ‘
Let x¢ == 2% fir — feillr, Vk > 1,2 and set o x := 2"V~ B; . We note that

1 1 1 1 1
= - < Z < . 8.9
;a”k ;aj’k 1—2—S+2s—1/17_1Ns+1—spNs(l—sp) ®9)

Next, Lemma 8.4 combined with (8.5) and (8.6) gives

o0 00 p
X(NHS Z(Zaj,kxk) : (8.10)

j=1 \k=1

We obtain (8.4) by combining (8.10) with Corollary 8.2.

Step 2. Proof of (8.2).
Since || fj — fi=1llLe = 1E;(f — fi=Dller < I1f — fj-1llLr, we find that
Y(f)<2Z(f) <2Z(f).
On the other hand, we have
Lf=filler=| D_ (= ficD| = D Mfi— ficrllrs
k>j+1 L k=j+1
and thus
. LA |
—s(k—j) _
Z<f>SZ< .2 ka> SV
720 Mk>j+1

(the last inequality following from Corollary 8.2).

Step 3. Proof of (8.3).
By Holder’s inequality we have

p
||f—f,-||ips/(][ |f<x>—f<y>|dy) dxs/ ][ £ () — F)|7 dydx.

™ Q) ™ Qj(x)
Therefore,
zip =y 2 [ g - ol dyas
Jj=0 T Q;(x)
D) [f(x) = fDIP
= //(Ix — y|rtse Zz(nJrsp)J]le(x)(y)) Wdydx.
Tn Tn j=0

In order to evaluate the above expression between brackets, we fix x % y in T" and we let k be such that |x — y| € I.
Then

k—1
|x _ y|n+sp Zz(n+sp)jlej(x) (y) < |x _ y|n+sp Zz(n+sp)j /S 1,
Jj=0 j=0

which implies (8.3). O

For further use, let us recall the following cousin of Lemma 8.3 [3, Corollary A.1].

20 So that Y (f) = | k=115 -
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8.5. Lemma. Ler 0 < s < 1 and 1 < p < 00 be such that sp < 1. Let f7:T" = R be a sequence of functions such
that fi e &,9j. 2" If

S 2 ri| fl = fITN, < o0,

j=1

then f7 converges in LP to a function f € WSP. In addition, we have

|l S D27 £ = £

izl
8.2. Estimates for averages

The material in this section was used in the proofs of Theorems 1.3 and 1.4.
We start with a version of [3, (E.17)].

8.6. Lemma. Let f belong to &, p := 112,12, and pg(x) := 8’",0(%), Ve > 0, Vx. Let h satisfy |h| <27/, where
Jj>k. Then

lnf — FI <22 flx ppridag s
where

Agj = {x e T"; dist(x, dQ) <27/ for some Q € 91(}.

Proof. Since f is constant in each cube Q € & and |h| < 27k we have

ltn f1(x) = ][ |fl <2 / |fl<2"k / If1. (8.11)

Ok (x—h) B(x—h,27%) B(x,21-k)

We note also that

|1 % pyoi (x) = 2"*2) / I f1. (8.12)
B(x,21-F)

By combining (8.11) with (8.12) we obtain

|t f1 < 22| f 1% o (8.13)
By letting 4 — 0 in (8.13), we find that

|1 <22 f % . (8.14)
By (8.13) and (8.14), we obtain

ltn f — FI <t fI+1F1 <22 1% pyos.

Now the conclusion follows by noting that, when x does not belong to Ay ; we have Qx(x — h) = Q(x), and thus

o f(x)=f(x). O

We next turn to Lemmas 8.7, 8.9, 8.10 and 8.11 which were used in Section 7.

21 We recall that & ' denotes the class of functions which are constant on each dyadic cube of &;.
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8.7.Lemma. Let 1 < p < oo and f € LP(T). Let 8. be the operator given by

& r
5. f(x) = f Fl+2)dz— ][ Fx+2)dz. 8.15)
0 0

Then, for every k > 1,

i 1
/” (fy)k - (f))kq ”imr) dy = 5"52’kf||lL7P(T)‘
T

Recall that f¥(x) = f(x — y).

Proof. We first note that for every x € T, the dyadic cube (interval) of x of order k is given by
Qi (x) =27F[2%x] +[0,27F).

Note also that if x belongs to an interval of the form Ji ¢ := [21_1‘6, 2k (2¢ + 1)) with £ € [0, 2k-1 _ 1], then we
have 2!7%[2¢=1x] = 2% [2*x]. Thus, for every such x and every y € T, we have

ok 21—k
][ Y- ][ fy:][fy(z+2*k[2kx])dz— ][ Yz +2"7* 25 %)) dz
Ok (x) Or—1(x) 0 0
=52—kfy(2_k[2kx])~ (816)

We next note that 6. f¥ (x) = 8. f (x — y), Vx, y € T". If x € Ji ¢, then by integrating (8.16) with respect to y we find

e

T Ox(x) Ok—1(x)

“ay— [l ) a

=/|52_kf(2—’<[2"x] —y)|pdy=/|62_kf(y)|pdy. (8.17)
T T

We obtain the conclusion by integrating the left-hand side of (8.17) with respect to x € Jy ¢, V€. O

8.8. Remark. It is not difficult to see that the following extension of (8.16) holds for every x € T:

L

Qi (x) OQp—1(x)

Hence the conclusion of Lemma 8.7 can be improved to

/” (fy)k - (fy)k—l ”imr) dy = ”82"‘f”€1’(T)'
T

= o 2]

However, the advantage of Lemma 8.7 stated as above is that its proof can be easily generalized to higher dimension.
Lemma 8.7 has the following n-dimensional analog.
8.9. Lemma. Let 1 < p <ocoand f € LP(T"). Let 8. be the operator given by

8e f(x) == ][ fx+2)dz— ][ fx+2)dz. (8.18)
(0,8)" (0,2¢)n
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Then, for every k > 1,

1
/“ fy - k 1||Lp(’ﬂ‘n dy > 2_n||82*kf”2p(1‘n)-

The proof of Lemma 8.9 is identical to the proof of Lemma 8.7 and is left to the reader.
8.10. Lemma. Let f € LP(T) and let 5, the operator given by (8.15). Then
. h .
@ —id)se £, < - |z —id) f||,,» Vhe[0, el

Proof. Let 0 <h <e¢. For every x € [0, 1), by the definition of §; we have

e—h 2e—
1
(rh—id)&;f(x)=£<2/f(x+z)dz— / f(x+z)dz>

( /f(x—i—z)dz—/f(x—i—z)dz)
0 e 2¢
1(/ (x+z2)dz—2 /f(x+z)dz+/f(x+z)dz)
—h
0
l(/f(x+z)a’z—/f(x+z)dz>
—h

e—h 2e—h
1
— %( / fOx+2)dz — / f(x—i—z)dz)
e—h 2e—h

& 2¢e
= %|: /(rg —id)f(x+2)dz — / (Te —id)f(x+z)dz].
e—h 2e—h
Hence, for every x € T, we have
|(th — id)8e £ ()| < —[ / |(te —id) f (x + 2)|dz + / (e —id) f(x —I—z)|dz] (8.19)
2e—h

We note that for any F € L?(T) and for p =1(_1,2,1/2) we have F * p;(t) = h tt+hh/22 F(z)dz. Thus

e 2¢e
%(/|(rs—id)f(x+z)|dz+ / |(r£—id)f(x+z)|dz>
e—h 2e—h

=[(re —id) f (x + )| % pu(e — h/2) + |(ze —1d) f (x + )| % o (26 — h/2)
= |(te —id) f| % pp(x + & — h/2) + |(ze —id) f| % pp(x + 26 — h/2). (8.20)

Since the L? norm on T is independent of translations, we obtain from (8.19) and (8.20) that

h h
e —ise £ o =25 e —id) flxpn] 1 = —||(fs —if|pllonlle = 2@ =i f], O
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The same argument leads to the following n-dimensional version of Lemma 8.10.

8.11. Lemma. Let f € LP(T") and let 8, the operator given by (8.18). Then, for every i € [1, n],

h
| he; =id)3e £ || o pny = < [ Ceei =i F Loy, ¥ €10, 21,

8.3. A lemma on cuts

The following lemma is due to Merlet [20], and was used in the proof of Proposition 1.6. For the convenience of
the reader, we reproduce the argument in [20].

8.12. Lemma. Let « € S. For every z € S!, we let 04(z) be the unique 6 € (o — 27, ] such that z = €'?. Then, for
every z,w € st

/\ea(w) — 04 (2)| da = 2|70 | (27 — |ZW ) < 47|z — w].
Sl

Here, Zw is (one of) the geodesic arc(s) that connects z and w on the circle, and | 7w | is the geodesic distance on the
circle.

Proof. It is easy to see that

27 — | 7w if —
|9a(Z)—9a(w)|:{ 7T —|zw]|, ifoezw,

|Zw], ifo¢zw.
Hence
/|9a(w)—9a(z)|da= / |Zw | da + / 27 — |Zw]) da = 2|Zw | (27 — |Zw]). (8.21)
Sl

~~ ~~
ag¢Zw aeZwW

We now use the inequality sinx > x (1 — x /), valid for every x € [0, r /2], to find that

— —_ —_ 1 . .
e~ wl=2|sin " zz'z—;“'<1—%> = 2\m|(er - | T0)),

which together with (8.21) proves the lemma. O
8.4. Toolbox for the proof of Theorem 1.5

We gather here the auxiliary results used in the proof of Theorem 1.5 in Section 4, as well as the proof of
Lemma 4.2.
We start by establishing estimate (4.3), that we recall in the next statement.

8.13. Lemma. Let a, e € (0, 1). Then
A-a)f+a®—1>1—-¢e)a’( —a)’.

Proof. By symmetry, we may assume that a < 1/2. By the mean value theorem, we have, for some £ € (0, a),
l-(1—a)f=ca(l—£)¢D <ea®
(since 1 — & > a and therefore (1 — &)¢~1 <a®~1). Thus

A=a)f¥+a®*—1>10—-8)a’ >0 —-¢)a’(1 —a)’. O

We continue with a proof of the estimate (4.5); this is the purpose of the next lemma.
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8.14. Lemma. Ler | < p < 00. Set 8(g) 1= e~ /¢

Then |M5|W(l—a)/p.p ~ 1

, for every 0 < e < 1, and u, := €'%®, where @s is given by (4.4).

Proof. We start with the following obvious estimate of |ug |y 1—¢)/p.p:

1/21/2+8 1/2+468 1/2+8
) /21/2+ |e,2n(x—1/2>/5 — 1P [2481/2+ |e,2n<x—1/2>/5 _61271()'—1/2)/6|p
ey a—eypp = / / Gy dxdy + / / PR dxdy
0 1/2 12 1/2
| 1/2+8|6127r(x—1/2)/8 —r
+ dxdy=:1 + L + 5.
1245 1/2 =02
+

We next estimate each of the three integrals 11, I, and /3, using simple calculations and the fact that §° = 1/e. To start
with, we have

12458 1/2+8 o /@)t /@) 47
sin(x — y)/8|P ) sin(x — y)|?
/ /I ( y)/|dxdy= s / / |sin(x — y)] dx dy
e =y 4 =y
12 1/2 7/(28)  7w/(28)
. w/(28)+m , w/(28)+m—y » T »
) sin ¢t sint
=|—- / / | | dt |dy= | | dr ~ 1,
ﬂ |]?~¢ ||2¢
n/@28) N m/Q20)-y —

the latter conclusion uses the fact that p > 1.
We next estimate I; as follows.

1/21/248 7 x+1/(28)
I %/ / | sinzr (x — 1/2)/8|1’ / / sin? x dxdy = / / sin? x d dx
(x —y)2—= (x —y)*=¢
0 172 -r/(28) O
o g o
) 1 1 sin” x sin? x
~ [ sin” x - dx = dx +0,(1) — [ ——————dx
xl=¢ (x /o) x (x+m/@28)' ¢
0 0 0
g b s
sin? x sin? x
- dx +0:(1)+ 0(8) = dx +os()~ 1.
X X
0 0

Similarly, we have

1 17246 7/ (28) 1 7 7/Q28)—x
L~ / / |sinn(x—1/2)/8|pd dy ~ / / sin? x dxdy:/ / Sinpxdtdx
Oy —x)*= (y—x)** 12
1/2+8 1/2 0 m—x

%/sinpx< ! — — ! )dx%l
(-0t (/28 —x)~¢
0

By the above estimates of /1, I> and I3, we conclude that |ug|ya-e/pp X 1ase— 0. O
We next present the proof of Lemma 4.2, in the spirit of [4, Lemma 2].
Proof of Lemma 4.2. By scale invariance, we may assume that / = (0, 1).

For every ¢ € Z, we define the sets A, := {x € I; ¥ (x) < £}. Since (Ay) is a non-decreasing sequence with |Ay| —
0 when £ — —oo and |A¢| — 1 when £ — oo, there exists some k € Z such that [Ag| < 1/2 and |Ag4+1| > 1/2.
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Note that

V@) -y | =1, VLEZ Vxe Ay, ¥y e (A, (8.22)
Hence, by applying inequality (4.1) first to Ay and next to A1, and by using (8.22), we get

1 1/e _ 1/e
1/21Ak] < (Ce/ / 72_dxdy) < <C8/ wdxdy>
lx —yl==¢ lx —yl==*
Ak “(Ag)

Ak “(Ag)

1/e _ 1/e
(e [ [ ton) <o [ [ S0500n)"

Ak+1 “(Ag+1) Ak+1 € (Ag+1)

and

We find that:
_ p 1/¢
[ (x) =¥ ()] dx dy) ‘ -

lx —y|?>~¢

({x e iy (x) #k}| = Al + | (ArgD) | 54(&;/
1 1

8.15. Lemma. Let ¢ be a lifting of u = €'%, where @s is given by (4.4), i.e.,

0, ifx <1/2,
os(x) = { Q2x —Dm/s, if1/2<x<1/2+36,
2, if1/24+68 <x.
Let oy := 55,
Then, lfx,yE(O,%+%), 0rzfx,y€(%+%,1), we have
V@) =y )] < lo@) — (). (8.23)

Proof. We will verify (8.23) when x,y € (0,1/2 + 25/3), since the proof when x, y both belong to the second
interval is similar. Estimate (8.23) being clear when 0 < x < 1/2 and 0 < y < 1/2, we may assume that y > 1/2.
To summarize, we will establish (8.23) when y € (1/2,1/2 + 25§/3) and x € (0, 1/2 4 2§/3). Two cases will be
considered: x € (0, 1/2] and x € (1/2,1/2 4 25/3).

Since ¢ and @s are liftings of the same function u, for every x there exists an integer k(x) such that ¢(x) =
@s(x) + 2mk(x). Same for y. We may always assume, with no loss of generality, that k(y) = 0.

To start with, assume that x € (0, 1/2]. Then (8.23) is equivalent to

k()| < [2mk(x) — 2y — D7 /8| = |27k (x) —

(8.24)

where we let Y := (2y — 1)z/8. Note that 0 < Y < 4m /3. If k(x) <0, then (8.24) is obviously true. In the case where
k(x) > 0 is nonnegative, (8.24) becomes

Qr — Dk(x)>Y, (8.25)
and follows from Y < 4m /3.
Suppose next that we have x € (1/2,1/2 4 25/3). Then (8.23) becomes
k)| < [2(x — y)7 /8 + 27k (x)| = (8.26)

where X :=2(x — y)mr /5. Note that —47/3 < X < 4w /3. We investigate the validity of (8.26) when X > 0; the case
where X < 0 is similar and is left to the reader. When X > 0, inequality (8.26) is always true if k(x) is non-negative.
When k(x) < 0, (8.26) amounts to

Q2 — 1)(—k(x)) = X,
which holds since X <4x/3. O
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8.16. Lemma. Let A, B C (a, b) be such that “A is on the left of B”, i.e., y < x, Vy € A, Vx € B. Define Ay :=
(a,a+|A|) and B, := (b — |B|, b). Let t > 0.
Then

1 1
//(x—y)td”yz//(x—yyd”y'
A B

A¢ By

Proof. It suffices to establish the inequality

dy - dy
=y~ ) ="
A Ay

Vx € (a,b) suchthat y < x,Vy € A. (8.27)

Indeed, assume that (8.27) holds. Then by symmetry we have

, Vye€(a,b)suchthatx > y,Vx € B. (8.28)
t l
(x - y) (x

By (8.27) and (8.28), we have

)= [([555)e= [([e55) o= [+
d dx = dxd
/( oy ) TS e (x—y)f (x—yy T
B A B

Ag Ay B A¢ By

It remains to prove (8.27). We first note that (8.27) is true when A is an interval.”” By a standard argument, we find
that (8.27) holds: first when A is an open set, next when A is compact, and finally for every measurable A. O

8.17.Lemma. Let 0 <s < 1 and 1 < p < o0. Then, for any ¢ € WP (T"; R), we have
|(p|€VS,P(’I[‘H) 2 / |(p(ax25 "'ﬂxn)|€vs,p(’]1‘) de-ndxm (8'29)
Tnfl

Proof. Let A denote the integral in the right-hand side of (8.29), that is,

N ANV 4
A:// oG ) —pGr DI

|X1 _ Zl|l+sp

Tn—1 T T
We will use the notation x := (x, x) and z := (z1, x"), with x1, z; € T and x’ € T"~L. Integrating the inequality

lo(x) —0@)]” <277 (o) —eM|” + o) —9@)|"), VyeT",

with respect to y € B((x +z)/2, |x1 — z1]/4), we find that

lp(x) — ()P
Ag// f lx; —zp |1 Hsp dy dzy dx.
T T B((x+2)/2,Ix1—z11/4)

Noting that B((x +z)/2, |x1 — z11/4) C B(x, 3|x1 — z1|/4), we find that

dz) P lp(x) —pWI”
AS// / WW( x) = o) dde</ Wdydx- m

T T" |x1—z11=4]x—yl/3 T ™

2 By explicit calculation of both sides in (8.27).
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8.18. Lemma. Let 0 <s <l and 1 < p < o0. Set

dx'dy’
K" (x1,y1) = / / Vxi, y1 €T.
) |(x1, x7) = (y1, y)|"HsP’
Tn—1Tn—

Then we have

1
K"(x1,y1) S ————.
|x1 — yp|1Fsp

Proof. Set?:=x; —y; and 7’ :=x’ — y’. Then

K7 ( - / / _dxdy’ / / d7/dx’
= 16 x/ — y)yprtse = [, 2)|op

Tn—1Tn-1 |x‘<]|z|<2
1
|(t’z/)|n+sp ~ |[|1+5p'

a

8.19. Corollary. Let s > 0 and 1 < p < oo. Let f € WSP(T,; C) and consider the function F : T" — C defined by
F(x1,x") = f(x1), Vx = (x1,x") € T".
Then F € W5P(T"; C) and | F |ws.p(Tr) = | flws.p(T)-

Proof. If k is an integer and k < s, then we clearly have

k k
”D F“LP(T") = ”D f“LP(T)' (8.30)
In particular, the conclusion of the lemma holds when s is an integer.
Suppose now that s is not an integer and write s = [s] + o, with o € (0, 1). By Lemma 8.17, we have
P
|D[S]F|WUP(T,,) > / |DYIF (- x W”(T) dx' = / |D[S]f|W”(T) dx' = \D[S]f|wa,p(T). (8.31)
Tn—1
On the other hand, using Lemma 8.18 for s = o, we obtain
[s1p — DBIE(y, y)|?
[s] _ |D (x1, x Y1,
|DVIF|y W"f P(Tn) = / x — y[+op dxdy
Tl’l Tll
11
=//|Dmf<x1>—D“]f(yl)|”1<"<x1,yl)dxldxz
0 0
o [S]f [s]f P
|ID¥f (x1) = D f(y1)]
< — | pls]
< // Te—IE dxidxy =|DVVfIL, , - (8.32)

0 0
From (8.30), (8.31) and (8.32), we have | F|ws.p(rny ~ | flws.p(T). O

8.5. Toolbox for optimal estimates when sp > 1
In this section, we establish the auxiliary results required in Section 5.

8.20. Lemma. Let s > 0 and 1 < p < oco. Let f € CX((0,1);C), f # 0. Consider the functions f; :=
ZOSksj—l f(xj—k),¥j=>1. Then

L filwsp(0,1)) = J°. (8.33)
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Proof. If s, k are integers and k < s, then we have

| D" £ ~ j*. (8.34)

In particular, (8.33) holds when s is an integer.
Suppose now that s ¢ N and let 0 := s — [s] € (0, 1). Then we have

j—1
DYV £ e = 357 > I (8.35)
k,0=0
with
(k+1)/j (€+1)/j ) ) ) 11 ‘
Lo |f([5])(XJ —)— f([SJ)(y] — k)P drdy = jl—ap// |f([3])(X) _ f([S])(y)|p X dy
k.- |x_y|l+<7p |g_k+X_y|l+ap :
k/j % 00
If k # £, then Ij ¢ can be estimated as follows.
rop—1
< tsnp_J
Lo Ssup| fOD| TpnErTs (8.36)

(When |£ — k| > 2, estimate (8.36) follows from the fact that [{ —k + X — Y|~ |€ — k|. When |€ — k| =1, we
rely on the fact that f € C2°((0, 1)), and thus there exists some & > 0 such that | FED(x) — FUD(y)| =0 when
K—k+X—-Y|<e)

Thus
j—le-1 1 =y =1y
.op—1 .op—11 - .
IVTETLEDB) BE e Nl U Doy Bpe o) EEAR 83
k¢ £=1k=0 =k k—lk =k

On the other hand, for kX = £ we obtain

(k+1)/j (k+1)/j
If V) — k) = FEV G — I
dx
lx — y|i+or

P ~ op—1
WS,])((O7 1)) j

Ik = dy = jor= y V]

kfj k[

Therefore, we have

j—1
Zlk,k ~ joP, (8.38)
k=0
By combining (8.34)—(8.38), we find that |D[S]fj|wr7,/?((()’1)) ~ j*, and therefore | fj|ws.r(o,1)) ~ j*. O
The next result is a variant of [3, Lemma D.2].
8.21. Lemma. Let s > 1, 1 < p <ocoand ve WSP(R") N L (R"). Then
lv A Vol S vl lvliwss. (8.39)

The proof of Lemma 8.21, as well as the one of Lemma 8.32, relies on Littlewood—Paley decompositions. For the
convenience of the reader, we gather some standard properties of such decompositions.
Let £ € C°(B(0, 1); R1) be such that

¢=1 1inB(0,3/4) and supp¢ C B(0,4/5). (8.40)
Define ¢;, j > 0, by

@o(€) :=¢(€) and,forevery j =1, @;(&):=¢(&/2/%") —¢(€/2). (8.41)
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Given f e ./, welet f =) fj =) f *¢; beits Littlewood—Paley decomposition, and recall [29, Section 2.3.1,
Definition 2, p. 45], [29, Section 2.5.7, Theorem, p. 90] that

IF W go, .~ supllfjllLee, (8.42)
J

L Wysr ~ D 2P 11 £, ¥s >0, V1< p < oo, s non-integer. (8.43)
j

Recall also the following Nikolskif type inequalities [31]. Set ¢y := B(0,2) and, for j > 1, ¢} := B(0, 27+ \
B(0,2/~N.If f/ € . and

supp }7 - U %y for some fixed k, (8.44)
[e—jl=<k
then
> Ssup| £/ o (8.45)
J 00,00 J
and
p
ij < 22”’] || £ ||IL’p, Vs >0, V1 < p < 00, s non-integer. (8.46)
j whee

8.22. Remark. The inequality (8.46) also holds if the assumption (8.44) is weakened to supp;‘7 C B(0,27%k) for
some fixed k [8, Lemma 1]; see also [31].

We next recall the following standard inequalities; see e.g. [11, Lemma 2.1.1] for the first result, and [8, Corollary 1,
Lemma 2] for the next one.

8.23. Lemma. Let f € ./ (R") be such that supp fC B(0, R). Then, for any 1 < g < o0,
IVFfliLe < C(@RIfllLa-

8.24.Lemma. Let | <g <ocoand f € LY(R"). Let f =Y f; be the Littlewood—Paley decomposition of f. Then

> fi

k<j

=C@Iflza-
L4

Proof of Lemma 8.21. Suppose first that s > 1 is an integer. Then we have

lv A Vo Sloavolll, + D @AV |7, Sl Voll, + DY |D*vADPo|],. (847)

P
Ws—l,p Lp ~
la|+1Bl=s

By applying the Holder and the Gagliardo—Nirenberg inequalities, we find that, for every mp, mz € N with
mp+my=s,

[D" A D], 5 [P o] poims S (I D) (ol 2 [ o] 737

Lr Lr

povim [ D0

=l | D], S Iollizellvliwse,

which, together with (8.47), proves (8.39).

We next assume that s > 1 is not an integer. In this case, the proof uses the same idea as in [3, Lemma D.2]. We
consider the Littlewood—Paley decomposition of v in #'(R"), v = j=0Vj = » j=0V* @), with the functions ¢;
previously defined by (8.40) and (8.41).
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We next define

rj:=vj/\Vka, Vi>1,rp:=0, and sj:=2vk/\ij, Vj>0.
k<j k<j

Then we have v A Vv = ijo(rj + 5;). Note that supp(7; + 5;) C B(0, 2/%2) and that s — 1 > 0. Hence, by (8.46)
and Remark 8.22, we have that

Z(rj +55)

j=0

p . . .
AVl , = S 28Oy s, S 20T P (D, 4 Ul ). (8:48)

wibr g >0

We will now estimate ||r;||zr and ||s;||L» using Lemmas 8.23 and 8.24. First, since supp Zk<j Ur C B(0,2/11), we
have

<2 vjliee
Lo

S2vjlizelvllze.
LOO

VZUk

k<j

S

k<j

Irjlle < llvjllze

Next, since supp ; C B(0,2/*1), we have

ot

k<j
Combining the two above estimates with (8.43), (8.46) and (8.48), we find

IVujlirr <27
LOO

lvjllze S27vllzeellvjllze.
LOO

>

k<j

Isjllzr <

o AVl ST D 2P il ) S ol sllvlfys,. O
Jj=0

We now turn to the proof of some estimates used in the different proofs of Theorem 5.3 (Lemmas 8.25, 8.26, 8.27,
8.28, 8.30 and 8.31).
The next result appears in Merlet [20]. We present below a simplified argument.

8.25.Lemma. Ler 0 < s < 1 and 1 < p < o0 be such that sp > 1, and let 0 <x <y < 1. Let u € WP (T; S') and let
@ € WP (T; R) be a lifting of u. Then

lp@) — o7 S |u) = u|” + & =P Wl )

Proof. We will show that

@ lo@) —eM| =7 = lo(x) — 9| < lu@x) — u)I.
) l9(x) = W] > 7 = lp(x) = eI S & =0 TPl -

The first case is obvious. Indeed, if |p(x) — ¢(y)| <, then

lo(x) — @(y)| < |sin

cv(X);(p(y) ‘ _ %|”(x) —u).

Consider now the case where |@(x) —¢(y)| > 7. We may assume that ¢(x) = 0. In addition, using the monotonicity
in y of the right-hand side of (b), it suffices to establish (b) when y is replaced by z € [x, y] such that |p(z)| =
max(y, y] [¢|. Therefore, with no loss of generality we may assume that ¢(y) = max(y,y] |¢|. Let o be such that 7 <
a < minf|¢(y)|, 27}, and decompose the interval [x, y] as

[x, y] = [x0, x1]1U [x1, x2] U ... U[xs, x 5411,
with

X0 =X, J = [@
o

XJ4+1 =Y. (8.49)

], xj := the smallest solution 7 of ¢(f) = jo, Vje[l,J], and
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We then have J > 1 and, by (8.49),

[p() — M| =9() <a(J+1) S J. (8.50)
We next note, as in [20], the following quantitative form of the continuous embedding W*P((t,z)) —
COs=1/p([t,z]), withsp > land 0 <t <z < 1:
|u(z0) — u(to)| < c@ = P lulwsr(zry. YO<t<to<zo<z=<I, (8.51)
where ¢ = ¢(s, p).>*
When |¢(z) — ¢(¢)| > 7 for some ¢t < z, (8.51) implies that we necessarily have
@ =0 P lulwsr(a.z) > 1/c
(with ¢ as in (8.51)). Indeed, argue by contradiction. If (z — t)‘Y_l/”lu|Ws,p((t‘Z)) < 1/c, then, by (8.51), we have
lu(zo) —u(to)| <1, VO<t<tp<zo<z<lL. (8.52)

Using (8.52) and the continuity of u and ¢, we find that |p(z9) — ¢(fp)| < /3 for every ty and zo as above. In
particular, we obtain the contradiction ¢(z) — ¢ (f) < .
Therefore, for every 1 < j < J, we have

(= x50 P lulwsr (g > 1/ (8.53)
Using (8.53), we find that
K K K —1/. 1/s
J=c” 3 e <Y (g —xy ) 1/vp|u|v‘{;p((xj71’xj)). (8.54)
I<j<J I<j<J

Applying in (8.54) Holder’s inequality with the exponents sp/(sp — 1) and sp, we obtain

1/sp

1-1/sp
p 1-1 1/s
JS( 2 G _xj_])) < 2 |”|ws~v«x,~_1,x./>>> SO =0 ).

l<j=<J l=j=J

This combined with (8.50) proves the assertion (b). O

We next establish several estimates used in the third proof of Theorem 5.3.
We start with the proof of (5.24). This estimate is certainly well-known to experts, but we were unable to find it in
the literature and we present an argument for the sake of completeness.

8.26. Lemma. Ler f € L'(S'; C) and let ]7 be the harmonic extension of f. Let Mf be the maximal function of f.
Then we have

|forw)| < Mf(w), VYoeS!, vreo,1].

Proof. Let P(x,y) be the Poisson kernel on the unit disc, i.e., P(x,y) := 27Tl|;2y‘z- Here, x = rw, w € S}, r €

[0,1],and y € S!. We note that P(x,-) is positive and “symmetric with respect to Ow and decreasing in y”. More
specifically, if y and y’ are symmetric with respect to Ow, then P(x,y) = P(x,y’). On the other hand, P(x,-)
decreases with the distance from y to w. This allows us to mimic the proof in [28, Chapter II, Section 2.1, formula (17),
p. 57] and obtain the estimate

IOE /!f(y)}P(x, Vdy < Mf (@) / P(x.y)dy=Mf(@). O
S]

SI

We continue with the proof of the estimate (5.27), that we restate here for the convenience of the reader.

23 Estimate (8.51) follows e.g. from [15, Lemma 1.1] (with ¥ () := |r|? and p(z) := |¢|T1/P),
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8.27.Lemma. Let | < p <00 and 0 <s < 1 be such that sp > 1. Let u € WP (S'; S') and let i be given by (5.26).
Define () := fol |Jacu(rw)|dr, Yo € S'. Then

1
el < lulyps.p- (8.55)
In the proof of the above lemma, we will need the following cousin of [6, Lemma 1.3].

8.28. Lemma. Let | < p <ooand 0 <s < 1. Let u € WHP(T;SY) and let v e Wst1/P-P(D; D) be its harmonic
extension. Define d(w) :=supf{r € (0, 1); [v(rw)| < 1/2}, Vo € S! (with the convention d(w) =0 if |v(rw)| > 1/2 for
everyr). Then

1
- < |ul?
/ 1= d(@)” do S lulys, + 1. (8.56)
Sl

Proof of Lemma 8.28. We may estimate the integral in (8.56) as follows:

/71 do S / L do+1
(I —d(@)» “~ (T—d@yr "
SI

{d(@)>1/2}

Thus it suffices to consider the w’s such that d(w) > 1/2 and to prove, instead of (8.56), that

1
———do S ulh,,. 8.57
/ = dayw 2@~ e @57
{d(w)>1/2}

We next note the following norm equivalence. In the domain D \ Dy /2 (where Dy 2 is the disc {x € C; |x] < 1/2}) we
have
1
v|? ~ [ |v(w)l|h do+ [ |[v@)|h dr. (8.58)
WsH1/p-p(D\D12) WsH/pp((1/2,1)) Ws+l/p.p(Sh)
st 1/2
The above equivalence is standard in the flat case, where D \ Dy > is replaced by R" x (1/2, 1), and St is replaced
by R” x {1} [1, Theorem 7.46]. Estimate (8.58) is a straightforward variant of its “flat analog”. We now note that

(8.58) implies that for a.e. w € S, the map (1/2,1) > r — v(rw) belongs to ws+1/p-p((1/2, 1)), and the latter space
embeds into C%3 (172, 1]).24 Therefore, we have

[v(w) — v(d(w)w)| [v(rw) —v(tw)|
-~ 7 7= . < .
(1 —d(w))* = rtell/2,1] lr —t]$ = o w)|co,5([1/2,1]) < Jo w)|WH1/p'p(“/2’l))' (859
Since |v(w) — v(d(w)w)| = [v(w)]| — |v(d(w)w)| = 1/2, we obtain from (8.59) that
1 p
. < lvC-a)|?
(1 —=d@))? ™ v(®) —v(d@w)|? [ “’”W””f”ﬂ((l/z,l)) < o ‘”)’WS+‘/1”P<(1/2,1>)' (8.60)
Integrating the above estimate, and using (8.58), we find that
(8.61)

1
p p p
/W 5/|v('w)|Wf“/”"((l/z,l)) S 1lyssvpr @by = 1wt/ @)
St St

Finally, since the Poisson extension operator is bounded from W*?(S!) onto W*+1/P-P(D) [29, Thm. 4.3.3()], we
have |v|Ws+1/p.p(D) < |u|W5,p(Sl), which combined with (8.61) gives (8.57). O

24 1 particular, for a.e. w € S! we have d(w) < 1.
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Proof of Lemma 8.27. We start by establishing (8.55) when |u|ws.» < 1. In this case, by the continuous embedding
WP (S < VMO(S') (valid when sp > 1), we also have |u|gmo < 1. Next we use the following property of the
harmonic extension v of an S!-valued function:

dist(v(x), Sl) <|ulpmo, VxeD;

see Lemma 8.30 below. By combining the above estimate with the fact that |u|gypo < 1, we find that dist(v(x), S') <
1/2, Vx € D. Therefore, |v(x)| > 1/2, Vx € D. Recalling the definition of #, this implies that |zZ] = 1 in D and thus
|Jacu(x)| =0, Vx € D. Thus the estimate (8.55) is trivially satisfied when |u|wys.r < 1.

Suppose now that |u|ws.» is greater than some constant C. In this case, it suffices to prove, instead of (8.55), the
following weaker estimate

1 sp
/</|Jacﬁ(m)|dr) do S ully, + 1. (8.62)
st 0

Again considering the definition of 7, we note that |Jac#(x)| < |Vu(x)|?, and that the Jacobian JacZi(x) van-
ishes whenever |v(x)| > 1/2. Since the map v : D — D is harmonic, its gradient satisfies the estimate |Vv(x)| <
1/ dist(x, sh=a- le)_l. Consequently, using the notation d(w) given in Lemma 8.28, we have

1 d(w) d(w) d(w) 1 1
/‘Jacﬁ(rw)| dr = / ‘Jacﬁ(ra))|dr < / |Vv(ra))|2dr < / mdr = T d@) (8.63)
0 0 0 0

Using (8.63) together with Lemma 8.28, we obtain (8.62). O

8.29. Remark. By the Gagliardo-Nirenberg embedding W*? N L < W9:P/% (0 < § < 1 (valid except when s =
p = 1), it is possible to remove the condition s < 1 in the statement of Lemma 8.27.
In contrast, if we remove the condition sp > 1, then the first part of the proof of Lemma 8.27 does not hold anymore.

However, the second part of the proof is still valid, and leads to the weaker conclusion ||&|zs» < Iul%,éf, » + 1 (valid
whether for semi-norm |u|ys.p is small or not).

The next result was used in the proof of Lemma 8.27.

8.30. Lemma. Ler u € VMO(S!: S!) and let v : D — D be its harmonic extension to D. Then

dist(v(x), S') < lulpmo,  Vx € D.

Proof. Let I (w,8) := Bs(w) NS', Vw € S', VO < § < 1. By [10, Lemma A3.1], there exists an R € (0, 1) such that

v(rw) — ][ u

I(w,1-r)
On the other hand, from [9, Eq. (7), p. 206] we have

<lulgmo, Vr>R, VoeS'? (8.64)

dist( f u,Sl) <l|ulgmo, VYweS', V§<2. (8.65)
I (®,8)
By combining (8.64) and (8.65) we find that

dist(v(rw), S') < lulgmo, ¥r > R, Yo €S (8.66)

It remains to obtain the conclusion of the lemma when |x| < R. For this purpose, we proceed as follows. We integrate
the inequality dist(v(x), S < lv(x) — u(z)|, ¥z € S', and find that

25 A crucial point is that R does not depend on u.
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dz,

dist(v(x),S') < f|v(x) —u(z)|dz= ][‘/P(x,y)u(y) dy —u(2)
St st st

we recall that P (x, y) denotes the Poisson kernel. Since fS' P(x,y)dy =1 and |x| < R, we find that

dist(v(x), Sl) =< f‘/ P(x, y)[u(y) — u(z)] dy‘ dz < ][fP(x, y)|u(y) — u(z)| dydz
st st st
S ][][\M(y) —u(2)|dydz < lulpmo.*
St st
This estimate together with (8.66) concludes the proof. O

We now establish the following result, in the spirit of the theory of weighted Sobolev spaces [30], [29, Sec-
tion 2.12.2, Theorem, p. 184]. For related results, see also [21,25].

831.Lemma. Let 1 < p <ocoand 0 <s < 1. Given u € C*®°(T; C), let v be the harmonic extension of u and let U be
given by (5.26). Let §(x) :=1 — |x|, Yx € D. Then

/(S(x)l’*”’*1 (Vo)|” dx < lulfys, and /5(x)P*SP*‘ |V | dx < lullys.,. (8.67)
D D
Proof. We start by noting that it suffices to prove the first inequality in (8.67). Indeed, we have u = IT o v, with IT
smooth, and therefore |Vit| < |Vu|. Therefore, the second estimate in (8.67) is a consequence of the first one.

Let P(x,y) denote the Poisson kernel in the unit disc ). Since v is the harmonic extension of u in D and
Js1 VxP(x,y)dy = 0,2 we have

Vv(x):/VxP(x,y)u(y)dyz/VxP(x,y)[u(y)—u(a))]dy, Vo €S (8.68)
St St

We next pass to polar coordinates into the first integral in (8.67). Using the fact that » < 1, we obtain

1
/5(x)1’—”’—1yw(x)\”dx 5//5(rw)!’—sp—1|Vv(rw)y”dwdr. (8.69)
D 0 st

We next estimate |Vv(rw)|. For this purpose, we rely on the following properties of V, P (x, y):

[VePGx, )| S VxeD, Vyes! (8.70)

8(x)?
and

|ViP(ro, )| S1/ly —wl?, Vo eS!, Vrel0,1), Vy €S such that |y — w| > §(re). (8.71)
The above inequalities are obtained as follows. We start from the straightforward estimates

I—lxl 1
x—=y?  x—yP Y x—yP

|VeP(x,y)| S | (8.72)

Then (8.70) is a consequence of (8.72) combined with |[x — y| > §(x). On the other hand, we have |y —rw|>1—7r
and therefore

26 The next to the last inequality comes from the fact that P (x, y) is uniformly bounded when |x| < R and y € st
27 This follows by differentiating the identity [g1 P(x,y)dy = 1.
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ly—o|<|y—ro|l+|lo—ro|l=|y—ro|l+1—r<2y—ro|. (8.73)
Estimate (8.71) is a consequence of (8.72) and of (8.73).
We return to (8.68) and we split the integral as follows:
p
[Vo(ro)|” < </|vxp<rw,y)||u<y) - u<w>|dy>
S]
p
s mereesfue) -uwla)
[y—ow|<8(rw)
p
+ ( / |V Pro, y)||u(y) — u(w)| dy) =:11(r,w) + L (r, w). (8.74)
ly—w|=8(rw)
Then estimates (8.69) and (8.74) lead to
1
/S(x)”‘”"llvv(x)lpdx < //S(ra))p_”’_l[ll (r, 0) + L(r, )| dodr =: J, + J,. (8.75)
D 0 st
It remains to estimate J; and J5.
Using (8.70) and Holder’s inequality we find
lu(y) — u(w)| r 1 / r
Li(r,w) < ——d = - d
1 w) S ( / scor ) =searr |u(y) — u(w)|dy
ly—wl<8(rw) ly—wl|<8(rw)
1
p—1 _ p - - . 14
< a(m)zl,fS(rw) / lu(y) —u(w)|”dy = T / lu(y) — u(w)|” dy.
[y—wl|<8(rw) ly—w|<8(rw)
Inserting the above estimate of 11 (r, ) in the expression of J;, we find that
/ 1
p
115//W / |u(y)—u(a))| dydwdr
0 st ly—wl<8(row)
I=|y—ol {
P
//( / 1 )gp+2 dr>|u(y) —u(a))| dydw
st st
Iu(y) - u(w)l”
s [ [HE dydo =l (8.76)
st s!
Similarly, for I, we use (8.71) and Holder’s inequality as follows:
1 P lu(y) —u(w)| _ P
12<r,w)5( / 2|u<y>—u(w)|dy> =( / Sy — ol “dy)
ly — o ly—o
[y—w|>8§(rw) [y—w|>§(rw)
[u(y) — u(w)|? —ap/(p—1) p-l
< / Iy —wlCar dy / ly — ol dy . (8.77)
ly—w|>§(rw) [y—w|>é(rw)

Assuming that @ > 1 — 1/p, the last integral in (8.77) can be estimated as follows:

ly — wr“ﬁ/(ﬁ—l) dy < 5(rw)—ap/(l7—1)+1_

[y—w|>§(rw)
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Hence, returning to (8.77), we have

lu(y) —u(@)|?

< —ap+p—1
hL(r,w) S 8(rw) 5 — ol

[y—w|>8(rw)

Using the above estimate of I>(r, w) in J, we find

1
st//g(rw)Zp—sp—Z—ap / lu(y) — u(w)|? dy dwdr

[y —wl®
0 sl |y—o|=8(rw)
1

—sp—2—a lu(y) — u(w)|?
://( / (1—}")2[7 4 2 Pdr>mdyda) (878)

st st l—ly—ol

By the above, if we choose @ € (1—1/p,2—s—1/p), then we obtain J, < |u |€Vs,,,. This estimate, together with (8.76)
and (8.75), leads to fDS(x)p_Sp_1|Vv(x)|p dx < |u|1v",x,p. O

8.6. Toolbox for “further thoughts”

This section contains the lemmas needed in Section 6.
We start by proving that property (R) discussed in Section 6.1 holds in the following weaker form.

8.32. Lemma. Let 0 < s < 0o and 1 < p < o0 be such that s and sp are not integers.
Then

WSP((0, 1)") = (W2 ((0, 1)") N BY o ((0. ™)) + (WP ((0, ") N W*P-1((0, D™)). (8.79)

Proof. By a standard extension argument, it suffices to prove that the above holds when (0, 1)" is replaced by R”".
In order to obtain the analog of (8.79) in the whole R", we rely on Littlewood-Paley decompositions.”® Let 1, A €
C(B(0,1); Ry) be such that n =1 in B(0,4/5) and A =1 in B(0,4/5) \ B(0,3/8). Define ¥;, j >0, by

Yo(§):=n(&) and,forevery j =1, v;(&):=r(£/27).
It is easy to check that, with ¢; given by (8.40) and (8.41), we have @1/71 = @ and thus
wj*Vi=¢;, Vj. (8.80)
On the other hand, we have
Wl = (F0),0  = 7 iz @80
Let f € W*P. We split f; = g; +hj, where g; := fj1yf;)<1)y and hj := f;1(5;>1). Clearly,
lgille <l fillLe, lgillLe <1, Il < 0 flE,- (8.82)
Using (8.80), (8.81) and (8.82), we obtain
fi=fixvj=gj*V¥j+hjxy;:=G;+Hj,
with

IGjlie S fjllze, 1GjliLe S 1, Il S A7 (8.83)

and

28 Alternatively, we could use wavelets as in [18].
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supp f}?, supp I/-I\J C supp @ CEUG_1. (8.84)
By (8.45), (8.46), (8.83) and (8.84), we find that f = g 4+ h, where g:=) G and h :=)_ H; satisfy
eWSPNBY o ReWPOWPL gl ST gy + lhlysrs SUf Iy O (889)

We now prove Lemma 6.3, used in Section 6.2 for constructing a lifting in W*?(T"; S') when sp < 1.

Proof of Lemma 6.3. Assume first that U is smooth in T” x [0, 1]. In this case we have f(x) = U(x,0). Letx, y € T"
and setr:=|y — x| €[0, 1] and w := (y — x)/|y — x|, which satisfies |w| = 1. We have

lfO) = fOI<|fO) UG M|+ |f@) =U@,»|+|UG.r) = U, 1)
/|VU(y 8)|d£+/|VU(x e)|ds+/|VU(x+sw r)|de:=F(x,r,v). (8.86)

Integrating (8.86), we find that

/}f(x+rw) f0)|dx </F(x r,w)dx. (8.87)
Tll
Assume next that U is not necessarily smooth up to ¢ = 0. Then we may assume that

870|VU(X, £)| dxde <0,
T x(0,1)

for otherwise there is nothing to prove. Then U € W1 (T” x (0, 1)). By a standard approximation procedure, we find
that (with f =tr U) inequality (8.87) still holds for such U.
By combining (8.87) with the formula of the W7 ! semi-norm and passing to spherical coordinates, we find that

|f|WU’1(1rn)= / M dxdy

|y_x|n+o
’H‘HXTH
y=x|
S L VU (x,¢)|de | dxd
~ ly — x|+o 2 y
T"XTIZ 0
| ly—x|
+ / |y_x|n+o< / ‘VU(X"‘E()’_X)/W—XL|y—XI)}d8>dxdy
T xT" 0
1
5// o /\VU(X 8)}d8drdX+// / /]VU(x+gw r|de dwdr dx
™ 0 0 ™ 0 g 1
< / </mdr>|VU(x,s)|dxdg
T x(0,1) ‘&
1
+ / r1+(r< / </|VU(X+Ea),r)|dx>da)d5>dr
0,1) Sl (0,r) 7

< / e 7| VU(x, )| dxde,
T x(0,1)
i.e., (6.5) holds. O
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