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Abstract

We derive homogenized von Kdrmdn shell theories starting from three dimensional nonlinear elasticity. The original three di-
mensional model contains two small parameters: the period of oscillation ¢ of the material properties and the thickness /. of the
shell. Depending on the asymptotic ratio of these two parameters, we obtain different asymptotic theories. In the case & < ¢ we
identify two different asymptotic theories, depending on the ratio of & and &2, In the case of convex shells we obtain a complete
picture in the whole regime / < €.
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1. Introduction

This paper is about von Kdrmén’s theory for thin elastic shells. There is a vast literature on shell theories in
elasticity. An overview of the derivation of models for linear and nonlinear shells by the method of formal asymptotic
expansions can be found in [7]. In the case of linearly elastic shells, the models thus obtained can also be justified by
a rigorous convergence result, starting from three dimensional linearized elasticity.

In the last two decades, rigorous justifications of nonlinear models for rods, curved rods, plates and shells were
obtained by means of I'-convergence, starting from three dimensional nonlinear elasticity. The first papers in that
direction are [20,21] for membranes (plate and shells, respectively). The rigorous derivation of the nonlinear bending
theory of plates was achieved in [9]. The Foppl-von Karman theory for plates was derived in [10]. In [11] the nonlinear
bending theory for shells was derived, and in [22] the von Kdrmén theory for shells was derived. In [23] the authors
obtain limit models, in an intermediate energy scaling regime between bending and von Karmén theories, for the
special case of elliptic surfaces.

Here we are interested in an ansatz-free derivation of the homogenized von Kdrman shell theory by simultaneous
homogenization and dimension reduction. Our starting point is the energy functional of 3d nonlinear elasticity. It
attributes to a deformation u of a given shell S” € R? of small thickness 4 > 0 around a surface S C R the stored
elastic energy

1
W/Wg(x,Vu(x))dx, ue H'(S", RY). (1)
Sh

Here W, is a non-degenerate stored energy function that oscillates periodically in x, with some period € < 1. We are
interested in the effective behavior when both the thickness % and the period & are small. The separate limits # — 0 and
& — 0 are reasonably well understood: In [22] it is shown that, when W, does not depend on ¢, then the functionals (1)
I'"-converge, as h — 0, to a two-dimensional von Kdrman shell theory. Regarding the limit € — 0, which is related to
homogenization, the first rigorous results relevant in nonlinear elasticity were obtained by Braides [6] and indepen-
dently by Miiller [26]. They proved that, under suitable growth assumptions on W, the energy (1) I"-converges as
& — 0 (for fixed h) to the functional obtained by replacing W, in (1) with the homogenized energy density given by
an infinite-cell homogenization formula.

In this paper we study the asymptotic behavior when both the thickness % and the period ¢ tend to zero simultane-
ously. Such a combination of dimensional reduction and homogenization has already been studied in numerous papers;
we shall mention just few of them. In [13] the authors study the effects of simultaneous homogenization and dimen-
sional reduction for linear elasticity system without periodicity assumption introducing a variant of H-convergence
adapted to dimensional reduction. In [5] the authors study the same effects for nonlinear systems (membrane plate)
by means of I"-convergence, also without periodicity assumptions. In [8] the authors study nonlinear monotone op-
erators in the context of simultaneous homogenization and dimensional reduction, without periodicity assumption.
Much earlier in [19] the authors study the same effects for the linear rod case where it was assumed that the rod is
homogeneous along its central line, but the microstructure is given in the cross section. We also mention the work
of Arrieta on Laplace equation in thin domains with an oscillatory boundary (see e.g. [4]). In [27,28] the author sys-
tematically combined the techniques from [9,10] with two-scale convergence to obtain a model of homogenized rods
in the bending regime. Independently, the second author obtained a model of periodically wrinkled plate in the von
Karman regime, also by a combination of dimensional reduction and two-scale convergence techniques (see [33]).
This work was inspired by the earlier works [1,3] on wrinkled plates derived from Koiter shell models by two-scale
convergence techniques (without dimensional reduction).

In this paper, we obtain two-dimensional von Kadrmén shell theory with homogenized material properties as asymp-
totic theories (i.e., I'-limits). Recently the plate model in the von Kdrman regime (see [29]) and the bending regime
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(see [15,31]) was analyzed. As explained there (and before in [27,33,28]), in these cases one does not obtain an
infinite-cell homogenization formula as in the membrane case (see [5]). The basic reason for that is the fact that we
are in the small strain regime and that the energy is essentially convex in the strain. This is why we can use two-scale
convergence techniques in all these cases. However, every case has its own peculiarities. In the von Karman theory of
plates, one obtains a limiting quadratic energy density which is continuous in the asymptotic ratio y between / and ¢,
for all y € [0, oo]. Moreover, the case y = 0 corresponds to the situation when the dimensional reduction dominates
and the resulting model is just the homogenized plate model in von Kdrmén regime. The situation y = oo corresponds
to the case when homogenization dominates and the resulting model is the plate model in the von Kdrman regime
corresponding to the homogenized functional. Recently the second author identified the limiting model of a homog-
enized plate in the von Kdrman regime without periodicity assumption (see [32]). The nonlinear bending theory of
plates is more involved in the periodic case. In [15] the authors obtain asymptotic models in the case y € (0, oo]. In
[31] the author obtained the asymptotic model corresponding to the regime y = 0 under the additional assumption
that &2 < h < e.

We also emphasize the fact that bending theories of plates and von Karman shell theories require a different and
more involved approach when compared to earlier results (such as [27,33,28,29]). This is partially due to the fact that
the compactness results given in [9,22] are more subtle than those for rods and for the von Karman theory of plates,
and that is more difficult to identify the oscillatory part of the limiting strain. In the case of the von Karman theory it is
not even clear how to homogenize the two-dimensional equations of shells, due to the appearance of the space B (the
space of L2-limits of symmetrized gradients on shells) in the compactness result, cf. Section 4. The result of our paper
shows, in particular, that in order to answer questions about the homogenization of von Karman shell theories one
necessarily needs to start from the 3d elasticity equations and perform simultaneous homogenization and dimensional
reduction. As in the case of the bending theory of plates, the regimes where dimensional reduction dominates are of
particular interest. The case of the bending theory of shells is still open, and it seems likely to be even more involved.

Here we encounter two different scenarios in the regime /& < &, depending on whether 4 ~ &2 or & > £2. Our main
result is presented in Theorem 3.1. We are not able to cover the case i < &2 in a generic way for arbitrary reference
surfaces S. A stronger influence of the geometry of the reference surface S is expected in this case. In fact, in the case
when S is a convex surface, we are able to derive the limiting model even in the regime h < ¢2, see Theorem 6.2
below. For a heuristic explanation why the scaling i ~ 2 is critical for shells, but not for plates, we refer to Remark 1
below.

Our analysis requires both techniques from dimension reduction, in particular, the quantitative rigidity estimate and
approximation schemes developed in [9,10]; and techniques from homogenization methods, in particular, two-scale
convergence [2,34,35].

Other questions about the homogenization of shells are addressed in numerous papers in the mathematical and
engineering literature, see e.g. [24] and references therein, see also [ 12] in the context of linear piezoelectric perforated
shell. The homogenization for linearly elastic shells was carried out in [25]. To our knowledge, ours is the first rigorous
result combining homogenization and dimension reduction for shells in the von Kdrman energy regime, and indeed
the first one addressing the rigorous derivation of homogenized nonlinear shell theories from 3d elasticity. Along the
way we develop a geometric framework for the von Karman shell theory which is new and applicable even in the
homogeneous case studied in [23].

This paper is organized as follows: after introducing the setting and basic objects in Sections 2 and 3 we state the
main result in Section 3. In Section 4 we identify the two-scale limit of the strain and prove the lower bound for the
I'-limit. In Section 5 we construct the recovery sequences and thus prove the sharpness of the lower bound. All these
results are obtained for general surfaces and in the scaling regimes 4 >> ¢ and i ~ £2. In the last section, we address
the scaling regime & < ¢ under the additional assumption that the shell be convex.

Notation. The notation A < B means that A < CB with C depending only on quantities regarded as constant in
the context in question; we also write A < B to denote that A/B — 0. We set Y = [0, 1)2 and we denote by )
the Euclidean space R? equipped with the torus topology, that is for all z € Z? the points y+z and y are identified
in ). We write C°())) to denote the space of continuous functions f : R> — R satisfying f(y +z) = f(y) for
all z € Z2. We denote by C k() those functions in C¥(R?) N C°(Y) whose derivatives up to the k-th order belong
to CO(y). We denote by Lz()}), H'(Y) and H'(Sx))) the Banach spaces obtained as the closure of C*°(}))) and
C®(S, C*®(Y)) with respect to the norm in L2(Y), H'(Y) and H (SxY), respectively. By L2()), H*(Y) etc. we
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denote the subspaces of Lz(y), H* () etc. whose mid-value over Y is zero. For A C R measurable and X a Banach
space, L%(A, X) is understood in the sense of Bochner. We identify the spaces L2(A, L*(B)) and L*(A x B) in usual
way. Standard basis vectors in R? are denoted by ¢;. By SO(3) we denote the set of rotational matrices in R3*3, by
s0(3) the space of skew symmetric matrices in R3*3, while by ngxnf the space of symmetric matrices in R3*3.

2. Setting the stage

2.1. Geometry

Throughout this paper, @ C R? is a bounded domain with boundary of class C3. We set [ = (—%, %) and 2" =
w X (hl), and 2 = w x I. From now on, S denotes a compact connected oriented surface with boundary which is
embedded in R3. For convenience we assume that S is parametrized by a single chart: From now on, ¥ € C3(&; R3)
denotes an embedding with 1/ (w) = S. The inverse of ¥ is denoted by r : § — w, and we assume it to be C3 up to
the boundary. We leave it to the interested reader to verify to which extent these regularity assumptions on S can be
weakened without altering our arguments.

By g = (V¥)T (V) we denote the Riemannian metric on  induced by . Its Christoffel symbols are denoted
by FDZB. In what follows we recall some standard notions and set the notation. Readers who are unfamiliar with
geometry may safely regard objects such as Hess f simply as short-hand notations. All notions are discussed in detail
in most basic textbooks on Riemannian geometry.

e The volume element on S is denoted by dvolg.

e The scalar product on a vector space V is denoted by (x, y)y, and we define x - y = (x, y)p3.

e We denote by T'S the tangent bundle over S, i.e., the collection of tangent spaces 7, S with x € S. A basis of 7S
is given by t1(x), 72(x), defined by

Te(x) = (Baw)(r(x)) forallx € S.

We can regard 7, S as a subspace of R3; then we write o - T = (o, T)71,58.
e By T*S we denote the cotangent bundle. A basis of 7S is given by (t1(x), 7%(x)) dual to (71, ). It is uniquely
determined by the condition

Ta (Tﬁ) = SOtIBa

where 8y is the Kronecker symbol. Observe that 7% is more commonly denoted by dx“, but we will not use that
notation. We can identify 7, S with 7S via 7 — (z, -). Via this identification we can identify t € T*S with the
unique vector v € T, S C R? with the property that T = (v, Jr3 on T S.

e Byn:S— S? we denote the unit normal to S, i.e.,

T1(x) A 12(x)
n(x) = L2
[T1(x) A T2(x)|

We define 73 = 73 = n. The normal bundle of S is denoted by NS and by definition has fibers N, S given by the
span of n(x). We denote by

forallx € S.

Ts(x)=1—n(x) ®n(x)

the orthogonal projection from R3 onto T’ S. We will frequently deal with vector fields V : § — R? on the surface.
By Vian we denote the projection of a vector field V onto the tangent space, i.e., Vign = TsV.

e The tensor product bundles 7S ® T'S etc. are defined fiberwise. If T, S is regarded as a subspace of R3, then
TS ® T,"S can be regarded as a subspace of R3*3,
The symmetric product E © F of two vector spaces (or bundles) E and F by definition consists of elements of
the form

1
a@b::i(a®b+b®a)

witha € E andb e F.
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Sections of the bundle 7*S © T*S are called quadratic forms on S. We define the pull-back of a quadratic form
q by

Vg =qW) (Vi V).
Sections B of T*S ® T*S can be regarded as maps from S into R3*3 via the embedding ¢ defined by
1(B) = B(Ts, Ts). (On the right-hand side and elsewhere we identify (R3)* ® (R3)* with R3*3.) By definition,
B(Ts, Ts) : S — R3*3 takes the vector fields v, w : § — R3 into the function x — B(x)(Ts(x)v(x), Ts(x)w(x)).
For any vector bundle E over S we denote by L?(S; E) the space of all L2-sections of E. The spaces H'(S; E)
etc. are defined similarly. Explicitly, e.g. for E =TS we have

L*(S;TS)={f e L*(S;R%): f(x) € TS forae. x € S}.

For any vector bundle E over S with fibers E,, we denote by L2(y, E) the vector bundle over S with fibers
L2(y, E). The bundles H 1 (Y, E) etc. are defined similarly. For example, L2-sections of the bundle H! 3, TS)
are given by

L*(S;H'Y, T8)={Z e L*(S; H' (V. R?)): Z(x) € H'(V; T, S) for ae. x € S}.

For a scalar function f : S — R its gradient field along S will be denoted by df, which is also the notation for
the corresponding 1-form. In other words,

df(x)(t) =V f(x) forallt eT,S.

Here and elsewhere V denotes the usual gradient on R? (or on R?) of the extension of f,and V. f =7 -V f =
> 1id; f. We extend these definitions componentwise to maps into R3.

For tangent vectorfields t, o we define the covariant derivative D, 1 of T in direction ¢ as usual by the formula
Dyt = Ts(Vy1) The covariant derivative extends naturally to cotangent vectorfields and to tensor fields.

For a scalar function f : § — R the Hessian Hess f is defined as usual to be the section of 7*S ® T*S given by
the covariant derivative of the gradient field of f, i.e., Hess f = Ddf. In local coordinates we have

(Hess [)(¥) = (3a0p(f o ¥) — Tgdy (f 0 ¥))T* () @ T/ (). 2)

Here and in what follows we tacitly sum over repeated greek indices from 1 to 2. We extend the definition of Hess
componentwise to maps f : § — RK.

For functions f € L%(S, H2()))) we define Hessy f to be the section of the bundle L2(Y; T*S © T*S) over S
given by

(Hessy £)(x, ) = (V5 f) 5 (0. )7 (1) ® 77 (0),

where (V3 f)ap = 0y, 9y f -
For v € L%(S; H'(V; R?)) we define the section Defy, v of the bundle L2V, T*S © T*S) by

(Defy v)(x, y) = (sym Vyv(x, y))aﬁr“(x) QP (x).

Here and elsewhere V, is gradient in ) with respect to the variable y.
The Weingarten map S of S is given by S =dn, i.e.,

Sx)t=(Ven)(x) forallxeS, teT M.

We extend S to a linear mapon 7S ® NS =R3 by setting S =S o T, i.e., we define S(x)n(x) =0.
Using the Weingarten map, the covariant derivative of a tangent vector field T along another tangent vector field
o is given by

Dyt =V,T+(ST,0)n, €)
or briefly: Dt =Vt +n ® St.



1044 P. Hornung, I. Vel¢i¢ / Ann. I. H. Poincaré — AN 32 (2015) 1039-1070

2.2. Displacements and infinitesimal bendings
With a given displacement V : § — R3 one associates the following quantities:

e The quadratic form (dV)? given by (dV)*(t,n) = V.V - V,V for all tangent vectorfields , n along S.
e The quadratic form gy given by

1
qv(t,n) = 5(77 VeV +1T-V,V),
for all tangent vectorfields t, 1 along S. Setting V=Vo Y, we the following expression for the pull-back of gy :

vrqy =sym((Vy) T VV). 4)

It is well-known that the quadratic form gy typically arises in the context of thin elastic shells, because it is just
the first variation of the metric of S under the displacement V. For example, in [14] its pullback is denoted (in
coordinates) by v, and in [22] gy is denoted by symVV.

e The cotangent vectorfield wy given by

3
uvz—n-dVE—ZnidVi. )
i=1

e The map Qy : § — R3*3 given by
Qv=dVoTs+ puy @n. (6)
e The quadratic form by (called linearized Weingarten map) given by
3
bvzn-HessVEZni~Hess\/i. @)
i=1

Following common notation, for fangent vector fields v along S the quadratic form corresponding to g, is denoted
by Defs v and called deformation tensor of v. It is given by the Lie-derivative of the metric in direction v, i.e.,

1 1
(Defsv)(r.n) = (- Drv+1-Dyv) =501+ Vev + 7 Vyu),

for all tangent vectorfields t and o.
A displacement V : S — R is called an infinitesimal bending of S provided that gy =0, i.e.,

T-VoV+4+0-V;V=0 onS 3

for all tangent vector fields T and o. Infinitesimal bendings have been studied extensively both in the applied literature
(see e.g. [7]) and in the geometry literature (see e.g. the references in [17]). Recently, they have been found to be
relevant as well to fully nonlinear bending theories, cf. [16]. In the next lemma we collect some useful identities.

Lemma 2.1. Let V € H! (S; R3 ). Then we have, almost everywhere on S,

qv = Defg Vian + (V - n)S )
sym 2y = qy (Ts, Ts) (10)
Vo, VA AV, V
/,LV — TS T1 t2+7:1 %] . (11)
[T1 A T2

If, moreover, V is an infinitesimal bending, then we have
Q24 (Ts, Ts) = —(dV)*(Ts, Ts), (12)

that is, .{2\2,(1:, 0)=—0;V -9,V for all tangent vector fields t, o along S.
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Proof. The identities (9) and (11) can be verified by direct computations. To prove (10), note thatn - Q2yn=n-puy =0
and for any tangent vector field T along S we have

T-Qyn+n-Qyrt=t-uy+n-0;V=0
by (5). For any tangent vector field o we have t - 2yo + o0 - 2yt =2qvy (0, 7).
To prove (12) note that, by skew symmetry (cf. (8)), .Q%(‘L’, 0)=—Qyt-2yo,and 9;V =Qyt. O

We denote by B the L>-closure of the set {gy : V € H'(S;R?)}. As this is a linear space, its strong and its weak
L?-closure coincide. The set B is a closed linear subspace of L>(S; T*S ® T*S). The space B is also encountered in
the context of shell models derived from linearized elasticity; see [ 14] for details.

2.3. The nearest point retraction

The nearest point retraction of a tubular neighbourhood of S onto S will be denoted by 7. Hence

n(x + tn(x)) =x whenever |f| is small enough.

After rescaling the ambient space, we may assume that the curvature of S is as small as we please. In particular, we
may assume without loss of generality that r is well-defined on a domain containing the closure of {x 4+ (x); x € S,
—1 <t <1}, and that |Id + tS(x)| € (1/2,3/2) forall t € (—1, }) and all x € S.

For a subset A C S and & € (0, 1] we define A" = {x + m(x): x €S, —h/2 <t < h/2}. In particular, the shell is
given by

Sh={x+mx): xeS$, te(=h/2,h/2)}.
We introduce the function 7 : S' — R by
t(x) = (x —m(x)) -n(x) forallxes' (13)
We extend all maps f : § — R trivially from S to S!, simply by defining
fx) = f(r(x)) forallxes'. (14)
In particular, we extend r, Ts and S trivially to S! je., we have S(x) = S((x)) and Tg(x) = Ts(r (x)) and r(x) =
r(m(x)) forall x € S'.

Lemma 2.2. For all x € S' we have (V) (x) = Ts(x)(I +1(x)S(x))~.

Proof. Lett e [—1,1],letx € S, let t € TS and let y € C1((—1, 1), M) with y(0) = x and y(0) = 7. Then 7 (y +
tn(y)) =y on (—1, 1). Taking the derivative in zero this implies (Vz)(y + tm(y))(t +tS(y)r) =7. Asx € § and
t € TS were arbitrary, we conclude that

(V) (x +m(x)) (1 +1S(x)) = Ts(x), (15)

on T, S. But by definition S(x)n(x) = 0, and clearly (V) (x + tn(x))n(x) = 0, too. Hence both sides of (15) agree on
allof R®. O

The easy proof of the following lemma is left to the reader.

Lemma 2.3. Let f : S — RX. Then the following formula holds for the full derivative of its trivial extension f o in
terms of the derivative of f:

V(fom)(x)=(df)(m(x)Ts(rx))(I + r(x)s(n(x)))*1 forallx € S'. (16)
The following formula links the Hessian of f to that of its trivial extension:

(Hess f)(t,0) = Vz(f om):(t®ac) onS forall tangent vector fields t, o.
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The following lemma summarizes a computation that will later be used for the generic type of ansatz functions.

Lemma 2.4. Let h € (0,1/2), let V € H*(S;R>), and for x € S" define the displacement p : S" — R> by setting
px)=V@x))+t(x)uy(m(x)) forall x € S". Then the following equality holds on Sh:

Vo=8y —tby(Ts, Ts) —2tqy(So Ts, Ts) — IZV,LLV oS+ @V +tVuy)oTsoQ, 17

where Q is as in (18) below, and where we extend V, vy, 2y, by, dV etc. trivially from S to sh,

Proof. For all x € S" define

-1
0x)=(I+1(0)Sx))" — (I —1(x)Sx)). (18)
Since clearly Vt = n, formulae (16) and (3) show that on Sh.
=@V +tVu)Ts +1S) " +uy ®n
=dV+tDuy —tmQ@Suy)Ts(I —tS) +uy @n+ (dV +tVuy)TsQ.
By the definition of £2y it remains to show that
(Duy —n®@8Su—dVoS)oTs=2qy(SoTs,Ts)—by(Ts, Ts).
But in fact, recalling (11), the action of the left-hand side on a tangent vector t is given by
—D;(n-dV)+ (n-VsV)n— Vs, V
=-—n-D;dV —(St);dV; o Ts — Ts(Vs; V).

The first term on the right gives rise to —by, and the last two are readily seen to give rise to —2qy(So Ts, Ts). O
2.4. Thin films

To deal with thin films, we introduce the map ¥ : @ x R — R by setting
lI/(z/ z3) = Iﬂ(z’) + z3n(1ﬂ (z’)) for all 7/ € w and z3 € R.

As in [9] we will use the diffeomorphism oh - : 25 — 2 given by oh (z1,22,23) = (21, 22,23/ h), and for a map
¥ : 2 — R? we introduce the scaled gradient Vi y = (01y, 82y, 03y). The counterpart of @" on the shell is the
diffeomorphism @” : $" — §! given by

" xX)=m(x)+ %n(x) (19)
It is easy to see that
oW =wod" on . (20)

For given u : S — R3 we define its pulled back version 7 : £2, — R>? by % = u o ¥. We also define its rescaled
version y : S' — R3 by y(®") = u on S" and we define the pulled back version ¥ of this map by ¥ = y o ¥. Then it
is easy to see that

(Vi) o ®@" =V on £2,. 1)
We define the rescaled gradient V,y of y by the condition

(Vay)o®"=Vu onS". (22)
Using (21) and (20) it is easy to see that

=~ ~py—1

Viy = Vu@)((V¥) o (") 7). (23)

Since V¢ = n, Lemma 2.2 and formula (16) show (recall that n is extended trivially to S'):
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t 1 t 1

Vol =vr + SVt on@n="Ts(l + S)7 !+ ESTS(I +1S)~ '+ nen.

Since Ts clearly commutes with S, we see that Ts commutes with (I + tS)~! as well. Hence
h ! -1 h

Vo' = (Ih + ES> (I +1S) on S", 24)
where I, = Ty + %n ® n. To express V;,y in terms of Vy, insert the definition of y into (22) and use (24) to find

Viy =Vyp +1S)I +htS)™" on S (25)
2.5. Two-scale convergence

Recall that we extend the chart r trivially from S to S'. We make the following definitions:

e A sequence (fh) C LZ(SI) is said to converge weakly two-scale on S! to the function fe LZ(SI,Lz(y)) as
h — 0, provided that the sequence ( f "y is bounded in L%(S!) and

}}i_r)r})/fh(x)p(x, r(x)/s) dx ://f(x, y)p(x,y)dydx, (26)
s! sty
for all p € CO(S!, CO(V)).
e We say that f" strongly two-scale converges to f if, in addition,

l’}ljﬂ)”fh ||L2(Sl) = ||f||L2(S]><Y)'

e For a sequence (f™) c L*(S") and for fi € L*(S' x ) with fy f1(x,y)dy = 0 for almost every x € ST, we

. p 0sc .
write f" — f] provided that

/fh (Xex)p(r(x)/e)dx — //ﬁ (x, Vex)p(y)dydx 27)
st sty
for all g € C§°(S") and all p € C*(Y) with [y, pdy =0.

2 2
We write f" = f to denote weak two-scale convergence and f* = f to denote strong two-scale convergence.
2
If f7 = f then f" — [y, f(-,y)dy weakly in L>. If f” is bounded in L*(S") then it has a subsequence which
converges weakly two-scale to some f € L2(SY: L%())). These and other facts can be deduced from the corresponding
results on planar domains (cf. [2,34]) by means of the following simple observations.
Defining fh = f"oW and f(z,y) = f(¥(z), y), and taking
~ 1/2
Pz y) = p(¥(2).y)(det VO T () VU ()",

a change of variables shows that (26) is equivalent to

/ F@)p(e.2 /e) dz — / / f@. y)p(z. y)dydz, (28)
2 2y

. .. 2 . . 2 o~ .
where 7’ is the projection of z onto R?. Hence f” = f on S! if and only if fh — f on £2 in the usual sense.

2 ... .. .
When f":§ — R, then f* = f on S means, by definition, that the trivial extensions converge weakly two-scale

2 2 o~
on S!. In particular, f* = f on § if and only if )?7' — f on w. All these definitions are extended componentwise to

2 2
vector-valued maps. For quadratic forms ¢, ¢ on S we say ¢" = ¢ if ¢"(r,0) = q(t,0) forall 7,0 € C'(S, TS).
A similar definition applies to other bundles. Using the pull-back ¥ *g of the quadratic form g, it is easy to see that
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h i : : * _h i *
q g onS ifandonlyif v™g Y*q onw. 29)
2 !
Itis also easily seen that if £ = f then " = f — [}, f(-, y)dy.
Lemma 2.5. Let (w") be a bounded sequence in H2(S,RK). Then there exist wy € H*(S,RK) and w; €
L2(S; H2(Y; R)) such that (after passing to a subsequence)

h

2
Hessw” — Hesswy + Hessyw; on § 30)

as sections of RF® T*S® T*S. Moreover, ifk =3 and if we define w| € LS, HZ(y, Rz)) by setting (W))g = W1 - Ty
fora=1,2, then q /e RN Defy w;.

Proof. We assume without loss of generality that k = 1 and we set " = w” (). Clearly V2" is bounded in L?(w),
so by classical results about two-scale convergence there exist wg € H 2(w) and Wy € L*(w; H%())) such that

~f 2 ~ ~
VA" = V2o + Vi onw. (31)

Define wg and w; by wo(¥) = wo and wy (¥ ('), y) = w1(z, y). Since the lower order term in (2) converges strongly,
(31) implies that

2
Ip*(Hess wh) — y*(Hesswp) + ¥ *(Hessy wi) onw.

By (29) this is equivalent to (30).
To prove the last assertion, recall (31) and apply Lemma 2.6 with f = V@" (componentwise). It implies that

(VI V" 25 (Vi TV =y (V)T ).
But by definition 1 (¥ (z'), y) = (V¥ (2))T @1(Z/, y), and

y*(Defy 1)(2, y) = sym Vy (1 (¥ (). ))-

Hence the claim follows from (4) and (29). O

Results such as the following one (which was used as it stands in the proof of Lemma 2.5) can be also adapted to
the curved setting following the same pattern as above (writing just S! instead of £2):

Lemma 2.6.

() Let foand f" € H'(2) be such that f" —~ fo weakly in H'($2) and assume that V f" 2 V fo + Vy¢ for some
¢ € L2(2; H'(V)). Then L= 2 g
2
(ii) Let fo and f" € H'(82) be such that f* — fo weakly in H*(§2) and assume that V f' =V fo + Vy¢ for some
b L2(2; H'(V)). V2fh 2 v2 4+ V2§ for some ¢ € L*($2; HX(Y)). Then g—f 2 8.

Proof. The proof of (i) can be found in [15, Lemma 3.7], and that of (ii) is similar. O
3. Elasticity framework and main result
Throughout this paper we assume that the limit

= lim ——
V= e

exists in [0, oo]. We will frequently write ¢ instead of €(/), but always with the understanding that ¢ depends on /.
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From now on we fix a Borel measurable energy density
W:S! x R? x R¥>3 - RT U {+00}

with the following properties:

W (., y, F) is continuous for almost every y € R2 and F € R3*%3.

W(x, -, F) is Y-periodic for all x € S! and almost every I € R3x3,

For all (x, y) € S' x V) we have W(x,y, 1) =0and W(x,y, RF) = W(x, y, F) forall F e R3*3, R € SO(3).
There exist constants 0 < o < 8 and p > 0 such that for all (x,y) € S 1'% ) we have

W(x,y, F) > adist’(F,SO@3)) forall F € R
W(x,y, F) < Bdist*(F,SO(3)) forall F e R*? with dist*(F, SO(3)) < p.
For each (x, y) € S! x ) there exists a quadratic form Q(x, y, -) : R3*3 — R such that

W, y, I+ G)—Q(x,y,G)|
IG|?

—0 asG—0. (32)

ess sup
(x,y)eSIxY

Clearly Q(-, y, ) is continuous for almost every y € R? and 9Q(x, -, G) is Y-periodic for all x € Sland all F ¢
R3X3.
The elastic energy per unit thickness of a deformation u” € H'(S"; R?) of the shell S" is given by

I (uh) = %/W(@h(x),r(x)/s, Vi (x)) dx.
Sh

In order to express the elastic energy in terms of the new variables, we associate with y : S — R? the energy

Ih(y) = / W(x, r(x)/e, Vhy(x)) det(l + t(x)S(x))_l dx
Sl

://W(x+tn(x),r(x)/£, Vhy(x+tn(x)))dtdvolg(x).
N

By a change of variables we have

T (") = % / W (x, r(x)/e, Viy" (0))|det V(@) ™' (x)] dx.
sl!
Using (24) it is easy to see that

J"(W")=1"(y")(1+ O(h)) ash—0, (33)
where |0 (h)| < Ch.

3.1. Asymptotic energy functionals and main result

Next we will introduce the asymptotic energy functionals. In order to do so, we need the definition of the relaxation
fields and the cell formulas.

Recall thata © b = %(a ® b+ b ® a). We now define relaxation operators with range in the space of L2-sections
of the vector bundle over S with fibers given for each x € S by

LY(IxY; (TESOTSS) @ (TS O NiS) @ (NFS O NiS)). (34)

3x3

sym)- We now make the following definitions:

Of course each of these fibers is isomorphic to L2(1 x V; R
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Set D(Up) = H'(V; R?) x L*(I x Y;R?) and define
Up(¢,8) =Defy ¢ +2g,7* On+gn®n forall (¢,8) € L*(S, DUp)).
Set DUY) = DU )= H' (V; R?) x H*(Y) x L*(I x Y; ) and define
UG (L, ¢, 8) =Uo(¢,8) —tHessy g forall (¢, ¢, ¢) € L*(S, D(Up)),
UL, (€ 9,8) =Uo(z, g) — t Hessy o + %wS forall (¢, ¢, g) € L(S, D(UL,)).
Set D(Uso) = L2(1; H'(V; R?)) x L2(1; H'())) x L%(I; R?) and define

Uso (¢, p,c) =Defy ¢ +2(dy,p +ca)T* On+czn®@n forall (¢, p,c) € L*(S, DUss)).
Set D(Uy,) = H'(I x V;R?) x H'(I x ) and define

1 1
Uy, (¢, p) =Defy ¢ + <3ya,0 + ;83{0,)1"‘ Oon+ <;83,0>n n

for all (¢, p) € L*(S, DUy)).
By trivially embedding D(U4y) as constant maps into L2(S, D(Up)), we can regard Uy also as a map from D (Up)
itself into (34). For each x € S the fiberwise action Llo(x) of Uy is

U (¢, g) = (Defy £)(x) +28,7% (x) O n(x) + gan(x) @ n(x) forall (¢, g) € DUp).

For each x € § we define L(()x)(l x)) = Uéx)(D(L{o)), ie.,

LU x V) ={Us¥ (¢, 9): (¢, 8) € DUD)).
This is a subspace of (34), i.e., of L2(I X V; R3X3). We denote by Lo(/ x )) the vector bundle over S with fibers

sym
L(()x) (I x )); in what follows we will frequently omit the index (x) for the fibers. The bundles Lg(l x)), L(l)’ " (Ix)),
Loo(I x V) and L, (I x ) are defined analogously. The elements of these spaces are the relaxation fields.

For y € (0, 00] and x € § we define Q,, (x) : (TS ® TX*S)2 — R by setting

Q,(x.q¢".¢*)= inf // Q(x +m(x), y,q" +1¢* +U(t,y))dydt (35)
UeLy (I1xY)
ry
foreachx € Sand ¢!, 4> € T)S®T}S. For y; € (0, 00) we define Qg(x), Q(l)’yl (x) analogously, replacing L, by L8
(resp. L(l)ﬁyI ).

For y € (0, oc] define the functionals 7, : H*(S; R®) x L*(S; T*S ® T*S) — R by setting

1,(V,By) = / 0, <x, By (x) + %(dV)Z(x), —bv(x)> dvols (x). (36)
N

For y1 € (0, 00), the functionals I&yl, Ig CH?(S;R3) x L2(S; T*S®T*S) — R are defined analogously, by replacing
Q, by Qp,,, (resp. Qg).
This is our main result:

Theorem 3.1. Let W be as above and assume that u" € H'(§"; R3) satisfy

limsup /47" (u") < co. (37)
h—0

Define ¥ : 1 — R3 by 3" (®") = u". Then the following are true:
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(1) (compactness) There exists a subsequence, still denoted by ()_Jh), and there exist Qh € SO3) and c" € R? such
that the sequences y" and V" defined by y" = (Q")T 3" — c" and

Vh(x) = %(/yh(x—i—tn(x))dt —x) forall x € S,

1
satisfy the following:
(a) We have y" — m strongly in H'(S'; R3).
(b) There exists an infinitesimal bending V € H*>(S; R3) of S such that V" — V, strongly in H'(S; R3).
(c) There exists By, € L*(S; T*S © T*S) such that +qyi — By, weakly in L*(S).

>i1) (lower bound) We have
I,(V,By) ifh/e — vy € (0, 00],
liminfh~4J" (") > § 10V, Bw)  ife > h> e,

h—0 | s |
I()ﬁy] (V,By) ife“/h— " € (0, 00).

(iii) (recovery sequence) For any infinitesimal bending V € H*(S,R3) of S and any B, € B, there exist u"
H(S": R3) satisfying (37), and such that the conclusions of part (i) are true with Qh = I and " = 0. Moreover,

I}/(Vs Bw) l_fh/8—> ye(os OO],
lim 47" () =L DV, Bu)  ife>h> e,

h—0 | s .
10,y| (V,By) ife“/h— 7 € (0, 00).

We will prove the lower bound in Section 4. The upper bound will be an immediate consequence of (33) and of
Proposition 5.5 below.

Forx € Sand ¢!, ¢ € T}S © TS define the homogeneous relaxation (cf. [22]):

Q(x.1.q".q%) = Mmﬂgxg{g(x +m(x), M) : M(Ts, Ts) = (q" +tq*)(Ts, Ts)}. (38)

sym

Then it is easy to see that

Qg(x,ql,qz)zinf/ Qs (x +m(x), y,q" +1q*> + Defy ¢ — t Hessy ¢) dt dy,
Ix)Y

Q(l)’yl (x, ql, q2) =inf / Qz(x +m(x), y, q1 + tq2 + Defy ¢ — tHessy ¢ + yl_l(pS) dtdy,
IxY
where both infima are taken over all ¢ € H LY, R?) and all QE H 2()). In the case when Q does not depend on ¢,

i.e., the material is homogeneous in the thickness direction, the relaxation decouples and we find:

1
Q° )c,ql,q2 = inf /Q2 x,y,ql—i—Def )dy +— inf /Q2 x,y,q2+Hess o)dy.
o ) ety | ( y&)dy+ 33 et | ( ye)

The analogous formula holds for Q(l)’ " too.

As in [29], one can prove also here that for all ql, q2 e TS O T}S we have
Jim Qy (r.q".q%) = Qo(x.q'.¢%) and  lim Q, (r.q".q%) = Q(r.q".q").
Note that in the particular case of a plate (i.e. S = 0), for y; € (0, co) all spaces L(]) " coincide with L8. This

corresponds to the fact that in the von Karman plate theory for y = 0 one obtains only one relaxation space, cf. [29]
for details.
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3.2. FJM-compactness

From now on u" € H'(S"; R®) will always denote a sequence satisfying (37). The following lemma proves the
first part of Theorem 3.1. It is a direct consequence of [9, Theorem 3.1] and of arguments in [ 10]. We refer to [22] for
the extension to the present setting.

Lemma 3.2. There exist a constant C > 0, independent of h, and a sequence of matrix fields (R") ¢ H'(S; SO(3))
(extended trivially to S") and there exists a sequence of matrices (Qh) C SO(3) such that:

(1) limsupy_,q h=3/2 || Vu — R" lz2(sh) < 00.

(i) limsupy,_ oA~ VR 12(5) < 00.
@iii) limsup,_oh QT R" — I|1rs)y < o0, for all p € [1, 00).
(iv) (OMTR" — I strongly in H'.

Moreover; there exists a matrix field A € H' (S, so(3)) taking values in the space of skew symmetric matrices, such
that (after passing to subsequences)

(V) (@M R" = 1) = A, weakly in H'(S).
(vi) 77 sym((Q") R — 1) — A%, strongly in LP(S), for all p € [1,00).

Moreover, if we define 3" : S' — R3 by 3" (®") = u", the following are true:

() limsup,_q 751 V43" — R | 1251y < o0.
(i) %((Qh)TVhﬁh —I) — A, weakly in H' up to a subsequence.

Define y* € H'(S'; R3) by y" = (0T 3" — ¢!, where ¢ = fS fl((Qh)T)_)h(x + tm(x)) — x)dt dvols(x). Introduce
the (average) midplane displacements V" : § — R3 by setting

V() = " dt — lixes 39
= yi(x + tn(x)) t—x) forallxeS. (39)
I

Then fs V" =0 and (after passing to a subsequence)

(iii) y" — 7 strongly in H'(SY).

(iv) There exists an infinitesimal bending V € H*(S;R3) of S with 2y = A and such that V* — V strongly in
H'(S;R3).

W) %C]Vh is bounded in L*(S).

In what follows we replace the sequence R” by (Q")T R” and the sequence y” by ", so we assume without loss
of generality that Q" = Id. Expressed in unrescaled variables, we have

Vh(x) = %(/uh(x +tn(x)) dt —x),

Ih

ie.x +hV"(x) = fu” (x + in(x))dr.
We begin by modifying the displacement fields V" into more regular fields V*h enjoying a similar compactness.
(The asterisk in the notation does not denote any push-forward operation.)

Lemma 3.3. There exist Vf € H?(S; R3) with J[S Vf = 0 satisfying

lirgljz)lph_l || V*h —yh ||H1(S) < 00 (40)



P. Hornung, I. Vel¢i¢ / Ann. I. H. Poincaré — AN 32 (2015) 1039-1070 1053

and
, R =1 , R'—1
dv, — oTs <|[ldV" — oTy . 41
h L2(S) h L%(S)
Moreover, (V*h) is uniformly bounded in H*(S) and
V!~V weakly in H*(S; R?). 42)

Proof. We follow [29, Proposition 3.1]. Fori =1, 2, 3 denote by p; the i-th row of the matrix %VI/A We define
Vf € H%(w; R3) such that (f/*h)l- is a minimizer of the functional v fw Vv — p;|*dx among all v € H!(w) with
average zero, and we define V! via V! (y) = V. The bound (41) follows from the minimality of V. Combining the
uniform bounds on the tangential components of F” and Ff introduced in Lemma 3.4 below (note that these bounds
follow from (41) alone), we obtain ||d V*h —dvh 12(s) < Ch. Hence (40) follows from Poincaré’s inequality on S.

Standard estimates for minimizers imply that V/ € H?(S) with bounds

[VE 2y < CUNAY Pl 2y + 121122000
Hence Lemma 3.2 (v) ensures that the V*h are uniformly bounded in H 2(S). Since V" — V in H!, the bound 40)
therefore implies (42). O

Lemma 3.4. Let Vf be as defined in Lemma 3.3. Then the maps Ff, F € L?(S; R33) defined by R" = I + h82yn +
h*F" and R" = I + hQ\n + h* F}! satisfy

timsup(| F | 2y + [ F" [ 12(s)) < 00
h—0
Moreover,

1 1
sym F" 4 ayn (Ts, Ts) — 593 in all LP with p € [1, 00). (43)

Proof. Note that (43) follows from Lemma 3.2 and (10). From (43) and from Lemma 3.2 we deduce that sym F his
uniformly bounded in L?.
For brevity, we set ui’ = Uyh and u' = pyn. In order to verify the L?-bound on F"Tg, let t be a C! tangent vector

field along S. Then by the definition of V", we see that (I + hd V" Ts)t equals

V. (id +hV") = %v, (/ ul (x + tn(x))dt) = %/Vuh(x +m(x)) (I +1S(x)) dT(x).
hi hi

Introducing

M"(x) = _% /(Vuh(x +tn(x)) — R"(x)) (I +1S(x)) dt
hl

and using fh, R"(x)tS(x) dt = 0, we conclude that F"'t = h=2M". And

/IMhlzdvolszi / |Vu (x + m(x)) — R o) [* | + 1S(x)|* dvols (x) dt
S Sxhl
¢ h h 2 4
SE/WM (x) — R"(x)|"dx < Ch*.
Sh

This proves that F"z is L2-bounded for every regular tangent vector field r along S. But since sym F” is bounded
in L2, this already implies that F" itself is bounded in L2.
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To prove the bound on Ff note that (41) simply reads ||F>‘{1 Tsllp2s) < IIF ") L2(5)> SO Ff Ts is clearly bounded
in L. As we saw in Lemma 3.3, this implies (40), which in turn shows that |$2yn — Qv*h ll2(sy < Ch. Since by
definition F!" — F" = (2, — $2yn)/ h, the boundedness of F! follows from that of F". O

4. Two-scale compactness and lower bound

Lemma 4.1. Ler v € HY(S, TS) be such that v" 2 0, and assume that there is B € L*(S, LY, T*S © T*S))
such that Defg v" 2 B. Then there exists v € LS, H! (V, R?)) such that B = Defy v.

Proof. For o, 8 = 1,2, let G ¢ C®(w) satisfy G'2 = G?!, and define G by setting G(x) = (N}"‘ﬂ(r(x))ta(x) ®
75(x). Then we have (with the usual definition of the divergence, see e.g. [18] for details)

(divs G)(x) = G (r (x)) T (x) + G (r(x)) X @p) (x), (44)

where each X (q,g) is a continuous tangent vector field on S (which involves the Christoffel symbols). Now let p*# €
C*())) be symmetric and divergence-free in R?, i.e., 0 p® =0, and let ¢ € C5o(S). Apply (44) to G, defined like

G above, but with 5% (z) = p*P(z/€)p (¥ (2)) for z € w instead of G“P . That shows:

(divs G)(x) = p (r (x)/£) (Vey0) (x) + 9(x) 0° (r(x) /&) X (ap) (x), (45)
because the term involving ¢ ! is zero since p®# is divergence-free.
Hence, since the formal adjoint of Defs is —divg and since G, has compact support in S, we have (identifying

T*S with TS as usual)

_ /(Defs V", Gh)ysors = /(vh, divs(Gn))yg
N N

= / (" (), 0% (r () /) (Ve, ) () + 9 ()0 (r (x) /&) X (ap) (), s VOl (x).
S

As h — 0, this converges to zero because v” 2%, 0. Hence by the definition of B and Gy, writing B(x,y) =

Bug(x, y)T%(x) ® 78 (x) and then using arbitrariness of ¢, we conclude that

/Baﬁ(x, )p*®(y)dy =0 for almost every x € §
y

and for all p®? as above. This implies the claim because in ) the L2-orthogonal complement of divergence free maps
is the space of symmetrized gradients. O

Proposition 4.2. Let (w") be a bounded sequence in H>(S; R?) such that %qwh is bounded in L*(S; T*S @ T*S).
Then there exist wo € H2(S), w1 € L2(S; H2(YV; R3)) and B € L%(S, L*(Y; T*S ® T*S)) such that, after passing to

2 2
a subsequence, q,,»/h — B and Hess w" = Hesswg + Hessy wy. Set By, = fy B(-, y)dy. Then the following are
true:

(i) If h > €2 then there exists a unique v € L(S; H'(Y; R?)) such that
B = By, + Defyv.

@{i) Ifh ~ e2 and if we set % =limy_ ¢ ‘gh—z, then there exists a unique v € L3(S; Hl(y; R?)) such that

1
B = By, + Defy v+ —(w; - n)S.
Vi
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(i) Ifh < &2, then there exists a unique v € L2(S; H! (V: R?)) such that
Defy v+ (w1 -n)S=0.

Remark 1. This proposition explains why the scaling & ~ &2 is critical. In fact, the (corrected) displacements Vf
satisfy the hypotheses, and thus (heuristically) Vf =V 42V, (x, %), where V,, € L2(S, H2(Y, R3)). Since qyp =
Defs Vﬁtan + (V! -n)S and since the corrector V, - is of order £ when /1 ~ &2, the normal component of the corrector
arises in the relaxation field of qy;/ h. This phenomenon clearly does not occur in the case of plates, where S = 0.
This normal component, with its second gradient, also appears in the two-scale limit of the strain, when one looks at
the displacement across the thickness, see (52) below.

h

Proof. The existence of wo and w is ensured by Lemma 2.5. Applied to w” and to Wiy

it also implies that

: R Defs w”  osc R
Guwh osc, Defy %; and el Wian ose Defy @) on S, (46)
€ €

where the R2-valued map @ is defined by ()q = 7o - w. By Lemma 2.6 we have
— —w; onS§. 47

Claim 1. If h < ¢ then (w1)tan = 0.

In fact, since g,,»/ i is bounded in L2, we have q,» /¢ — 0in L. So (46) implies that Defy, i = 0. Since ) (x, -)
is V-periodic with average zero, Korn’s inequality applied in ) shows that W = 0, so indeed (w1 )an = O.

. h
Claim 2. [f 62 < h then there exists v € L*(S, H' (Y, R2)) such that 25 2L Defy, v,

In fact, if €2 < h < &, then Claim 1 and (47) imply that v := wﬁm /h 2. 0. Hence Lemma 4.1 implies the claim
in this case. If ¢ < h then Claim 2 follows from (46), simply by taking v = (lime/h)w;.

Now we prove the proposition in the case > < h. In this case, (w” - n)/h RSN yfl w1 - n (with the understanding
that the right-hand side is zero if y; = 00), by (47). Hence Claim 2 shows that there exists v such that

h h
Gy _ Defswg, n w

h ok h

. ! 1
nS 2 Defy v + —(wq - n)8S.
Y1

This proves the first two parts of the proposition.

Finally consider the supercritical case & < £2. Claim 1 implies that (w{)n = 0. Hence the tangential part of (47)

. . osc osc
implies that e 2w/l — 0. Lemma 4.1 shows that e 2 Defg wfl, — Defy v for some v. On the other hand,

Defs w, _ quwh w' .nSK — (w1 -n)S

g2 ) g2

because s’2qwh — 0 (by the boundedness of ¢q,,»/ ) and because of the normal part of (47).
In all cases uniqueness of v follows from the fact that zero is the only Y-periodic skew affine map. O

Lemma 4.3. Ler w" € H'(S'; R3) be such that
h;nsgp(“wh”LZ(s') +| VhwhHLZ(sl)) < 0o.

Then there exists a map wo € H'(S; R?) and a field H, e L2(S x I x Y; R3*3) of the form
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wy € L(S; H' (W RY))
(Vywr, wa) for some { wy € L2(S x V x I: RY)
ify =0, ,
g, =1 Vywr, %8311}1) for some wy € L2(S, H'(I x V; R?)) (48)
4 if'y €(0,00), )
wi € LX(S x I; H' (V3 RY))
(Vywr, wa) for some {w2€L2(5X1§R3)

ify =00,

h

such that, up to a subsequence, w" — wy in L? and

3
2 R . .
Vyw" = dwg o Ts + Z (Hy)ijt' ® T/ weakly two-scale on st
i,j=1

Here, wy is the weak limit in H(S) of f, wh (x + m(x))dr and ﬁy e L2(S! x Y; R3*3) s defined by I:Iy(x, y) =
Hy,(w(x),t(x), y).

Proof. The hypotheses imply, e.g. by (25), that the w” are uniformly bounded in H'!(S!), so up to a subsequence
wh —:wpin HY(SY. Set " = w" o ¥, so clearly " is uniformly bounded in L?(£2). From the uniform L2-bound
on V,w" and from (23) we deduce that V" is uniformly bounded in L?(£2). Hence there is wo € H'(£2; R?) with
930 = 0 such that " — Wy weakly in H'(£2; R?); clearly o = wg o ¥, so (since &3 = 0) in particular wy is the
trivial extension of a map defined on S.

By uniform boundedness in L?(£2), in the case y € (0, 00) there exists (see [27, Proposition 6.3.5]) w; €
L%(w; H'(I x Y; R3)) such that

~ 2 - - _ _ 1, _ .
Vhwh — (01w, drwo, 0) + (avlw], 0y, W1, ;33101) in 2.

By (23) the left-hand side equals (V,w)(¥) VW (&, ). As V¥ (&, ) converges uniformly on S' to (31, 829, n(y))
(extended trivially in the x3-direction), we conclude:

2 - B 1 i
Viw" (@) = ((31w0, 02w, 0) + <3y1w1, Oy, Wi, ;3311)1))(31%0, Wy, n(y)) .
On the right-hand side we use

(19, o, n(¥) 0w = (1, ) = (¢, 72 n)]

and (3, o) o ¥ ! = dwy(zy) to obtain the claim when y € (0, 00), after defining (w;); = (wyor)-1;,fori =1, 2, 3.
The other two cases are proven similarly. O

The following lemma goes by a truncation argument already exploited in [9,10]; we refer to [27, Corollary 2.3.4]
for a proof.

2
Lemma 4.4. Let (E;lpp) C L2(£2; R¥*3) be such that E;’pp — Egpp in L2(2 x Y; R¥3). Then

h2 <\/ (1+n2EL ) (1 +h2El

2
lop) = 1) = sym Eqpy i L2(2 x Vi R¥). (49)

We continue to use the notation from Lemmas 3.2 and 3.3.
2
Proposition 4.5. After passing to subsequences, there exists B € L*(S; L>(V; T*S © T*S)) such that %qv,? — Bin

L%(S,T*S @ T*S), there exists B,y € L>(S, T*S @ T*S) such that qyn — By, weakly in L*(S; T*S ® T*S), and
there exists ¢ € L(S; HZ(Y)) such that
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2

n-Hess V' = n . Hess V 4 Hessy o. (50)

Set

_ T 1/2

E" =72 (V™) vy ? = 1) (51)
and B=B — fY B(-, y)dy. Then there exists U, € L3(S; L, (I x Y)) such that, after passing to a subsequence,

2

E" =~ E on S', with E given by

E= <Bw +B+ %(dV)2 -~ tbv>(Ts, Ts) — tHessy ¢ + U, . (52)
In particular, the following are true:
(1) Ify € (0, o] then there exists U, € L2(S; L, (I x))) such that
E:Bw+%(dV)2—tbv+0y. (53)
(ii) Ife? < h < g, there exists U € L*(S; LY(I x Y)) such that
E =B, + %(dV)Z —thy 4+ U. (54)
Qi) If h ~ &2, with limj_o & = - € (0, 00), there exists U € L*(S; Ly, , (I x V) such that

1 .
E=B,+ E(dV)z —thy + U. (55)

Here we have denoted by 0y (i.e. 0) the appropriate mapping defined on S* x ) by U), (x,y)=U, (@ (x),t(x),y).

Proof. First we note that Lemma 3.2 combined with Lemmas 2.5 and 3.3 ensure the existence of B, By, and of ¢.
By L2-boundedness of E” (which follows from (37) and the properties of the energy density W), there exist E and a

2 . .
subsequence such that E” =~ E on S'. Denote by E é‘pp the approximate strain

g ROV 1

app = Tz (56)

and note that E” agrees with the left-hand side of (49). Hence Lemma 4.4 implies that E = sym E app» Where Eqpp is

the weak two-scale limit of E,f"pp, which exists by the properties of R” stated in Lemma 3.2. So it is enough to identify

the two-scale limit of sym E[L . Clearly
iy =1 Rt -1
hph _ VhY
R'Egy=—7— =7 (57)

2
We have sym(R" Eé’pp) ~~ E, because R" — I boundedly in measure. By property (vi) of Lemma 3.2 the symmetric

part of the second term converges strongly in L? (and thus two-scale) to .{2‘2, /2. So we need to identify the two-scale
iy —1

)

For brevity we set u/! = ey As usual, we extend VI, nand ! trivially to S”. In what follows we abuse notation

limit of sym(

using 7 also as an independent variable. We define the maps z* : S — R3 by setting
() =x +h(VEG) +t(ul(x)) forall x e S".
Define Q(x) as in (18) and define b" (x) = bv,f’ (x) =n - Hess V*h and (compare (6))

Q") = Qyn(x) = dVHx) o Ts(x) + ! (x) @ n(x).
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Then Lemma 2.4 shows that

V' =1+4+h2" — htd" — 2htqyn(SoTs, Ts) — h*Vul oS+ h(dV]! +1Viu") o Ts 0. (58)
Note that |Q| < Ct?> < Ch? on S", so 1O 25y < Ch>/?. In what follows ©" € L2(S") denote maps which may
change from expression to expression, but which always satisfy ||@"|| sy <C h3/2. We see from (58) that

V" =1+h2"+6"=R"+ 0",
by Lemma 3.4. On the other hand, Lemma 3.2 shows that Vu" = R" 4 ©". Hence

h h 5/2
|Vul = V2| oy < CRO2. (59)

However, by the definition of V" and of 7" we have, for x € S,

% /zh (x + m(x)) — uh(x + m(x)) dt = h(V*h(x) — Vh(x)).
Ih
Hence Poincaré’s inequality implies that
””h -7 ||L2(Sh = ”” ~7 h(Vh Vh)”LZ(Sh) +h” Vh v’ ||L2(Sh

< [ = g + I VE = VP < O

by (59) and (40). Defining Z" : S' — R3 by setting Z"(®") =z on §”, we have the equivalent bounds
h h h h 2
Iy' -z ||L2(sl) + Vi -2 )HL2(sl) =Ch".

Thus, using Lemma 4.3, we conclude that there exists H, € L2(S x I x Y; R**3) of the form given in Lemma 4.3
and w € H'(S; R3) such that (after passing to a subsequence)

3
1 2 N . .
ﬁvh(yh—zh)édonSJr > (Hy)t @1 (60)

ij=1
Here w is the weak H'(S; R?)-limit of (V" — Vh) / h, which exists by Lemma 3.3. We will now identify the two-scale
limit on S of the quantity sym(%z_l). By (58) there is M" such that for all x € S":

vz (x) — r_1 ( )
h2

where | M" || 2@y =C h3/2 because Gy /h is bounded in L?(S). We must therefore identify the two-scale limits on

Qh( ) — ——=b"(x) + M" (x), (61)

S of the symmetric part of the first two terms in (61). But formula (50) just asserts that the two-scale limit of b is
by 4 Hessy ¢. And by definition of B, Lemma 2.1 implies that

1 1 2
sym 2" = —qy(Ts, Ts) = B(T5, Ts) onS. (62)
By (61), these convergence results on S imply that
vizZh —1
sym 7 (B —tby)(Ts, Ts) — t Hessy ¢ (63)

weakly two-scale on S'. We conclude from (60) and (63) that
1 2
E = B +sym(dw o Ts) — 5(95) —tHessy g —thy + U, (64)

for some Uy e L*(S; L, (I x))). Itis not difficult to see that

B +sym(dw o Ts) — (By, + B) € L*(S; L, (I x ),
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after identification of S with S x I. Hence by (64) and using (12), formula (52) follows. The remaining claims now
follow from Proposition 4.2. Indeed, parts (ii) and (iii) follow at once, and (i) is a consequence of the fact that, setting
¢(t,y) =tVyp, we have tHessy ¢ =U,, (¢, —¢/y) forall y € (0,00). O

2
Lemma 4.6. Let (y") ¢ H'(S'; R3), define E" : §' — R3*3 by (51) and let E be such that E" = E. Then we have

lilgnigf/ / Q(x + tn(x), r(x)/e, E" (x + tn(x))) dt dvols(x)
N

2///Q(x+tn(x),y,E(x+tn(x),y))dydtdvols(x),
S 1Yy

and

L1 2 ph
hgonfﬁ//w(x+m(x),r(x)/e,1+h E"(x + tn(x))) dt dvols(x)
N

Z///Q(x+tn(x),y,E(x+tn(x),y))dydtdvols(x).
STy

Proof. For the first claim we refer to [34,35]. The second claim then follows from a standard truncation argument
already exploited in [9,10] (see [27] for details). O

The lower bound parts of Theorems 3.1 and 6.2 are now direct consequences of Proposition 4.5 and of Lemma 4.6.
5. Upper bound

The proof of upper bound uses the construction in [22], but is more complex due to the fact that we need to add the
additional oscillations. It is easy to see, by using Korn’s inequality, that each fiber of L, (I x ))) as well as Lg(l x ),
L(l)’yI (I xY) for y € [0, oo] and y; € (0, 00) is a closed subspace of L2(I x Y, ngxnf). Also by Korn’s inequality it is
easy to see (see also [27,28]) that the following coercivity bound is satisfied:

[tho(e. ©)]72 = C(IE 13, +1igl2:) forall (2. g) € DUo).

where the constant C depends on the embedding . Analogous bounds are satisfied by /0, L{é " and Uy, with the
obvious norms on their respective domains of definition.
The following two lemmas and remark are analogous to [29, Lemma 2.10, 2.11].

Lemma 5.1. For y € (0, oo] there exists a bounded linear operator
M, : L*(S, T*S® T*S) x L*(S. T*S® T*S) — L*(S, L, (I x ),

such that for almost every x € S we have

Qy(x,q%x),q%x))://Q(x+m<x),y,ql<x)+tq2(x>+Hy[q1,q2](x,t,y>)dydr.
ry
Moreover, if ¢', q* € CO(S, T*S @ T*S) then I, [q',¢*1 € COS x I x ). Similar maps 17(()) resp. H&m enjoying

similar properties exist for Qg resp. Q(l) n

Before stating the next lemma we observe that the definition (35) of Q, makes sense even for arbitrary ql, q2 €
R3*3, The same is true for Qo,,, and Qg.
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Lemma 5.2. For every y € (0, 00) the function Q, : S x (R3*32 . Rt js continuous, and there exists a constant
C > 0 depending only on the energy density W and the surface S such that, for all x € S and all ', g* € T)SOTSS,

c g P+ a2 < (x.q" a?) < ('] +]4*]).

Similar statements apply to Q(O) and Q(])’ "
We will need the following fact about the linearization of the square root of a matrix.

Lemma 5.3. There exists n > 0 and a modulus of continuity m, i.e., a function m € CO([O, 00), R*) with m(0) =0,
such that the following is true for all M € R and all § € (0, n):
Assume that G" € L2(S',R33) and K" € L*(S', R¥*3) satisfy

lirglsgp(nsymGh ||L2(sl> + ||Kh”L4(sl)) =M

and limsuphﬁohHKhHLoo(S]) < 8 as well as limsup,,_, o h?||G"  oo(s1)y < 8, and that h='sym K" — 0 strongly in
L2(SY) and hG" — 0 strongly in L*(S") as h — 0. Set
E" =h (1 +hK" +12G")" (1 + hK" +12G"))" % — 1)

and Ell =symG" — 3(K™)2. Then we have limsup;,_, | E" — EL 1251y < M?m(8), and

lim sup
h—0

%//W(x +tn(x), r(x)/e, I +h*E"(x + tn(x))) dt dvols(x)
N
— / / Q(x +tn(x), r(x)/e, Ei'pp(x + tn(x))) dtdvolg(x)| < (M + 1)4m(8). (65)
N
If, moreover, E;’pp i E strongly two-scale, then

lim sup
h—0

h—14//W(x+tn(x),r(x)/e,I+h2Eh(x+m(x)))dtdvozs(x)
N

< (M + 1)*m(). (66)

—///Q(x+tn(x),y,E(x+tn(x),y))dydtdvols(x)
S 1Yy

Proof. We will only sketch the proof. By Taylor expansion there exists 77 > 0 and a modulus of continuity m; such
that for every A € R3*3 with |A —I| <n; we have

‘,/(1 +AT)(I + A) — (1 +symA + %ATA)

Applying this to A = hK" + h>G", we obtain

§m1(|A—I|)<symA+%ATA). (67)

app ” L%

1i2ns(t)1p|| E" - E;’ppHLz gml(S)HEh

where
I LLL ST L") K"+ hsym((GM)T k") + 212(G") 6"
awp = sym ~|—§ + sym(( ) )"’5 ( ) .

It is easy to deduce from the hypotheses that || E gpp —E fpp ;2 = 0. Now the L?-bound on E" — E g‘pp follows at once.

Formula (65) follows from (32) and the triangle inequality, while (66) follows from the fact that
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//Q(x +m(x), r(x)/e, Ei’pp(x + tn(x))) dt dvolg
N

— ///Q(x+tn(x),y,E(x+tn(x),y))dydtdvols(x).
s 1Yy

The latter is a consequence of the continuity of integral functionals with respect to strong two-scale convergence, cf.
[34,35]. O

We provide here a general computation that will be needed in the proof of the following result. Let P €
cl(st; c'(Y; R?)) define P : S' — R3 by P" = P(-,r/e), where, as usual, r is extended trivially from S to S'.
Then by (25)

w1 h h ~1
VP! = =8 P! @n+ VP Ts(1 +18)(I +hiS) ™' Ty
1
= Eanp('vr/g) Qn

1

+ (VP(-, r/e) + =VyP(-,r/e)Vr o Ts(I + tS)‘)(I +18)(I + htS)™'Ts,
e

because having extended r trivially to S!, we have 9, = 0 and (16) applies. We use the notation 9, P to denote

the n-derivative with respect to the first argument only. Since (I + htS)~! agrees with I up to a term that on S! is
uniformly bounded by £, and if & < Ce, then we conclude that

<C, (68)

1
H Vi Pt — ~F, (P)(-,r/e)
& LOO(SI)

where for x € S! and y € Y we have introduced

Fy(P)(x,y) = %&;P(x, ¥) @ n(x) + 9y, P)(x,y) @ t%(x).

We have used that the restriction of the linear operator Vr to the tangent space can be expressed as
VroTs=e1®1' +er®77,

which is just the pullback operator 1* acting on tangent vector fields. A short computation shows that setting

La(x,1,y) =P(x +m(x),y) 1a(x) (69)
p(x,1,y)=P(x +mx),y) n(x) (70)

forallx € S, €1 and y € ), we have for y € (0, 00):
sym Fy, (P)(x +tn(x), y) =Uy, (£, p)(x,1, y).

Lemma 5.4. There exists a modulus of continuity m and for every M > 0 there exists a constant C(M) such that for
every § € (0, 1) the following is true:

e Let V € H(S;R>) be an infinitesimal bending with IVIig2sy <M and let v e WS, R3) be such that
V" — V strongly in H*(S) and H*>({v" # V) <« h?%, and such that

limsup hl|v" || 2 o < 6. (71)
msup " 2.
e Let B,be L*(S,L>(Y, T*S © T*S)) be such that

1Bl 2sxy) T 10l 2(sxy) < M. (72)
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Let w" € H2(S, R?) and be such that

2 2
qun — B and hb,n — b strongly two-scale on S (73)

wh

and such that

Rl dwt|| as) + B2 [dw” | o5, + 1P| Hess w" | o g, + b [Hess w — 0. (74)

"ies

e Let p,o€ c! (S], c! o, R3)). Moreover, if h < € then assume that o = o0 o w, while if h > ¢ then assume that
p does not depend on y. (If h ~ & then we make no extra assumption.) Set p"* = p(-,r/e) and 0" = o(-,r/¢) and
define 7" : S* — R3 by

=id + h(vh + hw" + [ lyh g ph) + h3ph(d)h) + £h20h(<15h),
and define y" € H'(S',R?) by y"(®") = 7, and define V" by (39). Assume also that

121 L2¢s:mtrxyy) T 10l 25 mraxyy <M, ify €0, 00),
”aanLZ(Sle) + ”0”L2(S1;H1(y)) < M, 0therwise. (75)

Here p(x,t,y) = p(x +tn(x),y) and o(x, t,y) = o(x + tn(x), y).
e Define E:S' x Y — R3>3 by

_ | F ) +yF,(p) ify € (0,00)
T | wp®n+Vy0VroTs otherwise,

e Define E" : S'— R¥3 by EF = h=2((Viy™)T (Viy") /2 — I) and define E : S' x Y — R3*3 by setting
E(x,y) = B(x, »)(Ts(x), Ts(x)) — 1 (x) (b(x, y) + by (x))(Ts(x), Ts(x))

1
— SRV +symE (x, y).

Then y" — 7 strongly in H'(SY) and V* — V strongly in H'(S) and

%qvh - / B(-,y)dy weakly in L*(S), (76)
%
and
lim sup lqw <C(M), (77)
h—0 L2(S)
and

‘h4// (x +tn(x), r(x)/e, I + h*E" (x + m(x))) dt dvols(x)
ST
_/// (x +m(x), y, E(x + tn(x))) dy dt dvolg(x)| < C(M)m(3). a8)
S T

Proof. Notice that (73) and (72) imply that
limsup(hllbynll 2 + gyl 2) < M (79)
h—0
We claim that there is a constant C depending only on S such that

limsup (g, llLo(s) = Ci. (80)

h—0
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In fact, note that by (71) the Lipschitz constants of all g,» are bounded in particular by 1/A. Since g,» =gy =0
almost everywhere on {v" = V'}, there exists a constant C depending only on S such that for H2 a.e. x € S we have

|gun ()] §C%dist(x, [ =Vv}). (81)

But due to the hypothesis on the measure of {v" # V} and to the bounded curvature of S, for small % the set {v" # V}
cannot contain a disk of radius /. Hence (80) follows from (81).
Next we claim that

thh — 0 strongly in L2(S). (82)

In fact, since g,» = qy = 0 almost everywhere on W=V},

1 1
i = 3 (" # VI llaslimes), (83)

and this converges to zero by (80) and by the hypothesis on {v” £ V}.
Clearly we have y" — 7 strongly in H'(S'). Moreover, defining 5", 5" : § — R by 5" (x) = [} o' (x 4+ m(x)) dt
and p" (x) = [; o (x + m(x)) dt, we see that
vE=v" + hw" + end" + B2 p". (84)

2
From (73) and (82) we deduce that ¢,»/ h 4 g,,» — B strongly two-scale on S. It is easy to see that the weak L2-limit
of eqz and of ]’lQ5h is zero. Hence the convergence (76) follows from (84). From (84) and from (82), (79), (75) we

deduce the bound (77), because clearly ehgy and l’lqu’;h converge strongly to zero in L? — this is certainly true if
h < e, and if h > ¢ then it follows from the hypothesis that p be independent of y.
Next we address the limiting behaviour of E”*. Define G" : §' — R3*3 by the formula

Uiy (@") = V" = I + h2y + h2G" (@").

Defining Q : §” — R3*3 by (18) and using Lemma 2.4 we see that the following equation is satisfied on $”:
2

t t
G"(@") = 21 — b (Ts, Tg) = by (Ts, T5) = —Vityn S
1 h h
+ Z(dv + hdw" 4+ 1V pyh g oy ) Ts O
+hVp" (") + V0" (@1). (85)
We deduce from (68) (applied with P = p and P = o) that
h h2 oo
hVpp" +¢eVyo'" — E. (86)
Notice that by (68) the convergence (86) is indeed also true for y = 0 because in that case we assume that 9,0 =0,
and for y = oo because in that case we assume that p”* does not depend on y.
The hypotheses on v" imply that b (Ts, Ts) — by (Ts, Ts) strongly in L? and those on w” imply that
— 2
(thyi (Ts, Ts)) o (") = thbyu(Ts, Ts) = th(Ts, Ts) on S'.
Lemma 2.1 and (73) show that

sym$2,n = q,n (Ts, Ts) i) B(Ts,Ts) onS. 87)
We conclude that

sym G" i> B(Ts, Ts) —t(by +b)(Ts, Ts) + sym & (88)
strongly two-scale in S'. By (88) the map Ej, : S' — R3*3 defined by

1
El =symG" - E(sz,,h)2

converges strongly two-scale on S! to E.
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In order to deduce (78) we apply Lemma 5.3 to E" and E e’fpp. This finishes the proof once we have verified that the
hypotheses of Lemma 5.3 are satisfied (with K = £2,1).

Regarding the bounds on £2,, notice that v — V in H? implies that £2,» — 2y in H'. Hence the L*-bound
on £2, follows from the H 2_bound on V and Sobolev embedding. Since hl sym$2,» = h_lqvh (Ts, Tg) by (10), we
have h~!sym £2,» — 0in L? by (82). And (71) implies that || 1§21 || . < C8.

Regarding the bounds on G", first note that (88) implies convergence of norms, so the bounds on V, B, b, o,
p imply that lim;,_¢ || sym G” | 2(s1) is bounded by a multiple of M. It remains to show that hG" — 0 in L* and
that limsup,,_, ¢ |A>G" | 1 is dominated by 8 (we will show that it is equal to zero). We see from (85) that G" is
dominated pointwise on S! by

|12, | + by | + kb | + h*|Hess w” | + h[Hess v | + [nV, p" + V0" | (89)

plus terms of lower order. By (75) the last term in (89) remains bounded in L? as h — 0. Hence h(hVy ph + svhoh)
converges strongly to zero L2 Asitis uniformly bounded in L*° by (68), we see that h2(hv, ph +eVj,oM converges
to zero in L°.

The analogous claim is valid for the forth and fifth term by (71) and (74). Regarding the first term in (89) note that
h|| 82+ and h2||[2wh | converge to zero by (74) because [§2,,1| < Cldwh|.

Regarding the second term in (89) note that |b,»| < |Hess v"|. And h Hess v" is bounded by 1in L* by (71), so in
particular 4% Hess v — 0 in L*°.

Finally, #°b,» — 0 in L by (74) and hb, is L>-bounded by (79). So by interpolation h%b,» — 0in L*. O

Proposition 5.5. Assume that €* < h, let B, € B and let V € H*>(S; R?) be an infinitesimal bending of S. Then there
exists a sequence (y") ¢ H'(S', R?) such that y" — 7 strongly in H'(S'; R3) and such that V" given by (39) satisfy
vV — V strongly in H'(S) and qyi/h — By, weakly in L2(S). Moreover;

I,(V,By)  iflimh/e =y € (0,00],
lim h =41 (") = { IV, Bu)  ife>h> e,
h—0
1 s (V. By ifh~ €2 with lime2/h =1/y;.

Proof. By definition and by density, since By, € B, there exist w, € C5°(S; R?) such that qw, — By, strongly in
L?(S). By choosing a suitable index sequence nj, — 00, we may assume that the maps &" = wy,, satisfy

hw" — 0 strongly in W>>°(S) (90)
and

qzh — By strongly in Lz(S). (C2Y)]
For each § € (0, 1) let ¢ € C1(S; C2())) and define

wih =gl + 8h—2¢5(-, r/en. (92)

If & < h then we choose ¢? = 0 for all §.
We claim that w®" satisfies the hypotheses of Lemma 5.4 for each fixed 8 (with w®” playing the role of the w”
from Lemma 5.4) but with §-independent M, provided that

timsup (0 2 sy + V50 | 2(s3) < 0 (93)

In fact, the bounds (74) follow from (90) (recall that 2 Jh <.
It is easy to see that

5 2
&”Hess(@(-,r/¢)) > Hessy ¢ on S.

Since moreover q,5.n = qy,n + Sh—ztp‘s(-, r/€e)S, we see that (73) is satisfied with b = Hessy, ¢® and with
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1
B=B,+ —(p‘s(x, ¥)S (with 1/y1 :=0when h > 82).
4

In particular, the bound (72) is satisfied for some §-independent M provided that (93) holds.

We will also choose 8-dependent p® and 0. Defining £¢ in analogy to & in Lemma 5.4, we need to choose p°
and o? in such a way that they satisfy (75). This will follow from the construction of p°, o® below.

Next, for each 6 € (0, 1), we approximate V by a sequence v>" € W2>°(S; R?) such that the map v®" satisfies the
same hypotheses as v” in Lemma 5.4 (where the index in v®" is the & from (71)). The existence of such v>" follows
from [10, Proposition 2].

Let As € C2(S; s0(3)) be such that A; — 2y strongly in H'(S) as § — 0. Notice that

A} — AX(Ts, Ts) = (n @ n)A3 — (n @ n)A3(n @ n) + A3(n @ n)
2 |Asn|?
=2sym A8n®n+Tn®n . 94)

because As is skew symmetric. With Aj at hand, we can now construct the oscillations p® and 0®. We have to
distinguish the three basic cases; observe that for y # 0 the bound (93) is trivial because here we chose ¢° = 0.

The case y € (0, 00) (i.e. h ~ ¢). Define p® : S! x ) — R3 by
|As(0)n(x)[?

p‘s(x,y>=t(x>( 5

I+ Ag(x)>n(x);

note that p® does not depend on y. Since the right-hand side of (94) equals 2 sym(d, p® ® n) because clearly 9, p? =

2
41"y 1 A2n, we conclude that

1
y symF,, (p‘s) = sym(a,,p‘s ®n)= E(A% — AX(Ts, Ts)). (95)
Now we choose ¢% € C1 (S, C'(I x Y;R?)) and p® € C!(S, C'(I x ))) insuch a way that

@v)?
2

as 8 — 0. (Here, the operator [T, is as in Lemma 5.1.)
Defining 0® via (69), (70) (with 0® playing the role of P), we have

Z/Aly ({‘S, ,05) =symJF, (05). o7

Here L?y (x,y)= Z/A{,, (m(x), t(x), y). From (95), (97) and from the definition of E% and £¢ in Lemma 5.4 (with obvious
notational changes involving the index &), we conclude:

U, ({5, p‘s) — 11, (Bw + , —bv) strongly in L. (96)

1 . 1
ES = (Bw —thy — EAg)(TS, Ts) +U, (¢, p°) + E(A§ - 23).

Then
dv)?

1 .
E - (Bw —thy + E(011/)2>(T5, Ts) + 11, <Bw + , —bv>, strongly in L2(S), (98)

as § — 0 by the choice of As and because —A%(TS, Tg) — (dV)? by (12). Here we define ﬁy with respect to I, in
the analogous way as Z/AI), with respect to U, . By (98) and by Lemma 5.4, we see that

(1 1
8,h 8,h K h( h
k(Sah)Z ||y _ﬂ:”HI(Sl)_'_HV _V||H1(S)+d (zq‘/é,h, Bw)+ h_4[ (y )_I}/(V’ Bw) ’
satisfies limsup_, o limsupj,_, o k(8, h) = 0. Here d¥ : L?(S; R3*3) x L?(S; R3*3) — R is defined as follows: For
K > 0 there exists a metric X which defines the weak topology on the ball of radius K. We define:

dX (M1, Ma), i [Mi]l;2 < K and [|[Ma]| 2 < K,

d*my, Mp) =
(M. M) {+oo, otherwise.
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By (77) the constant K can indeed be chosen independently of §. Finally, a standard diagonalization procedure then
yields a sequence 8, — 0 such that k(6;, h) — 0 as h — 0. ) )

The case y = oo (i.e. h > ¢). Define £% € C1(S; C1(I x Y; R?)), ¥ € C1(S: C (I x V), ¢ € CL(S;: CL(I; R?))
such that

@v)?

Uso(8°.9°,¢%) = Mo (Bw + , —bv) strongly in L2(S)

as § — 0. We will use the following fact: if f: 1 x Y — R3 then F(x,y) = é(x) f(s,y)ds satisfies 9, F(x, y) =
f(t(x), y). We wish to have p?® independent of y, in order to satisfy the hypotheses of Lemma 5.4. We define

1(x) t(x)
1+A§(X)>I’l(x)+2/Ca(S)dS‘Ca—i-/C3(S)ds‘l,’3.
0

|As (x)n(x)[?

PP(x,y) =r(x>( >

5 _ |Asn[? 2 o 3 1
Then 9, p® = “=5—n + Asn + 2¢4(£)T* + c3(t)T”". Forx € §" and y € ) set

0*(x,y) = £ (m(x), 1(x), ) T%(x) + 29 (7 (x), 1 (x), y)n (x).
Then Vy0® = 1% ® V¢ +2n ® V9. Since y = 0o, we have

sym g% = sym(anp‘S Qn+ Vyo‘SVr o TS) = Z/Aloo(l;‘s, 1,06, C‘S) + %(Ag - A%(TS, TS)).

From now on the proof is analogous to the case y € (0, 00). )
Constructjonfor y=0(ie hke)Ilfe>h> 2 then choose <p5 in (92) and ;5 e CL(S; CL(Y; R?)) as well as
g% e Cl(S; C1 (I x Y; R?)) such that

@v)y?

Uus(®, ¢, g% — (Bw + , —bv> strongly in L2(S), (99)

as 8 — 0. If h ~ &% with €2/ h — 1/y1, choose them such that

dVv)?

u&yl (4'8» o, 88) - 17(;],1 (Bw + , —bv) strongly in L?(S). (100)

Extend ¢? trivially to S' and define

0% (x, y) = g (x, )T (x).
Then 8,0° = 0, so the hypotheses of Lemma 5.4 are satisfied. We define
t(x)

2
M;+A§(x))n(x)+2/gi(n(X),s,y)d”“(x)

PP(x,y) =r(x)( >

t(x)
+/g§(n(x),s,y)dsr3(x).
0

Arguing as in the case y € (0, 00), we conclude the proof of the proposition. Finally, note that (99) and (100) together
with the coercivity properties of Z/Ig and of “&m ensure that (75) and (93) are indeed satisfied. O

6. Convex shells
In this chapter we shall identify the I"-limit for convex shells in the remaining case, i.e. & < 2. We wish to

illustrate the stronger influence of the geometry in this case. We work under the assumption that S is uniformly
convex, i.e., there exists C > 0 such that
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S@)T-1>Cltl}g. YxeS, TeTLS. (101)

For x € S we define a relaxation operator with values in the bundle (34) as follows: Set D(Z/{g Yy = L2(Y; ngxn%) X
L*(I x Y; R%) and for all (B, g) € DUy"°) define
3 ; 81
. B . .
Ug'c(3,8)= Z | 7o
ij=1 \81 8 83/
As usual, we introduce the vector bundle L(z)’c(l x V) of relaxation fields to be the range of L{g < similarly to the
bundles Lo(I x )) introduced earlier. As in the case of general surfaces, each fiber of Lé’c(l x )) is a closed
subspace of L2(I x V; R3X3). We also define the functional Ig’c : HZ(S; R3) X Lz(S; S) — R by

sym

1
I°(V, By) = / ng(x, By + 5(dV)2, —bv> dx, (102)
S
with the quadratic form Q(z)’c(x) :(T*S © T*S)?> — R given by

Q(x.q'.¢*)= inf // Qx +tm(x), y, q' +1g* + U)di dy. (103)
UeLO’C(Ix)J)IXy

As before, one can relax slicewise, and when the energy is homogeneous in the thickness direction then we have a
decoupling similar to the one described for general shells.

Under the assumption (101) it is well-known that B = L? (S, T*SOT*S),cf.e.g. [7]. Thus if one wants additionally
to relax the functional Ig’c with respect to B,,, one obtains the functional f()z’c : H*(S; R?) — R given by

- 1
By =35 [ [ @y —byco) dyavolsco. (104)
sy
This functional is the same as the one arising in the ordinary von Kdrman model. For the form Q(Z)’C one can make
assertions analogous to Lemma 5.1 with the appropriate operator Hé’c and Lemma 5.2. We introduce the space

FL(S;C®()) = {(x, y) > Fwe* Y ineNand f e Cj(S; C) with & =7 }
keZ?, |k|<n, k0
By Fourier transform it can be easily seen that F L(S; C*°()))) is dense in L2(S; H™ ), for any m € Ny.
The following lemma resembles Lemma 3.3 in [30]. The same system arises in [23, Chapter 3]. However, here we

deal with a linear PDE system with constant coefficients, which is of course much easier than the linear system with
variable coefficients in [23, Chapter 3].

Lemmg 6.1. Assume that (101) iq satisfied and let Be L2(S; Lz(y; T*S ® T*S)). Then there exist unique w €
L2(S; HY(Y; R?)) and [ORS L%(S: L*(Y)) such that

Defy w + ¢S = B. (105)
Moreover, if Bij € FL(S; C®(Y)) foreveryi, j = 1,2 thenw; € FL(S; H'(V)), fori =1,2and ¢ € FL(S; H' ().

Proof. There exist bl].‘j such that for all i, j =1, 2:

B(x,y)ij= Y bj;(x)e™ Y, where Y |bf;||,2 <00, Bf; =b %, b =0.
keZ? kez?

We assume that fori =1, 2:
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w; = Z cf(x)ezmk'y, Ei{ =c;k7 C?=O, 0= Z dk(x)eZTIik-y’ Ek =d_k, d0=0
kez? keZ?

Equation (105) is equivalent to the following problem for every (ki, k2) € Z* find complex coefficients clj‘. , bf‘j, d*
such that

k]C]f +dk511 = b]1(1’
1
E(kZCI]( + klcé) + dkslz = b]1(2’
kzclzc + dk522 = béz.

By the hypotheses on the embedding v and by (101) it is easy to see that there exists C > 0 such that the de-
terminant of the system is bounded from below by C (k% + k%). Using this it follows that there exists C > 0 such
that

2 2
|dk(x)|2 +y |/<|2|c,’?(x)|2 < c( > |b{fj(x)|2>, Vx € S.

i=1 i,j=1

Now all claims follow easily. O

Theorem 6.2. Under the hypotheses and with the notation of Theorem 3.1 and assuming, in addition, that S is uni-
formly convex and that h < €2, the conclusion of Theorem 3.1(i) is satisfied and, moreover; the following are true:

o We have
liminfh=*J" (u") > I>€(V, By).
imin (") = 15V, Bu)

e For any infinitesimal bending V € H*(S,R3) of S and any B,, € L*(S, T*S © T*S) there exist u" € H'(S"; R3)
satisfying (37), and such that the conclusions of Theorem 3.1(i) are satisfied with Q" = I and ¢ = 0. Moreover,

lim h=*J" (u") = 17°(V, Bu).

h—0

Proof. We will only sketch the proof as it is similar to the previous cases. As in Proposition 4.5 there exists ¢ €
L%(S; H%(Y)) such that (50) is satisfied. Using Proposition 4.2(iii) as well as Lemma 6.1, we conclude that ¢ = 0.
Thus by Proposition 4.5 there exist U € L2(S; Lo(I x ))) and B € L2(S; L*(Y; T*S ® T*S)) such that the maps E”
defined as in (51) converge weakly two-scale to

. 1 N
E=Bw+B+§(dV)2—tbv+U,
Hence lower bound part follows readily from Lemma 4.6 and the definition of the functional Ig “

To prove the upper bound, we follow the proof of Proposition 5.5 in the case y = 0. Let A% be as in that proof. Let
B? with (B%);; € FL(S; C®(Y)) fori, j = 1,2 and g° € C!(S; C'(I x Y; R?)) be such that

: 1
Uy (B, g°) — Hé’C<Bw + 5(dV)z, —bv> strongly in L2(S)

as § — 0. By Lemma 6.1 there exist 22 € (FL(S: C®())))? and o® e FL(S; C>® () solving the system Defy, 2+
¢’S = B®. We choose v®"* and " as in the proof of Proposition 5.5, and we define

whh = T+ @ rfe)n + e (¢ /o)t + 25, r/e)T?).

We define p® by
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2 1(x)
Px,y) zt(x)<MI+A§(x))n(x)+2 / g (r(x), s, y) dst®(x)
1(x)
+/g§(ﬂ(x),s,y)dsr3(x).
0

Now we can argue as in the proof of Proposition 5.5. O
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