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Abstract

We consider the Dirichlet problem for linear nonautonomous second order parabolic equations with bounded measurable coeffi-
cients on bounded Lipschitz domains. Using a new Harnack-type inequality for quotients of positive solutions, we show that each
positive solution exponentially dominates any solution which changes sign for all times. We then examine continuity and robust-
ness properties of a principal Floquet bundle and the associated exponential separation under perturbations of the coefficients and
the spatial domain.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

On considere le probleme de Dirichlet pour des équations paraboliques linéaires non autonomes du second ordre avec coefficients
bornés mesurables sur un domaine borné de Lipschitz. Utilisant une nouvelle inégalité du type Harnack pour les quotients de
solutions strictement positives, on montre que toute solution positive domine exponentiellement toute solution qui change de signe
en tout temps. On examine ensuite les propriétés de continuité et de robustesse pour un fibré principal de Floquet et la séparation
exponentielle associée a des perturbations des coefficients et du domaine spatial.
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1. Introduction

Consider the following Dirichlet problem for a linear nonautonomous parabolic equation
us+Lu=0 in$2 xJ,
u=0 onds2 xJ. (1.1)

Here £2 C R is a bounded domain, J is an open interval in R, and L is a time-dependent second-order elliptic
operator of either the divergence form

Lu = —0; (a,-j(x, 1)oju+a;(x, t)u) + b; (x, t)0;u + co(x, Hu (D)
or the non-divergence form
Lu=—a;j(x,1)0;0u + bi(x, 1)0;u + co(x, t)u (ND)

(we use the summation convention and the notation 9; = d/dx;). We assume that the coefficients are real valued and
bounded:

aij,ai,bi,coeBg, (,j=1,...,N), (1.2)
where dy > 0 is a fixed constant and

Bay :={f € L®(2 x R): || fllz=(2xr) <do}. (1.3)
For some results in the case (ND), when explicitly indicated, we in addition assume that a;; € C(£2 x R), i, j =
1,..., N. We always consider uniformly parabolic equations: there exists oo > 0 such that

aij(x,05&; > aol§? (1) € 2 xR, § eRY). (1.4)

Concerning £2, our assumption is that it is a bounded Lipschitz; domain in RY . This means that there are positive
constants ro and mg; such that for each y € 962, there is an orthonormal coordinate system centered at y in which

RN B, (») ={x=0" xn): ¥ e RN xy > ¢(x), x| < re}, (1.5)
and
IVllLe < mg. (1.6)

Here and below B, (x) denotes the ball in RY of radius r > 0 and center x. For the remainder of this paper, if not
stated otherwise, we shall assume that 2 is a domain as above with

ro =2ro, mgo <My, diam$2 <Ry, (1.7)

where ro, My, Ro are fixed positive constants.

The main goal of our paper is to examine, in this general context, properties of solutions of (1.1) that are analo-
gous to properties of principal eigenfunctions of time-independent (elliptic) or time-periodic parabolic problems. The
analogy is best seen in one of our main results, Theorem 2.6, where we establish the existence of two time-dependent
spaces X' (1), X*(t). For each r € R, these are subspaces of a suitable Banach space X in which the initial conditions
for (1.1) are taken (X = L2(£2) in the divergence case and X = Co(2), the space of continuous functions vanishing
on the boundary, in the nondivergence case); X! (¢) is the (one-dimensional) span of a positive function, X 2(0)\ {0}
does not contain any nonnegative function and the subspaces are complementary to one another:

X=X'0O)® X*1t) @eR).

The subspace X?(s) is characterized by the property that if a nontrivial solution of (1.1) has its initial condition at
time s contained in X2(s), then it changes sign for all # > 5. On the other hand, the solutions starting from X = X!(s)
do not change sign for any # > s. These characterizations imply the invariance of the bundles X' (¢), t € R, i = 1, 2: if
u1(t), us(t) are solutions with u; (s) € X' (s), then u; (t) € X' (¢) forall 7 > s. Finally, for any such pair of solutions u;,
assuming u1 is nontrivial, we have the estimate (which we call the exponential separation)

||M2(',l)||x< —y(—s) 2 8) lx
llur (- )l x llur (-, ) llx

t=>s),
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where C, y > 0 are universal positive constants (they are determined by the quantities N, «g, do, o, Ro, Mo from
the above assumptions). See Section 2 for the precise formulation of these results. The existence of the invariant
bundles with exponential separation extends in a natural way a well known theorem on the existence of a spectral
decomposition associated with the principal eigenvalue of elliptic or time-periodic parabolic operators (see [17], for
example). Indeed, the principal eigenvalue of a time-independent operator L is simple and has a positive eigenfunction
(which spans the first space X! in the spectral decomposition) and no other generalized eigenfunction is nonnegative
(thus the codimension-one subspace X2 in the spectral decomposition contains no nontrivial nonnegative function).
Moreover, the principal eigenvalue is smaller than the real part of any other eigenvalue, which can be equivalently
formulated as exponential separation for the corresponding parabolic equation. Similar results hold for time-periodic
parabolic problems in which case one finds a Floquet decomposition X = X (r) @ X?(r) with time-periodic spaces.
Again X!(7) is spanned by a positive function and the solutions in X?(z) are exponentially dominated by solutions
in X'(1).

In elliptic and periodic-parabolic problems, theorems on principal eigenvalues and eigenfunctions are classical. In
the non-selfadjoint case, they are usually associated with and derived from the Krein—Rutman theorem. A derivation
can be found in [17] and many other monographs; for more recent results see [2—4,8].

The origins of the results on invariant bundles and exponential separation in nonautonomous parabolic equations
with general time-dependence are in the papers [27,38] (an ODE predecessor is [39]). These results were motivated
by certain problems in nonlinear parabolic equations where Eqs. (1.1) naturally appear as linearizations. More specifi-
cally, it is well known that if the nonlinear equation has a dissipation property, then each bounded solution approaches
a set of entire solutions (that is, solutions defined for all times in R). For further understanding of the behavior of the
solution, the linearization of the equation at the entire solutions is often very useful. Now, if the nonlinear equation has
a gradient structure, then the entire solutions are steady states and the linearization just gives elliptic operators. How-
ever, if no such a priori knowledge of the limit entire solutions is available (this is typically the case in time-periodic
equations), to employ the linearization one needs to study Eqs. (1.1) with general time dependence. The principal
Floquet bundle and exponential separation then play a similar role as the principal eigenfunction and related spec-
tral properties of elliptic operators do in the local analysis of solutions near steady states. Perhaps the most striking
application of such a linearization technique appears in the results on the large time behavior of typical solutions of
periodic parabolic problems, as given in [37] and later, with improvements, in [18,41]. For other applications we refer
the reader to [18,20,22,28-32,36,37,40,41]. We also remark that in one space dimension, related results on invariant
bundles characterized by nodal properties of solutions, as in the classical Sturm—-Liouville theory, can be found in
[5,42]. See also the survey [35] for a discussion of these results, for both N =1 and N > 1, and some perspective.

Available results on Floquet bundles and exponential separation cover a much broader class of problems than (1.1);
in particular, [38,41] deal with abstract parabolic equations admitting a strong comparison principle. However, in
the context of the specific problem (1.1), they are restricted by various regularity conditions on the domain and
coefficients. The results we present here do not rely on any regularity assumptions other than those mentioned above
(continuity of a;; in the nondivergence case and Lipschitz continuity of the domain). Another major contribution of
our paper is a new approach which leads to more specific results. An example is the fact that the constants C and
y in the exponential separation are determined only by explicit quantities from conditions (1.4), (1.2), and (1.7). We
derive the exponential separation result from a new elliptic-type Harnack estimate for quotients of positive solutions
of (1.1), which itself has many other interesting consequences regarding solutions of (1.1) (the uniqueness of positive
entire solutions among them). A significant portion of this paper is devoted to perturbation results in the divergence
case. We prove the continuous dependence of the bundles X L(#), X%(t), t € R, on the coefficients and the domain
and establish a robustness property of the exponential separation. We also prove the continuous dependence of the
principal spectrum (see Subsection 2.3 for the definition). These results generalize continuous dependence on the
domain and coefficients of the principal eigenvalue and eigenfunctions of uniformly elliptic operators.

In this paper we only consider the Dirichlet problem which has many specific features. Indeed, the behavior of
the solutions near the boundary 9£2, where they vanish, is a major concern in this paper. For the oblique derivative
problem, an exponential separation theorem is proved in a similar generality in [19].

The paper is organized as follows. Section 2 contains the statements of our main results. We have grouped them
in three subsections. Subsection 2.1 contains the Harnack-type estimate for the quotients of positive solutions and
a result on exponential separation between any positive solution and any solution that changes sign for all times.
Among corollaries of these theorems, we state the uniqueness of positive entire solutions and a theorem on a universal
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spectral gap for elliptic operators. Subsection 2.2 contains a theorem on invariant bundles and exponential separation,
as discussed above, and in Subsection 2.3 we formulate our perturbation results for the divergence case. We have
included two preliminary sections; Section 3 contains basic estimates of positive solutions, relying on various Harnack
inequalities. In these estimates we make no reference to existence theorems on initial-boundary value problems, thus
we do not need the continuity assumption on the coefficients g;; in the nondivergence case. In Section 5 we list
several properties of the evolution operator associated with Eq. (1.1). The remaining sections consist of the proofs of
our theorems. The appendix contains the proof of an existence result from Section 5.

2. Statement of the main results

Recall the standing hypothesis that £2 is a bounded Lipschitz domain satisfying (1.7). In the whole section, L is
as in (D) or (ND) with coefficients satisfying (1.2), (1.4). We use the notation Co(£2) for the space of continuous
functions on §2 vanishing on 952. Whenever needed, we assume it is equipped with the supremum norm.

We say that a function changes sign if it assumes both positive and negative values. We use the standard notions of
solutions of the equation u; + Lu = 0 as well as for the boundary value problem (1.1) and for the initial value problem

u+Lu=0 in2x(s,T),
u=0 ondf2 x (s, T), (2.1)
u=ug in 2 x {s},

where s, T € R, s < T. In the divergence case, assuming ug € L2(£2), we consider the usual weak solutions (see [1,24,
26]). Under our standing assumptions, (2.1) has a unique weak solution and this solution is continuous on £2 x (s, T)
(more properties of weak solutions are recalled in Sections 3 and 5). In the nondivergence case, we take ug € Co(£2)
and the solution always refers to a strong solution [26], that is, a function u € WI%’CI’NH (2%, THNCE2 x[s, T
which satisfies the initial and boundary conditions everywhere and the equation almost everywhere. The assumed
regularity guarantees that the solution is unique. If the coefficients a;;, i, j =1,..., N, are continuous on §2 x R then

the solution exists for each ug € Co(ﬁ) (see Section 5).
2.1. Harnack inequality for quotients and exponential separation

Our first theorem contains a new Harnack-type estimate for quotients of positive solutions. This is our basic tech-
nical tool in the proofs of exponential separation theorems, but it is a result of independent interest.

Theorem 2.1. Let 69 > 0 and let uy, us> (uz % 0) be two nonnegative solutions of (1.1) on £2 x (0, 00). Then for all
t > &g the following estimate holds

us(x,1) . u(x, 1)
u <Ci1 ,
re U1(x,1) xe ui(x,t)

(2.2)
with a constant C > 1 depending only on &g, N, oo, do, 1o, Ro, M.

Theorem 2.1 is an extension of [13, Theorem 4.3] and [12, Theorem 5], where the authors prove boundedness of
quotients of positive solutions of (1.1).
The next theorem states that sign-changing solutions are exponentially dominated by positive solutions.

Theorem 2.2. In case L is as in (ND) assume that a;j € C(2 xR), i,j=1,...,N. Let ug € Co(2), T = oo, and
assume that (2.1) has a solution u(-, t; s, ug) which changes sign for all t > s. Let moreover v be a positive solution
(vanishing on 3S2) of the same equation on §2 x (s — 1, 00). Then there are constants C,y > 0, depending only on
N, «ag, dy, ro, Ro, Mo, such that

luC. 135, uollze@) _ ~ ~pa—s)_lHollzoc2)

< t=s). 2.3
v, Dl e () lv(, $)llLee) =9 23
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If L is in the divergence form (D), the statement remains valid if instead of Co(£2) the initial conditions are taken
in L?(£2), for some 2 < p < 00, and the L*°-norms in (2.3) are replaced by the L?-norms. We refer to estimate (2.3)
as an exponential separation between sign-changing and positive solutions of (1.1). We emphasize that the constants
C and y in (2.3) depend only on the specific bounds in conditions (1.4), (1.2) and (1.7), and not on the solutions, or
directly on L and §2.

We next state several interesting and useful consequences of the previous results. The first one deals with the
oscillation in the space domain 2 of the quotient of two solutions of (1.1). Below we shall often abuse the notation
slightly and omit the arguments x of the functions considered, for example, we write u(¢) for a solution of (1.1). This
should cause no confusion. For any continuous function f:£2 x R — R, we define

osc f(t) :=sup f(x,t) — inf f(x,1),
2 xe xesf2
whenever either the supremum or infimum is finite.

Corollary 2.3. Let u and v be solutions of (1.1) on §2 x (0, 00), and let v > 0 on 2 x (0, 00). Then, assuming the
quantities below are defined and finite, we have

w(t) = ogc % <w(s) fort>s>0, 2.4)
and
o) <p-wls) (E=s+1) (2.5)

where n:=1—C~1 €(0,1), C > 1 being the constant from Theorem 2.1 with 8 set equal to 1.

The proof is given in Section 4. It can be verified (see the proof of Lemma 6.1) that the finiteness assumption in
Corollary 2.3 is always satisfied in the divergence case and assuming a;; € C(£2 x R), i, j =1,..., N, also in the
nondivergence case.

In the next corollary we state the uniqueness (up to scalar multiples) of positive solutions of (1.1) defined on £2 x R;
we refer to such solutions as positive entire solutions.

Corollary 2.4. If u; and u; are positive entire solutions of (1.1), then there is a constant q such that u, = qu.

For nonautonomous parabolic equations in the divergence form, under additional conditions on the coefficients and
the domain, the uniqueness of entire solutions was proved in earlier papers; the first one seems to be that of Nishio [34],
later results can be found in [29,30,36]. We gave a simple proof of Corollary 2.4 for equations in divergence form in
[20]. The approach we used there originated in [36]. Our present proof, see Section 4, is different, still rather simple,
and, being based on Theorem 2.1, it works for both types of equations.

The fact that the constants appearing in the estimates of Theorems 2.1, 2.2 depend only on the bounds in (1.4),
(1.2), and (1.7), and not directly on L, has an interesting consequence for elliptic operators. Namely, it allows us to
establish a universal gap between the first (principal) eigenvalue and the rest of the spectrum. This result is nontrivial
for non-divergence form operators and to our knowledge it has not been noted so far (a proof for operators without
lower order terms is given in [21]). With L independent of 7, consider the eigenvalue problem

Lu=Mu in $2,

2.
u=0 onads2. (2.6)

The principal eigenvalue A1 of this problem is the eigenvalue which is real and has a positive eigenfunction. It is well
known (see for example [3,10]) that A1 is well defined by these requirements.

Corollary 2.5. Assume the coefficients of L are independent of t. In case L is as in (ND) assume that a;; € C(£2),
i,j=1,..., N. Let A1 be the principal eigenvalue and let A be any other eigenvalue of (2.6). Then
Re(A) —A1 =2y >0, (2.7)

where y =y (N, ag, do, ro, Ro, M) is as in (2.3).
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Proof. Let ¢; > 0 be an eigenfunction associated with A;. The function v (x,t) := e M! @1(x) is a positive entire
solution of (1.1). Let A # A1, A =a + ib (a, b € R), be an eigenvalue of (2.6) and let ¢;, ¢, (x) = f(x) +ig(x),
x € £2, denote an eigenfunction corresponding to A. For (x, ) € £2 x R define

ui(x,1) :=Re(e Mgy (x)) = e~ (cos(bt) f (x) + sin(br) g (x)).

This function is also an entire solution of (1.1). Since €*'u; (-, t) is periodic in ¢, the maximum principle implies that
ui(-,t) is either of one sign for # € R or it changes sign for all r € R. Assume u(-, ) is, say, positive for ¢ € R. In
view of A # A1, the functions u;, v; are then two linearly independent positive entire solutions of (1.1), violating
Corollary 2.4. Thus u (-, t) changes sign for all # € R and applying Theorem 2.2, we conclude that a — A1 > y, with
y asin (2.3). O

2.2. Exponential separation and Floquet bundles

In the following result, we state the conclusion of Theorem 2.2 in a different form and complement it by additional
information, introducing the principal Floquet bundles. We denote by u(-, ¢; s, ug) the solution of (1.1) with the initial
condition u(-, s) = ug € X. Here X stands for L2(£2) with the standard norm in case L is as in (D) and X = C(£2)
if L is as in (ND). The existence and uniqueness theorems for the initial-boundary value problems are recalled in
Section 5.

For any continuous f:£2 x R — R define

op 108 LA G Dllx —log[lFC. $)llx

A(f) = zh_r?_lgo pa— (2.8)
and
) — limsup &N/ €Dl ~log £ (. 9)lx 09

t—5—>00 t—s

Theorem 2.6. In case L is as in (ND) assume that a;; € C(£2 x R), i, j =1,..., N. The following statements hold
true.

(i) There exists a unique positive entire solution ¢, of (1.1) satisfying |lor (-, 0)ll 2oy = 1. This solution satisfies
—C < Apr) < ):(goL) < C for some positive constant C = C (N, ag, do, ro, Ro, Mp).
(i) Set

X[ (t) :=span{oL(, )},
X%(t) = {uo € X: u(-,f,t,up) has a zero in 2 for all f > t}.

These sets are closed subspaces of X. They are invariant under (1.1) in the following sense: if i € {1,2},
ug € X5 (s), then u(-,t; s,ug) € X (t) (t = s). Moreover, XIL (1), X% (t) are complementary subspaces of X :

X=X])®X:(t) (teR). (2.10)
(iii) There are constants C,y > 0, depending only on N, g, do, ro, Ro, Mo, such that for any ug € X% (s) one has

a5, 00X iy _olx o1
lor G, Dllx lor(, )lix

We refer to the collection of the one-dimensional spaces X i(t), t € R, as the principal Floguet bundle of (1.1) and
to X % (1), t € R, as its complementary Floquet bundle. Property (iii) as stated is an exponential separation between
these two bundles. Following [31,32], we call the interval [A(¢r ), A(pr)] the principal spectrum of (1.1). As discussed
in the introduction, the existence of the Floquet bundles with exponential separation extends in a natural way results
on spectral decomposition associated with the principal eigenvalue of time-independent or time-periodic parabolic
problems. The principal spectrum [A(¢7), A(¢z)] and the positive entire solution ¢ serve as analogues of the principal
eigenvalue and eigenfunction.
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2.3. Perturbation results in the divergence case

In this subsection we assume that L is in the divergence form (D). In this case, the invariant bundle X % (1), t eR,
as introduced in the previous section, can be characterized using the principal Floquet bundle for the adjoint equation
to (1.1). This way we are also able to study continuity properties of both bundles X i ), X i (t) under perturbations of
the coefficients and the domain. We also examine the robustness properties of the associated exponential separation
and continuity properties of the principal spectrum.

Let us first introduce the adjoint problem to (1.1):

—v;,+L*v=0 1in £ x J,

2.12)
v=0 ondf2 xJ,
with L* defined by
L*v= —0; (aij (x,0)0v+bj(x, t)v) +aj(x,1)djv+ co(x, H)v. (2.13)

The next theorem characterizes the invariant bundle X % (1), t € R, using an entire solution of (2.12).

Theorem 2.7. Assume L is as in (D). There exists a unique positive entire solution Y1 of (2.12), satisfying
|WL(O)||L2(:2) = 1. It satisfies —C < L(¥1) < A(¥) < C for some positive constant C = C(N, ag, do, ro, Ro, Mp).
The space X I% (t) defined in Theorem 2.6 can be characterized as

X2 (1) ::{veLz(.Q): /m(x,t)u(x)dxzo} (t €R).
2

In our first perturbation result, we assume that the domain £2 in (1.1) is fixed. Given an operator L, we say that
L admits exponential separation with bound C and exponent y if for the entire solution ¢ and the invariant bundle
X% (1), t € R, inequality (2.11) holds for each up € X % (s). Theorem 2.6 guarantees the existence of a bound and
exponent which are common to all operators satisfying (1.2) and (1.4), but now we are interested in robustness of the
exponential separation with a possibly larger specific exponent for L.

N

Theorem 2.8. Assume L is as in (D) and let L be another operator of the form (D) with coefficients (aij); =1

a;, l;,', co, i =1,..., N, satisfying (1.2) and (1.4). Assume that for some & > 0
{llaij = aijll. llai — @il I1bi — bill. llco — Goll} € 10,81 (. j=1,....N), (2.14)
where || - || is the norm of L*°(£2 x R). Then the following statements hold true.

(i) For each ¢ > 0 there exist a constant §1 > 0, depending only on € and N, g, do, ro, Ro, My, such that if § < &

then
max{|A(pr) — A(@p)]. |A(or) — Mp;)|} <e (2.15)
and
H o) __ ep® <& (t€R). (2.16)
lorllLe2)  llejOllLew) |l Loy

The statement is also valid with ¢, and ¢; replaced by V1, and Vrj, respectively.

(i1) Suppose that L admits exponential separation with bound Cp and exponent yy. For each € > O there exists &,
depending only on ¢, Cr, yL, N, oo, do, ro, Ro, Mo, such that if § < 8, then L admits exponential separation
with some bound C (g, C, yL) > 0 and exponent y; >y — ¢.

Remark 2.9. If the L>°-norms in (2.16) are replaced by the L2-norms, the following more precise result can be proved
(see Section 8). There exist positive constants 8o and C depending only on N, «g, dy, ro, Ro, Mo, such that if (2.14)
holds with § < §p, then

H oo i)
lor 22y el

<Cs (teR). (2.17)
L2(2)
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In our last theorem we assume that L is fixed and we vary the domain £2. We use the phrase that £2 admits
exponential separation with bound C and exponent y, in an analogous way as when varying L above. For each
bounded Lipschitz domain £2 denote by ¢, V¢ the unique positive entire solutions of (1.1), (2.12), respectively
satisfying (|92 (0)l2(@) = V20| 2(o) = 1. By d(352, E).Q) we denote the Hausdorff distance of 952 and 92:

d (382, 952) = max]dist(3$2, 82), dist(3$2, 92)},
dist(32, 982) = sup dist(x, 352).
xX€a82

Theorem 2.10. Assume L is a fixed operator as in (D) with coefficients defined on RN* and satisfying the ellipticity
and boundedness conditions (1.2), (1.4) on RNTL. Let 2, £ be two Lipschitz domains such that their Lipschitz
constants satisfy (1.7). Then the following statements hold.

(i) Foreach ¢ > 0 there exists 81 > 0 depending only on ¢, N, o, do, 1o, Ro, Mo, such that if d(052, 89) 81, then

max{|A(pQ) — 4 Mozl <e (2.18)
and

H 2O 7+10) <e (eR), 2.19)

loelize@) ez @l o) | Lomny

Estimates (2.18) and (2.19) are also valid with o and @& replaced by Yo and &, respectively.

(i) Suppose that §2 admits exponential separation with bound Cgq and exponent yg. Then for each € > 0 there
exists 86y > 0 depending only on ¢,Cgq, yo, N, ag, do, ro, Ro, Mo, such that if d(0S2, 85) < 6, then Q admits
exponential separation with some bound C(e, Cq, ye) > 0 and exponent yg > yo — €.

Remark 2.11. In estimate (2.19) the functions ¢ (-, t) and ¢ (-, 1), t € R, are thought of as extended by zero outside
2 and 2, respectively.

Theorems 2.8 and 2.10 give robustness of the exponential separation and continuity of the principal spectrum
and principal Floquet bundle under perturbations of the operator L and the domain §2. More precisely, (2.15) and
(2.18) imply that the principal spectrum depends continuously on such perturbations. Similarly, (2.17), (2.19) give
the continuous dependence of the principal Floquet bundles. The interesting and nontrivial part here is that in our
general time-dependent case the estimates are uniform with respect to # € R (cp. [20, Theorem 1.1(i)]). These results
extend the well-known continuity properties of the principal eigenvalue and eigenfunction of elliptic and time-periodic
parabolic operators (see [2,3,6-8], for example). It is also well-known that in the elliptic or time-periodic case, the gap
between the principal eigenvalue and the rest of the spectrum of the corresponding operator is a lower semicontinuous
function of the domain and the coefficients. Our lower estimate on y; (yg) extends this result to general time-
dependent equations.

The robustness results do not seem to hold in the non-divergence case in the same generality. The main obstacle is
the lack of similar continuity properties of the evolution operator as in the divergence case, see Sections 8, 9.

3. Preliminaries I: Harnack inequalities and estimates of positive solutions

For the results in this section we do not need any existence theorem for (1.1). In particular, no continuity assumption
on the coefficients of L are needed. For simplicity of notation we state the results on the interval (0, co), the results
being true on any interval.

First we state the comparison principle (see [26]).

Theorem 3.1. Let u1, uy be two solutions of (1.1) on 2 x (0,00), and let uy > uy on 2 x {0}. Then uy > uy on
£2 x (0, 00).
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Corollary 3.2. Let u1, us be two solutions of (1.1) on £2 x (0, 00), and let u; > 0 on 2 x (0, 00). Then we have for
any s >0

sup “_ M(s) = sup % inf 2 =m(s) = inf =y (3.1
2x(s.00) U1 2x{s) U1 2x(s,00) U1 $2xls) U
In particular,
M) < M(s), m(@)=>m(s) fort>=s>0. (3.2)

Proof. The inequality for M (¢) is trivial if M(s) = oo, and it follows directly from Theorem 3.1 if M(s) =0 or
M(s) = 1. In case M (s) ¢ {0, oo}, dividing uy by M (s), we can reduce the proof of the first equality in (3.1) to the
case M (s) = 1. The equality for m(¢) follows by changing the sign of u. 0O

In case L is as in (ND), the following theorem is a simple consequence of the standard maximum principle (see
e.g. [26, Theorem 7.1]). In case L is as in (D), it is proved in [24, Theorem II1.7.1].

Theorem 3.3. Let u be a solution of (1.1) on 2 x (0, 00) such that u € C(2 x [0, 00)). Then there is a constant C
depending on N, ag, and dy, such that for any t > 0 one has

fu+ ) Loo() <C||u(t)||Loo(m (t €10, 1]). (3.3)

Next we state the interior Harnack inequality [23,26,33]. For any § > 0, define
2° = {x € 2: dist(x, 32) > §}.

Theorem 3.4. Let v be a nonnegative solution of vi + Lv =0 on 2 x (0,00) and let T > 0 be arbitrary. Suppose
6 € (0,T) is such that 56 <ro/2 (ro as in (1.7)) and let X = (x,t), Y = (y,s) be such that x,y € 2% s >6% and
T >t —s > 82 Then there is a positive constant C depending only on 8, T, N, ag, dy, Ry such that one has

v(Y) < Cv(X). (3.4)

To state the next results, we introduce some notation. For X = (x, ) € RV 1 we define a parabolic cylinder to be
Cr(X)=Cr(x, 1) = By (x) x (t — 1%, 1 +77).
Further, let us denote
0,(X)= (.(2 x (0, oo)) NCr(X).

According to the Lipschitz properties of £2, for y € 92 there is an orthonormal system with y as the origin (0, 0)
and (0, r) € £2 for all r € (0, ro]. The new coordinates for ¥ = (y, s) € RN are (0,0, ). In this coordinate system
write

Y, = (O, r, s+ 2r2), Y, = (O, r,s — 2r2).

We now recall two results from [12,13]. The first one is often referred to as a boundary Harnack inequality. We say
that a function defined on an open set 9  R¥*! continuously vanishes on I" C 9 Q if it has a continuous extension
to Q U I', which vanishes on I".

Theorem 3.5. Let Y = (y,s) € 082 x (0,00) and 0 <r < %min(ro, /s ). Then for any nonnegative solution v of
vy + Lv=0o0n 2 x (0, 00) which continuously vanishes on (352 x (0, 00)) N Ca,-(Y), we have

sup v < Cu(Y,).
0,(Y)

The constant C depends only on N, dy, ag, M.

The next estimate states that the quotient of two positive solutions is bounded near the portion of the lateral bound-
ary where each solution vanishes.
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Theorem 3.6. Let X = (xp, tp) € 952 x (0, 00). Assume that u and v are two positive solutions of w; + Lw =0 on
£2 x (0, 00) which continuously vanish on (352 x (0, 00)) N Ca-(Xg) with 0 <r < %min(ro, J10). Then
u_ Cu()T()r)

sup — .
0xpV  v(Xo,)

The constant C depends only on N, dy, ag, M.

Theorems 3.5, 3.6 are proved in [12] for equations of divergence form and in [13] for equations of nondivergence
form. Although only equations without lower order terms are considered in these papers, the results hold also in the
general case. Indeed, since these results are local (solutions are required to vanish on a portion of the boundary only),
they carry over to the present situation by considering the method of additional variable. This is done in two steps.
First, one assumes that the coefficients of the equation in question are smooth. Applying the method of additional
variable (see, e.g., [14] or [20] for details), one derives the results for equations containing lower order terms. Finally,
since all the estimates are independent of smoothness, one can take limits (as in [14]) to obtain the results in our more
general setting.

Combining the above results, we will be able to prove the following elliptic-type Harnack inequality.

Theorem 3.7. Suppose v is a nonnegative solution of (1.1) on 2 x (0, 00) andlet T € (0,00),0 <r < % min(rg, ﬁ).
Then

sup v<C inf . 3.5)
Qrxr2,T) 27 x(r2,T)

The constant C depends only onr, T, N, oo, do, My, Ro.

Let us mention that this inequality is known for equations without lower order terms (see [11,15]). The general
case follows from the above results as in the proof of Theorem 1.3 in [11]. Since the proof is short we include it here
for the reader’s convenience (note that the method of additional variable does not apply here as the result is not local).

Proof of Theorem 3.7. Let (xg, fo), (x1,71) € 2" x (r2, T). Theorems 3.5 and 3.4 imply that for all x; € £ such
that dist(x2, 3§2) > r one has sup, .o v(x, r?/8) < Cu(xa, r?/4). Applying (3.4) to the right-hand side of the last
inequality and using Theorem 3.3, we obtain for i =0, 1

sup v(x, r2/8) < Crv(xg, ) < Cpsup v(x, 1) < Co sup v(x, r2/8), (3.6)
xXeS xeN xXES

with a constant C, depending only on», T, N, g, do, My, Ro. Inequality (3.6) with i =0, 1 implies (3.5). O

The next proposition will be used in the proof of Lemma 3.9 below. It is proved in [12,13].

Proposition 3.8. Let v be a nonnegative solution of v; + Lv =0 on 2 x (0, 00). Take Y = (v, s) € 082 x (0, 00) and
0<r< %min(ro, \/5). Then

v(¥,) <Cr? inf (d7%v),
0,(Y)
where d = d(x) = dist(x, 082), and C, 6 are positive constants depending only on N, dy, o, ro, Ry, M.

The following lemma contains an important pointwise estimate, which is also of independent interest. In a slightly
weaker form the lemma has been proved in [20].

Lemma 3.9. For any § > 0 and any positive solution v of (1.1) on £2 x (0, 00) one has
v(x, 1) 0

—— > C(d(x) (x,1) € 2 x [8,0)), (3.7)

lv@ Lo (2) (@) ( )

where d(x) = dist(x, 052) and 0 is as in Proposition 3.8. The constant C depends only on §, N, dy, ag, ro, Ro, Mo.
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Proof. Fix ¢ > 8, r| = 1 min(ro, v/3). Note that if x € £2 is such that d(x) = dist(x, 352) > r1/,/ M3 + 1, then (3.6)
implies (3.7) with a constant C depending only on 8, N, dy, oo, 1o, Ro, Mo. We now consider x € §2 such that d(x) <

ri/ ,/Mg + 1. Using the notation introduced just before Theorem 3.5, we let y = (0, 0) € 9§2. An easy geometric
argument shows that for r € (0, rg) we have

el
1|
2

Mj+1
Our assumption on d(x) implies that there exists ¥ = (y, t) € 92 x {t} such that (x, t) € Q,, (Y). Moreover, we can
find x € £2 such that Z,] =(x,t— 2r12). Using Proposition 3.8, we see that

dist((0,r),802) € [ (3.8)

v(x, 1) > C_lrfed(x)ev(i, t— 2r12).

Notice that by (3.8) we have d(x) € [r1/ Mg + 1, r1]. Thus, by what we said at the beginning of this proof, we have
Civ(x,t — 2r12) > vt — 2r12)||LOO(Q) for some positive constant C; depending only on r1, N, dy, o, 1o, Ro, M.
Finally, by Theorem 3.3, Ca||v(r — 2r12) | Lo (2) = llv(t)]l L (). Combining the above estimates we obtain the desired
inequality with C = cl'cic,. o

As an immediate consequence we get

Corollary 3.10. Let § > 0. Then there exists a positive constant C depending only on 8, N, dy, g, ro, Ro, Mo, such
that if v is a positive solution of (1.1) on £2 x (0, 00) one has for any t € [0, 1]

o + Dl>@) [i C] 5 ‘o
vl =) “lc (t>8). (3.9)

Proof. The upper bound is a trivial consequence of Theorem 3.3. The lower bound is proved as follows. Choose a
point xo € £2 such that dist(xg, d2) > ro/(1 + Mp). The Harnack inequality (3.4) implies v(xg, ) < Cv(xg,t + 1)
with some positive constant C. Our special choice of xp and Lemma 3.9 imply that v(xp, ¢ 4+ i) is comparable to
lv(t +i)llL=2), i =0, 1, and we thus get the desired lower bound for 7 = 1. Combining it with Theorem 3.3 we get
the lower bound for any 7 € [0, 1]. O

4. Proofs of Theorem 2.1 and its corollaries

Proof of Theorem 2.1. The desired estimate will be obtained by combining the results from the previous section. We
start by a preliminary estimate. Fix an arbitrary Xy = (xo, fg) with xg € 9£2 and 79 > J§¢. Set

. fro Vo —_n
ry=ming —, —/— ¢, p = ’
272 1+ Mo
er = (Q n Brl(xo)) X (tO - rlzv fo +r12)
By Theorem 3.6,

Xo
sup < ClM (4.1)
0, U1 u1(Xo, )

with a constant C; > 1 depending only on N, dy, o, Mp. As in the proof of Lemma 3.9 we can write Xo y =

(vo, to — 2r12) for some yp € §2 N By, (xp), such that d(yo) := dist(yp, 3§2) > p. Note that the points (yo, to £ 2r12)
belong to the cylinder
So

5
0F = 2 x (to - ZO’ fo + Z)’ where 27 := {x € 2: d(x) > p}. (4.2)
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Therefore, the previous estimate implies

sup = < Clemfl, where M :=supu;, m; :=infu;. 4.3)
0 U1 0° Q°

We now derive inequality (2.2) for any ¢ > 8¢. Take 7o = ¢. For each x € £2 consider separately the two possible cases:

(1) d(x) :=dist(x, 082) < p, and (i) d(x) > p. In the case (i), we take xg € 352 such that |[x —xo| =d(x) < p <r1, SO

that (x, o) € Q,,. Then, by (4.3), u2(x, t9) /u1(x, tp) does not exceed Cleml_l. In the other case (i), (x, fy) € O,

so that up(x, ty) /ui(x, tg) < Mzml_1 < C1M2m1_l as well. We have thus shown that

uy  CiMp

M(1) = sup — < : (4.4)
2x{t} U1 mi

Interchanging u and uj, we also get

-1 -1
Ci\M
m(t) == inf 2 _ < sup ”_1> > < 1 1> my @5)

2x{tyuy 2x(r) U2 my oMy

Now it remains to apply (3.5) which guarantees that M ; < Com for j =1, 2, with another constant C; > 1 depending
only on &g, N, «g, do, ro, Ro, Mo. This gives the desired estimate (2.2) with C := CIZC%. O
Proof of Corollary 2.3. Using Corollary 3.2 with u; := v and u, := u, we immediately get (2.4):
o) =M@) —m() < M(s) —m(s) =w(s) & =s).
For the proof of (2.5), we use Corollary 3.2 with u| := v and

ur(x,t) :=u(x,t) —mo(s) -ui(x,t), where mg(s):= QiB{fs} ui]

(Note that we are assuming that mq(s) is finite.)
Since m(s) = 0, the corollary gives up > 0 in £2 x (s, 00), and (2.5) then follows from Theorem 2.1:

wt)=M@)—m(t) < (1 — Cil)M(t) =uM@) < uM(s) = M(M(s) —m(s)) =pnw(s) (E=s+1).

Thus the corollary is proved. O

Proof of Corollary 2.4. For any t € R define
uz(t) o u2(®)
1) = —), in(?) :=1inf .
Omax (1) Sgp<u](t)> Omin (¥) lg (u](t)>

Thus osco (u2(t)/u1(¢)) = Omax(t) — Omin (). Theorem 2.1 implies that osc (42 (¢)/u1(t)) < oo for all + € R. By
Corollary 3.1, omax (?) is nonincreasing and omin(¢) is nondecreasing. By Corollary 2.3, we have

lim oscg <u2(t)> =0.
1—00 ui(t)

Thus for some g € (0, c0)

lim Qmax(#) = lim omin(t) =q.
—>00 11— 00
It follows that the function u = uy — qu is a solution of (1.1) on £2 x R, which vanishes somewhere in §2 for all
t € R and consequently infg (u2(¢)/qu1(¢)) < 1 for all ¢. Using this fact and Theorem 2.1 we discover that
us(t) < Ci us (1)
2 qui(®) 2 qui@r)
with a constant C independent of ¢ € R. This implies that oscg (u2(¢)/qu1(t)) is bounded on all of R. Moreover, by

Corollary 2.3, this function is exponentially decreasing on R. This is only possible if oscg (u2(¢)/qu1(t)) = 0 for all
t € R and that happens only if u; = qu;. The proof is complete. O

3
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5. Preliminaries II: The evolution operator

Consider the following initial value problem

u+Lu=0 in2x(s,T),
u=0 ond2 x(s,T), 5.1)
u=ug in$2 x {s},

wheres, T e R, s < T.

In this section we give the basic existence result for this problem and list several properties of the corresponding
evolution operator. Since the assumptions differ slightly in the divergence and non-divergence cases, we treat these
cases separately.

5.1. Divergence case

In this subsection we assume that L is as in (D) with coefficients satisfying (1.4) and (1.2).

Recall that our notion of the solution of (5.1) coincides with the notion of the weak solution from [24,26]. For
any ug € L2%(£2), and s < T, the weak solution of (5.1) exists, it is unique and can be (uniquely) extended to a
solution on (s, 00). Denote the solution by U (¢, s)ug, t > s. Let || - ||, 4 stand for the operator norm of the space
L(LP(82), L1(82)) of bounded linear operators from L7 (§2) to L9(£2). It is well known that the evolution operator
U(t,s), t > s, satisfies the following L? — L9 estimates (see [9], for example).

Proposition 5.1. Forall 1 < p<g < oo, t,s €R, t > 5, one has U(t,s) € L(LP(§2), L1(82)) and

—%(l—l) w(t—s)
||U(t,s)||£(”(g)’”(m) <C@—s) 2 de ,
where C > 1 and w € R are constants depending only on N, dy, ag. Moreover, for any ug € Lz(.Q) and T > s one
has U (-, s)ug € C([s, T1; L>(£2)).

Another property of the evolution operator U (¢, s) we will use is positivity. For any p € (1, 00) and ug € L?(S2),
ug =0, we have U (t, s)ug > 0 for all # > s (see [9]). This can be improved on: nonnegative nontrivial solutions are
strictly positive. It is a direct consequence of the Harnack inequality (3.4).

Besides positivity, the evolution operator has a smoothing property. In this regard, we mention the following stan-
dard regularity result [24, Chapter III, Theorem 10.1]. We use the usual notation for the parabolic Holder spaces.

Theorem 5.2. Let u be the (weak) solution of (5.1) with ug € L2(S2). Then for any T > s we have u € Cﬁ)’f (2 x

(s, T)), and for any 6 >0 (§ < T — s) the norm ||u||Ca.% (@x(s48.7] is estimated from above by a constant depend-

ing only on N, do in (1.2), supg 1) lul, ao in (1.4), constants ro, Ro, Mo in (1.7) and §. The exponent oo > 0 is
determined only by N, dy, o). _ _
If, in addition, it is known that ug € CP (§82) N Co(82) for some B > 0, then the norm ”u”Ca’%(ﬁx[s po

Jrom above by a constant depending only on N, do, supg s 1) lul, @0, ro, Ro, Mo, B and the norm ||u0||cﬂ(§). The
exponent o belongs to (0, B] and is determined by N, dy, op.

is estimated

Combining LP-L4 estimates, Corollary 3.10, and Lemma 3.9, one proves the following result.

Corollary 5.3. There exists a constant C depending only on N, dy, g, ro, Ro, Mo, such that for any 1 < p,q < 00
and any positive entire solution u of (1.1) the following statements hold:
. u(x,r) 0
() ———>C(d(x) ((x,1) € 2 x (—00,00)), (5.2)
lu@llLr )
where d(x) = dist(x, 082) and 0 is as in Lemma 3.9 (it is a constant depending only on N, dy, o, ro, Ry and My).
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le ()Nl Lr(s2)

~
li—sj<1 Nlu@llLa(2)
s,teR

(ii) (5.3)

Let us now turn our attention to (2.12). One can prove (see [9]) that there is a well defined evolution operator,
henceforth denoted by U*(¢, 5), t < s, for the adjoint problem (2.12). Reversing time, we obtain

U*(t.s)=U(—t,—s) (1 <5s),
where U (t,8),t = s, is the (“forward”) evolution operator for the problem

w,+ L*w=0, xe€£,
w=0 xe082,

where L* is obtained from L* by replacing ¢ with —z. This problem is of the same form as (5.1) and thus U*(¢, s) has
the same smoothing and positivity properties as U (¢, s). We will use this fact frequently without notice.

The following proposition summarizes some properties of weak Green’s functions we will need later. The first
three statements below are proved in [1] and for the last one we refer the reader to [9].

Proposition 5.4. There exists a unique weak Green’s function k(x,t; &, s) associated with (5.1) with the following
properties.

(i) Forany ug € L%($2) the solution u = Uz, s)ug of (5.1) is given by

u(x,t)=/k(x,t;$,5)uo($)d$ ((x,1) € £2 x (5, 00)),
2
and the solution v = U*(s, t)ug of the adjoint problem (2.12) is given by

v(é,S)=/k(x,t;é,S)uo(X)dx ((€.5) € 2 x (=00,1)).
2

(ii) The function k(-,-; &,5): §2 x (s,00) = R is a positive solution of (1.1) on 2 x (s, 00).

(iii) The function k(-, -; &, s) is bounded on §2 x (s + t,s + 1) by a constant C(t) depending only on T € (0, 1), N,
oo and dy.

(iv) Let 21 C §£2> be two bounded domains in RY and let ki(x,t;&,8),i=1,2, be the corresponding weak Green’s
functions. Then, extending k1 (-, -; €, s) by zero outside §21, we have

ki(x,1:8,5) Ska(x,1:8,5)  ((x,1) € §£22 X (5, 00)).

The integral representation of solutions, as given in statement (i), and the Fubini theorem readily imply the follow-
ing identity

(U@, )u,v)=(u, U*(s,0v) (u,veL*(2),1>5). (5.4)
5.2. Non-divergence case

Let us now handle the case when L is as in (ND). In this case we assume, in addition to (1.4) and (1.2), that
a;j € C(2 xR),i,j=1,...,N. Consider again the initial value problem (5.1). Recall that this time we consider
strong solutions as defined in the beginning of Section 2. We have the following result regarding the well-posedness.

Proposition 5.5. Assume ug € Co(82). Then the initial value problem (5.1) has a unique solution u; the solution is
contained in Wli’cl’p(.Q x (s, T)NC(2 x [s, T)) for all p > 1 and it satisfies the following estimate

|u@ | ooy <" lluollzz) @ s, T, (5.5)

where m = supg (s 1y(—co) < do (do is as in (1.2)).
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This result can be derived from uniform estimates of the moduli of continuity of solutions vanishing on the lateral
side of a Lipschitz cylinder. In a more general setting, these estimates are contained in Theorem 6.32 (in the case (D))
and Corollary 7.30 (in the case (ND)) of the monograph [26]. For completeness of presentation, we give an alternative
proof in Appendix A.

6. Proof of Theorem 2.2
As a preparatory step we prove the following technical lemma.

Lemma 6.1. Let u and v be as in the statement of Theorem 2.2. Suppose that for some k > s and some constant n > 0
the following inequality holds

Hu(k)||L°°(Q) <n||u(k+1)”L°°(Q)‘ (6.1)
Then one has

k+1 k+ 1)1

sup |lu(k + 1) <Cy llutk + Dl (2) ’

2 vk+1) vtk + Dllze (o)
where C is a constant depending only on N, dy, o, 1o, Ro, M.

6.2)

For future use we note that for all positive bounded functions a, b on §2 we have the following elementary inequal-
ities
e < lallLe(2) < a 6.3)
2b " blre@ 2 b
Proof of Lemma 6.1. For any real valued function f, denote by f (f_) the positive (negative) part of f. As above
let u(-, #; 5, uo) denote the solution of (1.1) on §2 x (s, 00) with the initial condition u(-, s) = uo. By uniqueness of
solutions of initial value problems, we see that for all (x, r) € £2 x [k, 00)

I/t(x, t) :Ml(.x,t) - MZ(X, [)1

where uy(x,t) =u(x,t; k,uy(k)), us(x,t) =u(x,t; k, u_(k)). Our assumption on u implies that for each ¢ > k the
functions u1 (-, t) and u; (-, t) are equal at some point x(¢) € §2. Since they are nonnegative, by Lemma 3.4 either both
of them are identically zero or they are positive in £2 x (k, 0c0). The first case is trivial so we shall assume that u; (and
hence also u5) is positive. Taking this into account and applying Theorem 2.1, we get
sup 28D etk D
2 uitk+1) 2 uik+1)

where C; = C1(N, ao, do, ro, Ro, Mp). Using Theorem 3.3 and our assumption (6.1), we derive

Ci, 6.4)

””1(1C + 1)”L°°(.Q) < C||“1(k) HLOC(Q) = C||“+(k) ”LOO(Q) < C”“(k) ||L°°(.Q) S C’7||“(k + 1)||L°°(.Q)‘ (6.5
Estimates in (6.3) and Theorem 2.1 imply the following inequalities
k+1 k+1)|re k+1 k+1
ui(k+ )gllul( + Dl @ ui(k+ )gclinful( + ). 6.6)
2 vk+1) v+ Doy o vk+1) 2 vk+1)
Utilizing (6.6), (6.4), and (6.5), we finally get
lu(k 4 1)] up(k+1) lu(k 4+ 1)| ur(k+1) [u(k 4 1)]
Sup ————— =sup < sup sup
o2 vk+1) o vk+1) uyitk+1) o vk+1) o uk+1)
k+1 k+1 k+1 k+ 1) e
<C1inful( + )supul( + 1) +usr(k+ )<C1(1+C1)”u1( + Dllre@)
2 vk+1) o ur(k+1) vk + D)l Lo ()

lutk + 1)l L= (02)

<CiC(1+Cpn ,
lvtk + DL (2)

completing the proof. O
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We are ready to give the proof of Theorem 2.2.

Proof of Theorem 2.2. Let u and v be as in the statement of the theorem. Theorem 3.3 gives
|[u®] foo () S Clluts +m)| ooy forrels+ns+n+1l, n>0

with a constant C independent of u, s, n. This estimate and Corollary 3.10 imply

IIM(f)IILOO(:z)< lu(s +n)llLoe(2)

< Cy (tels+n,s+n+1],n>0) (6.7)
lv(@®)llLe(2) lv(s +n)llLe(2)

with a possibly bigger constant Cy, which is again independent of u, v, s, n.
Let u € (0, 1) be as in (2.5) and denote by C» the constant in Corollary 3.10 (with § set equal to 1 in it). We have
the following two (mutually exclusive) possibilities:
(a)Forallk > s
lu(k + 1) Loo(2) _r (< lv(k + 1)||L°°((2))
lu(k) |l Loe(2) c U lv(k) |l Loe(2)

or else
(b) the assumptions of Lemma 6.1 are satisfied for some k with n = C,/ .
Assume (a) holds. Using first (6.7) and afterward the assumed inequality repeatedly, we find that

lu ()l L= (2) <cC luls + [t —sDlLe) < €yl luoll L)

1 >
@2y vl + 1t —sllie@) v ey
< &1 1o _Hollzx@) 68)
n lv(s) Lo (2)

where [¢] stands for the integer part of 1. We thus get the estimate of Theorem 2.2 with C = % and y = —logu.
Assume now that (b) occurs, i.e., for some k > s

lu(k 4+ 1) || Loo(2) 2
lutle2y = C2
Let us call ko the smallest k > s such that the above inequality holds. Just as in (a), we get estimate (6.8) for all

t € [s, ko]. Note that, in view of (6.7), the same estimate holds for 7 € [s, ko + 1] possibly after C; is made larger.
Suppose now ¢ > ko + 1. We claim supg, (|u(7)|/v(7)) < oo for all 7 > 5. Indeed, we can write

w(x, 1) =ui(x,1) —ua(x, 1),
where u1(x,7) = u(x,;s,uy(s)), up(x,f) =u(x,f;s,u_(s)) are nonnegative solutions of (1.1). By Theorem 2.1
one has supg, (u;(f)/v(f)) < 0o, i = 1,2, which proves the claim. This observation enables us to use Corollary 2.3.
Using successively estimates (6.7), (6.3), (2.5), estimate (6.2) with k = ko and n = % and (6.8) for ¢ € [s, ko + 1],
we deduce
lu(@) L) < lutko + [t — koDl L=(2) lu(ko + [t — koD u(ko + [t — kol)
SRS <Csup——F—— < (Cjos¢C——————
v L) lvtko + [t — koDl L) 2 vko+ [t —kol 2 wv(ko + [t — kol)
< C1/,L[t7k°]71 0sco uko +1) < 2C1/,L[t7k°]71 sup lu(ko 4 1)]
v(ko + 1) 2 vko+1)
o)1 CC2 lluko + Dl (e g2 s + Tko + 1 = sDll ()
o llvlko + Dl Le(s2) lv(s + [ko + 1 = sDllLe(s2)
p_luollie=@) _ 2C3 ) lluollz>ce)

<2011 <2CICCu

g 2c3u[l—k()]—2M[k0+l—S

lv®)lze@) — w? o)z
Thus in this case we have established estimate (2.3) from Theorem 2.2 with C = 2%3 and y = —log i, as desired.

Since all possibilities were covered, the proof is complete. 0O
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Remark 6.2. We remark that in our general setting, the unique continuation theorem may not hold. Therefore it may
happen, in principle, that for some ug € Co(£2) the solution u(-, t; s, ug) changes sign for all # in some interval (s, t1)
and it is identical to O for r = 11 (hence, by Theorem 3.3, also for all ¢ > #). The statement of Theorem 2.2 remains
valid for such initial data as well. Indeed, as in the above proof, one shows that the estimate is valid for ¢ € (s, #1). For
t > t1, the estimate is trivial.

7. Proofs of Theorem 2.6 and Theorem 2.7

Proof of Theorem 2.6. For the proof of existence of the positive entire solution ¢y , we refer the reader to [20]. The
uniform bound on A(¢yr), A(¢r) follows immediately from Corollaries 3.10 and 5.3. This proves statement (i).

We continue with the proof of (iii). Let ug € X % (s) (with X % (s) as defined in statement (ii)). Then, either
u(-,t;s,up) changes sign for all ¢, or it becomes (and remains) nonnegative or nonpositive. In the latter case it must
be identically zero for all sufficiently large ¢, for the Harnack inequality rules out the possibility of it being nontrivial
and having a zero in §2. Thus Theorem 2.2 applies to u(-, t; s, up) (see also Remark 6.2). Estimate (2.11) now follows
from (2.3) and an easy combination of Corollary 3.10 and the L>—L estimates from Proposition 5.1.

Finally, we prove (ii). The invariance properties of X ’L (t),t eR, i =1,2, are obvious from the definitions. To
prove that X % () is a closed subspace of X (for X IL () this is trivial), we first give an equivalent characterization of
the set X% (s), for any s € R. Fix y as in (iii). Then

(-, 255, u0)ll x ¥ (—9)

X2 (s) = X:
L {”Oe oL 0llx

is bounded fort > s } (7.1)
Indeed, by statement (iii), the expression in (7.1) is bounded for each ug € X% (s). On the other hand, if ug ¢
X% (s), then u(-,t;s,up) is of one sign (positive or negative) for all large . Then Theorem 2.1 with u; = ¢r,
uy = |u(-, t; s,up)| readily implies that the expression in (7.1) is unbounded.

From (7.1) and the linear dependence of u(-, t; s, ug) on ug it clearly follows that X i (s) is a subspace of X. To
prove that it is closed, consider a sequence u, € X % (s) approaching some up € X. It follows from statement (iii) that
the expression in (7.1) with ug replaced by u, is bounded by a constant independent of n. Taking the limit we obtain
that the expression with uq is bounded, hence ug € X % (s).

It remains to prove (2.10). Obviously, X }‘ HnNXx % (t) ={0}. Let up € X. The arguments in the proof of Theorem 2.3
show that supg, |u(7, ¢, ug)|/¢L () < oo for all 7 > ¢. As in the proof of Corollary 2.4, for some g € R we have

sup 010 Bt o)

2 eL@) 2 o)
as f — oo. Then w(f) :=u(f,t, up) — qor (f) is a solution of (1.1) on £2 x (¢, oo) which has a zero in 2 forall 7 > ¢.
In particular, w(t) € X% (t). Since ug = w(t) + qer (1), (2.10) is proved. O

N\ ¢

Proof of Theorem 2.7. The proof of the existence of ;, with the required properties is the same as the proof of (i) of
Theorem 2.6. To prove the characterization for X % (1), t € R, we refer to the following general fact. If u is a solution
of (1.1) on (—o0, f9) and v is the solution of (2.12) with v(-, #y) = vy € LZ(.Q) then, using (5.4), one easily verifies
that we have

(G, 0,00, 0)= / u(x, H)v(x, t) dx = const. (7.2)
Q
This relation implies that the orthogonal complement (in L2(£2)) of Y (t) is a codimension one subspace of L2(02)
contained in X % (t). Therefore it must be equal to X % (r). O

8. Proof of Theorem 2.8

We shall use the same notation as in the statement of the theorem. Let UL (-, -), Uj (+, -) be the evolution operators

associated with L, L, respectively, see Subsection 5.1. They have the following continuity property with respect to the
coefficients.
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Lemma 8.1. Let L, L be as in Theorem 2.8 and assume that (2.14) holds for some & > 0. Then there is a constant
C = C(N,ag, dy, Ro) such that forany t,s e Rwith 0 <t —s < 1 we have

|UL@.) = Up(t.9)] £ 12, < €8 8.1)

Proof. Let ug € L2(9)~and let # be the solution of (5.1). Similarly, for the same ug, let & be the solution of (5.1),
where L is replaced by L. We will use some well known facts from [24] (see Chapter III, in particular) and adhere to
the notation used in that book. Let w = u — . Then it is the solution of the following initial value problem

v+ Lv=20;fi — f in £ x (s,00),
v=0 onadf2 x (s,00), (8.2)
v=0 1in £ x {s},

where
fi = (aij — aij)oji + (a; — a;)i,
f = (bi — b)diii + (co — Go)i

(we use the summation convention as above).
The energy inequality [24, Theorem II1.2.1] implies

N
<o lw 2@y + 100 255w 22 < C(Z Ifill 2@ x(s,s+1)) + ||f||L2<9x(s,s+1>))
= i=1

<ol (8.3)

(5,541, Wy 2 (2))
where C depends only on N, «p, do, Ro. Now, the same energy inequality applied to the solution i of (5.1) gives
that the right-hand side of (8.3) is bounded above by Cé|lugll 2oy With a possibly larger C. Putting these estimates
together, we obtain

Sgrtngaz(_F1 ” w(t) ||L2(.Q) < C5||“O||L2(.(2)'

Since w(t) = UL (¢, s)uo — U (¢, s)up and ug € L?(£2) was arbitrary, the assertion of Lemma 8.1 is proved. O

Remark 8.2. Note that by Proposition 5.1 we have |UL(#, )|l 212(2)) < C for a suitable constant C, whenever
0 <t — s < 1. Combining this with estimate (8.1) and the fact that U (-, -) satisfies the usual composition property
of evolution operators, we get |UL(t,s) — U (1, $)llg12(2)) < nCC"~ 1§, where C is as in Lemma 8.1, n > 1 is an
integer and ¢, s € R are such that 0 <t — s < n. Obviously, nCC" ! is estimated from above by (2 max{C_‘, chHr,
which, in turn, can be written as C” for another constant C depending only on the constants listed in Lemma 8.1.
Thus, replacing the assumption 0 < ¢ — s < 1 in Lemma 8.1 by 0 <t — s < n, n being an integer with n > 1, we get
estimate (8.1) with C replaced by C". We will use this observation in the sequel.

We next prove the continuity properties of A(¢r), A(¢r).

Proposition 8.3. Ler L, L be as in Theorem 2.8. For each & > 0 there exist numbers C(g) > 0, §(g) > 0, depending
only on ¢ and N, o, do, ro, Ro, Mo, such that if (2.14) holds with § < 5(¢) then for allt > s

e U= Nlgj (Do) < loL (Lo ()

pect—o 12O~
~
C© Nep® e — ler)lre)

< C( .
loz (Lo

(8.4)

Remark 8.4. By Corollary 5.3, the L°°-norms in Proposition 8.3 can be replaced by the L”-norms for any p € [1, 00).

Proof of Proposition 8.3. We start with several estimates of quotients appearing in (8.4). Fix s € R and let uy (t) =
Up(t,s)1, that is, uy is the solution of (5.1) with the initial condition uy (-, s) = 1. For any ¢ > s define omax(¢) :=
sup (ur(t)/@L (1)), Omin(?) := info (ur (1) /¢ (1)). Thus osce (ur (t)/¢L (1)) = Omax () — Omin(1). Then Corollary 2.3
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implies that lim;_, o, 0sc (ur (¢) /¢ (¢)) = 0 and by Corollary 3.2 we also have that omax () (Omin(?)) is a positive
nonincreasing (nondecreasing) function of z. Thus for some g (s) > 0 the following holds

[1_13.10 Omax (1) = tl—lglo Omin(?) = ¢ (s). (8.5)
Utilizing (7.2), one easily shows that

/ 1y (s)dx ztirgo/ML(t)\/fL(t)dx ZtEPO]Q/ ;ig;QDL(t)llfL(l)dx =q ()L (s), YL (s)).

2 2 Q

Thus g(s) = fg Yr(s)dx/ky, where kg, := (@1 (s), ¥ (s)) is independent of s by (7.2).

By Proposition 5.1, |[uz (s 4+ 1)| L (@) < C; for some constant Cy. Equality (8.5) combined with inequalities in
(6.3) (applied to a = uy and b = @), a repeated application of estimate (2.5), Theorem 2.1, the upper bound on
ller, (s + 1)]| L2y and Corollary 3.10 imply

ur(s+n) nel uL(s-I-1)< nel ur(s+1)

<u"loscn < sup ——————
oL(s +n) pL(s+1) 2 eL(s+1)

lug (s +n) | L)

< osco
llor (s +n)llLoe(2) =

—q(s)

< cpn! infuL(s +1) <! lug (s + Do)
2 pr(s+1) lor (s + Dllze(2)
2
nei cCi B POl B (8.6)
loL(s + DllL=e) loL($)llLe(2)
where n > 1 is an arbitrary integer and p is as in (2.5). Define
fg Yr(s)dx
cL($) = oL) | ;oo T = 1PL) || Lo 4 () (8.7)
” “L (£2) <§0L(S),I//L(S)) ” “L (£2)

Obviously cr,(s) > 1. Applying Lemma 3.9 to both ¢;, and v/, one finds a constant C> > 1 such that cy (s) € [1, C3]
for any s € R. Using (8.6) and (8.7), we obtain

lor (s +n)llLee(2) < n_1 lloL(s +n)llLe(2)

UL (s +n)| oo o) —crL(s) < (8.8)
“ s ) lor ()L (2) lor ()l Lo (2)
where C3 = C2C}. Carrying out again the same procedure with L replaced in all places by L, we derive
lo; (s +m)lliLoe(2) _llep (s +n)llLe)
||ui(s+n)HLoo(m—cZ(s) L <Gy TEL (8.9)
loj () llLe(s2) lo; () lLe(2)

with obvious meanings of the new notation.
Assume now that (2.14) holds for some § > 0. Using the definitions of uy, u; and Lemma 8.1 (see also Re-
mark 8.2), we get the following bound

|||“L(s+”)||L°°9 _“”Z(s"‘n)”mog <””IZ(S‘*"’)_”L(s"*'”)”Loo.Q <C's. (8.10)
(£2) (£2) (£2)

Obviously, (8.8), (8.9) and (8.10) imply

cL(s) lor(s +mllLe@) e (s) llo7 (s +n)llLe(2)
loL(s)llLe(2) L le; ()llLe(2)
< Cyp! lor (s + 1)l Loo(s2) ! loj (s +m)llLe(2) + s ®.11)
’ loL ()llLe(s2) lo; ()L (s2)

where, as before, n > 1 is an arbitrary integer and u € (0, 1) is as in (2.5). Note that we have proved above that for
a suitable constant C one has 1 < ¢z (s) < C> and the same is true for c; (s), s € R. Choose now an integer ng > 1
such that in (8.11) we have Cgu”_l < 1/2forall n > ng (ng is determined only by N, «g, do, o, Ro, Mp). The choice
of ng, the two sided bounds on ¢ (s), ¢j (s), and (8.11) imply that for all n 2> ng

lor (s +n)ll L) < loj (s +nm)llLe(2)

< +cns, (8.12)
lor(s)llLe(2) le; ()lLe2)
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where C4 is some positive constant. Although we fixed s € R at the beginning of this proof, all estimates that we
derived are independent of s, hence (8.12) is valid for any s € R.
To complete the proof of the proposition, let ¢ > 0 be arbitrary. Let C5 be the maximum of the constants appearing
in (8.12), (3.9), and (5.3), and fix n > ng so large that log(Cs +1)/n < €. Set § = CS_Z", and assume that (2.14) holds.
With this choice of §, (8.12) implies

s +n)|lLe lo; (s +n)llLe(2
lloL( MLo(2) <(Cs+1) Vi (2)
llor ()L (2) llo7 ()L (2)

Now, given any t > s, we write t —s = kn +r, where k > 0 is an integer and O < r < n. Then, repeatedly using (3.9),
(8.13), and (5.3) (with p = g = 00), we obtain

(8.13)

loL () llLe(2) < 2 lop(s +kn)llLe(2)
ler@ =y > llec®)le@)
lo; (D llLe(2)

) loi (s + kn)llLo(s2)

<Ci(Cs+1
> lo; () llLe(2)

lo; (S liLe(2)
We can rewrite (8.14) as follows
oL @li=@) < C2neC5(t—s)/nw < e—s 19 OllL2) (t>s), (8.15)

oLy > lo; ()l o7 ()1l Le(s2)

with C = Cg”. Interchanging the role of L and L in the above arguments, starting from (8.11), we obtain (8.15)
with L replaced with L. These estimates give (8.4). We also see that §(¢), C(¢e) in Proposition 8.3 can be expressed
as 8(e) = C~ Ve, C(e) = Cl/e, respectively, where C depends only on N, «g, do, r9, Ro, Mo. Thus the proof of
Proposition 8.3 is complete. O

Proposition 8.3 and Remark 8.4 imply the statement of Theorem 2.8(i) regarding A(¢y) and A(¢yr).

We derive the remaining statements of Theorem 2.8 from well-known robustness properties of exponential di-
chotomies for abstract evolution operators. We first introduce the concept of exponential dichotomy.

By an evolution operator T on a Banach space X we mean a family {7 (z,s);t,5s € R, t > s} C L(X) with the
following two properties (I denotes the identity on X):

T, )T(s,r)=T@r), Tetn=I1 s reRt=zs=r),

t+— T(t,s)x: [s,00) — X is continuous for all x € X, ¢,s, € R.

Definition 8.5. We say that an evolution operator 7 admits exponential dichotomy (on R) if there are positive constants
o, k and projections P (t) € L(X), t € R, such that

(i) T(,s)P(s)=P@®)T(t,s) (t,s€R, t >5);
(ii) Foreacht > s, the restriction T' (¢, s)|gr(p(s)) Of T (¢, 5) to the range of P(s) is an isomorphism onto R(P(?)); we
define T (s, t) as the inverse of this isomorphism;
(iii) 17, )T = P(s)lcxy <ke @09 (1,5 €R, 1 = 5);
(V) 1T, )P ooy <ke @S (1,5 R, t <3).

The constants ¢ and « (which are of course not unique) are referred to as an exponent and bound of the dichotomy.
It is not difficult to prove (cf. Exercise 4 in [16, Section 7.6]) that if 7 admits exponential dichotomy, then the
projections P(¢) are uniquely determined (interestingly, a similar uniqueness property for exponential separations is
not valid). Given the projections P (¢), one defines the associated Green’s function G (¢, s) by

T(t,s)(I — P(s)) ift>s,
T(t,s)P(s) ift <s.

Observe that ¢ and k being an exponent and bound for the dichotomy is equivalent to the Green’s function satisfying
the estimate

16 )] x, < ke el (1 £ ).

G(t,s) = {
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Also note that lim;_, ;4 G(¢,s) = I — P(s) in the strong (pointwise) operator topology. In the following proposition
we summarize the standard robustness properties of exponential dichotomies.

Proposition 8.6. Let T, T be evolution operators on a Banach space X satisfying

K:= sup ”T(t’s)”L(X) < 00, sup ”T(l‘, s) — T(l‘, S)”L(x) <eé&.
t,seR t,seR
0<r—s<1 t—s=l

Assume T admits exponential dichotomy with exponent o, bound «, and projections P(t). Given any ¢ < 0, K > k,
there exists €1 depending only on k, K, 0, 0, and K, with the following property. If € < €1, then T admits exponential
dichotomy with exponent @, bound k, and projections P(t) satisfying

||P(r)—ﬁ(t)|}£<x) <Ce (teR), (8.16)

where C is a constant depending only on k, o, and K.

Proof. With the exception of (8;1 6), the statement is the same as that of Theorem 7.6.10 in [16]. Estimate (8.16)
follows from the estimate on || G(z,s) — G(t, s)|l £(x), for the associated Green’s functions, as given in the proof
of [16, Theorem 7.6.10]. Note that the proofs of these results in [16] are based on the relation between discrete
and continuous dichotomies and apply to abstract evolution operators, independently of any underlying parabolic
equation. [

To apply the above abstract result, we define the following evolution operators on X = L?(£2)

o—s) 192 1202 ULt.s). 8.17)
ler M2

||(PL(S)||L2(Q)
V. o=(t,s):=et™ 2 28D o 5y (1 > ). (8.18)
ol lo @2y~

Up,L(t,s):=¢

Here UL and Uj are the evolution operators of (1.1) and (2.12), respectively, and ¢ is a suitable positive number.
A key observation employed below is that if L admits exponential separation with bound C and exponent y, and
0 €(0,y/2],then U, ; admits exponential dichotomy with exponent ¢ and some bound « . Indeed, define projections
P (1) by

PL= VOl o wex). (8.19)

(oL (), Y1)

Note that Py (¢) has the range and kernel given by the invariant subspaces X i ), X % (t) of Theorem 2.6. Also note
that Py (¢) is bounded: by Corollary 5.3, for some Cp > 0

t t
Co<< o) vl ><1, (8.20)
loL Ol 20)” TWLON 22
which gives the bound
| PL®)] £y < Cy' (8.21)

Using this bound, properties of X i (), X % (t), and (2.11), it is straightforward to verify that U, ; admits exponential
dichotomy with exponent g, bound C(1 + C; ! and projections P, (t).

Building on this observation, our first aim is to show that if L is close to L, then the projection P; () corresponding
to L is close to Py (¢) and, consequently, statement (i) of Theorem 2.8 holds.

Lemma 8.7. There exist constants 5y and C depending only on N, oy, do, ro, Ry, Mo, such that if (2.14) holds with
8§ <64, then

| PL(t) — P; (1) ||£(L2(9)) <C§ (teR) (8.22)
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and
oL (1) @; (1)

H lor 22y e Ol

<Cs (teR). (8.23)
L2(92)

Proof. Let y = y (N, ag, do, ro, Ro, M) be as in Theorem 2.6 and set ¢ = y/2. As remarked above, U, ; admits
exponential dichotomy with exponent ¢ and projections Py (¢). Suppose (2.14) holds with § > 0 sufficiently small (as
specified below). Using Corollary 5.3 and Lemma 8.1, one gets

sup |Up.2(t:8) =V, 1 (t,9)] 12y S €2C8 = C13 (8.24)

t—s=1
s,teR

and also, by Proposition 5.1 and Corollary 5.3,
sup [ Up,(t.9) | £y = K < 00, (8.25)
t,seR
0<t—s<1
where C; and K depend only on N, o, do, ro, Ro, Mop. By Proposition 8.6, if § is small enough, say § < §=
S(N, «g, do, ro, Ro, My), then V ol admits exponential dichotomy with exponent y /4 and some projections P ®)
satisfying
| PL@&) = PrD)]| py2ggy) < €28 (1 €R),

with Cy = C2(N, ag, do, ro, Ro, Mp). Now assume also that § < §(y/8), where 6(y/8) is given by Proposition 8.3
(with e = y/8). Then, as one easily verifies, V fat the same time admits exponential dichotomy with exponent y /4
and prOJecnons Pj (t). As remarked above, the prOJectlons of exponential dichotomies are uniquely determined. Thus
P (1) = P (1), Wthh proves (8.22).

In the remaining part of this proof || - || means || - || ;2. By (8.22),

8>HPL(I oL (1) §0L(f) H H oL (t) §0L(t) H
lpr Il ||¢L(t)|| lor )l ||§0L(t)ll
>H o) ;@) ” H pp (1) AOAC) ” (8.26)
"ol ez @ ||<0L(t)|| Ilpr(t)II '
We obviously have
L0 _ )
lle; @ | P (D)or (@)
Thus
H @i (1) _ P ) oL (t) ‘:‘1_ | P; ()L @)l H oL (1) X (PL() ” 8.27)
oz @ loL Il loL @ lor @l IlfﬂL(t)ll
Comparing (8.26) and (8.27), we conclude
@L(1) @i (1)

<2C§ (teR). O
L2(82)

lor Oz el

We can now complete the proof of Theorem 2.8(i). By Corollary 5.3 and Proposition 5.2, the function
e ¢p()
lerOll22y  lleg Ol

is bounded in L°°(£2) and consequently in a Holder space C¢ (.{7), by a constant depending on N, «, do, ro, Ry, M.
This and (8.23) imply that the L°°-norm of this function tends to 0 as § — 0 (uniformly in ¢#). Finally, we note that
the normalizations in L2(£2) can be replaced by the normalizations in L°°(£2). Indeed, the previous L°°-estimate and
Corollary 5.3 imply that

oLz oz Ol20),

lorOlLew2)y le;@®llLew)
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tends to 0 as § — 0. Estimating the function

oL (1) @7 (1) oL(1) ler 202 @i (1) le; OllL2 02

lpr Oy Mo Ol lerOllz2e) lerOlizew)  lop Ol e Ollie@)

using the triangle inequality we obtain the desired conclusion.

We are finished with the proof of statement (i) of Theorem 2.8 regarding ¢, and ¢;. The conclusion regarding
Y, ¥ is obtained by applying the proved statement to the operators L* and L* (see the discussion following Theo-
rem 5.2).

We next prove Theorem 2.8(ii).

Lemma 8.8. Suppose that L admits exponential separation bound Cy, and exponent yy.. For each ¢ > 0 there is §3 =
83(e,CpL, YL, N, oo, do, ro, Ry, My) > 0 such that if (2.14) holds with § < 83, then L admits exponential separation
with some bound C(¢g, Cp, yL) > 0 and exponent y; =y — €.

Proof. Initially, we proceed as in the proof of Lemma 8.7. Suppose that (2.14) holds with § > 0 sufficiently small (as
specified below). Setting ¢ = y1 /2, we observe that U, ; admits exponential dichotomy with exponent y; /2, bound
Cr(1+ Co_l) (cp. (8.21)), and projections Py (t), and that (8.24), (8.25) hold, where the constants C; and K now
also depend on y; . Using Proposition 8.6, we find §3 = §3(¢, Cr, yr, N, oo, do, 1o, Ro, 1\10) > 0 such that if § < 83,
then VQ’ ;7 admits exponential dichotomy with exponent (yz — ¢)/2 and some projections Pj (7). These projections are
close to Py (t), in particular, their range is one-dimensional. We make &3 smaller, if necessary, so that

83 <min{8(e/2),8(y/4)}, (8.28)
where §(+) is given by Proposition 8.3 and y is as in Theorem 2.6. We claim that
P; ()= P; (D). (8.29)

Although this time we do not know a priori that VQ ;7 admits exponential dichotomy with the latter projections (hence
we cannot refer to the uniqueness), we do know, as in the proof of Lemma 8.7, that

YYL
V, pilts)=e 4 s>vgi(t, 5)
admits such a dichotomy. This is sufficient for (8.29). For example, by definition of exponential dichotomy, the range
of I — P;(s) consists of all v € X such that e(VL/z_E/Z)(‘_S)HVQ i (&, )v||x is bounded as t — oco. If ¢ <2y — ¥,
which we may assume without loss of generality (note that, by Theorem 2.6, Lemma 8.8 is trivial if y; < y), then for
any such v also || VV P i (¢, 5)v| x is bounded. Hence, again by definition of exponential dichotomy, v is in the range
of I — Pj(s). Similarly one proves that the range of P; (s) is contained in the range of ﬁi (s). These two inclusions
give (8.29).
Using (8.29), the exponential dichotomy for ng 7 » and Proposition 8.3 (recall (8.28)), a straightforward estimate
implies the conclusion of the lemma. O

Lemma 8.8 implies statement (ii) of Theorem 2.8. The proof of the theorem is now complete.
9. Proof of Theorem 2.10

This proof will be carried out in several steps analogous to those in Section 5. We work with a fixed operator L as
in (D), whose coefficients satisfy (1.4) and (1.2) on RN*L Since in this part we consider varying domains, we will
henceforth denote by Ug (-, -) the evolution operator associated with problem (1.1). It has the following continuity
property with respect to the domain.

Lemma 9.1. Let 21, §25, with §21 C §2;, be any two Lipschitz domains, whose Lipschitz constants satisfy (1.7). Then
for each & > O there exists 6(¢) > 0 depending only on € and N, ag, do, ro, Ro, Mo, such that if d(0821, 0522) < 6(¢g),
then

”UQI(S+1,5)—UQZ(S+1,S)“£(LOO(RN))<8 (S ER) (91)
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Remark 9.2. As a matter of definition, the evolution operator Ug, (¢, s) acts on L°°(£2), but it has a natural extension
to L(RY). Specifically, given any ug € L>°(RY), we first compute Ug (¢, 5) (19| 2), where ug|g is the restriction of
ug to £2 and then extend the resulting function by zero outside £2. This way, Ug (¢, s) can be viewed as a continuous
operator on L (R"). We use this convention throughout the section and, abusing the notation slightly, we use the
same symbol Ug (¢, s) for the extended operator.

Proof of Lemma 9.1. Given any constant § > 0 and a domain £2, we set
2° = {x e Q: dist(x, 382) > §}.

For each o > 0 (small enough) let ¢, € C(‘)>o (RM),0< ¢s < 1, be a function with ¢, =1 on .(212”, o =0on RN \ .Qf
and ||V&, || L(2,) < C/o for some constant C. We can always choose ¢, so that the constant C depends only on N,
ro, Ro, and My. Let u;, i = 1,2, be the solutions of (1.1) on £2; x (s, 00), respectively, such that u; (x, s) = {5 (x) in
£2;,i =1,2,where s € Ris fixed from now on. Note that u1, u, are positive. If we define w = u1 —u», then w satisfies
(weakly) w; + Lw = 01in £21 x (s, 00) with w(-,s) =0on £2; and w(x, ) = us(x, t) for (x, ) € 3§21 X (s, 00). Using
a standard L*° estimate (see [24, Chapter III, Theorem 7.1]), we get
sup  Jup —uz|<C  sup  uy, 9.2)
21 x[s,s+1] 9821 x[s,54+1]
where C depends only on N, «g, do, Ro. Theorem 3.3 guarantees that u, is bounded on £2> x [s, s + 1] by a constant
depending only on N, «g, dp. This fact, our choice of ¢, and Theorem 5.2 imply that
sup  uz < C(0)(d(3821,02,))" 9.3)
32 x[s,5+1]
for some o > 0, which depends only on N, dy, ag. The constant C (o) depends only on o, o, N, ag, dy, ro, Ro, Mo.
Combining the last two inequalities, we obtain
sup  |ur —uz| < C(0)(d(3821,922))". 94)
21X [s,s+1]

By Proposition 5.4, we can write

ZMLU=/h@m£®Q@N$(@ﬁeﬂnd&w» ©.5)

£2;
where k;(x,1; &, s) is the weak Green’s function associated with problem (1.1) with £2 replaced by £2;, i =1, 2.
Statements (ii), (iii) in Proposition 5.4 in combination with Theorem 5.2 imply that we have the following inequality

ki(x, s+ 15€,5) SC(d(0€21,022) +20)" (xe 2\ 2%, € 2,i=1,2), (9.6)

with o > O the same as in (9.4) and C depends only on «, N, o, do, r9, Ro, Mp. Using (iv) in Proposition 5.4, the
choice of ¢, (9.5), (9.4) and (9.6), we derive

||U91(s+1,s)—u_qz(s+1,s)||£(Lw(RN)): su}; /(kz(x,s+1;§,s)—k1(x,s+1;g,s))dg
xeldp

2

< sup / (kz(x,s+l;$,s)—k1(x,s+l;é,s))dé
X€E2H
2\Q%

+  sup /(kz(x,s+l;é,s)—kl(x,s+1;§,s))d§

20
xe\ 2} o

+ sup /(kz(x,s+l;é,S)—kl(x,S+1;$,S))dE

XEQIZUQZ(T
1
< C|2\ 277+ C|277|(d (3521, 3522) +20)* + suplui (s + 1) —uz(s + 1)
ford

<Cl2\ 27| + C1(d(321,3822) +20)" + C(0)(d(3821, 8522))”, 9.7)
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where |§2| denotes the measure of §2, the constants C, Cy, C(o) depend on «, N, g, do, ro, Ro, Mp and C (o) in
addition depends on o . Notice that, under our assumptions on £21, £2;, the measure |£27 \ .le"| can be estimated from
above by C(d(021, 0§22) + 20), where C depends only on N, ro, Ry, Mp. Hence,

o o
1 ) - ’ 00 X ) N . .
[Ua (s +1,8) = Ug,(s +1 s)||L(L (RN))<c(d(aszl 3822) +20)" 4 C(0)(d(382;, 0822)) (9.8)

Here, we assumed without loss of generality that o, d(9521, 0§2;) are sufficiently small and o € (0, 1). It is now
apparent that, given any ¢ > 0, it is sufficient to choose o of order £!/% and then d(9£21, 3§2,) of order (¢/C(c))"/*
to get the assertion of Lemma 9.1. O

In the next corollary we remove the restriction §2, C £2;.

Corollary 9.3. Let §21 be a Lipschitz domain, whose Lipschitz constants satisfy (1.7) and let §2, be any bounded
Lipschitz domain. Then for each € > O there exists §(&) > 0, depending only on € and N, oy, dy, ro, Ro, My, such that
if d(0821,082) < 8(e), then

U (s +1,9) = Uy (s + 1,9) | ppomnyy <€ (S ER). (9.9)

More precisely, there exists §1 = §1(N, ag, do, ro, Ro, Mo) such that (9.8) holds, provided d(9521,0822) < &1 and
o < 6.

Proof. Assume d(d£21, d£2,) is small compared to r¢ in (1.7). We can then find two domains 51, 52 such that
d(8[~21, 8.{32) < 2d(0821,0827), S~21 C £2; C 52, i=1,2,and .51, .52 are Lipschitz domains satisfying (1.5), (1.6),
replacing the constants ro, Mo, Ry by ro/2, 2My, 2Ry, if necessary. The result now follows from the monotonicity of
the weak Green’s functions with respect to the domain (see Proposition 5.4) and the estimates of Lemma 9.1. O

Remark 9.4. A similar extension as in Remark 8.2 applies here. Using the boundedness of the evolution operator
(Theorem 3.3) one shows that the statements of Corollary 9.3 remain valid if one replaces s + 1 by s +n, n > 1 being
any integer; in this case, the constants C, C (o) in (9.8) have to be replaced by C”, C(0)", where C, C (o) may have
to be made larger, but they do not depend on n € N.

With the above estimates on the evolution operators, the proof of Theorem 2.10 can be carried out along the lines
of the proof of Theorem 2.8. We limit the further exposition to indicating the necessary modifications.
The next proposition is analogous to Proposition 8.3.

Proposition 9.5. Ler 2, 2 be as in Theorem 2.10. Then for each & > 0 there exist numbers C(¢), 8(¢) > 0, depending
only on ¢ and N, g, dy, ro, Ro, Mo, such that if d(082,082) < §(¢), then forallt > s

e =9 log )l L& D)l o log Ol pos
W@ loe @lLe(2) < C(e)et—) Gl
Ce) lNeg® o — lea) e log ()l o)

(9.10)

Proof. The only noteworthy difference from the proof of Proposition 8.3. is that we use (9.8) (and Remark 9.4) in
place of (8.1) (and Remark 8.2). Thus the estimate corresponding to (8.12) reads as follows

lea(s +n) L) o log (s +m)ll o)

< C"(d(382,02) +20)* + (C(0))" (d(352, 352))". 9.11
loelm@ < Toa®lmg, TC @022 +20) +(C@) (@d@2.02)" 1D

One now easily derives the estimate corresponding to (8.13) by first choosing o sufficiently small followed by a
suitable choice of d(052, 3§2). The rest of the arguments used in the proof of Proposition 8.3 are straightforward to
modify. We omit the details. O

By Corollary 5.3, we can replace in (9.10) the L>-norms on the respective domains by the L?-norms. This implies
the statement of Theorem 2.10(i) regarding A(¢g) and A(@g).
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In the following it is convenient to view the functions ¢ (), ¥ (¢) as elements of ¥ := L®@®RN) (extending
them by O outside £2). Understanding that (-, -) now stands for the standard inner product in LZ(]RN ), we define a
continuous projection P (f) on Y by

(u, (1))

P = . 9.12
2= O a2 ©-12)

With these conventions and notation, arguing similarly as in the proof of Lemma 8.7, one proves the following propo-
sition.

Proposition 9.6. Ler £2, 2 be as in Theorem 2.10. Then for each & > 0 there exists §(¢) > 0, depending only on ¢ and
N, ag, do, ro, Ry, Mo, such that if d(0§2,082) < 6(¢), then

|P2(®) = Ps®)| ppoo@ny <& (ER), (9.13)
and
H () B @5 () <& (eR). 9.14)
lee@llL=w) ozl Lo@) | Loo@yy

With this result we have completed the proof of the statement of Theorem 2.10(i) regarding ¢, ¢ 5. The conclusion
regarding ¥, ¥ is again taken care of by the discussion following Theorem 5.2. The proof of statement (ii) of
Theorem 2.10 is completely analogous to the proof of Lemma 8.8 and is omitted.

Appendix A

Proof of Proposition 5.5. By a standard modification (multiplication of u by e ~"¢=%)), one reduces the proof to the
case with m = supg, (s 7y (—co) = 0. Henceforth we assume this extra condition.

Let D(£2) denote the space of smooth functions with compact support in §2. The proof consist of a two step
approximation procedure. First, assuming the initial condition is in D(£2), we find the solution as the limit of solutions
of approximating problems on smooth subdomains of £2. Then we approximate a general initial condition by functions
in D(£2) and take the limit of the solutions of these approximate problems.

We start with preliminary estimates of solutions on approximating subdomains. Fix any og € (0, ro/4], where rg is
as in (1.7). Choose a family of smooth domains 2., € € (0, gg), which is decreasing in ¢ (with respect to inclusion)
and such that for each ¢ one has 2, C 2, C £2, d(052;,082) < &, and (1.7) is satisfied with £2 replaced by §2., and
ro, Mo replaced by ro/2, 2My, respectively.

Let f. € D(£2) be any real-valued function with

dist(x, 082) =200 (x € supp fe)
and consider the following problem
ur+Lu=0 in 2, x (s5,7T),

u=0 onaf2, x(s,T), (A.1)
u=f. in 2, x {s}.

It has a unique solution u, and the solution is contained in W7 (£2, x (s, T)) N C(2; x [s, T]) for all p > 1 (see
[26, Theorem 7.17]). We claim that for all ¢ € (0, gg] one has

20 %
(@)= sup  |ue(x,1)| < sup |fe(x)| (—) (tels, T, (A.2)
dist(x,382¢) <o xe, 00
where 6y > 0 depends only on N, dy, ag, ro, Ry, Mo. Note that, by the maximum principle,
sup [ue (x, 0] < sup [ fe(0)| (¢t €[s, TD. (A3)
XES, XE82

This implies that in order to verify (A.2) it suffices to show that w®(9) < 270 e (20) for any fixed o € [0, go/2]. For
this purpose, let (xg, fp) be any point in £2, X [s, T'] with dist(xg, d52;) < 0. The assumptions on §2, imply that there
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are two positive numbers K, K7, depending only on N, ro, Ry, My, and a point yy € RN \ £2; such that the following
holds. If we set r = dist(xg, 9§2;)/K1, then |xg — yo| = Kor and B, (yg) N £2, = . Following ideas of [25], we define
the slant cylinder V by

2
V.= {(x,t) eRY xR: |x — Y0 — W(m—yo) <r, to—r2 <t <t0}. (A4)
We will show at the end of this proof that there is a function v € C>(RN*1) such that v vanishes on the lateral
side of dV,0<v <1, v+ Lv<0in V, and v(xg, t9) = «o > 0, where «p € (0, 1) is a constant depending only
on N, dy, ag, ro, Ro, My. Assume for now such a function v exists. In W := (£2, x (s, T)) NV define the function
w = u; + wf(20)v. Clearly, w; + Lw < 0 in W. Moreover, since the base of V is outside §2 x (s, T'), properties of
v imply that w < w®(29) on the parabolic boundary 3, W of W. Thus, by the maximum principle, w < @®(2g) in W.

In particular, w(xg, fp) < w®(20) and hence
ug (x0,10) < (1 — v(x0,10)) " (20) < (1 — ko)w* (20). (A.5)

This inequality holds for —u as well and since (xo, fo) was arbitrary we conclude that »®(0) < 2~%w®(20) with
6o = —log, (1 — ko). Thus estir~nate (A.2) is established.
Consider now an arbitrary f € D(S2) and set

00 := inf({dist(x, d082): x € supp f} U {r0/4}).

For ¢ € (0, 09/2) take f; := f |, in (A.1). Extending the corresponding solution u, by zero outside §2., we view it
as a function on £2. Let 0 < &1 < &3 < 0o/2 be arbitrary. Recall that £2;, C §2;,, by the monotonicity of the family.
The maximum principle and (A.2) imply

sup fug, (x, 1) —ue, (x,0)| < sup  |ug, (x, )|+ sup |ug, (x,1)]
xXeR XER: \ 82, XES2e,
s<t<T s<t<T s<t<T

2en 90_ ~ 2¢ey b
<2( s 1) (o) =2(swpl) (5)

This estimate implies that u,, ¢ € (0, 09/2), is a Cauchy family in C (2 x [s, T and, by the interior L”-estimates
[26, Theorem 7.13], also in (the Fréchet space) leo’cl’p(.Q x (s, T)) for each p € (1, 00). It follows that, as ¢ — 0, u,
converges to a solution u of (5.1) with ug = f and the solution is in Wli’cl’p(ﬂ x (s, T)) for each p € (1, 00). By the
maximum principle, the solution (as a function in Wl%)’cl’NH (2 x (s, TH)NC2 x[s,T)) is uniquely determined
by f. ~

We have thus proved Proposition 5.5 under the extra assumption uo = f € D($2). To remove this assumption, take
an arbitrary f € Co(§2) and choose a sequence f, € D(S2) such that f;, — f in Co(£2). For the solution u, of (5.1)
with ug = f,, we have, by the maximum principle,
sup |um (x, 1) —up(x, )| < sup | fin(x) = fu(@)| (m,n=1,2,..)).

xes

xesf2
s<t<T

This and the interior L?-estimates imply that u,, is a Cauchy sequence in C (2 x [s,T]) and in Wli’cl’p 2 x(s,T))
for each p € (1, 00). Arguing as above, we conclude that u,, converges to a unique solution of (5.1) with uo = f and
the solution has the regularity as stated in Proposition 5.5.

To finish this proof, we still need to construct the function v with the properties stated above. Define

L wo_f»( : (= (o= 1)) 2){ (A6)

v(x,1) = —e r rr—lx—yo— ———5——(x0—y0)
r r

where (x,t) € V and 8 > 0 is to be determined. It is obvious that 0 < v < 1 in V and v vanishes on the lateral side

of 3V . Denoting

(t — (to —1?))

A:=|x—y)— ) (xo —yo0)| and B:=r2—A2,
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by a simple computation, using (ND), (1.4) and (1.2), one shows

P ) AN
—v,—Lv> e P (8a0A2 —4NdyB —4NdyAB — dyB? — r—2|x0 — yolAB + %32) (A7)

From now on, we assume r < 1 without loss of generality. Let us first consider the case when A > (1 —¢)r and e > 0
is small. Using this assumption, the fact that A <r, [xg — yo| = Kor, r < 1 and (A.7), we compute

)

1 gt
—vi —Lv > e P () (8o (1 — £)% — 16N doe — 4dos® — 8N Ka¢).

The right-hand side of this inequality is nonnegative, independently of B > 0, provided ¢ is chosen sufficiently
small. The choice of ¢ depends only on N, dy, op and K». Fix such a number and call it gg. If, on the other hand,
A < (1 — go)r, an elementary inequality implies that 80r2 <B<r?gl. Using this fact and (A.7), we obtain

1 4 (t—(1g=r2)
—v,—Lv> r—4€ r2 B(—8Ndy—dy—4N K, + Bep).

If B is big enough, as determined by N, dp, K>, &g, the right hand side of this inequality becomes positive. In view
of the dependences of K; and &g, B can be chosen depending only on N, dy, «g, ro, Ro, Mo. With this § we have
v+ Lv <0in V and v(xg, fg) =e~P. Defining «p = e—B, the function v has all the properties claimed above. The
proof is now complete. O
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