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Abstract

Within the Landau—de Gennes theory of liquid crystals, we study theoretically the equilibrium configurations with uniaxial
symmetry. We show that the uniaxial symmetry constraint is very restrictive and can in general not be satisfied, except in very
symmetric situations. For one- and two-dimensional configurations, we characterize completely the uniaxial equilibria: they must
have constant director. In the three dimensional case we focus on the model problem of a spherical droplet with radial anchoring,
and show that any uniaxial equilibrium must be spherically symmetric. It was known before that uniaxiality can sometimes be
broken by energy minimizers. Our results shed a new light on this phenomenon: we prove here that in one or two dimensions
uniaxial symmetry is always broken, unless the director is constant. Moreover, our results concern all equilibrium configurations,
and not merely energy minimizers.
© 2014 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Nematic liquid crystals are composed of rigid rod-like molecules which tend to align in a common preferred
direction. For a macroscopic description of such orientational ordering, several continuum theories are available,
relying on different order parameters.

The state of alignment can be simply characterized by a director field n with values in the unit sphere S?, corre-
sponding to the local preferred direction of orientation. Within such a description, topological constraints may force
the appearance of defects: regions where the director field is not continuous. To obtain a finer understanding of such
regions, one needs to introduce a scalar order parameter s, corresponding to the degree of alignment along the direc-
tor n. However, the (s, n) description only accounts for uniaxial nematics, which correspond to a symmetric case of
the more general biaxial nematic phase. To describe biaxial regions, a tensorial order parameter Q is needed. Biaxi-
ality has been used to theoretically describe defect cores [1-6] and material frustration [7-9], and has been observed
experimentally [10,11].
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The n and (s, n) descriptions can both be interpreted within the Q-tensor description. The tensorial order param-
eter Q describes different degrees of symmetry: isotropic, uniaxial or biaxial. The isotropic case Q = 0 corresponds
to the full symmetry group G = SO(3). The uniaxial case corresponds to a broken symmetry group H ~ O(2).
And the biaxial case corresponds to a further broken symmetry group with 4 elements. The (s,n) description
amounts to restricting the order parameter space to uniaxial or isotropic Q-tensor: only Q-tensors which are ‘at
least O (2)-symmetric’ are considered. The n description arises in the London limit, since the space of degeneracy is
G/H =~ S?/{%1} (see for instance [ 12, Section 2] for more details).

In physical systems presenting some symmetry, existence of symmetric equilibrium configurations is a common
phenomenon: such configurations can be obtained by looking for a solution with a special symmetrical ansatz. In
some cases this phenomenon can be formalized mathematically as a Principle of Symmetric Criticality [13]. In the
present paper we investigate whether the same principle applies to uniaxial symmetry in nematic liquid crystals: do
there exist uniaxial Q-tensor equilibrium configurations? or is the uniaxial symmetry always broken?

We consider a Landau—de Gennes free energy. We do not work with the usual four-terms expansion of the bulk free
energy but with a general frame invariant bulk free energy.

We start by considering the case of one- or two-dimensional configurations: that is, configurations exhibiting trans-
lational invariance in at least one direction of space [7-9,2,4]. In Theorem 4.1 we describe completely the one- or
two-dimensional uniaxial equilibrium configurations: these are essentially only the configurations with constant di-
rector field n. In particular, even if the boundary conditions enhance uniaxial symmetry, the uniaxial order is destroyed
in the whole system, unless the director field is uniform.

The three dimensional case is more complex. While in one and two dimensions the uniaxial configurations are
essentially trivial, there does exist a nontrivial uniaxial configuration in three dimensions: namely, the so-called radial
hedgehog [1,14], which corresponds to a spherically symmetric configuration in a spherical droplet of nematic, with
strong radial anchoring on the surface. In Theorem 5.1 we show that any uniaxial equilibrium configuration must
be spherically symmetric, in this particular nematic system. Such a result constitutes a first step towards a complete
characterization of three-dimensional uniaxial equilibrium configurations. We expect the radial hedgehog to be the
only nontrivial uniaxial equilibrium.

Our main results, Theorem 4.1 and Theorem 5.1, bring out the idea that the constraint of uniaxial symmetry is very
restrictive and is in general not satisfied, except in very symmetric situations. These results shed a very new light on the
phenomenon of ‘biaxial escape’ [4], and are fundamentally different from the previous related ones in the literature.
Indeed, biaxiality was always shown to occur by means of free energy comparison methods, while we only rely on
the equilibrium equations. In particular our results hold for all metastable configurations. Moreover, the appearance
of biaxiality was usually related to special values of parameters such as the temperature [ 1] — which affects the bulk
equilibrium —, or the size of the system [8] — which affects the director deformation. We show instead that biaxiality
occurs for any value of the temperature (since the bulk energy density we work with is arbitrary) and any kind of
director deformation. In short: escape to biaxiality appears in all possible situations, and the equilibrium equations
themselves force this escape.

The plan of the paper is the following. In Section 2 we introduce the mathematical model describing orientational
order. In Section 3 we derive the equilibrium equations for a configuration with uniaxial symmetry, and discuss the
appearance of an extra equation corresponding to equilibrium with respect to symmetry-breaking perturbations. Sec-
tions 4 and 5 contain the main results of the paper: in Section 4 we deal with one- and two-dimensional configurations
and prove Theorem 4.1, and in Section 5 we focus on a spherical nematic droplet with radial anchoring and prove
Theorem 5.1.

2. Description of the model
2.1. Order parameter and degrees of symmetry

In a nematic liquid crystal, the local state of alignment is described by an order parameter taking values in

S={0eM3R); 0="0Q, xQ =0}, (1)
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the set of all symmetric traceless 3 x 3 matrices. The space S is naturally endowed with the euclidean structure
induced by the usual scalar product on M3(R):

(A, A)=u("AA") = Zaija;j VA, A" € M3(R).
ij
The group G = SO(3) acts on the order parameter space S: we denote by Isom(S) the group of linear isometries
of S, and the action is given by the group morphism

p:G — Isom(S), p(g)0=gQ0'g.

Note that this action p is related to the natural action of G on R3: p(g)Q is the order parameter one should observe
after changing the coordinate frame by g in R>.

In the order parameter space S we may distinguish three types of elements, depending on their degree of symmetry.
The degree of symmetry of an element Q € S is given by its isotropy subgroup

H(Q):={g€G, p(g)0 =0}

which can be of three different kinds:

e If 0 =0, then H(Q) = G, and Q describes the isotropic phase.
e If O has two equal (nonzero) eigenvalues, then

1
Q:A(n@n— 51), reR*, neS?
and thus Q = Ap(g)Aop, where Ag = e, ® e, —I/3 and g € G maps e, to n. Therefore H (Q) is conjugate via g to

Doo 1= H(Ag) = ({re,.0}0cr; rey.n) = O(2),

where r, ¢ stands for the element of G corresponding to the rotation of axis n and angle 6. In this case, Q describes
the uniaxial phase.

o If O has three distinct eigenvalues, and g € G maps the canonical orthonormal basis (ey, ey, €;) to an orthonormal
basis of eigenvectors of O, then H(Q) is conjugate via g to

Dy = (rey.nsTey.n) X L)2Z x L/21L.

In this case, Q describes the biaxial phase.

Hence there is a hierarchy in the breaking of symmetry that Q can describe:

{0ycucs,

where

1
U:{s(n@n—gl);seR,neS2} 2)

is the set of order parameter which can describe a breaking of symmetry from G to D,. Elements of I/ are character-
ized by their director n € S* and their scalar order parameter s € R.

Remark 2.1. Note that the scalar order parameter s of a uniaxial tensor Q € U is uniquely determined since s = 0 if
0 =0, and

tr(Q?)
|02

otherwise. On the other hand, the director is uniquely determined up to a sign if Q # 0, and not determined at all if

0=0.

s=3
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2.2. Equilibrium configurations

We consider a nematic liquid crystal contained in an open set £2 C R3. The state of alignment of the material is
described by a map
0:2—S.

At equilibrium, the configuration should minimize a free energy functional of the form

F(0) = f (fu+ fo)dx,
2

where f,; is an elastic energy density, and f} is the bulk free energy.
Here we consider the one constant approximation for the elastic term:

fu=ZIvoP

el — ) 5

and the most general frame invariant (i.e. invariant under the action p) bulk term:
fo = o(tr(0?). (%)),

for some function
o:RxR— Ry,

which we assume to be smooth.

Remark 2.2. A fundamental property of the free energy density f(Q) = fe + fp 1S its frame invariance: for any
0 € H! (R*S) it holds

fg- Q) =f(Q)(¢'x) Ve,
where g - Q denotes the natural action of G on maps Q, given by

(€ QW =p@0(g 'x)=g0(g"'x)g~". 3)

More general elastic terms f,; are physically relevant, as long as the frame invariance property is conserved.

An equilibrium configuration is described by a map Q € H!(£2; S) satisfying the Euler—Lagrange equation

2
LAQ=2(31<0)Q+3(82¢>)(Q2— % > “4)

associated to the free energy F.

Classical elliptic regularity arguments ensure that any solution of (4) which lies in H' N L is smooth. In fact, if
in addition ¢ is analytic, any H' N L° solution of (4) is actually analytic [15, Theorem 6.7.6].

In the sequel we will always consider smooth solutions. We discuss next a very mild sufficient condition on ¢
which ensures boundedness — and therefore smoothness — of solutions.

In a bounded regular domain £2, a natural assumption on ¢ which ensures that any H' solution of (4) with bounded
boundary data is in fact bounded is the following one:

IM >0 suchthat (]Q]>M = 2|07 (31¢) + 3(829) tr(Q?) > 0). (5)
See [16, Lemma B.3] for a proof that assumption (5) on ¢ implies indeed that any Q € H' solution of (4) satisfies

I1Qll L2y < max(M, | QllL=@e))-

The fourth order approximation for f;, usually considered in the literature

f5(Q) = —atr(Q?) — btr(Q%) + ctr(Q?)’, (6)
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corresponds to

o(x,y)=—ax —by + cx?,

which satisfies indeed (5), as long as ¢ > 0 (and is obviously analytic).
3. Uniaxial equilibrium

In the sequel, we investigate the existence of purely uniaxial equilibrium configurations, i.e. solutions Q of the
equilibrium equations (4), which satisfy

Ox)eld Vxef2.

In other words, a purely uniaxial equilibrium configuration is a solution of (4) which can be written in the form
1
Q(x) =S(X)(n(X)®n(X) - §I>, @)
for some scalar field s: 2 — R and unit vector field n: 2 — S°.

Remark 3.1. Here we do not require a priori that the scalar field s and the unit vector field n in ansatz (7) be smooth.
Note that s is uniquely determined (see Remark 2.1) by

3

s = 3T
10(x)]?

Therefore if Q is smooth, then s is smooth in the set {Q 7% 0} C §2 of points where Q does not vanish, and continuous
in £2. On the other hand, 7 is not uniquely determined (see Remark 2.1). However, in { Q # 0} one can choose locally
a smooth unit vector field n. More precisely, if Q is smooth and x( € §2 is such that Q(xg) # 0O, then there exists an
open ball B C §2 centered at xg, and a smooth map n: B — S? such that (7) holds. The local smooth n is obtained
through the implicit function theorem (see the proof of Theorem 4.1 below for more details).

Remark 3.2. Uniaxiality can be characterized through
2

OeU = [01°=6[t(0%)].
so that any analytic map Q:$2 — S which is uniaxial in some open subset of £2 is automatically uniaxial every-
where [17]. Thus, for analytic ¢, Theorems 4.1 and 5.1 proved below are valid if we replace the assumption that Q be
purely uniaxial, with the assumption that Q be uniaxial in some open set.

Remark 3.3. The spherically symmetric radial hedgehog [1] provides an example of purely uniaxial equilibrium (see
also Section 5 below). However, in the particular case of the radial hedgehog, uniaxial symmetry is a consequence
of spherical symmetry, for which Palais’ Principle of Symmetric Criticality applies [13]. The Principle of Symmetric
Criticality is a general tool which allows to prove existence of symmetric equilibria. Roughly speaking, if the free
energy and the space of admissible configurations are ‘symmetric’, then the Principle asserts the following: any
symmetric configuration which is an equilibrium with respect to symmetry-preserving perturbations is automatically
an equilibrium with respect to symmetry-breaking perturbations also. Of course the meaning of ‘symmetric’ needs to
be precised: see [13] for a rigorous mathematical framework in which this Principle is valid.

However, in general the Principle of Symmetric Criticality does not apply to uniaxial symmetry, as is suggested by
the following result (see Remark 3.5 below).

Proposition 3.4. Let w C R be an open set. Let s: w — R and n: w — S* be smooth maps such that the corresponding
uniaxial Q (7) satisfies the equilibrium equation (4). Then s and n satisfy

As =3|Vn|’s + l (2Sa1(ﬂ + 3282<p)
L ' (8

sAn+2(Vs-Vn=—s|Vn|*n,
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and, in regions where s does not vanish, n satisfies the extra equation

3
ZZakn®3kn=|Vn|2(I—n®n). )
k=1

Proof. Plugging the uniaxial ansatz (7) into the equilibrium equation (4), we find, after rearranging the terms,

M+ My +M3=0,

where

2 1 2 1
M, =|As —3|Vn| s—z(2s31(p+s 0) n®n—§I ,

My =2n0O (sAn +2(Vs - V)n + s|Vn|2n),

M; :s[ZZBkn@)akn—i- |Vn|2(n®n—l)i|.
k

Here © denotes the symmetric tensor product: the (i, j) component of n @ m is (n;mj +njm;)/2.
Using the fact that |n|? is constant equal to 1, which implies in particular 7 - din=0andn - An + |Vn|? =0, we
find that

1
M € Span(n On— SI)’

M, € Span{n Quive nJ‘},
M3 eSﬂSpan{v@w:v, w enL}.

Recall here that S is the order parameter space (1) of traceless symmetric matrices. In particular, M|, M> and M3 are
pairwise orthogonal (for the usual scalar product on M3(R), recalled in Section 2.1), and we deduce that

M| =My =M;=0.
We conclude that (8) and (9) hold. O

Remark 3.5. The system (8) satisfied by (s, n) is nothing else than the Euler—Lagrange equation associated to the
energy

F(s,n) = F(Q) =/|:§(§|Vs|2+2s2|Vn|2> +g0(2s2/3,2s3/9)i|dx,

under the constraint |n|> = 1. In other words (8) expresses the fact that Q is an equilibrium of F with respect to pertur-
bations preserving the symmetry constraint Q € U{. The minimization of the functional F has been studied in [18]. On
the other hand, the extra equation (9) expresses the fact that Q is an equilibrium with respect to symmetry-breaking
perturbations. Since (9) is not trivial, we see that Palais’ Principle of Symmetric Criticality does not apply to uniaxial
symmetry.

Remark 3.6. The extra equation (9) is of the form M3 = 0, with M3 taking its values in S of dimension 5: it contains 5
scalar equations. However, it has been shown during the proof of Proposition 3.4 that, due to the constraint n € S?, it
holds in fact

M3 € M:=SNSpan{v®w:v, w en}.

Since M and S? are two-dimensional, the information really carried by (9) corresponds to a system of two first order
partial differential equations, with two unknowns. Such a system should have, for generic Dirichlet boundary condi-
tions, at most one solution (this is heuristically motivated by Cauchy—Kovaleskaya’s theorem). Therefore, system (8)
coupled with Dirichlet boundary conditions and the extra equation (9) is, heuristically speaking, overdetermined. We
expect solutions to exist only in very ‘symmetric’ cases. The results presented in the sequel are indeed of such a nature.
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4. In one and two dimensions

In this section we concentrate on one- and two-dimensional configurations, which occur in case of translational
invariance in at least one direction. Such a symmetry assumption is actually relevant for many nematic systems that
are interesting both theoretically and for application purposes. For instance, in nematic cells bounded by two parallel
plates with competing anchoring, one usually looks for one-dimensional solutions [7-9]. Such hybrid nematic cells
provide a model system for understanding the physics of frustration, and this kind of geometry occurs in several ne-
matic based optical devices. Another relevant geometry is the cylindrical one, in which two dimensional configurations
can be considered [2,4-6], with applications to high performance fibers [19-21].

Our conclusion (see Theorem 4.1 below) is that a one- or two-dimensional equilibrium configuration can be purely
uniaxial only if the director field is constant. Thus in the translation-invariant case, the system (8) coupled with (9) is
so strongly overdetermined that it admits only trivial solutions.

Theorem 4.1. Let 2 C R3 be an open set and Q be a smooth solution of the equilibrium equation (4). Assume that Q
is invariant in one direction: there exists vy € S® such that vy - VO =0.

(i) If Q is purely uniaxial (i.e. takes values in U) then Q has constant director in every connected component of
{Q # 0. That is, for every connected component w of {Q # 0}, there exists a uniform director ny = no(w) € S?
such that

o) =s(x)<n0 ®ny— %I) Vx € w,

for some scalar vector field s: 2 — R.
(ii) If in addition Q is analytic and 2 is connected, then Q has constant director in the whole domain §2: there exists
no € S* such that

o) =s(x)<n0 ®ng — %I) Vx € 2.

Remark 4.2. The one-dimensional case is of course contained in the two-dimensional one, but we find useful to
present a specific, much simpler argument here. In one dimension the extra equation (9) becomes

2n’®n’=|n’|2(l—n®n), (10)

which readily implies n’ = 0. Indeed, if n’ # 0 then the left-hand side of (10) is a matrix of rank one, while the
right-hand side has rank two. Thus in one dimension the conclusion of Theorem 4.1 is achieved using only the extra
equation (9).

In two dimensions however, the proof of Theorem 4.1 is more involved. In particular, the extra equation (9) does
admit nontrivial solutions. For instance a cylindrically symmetric director field introduced by Cladis and Kléman [22]
and studied further in [23], which is given in cylindrical coordinates by

d
n(r,0,z) =cosy(r)e. + siny(r)e;, with r—dw =cosy,
r

satisfies (9). But there cannot exist any scalar field s such that (s, n) solves (8).

Proof of Theorem 4.1. Since the free energy density is frame invariant (see Remark 2.2) we may assume that vg = e,
so that 330 = 0.

We start by proving assertion (i) of Theorem 4.1. Fix a connected component w of {Q # 0} and define the smooth
map s: @ — R by the formula

tr(Q%)

o~
Recall that s(x) is the scalar order parameter of Q(x) € U (see Remark 2.1). In particular, s does not vanish in w. In
the sequel we are going to show that the smooth map Q/s is locally constant in w, which obviously implies (i).

s=3
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Let xg € w. We claim that there exists an open ball B C w centered at xo and a smooth map n: B — S? such that
the formula for Q in terms of s and » (7) holds in B (as announced in Remark 3.1).

Indeed, fix a director ng € S? of Q(xp): itholds Q(xp)no = sono, with so = s(xp). Since the eigenvalue s is simple
and Q(xg) maps n(J)- to n(J)-, the implicit function theorem can be applied to the map

w X R x né‘ — R3, (x,s,v) — (Q(x) — s)(no + v)
to obtain smooth maps v and § defined in a neighborhood of xg and solving uniquely
Ox)(ng+v)=5sng+v) fors~sy, v~0¢ n(J)‘.
Since, for x close enough to xg, eigenvalues of Q(x) distinct from s(x) are far from sp, it must hold § = 5. Therefore
n = (ng + v)/|ng + v| provides a smooth map such that (7) holds in a neighborhood of xp, which we may assume to
be an open ball B.
To prove (i) it remains to show that n is constant in B, which obviously implies that Q /s is locally constant (since
Xp € w is arbitrary).
We start by noting that, since by assumption d3Q = 0, it holds
3 1
038 = En -(03Q)n =0, osn=—(03Q)n=0.
s
Thus (9) becomes
A=231n® di1n +20hn @ don — (181n)* +13:n)*) A —n®n) = 0.
We deduce that
din - Adon = |Vn|?din - n =0,
which implies
oin-opn=0 in B. (11D

Using this last fact, we compute

din - Adin = |91n|*(181n]* — |32n]%) =0,
dn - Adon = |n|*(|dn|* — [81n]%) =0,
from which we infer
|01n)? = 0> in B. (12)

As a first consequence of (11) and (12), we obtain that
_1 2 _ (3002 _
An-din= 281[|81n| |02n]] 4 82[01m - Bn] =0,

_1 2 a2 _
An-dn = 282[|82n| 1911]*] 4 01[01n - Bn] = 0.

That is, the vector An is orthogonal to both vectors d;n and drn. Therefore, taking the scalar product of the second
equation of (8) with d;n and dn and making use of (11) and (12), we are left with

915|Vn|? = d25|Vn* =0 in B. (13)
We claim that (13) implies in fact
|Vn|>=0 in B. (14)

Assume indeed that (14) does not hold, so that |Vn|2 > 0 in some open set W C B. Then by (13) the scalar field s is
constant in W, and the first equation of (8) implies that |Vn|? is constant in W. Up to rescaling the variable, we have
thus obtained a map n mapping an open subset of the plane R? into the sphere S* and satisfying
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on-0n =0, |31”l|2=|82n|2=1'

That is, n is a local isometry. Since the plane has zero curvature while the sphere has positive curvature, the existence
of such an isometry contradicts Gauss’s Theorema egregium. Hence we have proved the claim (14), and n must be
constant in B. This ends the proof of (i).

Now we turn to the proof of assertion (ii) of Theorem 4.1. We start by proving the following

Claim. for any open ball B C §2, Q has constant director in B: there exists ng € S? such that 0 =s(mo®no—1/3)
in B.

Note that this Claim is simply a consequence of (i) if B C {Q # 0}. The additional information here is that B N
{O # 0} may not be connected.
If Q =0 in B, the Claim is obvious, so we assume Q(xg) # 0 for some xq € B. Let ng € S? be such that

1
Q(xo) =5(x0)<”0®”0 - §I>- 15)
We now prove the Claim by contradiction: assume that there exists x; € B such that
1
Q(xl)#s(x1)<no®n0— §I>- (16)

In particular, Q(x1) # 0. Consider the segment S = [x(, x1] contained in B and therefore in £2. Since Q is analytic
and does not vanish identically on S, the set S N {Q = 0} must be discrete (and thus finite by compactness).

Since (16) holds, the (locally constant) director is not the same in the respective connected components of xp and x1
in $ N {Q # 0}. As a consequence, there must exist x € S, nj € S? \ {£n0} and § > O such that:

{0 =0}NSNBs(x2) = {x2},

1
Ox) = S(x)(no ®ng— §I> Vx € [x2, x0] N Bs(x2),

1
Q(x) =S(x)(n1 ®nj — §I> Vx € [x2, x1] N Bs(x2).
Hence for small enough ¢, the analytic map

é: (—e, &)t~ Q(xg + 1 (xo —xl)) el

vanishes exactly at + = 0, has constant director n¢ for # > 0 and constant director n for + < 0. The associated map
s(t) is smooth in (—¢, €) \ {0} and it holds

5 = s:(t)(no Qng — %I) fort >0
s'@)(ny ®@ny —31) forr <O0.

We deduce that [T :=limg+ §’ and [~ := limy- §’ exist and satisfy
~, . 1 B 1
00 =1 no®n0—§l =1 n1®n1—§l )

Since ng # +n1, it must hold /* =1~ = 0. Thus § is in fact C! in (—¢, &) and satisfies §'(0) = 0.
For any integer k > 0 it holds

é(k)(t)— §(k)(t)(n0®no—%[) fort >0
59O @n -0 fort <0,

and we may repeat the same argument as above to show by induction that 5 is smooth in (—¢, €) and all its derivatives
vanish at 0. In particular we find that

0®©0)=0 Vk=>0,

which implies that Q =0 on S, since 0 is analytic: we obtain a contradiction, and the above Claim is proved.
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We may now complete the proof of assertion (ii) of Theorem 4.1. We assume that Q does not vanish identically,
and fix xg € £2 such that Q(xp) # 0. There exists ng € S? such that

1
0 (xo0) =S(XO)(no ®ng — §I>.

Let x € £2. Since £2 is open and connected (and thus path-connected), there exists a “chain of open balls” from xg
to x. More explicitly: there exist points

X0, X1,..., XN_1, XN =X € £2,
and open balls

By > xg, Bi>x1, ..., By>xp,
such that

BiNByy1 #0, k=0,...,N—1.

In each ball By, the above Claim ensures that Q has constant director. In By, since Q(xg) # 0, the constant director is
uniquely determined up to a sign and we may choose it to be 19. We denote by n; € S? a constant director in By.

In the intersection By N By 1, the vectors ny and ngy are both admissible constant directors. Since Q is analytic
and not uniformly zero, it cannot be uniformly zero in the nonempty open set By N Bjy1. Therefore the constant
director in By N By is uniquely determined (up to a sign): it holds ny = £nj1. Hence we can actually choose the
directors nj such that

no=ny=nz=---=nn,

and in particular we find

1 1
Q(x) = S()C)(I’ZN Rdny — §I> :S(x)(no Qng — gl)
The proof of (ii) is complete. O

Remark 4.3. As already pointed out in Section 2.2, the assumption that Q is smooth is very natural, since physically
relevant solutions are bounded and therefore smooth. The additional assumption of analyticity in assertion (i) is also
natural, since it is satisfied whenever the bulk free energy is analytic (and this is the case for the bulk free energy
usually considered).

5. In a spherical droplet with radial anchoring

In this section we consider a droplet of nematic subject to strong radial anchoring on the surface. Droplets of
nematic play an important role in some electro-optic applications, like polymer dispersed liquid crystals (PDLC)
devices (see the review article [24] and the references therein). Moreover, this problem is important theoretically as
a model problem for the study of point defects, due to the universal features it exhibits [25].

The droplet containing the nematic is modeled as an open ball

Br = {x eR3: |x] < R},
and strong radial anchoring corresponds to Dirichlet boundary conditions of the form
1
Q(x)=s0<%®%—§l> for |x| = R, (17)

for some fixed sg # 0.
In this setting, the equilibrium equation (4) admits a particular symmetric solution of the form

Q(x):s(r)<£®£—ll> Vx € Bg, (18)
r r 3
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where r = |x|, and s : (0, R) — R solves

2
% + %Z—j - %s = %(2581(;)(252/3, 25%/9) + s%8,0(25%/3, 257 /9)), (19)
with boundary conditions s(0) =0, s(R) = s9. We call such a solution radial hedgehog.
As already mentioned in Remark 3.3, the existence of such a solution is ensured by Palais’ Principle of Symmetric
Criticality [13]. In fact, G = SO(3) acts linearly and isometrically on the affine Hilbert space

H={0 e H'(Bg;S): Q satisfies (17)}
by change of frame: the action is given by formula (3). The free energy is frame invariant (see Remark 2.2): it holds
F(g-Q)=F(Q) VgeG, QeH.

Denoting by X' C H the subspace of symmetric configurations, i.e. of those maps Q which satisfy g - O = Q for all
rotations g € G, the Principle of Symmetric Criticality [13, Section 2] can be stated as follows: if Q € X' is a critical
point of F| 5, then Q is a critical point of F, i.e. Q solves the equilibrium equation (4).

Since X' consists precisely of those Q which are of the form (18), and since the existence of a minimizer of F|yx is
ensured by the direct method of the calculus of variations [26], we obtain the existence of the radial hedgehog solution
of (4) described above by (18)—(19).

Spherically symmetric solutions are in fact the only purely uniaxial solutions of this problem. This is the content
of the next result.

Theorem 5.1. Assume that ¢ is analytic and satisfies (5). Let Q € H'(Bg, S) solve the equilibrium equation (4), with
radial boundary conditions (17).
If Q is purely uniaxial (i.e. takes values in U), then Q is necessarily spherically symmetric: it satisfies (18)—(19).

Remark 5.2. A recent result of Henao and Majumdar [28,29] is a direct corollary of Theorem 5.1. In [28,29], the
authors consider a spherical droplet with radial anchoring, with a bulk free energy f; of the form (6) and study the
low temperature limit @ — oo. They assume the existence of a sequence of uniaxial minimizers of the free energy,
and show convergence towards a spherically symmetric solution.

Remark 5.3. As pointed out by the anonymous referee of this article, the proof of Theorem 5.1 remains valid if the
domain is an annulus instead of a ball. Moreover, in the case of the ball and of the physical bulk potential (6), the
radial solution is known to be unique [27], so that Theorem 5.1 implies that there is a unique purely uniaxial solution
of (4) with boundary conditions (17).

Proof of Theorem 5.1. The assumption (5) on ¢ ensures that Q is bounded and therefore analytic (see Section 2.2).

Since Q is smooth up to the boundary 9 B, and does not vanish on the boundary, we may proceed as in the proof
of Theorem 4.1 to obtain, in a neighborhood of each point of the boundary d Br, smooth maps s and n such that the
ansatz (7) holds (see also Remark 3.1). The locally well-defined map r is determined up to a sign. We determine it
uniquely via the boundary condition

X
= — for|x|=R.

n(x) R x|
Therefore we obtain, for some § > 0, smooth maps

s:Br\ Bi-sr — R, n:BR\B(lfg)R%SZ,
such that

1

O(x)=s(x) (n(x) ®nx) — §I> for (1 —6)R < |x| < R.

The values of s and n on the boundary d Bg are determined:

5(x) = 50, n(x):% for |x| = R. (20)
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We use the fact that s and n satisfy the system (8) and the extra constraint (9), to determine in addition their radial
derivatives on the boundary:

Lemma 5.4. It holds
0n=0, 0,8 =51, ondBg,

for some constant s1 € R.

Lemma 5.4 constitutes the heart of the proof of Theorem 5.1. The proof of Lemma 5.4 can be found below. We
start by showing how Lemma 5.4 implies the conclusion of Theorem 5.1.
Let § be a local solution of (19) with Cauchy data

~ ds
§(R) = s0, 7, By =s1,

where s is the constant value of 9,5 on d Bg according to Lemma 5.4. We fix n > 0 such that 5 is defined on [R, R+7],
and define a map Q on Bg,, by

- 0(x) if |x| <R,
Qx) = {g(r)@ 21D ifR<|x|<R+n.

r

Lemma 5.4 ensures that the boundary conditions on d Bg match well at order 0 and 1: the map 0 belongs to C!(B R41)-
Moreover, the matching boundary conditions on d Bg ensure that Q is a weak solution of the Euler-Lagrange equa-
tion (4) in Br4. In particular, Q is analytic (see Section 2.2). Hence, for any rotation g € G, the map

x> 0(gx) —g0()'g

is analytic and vanishes in Bg, \ Br and must therefore vanish everywhere. We deduce that Q is spherically sym-
metric and the proof of Theorem 5.1 is complete. O

Proof of Lemma 5.4. During this proof we make use of spherical coordinates (r, 8, ¢) and denote by (er, €y, €y) the
associated (moving) eigenframe.

For simplicity we assume R = 1 (the general case follows by rescaling the variable) and write B for B;. We proceed
in three steps: we start by showing that, on the boundary 9 B, it holds

e J,n=0,
o then 3’1 =0,
o and eventually 09,5 = 9,0, 5 = 0.

Step 1. 9,n =0on dB.

This first step is obtained as a consequence of the boundary condition (20), and of the constraint (9). Indeed, on
the boundary, (20) determines the partial derivatives of n in two directions dyn and 9,7, and (9) determines the partial
derivative in the remaining direction.

In spherical coordinates, (9) becomes

2(8,11 ® d-n + %289?1 ® dgn + 2%340;1340;1) = |Vn|2(1 —n®n), 2n
r=sin“ 0
and
\Vn|? = |9,n|* + i|a§n|2 L anp.
r? r2sin20 ¥
Since on the boundary 9 B it holds

n=e, dgn = ey, dyn =sinbey,

we deduce from (21) that
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2n @ dn=0n*A—e®e) forr=1,
which implies d,n = 0 (as in Remark 4.2) and proves Step 1.
Step 2. 3>n =0 on 3 B.

This second step is obtained as a consequence of Step | and of the second equation of (8), together with the
boundary conditions (20). In fact, it holds

An = Brzn + Agen = 8r2n —2e forr=1,
since d,n =0 by Step | and n = e, for » = 1. Moreover, since s is constant on the boundary, it holds
(Vs)n=20,s9,n=0 forr=1.
Thus the second equation of (8) becomes, on the boundary,
s08r2n — 2s0ey = —so|Vn|2er = —2sper forr=1.
Here we used again (20) and Step 1 to compute |Vn|? for r = 1. The last equation completes the proof of Step 2.
Step 3. 0905 = 9,05 =0 on 0B.
To prove this third step, we consider Taylor expansions of s and n with respect to r — 1 &~ 0, and plug them into (8)
and (9) to obtain more information about higher order radial derivatives and find eventually that d,.s is constant on the

boundary.
Using Step 1 and Step 2, we may write, for r = |x| € [1 — 8, 1] and w = x/r € S,

n=e+—1’m @)+ —Dma(o) + 0(r — 1)°) (22)

s=s0+ (= Dsi(@) + (= D’s2(0) + O(r = 1)), (23)
where 6m| = 3r3”|SZv 24my = 8fnlgz, 51 = 08|52, and 2sp = 8,25|Sz are smooth functions of € S?, and

0((r — l)k) = - l)k x some smooth function of (r, ).

In the sequel, we plug the Taylor expansions above into (8) and (9) in order to conclude that s; is constant. The
computations are elementary but tedious. In order to clarify them, we start by sketching the main steps without going
into details. The complete proof follows below.

Sketch of the main steps. Plugging (22) into (9) leads to an equation of the form
0= — 1A+ (r — D*As+ 0((r — 1)°), (24)
where
A3 = A3(my, dgmy, dymy1),
Ag = Agq(my, mp, dgmy, dpymy, dgma, dpmy).
At this point, a first simplification occurs, since A4 is actually of the form
Ay =—2A3 + Ay(my, dgma, d,m2),
so that from (24) we deduce
Ay(ma, dgmy, dyma) = 0. (25)
Next we make use of (8). Plugging (22) and (23) into (8), we obtain equations of the form

{0=a0+0(r—1)

0=(r— Dvi + (r — D2+ O((r — 1)?), (26)

where
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ao = (S0, 51, 52),
v1 = v1(S0, M1, dgS1, 9pS1)
v2 = v2(s0, 81, M1, M2, 09S1, 0pS1, 0952, 0pS2).

The first equation in (26) implies that ag = 0. Solving o9 = 0, we obtain an expression of s in terms of s; and s,
which we plug into v,. Here a new simplification arises: it holds

vy = U2(s0, 51, m1, m2) — 3v1.

Thus (26) implies that vy = v, = 0. Solving v, = 0 we find an expression
my = my(so, S1, M1),

which we plug into (25) to obtain an equation of the form
A} (s0, 81, m1, 0951, 81, dgm1, dpm1) = 0.

Using the equation A3 = 0 from (24), we are able to simplify the last expression of A} into one which does not involve
derivatives of m:

Ay(s0, 51, m1, 851, dyps1) =0. (27)

Eventually we use the equation v = 0 to express m1 in terms of sy, dps1 and 9,s1. Plugging that expression of m;
into (27) leads us to a system of the form

Ai(S(), 89S1, 8(,0S1) = 0

The above equation forces dys; = dyps1 = 0 and thus allows to conclude.

Complete proof. It holds
dn =30 — 1)’m1 + 40 — 1)’ma+ O((r — D?),
32n=6(r — Hmy + 120 — D*ma + O((r — 1Y),
don =eg + (r — 1)>dpmy1 + (r — D*dpma + O((r — 1)°),
dpn = sinbe, + (r — 1)°dmy + (r — D*dymz + O((r — 1)°),
Agn=—2er+ O((r — %),
and thus
An = afn + %a,n + %ASZH
r r
=n+2(1+ 00 —D)gn+ (1-20— D) +30¢ — D>+ 0(r — D*))(=2er + O((r — 1)?))
=6(r — Dmy + 12(r — 1)?my + 6(r — 1)*m1 — 2er +4(r — Der — 6(r — D?er + O((r — 1)?)
= —2ep + (r — D[6my +dex] + (r — ?[12ma + 6my — 6ex] + O((r — 1)%).
Hence we compute
sAn = —2sper + (r — 1)[6sgm| + 4sper — 2s1€;]
+(r— 1)2[12s0m2 + 6som| — 6sper + 6s1m + 4s1er — 2s0€p] + O((r — 1)3).

Next we want to compute

1 1
(Vs -V)n=0,s0,n+ —289s89n + —
r r2

0,8 0p0.
sin2g © 7

We calculate each term:
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358 = (s1+2(r — Ds2 4+ O((r — D)) (30 — D?m1 + O((r — %))
=3s510r — 1)*m1 + O((r — 1)*),
1 1
r—zaesagn = r—z((r — Ddgs1 + (r — D?dgs2 + O((r — 1)?)) (eg + O((r — 1Y)
=1 =20 =D+ 0@ — D)((r — Ddgsieg + (r — 1)*dgs2eg + O((r — 1)*))
= (r — D)3psieg + (r — 1)*[3ps2e9 — 20ps1€9] + O((r — 1)),

0,51 082 081
dps0,n = (r — 1) —~— — 1% e, — 22 o((r = 1)3).
psOpn = (r )sin0e¢+(r ) [s' € sin9e¢ + ((r ) )

r2sin?6 ing *

Thus it holds:

0
sAn +2(Vs - VIn = —2s0er + (r — 1)|:6s0m1 +4soer — 2s1ex + 20ps51€9 + 2—?’5; erp}
Sin

+(r— 1)2 |:12s0m2 + 6sgm1 — 6spey + 12sym1 + 4s1ep — 2sper + 209 52€9

0pS
—40ys1€9 +2 9 €y 4 (p ;e¢i| +0((r_1) )

Our next step is to compute the symmetric matrix

1
—8n®8n+—89n®89n+ ——5—0pn @ dyn.

r2sin% @

We compute each term:
8rn®8rn:9(r—1)4m1®m1+0((r—1)5),
i _ _ _ _1\2 _ _1\3 _1\4
289n®8@n_(1 2r =D 4+3(r— D=4 — 1) + 5@ 1))
r

x (g ® eg +2(r — 1)*dpm) © eg + 2(r — 1)*dgma O ¢9) + O((r — 1)°)

—eg@eg—2(r— eg Qeg +3(r — 1)2eg @ eg + (r — 1)’ [—deg ® eg + 209m; © eg]

+ (r — 1)*[Seg ®@ eg — 4dgm1 O e +23gma O egl + O((r — 1)°),

oy e ® dgn =ep @ e =20 — ey @ ey +3(r - 1)%e, @ e,

2
3
+ -1 [—4e¢ ®eyp+ sin@a‘pml @eq,]

+(r—1*5e,®e _ 2 ami Ot + ——am0e +0(r—1)°)
¢ sing ? ? " sing ¥ ¢ '

Hence we have
M=My+ @ —DMi+--+ @ —D*Ms+ 0((r — 1)),
where
My=eg®egt+e,¢e=1—eQer,

My =-"20—-eQey),
My =3I-e ®ep),

2
——4(I—er®€r)+23em1®eo+ 98¢m1®e¢,

4 2
My=9m1 @mi+5(I—e ®e) —4dgm| O ey — S,—awml O ey +209my O eg + S,—awmz O ey.

in6 in6

1139
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Using the fact that |Vn|? = tr M, we obtain in particular

2
Vel =2 -4 — 1) +6( — D>+ (r — 1)3[—8 +200m1 - €9 + = dym -eq,}

4 2
4 2
+(r—1) [9|m1| +10—489m1 -eo—ﬁa(pm] -e¢+289m2~e9+ﬂ3¢,m2~e¢1|

+0(r - 1),

and

2
|Vn|®n=2e; —4(r — Der + 6(r — 1)%er + (r — 1)3[<—8 +20pm; - eg + .—eawml -eq,)er +2m1]
sin
+(r—1)4 9m |2+10—43m -e —iam -ey +209m) - € +i8m -€p (€
1 243\ 6 Sinetpl ®» o) - €g sin9<p2 @ (Cr
—4m1+2m2:|+0((r—1)5),

sIVn*n =2s0ex + (r — D[2s1 — 4soler + (r — 1)?[6s0 — 451 + 2s2]ex + O ((r — 1Y),
IVaPn@n=2e; Qe —4(r — Der @ er + 6(r — 1)%er ®

2
+ (r — 1)3|:<—8 +20gm1 - eg + m%nﬂ -e¢>er R er +4m @eri|

4 2
4 2
+ (V — 1) |:{9|m1| + 10—4891’1’!1 € — wawml * €y —|—239m2 -eg + wawmz . e(p}
X er®er _Sml Oer+4m2®er] + 0((r - 1)5)7

IVaPA—n@n) =20—e, @e) — 40 — DA — e @er) +6(r — D*(1—er @ &)

2
+ (r— 1)3|:<—8+239m1 -eg + mawml -e(,,)(l—er@er) —4m (Der]

4 2
4 2
+ (V — l) |:{9|m1| + 10 —4807711 € — ann’ﬂ + € +289m2 -ep + anmQ ~e¢}
X(I—e®e)+8m Oer —4m2®er} + 0((r — 1)5)~

Eventually, we have:

S
o
€y

9
SAR+2(Vs - Vn +5|VaPn = (r — 1)[6s0m1 +28ps1€9 + 2.—; }
sin

+ @ — 1)2|:12sOm2 + 6som + 12s1m + 20gs52€¢

0052 081
— 49 24 e, — 44— o(r—1?%),
bs160 + sin@e(p sin@e¢i| + ((r ) )
and
2M — |VuPd—n®n) = (r — 1)’ Az + (r — D*As+ O((r — 1)),
where

2
A3 =409m1 O eg + ——dpm1 O ey — [209m; - €9 + ——0dpmi - €y (I —er @ er) +4m; O ey,
sinf sinf
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8 4
Ay =18m; @ m| —8dgm © g — ——0y,m © €y +49gma © €9 + S,—awmz Qey

sinf

4 2
— |:9|m1|2 —409m; - eg — wawml ~€p +20gm> - eg + S.—8¢,m2 O ey

inf
—8mi ©er+4my O er

inf

4
= —2A3+ 18m1 @m +40gmy O eg + anmz O ey +4my O e

2
|:9|m1| +20pmy - €9 + azme ®e¢i| I—e®ep).

Moreover, denoting by

V(s) = (2s81(p(2s /3,25%/9) + sh¢(257/3, 257 /9))
the nonlinear term of order O arising in the first equation of (8), we have

As — 3>s|Vn|2 —Y(s) =250+ 251 —6sg+ Y (sg) + O(r — 1).

We conclude that the following equalities hold:
1
§2=—51+3s0 + El/f(so),

3¢S1
6som1 + 209s1€9 + 2_—9e¢ =0,

0ypS 9
12somy + 6som + 12s1m1 + 209 s2€9 — 40p51€9 + 2—98¢ —4 (psé
sin

iné

07
4 2
409m1 O eg + S.—3¢m1 Oep+4my Oer=|209m; -ep + mawml ey |I—er®er),

4
18m1 @ my + 499my © eg + m&pmz Oey+4my Oer

|:9|m1| + 209my - e9+ —, m2®e¢](l erRer).

ing ¢

i|(I_er®er)

1141

(28)

(29)

(30)

€2y

(32)

Eq. (28) comes from the first equation in (8), Egs. (29) and (30) come from the second equation in (8), and Egs. (31)

and (32) come from the extra equation (9).
Since ¥ (so) is a constant, (28) implies that

39S2 = —3(9S1, 3¢S2 = —3¢S1,

so that (30) becomes

0,
12somo + 6sgmq + 12s1m1 = 69gsieg + 6%&0
sin

that is, using (29),
12somo + 24somq + 12sym; =0
from which we deduce an expression of m, in terms of s, 51 and m:

250 + s1
S0

my = — mi.

Thus we compute, using also (31),

(33)
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250 + s 4
OS ! (4397711 ey + ——0,m @e(,)
0

4
49 — =—
o2 © & + sin b2 O €p sin 6

1 1
——\0 —0
S()< gs1m1 © eg + sind pS1M ] @e,,)

250 + s 2 250 + s
:—M[Z%rm~eo+m3wml'etp}(l—er®er)+4 L

S0

mp © er
! 0 Oeg + ! 0 ©
- sStm € ———0pS1m €
50 051111 0 singd 51111 @
2
= 289m2-e0+ﬁ8¢m2-e¢ I-e®ep)

1 1
+ E[i)eslml eg + magmml 'e(pj|(1_er Qer) —4my O er

1 1
——(9 —39 .
SO( psim1 © eg + 5o pS1Mm ] Qe(p)

We plug this last computation into (32), which gives:

1 1
18m| @ m —9|m1|2(I —erQep) = —<8gs1m1 ©eg+ ——=0y51m] ®e¢)
S0 sinf

1 1
——19 -eg + —9, ey |I—er@ep). 34
2So|: gs1m1 0+sin9 pS1m] (pj|( r & er) 34)
The identity (34) is an equality of symmetric (traceless) matrices, so it amounts to 5 scalar equalities. Actually only
two of them are interesting (see Remark 3.6). In the sequel we are going to make use of (34) applied — as an equality
of bilinear forms — to (eg, eg) and (ey, €,), which gives the two following equations:

1
18(m1 - eg)> — 9|m;|* = E%Slml -eg — 0ps1my - €y

250 sin 6

1
18(m1 -eg)(my -eyp) = z—soagslml ‘€p + 0ps1my - €9 35)

250 sin 6

Eventually we make use of (29) to transform (34) into equations involving only the derivatives of si.
Eq. (29) may indeed be rewritten as

mp; = ——89s1e9 — —.3 S1€p.
350 350 sinf e

Hence we have the following identities:

-eg = ———0ps1, “€p = ——————0p51,
e 350 051 o 350 sinf ¢Sl
1 (0 s1>2>
2 2 {7
mi|” = — | (3s1)” +
il 9s§< sin% 6

which we plug into (34) to obtain:

2 1 (0y51)> 1 1
Z(0ps1)? — = (Bps)? + ) = —— (9p51)> + ————(0p51)°
sg( bs1) . (( bs1) G20 6s§( 951) 6s§sin26( oS1)

(3951)(0ps1) = —

(3951)(9p81)

2 o 2 o
54 sinf 35y sinf

i.e.
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1
sin

1
— (3 9,81) =
Sin0( 951)(0p51) =0

(0651)> — (3p51)* =0

Clearly, the last equations imply that
dgs1 = 0y51 =0,

which proves Step 3. O
6. Conclusions and perspectives
6.1. Conclusions

We have studied nematic equilibrium configurations under the constraint of uniaxial symmetry. The results we
have obtained show that the constraint of uniaxial symmetry is very restrictive and should in general not be satisfied
by equilibrium configurations, except in the presence of other strong symmetries.

We have shown that, for a nematic equilibrium configuration presenting translational invariance in one direction,
there are only two options: either it does not have any regions with uniaxial symmetry, or it has uniform director field.
In particular, when the boundary conditions prevent the director field from being uniform, as it is the case in hybrid
cells or in capillaries with radial anchoring, then at equilibrium uniaxial order is destroyed spontaneously within the
whole system. In other words, for translationally invariant configurations, biaxial escape has to occur.

Biaxiality had in fact been predicted in such geometries [4,7,8], but it was supposed to stay confined to small
regions, and to occur only in some parameter range. Here we have provided a rigorous proof that biaxiality must
occur everywhere, and for any values of the parameter: the configurations interpreted as uniaxial just correspond
to a small degree of biaxiality. Our proof does not rely on free energy minimization, but only on the equilibrium
equations — in particular it affects all metastable configurations. It is also remarkable that our results do not depend on
the form of the bulk energy density, whereas all the previously cited workers used a four-terms approximation.

For general three-dimensional configurations we have not obtained a complete description of uniaxial equilibrium
configurations, but we have studied the model case of the hedgehog defect, and obtained a strong symmetry result:
a uniaxial equilibrium must be spherically symmetric. We believe in fact that, in general, the only nontrivial uniaxial
solutions of the equilibrium equation are spherically symmetric.

6.2. Perspectives

Many interesting problems concerning uniaxial equilibrium and biaxial escape remain open. We mention here three
directions of further research.

The first one is the complete description of three-dimensional uniaxial solutions of (4). Techniques similar to
the proof of Theorem 5.1 should allow to prove that, in a smooth bounded domain with normal anchoring, uniaxial
solutions exist only if the domain has spherical symmetry. Such a result would constitute a first step towards the
conjectured fact that the only nontrivial uniaxial solution of (4) — whatever the form of the domain and the boundary
conditions — are spherically symmetric. For more general boundary conditions however, other techniques would likely
be needed.

Another open problem is to consider more general (and more physically relevant) elastic terms (see Remark 2.2).
Eq. (9) corresponding to equilibrium with respect to symmetry-breaking perturbations is more complicated in that
case (in particular it is of second order).

A third problem, which is of even greater physical relevance, is to investigate “approximately uniaxial” equilibrium
configurations. Hopefully, Eq. (9) could play an interesting role in such a study.
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