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Abstract

We consider the global classical solutions near the Maxwellians to the two-species Vlasov–Maxwell–Landau system in the 
whole space. It is shown that the cancelation properties between two species coupled with the electric effect yield the faster time 
decay of the electric field, which leads to our construction of global solutions.
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1. Introduction

The dynamics of charged dilute particles (e.g., electrons and ions) is described by the Vlasov–Maxwell–Landau 
system:

∂tF+ + v · ∇xF+ + (E + v × B) · ∇vF+ = Q(F+,F+) + Q(F−,F+),

∂tF− + v · ∇xF− − (E + v × B) · ∇vF− = Q(F+,F−) + Q(F−,F−),

F±(0, x, v) = F0,±(x, v). (1.1)

Here F±(t, x, v) ≥ 0 are the number density functions for the ions (+) and electrons (−) respectively, at time t ≥ 0, 
position x = (x1, x2, x3) ∈ R

3 and velocity v = (v1, v2, v3) ∈ R
3. The collision between charged particles is given by 

the Landau (Fokker–Planck) operator:

Q(G1,G2)(v) = ∇v ·
∫
R3

Φ
(
v − v′)(G1

(
v′)∇vG2(v) − G2(v)∇v′G1

(
v′))dv′, (1.2)
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where

Φ(v) = 1

|v|
(

I − v ⊗ v

|v|2
)

. (1.3)

The self-consistent electromagnetic field (E(t, x), B(t, x)) in (1.1) is coupled with F±(t, x, v) through the Maxwell 
system

∂tE − ∇x × B = −
∫
R3

v(F+ − F−) dv, ∇x · E =
∫
R3

(F+ − F−) dv,

∂tB + ∇x × E = 0, ∇x · B = 0,

E(0, x) = E0(x), B(0, x) = B0(x). (1.4)

It turns out that all the physical constants will not create essential mathematical difficulties along our analysis, for 
notational simplicity, we have normalized all constants in the Vlasov–Maxwell–Landau system to be one. Accord-
ingly, we normalize the global Maxwellian as

μ(v) ≡ μ+(v) = μ−(v) = e−|v|2 . (1.5)

We define the standard perturbation f±(t, x, v) to μ as

F± = μ + √
μf±. (1.6)

Letting f (t, x, v) = (
f+(t,x,v)
f−(t,x,v)

)
, the Vlasov–Maxwell–Landau system for the perturbation now takes the form{

∂t + v · ∇x + q0(E + v × B) · ∇v

}
f − 2E · v√

μq1 + Lf = Γ (f,f ) + q0E · vf,

∂tE − ∇x × B = −
∫
R3

v
√

μ(f+ − f−) dv, ∇x · E =
∫
R3

√
μ(f+ − f−) dv,

∂tB + ∇x × E = 0, ∇x · B = 0, (1.7)

for the matrix q0 = diag(1, −1) and the vector q1 = ( 1
−1

)
. For g = (

g1
g2

)
, the linearized collision operator Lg in (1.7) is 

given by the vector

Lg ≡
(

L+g

L−g

)
≡ −

⎛⎝ 2√
μ
Q(μ,

√
μg1) + 1√

μ
Q(

√
μ(g1 + g2),μ)

2√
μ
Q(μ,

√
μg2) + 1√

μ
Q(

√
μ(g1 + g2),μ)

⎞⎠ . (1.8)

For g = (
g1
g2

)
and h = (

h1
h2

)
, the nonlinear collision operator Γ (g, h) in (1.7) is given by the vector

Γ (g,h) ≡
(

Γ+(g,h)

Γ−(g,h)

)
≡
⎛⎝ 1√

μ
Q(

√
μ(g1 + g2),

√
μh1)

1√
μ
Q(

√
μ(g1 + g2),

√
μh2)

⎞⎠ . (1.9)

For the Landau operator (1.2), we define

σ ij (v) = Φij ∗ μ =
∫
R3

Φij
(
v − v′)μ(v′)dv′. (1.10)

We denote | · |2 to be the L2(R3
v) norm, and we define L2

σ (R3
v) to be the space with norm

|f |2σ =
∫
R3

[
σ ij ∂if ∂jf + σ ij vivjf

2]dv. (1.11)

From Lemma 3 in [9], we have

C−1|f |σ ≤ ∣∣〈v〉− 1
2 f
∣∣
2 +

∣∣∣∣〈v〉− 3
2 ∇vf · v

|v|
∣∣∣∣ +

∣∣∣∣〈v〉− 1
2 ∇vf × v

|v|
∣∣∣∣ ≤ C|f |σ (1.12)
2 2
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with 〈v〉 =√
1 + |v|2. It is well known [1,9] that the linear collision operator L ≥ 0 and

〈Lf,f 〉 � ∣∣{I − P}f ∣∣2
σ
, (1.13)

where 〈·, ·〉 is the L2 inner product in R3
v and P denotes the L2

v orthogonal projection on the null space of L:

N(L) ≡ span

{√
μ

(
1

0

)
,
√

μ

(
0

1

)
, v

√
μ

(
1

1

)
, |v|2√μ

(
1

1

)}
. (1.14)

There are three major mathematical difficulties in the study of the Vlasov–Maxwell–Landau system (1.7): the 
intrinsic difficulty associated with the Landau kernel (cf. (1.12)); the velocity-growth in the nonlinear term E · vf

(and v × B · ∇vf ); the regularity-loss of the electromagnetic field. We may refer to [11] and [2] for the more de-
tailed explanation. For the Landau equation, Guo [9] proved the first result of the global unique solution near the 
Maxwellians. The Vlasov–Maxwell–Boltzmann system with hard-sphere interaction was solved by Guo [10] due to 
that the hard-sphere kernel has the stronger dissipation |〈v〉1/2f |22. Also, the relativistic Vlasov–Maxwell–Landau 
system was solved by Strain and Guo [16] since the relativistic velocity is bounded and |f |22 is controlled by the 
relativistic Landau dissipation. Recently, for the Vlasov–Poisson–Landau system (in which B = 0 and so E = −∇xφ

with the electric potential φ satisfying the Poisson equation), Guo [11] made the important progress of proving the 
first result of the global unique solution. The key point in [11] is to introduce the exponential weight factor e±φ . The 
observation is that upon multiplying by e±φ one can rewrite

e±φ{v · ∇xf± ± ∇xφ · vf±} = v · ∇x

{
e±φf±

}
, (1.15)

and such a perfect derivative leads to no contribution in the integration. The pay of this trick is that one needs to drive 
a strong enough decay rate of φ in order to control the nonlinear terms resulting from when e±φ hits ∂tf ∓∇xφ ·∇vf . 
As remarked by Guo, the strong decay rate of φ in [11] is a consequence of the periodic box. To get the sufficient 
decay rate of φ in the whole space, Strain and Zhu [19] assumed additionally that the L2

vL
1
x norm of the initial 

data is small so as to use the linear decay analysis. Later in [20], the author showed that the cancelation property 
between two species coupled with the Poisson equation yield the electric potential decaying at the same rates as the 
periodic box case, which then allows one to remove the L2

vL
1
x assumption in [19]. Guo’s observation works for all 

forces given by a potential, but it does not work for the Vlasov–Maxwell–Landau system. On the other hand, Duan, 
Yang and Zhao [4] used a different approach, which was previously developed in Duan, Yang and Zhao [5,6] for 
the Vlasov–Poisson–Boltzmann system with general angular cutoff potentials, to construct the global solutions to the 
one-species Vlasov–Poisson–Landau system in the whole space. The key point in [4] is to introduce a time-velocity 
exponential weight factor eq〈v〉2/(1+t)ϑ . The observation is that upon multiplying by eq〈v〉2/(1+t)ϑ one can rewrite

e
q〈v〉2

(1+t)ϑ ∂tf = ∂t

{
e

q〈v〉2
(1+t)ϑ f

}+ ϑq

(1 + t)1+ϑ
〈v〉2e

q〈v〉2
(1+t)ϑ f, (1.16)

and this induces an artificial dissipation term with the good factor 〈v〉2 if q, ϑ > 0, which then can be used to con-
trol the nonlinear velocity growth if ∇xφ decays faster than (1 + t)−(1+ϑ). This observation works for all forces. 
Subsequently, Duan [2] used this observation to prove the first result of the global unique solution to the Vlasov–
Maxwell–Landau system, and a time-weighted energy method motivated by [13] was employed to overcome the 
difficulty caused by the regularity-loss feature. The argument in [2] was further adapted by Duan, Liu, Yang and Zhao 
[7] to construct the global unique solution to the Vlasov–Maxwell–Boltzmann system without angular cutoff. As [19], 
in order to get the sufficient decay of the solution for closing the energy estimates, [2] also assumed that the L2

vL
1
x

norm of the initial data is small. Motivated by our previous work [20] for the Vlasov–Poisson–Landau system, it is our 
purpose in this paper to construct global solutions to the Vlasov–Maxwell–Landau system without any low frequency 
assumption.

For notational simplicity, we use ‖ · ‖p to denote Lp norms in R3
x × R

3
v or R3

x and we use | · |p for the Lp norms 
in R3

v . Letting w(v) ≥ 1 be a weight function, we denote | · |2,w for the weighted L2(R3
v) norm and | · |σ,w for the 

weighted norm of (1.12). We will write ‖ · ‖2,w = ‖| · |2,w‖2, ‖ · ‖σ,w = ‖| · |σ,w‖2 and ‖ · ‖σ = ‖ · ‖σ,1. We use ∇�

with � ∈ R for the usual spatial derivatives. Letting the multi-indices α and β be α = [α1, α2, α3], β = [β1, β2, β3], 
we define ∂α

β ≡ ∂
α1
x1 ∂

α2
x2 ∂

α3
x3 ∂

β1
v1 ∂

β2
v2 ∂

β3
v3 . If each component of θ is not greater than that of θ̄ ’s, we denote by θ ≤ θ̄ ; θ < θ̄
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means θ ≤ θ̄ , and |θ | < |θ̄ |. Throughout the paper we let C denote positive universal constants. We will use A � B

(A � B and A ∼ B) if A ≤ CB , and we will use ∂tA + B ≤ D if ∂tA + C−1B ≤ D, etc.
Motivated by [11] and [2], we define the following time-velocity weight

w(α,β)(v) ≡ e
q〈v〉2

2(1+t)ϑ 〈v〉2(l−|α|−|β|), l ≥ |α| + |β|, 0 ≤ q � 1 (1.17)

for a fixed constant ϑ ≥ 0. Letting l ≥ m ≥ 2, we define the instant energy by

Em;l,q (t) ∼
∑

|α|+|β|≤m

∥∥∂α
β f
∥∥2

2,w(α,β)
+ ∥∥(E,B)

∥∥2
Hm, (1.18)

and the corresponding dissipation rate by

Dm;l,q (t) ≡
∑

|α|+|β|≤m

∥∥∂α
β {I − P}f ∥∥2

σ,w(α,β)
+

∑
1≤|α|≤m

∥∥∂αPf
∥∥2

2

+ ‖E‖2
Hm−1 + ‖∇B‖2

Hm−2 + ∥∥(f+ − f−)
∥∥2

σ
, (1.19)

and

Fm;l,q (t) ≡
∑

|α|+|β|≤m

∥∥〈v〉∂α
β {I − P}f ∥∥2

σ,w(α,β)
. (1.20)

Note that there is a cascade of velocity weights in (1.18)–(1.20) so that fewer derivatives of f demand stronger velocity 
weights. We also define the instant energy and dissipation rate for the pure spatial derivatives of the solution without 
the velocity weight:

Em(t) ∼
∑
k≤m

∥∥∇kf
∥∥2

2 + ∥∥(E,B)
∥∥2

Hm (1.21)

and

Dm(t) ≡
∑
k≤m

∥∥∇k{I − P}f ∥∥2
σ

+
∑

1≤k≤m

∥∥∇kPf
∥∥2

2

+ ‖E‖2
Hm−1 + ‖∇B‖2

Hm−2 + ∥∥(f+ − f−)
∥∥2

σ
. (1.22)

Our main result is as follows.

Theorem 1.1. Let m ≥ 9, l ≥ m + 1/4 and 0 < q � 1. Fix the constants 0 < ϑ ≤ 1/5 and 0 < ε0 ≤ 7/5. Assume that 
f0 satisfies F0,±(x, v) = μ + √

μf0,±(x, v) ≥ 0, and that (f0, E0, B0) satisfy the compatibility conditions ∇x · E0 =∫
R3

√
μ(f0,+ − f0,−)dv and ∇x · B0 = 0. There exists a sufficiently small M > 0 such that if Em;l,q(0) ≤ M , then 

there exists a unique global solution (f (t, x, v), E(t, x), B(t, x)) to the Vlasov–Maxwell–Landau system (1.7) with 
F±(t, x, v) = μ + √

μf±(t, x, v) ≥ 0 and

Em(t) + Em−1;l,q (t) + (1 + t)−
1+ε0

2 Em;l,q (t)

+
t∫

0

{
Dm(τ) +Dm−1;l,q (τ ) + ϑq

(1 + τ)1+ϑ
Fm−1;l,q (τ )

}
dτ

+
t∫

0

(1 + τ)−
1+ε0

2

{
Dm;l,q (τ ) + ϑq

(1 + τ)1+ϑ
Fm;l,q (τ )

}
dτ ≤ CEm;l,q (0). (1.23)

Furthermore, for k = 0, 1, 2, 3,∥∥∇kf (t)
∥∥

2 + ∥∥∇k(E,B)(t)
∥∥

2 ≤ C

√
Em;l,q (0)(1 + t)−

k
2 , (1.24)

and for k = 0, 1, 2,
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∥∥∇k(f+ − f−)(t)
∥∥

2 + ∥∥∇kE(t)
∥∥

2 ≤ C

√
Em;l,q (0)(1 + t)−

k+1−ε
2 , (1.25)

where ε = 3/(4l − 7).

The followings are several remarks for our theorem.

Remark 1.2. k = 3 in the decay estimates (1.24) and k = 2 in (1.25) are the largest derivative indexes we can derive. 
But fortunately, it is just enough for our use. ε0 > 0 in the energy estimates (1.23) is introduced to overcome the 
difficulty caused by the regularity-loss of E. The extra 1/4 in the velocity moment l is crucial for guaranteeing the 
derivation of (1.23); otherwise, the restriction (5.12) would change to be (1 + ε0)/2 + 1 + ϑ ≤ 5/4 − ε/2. Notice that 
we have no choice of ε0 > 0 for this new restriction, and hence we may fail to close our energy estimates.

Remark 1.3. m = 9 is the lowest spatial regularity we require in our analysis. We remark that if we impose some 
kind of low frequency assumption on the initial data, then we can lower the regularity. For example, if the initial 
data is small in L2

vḢ
−s
x with s > 0, then we need m ≥ 8; if s > 1, then we need m ≥ 6. Note that Lp ⊂ Ḣ−s with 

s = 3(1/p − 1/2) ∈ [0, 3/2) for p ∈ (1, 2].

Remark 1.4. We can consider the generalized Landau operator with, see [12,1,9],

Φ(v) = 1

|v|γ+2

(
I − v ⊗ v

|v|2
)

, γ ≥ −3. (1.26)

One may conclude from our proof that the global unique solution to the Vlasov–Maxwell–Landau system exists for 
all γ ≥ −3. If γ ≥ −2, then we can take ε = 0 in (1.25). We also believe that our observation can be used to remove 
the L2

vL
1
x assumption of the initial data in [7]. Furthermore, as in [20] if we assume further that the initial data belongs 

to L2
vḢ

−s
x with s ∈ [0, 3/2), then the decay rates in (1.24)–(1.25) can be enhanced with the index s/2. These improve 

the decay result of the Vlasov–Maxwell–Boltzmann system (cf. γ ≥ −1) in [3] since we do not require the L2
vḢ

−s
x

norm of the initial data to be small and the L∞ norm of E decays faster than that of [3].

Theorem 1.1 will be proved in Section 5 by combining the energy estimates of Section 3 and the decay estimates 
of Section 4. We will prove in Section 3 by the nonlinear weighted energy method that

d

dt
Em;l,q +Dm;l,q + ϑq

(1 + t)1+ϑ
Fm;l,q

�
(‖E‖∞ + ‖∇B‖2∞

)
Fm;l,q + ∥∥∇mE

∥∥
2

√
Dm. (1.27)

The derivation of the energy estimates (1.27) is very delicate, and the great advantage of the weight (1.17) is intensively 
exploited as in [10]. Note that (1.27) is a refined one of [2], especially for the factor ‖E‖∞ + ‖∇B‖2∞ which decays 
faster than ‖∇(E, B)‖HN0 with some integer N0 obtained in [2] (this forces the author in [2] to impose the L2

vL
1
x

assumption). The reason for this refinement is as follows. From the linear L2 − L2 decay estimates [3,2] one may 
expect the L2 decay rate of the whole solution is as stated in (1.24). By the Sobolev interpolation, ‖∇B‖2∞ then 
decays at the rate of (1 + t)−5/2 which is more than sufficient for closing the B term. But ‖E‖∞ only decays at the 
rate of (1 + t)−3/4 which is definitely not fast enough. Our intuition is that since E is included in the dissipation (cf. 
[15,3,2]), it would suggest that E may decay at a faster rate. In fact, one can see from (1.25) that the decay of E can 
be improved with the index (1 − ε)/2. This thus can close the E term since ε > 0 can be made small.

The decay estimates (1.24)–(1.25) will be established in Section 4 by the energy method. As noted in [20], the real 
thing we need to close the first term in (1.27) is a strong decay rate of (E, B) rather than the whole solution! Look 
back at the system (1.7), and we note that (E, B) in the Maxwell system depends only on f+ − f− and also that there 
are some cancelations between the “+” and “−” equations. This motivates us to consider the sum and difference of 
f+ and f−:

f1 = f+ + f− and f2 = f+ − f−. (1.28)

The Vlasov–Maxwell–Landau system (1.7) can be equivalently rewritten as
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∂tf1 + v · ∇xf1 +L1f1 = Γ∗(f1, f1) + E · (v − ∇v)f2 − v × B · ∇vf2,

∂tf2 + v · ∇xf2 − 4E · v√
μ +L2f2 = Γ∗(f1, f2) + E · (v − ∇v)f1 − v × B · ∇vf1,

∂tE − ∇x × B = −
∫
R3

v
√

μf2 dv, ∇x · E =
∫
R3

√
μf2 dv,

∂tB + ∇x × E = 0, ∇x · B = 0, (1.29)

where the linearized collision operators are given by

L1g ≡ − 2√
μ

{
Q(μ,

√
μg) + Q(

√
μg,μ)

}
(1.30)

and

L2g ≡ − 2√
μ

Q(μ,
√

μg), (1.31)

and the nonlinear collision operator is given by

Γ∗(g,h) ≡ 1√
μ

Q(
√

μg,
√

μh). (1.32)

Notice that [L1f1, L2f2] is equivalent to Lf , and their null spaces are

N(L1) ≡ span
{√

μ,v
√

μ, |v|2√μ
}
, but N(L2) ≡ span{√μ}. (1.33)

Let Pi be the L2
v orthogonal projection on the null space of Li respectively, then

〈Lig, g〉 ≥ δ0
∣∣{I − Pi}g

∣∣2
σ
, i = 1,2. (1.34)

Then our key observation in [20] is that we can include the full term ‖f2‖2
σ in the dissipation: L2 controls the micro-

scopic part {I − P2}f2 by (1.34); while the Poisson equation can control the hydrodynamic part P2f2!
To get the sufficiently fast decay of (E, B) from the system (1.29) by the energy method is much more subtle than 

that of [20] for the Vlasov–Poisson–Landau system. In [20], we can plug out the subsystem for f2 and φ to derive 
a differential inequality similar as [11] which allow us to extract a fast enough decay rate of φ. But as noted in [3]
the magnetic field B decays at the lowest rate, so at the first stage we could not expect to use the subsystem for f2
and (E, B) to derive the faster decay. However, as far as our strategy of showing the decay by the energy method the 
system (1.29) is still more effective than the original system (1.7): when doing the energy estimates for (1.7) we will 
encounter the typical difficult term B × Pf × Pf since both B and Pf are not included in the dissipation; but when 
doing the energy estimates for (1.29), the situation is a bit better since now the term changes to be B × P1f1 × P2f2
but P2f2 is included in the dissipation! This observation makes us be able to derive the decay (1.24) in Proposition 4.2. 
With (1.24) in hand, we then further explore the structure of the subsystem for f2 and E (c.f. (4.32)) to derive the 
faster decay (1.25) in Proposition 4.4.

Note that the second term in (1.27) is due to the incoordination of the regularity-loss of E with the weighted energy 
method. In order to get around this difficulty, as in [2] a time-weighted energy estimates with the time rate of negative 
power will be employed in Section 5. The pay of this trick is that Em;l,q(t) may increase in time as stated in (1.23).

The rest of our paper is organized as follows. In Section 2, we recall some useful estimates for the collision 
operators and collect some analytic tools. In Section 3, we establish the nonlinear energy estimates. In Section 4, we 
establish the decay estimates. Finally, we complete the proof of Theorem 1.1 in Section 5.

2. Preliminary

In this section, we use L̃ to uniformly denote the linear collision operators L, L1 and L2, and we use Γ̃ to denote 
the nonlinear collision operators Γ and Γ∗. We first recall the basic property of the linear collision operator L̃.
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Lemma 2.1. We have 〈L̃g, h〉 = 〈g, ̃Lh〉, 〈L̃g, g〉 ≥ 0, and ̃Lg = 0 if and only if g = P̃ g, where P̃ is the L2
v orthogonal 

projection onto the null space of L̃, correspondingly. Moreover,

〈L̃g, g〉� ∣∣{I − P̃ }g∣∣2
σ
. (2.1)

Proof. We refer to Lemma 5 in [9] and Lemma 2.1 in [20]. �
Next we recall the weighted estimates for L̃.

Lemma 2.2. Let w = w(α, β) in (1.17). For any small η > 0, there exists Cη > 0 such that〈
∂αL̃g,w2(α,0)∂αg

〉
�
(
1 − q2 − η

)∣∣∂αg
∣∣2
σ,w(α,0)

− Cη

∣∣∂αg
∣∣2
σ
, (2.2)

and for β �= 0〈
∂α
β L̃g,w2(α,β)∂α

β g
〉
�
∣∣∂α

β g
∣∣2
σ,w(α,β)

− η
∑

|β1|=|β|

∣∣∂α
β1

g
∣∣2
σ,w(α,β)

− Cη

∑
|β1|<|β|

∣∣∂α
β1

g
∣∣2
σ,w(α,β1)

(2.3)

Proof. We refer to Lemmas 8 and 9 in [18]. �
We then recall the following refined estimates for the nonlinear collision operator Γ̃ .

Lemma 2.3. Let w = w(α, β) in (1.17). Then we have〈
∂α
β Γ̃ [g1, g2],w2∂α

β g3
〉
�

∑
α1≤α

β̄≤β1≤β

∣∣μδ∂
α1

β̄
g1
∣∣
2

∣∣∂α−α1
β−β1

g2
∣∣
σ,w

∣∣∂α
β g3

∣∣
σ,w

. (2.4)

Hereafter δ > 0 is a sufficiently small universal number.

Proof. We refer to Lemma 2.3 in [20]. �
In what follows, we will collect the analytic tools which will be used in this paper. The first one is the Sobolev 

interpolation among the spatial regularity:

Lemma 2.4. Let 2 ≤ p ≤ ∞ and k, �, m ∈R, then we have∥∥∇kg
∥∥

p
�
∥∥∇�g

∥∥θ

2

∥∥∇mg
∥∥1−θ

2 . (2.5)

Here 0 ≤ θ ≤ 1 (if p = +∞, then we require that 0 < θ < 1) and k satisfies

k + 3

(
1

2
− 1

p

)
= �θ + m(1 − θ). (2.6)

Proof. For the case 2 ≤ p < ∞, we refer to Lemma 2.4 in [20]; for the case p = ∞, we refer to Exercise 6.1.2 
in [8]. �

In many places, we will use the Minkowski’s integral inequality to interchange the orders of integration over x and 
v without mentioning.

Lemma 2.5. For 1 ≤ p ≤ q ≤ ∞, we have

‖g‖L
q
z L

p
y

≤ ‖g‖L
p
y L

q
z
. (2.7)

Proof. It is standard, see [8] for instance. �
The following product estimates of ∇k will simply our some calculations.
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Lemma 2.6. Let k ∈ Z+, then we have∥∥∇k(gh)
∥∥

p0
� ‖g‖p1

∥∥∇kh
∥∥

p2
+ ∥∥∇kg

∥∥
p3

‖h‖p4 (2.8)

with p0, p2, p3 ∈ (1, +∞) and 1/p0 = 1/p1 + 1/p2 = 1/p3 + 1/p4.

Proof. We refer to Lemma 3.1 in [14]. �
The last one we need is the basic time decay estimates of certain integrals.

Lemma 2.7. Suppose that 0 ≤ ε < 1, λ > 0 and θ ≥ 0, then

t∫
0

e−λ((1+t)1−ε−(1+τ)1−ε)(1 + τ)−θ dτ ≤ Cλ,θ,ε(1 + t)−θ+ε. (2.9)

Proof. We refer to Lemma 18 in [19]. �
3. Nonlinear energy estimates

In this section, we will do a refined energy estimates for the solution to the Vlasov–Maxwell–Landau system (1.7). 
We begin with the estimates for the spatial derivatives of the solution without the velocity weight. We use 

∫
g to 

denote the integration of g over R3
x ×R

3
v or R3

x .

Proposition 3.1. Let m ≥ 4. Assume that Em ≤ M is small, then we have

d

dt
Em +Dm �

√
MDm−1;m,0 + ‖E‖2∞Fm;m+1/4,0 + ‖∇B‖2∞Fm−1;m−1/4,0. (3.1)

Proof. Applying ∇k with k ≤ m to the first equation in (1.7) and then taking the L2
xL

2
v inner product with ∇kf , using 

the Maxwell system and the collision invariant property, we obtain

1

2

d

dt

{∥∥∇kf
∥∥2

2 + 2
∥∥∇k(E,B)

∥∥2
2

}+
∫ 〈

L∇kf,∇kf
〉

=
∫

∇k(f, f )∇k{I − P}f +
∫

q0E · v∇kf ∇kf

+
∑

0�=j≤k

C
j
k

∫
q0∇jE · (v − ∇v)∇k−j f ∇kf

−
∑

0�=j≤k

C
j
k

∫
q0v × ∇jB · ∇v∇k−j f ∇kf :=

4∑
i=1

Ii . (3.2)

We now estimate I1 − I4. For the term I1, we apply Lemma 2.3 to obtain

I1 �
∑
j≤k

∫ ∣∣∇j f
∣∣
2

∣∣∇k−j f
∣∣
σ

∣∣∇k{I − P}f ∣∣
σ
. (3.3)

When k = 0, we take L2 − L∞ − L2 in (3.3) to have an upper bound of

‖f ‖2

∑
�=1,2

∥∥∇�f
∥∥

σ

∥∥{I − P}f ∥∥
σ
�
√
E2D2. (3.4)

When k ≥ 1, if j = 0 we take L∞ − L2 − L2; if j = k we take L2 − L∞ − L2; if 1 ≤ j ≤ k − 1 (it only occurs when 
k ≥ 2) we take L3 − L6 − L2 in (3.3) respectively to have an upper bound of
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∑
�=1,2

∥∥∇�f
∥∥

2

∥∥∇kf
∥∥

σ

∥∥∇k{I − P}f ∥∥
σ

+ ∥∥∇kf
∥∥

2

∑
�=1,2

∥∥∇�f
∥∥

σ

∥∥∇k{I − P}f ∥∥
σ

+
∑

�=0,1

∥∥∇�∇j f
∥∥

2

∥∥∇∇k−j f
∥∥

σ

∥∥∇k{I − P}f ∥∥
σ
�
√
EmDm. (3.5)

For the term I2, when k = 0, we take L2 − L3 − L6 to have

I2 � ‖E‖2

∑
�=0,1

∥∥∇�f
∥∥

2

∥∥〈v〉3/2∇f
∥∥

σ

�
√
D2

√
E2
√
D2;2,0; (3.6)

When k ≥ 1, we take L∞ − L2 − L2 to have

I2 � ‖E‖∞
∥∥〈v〉3/2∇kf

∥∥
2

∥∥∇kf
∥∥

σ

� ‖E‖∞
√
Fm;m+1/4,0

√
Dm. (3.7)

Notice that the term I4 only occurs when k ≥ 1, and we perform an integration by parts in v to have

I4 =
∑

0�=j≤k

C
j
k

∫
∇k−j f q0v × ∇jB · ∇v∇kf

�
∑

0�=j≤k

∫ ∣∣∇jB
∣∣∣∣〈v〉5/2∇k−j f

∣∣
2

∣∣∇kf
∣∣
σ
. (3.8)

When k = 1, then so j = 1, we take L3 − L6 − L2 in (3.8) to have an upper bound of∑
�=0,1

∥∥∇�∇B
∥∥

2

∥∥〈v〉3∇f
∥∥

σ
‖∇f ‖σ �

√
E2

√
D2;5/2,0

√
D2. (3.9)

For k ≥ 2, if j = 1, we take L∞ − L2 − L2 in (3.8) to have an upper bound of

‖∇B‖∞
∥∥〈v〉5/2∇k−1f

∥∥
2

∥∥∇kf
∥∥

σ
� ‖∇B‖∞

√
Fm−1;m−1/4,0

√
Dm. (3.10)

When k = 2, the remaining case is j = 2, we take L3 − L6 − L2 to have an upper bound of∑
�=0,1

∥∥∇�∇2B
∥∥

2

∥∥〈v〉3∇f
∥∥

σ

∥∥∇2f
∥∥

σ
�
√
E3

√
D2;5/2,0

√
D2. (3.11)

For k ≥ 3, if j = 2, we take L∞ − L2 − L2 in (3.8) to have an upper bound of∑
�=1,2

∥∥∇�∇2B
∥∥

2

∥∥〈v〉3∇k−2f
∥∥

σ

∥∥∇kf
∥∥

σ
�
√
E4

√
Dm−2;m−1/2,0

√
Dm. (3.12)

When k = 3, the remaining case is j = 3, we take L3 − L6 − L2 in (3.8) to have an upper bound of∑
�=0,1

∥∥∇�∇3B
∥∥

2

∥∥〈v〉3∇f
∥∥

σ

∥∥∇3f
∥∥

σ
�
√
E4

√
D2;5/2,0

√
D3. (3.13)

Now when k ≥ 4, if j = k, we take L2 − L∞ − L2; the remaining cases are of 3 ≤ j ≤ k − 1, and we take 
L3 − L6 − L2 in (3.8), respectively, to have an upper bound of∥∥∇kB

∥∥
2

∑
�=1,2

∥∥〈v〉3∇�f
∥∥

σ

∥∥∇kf
∥∥

σ
+
∑

�=0,1

∥∥∇�∇jB
∥∥

2

∥∥〈v〉3∇∇k−j f
∥∥

σ

∥∥∇kf
∥∥

σ

�
√
Em

√
D2;7/2,0

√
Dm +√

Em

√
Dm−2;m−1/2,0

√
Dm. (3.14)

Hence, we conclude that
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I4 �
√
Em

√
Dm−2;m−1/2,0

√
Dm + ‖∇B‖∞

√
Fm−1;m−1/4,0

√
Dm. (3.15)

Similarly, for the rest term I3, we again perform an integration by parts in v to have

I3 =
∑

0�=j≤k

C
j
k

∫
∇k−j f q0∇jE · (v + ∇v)∇kf

�
∑

0�=j≤k

∫ ∣∣∇jE
∣∣∣∣〈v〉3/2∇k−j f

∣∣
2

∣∣∇kf
∣∣
σ
. (3.16)

For k ≥ 2, if j = 1, we take L∞ − L2 − L2 in (3.16) to have an upper bound of∑
�=1,2

∥∥∇�∇E
∥∥

2

∥∥〈v〉2∇k−1f
∥∥

σ

∥∥∇kf
∥∥

σ
�
√
Em

√
Dm−1;m,0

√
Dm. (3.17)

For the remaining cases, we may argue in the same as that for B , together with the bound (3.17), to conclude that

I3 �
√
Em

√
Dm−1;m,0

√
Dm. (3.18)

Collecting the estimates for I1 − I4, together with Lemma 2.1 and by Cauchy’s inequality, we deduce from (3.2)
that

d

dt

∑
k≤m

{∥∥∇kf
∥∥2

2 + 2
∥∥∇k(E,B)

∥∥2
2

}+
∑
k≤m

∥∥∇k{I − P}f ∥∥2
σ

(3.19)

� (
√
Em + η)Dm +√

EmDm−1;m,0 + Cη

(‖E‖2∞Fm;m+1/4,0 + ‖∇B‖2∞Fm−1;m−1/4,0
)
.

Notice that the dissipation estimates in (3.19) only controls the microscopic part {I − P}f , but it follows from [10,15,
3,2] that there exists a function Gm(t) with |Gm(t)| � Em(t) such that

d

dt
Gm +

∑
1≤k≤m

∥∥∇kPf
∥∥2

2 + ‖E‖2
Hm−1 + ‖∇B‖2

Hm−2 �
∑
k≤m

∥∥∇k{I − P}f ∥∥2
σ

+ EmDm. (3.20)

A suitable linear combination of (3.19) and (3.20), taking η sufficiently small and since Em ≤ M , implies that there is 
an instant energy Em(t) satisfying (1.21) such that (3.1) holds. We may refer to Lemma 4.3 later for the reason that 
we can include ‖(f+ − f−)‖2

σ in the dissipation. �
Next, we turn to the energy estimates with the velocity weight, and we first deal with the pure spatial derivatives of 

the solution.

Lemma 3.2. Let l ≥ m ≥ 4. Assume that Em ≤ M is small. Let w = w(α, 0) in (1.17). Then for 1 ≤ |α| ≤ m, we have 
that for any η > 0

d

dt

∥∥∂αf
∥∥2

2,w
+ ∥∥∂αf

∥∥2
σ,w

+ ϑq

(1 + t)1+ϑ

∥∥∂αf
∥∥2

2,w

� (
√

M + η)Dm;l,q + ‖E‖∞Fm;l,q + ‖∇B‖2∞Fm−1;l,q + ∥∥∂αE
∥∥∥∥∂αf

∥∥
σ

+ ∥∥∂αf
∥∥2

σ
. (3.21)

Proof. Applying ∂α with 1 ≤ |α| ≤ m to the first equation in (1.7) and then taking the L2
xL

2
v inner product with 

w2∂αf , we obtain

1

2

d

dt

∥∥∂αf
∥∥2

2,w
+ 1

2

ϑq

(1 + t)1+ϑ

∥∥∂αf
∥∥2

2,w
+
∫ 〈

L∂αf,w2∂αf
〉

= 2
∫

∂αE · v√
μq1w

2∂αf +
∫ [

1 + q

(1 + t)ϑ
+ 2(l − |α|)

1 + |v|2
]
q0E · v∂αf w2∂αf

+
∫

∂αΓ (f,f )w2∂αf +
∑

Cα1
α

∫
q0∂

α1E · (v − ∇v)∂
α−α1f w2∂αf
0�=α1≤α
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−
∑

0�=α1≤α

Cα1
α

∫
q0v × ∂α1B · ∇v∂

α−α1f w2∂αf :=
5∑

i=1

Ii . (3.22)

First, by Lemma 2.2, we have∫ 〈
L∂αf,w2∂αf

〉
dx �

∥∥∂αf
∥∥2

σ,w
− C

∥∥∂αf
∥∥2

σ
. (3.23)

We now estimate I1 − I5. Clearly,

I1 �
∥∥∂αE

∥∥∥∥∂αf
∥∥

σ
, (3.24)

and

I2 �
∫

|E|∣∣〈v〉1/2∂αf
∣∣
2,w

� ‖E‖∞Fm;l,q . (3.25)

Next, we apply Lemma 2.3 to obtain

I3 �
∑
α1≤α

∫ ∣∣∂α1f
∣∣
2

∣∣∂α−α1f
∣∣
σ,w

∣∣∂αf
∣∣
σ,w

. (3.26)

If α1 = 0, we take L∞ − L2 − L2 in (3.26) to have an upper bound of∑
1≤|γ |≤2

∥∥∂γ f
∥∥

2

∥∥∂αf
∥∥2

σ,w
�
√
E2Dm;l,q . (3.27)

When |α| = 1, the remaining case is α1 = α, and we take L3 − L6 − L2 in (3.26) to have an upper bound of∑
|γ |≤1

∥∥∂γ ∂αf
∥∥

2

∑
|γ |=1

∥∥∂γ f
∥∥

σ,w

∥∥∂αf
∥∥

σ,w
�
√
E2D2;l,q . (3.28)

Here we have used the fact w(α, 0) = w(γ, 0) for |γ | = 1. This concludes the case |α| = 1.
Now when |α| ≥ 2, if α1 = α, we take L2 − L∞ − L2; the remaining cases are of 1 ≤ |α1| ≤ |α| − 1, and we take 

L3 − L6 − L2 in (3.26), respectively, to have an upper bound of∥∥∂αf
∥∥

2

∑
1≤|γ |≤2

∥∥∂γ f
∥∥

σ,w

∥∥∂αf
∥∥

σ,w
+
∑
|γ |≤1

∥∥∂γ ∂α1f
∥∥

2

∑
|γ |=1

∥∥∂γ ∂α−α1f
∥∥

σ,w

∥∥∂αf
∥∥

σ,w

�
√
Em

√
D2;l,q

√
Dm;l,q +√

EmDm;l,q . (3.29)

Here we have used the facts w(α, 0) ≤ w(γ, 0) for 1 ≤ |γ | ≤ 2 and w(α, 0) ≤ w(α − α1 + γ, 0) for |α1| ≥ 1 and 
|γ | = 1. This concludes the case |α| ≥ 2. Hence we conclude that

I3 �
√
EmDm;l,q . (3.30)

For the term I5, we perform an integration by parts in v to have

I5 =
∑

0�=α1≤α

Cα1
α

∫
w2∂α−α1f q0v × ∂α1B · ∇v∂

αf

�
∑

0�=α1≤α

∫ ∣∣∂α1B
∣∣∣∣〈v〉5/2∂α−α1f

∣∣
2,w

∣∣∂αf
∣∣
σ,w

. (3.31)

When |α| = 1, then so α1 = α, we use the split f = Pf + {I − P}f in the factor |〈v〉5/2f |2,w in (3.31) and then take 
L2 − L∞ − L2 and L∞ − L2 − L2, respectively, to have an upper bound of∥∥∂αB

∥∥
2

∑
1≤|γ |≤2

∥∥∂γ Pf
∥∥

2

∥∥∂αf
∥∥

σ,w
+ ∥∥∂αB

∥∥∞
∥∥〈v〉5/2{I − P}f ∥∥2,w

∥∥∂αf
∥∥

σ,w

�
√
E2

√
D2

√
D2;l,q + ‖∇B‖∞

√
F2;l,q

√
D2;l,q . (3.32)
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Here we have used the fact 〈v〉2w(α, 0) = w(0, 0).
For |α| ≥ 2, if |α1| = 1, we take L∞ − L2 − L2 in (3.31) to have an upper bound of∥∥∂α1B

∥∥∞
∥∥〈v〉5/2∂α−α1f

∥∥
2,w

∥∥∂αf
∥∥

σ,w
� ‖∇B‖∞

√
Fm−1;l,q

√
Dm;l,q . (3.33)

Here we have used the fact 〈v〉2w(α, 0) = w(α − α1, 0) for |α1| = 1.
When |α| = 2, the remaining case is α1 = α, and we use the split f = Pf + {I − P}f in the factor |〈v〉5/2f |2,w in 

(3.31) and then take L2 − L∞ − L2 and L∞ − L2 − L2, respectively, to have an upper bound of∥∥∂αB
∥∥

2

∑
1≤|γ |≤2

∥∥∂γ Pf
∥∥

σ

∥∥∂αf
∥∥

σ,w
+

∑
1≤|γ |≤2

∥∥∂γ ∂αB
∥∥

2

∥∥〈v〉3{I − P}f ∥∥
σ,w

∥∥∂αf
∥∥

σ,w

�
√
E2

√
D2

√
D2;l,q +√

E4D2;l,q . (3.34)

Here we have used the fact 〈v〉3w(α, 0) < w(0, 0). This concludes the case |α| = 2.
For |α| ≥ 3, if |α1| = 2, we take L∞ − L2 − L2 in (3.31) to have an upper bound of∑

1≤|γ |≤2

∥∥∂γ ∂α1B
∥∥

2

∥∥〈v〉3∂α−α1f
∥∥

σ,w

∥∥∂αf
∥∥

σ,w
�
√
E4

√
Dm−2;l,q

√
Dm;l,q . (3.35)

Here we have used the fact 〈v〉3w(α, 0) < w(α − α1, 0) for |α1| = 2.
When |α| = 3, the remaining case is α1 = α, and we take L3 − L6 − L2 in (3.31) to have an upper bound of∑

|γ |≤1

∥∥∂γ ∂αB
∥∥

2

∑
|γ |=1

∥∥〈v〉3∂γ f
∥∥

σ,w

∥∥∂αf
∥∥

σ,w
�
√
E4

√
D2;l,q

√
D3;l,q . (3.36)

Here we have used the fact 〈v〉3w(α, 0) < w(γ, 0) for |γ | = 1. This concludes the case |α| = 3.
Now when |α| ≥ 4, if α1 = α, we take L2 − L∞ − L2; the remaining cases are of 3 ≤ |α1| ≤ |α| − 1, and we take 

L3 − L6 − L2 in (3.31), respectively, to have an upper bound of∥∥∂αB
∥∥

2

∑
1≤|γ |≤2

∥∥〈v〉3∂γ f
∥∥

σ,w

∥∥∂αf
∥∥

σ,w

+
∑
|γ |≤1

∥∥∂γ ∂α1B
∥∥

2

∑
|γ |=1

∥∥〈v〉3∂γ ∂α−α1f
∥∥

σ,w

∥∥∂αf
∥∥

σ,w

�
√
Em

√
D2;l,q

√
Dm;l,q +√

Em

√
Dm−2;l,q

√
Dm;l,q . (3.37)

Here we have used the facts 〈v〉3w(α, 0) < w(γ, 0) for 1 ≤ |γ | ≤ 2 and 〈v〉3w(α, 0) < w(α − α1 + γ, 0) for |α1| ≥ 3
and |γ | = 1. This concludes the case |α| ≥ 4. Hence we conclude that

I5 �
√
EmDm;l,q + ‖∇B‖∞

√
Fm−1;l,q

√
Dm;l,q . (3.38)

Similarly, for the rest term I4, we again perform an integration by parts in v to have

I4 =
∑

0�=α1≤α

Cα1
α

∫
w2∂α−α1f q0∂

α1E ·
([

1 + q

(1 + t)ϑ
+ 2(l − |α|)

1 + |v|2
]
v + ∇v

)
∂αf

�
∑

0�=α1≤α

∫ ∣∣∂α1E
∣∣∣∣〈v〉3/2∂α−α1f

∣∣
2,w

∣∣∂αf
∣∣
σ,w

. (3.39)

When |α| = 1, then so α1 = α, we use the split f = Pf + {I − P}f in the factor |〈v〉3/2f |2,w in (3.31) and then take 
L2 − L∞ − L2 and L∞ − L2 − L2, respectively, to have an upper bound of∥∥∂αE

∥∥
2

∑
1≤|γ |≤2

∥∥∂γ Pf
∥∥

2

∥∥∂αf
∥∥

σ,w
+

∑
1≤|γ |≤2

∥∥∂γ ∂αE
∥∥

2

∥∥〈v〉2{I − P}f ∥∥
σ,w

∥∥∂αf
∥∥

σ,w

�
√
E2

√
D2

√
D2;l,q +√

E3D2;l,q . (3.40)
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Here we have used the fact 〈v〉2w(α, 0) = w(0, 0).
For |α| ≥ 2, if |α1| = 1, we take L∞ − L2 − L2 in (3.39) to have an upper bound of∑

1≤|γ |≤2

∥∥∂γ ∂α1E
∥∥

2

∥∥〈v〉2∂α−α1f
∥∥

σ,w

∥∥∂αf
∥∥

σ,w
�
√
E3

√
Dm−1;l,q

√
Dm;l,q . (3.41)

Here we have used the fact 〈v〉2w(α, 0) = w(α − α1, 0) for |α1| = 1.
For the remaining cases, we may argue in the same as that for B , together with the bounds (3.40) and (3.41), to 

conclude that

I4 �
√
EmDm;l,q . (3.42)

Plugging these estimates for I1 − I5 and (3.23) into (3.22), by Cauchy’s inequality we thus conclude the esti-
mate (3.21). �

We now turn to the mixed spatial-velocity derivatives of the solution. Notice that in view of Proposition 3.1 and 
Lemma 3.2, it suffices to estimate the remaining microscopic part ∂α

β {I − P}f for |α| + |β| ≤ m and |α| ≤ m − 1.

Lemma 3.3. Let l ≥ m ≥ 4. Assume that Em ≤ M is small. Let w = w(α, β) in (1.17). Then for |α| + |β| ≤ m with 
|α| ≤ m − 1, we have that for any η > 0

d

dt

∥∥∂α
β {I − P}f ∥∥2

2,w
+ ∥∥∂α

β {I − P}f ∥∥2
σ,w

+ ϑq

(1 + t)1+ϑ

∥∥∂α
β {I − P}f ∥∥2

2,w

� (
√
Em + η)Dm;l,q + ‖E‖∞Fm;l,q + ‖∇B‖2∞Fm−1;l,q

+ Cη

∑
|β ′|<|β|

∥∥∂α
β ′ {I − P}f ∥∥2

σ,w(α,β ′) +Dm. (3.43)

Proof. We will use the following macro-micro decomposition from (1.7):{
∂t + v · ∇x + q0(E + v × B) · ∇v

}{I − P}f − 2E · v√
μq1 + Lf

= Γ (f,f ) + q0E · v{I − P}f + SE,B + P(v · ∇xf ) − v · ∇xPf, (3.44)

where we have denoted by

SE,B ≡ q0E · vPf − P(q0E · vf ) − q0(E + v × B) · ∇vPf + P
(
q0(E + v × B) · ∇vf

)
. (3.45)

Applying ∂α
β with |α| + |β| ≤ m and |α| ≤ m − 1 to (3.44) and then taking the L2

xL
2
v inner product with w2∂α

β {I −
P}f , we obtain

1

2

d

dt

∥∥∂α
β {I − P}f ∥∥2

2,w
+ 1

2

ϑq

(1 + t)1+ϑ

∥∥∂α
β {I − P}f ∥∥2

2,w
+
∫ 〈

∂α
β L{I − P}f,w2∂α

β {I − P}f 〉
= 2

∫
∂αE · ∂β(v

√
μ)q1w

2∂α
β {I − P}f −

∫
δ

ei

β ∂
α+ei

β−ei
{I − P}f w2∂α

β {I − P}f

+
∫ [

q

(1 + t)ϑ
+ 2(l − |α| − |β|)

1 + |v|2
]
q0E · v∂α

β {I − P}f w2∂α
β {I − P}f

+
∫

∂α
β Γ (f,f )w2∂α

β {I − P}f +
∫

q0E · ∂β

[
v∂α{I − P}f ]w2∂α

β {I − P}f

+
∑

0�=α1≤α

Cα1
α

∫
q0∂

α1E · ∂β

[
(v − ∇v)∂

α−α1{I − P}f ]w2∂α
β {I − P}f

−
∑

0�=(α1,β1)≤(α,β)

Cα1
α

∫
q0∂β1v × ∂α1B · ∇v∂

α−α1
β−β1

{I − P}f w2∂α
β {I − P}f

+
∑

Cα1
α

∫
∂α
β SE,Bw2∂α

β {I − P}f

α1≤α
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+
∫

∂α
β

(
P(v · ∇xf ) − v · ∇xPf

)
w2∂α

β {I − P}f :=
9∑

i=1

Ii . (3.46)

Here δei

β = 1 if ei ≤ β; otherwise, δei

β = 0.
First, by Lemma 2.2, we have that if β = 0,∫ 〈

∂αL{I − P}f,w2∂α{I − P}f 〉� ∥∥∂α{I − P}f ∥∥2
σ,w

− C
∥∥∂α{I − P}f ∥∥2

σ
; (3.47)

if β �= 0, then for any η > 0,∫ 〈
∂α
β L{I − P}f,w2∂α

β {I − P}f 〉
≥ ∥∥∂α

β {I − P}f ∥∥2
σ,w

− η
∑

|β ′|=|β|

∥∥∂α
β ′ {I − P}f ∥∥2

σ,w(α,β ′) − Cη

∑
|β ′|<|β|

∥∥∂α
β ′ {I − P}f ∥∥2

σ,w(α,β ′). (3.48)

We now estimate I1 − I9. Clearly,

I1 �
∥∥∂αE

∥∥2 + ∥∥∂α{I − P}f ∥∥2
σ
�Dm, (3.49)

and

I3 + I5 � ‖E‖∞
∑
β ′≤β

∥∥〈v〉1/2∂α
β ′ {I − P}f ∥∥

σ,w

∥∥〈v〉1/2∂α
β {I − P}f ∥∥

σ,w

� ‖E‖∞Fm;l,q . (3.50)

For any η > 0 and β ≥ ei , by Lemma 6 in [11] we have

I2 �
∥∥δei

β ∂α
β−ei

{I − P}f ∥∥
σ,w(α,β−ei )

∥∥∂α+ei

β−ei
{I − P}f ∥∥

σ,w(α+ei ,β−ei )

≤ ηDm;l,q (f ) + Cη

∥∥δei

β ∂α
β−ei

{I − P}f ∥∥2
σ,w(α,β−ei )

. (3.51)

Next, we apply Lemma 2.3 to obtain

I4 �
∑
α1≤α

β̄≤β1≤β

∫ ∣∣μδ∂
α1

β̄
f
∣∣
2

∣∣∂α−α1
β−β1

f
∣∣
σ,w

∣∣∂α
β {I − P}f ∣∣

σ,w
. (3.52)

If (α1, β1) = 0, we take L∞ − L2 − L2 in (3.52) and we use the split f = Pf + {I − P}f in the factor |∂α
β f |σ,w to 

have an upper bound of∑
1≤|γ |≤2

∥∥μδ∂γ f
∥∥

2

∥∥∂αPf
∥∥

2

∥∥∂α
β {I − P}f ∥∥

σ,w

+
∑

1≤|γ |≤2

∥∥μδ∂γ f
∥∥

2

∥∥∂α
β {I − P}f ∥∥

σ,w

∥∥∂α
β {I − P}f ∥∥

σ,w

�
√
D2

√
Em

√
Dm;l,q +√

E2Dm;l,q . (3.53)

Note that we have concluded the case |α| + |β| = 0.
When |α| + |β| = 1, the remaining case is (α1, β1) = (α, β), and we take L3 − L6 − L2 in (3.52) to have an upper 

bound of∑
|γ |≤1

∥∥μδ∂γ ∂α

β̄
f
∥∥

2

∑
|γ |=1

∥∥∂γ f
∥∥

σ,w

∥∥∂α
β {I − P}f ∥∥

σ,w
�
√
E2D2;l,q . (3.54)

Here we have used the fact w(α, β) = w(γ, 0) for |γ | = 1. This concludes the case |α| + |β| = 1.
Now when |α| + |β| ≥ 2, if (α1, β1) = (α, β) we take L2 − L∞ − L2; the remaining cases are of 1 ≤ |α1| + |β1| ≤

|α| + |β| − 1, and we take L3 − L6 − L2 in (3.52), respectively, to have an upper bound of
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∥∥μδ∂α

β̄
f
∥∥

2

∑
1≤|γ |≤2

∥∥∂γ f
∥∥

σ,w

∥∥∂α
β {I − P}f ∥∥

σ,w

+
∑
|γ |≤1

∥∥μδ∂γ ∂
α1

β̄
f
∥∥

2

∑
|γ |=1

∥∥∂γ ∂
α−α1
β−β1

f
∥∥

σ,w

∥∥∂α
β {I − P}f ∥∥

σ,w

�
√
Em

√
D2;l,q

√
Dm;l,q +√

EmDm;l,q . (3.55)

Here we have used the facts w(α, β) ≤ w(γ, 0) for 1 ≤ |γ | ≤ 2 and w(α, β) ≤ w(α −α1 +γ, β −β1) for |α1| +|β1| ≥
1 and |γ | = 1. This concludes the case |α| + |β| ≥ 2. Hence we conclude that

I4 �
√
EmDm;l,q . (3.56)

Notice that the term I7 only occurs when |α| + |β| ≥ 1, and we perform an integration by parts in v to have

I7 =
∑

0�=(α1,β1)≤(α,β)

Cα1
α

∫
w2∂

α−α1
β−β1

{I − P}f q0∂β1v × ∂α1B · ∇v∂
α
β {I − P}f

�
∑

0�=(α1,β1)≤(α,β)

∫ ∣∣∂α1B
∣∣∣∣〈v〉3/2∂β1v∂

α−α1
β−β1

{I − P}f ∣∣2,w

∣∣∂α
β {I − P}f ∣∣

σ,w
(3.57)

If |α1| + |β1| = 1, then either |α1| = 1, |β1| = 0 or |α1| = 0, |β1| = 1, and we both take L∞ − L2 − L2 in (3.57) to 
have an upper bound of∥∥∂α1B

∥∥∞
∥∥〈v〉5/2∂

α−α1
β {I − P}f ∥∥2,w

∥∥∂α
β {I − P}f ∥∥

σ,w

+
∑

1≤|γ |≤2

∥∥∂γ B
∥∥

2

∥∥〈v〉2∂α
β−β1

{I − P}f ∥∥
σ,w

∥∥∂α
β {I − P}f ∥∥

σ,w

� ‖∇B‖∞
√
Fm−1;l,q

√
Dm;l,q +√

E2

√
Dm−1;l,q

√
Dm;l,q . (3.58)

Here we have used the facts 〈v〉2w(α, β) = w(α − α1, β) for |α1| = 1 and 〈v〉2w(α, β) = w(α, β − β1) for |β1| = 1. 
Note that we have concluded the case |α1| + |β1| = 1.

When |α| + |β| = 2, the remaining case is (α1, β1) = (α, β), and we take L∞ −L2 −L2 in (3.57) to have an upper 
bound of∑

1≤|γ |≤2

∥∥∂γ ∂αB
∥∥

2

∥∥〈v〉3{I − P}f ∥∥
σ,w

∥∥∂α
β {I − P}f ∥∥

σ,w
�
√
E4D2;l,q . (3.59)

Here we have used the fact 〈v〉3w(α, β) < w(0, 0). This concludes the case |α| + |β| = 2.
For |α| + |β| ≥ 3, if |α1| + |β1| = 2, we take L∞ − L2 − L2 in (3.57) to have an upper bound of∑

1≤|γ |≤2

∥∥∂γ ∂α1B
∥∥

2

∥∥〈v〉3∂
α−α1
β−β1

{I − P}f ∥∥
σ,w

∥∥∂α
β {I − P}f ∥∥

σ,w

�
√
E4

√
Dm−2;l,q

√
Dm;l,q . (3.60)

Here we have used the fact 〈v〉3w(α, β) < w(α − α1, β − β1) for |α1| + |β1| = 2.
When |α| + |β| = 3, the remaining case is (α1, β1) = (α, β), and we take L3 − L6 − L2 in (3.57) to have an upper 

bound of∑
|γ |≤1

∥∥∂γ ∂αB
∥∥

2

∑
|γ |=1

∥∥〈v〉3∂γ {I − P}f ∥∥
σ,w

∥∥∂α
β {I − P}f ∥∥

σ,w

�
√
E4

√
D2;l,q

√
D3;l,q . (3.61)

Here we have used the fact 〈v〉3w(α, β) < w(γ, 0) for |γ | = 1. This concludes the case |α| + |β| = 3.
Now when |α| +|β| ≥ 4, if (α1, β1) = (α, β), we take L2 −L∞ −L2; the remaining cases are of 3 ≤ |α1| +|β1| ≤

|α| + |β| − 1, and we take L3 − L6 − L2 in (3.57), respectively, to have an upper bound of
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∥∥∂αB
∥∥

2

∑
1≤|γ |≤2

∥∥〈v〉3∂γ {I − P}f ∥∥
σ,w

∥∥∂α
β {I − P}f ∥∥

σ,w

+
∑
|γ |≤1

∥∥∂γ ∂α1B
∥∥

2

∑
|γ |=1

∥∥〈v〉3∂γ ∂
α−α1
β−β1

{I − P}f ∥∥
σ,w

∥∥∂α
β {I − P}f ∥∥

σ,w

�
√
Em

√
D2;l,q

√
Dm;l,q +√

Em

√
Dm−2;l,q

√
Dm;l,q . (3.62)

Here we have used the facts 〈v〉3w(α, β) < w(γ, 0) for 1 ≤ |γ | ≤ 2 and 〈v〉3w(α, β) < w(α − α1 + γ, β − β1) for 
|α1| + |β1| ≥ 3 and |γ | = 1. This concludes the case |α| + |β| ≥ 4. Hence we conclude that

I7 �
√
EmDm;l,q + ‖∇B‖∞

√
Fm−1;l,q

√
Dm,l,q . (3.63)

Similarly, for the term I6, we again perform an integration by parts in v to have

I6 �
∑

0�=(α1,β1)≤(α,β)

∫ ∣∣∂α1E
∣∣∣∣〈v〉∂β1v∂

α−α1
β−β1

{I − P}f ∣∣
σ,w

∣∣∂α
β {I − P}f ∣∣

σ,w

+
∑

0�=α1≤α

∫ ∣∣∂α1E
∣∣∣∣〈v〉2∂

α−α1
β {I − P}f ∣∣

σ,w

∣∣∂α
β {I − P}f ∣∣

σ,w
. (3.64)

For the first term, if |α1| +|β1| = 1, then either |α1| = 1, |β1| = 0 or |α1| = 0, |β1| = 1; for the second term, if |α1| = 1, 
we all take L∞ − L2 − L2 to have an upper bound of∑

1≤|γ |≤2

∥∥∂γ ∂α1E
∥∥

2

∥∥〈v〉2∂
α−α1
β {I − P}f ∥∥

σ,w

∥∥∂α
β {I − P}f ∥∥

σ,w

+
∑

1≤|γ |≤2

∥∥∂γ E
∥∥

2

∥∥〈v〉∂α
β−β1

{I − P}f ∥∥
σ,w

∥∥∂α
β {I − P}f ∥∥

σ,w

�
√
E3

√
Dm−1;l,q

√
Dm;l,q . (3.65)

Here we have used the facts 〈v〉2w(α, β) = w(α − α1, β) for |α1| = 1 and 〈v〉w(α, β) < w(α, β − β1) for |β1| = 1. 
For the remaining cases, we may argue in the same as that for B , together with the bound (3.65), to conclude that

I6 �
√
EmDm;l,q . (3.66)

Now for the term I8, we integrate by parts in v and make use of the exponential decay in v of the hydrodynamic 
part to get

I8 �
∑
α1≤α

∫ (∣∣∂α1E
∣∣+ ∣∣∂α1B

∣∣)∣∣μδ∂α−α1f
∣∣
2

∣∣μδ∂α{I − P}f ∣∣2. (3.67)

We may then easily have the an upper bound as

I8 �
√
EmDm. (3.68)

Similarly, we easily have

I9 �
∥∥∂α{I − P}f ∥∥2

σ
+ ∥∥∇|α|+1

x f
∥∥2

σ
�Dm. (3.69)

Plugging these estimates for I1 − I9 and (3.47)–(3.48) into (3.46), by Cauchy’s inequality we thus conclude the 
estimate (3.43). �

We now summarize the energy estimates in the following proposition.

Proposition 3.4. Let m ≥ 4 and l ≥ m + 1/4. Assume that Em ≤ M is small, then we have

d

dt
Em;l,q +Dm;l,q + ϑq

(1 + t)1+ϑ
Fm;l,q

� ‖E‖∞Fm;l,q + ‖∇B‖2∞Fm−1;l,q + ∥∥∇mE
∥∥

2

√
Dm. (3.70)
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Proof. We define

Em;l,q = Em +
∑

1≤|α|≤m

ηα

∥∥∂αf
∥∥2

2,w(α,0)
+

∑
|α|+|β|≤m
|α|≤m−1

ηα,β

∥∥∂α
β {I − P}f ∥∥2

2,w(α,β)
. (3.71)

Then Em;l,q satisfies (1.18). By further taking ηα, ηα,β, η sufficiently small orderly and choosing M sufficiently small, 
we deduce the proposition from Proposition 3.1 and Lemmas 3.2–3.3. �
4. Time decay rates

In light of the energy estimates (3.70) in Proposition 3.4, we now turn to derive a strong decay of the electromag-
netic field (E, B). We recall the notations f1 = f+ +f− and f2 = f+ −f− for the solution f to the Vlasov–Maxwell–
Landau system (1.7), and we recall the system (1.29).

We first derive an energy estimates which allows us to prove the basic decay rate of (E, B).

Lemma 4.1. There exist an instant energy E(t) with

E(t) ∼
∑

k=3,4,5

{∥∥∇k(f1, f2)
∥∥2

2 + ∥∥∇k(E,B)
∥∥2

2

}
(4.1)

and the corresponding dissipation rate

D(t) ∼ ∥∥∇3{I − P1}f1
∥∥

σ
+
∑

k=4,5

∥∥∇kf1
∥∥2

σ
+

∑
k=3,4,5

∥∥∇kf2
∥∥2

σ
+
∑

k=3,4

∥∥∇kE
∥∥2

2 + ∥∥∇4B
∥∥2

2 (4.2)

such that

d

dt
E+D� (

√
E7 +

√
E5;35/4,0)D. (4.3)

Proof. The ∇k (k = 3, 5) energy estimates on (1.29) yield

d

dt

{∥∥∇k(f1, f2)
∥∥2

2 + 2
∥∥∇k(E,B)

∥∥2
2

}+ ∥∥∇k
({I − P1}f1, {I − P2}f2

)∥∥2
σ

≤
∫

∇kΓ∗(f1, f1)∇kf1 +
∫

∇kΓ∗(f1, f2)∇kf2

+
∫

∇k
(
E · (v − ∇v)f2

)∇kf1 +
∫

∇k
(
E · (v − ∇v)f1

)∇kf2

−
∫

∇k(v × B · ∇vf2)∇kf1 −
∫

∇k(v × B · ∇vf1)∇kf2 :=
6∑

i=1

Ii . (4.4)

We first estimate I1 − I6 when k = 3. For the term I1, by the collision invariant property and Lemmas 2.3, 2.6, 2.5, 
we obtain

I1 =
∫

∇3Γ∗(f1, f1)∇3{I − P1}f1

�
(∥∥μδf1

∥∥
L2

vL3
x

∥∥∇3f1
∥∥

L2
σ L6

x
+ ∥∥μδ∇3f1

∥∥
L2

vL6
x
‖f1‖L2

σ L3
x

)∥∥∇3{I − P1}f1
∥∥

σ

�
√
E2
∥∥∇4f1

∥∥
σ

∥∥∇3{I − P1}f1
∥∥

σ
�
√
E2D. (4.5)

Note that I2 can be estimated in the same way, at least. For the term I6, we integrate by parts in v and use the split 
f1 = P1f1 + {I − P1}f1 to have

I6 =
∫

∇3(v × Bf1) · ∇v∇3f2

�
(∥∥∇3(BP1f1)

∥∥ + ∥∥∇3(B〈v〉5/2{I − P1}f1
)∥∥ )∥∥∇3f2

∥∥ . (4.6)
2 2 σ
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By Lemmas 2.6, 2.5, 2.4 and Hölder’s inequality, we obtain∥∥∇3(BP1f1)
∥∥

2 � ‖B‖3
∥∥∇3P1f1

∥∥
L2

vL
6
x
+ ∥∥∇3B

∥∥
6‖P1f1‖L2

vL3
x

� ‖B‖3
∥∥∇4P1f1

∥∥
2 + ∥∥∇4B

∥∥
2‖P1f1‖L2

vL
3
x
�
√
E2

√
D (4.7)

and ∥∥∇3(B〈v〉5/2{I − P1}f1
)∥∥

2

� ‖B‖∞
∥∥〈v〉5/2∇3{I − P1}f1

∥∥
L2

vL2
x
+ ∥∥∇3B

∥∥
6

∥∥〈v〉5/2{I − P1}f1
∥∥

L2
vL3

x

� ‖B‖5/8
2

∥∥∇4B
∥∥3/8

2

∥∥〈v〉15/2∇3{I − P1}f1
∥∥3/8

2

∥∥〈v〉−1/2∇3{I − P1}f1
∥∥5/8

2

+ ∥∥∇4B
∥∥

2

∥∥〈v〉5/2{I − P1}f1
∥∥

L2
vL3

x

�
√
E3;27/4,0

√
D+

√
E2;9/4,0

√
D. (4.8)

Hence, we conclude that

I6 �
√
E3;27/4,0D. (4.9)

Note that I4 can be estimated in the same way. For the term I5, we integrate by parts in both v and x to have

I5 = −
∫

∇2(v × Bf2) · ∇v∇4f1 �
∥∥∇2(B〈v〉5/2f2

)∥∥
2

∥∥∇4f1
∥∥

σ
. (4.10)

By Lemmas 2.6, 2.5, 2.4 and Hölder’s inequality, we obtain∥∥∇2(B〈v〉5/2f2
)∥∥

2 � ‖B‖∞
∥∥〈v〉5/2∇2f2

∥∥
2 + ∥∥∇2B

∥∥
2

∥∥〈v〉5/2f2
∥∥

L2
vL∞

x

� ‖B‖5/8
2

∥∥∇4B
∥∥3/8

2

∥∥〈v〉15/2∇1/3f2
∥∥3/8

2

∥∥〈v〉−1/2∇3f2
∥∥5/8

2

+ ‖B‖1/2
2

∥∥∇4B
∥∥1/2

2

∥∥〈v〉11/2f2
∥∥1/2

2

∥∥〈v〉−1/2∇3f2
∥∥1/2

2

�
√
E2;19/4,0

√
D+

√
E2;11/4,0

√
D. (4.11)

Hence, we conclude that

I4 �
√
E3;27/4,0D. (4.12)

Note that I3 can be estimated in the same way. This completes the estimates for k = 3.
We now estimate I1 − I6 when k = 5. For the term I1, by Lemmas 2.3, 2.6 and 2.5, we obtain

I1 �
(∥∥μδf1

∥∥
L2

vL∞
x

∥∥∇5f1
∥∥

σ
+ ∥∥μδ∇5f1

∥∥
2‖f1‖L2

σ L∞
x

)∥∥∇5f1
∥∥

σ

�
√
E3;3,0

∥∥∇5f1
∥∥2

σ
≤√

E3;3,0D. (4.13)

Note that I2 can be estimated in the same way. For the term I6, we integrate by parts in v to have

I6 =
∫

∇5(v × Bf1) · ∇v∇5f2 �
∥∥∇5(B〈v〉5/2f1

)∥∥
2

∥∥∇5f2
∥∥

σ
. (4.14)

By Lemmas 2.6, 2.5, 2.4 and Hölder’s and Young’s inequalities, we obtain∥∥∇5(B〈v〉5/2f1
)∥∥

2 � ‖B‖L∞
x

∥∥〈v〉5/2∇5f1
∥∥

2 + ∥∥∇5B
∥∥

2

∥∥〈v〉5/2f1
∥∥

L2
vL∞

x

� ‖B‖5/8
2

∥∥∇4B
∥∥3/8

2

∥∥〈v〉15/2∇5f1
∥∥3/8

2

∥∥〈v〉−1/2∇5f1
∥∥5/8

2

+ ∥∥∇4B
∥∥5/8

2

∥∥∇20/3B
∥∥3/8

2

∥∥〈v〉43/10f1
∥∥5/8

2

∥∥〈v〉−1/2∇4f1
∥∥3/8

2

� (

√
E5;35/4,0 +√

E7 +
√
E2;43/20,0)

√
D. (4.15)
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Hence, we conclude that

I6 � (
√
E7 +

√
E5;35/4,0)D. (4.16)

Note that I3 − I5 can be estimated in the same way. This completes the estimates for k = 5.
Summing over k = 3, 5 and summing up all these estimates above, we deduce from (4.4) that

d

dt

∑
k=3,5

{∥∥∇k(f1, f2)
∥∥2

2 + 2
∥∥∇k(E,B)

∥∥2
2

}
+
∑

k=3,5

∥∥∇k
({I − P1}f1, {I − P2}f2

)∥∥2
σ
� (
√
E7 +

√
E5;35/4,0)D. (4.17)

Notice that the dissipation estimates in (4.17) only controls the microscopic parts, but it follows from [10,15,3,2,
20] that for k = 3, 4 there exists a function Gk

f1
(t) with∣∣Gk

f1
(t)
∣∣� ∥∥∇kf1

∥∥2
2 + ∥∥∇k+1f1

∥∥2
2 (4.18)

such that

d

dt
Gk

f1
+ ∥∥∇k+1P1f1

∥∥2
2 �

∥∥∇k{I − P1}f1
∥∥2

σ
+ ∥∥∇k+1{I − P1}f1

∥∥2
σ

+ E3D, (4.19)

and that there exists a function Gf2(t) with

Gf2(t)�
∑

k=3,4,5

{∥∥∇kf2
∥∥2

2 + ∥∥∇k(E,B)
∥∥2

2

}
(4.20)

such that

d

dt
Gf2 +

∑
k=3,4,5

∥∥∇kP2f2
∥∥2

2 +
∑

k=3,4

∥∥∇kE
∥∥2

2 + ∥∥∇4B
∥∥2

2

�
∑

k=3,4,5

∥∥∇k{I − P2}f2
∥∥2

σ
+ E3D. (4.21)

Note that the point in (4.21) is that we can include ‖∇3P2f2‖2
2 in the dissipation. One can check this in details later in 

Lemma 4.3. Hence, if we define

E(t) :=
∑

k=3,5

{∥∥∇k(f1, f2)
∥∥2

2 + ∥∥∇k(E,B)
∥∥2

2

}+ η
(
G3

f1
+G4

f1
+G3

f2

)
, (4.22)

then for η sufficiently small, by the Sobolev interpolation, we deduce that E(t) satisfies (4.2) and that (4.3) follows 
from (4.17), (4.19) and (4.21). �

We then record the decay estimates resulting from Lemma 4.1.

Proposition 4.2. Let m ≥ 8 and l ≥ max{m, 35/4}. Assume that Em + E5;l,0 ≤ M is small, then for t ∈ [0, T ] and for 
k = 0, 1, 2, 3,∥∥∇kf (t)

∥∥
2 + ∥∥∇k(E,B)(t)

∥∥
2 ≤ C(1 + t)−

k
2 sup

0≤τ≤T

√
Em(τ) + E5;l,0(τ ). (4.23)

Proof. Under the assumption of the proposition, we obtain from Lemma 4.1 that

d

dt
E+D≤ 0. (4.24)

In order to derive the decay from the time differential inequality (4.24), the point is to estimate E in terms of D. We 
will use the interpolation as in [17,11,20]. First, by Hölder’s inequality, we interpolate among velocity moments to 
have that for k = 3, 4, 5,
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∥∥∇kf
∥∥

2 = ∥∥〈v〉−1/2∇kf
∥∥ 4(l−5)

4(l−5)+1
2

∥∥〈v〉4(l−5)∇kf
∥∥ 1

4(l−5)+1
2

≤ ∥∥∇kf
∥∥ 4(l−5)

4(l−5)+1
σ

{√
E5;l,0(t)

} 1
4(l−5)+1 . (4.25)

This implies∥∥∇3{I − P1}f1
∥∥

2 +
∑

k=4,5

∥∥∇kf1
∥∥

2 +
∑

k=3,4,5

∥∥∇kf2
∥∥

2 (4.26)

≤ {√
E5;l,0(t)

} 1
4(l−5)+1

{∥∥∇3{I − P1}f1
∥∥

σ
+
∑

k=4,5

∥∥∇kf1
∥∥

σ
+

∑
k=3,4,5

∥∥∇kf2
∥∥

σ

} 4(l−5)
4(l−5)+1

.

Next, we interpolate among spatial regularity to have∥∥∇3P1f1
∥∥

2 ≤ ∥∥∇4P1f1
∥∥ 3

4
2 ‖f1‖

1
4
2 ≤ E

1
8

2

∥∥∇4f1
∥∥ 3

4
σ
, (4.27)∥∥∇3B

∥∥
2 ≤ ∥∥∇4B

∥∥ 3
4
2 ‖B‖

1
4
2 ≤ E

1
8

2

∥∥∇4B
∥∥ 3

4
2 , (4.28)

and ∥∥∇5(E,B)
∥∥

2 ≤ ∥∥∇4(E,B)
∥∥m−5

m−4
2

∥∥∇m(E,B)
∥∥ 1

m−4
2 ≤ E

1
2(m−4)
m

∥∥∇4(E,B)
∥∥m−5

m−4

L2 . (4.29)

In light of (4.26)–(4.29), we deduce from (4.24) that for t ∈ [0, T ]
d

dt
E+

{
sup

0≤τ≤T

{
E5;l,0(τ ) + Em(τ)

}}−θ

E1+θ ≤ 0, (4.30)

where θ = max{ 1
3 , 1

4(l−5)
, 1

m−5 }. Solving the inequality (4.30) directly, we obtain

E(t) ≤
(
E(0)−θ + θ

{
sup

0≤τ≤T

{
E5;l,0(τ ) + Em(τ)

}}−θ

t
)−1/θ

� (1 + t)−1/θ sup
0≤τ≤T

{
E5;l,0(τ ) + Em(τ)

}
. (4.31)

Notice that if we have required that m ≥ 8 (and l ≥ 23
4 ), then θ = 1/3. This in particular proves the decay estimates 

(4.23) for k = 3. Note that (4.23) for k = 0 is trivial, and the cases k = 1, 2 follow by the Sobolev interpolation. �
We now derive an energy estimates which allows us to prove the faster decay rate of E. The key point is to consider 

the following evolution of f2 and E separating from (1.29):

∂tf2 + v · ∇xf2 − 4E · v√
μ +L2f2 = Γ∗(f1, f2) + E · (v − ∇v)f1 − v × B · ∇vf1,

∂tE − ∇x × B = −
∫
R3

v
√

μf2 dv, ∇x · E =
∫
R3

√
μf2 dv. (4.32)

Lemma 4.3. For k = 0, 1, 2, there exist an energy Ek(t) with

Ek(t) ∼ ∥∥∇kf2
∥∥2

2 + ∥∥∇kE
∥∥2

2 (4.33)

and the corresponding dissipation rate

Dk(t) = ∥∥∇kf2
∥∥2

σ
+ ∥∥∇kE

∥∥2
2 (4.34)

such that

d

dt
Ek +Dk �

√
E3;21/4,0D

k + ∥∥∇k+1f
∥∥2

2 + ∥∥∇k+1B
∥∥2

2. (4.35)
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Proof. The ∇k (k = 0, 1, 2) energy estimates on (4.32) yield

d

dt

{∥∥∇kf2
∥∥2

2 + 4
∥∥∇kE

∥∥2
2

}+ ∥∥∇k{I − P2}f2
∥∥2

σ

≤
∫

∇kΓ∗(f1, f2)∇kf2 +
∫

∇k
(
E · (v − ∇v)f1

)∇kf2

−
∫

∇k(v × B · ∇vf1)∇kf2 + 4
∫

∇kE · ∇x × ∇kB :=
4∑

i=1

Ii . (4.36)

We now estimate I1 − I4. For the first term, by Lemmas 2.3, 2.6 and 2.5, we obtain

I1 �
(∥∥μδf1

∥∥
L2

vL∞
x

∥∥∇kf2
∥∥

σ
+ ∥∥μδ∇kf1

∥∥
L2

vL6
x
‖f2‖L2

σ L3
x

)∥∥∇kf2
∥∥

σ

�
√
E2;2,0

(∥∥∇kf2
∥∥2

σ
+ ∥∥∇k+1f1

∥∥2
2

)
. (4.37)

For the term I3, we integrate by parts in v to have

I3 =
∫

∇k(v × Bf1) · ∇v∇kf2 �
∥∥∇k

(
B〈v〉5/2f1

)∥∥
2

∥∥∇kf2
∥∥

σ
. (4.38)

By Lemmas 2.6, 2.5, 2.4 and Hölder’s and Young’s inequalities, we obtain∥∥∇k
(
B〈v〉5/2f1

)∥∥
2 � ‖B‖6

∥∥〈v〉5/2∇kf1
∥∥

L2
vL3

x
+ ∥∥∇kB

∥∥
6

∥∥〈v〉5/2f1
∥∥

L2
vL3

x

� ‖B‖k/(k+1)

2

∥∥∇k+1B
∥∥1/(k+1)

2

∥∥〈v〉5(k+1)/2∇(k+1)/2f1
∥∥1/(k+1)

2

∥∥∇k+1f1
∥∥k/(k+1)

2

+ ∥∥∇k+1B
∥∥

2

∥∥〈v〉5/2f1
∥∥

L2
vL

3
x

� (

√
E3;21/4,0 +

√
E2;9/4,0)

(∥∥∇k+1f1
∥∥

2 + ∥∥∇k+1B
∥∥

2

)
. (4.39)

Hence, we conclude that

I3 �
√
E3;21/4,0

(∥∥∇kf2
∥∥2

σ
+ ∥∥∇k+1f1

∥∥2
2 + ∥∥∇k+1B

∥∥2
2

)
. (4.40)

Note that I2 can be estimated in the same way. By Cauchy’s inequality, we easily bound

I4 ≤ η
∥∥∇kE

∥∥2
2 + Cη

∥∥∇k+1B
∥∥2

2. (4.41)

Summing up the estimates above, we deduce

d

dt

{∥∥∇kf2
∥∥2

2 + 4
∥∥∇kE

∥∥2
2

}+ ∥∥∇k{I − P2}f2
∥∥2

σ

� (

√
E3;21/4,0 + η)Dk + Cη

(∥∥∇k+1f
∥∥2

2 + ∥∥∇k+1B
∥∥2

2

)
. (4.42)

Notice that the dissipation estimate in (4.42) only controls the microscopic part {I −P2}f2, we thus want to include 
the hydrodynamic part P2f2 and the electric field E in the dissipation. We now explain this in details, and this should 
confirm the statements of Lemma 4.1 and Proposition 3.1. We will use the local conservation laws and the macroscopic 
equations derived from the macro-micro decomposition. Taking the L2

v inner product of the first equation in (4.32)
with 

√
μ, plugging in f2 = P2f2 + {I − P2}f2 and denoting P2f2 = d(t, x)

√
μ, we obtain the local conservation 

laws:

∂td + ∇x ·A({I − P2}f2
)= 0, (4.43)

where the moment function A(g) = 〈g, v
√

μ〉. We write the second equation in (4.32) as

∂tE − ∇x × B = −A
({I − P2}f2

)
, ∇x · E = d. (4.44)

Notice that by plugging f2 = P2f2 + {I − P2}f2 into the first equation (4.32),

∂tP2f2 + v · ∇xP2f2 − 4E · v√
μ = −∂t {I − P2}f2 +L2 +N2 (4.45)
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where the linear term L2 is denoted by

L2 = −v · ∇x{I − P2}f2 −L2{I − P2}f2 (4.46)

and N2 is the nonlinear term in the right hand side of the first equation in (4.32). Taking the L2
v inner product of (4.45)

with v
√

μ, we obtain the macroscopic equations:

∂tA
({I − P2}f2

)+ ∇xd − 4E =A(L2 +N2). (4.47)

Applying ∇k to (4.47), taking the L2
x inner product of the resulting equations with −∇kE, and then integrating by 

parts, since ∇x · E = d , we get∥∥∇kd
∥∥2

2 + 4
∥∥∇kE

∥∥2
2 = −

∫
∂t∇kA

({I − P2}f2
) · ∇kE +

∫
∇kA(L2 +N2) · ∇kE. (4.48)

For the first term, we integrate by part in time to have, using the equation (4.44),

−
∫

∂t∇kA
({I − P2}f2

) · ∇kE

= − d

dt

∫
∇kA

({I − P2}f2
) · ∇kE +

∫
∇kA

({I − P2}f2
) · ∂t∇kE

≤ − d

dt

∫
∇kA

({I − P2}f2
) · ∇kE + 1

4

∥∥∇k+1B
∥∥2

2. (4.49)

We may bound the second term as usual by∫
∇kA(L2 +N2) · ∇kE � η

∥∥∇kE
∥∥+ Cη

∥∥∇k{I − P2}f2
∥∥2

σ

+√
E2
(∥∥∇kf2

∥∥2
σ

+ ∥∥∇kE
∥∥2

2 + ∥∥∇k+1f1
∥∥2

2 + ∥∥∇k+1B
∥∥2

2

)
. (4.50)

Plugging (4.49)–(4.50) into (4.48) implies that there exists a functional Gk(t) with∣∣Gk(t)
∣∣� ∥∥∇kf2

∥∥2
2 + ∥∥∇kE

∥∥2
2 (4.51)

such that

d

dt
Gk + ∥∥∇kP2f2

∥∥2
2 + ∥∥∇kE

∥∥2
2

�
∥∥∇k{I − P2}f2

∥∥2
σ

+ E2D
k + ∥∥∇k+1f1

∥∥2
2 + ∥∥∇k+1B

∥∥2
2. (4.52)

Hence, if we define

Ek(t) := ∥∥∇kf2
∥∥2

2 + ∥∥∇kE
∥∥2

2 + ηGk, (4.53)

then for η sufficiently small, we deduce that Ek(t) satisfies (4.33) and that (4.35) follows from (4.42) and (4.52). �
We then record the decay estimates resulting from Lemma 4.3.

Proposition 4.4. Let m ≥ 8 and l ≥ max{m, 35/4}. Assume that Em + E5;l,0 ≤ M is small, then for t ∈ [0, T ] and for 
k = 0, 1, 2,∥∥∇kf2(t)

∥∥
2 + ∥∥∇kE(t)

∥∥
2 � (1 + t)−

k+1−ε
2 sup

0≤τ≤T

√
Em(τ) + E5;l,0(τ ), (4.54)

where ε = 3/(4l − 7).

Proof. Under the assumption of the proposition, we obtain from Lemma 4.3 that

d
Ek +Dk �

∥∥∇k+1f1
∥∥2

2 + ∥∥∇k+1B
∥∥2

2. (4.55)

dt
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We now use a splitting method (velocity-time) as in [18,11,20]. For any ε > 0 and k = 0, 1, 2, we have∥∥∇kf2
∥∥2

σ
�
∫

〈v〉−1
∣∣∇kf2

∣∣2 =
∫

|v|≤(1+t)ε

+
∫

|v|≥(1+t)ε

≥ (1 + t)−ε

∫
|v|≤(1+t)ε

∣∣∇kf2
∣∣2

= (1 + t)−ε
∥∥∇kf2

∥∥2
2 − (1 + t)−ε

∫
|v|≥(1+t)ε

|∇kf2|2, (4.56)

and we bound by

(1 + t)−ε

∫
|v|≥(1+t)ε

∣∣∇kf2
∣∣2 ≤ (1 + t)−ε(1 + t)−4(l−k)ε

∫
|v|4(l−k)

∣∣∇kf2
∣∣2

≤ (1 + t)−(4l−4k+1)εE2;l,0(t). (4.57)

Plugging the estimates (4.23) of Lemma 4.1 and (4.56)–(4.57) into (4.55), we obtain

d

dt
Ek + (1 + t)−εEk � (1 + t)−(4l−4k+1)εE2;l,0 + (1 + t)−(k+1) sup

0≤τ≤T

{
Em(τ) + E5;l,0(τ )

}
� (1 + t)−θ sup

0≤τ≤T

{
Em(τ) + E5;l,0(τ )

}
, (4.58)

where θ = min{(4l − 4k + 1)ε, k + 1}. By Lemma 2.7, we deduce from (4.58) that for 0 < ε < 1,

Ek(t)� e− λ(1+t)1−ε

1−ε

(
Ek(0) + sup

0≤τ≤T

{
Em(τ) + E5;l,0(τ )

} t∫
0

e
λ(1+τ )1−ε

1−ε (1 + τ)−θ dτ

)

� sup
0≤τ≤T

{
Em(τ) + E5;l,0(τ )

}
(1 + t)−θ+ε. (4.59)

Notice that if we have chosen ε so that (4l−7)ε ≥ 3, then θ = k+1. Taking ε = 3/(4l−7) yields the decay (4.54). �
5. Proof of Theorem 1.1

This section is devoted to proving Theorem 1.1. Let m ≥ 9 and l ≥ m + 1/4. We denote

T∗ = sup
{
t ≥ 0

∣∣ Em(t) + Em−1;l,q (t) ≤ M
}
. (5.1)

Clearly T∗ > 0 follows from the local-in-time existence theory if Em;l,q(0) is sufficiently small (it can follow by 
combining the arguments in [10,11] and our energy estimates, and the detail is omitted for brevity). Our goal is to 
show T∗ = ∞ if we further choose Em;l,q(0) small.

By Proposition 4.2, Proposition 4.4 and the Sobolev interpolation of Lemma 2.4, we deduce∥∥∇B(t)
∥∥∞ �

√
M(1 + t)−

5
4 (5.2)

and ∥∥E(t)
∥∥∞ �

√
M(1 + t)−

5
4 + ε

2 , (5.3)

where ε = 3/(4l − 7) ≤ 1/10 since l ≥ 9 + 1/4. Substituting (5.2)–(5.3) into the estimates (3.70) of Proposition 3.4, 
we obtain

d

dt
Em;l,q +Dm;l,q + ϑq

(1 + t)1+ϑ
Fm;l,q

�
(‖E‖∞ + ‖∇B‖2∞

)
Fm;l,q + ∥∥∇mE

∥∥
2

√
Dm

�
√

M(1 + t)−
5
4 + ε

2 Fm;l,q + ∥∥∇mE
∥∥ √Dm. (5.4)
2
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Note that if we have fixed 0 < ϑ ≤ 1/5, then 1 + ϑ ≤ 5/4 − ε/2. Then (5.4) implies

d

dt
Em;l,q +Dm;l,q + ϑq

(1 + t)1+ϑ
Fm;l,q �

∥∥∇mE
∥∥

2

√
Dm. (5.5)

Similarly, substituting (5.2)–(5.3) into the estimates (3.1) of Proposition 3.1, we deduce

d

dt
Em +Dm �

√
MDm−1;l,q + (‖E‖2∞ + ‖∇B‖2∞

)
Fm;l,q

�
√

MDm−1;l,q + M(1 + t)−
5
2 +εFm;l,q . (5.6)

Note that we could not simply close the estimates (5.5)–(5.6) since ‖∇mE‖2 is not included in Dm but rather in Em

(or Dm+1). This is caused by the regularity-loss property of the Maxwell system. We shall overcome this difficulty by 
using the time-weighted energy method with the time rate of negative power as [2]. Multiplying (5.6) by (1 + t)−ε0

with ε0 > 0 gives

d

dt

{
(1 + t)−ε0Em

}+ (1 + t)−(1+ε0)Em + (1 + t)−ε0Dm

�
√

M(1 + t)−ε0Dm−1;l,q + M(1 + t)−ε0(1 + t)−
5
2 +εFm;l,q . (5.7)

Multiplying (5.5) by (1 + t)−(1+ε0)/2 yields

d

dt

{
(1 + t)−

1+ε0
2 Em;l,q

}+ (1 + t)−
3+ε0

2 Em;l,q + (1 + t)−
1+ε0

2

{
Dm;l,q + ϑq

(1 + t)1+ϑ
Fm;l,q

}
� (1 + t)−

1+ε0
2
∥∥∇mE

∥∥
2

√
Dm � (1 + t)−(1+ε0)Em +Dm. (5.8)

We then combine (5.7) and (5.8) to obtain

d

dt

{
(1 + t)−ε0Em + (1 + t)−

1+ε0
2 Em;l,q

}+ (1 + t)−(1+ε0)Em + (1 + t)−ε0Dm

+ (1 + t)−
3+ε0

2 Em;l,q + (1 + t)−
1+ε0

2

{
Dm;l,q + ϑq

(1 + t)1+ϑ
Fm;l,q

}
�

√
M(1 + t)−ε0Dm−1;l,q + M(1 + t)−ε0(1 + t)−

5
2 +εFm;l,q +Dm. (5.9)

It is easy to check that (1 + ε0)/2 + 1 + ϑ ≤ ε0 + 5/2 − ε. Hence (5.9) implies

d

dt

{
(1 + t)−ε0Em + (1 + t)−

1+ε0
2 Em;l,q

}+ (1 + t)−(1+ε0)Em + (1 + t)−ε0Dm

+ (1 + t)−
3+ε0

2 Em;l,q + (1 + t)−
1+ε0

2

{
Dm;l,q + ϑq

(1 + t)1+ϑ
Fm;l,q

}
�

√
M(1 + t)−ε0Dm−1;l,q +Dm. (5.10)

We now want to absorb the right hand side of (5.10). Notice that (5.5) holds for m ≥ 8, hence we may replace m
with m − 1 (now m ≥ 9) to have

d

dt
Em−1;l,q +Dm−1;l,q + ϑq

(1 + t)1+ϑ
Fm−1;l,q �

∥∥∇m−1E
∥∥

2

√
Dm−1 �Dm. (5.11)

Note that if we have fixed 0 < ε0 ≤ 7/10, then

1 + ε0

2
+ 1 + ϑ ≤ 5

2
− ε. (5.12)

Hence we may combine (5.10), (5.11) and (5.6) to deduce
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d

dt

{
Em + Em−1;l,q + (1 + t)−ε0Em + (1 + t)−

1+ε0
2 Em;l,q

}
+Dm +Dm−1;l,q + ϑq

(1 + t)1+ϑ
Fm−1;l,q + (1 + t)−(1+ε0)Em

+ (1 + t)−
3+ε0

2 Em;l,q + (1 + t)−
1+ε0

2

{
Dm;l,q + ϑq

(1 + t)1+ϑ
Fm;l,q

}
≤ 0. (5.13)

The direct integration in time of the inequality (5.13) in particular yields (1.23) for 0 ≤ t ≤ T∗. Upon choosing the 
initial condition Em;l,q(0) further smaller, we deduce that for 0 ≤ t ≤ T∗

Em(t) + Em−1;l,q (t) ≤ M

2
< M. (5.14)

This implies that T∗ = ∞, which then implies (1.23) for all t . Thus the solution is indeed global. Also, the decay 
estimates (1.24)–(1.25) follows from Propositions 4.2, 4.4 and (1.23). This concludes Theorem 1.1. �
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