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Abstract

We show that any continuous path of finite p-variation can be lifted to a geometric g-rough path, where g > p.
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Résumé

Nous montrons que tout chemin continu de p-variation finie peut étre relevé en un « geometric g-rough path », pour g > p.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let
x:[0,1] = R",
t— (xl(t), .. .,xn(t))
be a continuous function of bounded variation, and Vi, ..., V, some smooth functions from R into itself. Then there
exists a (unique) solution to the control differential equation
dy(1) = X0y Vi(y(0) dxi (1), |
_ (D
¥(0) = yo.

But without the smoothness assumption on x (which is for example almost surely not satisfied by Brownian motion),
classical theory fails to give a meaning to the above equation. Rough paths theory [12,13,11] gives a meaning to
Eq. (1), whenever x is a continuous path of finite p-variation lifted to a “geometric p-rough path”.

To understand what a geometric p-rough path is, consider a smooth path x : [0, 1] — R”, and define

Sx)or=1+ / dxg, + / dxs,-, Q- dxsi[p].

O<sy<t S<8iy <~--<Sl‘“7] <t
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t — S(x)o, takes its values in GIP1(IR"), the free nilpotent group of step [p] over R”, thought of a manifold immersed
in the tensor algebra @,[CIL]O(R")@”‘ [12,14]. For a given p > 1, the set of geometric rough paths is the closure under
a given p-variation metric of the set {S(x), x smooth} (see definition (12)). A weak geometric p-rough path is a
G'P1(IR™)-valued path of finite p-variation, where the p-variation is computed using a homogeneous metric associated
to the group. The distinction between these two spaces was glossed over in the paper [12] by the first name author. It
is obvious that a geometric p-rough path is a weak geometric p-rough path and that a weak geometric p-rough path is
a geometric g-rough path for any ¢ > p. There are examples of weak geometric p-rough paths that are not geometric
p-rough paths [6]. The difference between weak geometric rough paths and geometric rough paths is a bit like the
difference between Lipschitz functions and C! functions.

If x is a (weak) geometric p-rough path, x projects onto a path x with values in R”. The solution to Eq. (1) is
uniquely defined for any X, and the solution is also a (weak) geometric p rough path y. Moreover, the map x — y
is continuous in an appropriate topology. In the classical setting where x is smooth, p = 1. There is a functional
relationship between x and the solution of the differential equation (1). For p > 2, there will be infinitely many
choices for x projecting onto x. The corresponding solution y and its projection y will in general depend on this
choice.

There is often a “canonical” choice for the lift x of x (for example, if x is smooth, S(x) is a canonical lift of x
to a geometric p-rough path, for any p > 1). “Canonical” lifts have been constructed for Brownian motion [13,10],
fractional Brownian motion with Hurst parameter greater than 1/4 [3,13], free Brownian motion [2,18], and a large
class of random paths on fractals [1,8].

1.1. Our goal

Consider the following natural question: can every continuous path of finite p-variation in V (a Banach space)
be lifted to a weak geometric p-rough path (a G'P1(V)-valued path of finite p-variation)? We will see, that provided
that p is not an integer number greater than or equal to 2, the answer is affirmative. This is optimal, as a counter
example for p =2 was provided in [18]. In particular, any path of finite p-variation in V can be lifted to a geometric
g-rough path, for any ¢ > p. The theorem we prove is actually stronger.

Theorem 1. We fix p € [1,4+00). Let V be a Banach space and K a closed normal subgroup of GUPD(V). If x is a
GUIPhvy/K, | - lgarn(vy k) continuous path of finite p-variation, with p ¢ N\{0, 1}, then one can lift x to a weak
geometric p-rough path.

Consider a path x of finite p-variation with values in (G([P])(V)/K, I - ||G(lPJ>(V)/1<)» where K is as above. x
projects to a R”-valued path, and so one can consider again the differential equation (1). This one only makes sense
once we lift x to a geometric g-rough path x, for ¢ > p. The solution depends in general on the choice of the lift x.
We will identify conditions on the Lie algebra generated by the vector fields (V;)1<in in (1) so that the projection y
of the rough path solution y of Eq. (1) does not depend on the lift of x. In general, y and y will depend on the lift x
of x.

To help the comprehension of the paper, we start by presenting the main theorem for p € (2,3) and V = R?, where
no algebra is necessary and result are quite intuitive.

2. A simple case
We start with a non-surprising technical lemma, whose proof is inspired from the Kolmogorov—Centsov criteria [9].

Lemma 2. Let y be a map from Un>0 Uinzo{kZ_"} into (E, d), a metric space, such that for all n, k € {0, ...,2"},

d(y s yen) < c27P, )

Then, there exists a unique continuous path y :[0, 11 — (E, d) which coincides with y on U”>0 i”:O{kZ_”}. More-
over, y is 1/ p-Holder.
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Proof. We fix r € N, and show by induction on m that for all s,¢ € D,,, suchthat0 <t —s <277,

m
d(ys, y)<2C Y 27kr, 3)
k=r+1

When m =r + 1, necessarily, (s, t) is of the form (%, giml), k e€{0,...,2™ — 1}, and so (3) is exactly formula (2).
Suppose now that formula (3) is valid form =r 4+ 1,..., M — 1. Take s,¢ € Dy; such that 0 <7 —s < 27", and
consider #{ = max{u € Dy—_1;u <t} and s; = max{u € Dy _1; u > s}. Notice that d(y;, y5,) and d(y;,, y;) are both

bounded by C2~M/P and, by the induction assumption, that

M-1
d(ys.yy) <2C Y 2707,

k=r+1
Therefore,
M—1
d(ys,y) <2C27MP 42c Y~ 27HP

k=r+1

M

=2C Y 27kr,
k=r+1

which concludes the induction.
Now let us consider (s, 1) € Um>0 D,,, and let r be the natural number such that 2-0+D 4 g <277 From the
induction, we obtain

00
d(ys, y1) <2C Z 2—k/p < 5p2—(r+1)/p
k=r+1

< Cplt —s|'/. 4)
We finally define y, for 0 <7 < 1 by

Y= lim yprg.
r—>00 or

From (4), the limit exists and y satisfies d (s, y1) < 5|t —slZVP. o
Let x be a R2-valued path, which is 1/p-Holder with p € (2,3). We want to prove that we can lift x to a 1/p-

Holder path with values in the Heisenberg group H ! equipped with its Carnot—Caratheodory metric. Let us first recall
a few fact about this group and its metric. The Heisenberg group H' is equal to R? equipped with the product

1
(X1, y1,21) X (x2, y2,22) = (X1 +x,y1+¥y,21+22+ 5()’1)52 — y2X1)>-

The Carnot—Caratheodory distance will be introduced later, the only property we need for this preliminary chapter is
that there exists positive constants ¢, C such that

12
} <d((x1, y1.21) (02, ¥2.22)),

1/2}

It is easy to see that to lift x to a 1/p-Holder H'-valued path, we need to construct the Levy area of x, i.e. a map
A:{0<s <t <1} — R such that

1
21—+ E(ylzz — y221)

cmax{|x1 —x2l, [y1 — y2l,

and

1
21 —22+ E(ylZZ — y221)

d((x1, y1,21), (X2, y2,22)) < Cmax{|xl —x2[, [y1 = y2ls



838 T. Lyons, N. Victoir / Ann. I. H. Poincaré — AN 24 (2007) 835-847

e foralls <t <u€|[0,1],
1
As,u = As,t + At,u + E(x;,txtz,u - xsz,lxtl,u); (5)

e for some constant C, forall s, € [0, 1],
|Agil SClt —s|>P. (6)

Of course, if x is of bounded variation, A ; = %H s<v<vy <t(dx;l dxf2 — d)c;2 dxgl) satisfies the above condition.

As we do not assume x smooth, we cannot use this area.

Proposition 3. Let x be a R>-valued path, which is 1/ p-Hélder with p # 2. Then, one can lift x to a 1/ p-Holder path
with values in the Heisenberg group H' equipped with its Carnot—Caratheodory metric.

In rough paths language, using the fact that path of finite p-variation are 1/p-Holder after a time change, this
means that we can lift any R?-valued path of finite p-variation to a geometric p-rough path, whenever p € (2, 3).

Proof. If p < 2, the result is just a easy consequence of Theorem 1 in [12], or just properties of Young integrals. We
therefore assume p > 2.
Let C, be the Holder constant of x. We construct inductively the area of x between dyadic times, A « 1 for
27! ’

k=0,...,2". We also define inductively ’

an =22"/P max |A & kx1].
nggzn 2”’ 2"

First, we set Ap,1 =0, and therefore we have ap = 0. Assume then, for a fixed n, that we have constructed A x +1

2n s on
for k=0,...,2". We define A 2 26+1 and A1 242 so that they are both equal. Eq. (5) therefore forces them to
on—+17on+1 on+1"on+l1

be equal to

1 1

Ak k1l — Xlk 2%+1 X 2k41 kil _xzk 2% 1x12k L k+l )

2 rom 4( 2_"’21111 zni{’in 2_"’2nj:1 znil’;” )
In particular

—2(+1)/p ~ H—2n/p9n i =2(+1)/p
apy12 <2 7 + 72 ,

ie.
1
ap+l < 22/p—lan + EC)%

It is easy to see by induction that, if p > 2, the sequence a, is bounded. Transferring this information in terms of
the path x = (x, A), we see that we have constructed elements X;,-» of the metric space (H 1. d) such that for all
n,kef{0,...,2"},

d(X g . Xep) < Mp27"P, (7)

We conclude the proof with Lemma 2. O

The above construction and idea will be the main argument of the proof of the main theorem. To be able to explain
it, we need to introduce a few algebraic and geometric notions.

3. Algebraic preliminaries
3.1. Carnot groups
If G is a simply connected nilpotent Lie group with Lie algebra G, then the Lie group exponential map exp:G —G

is a diffeomorphism [15,17]. In this case we let In: G — G denote the inverse of the exponential function. We start
with a couple definitions.
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Definition 4. A Carnot group! is a connected nilpotent Lie group G, such that its Lie algebra G can be written as
G=W@®---dW,,

where for all i, W; 1 = [W;, W;]. For an element g = exp(w; + --- 4+ w,) € G, with w; € W;, we let, for r € R,
88 = exp(tw1 4.+ t”wn).

8 is called the dilation operator.

Definition 5. A (symmetric sub-additive) homogeneous norm [5] on a Carnot group G is a function || - ||g: G — R™
such that

(i) llgllc =0 if and only if g is the neutral element of the group, 1 = exp(0),
(i) l15:gllc = ItlllgllG,
(iii) forallg,h € G, [Ig®hllc < gl + lIAlc,
(iv) forall g, [Igllc =g llG-

Such a norm define a left invariant distance on the group by dg (g, h) = |h~! ® g|lg. We will say that (G, || - ||g) is a
normed Carnot group.

If G is a fixed Carnot group with finite dimensional Lie algebra, all homogeneous norms on G are equivalent. The
Carnot—Caratheodory norm is an example of a homogeneous norm on a Carnot group [7]. Any homogeneous norms
|- |l on G leads to a left invariant distance dg (x, y) = || y_lx || (in particular, the Carnot—Caratheodory norm leads to
the Carnot—Caratheodory distance). Let G be a normed Carnot group with Lie algebra G, K a Lie subgroup of G, with
Lie algebra IC. If K is a closed normal Lie subgroup of G, or equivalently if IC is closed ideal of G, then G/K is then
a Carnot group with Lie algebra G//C [15]. If G is equipped with a homogeneous norm || - ||, then we equip G/K
with the quotient homogeneous norm on G /K

I-le/k:G/K —R,
gk klenf lg ®kllc

We will denote by g, G,k the canonical homomorphism from G onto G/K. Sometimes, it will be more convenient
to write gK for wg,G/k (8)-

Proposition 6. Let (G, || - ||g) be a normed Carnot group, K a closed normal Lie subgroup of G. There exists an
injectionig/k.¢ : G/K — G such that

(1) mG,G6/k °0iG/Kk,G is the identity map of G/K,
(ii) forallt e RT, gK € G/K, 8:(ic/k.c(8K)) =iG/k.6(8:(gK)),
(iii) forall gK € G/K, llgKllo/kx < llic/k,c(8K)llc <2lgKllg/k-
Proof. By definition of the homogeneous norm on G/K, for all g € G such that ||gK ||k =1, the set
My ={g®ksuchthatk € K and 1 < ||g ® kll¢ <2}
is non-empty. We define i,k G on the set of elements
{gK. suchthat |gK|lg/x =1}

to be any function which at gK associates an element of _J M,,; such function exists by the axiom of

meng_‘G/K (gK)
choice. We then extend i,k ¢ to G/K with the help of the formula i,k ¢ (6:gK) = 6ig/k,c(gK). O

' In most definitions of a Carnot group, G is assumed to be finite dimensional. We do not make such an assumption here.
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3.2. Free nilpotent groups

We know introduce a fundamental example of a Carnot group.

We fix (for the rest of the paper) a normed vector space (V, || - ||1). Welet T(V) = @;’;0 V®" be the tensor algebra
over V. T (V) equipped with standard addition +, tensor multiplication ® and scalar product is an associative algebra.
T™(V), the quotient algebra of 7' (V) by the ideal D, 11 V®™ inherits this algebraic structure. One can define
on 7™ (V) a Lie bracket by the formula

[a,b]=a @b —bRa,

which makes 7V (V) into a Lie algebra. We let G (V) be the Lie subalgebra of 7 (V) generated by elements
in V. Note that

gV =P,

i=1
where
Vi=V and Vi =[V,V]. (8

G (V) is the free nilpotent Lie algebra of step n [12—14]. The exponential, logarithm and inverse function are defined
on T™ (V) by mean of their power series. We denote by G™ (V) = exp(G"™ (V)). By the Baker—Campbell-Hausdorff
formula, (G"™(V), ®) is a connected nilpotent Lie group, called the free nilpotent Lie group of step n over V. By
construction, (G™ (V), ®) is a Carnot group, with Lie algebra G™ (V).

We are now going to equip G (V) with a homogeneous norm. We first let | - ||; be some norms on V® such that
for all (a;,a;) € VO x VO |la; ® ajlli+j < llailli + llajllj. To simplify notations, we will write || - || for all these
norms. Now define

.....

where g = 1 +g1+---+g,, g € V® is an element of the group G" (V), and g~ is its inverse. The binomial equality

quickly shows that g — max;=1,__,(![gi ID'/7 is a sub-additive homogeneous norm (but a priori not symmetric). That
implies that || - || g (y) defines a homogeneous norm on G™ (V). We also let
-1
dG(")(V)(ga h) = ”h 8 ”G(")(V)'

Proposition 7. Let g =exp(l1 + --- + 1)), with l; € V;. Then,

.....

for some constants c,, and C,, which depends only on n.

Proof. Let us fix i € {1,...,n} and write g =1+ g + --- + g,, with g; € V®'. By definition of the exponential
function,

k
ngZ% > ®el;.
i=1

Hence,
1/k £kl Ve
(KMgxllx) "™ < (Zl_—, 12, ||~--||1,-,,||>
i=1 "l

J1ttii=k

=1,...,
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-1

Applying this to g7, we obtain

k! (g7, 1)"* < (kiexpk — 1) * ?u||lnm (k!(expk — 1)) /¥ mm||1m”ﬁ

..........

That gives us the upper bound. For the lower bound, observe that by definition of the logarithm function,

£ (- 1)’
:Z Z 81 ® - ®gj

which, when applied to both g and its inverse, gives that forall 1 <k < n

1/k —1
15 < ey Mgllgon gy

foraconstantc, > 0. O

Corollary 8. Let K = exp(K) be a closed normal subgroup ofG(”)(V). Then, if g =exp(ly +---+ 1) withl; € V;,

. g Kl gon vy
" maxio,p(infyexcny; 1l + ki ||>‘/l

Corollary 9. Let C(G™ (V) be the centre of G (V) and 0 the canonical isomorphism between G~V (V) and
G™(V)/C(G™(V)). Then the homogeneous norm || - g1 vy and 10Ol g vy camvyy are equivalent. We will
therefore not distinguish between them.

4. Rough paths
In this paper, by E-valued path, we mean a function from [0, 1] into E.
4.1. On p-variation

Definition 10. Let (E, d) be a metric space. A (E, d)-valued path x is said to have finite p-variation if
#D—1

sup E d(xg;, x,,)F < 00,
D i

where the supremum runs over all subdivisions D = (0 < #; < --- <tgp < 1) of the interval [0, 1].
Note that x is continuous and of finite regular p-variation if and only if for all s < ¢, d(xg, x;) < w(s, t), where

() w:{(s,1),0<s <t <1} — R is continuous.
(i) w is super-additive,i.e.Vs <t <u, w(s,t) +w(t,u) <w(t,u). )
(iil) w(t,t)=0forall ¢t € [0, 1].

We will say in such case that x has finite p-variation controlled by w.
We are going to show that a continuous (E, d)-valued path of finite p-variation is, up to reparametrisation of time,
1/ p-Holder continuous. If w satisfies (9), then

w(0,1) a)(O,s))
00,1) (0,1

is a continuous additive map, equal to zero on the diagonal, and w (0, ) — w(0, s) > w(s, t) (by the super-additivity
of w). Therefore, a path is of finite p-variation if and only if there exists an non-decreasing and continuous surjection
y from [0, 1] onto [0, 1] and a positive constant C such that

forall s <t, d(xs,x)P < C|)/(f) - J/(S)|-

(s, 1) = w(0, 1)(
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For such a y, we define

y~ 110,11 = [0, 1],
t— inf{u, y(u) = t}.

The following is straightforward to check.

Lemma 11. Let x be a continuous (E, d)-valued path of finite p-variation controlled by (s,t) — C|y(t) — y(s)],
where y is a continuous increasing surjection from [0, 1] onto [0, 1]. Define

y:[0,1] - E,
t— xy—l(t).
Then, y is a 1/ p-Holder (E, d)-valued path.

Reciprocally, if y is a 1/ p-Holder (E, d)-valued path then, it is a continuous path of finite p-variation controlled
by (s,t) = Clt — s|.

4.2. Geometric p-rough paths

Definition 12. A weak geometric p-rough pathisa (G (V), ||| G(eh(yy)-valued path which has finite p-variation.”
When x is a path with values in a group (G, ®), we will write x; , = xs_1 ® x;.

5. The extension theorem
We first need an important lemma.

Lemma 13. Let (G, || - ||g) be a normed Carnot group with graded Lie algebra
G=WioW&---0W,.

Define K to be a closed subgroup of exp(W,,), which gives us a normed Carnot group (G/K, | - |lg/k). Let x be a
1/p-Holder (G/K, || - llg/k)-valued path. Then, if p > n, there exists a 1/ p-Holder (G, || - |g)-valued path X such
that 71070/1(()?) =X.

Proof. As exp(W,) is in the center of G, K is a subgroup of the center of G. In particular, K is a closed normal
subgroup of G.

To construct our path X, we are first going to construct its increments X5 ; when s, t € Dy, = {%, kefO0,..., gm=1 H
with t —s =27, doing this for all m. X ; will be constructed in such a way that || x;;[|¢ < C|t — s|'/P for a given
C < oo. Multiplying the increments, we will then have defined x on all dyadics, and the proof will be finished thanks
to Lemma 2.

So we define recursively on m some elements ysz’ kz-:—_"] €K, ke{0,...,2" — 1}, m € N, in the aim of defining the

elements X « x4+1 with the formula
Zm 9 2”1

Xk k1t =iG/K,G(X &k k1) @Y k ka1
2)715 2m 2m

1
20 5 M s om

where i,k ¢ is the injection of Proposition 6. This will ensure that 7, G,k (¥) = x. First, we let, yo 1 = exp(0).
Then, we assume that y & x+1 (and hence X « +1) has been constructed for all 0 < k < 2™ — 1 and a fixed m, and we
2m ’ 2/71 2/}‘1 ’ m

define the two elements y_2 241 and y a1 2+2 to be both equal, and equal to the inverse of
om=+T° ym+1 om—+17 ym+1

. . ~—1
8y—1/n (lG/K‘G(x 2% 2+ ) ®iG/K,6(X 2kl 242 ) @ X 1<+1)-
om+1" om+1 om+1° om+1 0 5 T

2 The definition of a geometric p-rough path is presented quite differently in [12], as the notion of a homogeneous norm was not mentioned there.
Nonetheless, the difference is easily seen to be only notational.
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We easily check that wg G /x (¥ _2« 2% 2k+l ) =exp(0), i.e. that y_ox  2%+1 = yus1 u+2 € K. As elements of K
Zm

om+1° om+1 om+1 7 om+1
commute with elements of G, and with the help of the formula &51/» (y) = y®2 for y € K, we check that this choice

for y o oak+1 and yokt1 42 gives
om+1° om+1 om+1 7 om+1

Xk okl =X 2% 2ktl @ X2ktl 242 .

om> 2 om+1° Hm+T om+1 7 om+T

~

We then define a,, = 2™/P SUPge(o,...2n-1) 1Y & ks1llg. By the assumption that x is 1/p-Holder and by the defini-
seety M s om
tionof ig/k G,

”lG/KG(Xk k+1)||G 2||Xk Ll lo/xk <2C27 m/p.,

Hence, from the previous inequality, we obtain that

21/n2—(m+1)/pam+1 < amz—m/p + 2—(”1+1)/[722+1/[7C’
ie.
a1 < 21/p7]/nam + 22+1/p71/nc‘
As n < p, we have 21/7=1/" < | which forces the sequence a,, to be bounded. So we have constructed for every
m=0,kef{0,...,2" — 1} some elements X x +1 =iG/k,G(X¥ k k+1) @Yk i1 € G, such that
2m s om 2m s om 2m » om

1% & k41l <20Mx & x+illGg/x + ||YL k1 le
zms 2"1 2m7 2/71 £

< (2C+supam)2 mp — =Cpn2 27mIp,
m

Remember also that for all dyadic zim,

Xk ktl =X 2k 2%+l Q@ X 2k+l 2%k+2 .

2m 2 om+1 0 om+1 om~+1 7 om+1

=~

That allows us to define

L ® i
om 2mm m
j=k

We have proved that for all n, k € {0, ..., 2"},
1% sille < <Cl2mp, (10)

|&.

The proof is therefore finished using Lemma 2. 0O
We are now ready for our main theorem.

Theorem 14. We fix p € [1,400). Let K be a closed normal subgroup of GV (V). If x is a (GIPD(V)/K,
I lgan vy k) continuous path of finite p-variation, with p ¢ N\{0, 1}, then there exists a continuous (G 1PV (V),
I | garn vy)-valued path X of finite p-variation such that

TG (v), G vy k (X) = x.

Proof. As noticed in Section 4.1, we assume without loss of generalities that x is 1/p-Holder. We denote by K1 &
-+ @ Ky the Lie algebra of K, with K; C V;. We definefork=1,...,n

H® =G0 (v)/exp(Ky)
and

MP =GPOW)/exp(Ki @ -~ & Ky)
~H®/exp(K1 @ @ Ki1).
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We are going to construct recursively some H®)-valued paths y® and G® (V)-valued paths x*) which are
1/ p-Hélder and such that the projections of x, x®, and y® onto M® are equal, i.e. such that

(k))

mw o (V) =T pw (), (11)

TG0 vy, M® (x(k)) = TTpraph pph) (X)- (12)
Using Lemma 13, x® is easily constructed from y®, so we only need to construct the paths y*). Constructing those
paths are not very difficult intuitively, as to construct y®), we just need to “paste” together x*~1 and x.

Fork=1 yV =m0 yo &) isa HD = G (V)/exp(K,) valued path, which is 1/ p-Holder.

We now assume that we have a G® (V)-valued path x® which is 1/ p-Holder and which satisfies equality (12),
and we aim to construct a 1/ p-Holder H**+D_valued path y**D.

The set Z**D defined by

{(g.m) € GO (V) x M*HD such that 75 vy pr0 () = Tpgsy pyo (m) }
equipped with the product

(g1,m1) @ (g2, m2) = (81 ® g2, m1 @ m2)
is a group, and the application ¥ : Z*+1 — H&+D defined by the formula: if ¢ € Vi @ --- @ Vi and X! € Vi,

W (exp(te), exp(tk + 1) exp(K1 @ -+ @ Kigr)) = exp(a) exp(I*F!) exp(Kit1),

is easy seen to be an isomorphism by Baker—Campbell-Hausdorff formula.
Using Proposition 7 and Corollary 8, we see that there exists a constant C1 such that for all (g, m) € Z*+D,

| (g.m)| sy < Crrr (gl gwo vy + Imllygaen).

Forall r € [0, 1], (x,(k), TL’M([,;J),M(k-H)()C;)) € Z%*+D hence we can define

k+1 k
y D = ‘I’(xt( ), Tprd_ gt (X1)).

Note first that y(k+1) satisfies the equality (11). Because ¥ is an isomorphism, yif‘frl) = q/(xAﬁ,’?, TTpp (oD pptd (Xs,1))

and hence

||ys(,kz+l) ||H(k+1) < Ck+l (”xs({(;) ”G(k)(v) + ||7TM([p]>,M(k+1) (xs,t) ||M(k+1))

< Cont (16 gy + 1s.ellygann) -

By hypothesis and induction hypothesis,
k
1 gory + 1.ty < (€ +Cple =517,

k
hence ||ys(y,+1)||H<k+1) < Cryqlt = s/
Using the induction step until we reach the level [ p], we obtain a G PP (V)-valued path x P which is 1/ p-Holder
and such that

([p]))

TGA) vy, MpD (x = T pstpD p0pD (X) = X. a

We ought to make a couple comments on our main theorem.

Remark 15. Note that we could have considered a continuous path of finite p-variation with values in a quotient space
of G™(V), with n > [p]. If K™ is a closed normal subgroup of G™ (V) and x is a 1/ p-Holder path with values in
(GD(V)/K™ || - o vy k), with p & N\{0, 1}, then there exists a 1/ p-Holder G™ (V)-valued path ¥ such that

TG (V),GM (V) K™ (x)=x.
To prove this, first let KD = TG GpD (K™). The canonical projection of x into G[”](V)/K([p]) is a 1/ p-Holder
path. Hence, by the previous theorem, there exists a 1/ p-Holder G'P!(V)-valued path x(PD such that

([P]))

TTGUrh(v),GlrI(v)y/K (pD (x =G vy/Km G (v) /K (rD (x).
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Then, by Theorem 1 in [12], xP) can be (uniquely) extended to a 1/ p-Hélder (G (V). || - [| g (y)-valued path x .
By the uniqueness statement, x ™ must satisfy

TG (V),G™M(V)/K™ (x(m) =X

Remark 16. As already pointed out in [12,13], if p > 2 and if there exists one (G PV (V), | - l Gawn (vy)-valued path X
of finite p variation such that

TGUrh(v),GUrPD(V)/K (x) =1x,

then there exists infinitely many such paths.

Remark 17. The condition p ¢ N\{0, 1} is necessary. In [18], it was proven that, for a particular choice of tensor
norm, there does not exist a 2-rough path lying above the free Brownian motion (which is a path of finite 2-variation).

Remark 18. If p is a natural number greater than or equal to 2, keeping the notation of the previous theorem, we can
find, for any fixed ¢ > 0, a continuous G ([p])(V)—valued path x of finite p + ¢ variation such that

TGP)(V),GP)(V)/K (x) =x.

This is obtained just by noticing that a path of finite p-variation has finite (p 4 ¢)-variation.
We end up with a corollary, which was the original motivation of this paper.

Corollary 19. If p € [1, 00)\{2, 3, ...}, a continuous V -valued path of finite p-variation can be lifted to a geometric
p-rough path. For any p, a continuous path of finite p-variation can be lifted to a geometric (p + €)-rough path.

Proof. Apply Theorem 14 to K = exp(EBl[i]z Vi) and use the previous remark. O

That means, in particular, that one can always define a notion of solution to differential equations controlled by a
continuous path of finite p-variation, whatever the p is.

6. Rough differential equations for which the extension does not matter

We fix a real p > 1. X*¥¢(R?) denotes the class of k-times differentiable vector fields with the kth-derivatives

being e-Holder and with all the first k-derivatives being bounded. We consider Ay, ..., A,, some elements of X'V (Rd ),
with y > p. We fix abasis ey, ..., e, of R™, and extend the linear application
R™ — X7 (RY),
e — A,’

to an algebra homomorphism F f})] from T!PI(R™) into the space of continuous differential operators, in other words,
for a smooth function g, we have

Note that Ff‘ ] restricted to the free Lie algebra GUPD (R™), i.e. (Ff‘p])lg([p])(Rn) is a Lie homomorphism into XO(RY).
Recall that if x is a p-geometric rough path, a solution of the differential equation

dy, = A(yr) dx;,
Yo=a

is an extension of x to z €G 2 (R”*9) that projects onto (X, y), (xg, o) = (0, @), and such that

t

2y = f h(za) dz,

S
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with
h:R!®R"™ — Hom(R? & R", R? & R™),
(x,y) = ((dX,dY) — (X, V(y)dX)).
The map x — z is called the Itd map, denoted Iy : G2(R") — G(R"t9).

Theorem 20. Let x be a 1/p-Holder path in GIPD(R™)/K, where K is a normal subgroup of GPD(R™) with
Lie algebra K and X an extension of X to a 1/ p-Holder path in GUIPD(RmM) (1/(p + ¢) if p is an integer). Assume
that the kernel of the Lie algebra homomorphism (Féj])lg([pD(Rm) contains K. Then 14(X) is a 1/ p-Hélder path in
G IPD(R™+4Y) \which, in general depends on the extension of x to X. Nevertheless, the projection of 14(x) onto R¢
depends only on x.

Proof. To see that /4 (x) depends on general of the extension of x to X, just consider the Itd map which is the identity.
Now let y be the projection of /4 (x) onto R4, From [12], we know that

e = F {0 ()| < Clt =51, (13)

where 6 > 1 and C > 0. Define the path y" by the inductive formula

Yo =a,
A
y”‘;# =Fipn®g ) (i), k=0,....2"—1,

on
k k+1
n __ n n n n
yt—(k"‘l—zt)yzin‘i‘(zt—k)ykzinl, f€|:2—n,2—n:|.
By Eq. (13) and an argument similar to Euler construction of a solution to an ordinary differential equation, we see
that y" converges to y in uniform topology. Due to our assumption on the vector fields Ay, ..., Ay, F &](Xs,z)(y)
only depends on x; ; (and not on the choice of the lift). In particular, y"” does not depend on the choice of the lift.

Letting n tends to infinity, we obtain our theorem. O
A simple case of the above is the following:

Example 21. Let Ay, ..., Ay be d vector fields which commute, i.e. such that [A;, Aj] =0forall i, j. Let x : [0, 1] —
R? be a continuous path of finite p-variation, lifted to a geometric (p + &)-rough path x. Then, the projection of 1, (x)
into RY depends only on x, and not on the choice of the lift. This could be seen more directly from Doss—Sussman’s
theorem [4,16]

The following less trivial example should illustrate a bit more the interest of Theorem 20.

Example 22. Let A1, Az, Az be 3 vector fields, such that [A1, A2] =[A1, A3] =0, but we do not assume that [A;, A3]
isequal to 0. Let x = (x!, x2, x3): [0, 1] = R3? be a 1/ p-Holder path (p > 2), equipped with a Levy area A>3 between
x2 and x3, such that |A3:t3| < Clr —s|¥P. We lift (x, A) to a geometric (p + €)-rough path x. Then, the projection of
14(x) into R¢ depends only on x and A3, and not on the choice of the lift.
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