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Abstract

This paper deals with the homogenization of nonlinear convex energies defined in Wg o1 (£2), for a regular bounded open set £2
of RV, the densities of which are not equi-bounded from above, and which satisfy the following weak coercivity condition: There
exists g > N —1if N > 2, and ¢ > 1 if N = 2, such that any sequence of bounded energy is compact in Wé’q (£2). Under this
assumption the I"-convergence of the functionals for the strong topology of L°°($2) is proved to agree with the I"-convergence for
the strong topology of L!(£2). This leads to an integral representation of the I'-limit in Cé (£2) thanks to a local convex density.
An example based on a thin cylinder with very low and very large energy densities, which concentrates to a line shows that the loss
of the weak coercivity condition can induce nonlocal effects.
© 2012 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Since the beginning of the seventies the homogenization theory has greatly developed through the G-convergence
of operators [30], the H-convergence of PDE’s [29] (see also [31] and the references therein), and the I"-convergence
of functionals [19,21] (see also [18] for a review and the references therein). The De Giorgi I"-convergence has been
a powerful mathematical tool for studying the asymptotic behavior of minima of functionals defined for a regular
bounded open set 2 of RV, by

F,(v) :=/fn(x,Vv)dx, forve W, (£2). (1.1)
2
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The seminal results in this sense were obtained in [20,15,17]. Assuming that f, is convex with respect to the second
argument and satisfies the boundedness from above:

fox, &) <ay(x)(1+|£]7), forae. xe 2, VR, VneN, (1.2)

for a fixed p > 1 and for a given nonnegative bounded sequence a,, in L!(£2), any I'-limit F of F, for the topology
of Cg (£2) was shown in [15,17] to have a similar integral representation, namely

F(v):/f(x,Vv)d,u, for v e CA(£2), (1.3)
2

where f is convex with respect to the second argument and y is a Radon measure on £2. Under the additional assump-
tion of equi-integrability of the sequence a,, the previous representation also holds for the strong topology of L' (£2)
as shown first in [20]. A few years later, it was proved in [22] that the loss of equi-integrability for equicoercive
quadratic densities f,, may induce nonlocal effects in dimension three. A connection between this type of degener-
acy and the Beurling—Deny [5] representation formula of the Dirichlet forms was established in [28] for quadratic
functionals. Then, the closure set of the three-dimensional quadratic functionals with respect to the I"-convergence
for the strong topology of L?(§2) was obtained in [16] according to the Beurling—Deny theory. In the same spirit, the
three-dimensional examples from [4] of W7 (£2)-equicoercive functionals for p > 1, i.e.

3C>0, VneN, Yoe Cl(0), Fn(u)>cf|w|1’dx, (1.4)
2

show no degeneracy of their I"-limits for the strong topology of L?(§2) provided that p > 2, while nonlocal effects
appear when p € (1, 2], like in [22,4]. On the contrary, the case of dimension two with equicoercive functionals is
quite different, since it was proved in [12—14] for quadratic functionals, and in [8] for wlp -equicoercive, p > 1,
convex periodic functionals, that the I"-limits have a representation of type (1.3) in dimension two. On the other hand,
the loss of coercivity may also induce degenerate limit behaviors in terms of coupled systems as shown for example
in [24,28,25,9,7]. Also note that in periodic homogenization very weak coercivity conditions including perforated do-
mains were treated using extension operators, weak notions of connectedness or multi-scale convergence approaches
(see, e.g., [1,2,10,32,33]). From a certain point of view all these works deal with the same question:

Under what conditions the I -limits of convex functionals of type (1.1) remain of type (1.3)?

The present work is an attempt to give a unified answer in any dimension N > 2, for sequences of convex func-
tionals F}, the densities of which are neither equi-bounded from above nor equi-bounded from below. Our approach is
based on the combination of three independent results:

e In Section 2 we recover the result of [17] (see Theorem 2.4) but replacing the I"-convergence for the topology
of C8(.Q) by the I"-convergence for the strong topology of L°°(£2). We also make an assumption on the convex
densities f,, which is less restrictive than (1.2) (see conditions (2.11), (2.12), and Remark 2.6), and needs an
alternative approach.

e In Section 3 we establish a general framework (see Corollary 3.5) in which the I"-convergence for the strong
topology of L>°(§2) agrees with the I"-convergence for the strong topology of L'(§2). This is the most original
part of the paper. The strong equicoercivity condition (1.4) is now replaced by the following weaker condition:
There exists a real number g withg > N — 1 if N > 2,and ¢ = 1 if N = 2, such that

VneN, Ve >0, {F, <c}issequentially compact in W(}’q(.Q) weak,

in w9 1.5
Vi, € WS’I(Q), lim sup F, (i) < 0o = n CONVerges weakly in W,'? (£2), (1.5)
n—00 up to a subsequence,
which holds for a large class of functions f;; (see Proposition 3.2). Under this condition we prove (see Theo-
rem 3.4) a uniform convergence for (roughly speaking) minimizers u,, of F,, which converge weakly in Wé 1(82)
to a function in C%(£2). The key ingredient is a maximum principle type result (see Lemma 3.7) following the

idea of [27] (see also [23]), which allows us to deduce a uniform estimate for u, from the compact embedding
of W4(3B) into C°(dB) for any ball B C 2, due to the condition on g. The Aubin compactness theorem [3]
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is also used in the case N > 2 and ¢ > N — 1, while it is replaced by the Kuratowski, Ryll-Nardzewski selection
theorem [26] in the much more delicate case N =2 and ¢ = 1.

e Section 4 is devoted to a counter-example, separating the cases N > 2 (Theorem 4.2) and N =2 (Theorem 4.4),
which shows that the weak coercivity condition (1.5) is actually crucial to obtain the local I"-limit representa-
tion (1.3). Indeed, the loss of condition (1.5) may induce nonlocal effects. The counter-example is based on a
columnar structure like in [22,4]. But contrary to the three-dimensional periodic fiber reinforcement of [22,4],
here the energy density f,, takes both very low and very large values in one cylinder if N > 2, and one strip if
N = 2, which concentrates along a line as n tends to co. Based on the counter-example the importance of the
weak coercivity condition (1.5) as well as the more precise conditions of Proposition 3.2, for deriving a local
I'-limit is discussed in Remark 4.1.

Therefore, the three previous results allow us to answer to the above question through the following:

Theorem 1.1. Let 2 be a bounded open set of RN, N > 2, with a Lipschitz boundary. Consider a sequence of
nonnegative functions f, : 2 x R¥N — [0, 00), n € N, satisfying the properties (2.1)—(2.4), (2.11), (2.12) below. Also
assume that the associated convex functional F,, defined by (1.1) satisfies the condition (1.5).

Then, there exist a subsequence of n, still denoted by n, a Radon measure p on 2, and a function f : 2 x RN —
[0, 00) satisfying the properties (2.13)—(2.16) below, such that the sequence F,, I -converges in Cé (82) for the strong
topology of L' (§2) to the functional F defined by (1.3).

Focus on the particular two-dimensional case with quadratic densities f;,(x,&) = A, (x)§ - &, for (x,§) € £2 x R2,
where A, is a sequence of positive definite symmetric matrix-valued functions defined on £2. Then, Theorem 1.1
and Proposition 3.2 for N = 2 lead to a local I"-limit of type (1.3) under the sole assumption that the inverse of the
smallest eigenvalue A, of A, is bounded and equi-integrable in L'(£2), without any prescribed bound from above.
Moreover, the two-dimensional counter-example of Section 4 (see Theorem 4.4) shows that the equi-integrability
of A, Uin L1(£2) is actually essential. This extends the result of [14] obtained through an approach based on the
Dirichlet forms, but for a sequence X, which is bounded from below by a positive constant.

A few recalls and notations

We recall the definition of the De Giorgi I"-convergence and some of its properties which will be used in the sequel.
We refer to [18] for an exhaustive presentation of I"-convergence (see also [6] for an elementary approach).

Definition 1.2. Let V be a metric space, and let F, : V — [0, oo], n € N, be a sequence of functionals. For v € V, F,
is said to I"-converge to F(v) € [0, oo] at v if
i) the I"-liminf inequality holds

Yv, > vinV, F(v)< limiorcl)an(vn), (1.6)
n—
ii) the I"-limsup inequality holds
v, »vinV, F@)= lim F,(v,). (1.7)
n— o0

Any sequence satisfying (1.7) is called a recovery sequence for F;, of limit v.
Let W be a subset of V. The sequence F), is said to I"-converge in W to F : W — [0, oc] if for any v € W, F,
I'-converges to F(v) at v.

Notations
e Sy_1 denotes the unit sphere of RV for any integer N > 2.
e |E| denotes the Lebesgue measure of any measurable set E C RV,
o fr= ﬁ /  denotes the average-value over a measurable set E C RV,
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e For any bounde_d open set §2 of RN, C1(£2) denotes the space of the restrictions to £2 of the functions in Ccl. (RM).
Note that C'(£2) is not generally a Banach space if 2 is not regular. But this property will not be used.
e ./ (X) denotes the set of the Radon measures on a locally compact set X.

2. I'-convergence in L™

Let £2 be a bounded open set of RV, Let fn,8n: 82 X RN - [0, 00), n € N, be two sequences of nonnegative
functions satisfying:

Jn (-, &), gn(-, &) are measurable for any & € RY and Jn(,0) =g,(-,0) =0, 2.1)
fa(x,-), gn(x,-) are convex for a.e. x € 2, (2.2)
Jan(x,8) < gn(x,&) ae.xes2, VSGRN, Vn e N, (2.3)

there exist K > 2 and a nonnegative bounded sequence b, in L' (£2) such that
gn(x,28) < Kg,(x, &)+ b, ae.xef2, VEe RN, Vn e N. 2.4)

An easy consequence of (2.4) is the following estimate:

Proposition 2.1. There exists a constant p > 1 such that

gn(x, 1) < Kt'o(gn(x,é) —i—bn) ae. xe€f2, ¥Vt >1, V& ERN, Vn € N. (2.5)
Remark 2.2. Conversely to Proposition 2.1, estimate (2.5) implies (2.4) replacing K by 2°K. Also note that by
convexity we have

gn(x,18) <1gn(x, &) ae.xef,Viel0,1], VEeRY, VneN. (2.6)

On the other hand, taking into account the convexity of g, and (2.4), the following inequality holds

K
gn(x, & +1) < E(gn(x,&‘) +gn(x,n) +by ae.xe, V&, neRY, VneN. (2.7)

Remark 2.3. Despite of the convexity and the inequality f, < g,, the sequence f, does not satisfy in general a bound
of type (2.4). Indeed, consider the following example:
Let 0 : R — [0, o0) be defined by

0(1) = {’2 ifr<l, 2.8)
TN - VIO EF DI +VE) + k! ifre[VELJEF DI, keN. '

The function 6 is convex, Q(m ) =k! for any k € N, and 0(¢) < t* 4+ 1 for any ¢ € R. Now define the function
f i RY x RN — [0, o0) by

fo@.8) = an () (0D + 162" + -+ 1EnI")  for (x,§) e RY xRV, (2.9)
where a, : RN — (0, 00) is a positive function. Therefore, we have

Su(x,8) < gu(x, &) :==a,(x)(|E[*+1) forany (x,&) e RN xRY,
hence conditions (2.1)—(2.4) are clearly satisfied. However, we have for &, := (\/E, 0,...,0),

f226) _ 0@V
fan)  0(nl) n—oe
which shows that f,, cannot satisfy a bound of type (2.4).

(V2 = 1)/n,

Let £2 be a bounded open set of R, with a Lipschitz boundary. Consider the sequence of functionals F;, defined
by
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fal):= {fg fax, Vuydx - ifue Wi @)n L=(D),
ifue L)\ W),

Gn(u) = {fg gn(x,Vuydx ifuewhi(2)n IIOIO(,Q) 10
ifueL>®(2)\ Whi(Q).

We make the following assumption: for any x € £2, there exist N + 1 functions w! € C 1(.{_2), 0 <i < N, such that

0 belongs to the interior of the convex envelop of (Vwo(x), e, VwN(x)), 2.11)
and N + 1 sequences w,’% e wll (£2) N L°°(£2) such that

w; - w strongly in L*(£2) and G, (w;l) is bounded. (2.12)
We have the following representation result:
Theorem 2.4. Assume that (2.1), (2.2), (2. '%) (2.4), and (2.11), (2.12) hold. Then, there exist a subsequence of n,

still denoted by n, a Radon measure j on 2, and two functions f, g : 2 x RN — [0, 00) satisfying the following
properties:

fG, &), g(-, &) are u-measurable for any & € RY  and f(,00=g(,0)=0, (2.13)
f(x,), g(x,-) are convex for u-a.e. x € 2, (2.14)
f(x,6)<gkx, &) M-a.e.xef?, VSGRN, Vn e N, (2.15)
g(x,26) < Kg(x, &) +b p-ae xef2, VE€RY, VneN, (2.16)

where K is the constant in (2.4) and b is given by the convergence
by — b weakly-x in . (£2), (2.17)

such that the sequences F,, G, defined by (2.10) I'-converge in C'(82) (see Definition 1.2) for the strong topology of
L°(82) to the functionals F, G given by

F(u) ::/f(x,Vu)du, G(u) :=/g(x,Vu)d,u, forueC](S_Z). (2.18)

2

Moreover, for any open set w C 2, the sequence of functionals F, G defined by

© [ fa(x, Vu)dx ifueWOI’l(a))ﬂLoo(a)),
Fr(u) =1 ) 00 1,1
00 ifu e L®w)\ Wy (@),
. 1,1 0o
o) = {fwgn(x,Vu)dx ifue Wy @) le 1 (), 219
o0 fue L™\ W, (v).
I'-converge in C(l) (w) to the functionals F*, G® given by
F®u) ::/f(x,Vu)d,u, G®(u) ::/g(x, Vu)dup, forue Cé(w). (2.20)

w

Remark 2.5. In the proof of Theorem 2.4 below we will also prove that for any u € C'(£2) and any recovery se-
quence u, for F, of limit u, the weak convergence of the energy density holds

(G, Vuy) = £, Vi) weakly-x in .Z(£2). (2.21)
Remark 2.6. Carbone and Sbordone [17] obtained a representation formula for the I"-convergence in C°(£2) of a

sequence of convex functionals F), the density of which satisfies

fa(x,8) ga,,(x)(|§|P+ 1) ae. x € 82, V& eRY, VneN, (2.22)
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where p > 1 and g, is a bounded sequence in L'(£2). The condition (2.4) is sharper than (2.22). Indeed, the function
gn(x, &) :=a,(x)(JE]” + 1) clearly satisfies the inequality (2.4). Moreover, the L!-boundedness of a,, in [17] is here
replaced by the weaker condition (2.12). Indeed, it is easy to construct a sequence a, which is not bounded in L L(£2)
such that the extra condition (2.12) holds and for which the representation Theorem 2.4 applies. Think for example of
the sequence f,(x,§) := (1 + Bnlpg ,-1))§]”, where Bun—N — oo.

Remark 2.7. Assumptions (2.11), (2.12) are needed to ensure that the domain D of the I'-limit F of the sequence F;,
contains the set of regular functions C!(§2). More precisely, at each point x € £2, the gradients of (N + 1) functions
in C1(£2) N D have to span a sufficiently large convex set in order to derive any regular function as an L-limit of a
sequence of bounded energy G, in the neighborhood of x. This is given by the barycenter condition (2.11) combined
with the convergence condition (2.12) which are the key ingredients of Lemma 2.10 below.

Lemma 2.8. Let u,, € WH1(82) N L™(2) which converges strongly to u in L°°(82). Then, there exists a sequence
i, € WH1(82) N L%°(£2) which strongly converges to u in L™ (§2) such that

u, =0 aein{fu=0} and f,(-,Vu,) < fu(,Vu,) ae. inS2. (2.23)
Proof. Set ¢, := |lu, — u|lL=2). Then, the sequence u, defined by
up, +¢e, ifu, <—e,,
ﬁnlz{() if —¢&, <up <&y,
U, — &, ifu, >e,,

clearly satisfies (2.23). O
We have the following result:

Proposition 2.9. Assume that conditions (2.1)—(2.4), and (2.11), (2.12) hold. Then, for any u € C'(§2) there exists a
sequence u, € Wh1(£2) N L>®(82) such that
u, — u strongly in L°(2) and G, (uy) is bounded. (2.24)

Proof. We need the following lemma which is a simple extension of Proposition 4.4 in [8] to dimension N > 2,
extending g, (x, -) by 0 for x € RV \ £2. So, we omit its proof.

Lemma 2.10. For any xg € 2, there exist three constants ¢,8,C > 0 such that for any u in CY(B(xg,8) N 2), with
IVullLoo(B(xy,8)n02) < &, there exists a sequence u, satisfying

un € WH(B(x0,8) N £2) N L®(B(x0,8) N £2).
uy — u strongly in L°°(B(x0, 5N .Q),

(2.25)
sup / gn(x,Vu,)dx < C.
n=0
B(x0,8)N2
Due to the compactness of 2, Lemma 2.10 implies the existence of k balls B(z;, §;), fori =1, ..., k, covering 2,

and constants ¢, C > 0 such that (2.25) holds in B(z;, §;) for any u in CY(B(z, 8) ﬂ[_Z)', with | Vull Lo 5)ne) <€,
and any i = 1,..., k. Consider a partition of the unity ¢', 1 <i < N, such that ¢’ € CCI(B(zi, 81)), 0 < ¢' < 1,
S¥_ @' =1in 2. Then, there exist k sequences u’, in W' (B(z;, 8;) N £2) such that

; ep'u
u n
"o |V (piu)llpe(o) + 1

strongly in L°°(B(zi, 5N .Q),

, (2.26)
gn(» Vuy,) dx is bounded.

B(zi,6;)N§2
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By Lemma 2.8 with the open set B(z;, §;) N §2, we can also assume that ufl =0ae.in {(pi = 0}. Therefore, extending
uy, by 0in £2 \ B(z;, §;), the sequence u,, defined by

=~

Z ”V ¢lu ||L°°(.Q) + 1)

strongly converges to u in L°°(£2). Moreover, by the convexity of g, and (2.5) combined with estimate (2.26) we get
that

Gn(up) < Z/g,, x ke~ ||V(<p ”)||L°°((2) ) )d <ec. O

tl_Q

Consider for any ¢ € C 1(£2), the sequence of functionals F,, G} defined by

F‘p(v);:{fgfpfn(x Vv)dx ifvewh 1(9)mLOO(_Q)

' ifve L®2)\ W),

GY(v) := {fg 0gn(x, Vu)dx ifve Wh(2)NnL®(R), .
ifveL®)\ Wh().

These sequences allow us to derive local properties for the I"-convergence of the sequences F;,, G,,.

Proposition 2.11. Assume that conditions (2.1)~(2.4), and (2.11), (2.12) hold. Then, there exist a constant M > 0 and
a Radon measure . on §2, such that for any ¢ € C'(2) with ¢ > 0, and for any u € C'(82), there exists a sequence u,
in Wh1(82) strongly converging to u in L (82) satisfying

. (p p

lim sup G Gen) < M (Va1 < gy v + 1V 2% supp) f pdu. (2.28)
Q

Proof. Define the linear functions

1 ,
wo(x) = N Zx,- and w'(x):=x; + wo(x), for 1 <i < N.

By Proposition 2.9 there exist sequences w;'l in ‘_’V” strongly converging to w' in L%°(£2), with F, (wﬁl) bounded, for
i =0,..., N.Define the Radon measure y on §2 by

m —v—i-z,u w1th{ (AV”;U iy o i weaklyxin /(2), (2.29)

where the N + 2 weak-* convergences hold true up to a subsequence of # still denoted by n. Let u € C!(£2). We can
assume that Vu is non-zero in supp ¢, otherwise the sequence u, := u does the job. Define the sequences z,, and u,,
by
{zn = (wy —wd, ..., w) —wd) e WH@N nL> @)V, 230,
Uy :=u(zy) + 4Ny(wn —w (zn)), with y := ||Vu||Lo<>(Supp¢)N.

Since z,, converges strongly to the identity function in L (£2)", the sequence u,, clearly converges strongly to u in
L°°(£2). On the other hand, we have

N

N
Vun=4Ny|:Z$<2+8iu)Ezn)>v +—<N Zau(Zn)) :|

i=1 i=1
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Since the term in brackets is a convex combination for large enough n (due to the strong convergence of d;u(z,)
to d;u), the convexity of g, together with estimates (2.5) and (2.6) yields

N
gn(, Vi) < (K 4Ny)? +4Ny)<bn +en(- Vwd) + > gu( Vwi))-
i=1

This combined with the definition (2.29) of the measure p implies the desired estimate (2.28). O
Proposition 2.12. Assume that conditions (2.1)—(2.4), and (2.11), (2.12) hold. Consider u € C L) and a recovery

sequence u, for F, at u strongly convergtng in L>°(82). Then, for any sequence v, strongly converging to u in L*°(§2)
with F,(v,) bounded, and for any ¢ € C'(2) with ¢ > 0, we have

n— 00
2

1iminff<p(fn(x, Vua) = fulx, Vity)) dx > 0. 2.31)

Remark 2.13. Proposition 2.12 implies some local property of the I"-convergence of F;, where the strong topology
of L°°(£2) plays an essential role (contrary to Proposition 2.11 which only gives an energy bound).

Proof of Proposition 2.12. Let u € C'(£2). Consider a recovery sequence u, for F, strongly converging to u
in L>(£2). Clearly it is enough to prove the result for any ¢ € C'(£2) with 0 < ¢ < 1/2. By Proposition 2.9 there exist
two sequences @y, Un strongly converging respectively to ¢, —¢ in L>°(£2) with F, (), F,(¥,) bounded. Then, the
truncations @, := (0 V @,) A 1/2, ¥, := (=1/2 Vv ¥,,) A 0 strongly converge respectively to ¢, —p in L*°(£2), and
satisfy

0<gn, —Vn <172 and  g,(.0n) < gn(sPn)s  gn(s ¥n) < gn(-, ¥y) ae. in £2,

so that the energies G, (¢,), G, () are bounded.
Consider a sequence v, € wll(2) strongly converging to u in L°°(£2) with F,(v,) bounded and a sequence
zn € WH(£2) strongly converging to u in L*°(£2) with G, (z,,) bounded, and define for ¢ € (0, 1/2) the sequence

wy =1 —&up + @u (v, — ’/ln)+ + Vn(vp —un)™ + &2
In the set {u, < v,} we have
Vw, =1 —¢&—¢)Vuy +¢a Vo, + S(Vzn + S_I(Un - un)VWn)
=1 -¢e—-@)Vuy, + @, Vo, + 8((1 — (vy — Mn))VZn + (vp — un)(vzn + S_IVQDn))-

Note that the last term is a linear combination for n large enough, since we work in the set {u, < v,} and v, — u,
converges strongly in L°°(£2). Then, by the convexity of f, and (2.3), (2.7) we get that

/ Jo(x, Vwy)dx < / ((1—8—<pn)fn(x, V”n)+(pnﬁ1(xvvvn))dx

{un<vn} {un<vn}

+¢€ / ((1 — (Un _“n))gn(x’ Vzu) + (vn _”n)gn(xa Vi, +8_1V‘Pn)) dx.
{un <vn}

From the estimates (2.5), (2.6), (2.7) satisfied by g,, the boundedness of F;, (i), F;,(vn), Gn(zn), Gn(¢n), and the
strong convergence of ¢, to ¢ and v, — u, to 0 in L°°(§2), we deduce that

/ fu(x, Vwy)dx < / (=& =) fulx, Vup) + @fa(x, Vvg)) dx + ¢ / gn(x, Vzu)dx + o(1),
{un <vn} {un <vn} {un<vn}
where o(1) tends to 0 as n — oo for a fixed ¢ € (0, 1/2). Similarly for the set {v, < u,} with the sequence ¥,, we
obtain that

Jn(x, Vwy)dx < / (1 =& = @) fu(x, Vi) + @fu(x, Vvy)) dx + & / 8n(x, Vzy)dx +o(1).

{vn<upn} {vn<un} {vn<un}
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Using that w, converges strongly to u in L°°(£2) and that u, is a recovery sequence for F},, and adding the two
previous inequalities, it follows that

/fn(x,Vun)dx</fn(x,an)dx+0(l)
2 2

g/fn(xa Vun)dx+/€0(fn(x, Vup) — fulx, vun))dx
2

2

+ 8/(gn(x» Vzp) = falx, VMn)) dx +o(1),
2
which implies

lilrggréf/gp(fn(x,an) — fulx, Vup))dx > —slimsupf(gn(x,Vzn) — fu(x, Vuy,))dx.

n—00
2

Finally, the arbitrariness of ¢ yields (2.31). O

Proposition 2.1fl. Assume that (2.1)—(2.4), and (2.11), (2.12) hold. Then, there exists a constant C > 0 such that for
any u,v € C1(2) and any recovery sequences uy, vp for Fy respectively at u, v, converging respectively to u, v in
L*°(£2), and for any ¢ € CC1 (82) with ¢ > 0, the following estimate holds

lim sup /w(fn(x,Vun)—fn(x,an))dx
n—>0oo
Q
0 0
<C||Vu — Vv”Loo(supp(p)(”V””Loo(supp(p) + ”VUHLOC(supp(p) + 1) / pdu. (2.32)
Q2
Proof. Let u,v,¢p € c! (£2), and set Y = [[Vu — V| Lo isuppg). Consider two recovery sequences uy, v, for Fy

respectively at u, v, converging respectively to u, v in L% (£2). First, note that by virtue of Proposition 2.11 and
Proposition 2.12 (applied to the recovery sequences u,, v,) combined with the inequality F? < GY, estimate (2.32)
holds when y > 1. From now on, we assume that y < 1.

Take ¢ € (0, 1 — y). By Proposition 2.11 there exists a sequence ¢, € W1 1(£2) strongly converging to ¢ := v +
(y +&)"(u—v) in L®(£), and satisfying the bound (2.28) with the pair (¢, ¢). The sequence i, := (1 —y —&)v, +
(v + €)¢, converges strongly to u in L°°(£2). Then, since u,, is a recovery sequence for F},, by Proposition 2.12 and
by the convexity of f,, we have

FY (un) < FY (in) +0(1) < (A —y —&)F (va) + (v + )G} (&) + o(1)

< Fr(zp(vn) + M(]/ +8)(||v§”/L)°°(supp(p)N + ”Vg”Lm(suppga)N)/wdﬂ +o(1)

2

SFfn) +2°M @ + &) (1V01] s gy v T 1) f pdu+o(l).

2
Changing the roles of u,, and v,, we also get that

F?(vy) < FY (un) +2° M(y +8)(||Vu||’£oc(supp(p),\, + 1)/<pdu+0(l).

2
Therefore, from the two previous inequalities we deduce that

; ® _FY o p p
hmsup|Fn (un) Fn (Un)| < 2 M(V + 8)(||Vu”L°o(Supp(p)N + ”VU||L°°(supp<p)N + 2) / (pdl‘l/

n—oo

2
Finally, the arbitrariness of ¢ > 0 implies the desired estimate (2.32). O
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Proof of Theorem 2.4. First, note that it is enough to prove the results for the sequence f;,, since the properties of f;,
are clearly satisfied by g,. Thanks to Proposition 2.9, Proposition 2.11, and using a diagonal extraction there exists
a subsequence of n still denoted by #, such that for any linear function wé x> E.x,with & € QN , there exists a
recovery sequence wi for F, at wé strongly converging in L>°(£2) to w, and a function hf € LL(Q) such that

fa(o Vi) — ¥ weakly-* in . (£2), (2.33)
where by estimates (2.28) and (2.32) the function hé satisfies
0<h® < M(EIP + 1) p-ae.in 2, V6 € QY,

- (2.34)
[ —h" <ClE —nl(€l” +nl° +1) p-ae.in 2, V& neQV.

By the Lipschitz estimate of (2.34) there exists a unique Caratheodory function f : £2 x RV — [0, co) defined by
f(x, &) :=h(x) p-ae xeg2, VeeQV. (2.35)

First step: I'-convergence of F,, in C'(£2).

Let u € C'(£2). There exists a subsequence n’ of n such that F,, I'-converges at u. Consider a recovery se-
quence u, for F,s, which strongly converges to u in L°°(£2). Up to extract a new subsequence, thanks to Propo-
sition 2.11 and Proposition 2.12 combined with FY < G, we can also assume that there exists 1" L}L(S_Z) such
that

fur G, Vi) = h* - weakly- in . (£2). (2.36)
Applying (2.32) (after a localization) with the recovery sequences u,,, wi,, for £ € QV, we obtain that
1" = £ 6] < CIVu—E[(1Vul” +|Vul +§° + 6|+ 1) p-ae.in 2, VE€QY,

which by continuity of f(x, -) implies that 2 = f(-, Vu) a.e. in £2. Hence, by convergence (2.36) and a uniqueness
argument the whole sequence F, I"-converges at u to F (u) defined by (2.18). This also implies convergence (2.21)
for any recovery sequence u, for F,.

Second step: Properties of the density f.
Let us prove the convexity of f(x, -). The proofs of the other properties are similar. Let £, 7 € RV, and set A :=
t§ + (1 —t)n for t € [0, 1]. Consider recovery sequences wg, wy, w,),‘, for F, of limits w%, w", w* respectively.
Applying inequality (2.31) with u, := w’ and v, 1= twi + (1 — t)w,! and using the convergence (2.21) of the energy
density, we get that for any ¢ € C 1 (£2) with ¢ > 0,
/(pf(x, t&+(1—t)n)dp= lim /gof,, (x, Vwy)dx
n—oo
2 2
<lim inf/ Ofn (x, tii + (1 —1)Vw))dx

n— 00
2

<t/<pf(x,é)du+(1 —r)fwf(x,n)du,
2 2

2

which implies the convexity of f(x, -) due to the arbitrariness of ¢.

Third step: I"-convergence of F,’ for any open set w C 2.
Let us prove the I"-liminf and the I"-limsup properties for the sequence F,’ (see Definition 1.2). Let u € Cé (w).

Let u, be a sequence of W&’l (w) which strongly converges to u in L*°(w). Extending u# and u, by 0 in 2 \ w, the
I'-liminf property for F;, implies that

F(u) <liminf F,, (u,) = liminf F;” (u,).
n— o0 n—oo
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On the other hand, consider a recovery sequence ii, € W1 (§2) for F, strongly converging to u in L>(£2). Then, by
Lemma 2.8 there exist a sequence i, strongly converging to u in L°°(§2), such that i1, =0 in 2 \ @ and F, (it,) <
F,(u1,,). Therefore, we obtain that

F(u) = lim F,(it,) > limsup F),(ii,) = limsup F (it,,),
n—o00 n— 00 n—00 "

which shows the I"-limsup property. O
3. Conditions for that the I'-limits in L™ and in L! agree

In this section we show the existence of a general class of convex functionals which have the same I"-limits for the
strong topology of L>°(§2) and the strong topology of L!(£2).
Let £2 be a bounded open set of RY, N > 2. Consider a sequence f, : 2 x RY — [0, 0o) satisfying

fn (-, &) are measurable for any & € RN, and  f,(-,0) =0. 3.1)
fn(x, ) are convex for a.e. x € £2,

Also consider the associated sequence of functionals F, defined in L'(§2) by

v i e
F,(v) = f-Q f”(x’ v)dx 1 UGVV[Q (£2), 1.1 (3.2)
00 ifve L (2)\ W, (£2).
In addition, we assume that F), satisfies the following weak coercivity condition:
There exists a real number g withg > N — 1 if N > 2,and ¢ =1 if N =2, such that
VneN, Vc>0, {F, <c}issequentially compact in Wol’q (£2) weak,
(3.3)

. 17q
Vu, € Wol,l(Q)’ lim sup Fy (i) < 00 = uy, converges weakly in W, (£2),
n—>00 up to a subsequence.

Remark 3.1. Note that for any p € (1, 00), the weak compactness in W!-7(£2) is equivalent to the boundedness in
WP (£2). Therefore, the compactness in assumption (3.3) is actually essential in the case g = 1.

The following result provides a large class of sequences f;, which satisfy condition (3.3):

Proposition 3.2. Consider a sequence of functions f, : 2 x RN — [0, oo) satisfying (3.1) and the following estimate
from below:

o I[f N>2 thereexistp>N—1,r>(N—1)/(p—N+1), S >0, and a sequence of nonnegative measurable
functions A, in §2, with A" bounded in L! (£2), such that

fax, &) = a()EIP =S, VEERN, ae xef.

J
o If N =2, there exist p > 1, S > 0, and a sequence of nonnegative measurable functions i, in 2, with A, "'
weakly compact in L' (82), such that

fu(x, &) =00 EIP — S, VEER?, ae xe .

Define g > 1 by
L
g ::{ e (3.4)
1 if N=2.
Then, the assertions of (3.3) are fulfilled with q.
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Proof. First of all, note that ¢ > N — 1 if N > 2. Let us first prove the second assertion of (3.3). Let u,, be a sequence
in Wol’l(.Q) such that

n—oo

lirnsup/ fu(x, Vu,)dx < oo.
Q

e If N > 2, then by the Holder inequality we have

r 1

T+r T+r
/|Vu,,|" dx < </An|Vun|pdx) (/k;%ix) <ec. (3.5)
2 2 2

Hence, u, is bounded in W(;’q (), for g > N — 1 > 1, thus converges weakly in W14 (£2), up to a subsequence.
e If N =2, then we get that for any measurable set E C §2,

5 _1 N\I-% L \!3
f|w,,|dx< </x,,|w,,|l’dx>' </,\n P dx> ’ @(fkn P dx> " (3.6)
E E E E

Hence, by virtue of the Dunford—Pettis theorem, u,, converges weakly in Wé’l (£2), up to a subsequence.

This establishes the second assertion of (3.3).
Now, let us check the first assertion of (3.3). Fix n € N and ¢ > 0. Consider a sequence vg in WOl "4(£2) such that
Fy(vr) < c, for any k € N. Proceeding as for (3.5) and (3.6), vy converges weakly, up to a subsequence, to some

function v in WO1 "1 (£2). Therefore, due to the convexity of F,, the desired inequality F,, (v) < ¢ follows from the lower
semicontinuity of F), for the strong topology of Wol’q (£2). It thus remains to prove the strong lower semicontinuity
of F,. Since f, is convex with respect to the second argument in RY, f, is continuous with respect to the second
argument. Then, for any sequence wy converging strongly to w in WO1 “1(82), fu(x, Vwy) converges to f,(x, Vw) for
a.e. x € £2. Hence, by the Fatou lemma applied to the nonnegative sequence f; (-, Vwy), we get that

/f,,(x, Vw)dx < l}cminf/ fa(x, Vwy)dx, (3.7
—00
2 2

which implies the strong lower semicontinuity of F,,. O

Remark 3.3. Consider F, defined by (3.2) satisfying the assumptions of Proposition 3.2. As a consequence of the
first assertion of (3.3), the nonnegative functional F), is lower semicontinuous for the strong topology of WOl 1(82).
Hence by (3.5) and (3.6), for any G in W_l’q/(.Q), the convex functional v — F,(v) — (G, v) is Wol’q(.Q)-coercive,
and thus has a minimum u,, in W(} 9(£2) for any n € N. Thanks to the second assertion of (3.3), the sequence u,, is

weakly compact in WOl “7(£2), and is thus compact in L' (£2). Therefore, the study of the asymptotic behavior of u,, is
equivalent to study the I"-convergence of the sequence F,, for the strong topology of L!(£2).

Then, the main results of this section are the following:

Theorem 3.4. Assume that the conditions (3.1) and (3.3) hold. Consider a function u in col2n W&’q (£2), such that

there exists a sequence u, converging weakly to u in Wé 1(2) with

limsup F, (u,) < co.
n—oo

Then, there exists a sequence i, which converges to u weakly in WOl “1(82) and strongly in L*®(82), such that

liminf F,, (u,,) < liminf F,, (u,). (3.8)
n—oo n—o0
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Corollary 3.5. Under the assumptions of Theorem 3.4, the I'-limit of F, at any point u in C%(2) for the strong
topology of L (82) agrees with its I'-limit for the strong topology of L' (£2).

Proof. If u € WO1 “1(£2), the result is an immediate consequence of Theorem 3.4. Otherwise, applying the condi-
tion (3.3) to recovery sequences for F;, of limit u, the two I"-limits at 4 are equal to co. O

In the sequel we will use the following:

Remark 3.6. Let v € W9(£2), let xo € £2 and R > 0 be such that B(xg, R) C £2. Denoting by Sy_ the unit sphere
of RV, we have

R R
/( / |Vv(x0+r§).§|4d0>,N—ldr</( / |Vv(x0+r§)|qda>rN_1dr
0

0 SN,1 SN—l
= f [Vv|?dx < o0.
B(xo,R)

Hence, the function ¢ — v(xo + r¢) belongs to W4 (Sy_;) for a.e. r € (0, R). Therefore, by the embedding of
wha(Sy_;) into CO(Sy_1) since g > N — 1, the restriction v|j(x,,r) has a continuous representative on d B(xg, r).
This gives a sense to the bounds of v on d B(xg, r) for a.e. r > 0 such that B(xq,r) C £2.

Now, the key ingredient of the proof of Theorem 3.4 is the following:

Lemma 3.7. Consider a sequence u, which converges weakly to a function u in W4 (), withq > N —1if N > 2,
and g =1 if N = 2. Assume that u belongs to C°($2), and that u,, satisfies the following maximum property:
For any xo € $2, and for a.e. r > 0 such that B(xo,r) C §2, we have

min[ min u,, min u}< inf u, < sup ungmax[ max u,, max u} (3.9
9B(xo,r) B(xo.,r) B(xg,r) B(xo,r) dB(xo,r) B(xo,r)

Then, the sequence u, converges strongly to u in Ly (£2).

Proof. Assume for the moment that for any xg € §2, and for any r > 0 such that B(xg, 2r) C §2, we have

limsup( sup |up —u|> < max u— min u. (3.10)
n—o0 “B(xq,r) B(xg,2r) B(xq,2r)

Given a compact set K C §2 and ¢ > 0, there exist » > 0 and xé, e, xg1 € £2 such that

m
Vie(l,....m}, B(x),2r)c 2 and K| JB(xj.r).
i=1

and due to the uniform continuity of u on £2
Vx,ye 2, |x—y|<2r ’u(x)—u(y)|<8.
Then, by (3.10) we get that

limsup [lu,, — u|lpok) < max [limsup( sup |up —u|)] <e,
n—00 I<i<ml p—oo B(xé,r)

for any ¢ > 0, which implies the strong convergence of u, to u in L*°(K).
In order to prove (3.10) we distinguish the case N > 2, and the more delicate case N = 2.

Case N > 2: Define the functions vy, v : (r,2r) x Sy—_1 — R by
U (8, 8) == uu(xo + s¢), v(s,¢) :=u(xg+s¢), for(s,¢)e(r2r) x Sy_1.
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Since the sequence u, converges weakly to u in W4 (B(xg,r)), the sequence v, converges weakly to v in
Li(r,2r; W4 (Sy_1)) and d5v, converges weakly to dsv in L9 (r,2r; L9(Sy—1)). Therefore, taking into account
that, due to ¢ > N — 1, the space wha(Sy_1) is compactly embedded in CY%(Sy_1), and that CO(SN 1) is continu-
ously embedded in L4(Sy—1), the Aubin compactness theorem [3] implies that the sequence v, converges strongly
tovin LY(r, 2r; CO(SN_l)). In particular, using Remark 3.6 this yields, up to a subsequence,

max u, = max v,(s, ;)—> max v(s,{)= max u, a.e.s € (r,2r), (3.11)
dB(xo,s) CESN-1 CESN-1 dB(xo,s)

min u, = min v,(s, ) =< min v(s,¢)= min u, a..s € (r,2r). 3.12)
dB(xo,s) CESN-1 CESN-1 9B(xo,s)

Hence, using inequality (3.9) with r replaced by s € (r, 2r), we get that

min ¥ — max u < 11m1nf( inf (u, —u)) glimsup( sup (uy —u)) < max u— min u,
B(x0,2r) B(x0,2r) n—>00 \ B(xg,r) n—>00 “B(xg,r) B(x¢,2r) B(x0,2r)

which is equivalent to (3.10).

Case N = 2: Denote by T the torus R/ (27 Z). Similarly to the functions v,, v defined in the case N > 2, define the
functions w,, w : (r, 2r) x T — R by

Wy (s, 1) ==y (x0 + s(cost, sin1)), w(s, 1) :==u(xo+s(cost,sint)), ae. (s,1)€(r,2r)xT.

Fix ¢ > 0. Since Vu, is equi-integrable, there exists 6 > 0 such that

/|Vun|dx <er, VneN, VECS, |E|<4. (3.13)

Set h :=28/(3r?), which can be chosen less than 27. Let us prove that for any n € N, there exists a Lebesgue point
for wy, € L'(r, 2r; W1(T)), s, € (r, 2r) such that

T+h
f\a,wn(s,,,t)|dt<g, vreT, VneN. (3.14)
T

We reason by contradiction. If this assertion is not true, then the multifunction ¥ : (r, 2r) — £?(T) defined by

T+h
(s) = [teT: /|a,w,,(s,t)|dt>e}

takes values in nonempty closed sets of T for a.e. s € (r, 2r). The multifunction ¥ is measurable in the sense that for
any closed set C C T, the set w=1(C) ;= {s € (r,2r): ¥ (s) N C # ¥} is measurable. Indeed, we have

T+h
) =07 (le,00))  with D(s) :=maé(/|81w,,(s,t)|dt,

and @ € L! (r,2r) by the Fubini theorem. Then, by virtue of the Kuratowski, Ryll-Nardzewski selection theorem
[26], there exists a measurable function v : (r, 2r) — T such that ¥ (s) € ¥ (s) for a.e. s € (, 2r). Now, define the
measurable set E by

E:={x € R%: x =xo+ s(cost,sint), s € (r,2r), ¥(s) <t < Y(s) +h}.

By the Fubini theorem we have

2r

|E|=h/sds=8,

r
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and
2r Y(s)+h 2r Y(s)+h
/|Vu,,|dx=/ / s|wn(xo+s(cost,sint))|dtds>/ / |0, wp| dt ds > er,
E roys) roY(s)

which contradicts (3.13).

Up to extract a subsequence we can assume that s, converges to some s € [r, 2r]. By the compact embed-
ding of W ((r,2r) x T) into L'((r,2r) x T) = L'(r, 2r; L'(T)), the sequence w, converges strongly to w in
L'(r,2r; L'(T)). Hence, from the estimate (3.18) below we deduce that for any y > 0,

lim sup
n—oo

Wy (S, ) — ][ w(s,.)ds

Iy

<limsup/ 0swn llL1(T) ds, (3.15)
LI(T) n— o0 7
Y

where I), ;= (r,2r) N (S — y, s + y). Using that Vu, is equi-integrable, we get that the right-hand of (3.15) tends to
zero as y tends to zero. The continuity of the function w also shows that

][w(s, Dds ;Bw(g, ) in C(T).

IV
Therefore, passing to the limit in (3.15) as y tends to zero, we obtain that

wy(sn, ) —=> w(5,.) strongly in L'(T). (3.16)

On the other hand, since wy(s,, .) belongs to WwL1(T) which is continuously embedded into CO(T), there exists
t, € T such that

Wy (S, In) = Max wy (Sy, 1).
teT

Due to the compactness of T we can assume that 7, converges to some 7. Applying the inequality (3.18) below to the
sequence wy, (s, .) € W1(T) with y < h/2, we get that

t+y t+y
lim sup|wy, ($y, ty) — ][ w(s,t)dt glimsupf|8twn(sn,t)|dt§£,
n— o0 n— oo

-y -y

which combined with the continuity of w gives

lim sup|wy, (sn, 1n) — (s, )| < &.
n—oo

From this equality we deduce that

limsup( sup u,,) = limsup wy (sy, t;) <w(, 1) +6 < max_u+¢.
n—o00 “9B(xg,S,) n—o00 dB(xq,5)

Similarly we can prove that

liminf( inf un>2 min u — €.
n—>00 \9B(xq,sn) 9 B(x0,5)

Finally, the two previous inequalities combined with condition (3.9) easily yield

limsup sup |u, —u|< max u— min u+e¢,
n—>00 B(xp,r) B(x,2r) B(x0,2r)

for any ¢ > 0, which implies (3.10). O

Proof of Theorem 3.4. Let 7, > 0 be a sequence such that 7, — oo and #,||u, — ul| L) — 0. Thanks to the first
assertion of (3.3) combined with the compact embedding of WOl “1(£2) into L9(£2), the nonnegative convex functional
v Fp(v) +illv —ullp1 o) defined in W(;’q (£2) has a mininum 1, € W(}’q(.Q). From the inequality

minf(F i) + to ity — ull 1)) < Hminf(Fy o) + talln = ull 1)) =liminf Fy ),
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we deduce that (3.8) holds and that 1, converges strongly to u in L(£2). Hence, by the boundedness of F}, (i)

combined with the second assertion of (3.3), the sequence &, converges weakly to u in WOl 1(82).

It thus remains to prove that i,, converges strongly to u in L°°(§2). Extending i,, and u by zero outside of 2, and
using Lemma 3.7 applied with an open set £2 containing §2, we just need to show that ii,, satisfies the inequalities (3.9)
for any ball B C RY, the radius of which belongs to a full measure subset of (0, co) (see Remark 3.6). To this end,
consider the function

Wy, =1, — (ly, — M)Txp where M = max{rrz}axﬁn, maxu},
B B
so that w, € W&’q (£2). By the definition of i,, we have

f.fn(xa Vﬁn)dx+tn”’2n_u”Ll(Q)g/fn()ﬂ an)dx+tn||wn_u||lLl(_Q)

= [ A&Vt - il
2\(BN{ii,>M?})
+talM = ull 1 i, =y - 3.17)
Note that in the set B N {it;, > M}, we have u < M < ui,, and thus |M — u| < |i,, — u|. Hence, it follows the inequality

1M — M”L‘(Bﬁ{un>M}) llitn — u”L‘(Bﬂ{u,pM})f
where the equality holds only if |B N {ii,, > M}| = 0. Therefore, (3.17) implies that i, < M a.e. in B. This yields the
second inequality of (3.9). The first one can be shown in a similar way. 0O

Lemma 3.8. Let X be a Banach space, and let a, b € R, with a < b. Consider a sequence z, € Whl(a, b; X) which
converges strongly in L'(a, b; X) to some function z. Then, for any 5 € [a, b), any s, € [a, b] which converges to 5,

and any y > 0, we have
l1msup/’
n—0oo

Zn(sn) — ][zds
1

v

where I, :=[a,b]N (s — y,5 + y).

lim sup
n—o0

(3.18)

Proof. For any n € N, consider ¢, € X’ such that

||§I’/1”X/ = 1’ <§y/l9 Zn(sn) - ][st> = Zn(sn) _ fzds
XX

Iy Iy

X

Taking s € I, and n large enough, such that s, € I,,, we have

dz, dz,
<§n»Zn(Sn) Z(S) X' X /K{na < > ds g/ :
X', X 7

ds
Y
Integrating this inequality with respect to s in 7, and dividing by |1, |, we get that
dzp

<[|5:
X

N

ds.

ds.
X

Zn(sn) — ][ Zpds

Iy Iy

Finally, taking the limsup in 7 in the previous inequality and using the strong convergence of z,, to z in L' (a, b; X),
it follows (3.18). O

4. An example with loss of compactness

In this section we study a sequence of nonlinear conductivity equations which induces a nonlocal limit behavior
due to the loss of the coercivity condition (3.3).
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4.1. Statement of the problem

Let £2 :=w x (0, 1) be the cylinder of RY, for N > 2, the basis of which w is a regular bounded connected open
set of RV~ containing the origin. Any point x € §2 is represented by the pair (x, xy), where x’ € w and xy € (0, 1).
For any 0 < r < s, denote by B, the open ball in RN of radius r, by A} ; the open annulus in RN~1 of inner radius r
and outer radius s, by C, the open cylinder in R" of basis By and of height 1, and by C, ; the open cylinder in RY of

basis A} | and of height 1, i.e.
B, :={xeR""l: x| <r}, Cr =B, x (0, 1), @
A= [xeRV"hr <|x| <s}, Cpyi= Al x(0,1). '

Let ¢,, n € N, be a positive sequence which converges to 0, simply denoted by ¢. For a given p > N — 1, consider the
columnar conductivity function a, defined in §2 by

el=N>1 if |x| <,
as(x) =ag(x',xn) =4 eP Nl 1 ife < x| < 28, 4.2)
1 if [x'| > 2e.

Our aim is to derive the I"-limit for the strong topology of L!(£2) of the sequence F; : L' (§2) — R defined by

[oaslVulPdx, ifvewy' (),

F.(v) = 4.3
@ {oo ifve L'(2)\ W, ' (£2). 3

Remark 4.1. On the one hand, the weak coercivity condition (3.3) is not satisfied by the functionals F; of (4.3).
Indeed, consider the function v, € WO1 o1 (£2) defined by

0 if |x'| <&,
e (x) = v (', xy) = ('g—' —DO(x) ife<|x| <28, 4.4)
0 (x) if x| > 2e,

where 0 € Cé (2)and 6 =1 in %a) X (i, %) € §2. The sequence v, satisfies

2¢e
Fo(ve) < cg (8”N+1 /e*Perzdr + 1) <ec,

&
and forany g > N — 1,
2e

/ |[Vvg|Tdx > c(/e‘qu_2dr — 1) > ceN-1md — °°-
2

&

Therefore, the sequence ve has a bounded energy, but is not compact in W14(£2) weak for any ¢ > N — 1. This
contradicts the second assertion of assumption (3.3).

More precisely, it is easy to check that the energy density f,(x, &) := a.(x)|&|?, defined with a, of (4.2), satisfies
the assumptions (2.1)—(2.4) (with g, = f,,), and (2.11), (2.12) (with wé (x) = x;), of the homogenization Theorem 2.4
about the local I"-limit for the strong topology of L°°(£2) of the sequence F,. However, in contrast with the class of
admissible convex densities defined in Proposition 3.2, a; " is bounded in LY(2), withr =(N —1)/(p — N + 1),
but is not equi-integrable in L!(£2). Moreover, due to estimates (3.5) and (3.6) any sequence of bounded energy F;,
is bounded in W'1(£2) and thus compact in L'(£2). Therefore, the nonlocal results of Theorem 4.2 and Theorem 4.4
below show that the weak coercivity condition (3.3), or the one of Proposition 3.2, is crucial for deriving the I"-limit
representation of Theorem 1.1.

On the other hand, Theorem 3.4 of [17] implies that the I'-limit for the strong topology of L'(£2) of the se-
quence F, defined by (4.3), is local if a, is bounded and equi-integrable in L'(£2). However, the sequence a, defined
by (4.2) is bounded in L1(£2), but is not equi-integrable in L'(£2). In dimension N = 2, the result of [17] and Theo-
rem 1.1 with the assumption of Proposition 3.2, prove actually that the I"-limit for the strong topology of L' (§2) of the
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sequence Fy is local if a; ora, " = al/ =7 s equi-integrable in L' (£2). This is exactly the opposite to the sequence a;

of (4.2). Therefore, the equi-integrability in L'(£2) of a, or as/ P

nonlocal effects in dimension two.

, 1s essential for preventing the appearance of

We have the following result when N > 2:

Theorem 4.2. Assume that N > 2 and p > N — 1. Then, defining yn,, as the positive constant

p—1
. q . p—N+I1
VYN,p ‘= (ﬁ) , with q .= ﬁ, (45)

and Sy_» as the unit sphere of RN ™1, the sequence F, defined by (4.3) I'-converges for the strong topology of L' (£2)
to the functional F defined by

1
F(v) :=/|Vv|pdx +|Sy—2| min /(
J sewy 0. [ -1

ifve Wy’ (),
F(v):=0c0 ifveL'(2)\ W, ().

dx

+ )/N,p“) — v(O,xN)|p> de},
(4.6)

Remark 4.3. Since L?(0, 1; WP (w)) is embedded in L?(0, 1; C(®)) for p > N — 1 (recall that w is regular), so
is WhP(£2) C LP(0, 1; WP (w)). This shows that any function v € W17 (£2), with p > N — 1, has a trace v(0, -) in
L?(0, 1) on the line {x’ =0} of £2.

The case N = 2 is different since w \ {0} (w is an open interval containing 0) is not connected. Denoting 2% :=
2 N{x; <0}and 27 := 2 N {x; > 0}, we have the following result:

Theorem 4.4. Assume N =2 and p > 1. Then, the sequence Fy defined by (4.3) I'-converges for the strong topology
of LY (2) to the functional F defined by

1
F(v) = / [Vv|Pdx + min f(Z
DeWy " (0,1) )

QLURR

dv |*

dxo

i —up(0,x)|" + | —uR<0,xz>|P) dX2},
4.7)
ifve Wl”’(SZL U .QL), v=00n082, v=xoLVL + XQRVR,

F(v): =00 elsewhere.

The result of Theorem 4.4 is similar to the result of Theorem 4.2 in each connected part of £2 \ {x; =0}. As a
consequence we will prove only Theorem 4.2.

Remark 4.5. The asymptotic behavior of F, induces a nonlocal I"-limit F'. A similar result was obtained in [4] for
N =3 and p <2 = N — 1, with a unit conductivity medium reinforced by a periodic distribution of high conductivity
cylinders. Here we have p > N — 1, and the nonlocal effect is due to the columnar arrangement of the low conductivity
region separating the unit conductivity region and the high conductivity one. Moreover, our result is not obtained by
a homogenization procedure as in [4], but by a concentration effect on a line.

4.2. Proof of Theorem 4.2
We need the following technical results (using notations (4.1) and (4.5)):

Lemma 4.6. Let p > N — 1 > 2. There exists a constant C > 0 such that for any 0 < 2r < s and any v € WP (C, ),
we have, withg :=(p— N+ 1)/(p — 1),
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/‘][U( xy)do’ —][U( xy)do’ de C|r‘1 s‘1|p 1/|V/v| dx, (4.8)

0 0B/ 0B; Crs

P
v— ][ vdo'
dB’

s

< CsP~NHI / |V, v|P dx. (4.9)

LP(0,1;C%(9B))) ¢
s

Lemma 4.7. Let u € Wol’p (£2) with p > N — 1. Then, there exists a sequence u, which strongly converges to u in
Wol’p(s?), and such that s only depends on the variable xy in Cyg.

Lemma 4.8. Let p > N — 1 > 2. There exists a constant C > 0 such that for any ¢ > 0, the functional (4.3) satisfies
the estimate from below

Vo e Wy (), / [v|? dx < CF.(v). (4.10)

Lemma 4.9. Let u, be a sequence in WS P (§2) such that Fy(ug) is bounded. Define the rescaled function in the
cylinder Cy by

ie(y):=ue(ey',yn), for|y'| <2, yv€(0,1). 4.11)
Then, there exist u € Wol’p(.Q), n- e Wol’p(O, D, 4T e LP(0,1; WI’P(A/l,z))’ such that the following convergences
hold up to a subsequence:

ug —u  weaklyin L?(£2),

ug —u  weakly in WHP(82 \ Cs) for small enough § > 0,

g — 4~ weakly in W"P(Cy), (4.12)
e — a0t weaklyin LP(0,1; WP (A] 2))-

cug =0 weakly in W ’p(CLz),

together with the boundary conditions

(L _JimOon  II=1,
! (y’yN)_{um,yN) ifly=2. “.13)

Proof of Theorem 4.2. We need to prove the I"-liminf and the I"-limsup inequalities (1.6) and (1.7).
Proof of the I'-liminf inequality. Consider a sequence u, in Wé "7 (£2) which converges strongly to a function u in
L'(£2), and such that Fy (u,) is bounded. Defining i, by (4.11) and applying Lemma 4.9 it follows that u belongs to
Wol’p(.Q) and up to a subsequence, there exist ™~ € Wol’p(O, 1) and 2+ e LP(0, 1; Wl*p(A’l’z)) such that (4.12) and
(4.13) hold. Then, the lower semicontinuity of the norm for the weak convergence in L? implies that

.. . -1 A 2 N
llml(I)lng(ug)leml(I)lf (|8 Vy/ug| + Oy the )2dy
E—> E—>

Cy

P
f(|vy,us| + ledyy e |*) 2 dy + / IVusI”dx>

Ci2 £2\Cae

S
> 15n- 2'/‘ dyN+/’V/u+|pdy+f|Vu|pdx.

Ci2
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Minimizing the right-hand side of the previous inequality with respect to the functions &~ in WO1 70, 1) and 4t in
LP(,1; wh 1’(A 2)) satisfying (4.13), we thus obtain that
liminf F, (ug) > F(u).
e—0
Proof of the I'-limsup inequality. For u € W(;’p(.s?), consider the sequence i, € W(;’p(.Q) defined by (4.15) in

Lemma 4.7 above. Then, from the minimizer u € WO1 (0, 1) of the left-hand side of (4.6) with v replaced by u
and g = (p— N+ 1)/(p — 1), we define u, in W,"”(£2) by

u(xy) if |x’| < e,
e (x) 1= 1 d(xy) 4 BQaZion) ()i e < x| <
Ug(x) if 2e < |x'].

The sequence u, converges strongly to u in L' (£2). Moreover, making the change of variable = |x'| /& in C¢ ¢, We
get that

|Sn— 2| dii
Py = [ v+ D 105 any
2\Co
12
2 ~ ~ 2\ 2
e (0, x8) —il .y 5| dit - dit \r?—1|"\2 y_»
+|SN—2|//< 21 r +e& m—f— BXNMS—M 1 r drdxy.
0 1
In the last term of this expression we use that
Pl diu dit \r4 —11°
u u\ri—
p| =" ~ =y N-2
//8 dXN+<axNu£ de>2q_1 r drdxy
0 1

p

+ |axNﬁg|P>rN2 drdxy

1
oN-1_ 1 dii |? p—N+1
- e”/ . + & /|Vﬁ€|de—>o,
N -1 dxy [Sv—1] e—0
0 CS,ZS
which implies
f 0, xy) dil dii \ri —1\*
— — 2
. Neaf|#s0, xn) — it q_l u 9 5o du\r drd
sg%//r ( T I dey  \E T ey 20— AN
0 1

1

P it (0, xy) — a|” drdxy = yN,,,/|u(0, xy) —it|” dxy.
0

I
oY
[\
S
| B
—
N~
=
1”:
%3
O\_
mt—
~
|
S|z
LI

Therefore, we obtain

1
hmF (us)_/|Vu|pdx+|SN 2|/<

du
dx

—i—)/N,p‘ﬁ—u(O,xN)V’)de=F(M)- O
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4.3. Proof of the technical lemmas

Proof of Lemma 4.6. Let0 <2r <sandletv e Ccl. (RN—1). By the Holder inequality we have

S P
‘ ][vda/ — ][ vdo' ! = ][ va(ty) -ydtdo’
E): 1 0B SN2’
K p—1 s
< (/ti—AY dt) ][ /|Vx/v(ty)|ptN_2dtda/
r Sy_a T
<efst —ra)"! / IVo|P dx'. (4.14)

’
Ar,s

By a density argument estimate (4.14) also holds for v € WI’P(A’”). Now, for v € WLP(C,,S) and for a.e. xy € (0, 1),

the function v(-, xy) belongs to W.» (A;’x) and satisfies (4.14). Hence, integrating with respect to xy € (0, 1) it

follows (4.8).
On the other hand, by the Morrey embedding of Wli)’cp RN into C) (RN~ for p > N — 1 (see, e.g., [11]),
for a.e. xy € (0, 1), the function v(-, xy) is continuous in the closed annulus A;’S. Then, r-rescaling the inequality

associated with the Morrey embedding Wl’p(A/l,z) > CO(A/]’Z) we get that for any x” € 3B, and for a.e. xy € (0, 1),

P
v(x',xn) — ][ v(-, xy)do'| < crPmNH f |Vyv(,xn)|” dy'.
9B, Al

r2r

This combined with estimate (4.14) and 2r < s, implies that for any x’ € 9B, and for a.e. xy € (0, 1),

p p p
v(x',xy) — ][ v(-,xn)do’| <clv(x',xy) — ][ v(,xy)do'| +c¢ ][vdo’ — ][ vdo'
B! B 9B/ B!
L csP™NF1 / ‘Vy/v(', x1v)|p dy’,
Al
which yields estimate (4.9) by integrating over (0,1). O
Proof of Lemma 4.7. Let u € W&”’ (£2) and let ¥, € C'(@: [0, 1]) be such that
. . c

Ye=1 in Bés’ Ve=0 inw)\ Bés and [Vl o) < o
Consider the function #, € W& P (£2) defined by

g (x) := Y (x) ][ uC,xy)do’ + (1 — P (x))ux). (4.15)

3By,
It is clear that i, only depends on xy in Co., and converges strongly to u in L”(£2). Moreover, using estimate (4.9)
we get that

p
Vi, — Vulli,,(m,v < Hqu/fe <u - ][ udg’) + ||¢€Vu||i1,(m,\,
LP(2)N
dBg,
3e
p
<e P / " ]l udo’ N2 dr eVl g
LP(0,1;CO(3BL))
o,

<Vt ey, uy + 1 Val] oo
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which tends to 0 by virtue of Lebesgue’s dominated convergence theorem. Therefore, the sequence i, converges
strongly to u in W-P(£2). O

Proof of Lemma 4.8. It is well known that there exists a constant ¢ > 0 such that
VVeW"P(CZ), f |V|pdy</|V|de<c/|VV|pdy+c/|V|de. (4.16)
Cip2 C Cy Ci

Hence, by e-rescaling (4.16) with the function v(x) = V (x/¢) and noting that a, > ¢~V *! in the cylinder Cy, it
follows that

/ lv|P dx < CSp/|Vv|pdx+c/|v|pdx<csN 1/a8|Vv|pdx+c/|v|pdx 4.17)

Cs 2¢ Coe Coe

On the other hand, using that v(x) = fg” O, v(x’,t)dt in 2, forv € W(}’p(.Q), we have

/|vlpdx /|3xNU| dx <ceV~ l/a |Vu|? dx,

Ce Ce
f [lv|Pdx <c / [dxyvPdx < c / ag|Vv|?P dx.
2\Cae 2\Cae 2\Cae

This combined with (4.17) yields

/|v|pdx—/|v|”dx+ / |v|P dx + / |v|pdx<C/aS|Vv|pdx,
2

Ce 2e 2 \CZE

which implies the desired estimate (4.10). O

Proof of Lemma 4.9.

Proof of the two first convergences of (4.12) with u € Wol’p(.Q): Let u, be a function in Wé’p(.Q), with Fy(ug) <c
By estimate (4.10) the sequence u, is bounded in L”(§2) and up to a subsequence converges weakly to some u in
LP(£2). Moreover, for any 6 > 0, u, is clearly bounded in WLP(82\ Cs), which implies that u € WP (2 \ Cs) and
by lower semicontinuity

/ |Vu|P dx < limi(glf / |[Vug|? dx < limi(l)lng(ue) <c, (4.18)
£—> £—>
£2\Cs £2\Cs

where the bound is independent of §. This establishes the second convergence of (4.12).
It remains to prove that u € WO1 "P(2). Let ¢ € C'(£2) and let § > 0 be small enough. By the Holder inequality we

have fori € {1,..., N},
‘/ua pdx

‘/uawdx— / udipdx
2\Cs

Then, integrating by parts, using that u(x’, 0) = u(x’, 1) = 0 for x € w \ Bj (as a consequence of the second conver-

gence of (4.12)) and the uniform estimate (4.18), we get that

‘fuaiwdx— f upn; do’ =’ / diupdx

2\Cs 8B} x(0.1) 2\Cs

N-1

C(p||u||L1’(Q)|C6|p cpd V. (4.19)

sclelly o) (4.20)

where the constant ¢ is independent of §. On the other hand, by estimates (4.8), (4.9) the boundary integral satisfies
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B B R R A

‘ / uon; do’

3B} x(0,1) 3B} x(0,1) 3Bj; 3B;x(0,1) 9B
1 1
<c¢/ u—][udg’ de+c(p|BB(§}/’][u dxn
CO3Bj)
0 9B 0 9By
p—N+1
<cp(8 7 +8V72). 4.21)

Therefore, combining estimates (4.19), (4.20), (4.21), and passing to the limit § — 0, we obtain that there exists a
constant ¢ > 0 such that

/uaifpdx
2

which implies that u € WO1 P (£2).
Now, making the change of variables x” = ¢y’ with the function i, defined by (4.11), we obtain the estimate

Vg e C1(), <cllell,y g

/(8_p|Vy/ﬁa|p + |9yytie|?) dy + / (IVyrite]? + eP|0yyite|P) dy < Fe(ug) <c, (4.22)
Ci Cin

which easily implies the fourth and the fifth convergences of (4.12) up to a subsequence.

Proof of it (y', yn) = u(0, yy) for |y’| = 2: Taking into account the fourth convergence of (4.12), it is enough to
prove that

”’25 - M(O, ) ||Lp(0’1;co(aBé)) m 0. (423)

Let be a fixed § > 0. By estimate (4.9) and F.(u.) < ¢, we have for 4¢ < §,

P
us—][ugdo’ < Ccsp—N+I / Ve P dx < csP~NFL
L?(0,1;C(0B),))

9 Bj Caes

This combined with the strong convergence of u, to u in L” (3 B; x (0, 1)) (as a consequence of the weak convergence
in WhP (2 \ Cy)) gives

Ug — ][ udo'
9B/

)

r
LesPNHL (4.24)
LP(0,1;C(0B),))

lim sup
e—0

On the other hand, by the Morrey embedding of W -7 (By) — C O(L_?é) we have

lir%< fu(~,xN)da/) =u(0,xy) forae.xy € (0,]1).
r—
9B

Using this limit and the Fatou lemma in (4.8) with s = §, we get that

~N+1
< esPNHL

u(0, xy) — ][ u(-,xy)do’

98]

LP(0,1)

This combined with estimate (4.24) yields

: pr —N+1
hmsup”ug —u(0, XN)”LP(O 1:CO@B,)) < e§PNFL
e—0 o 2
which implies
p
e =u @20 20 1.c008,,) 757 O

This limit is equivalent to (4.23).
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Proof of the third convergence of (4.12): By estimate (4.22) the sequence i, is bounded in wlr(Cy) with 4.(-, 0) =
g (-, 1) = 0, and the sequence Vy/ﬁs strongly converges to 0 in L”(C D=L, Therefore, i, converges weakly to
4= ewhr©,1) in Whr(Cy).

Proof of i(y', yn) = it~ (yn) for |y'| = 1: By the inequality associated with the Morrey embedding W':7(B]) —
CO(Bi), and by estimate (4.22), we have
1

1
[|ac- fiar aw <e [ [19yarayayy 0,
CO(Sn—2)

0 B; 0 B;

p

and by the third convergence of (4.12) we also have

][ﬁg(y’, yn)dy — ][ft_(y’, yn)dy' =i~ (yn) strongly in LP(0, 1).
B B
Hence, we deduce that
1

Jlieteom =m0 fags, ) dow <0 (425)
0

Moreover, by the third convergence of (4.12) and the Morrey compactness embedding of whrp (A/I,Z) into CO(A’M),
we have

”ﬁé‘(’v yN) - ﬁ_(yN)||CO(SN72) m) ||ﬁ+(’ yN) - ﬁ_(yN)”c()(SALz) for a.e. YN € (O’ 1)

This combined with the Fatou lemma and the strong convergence (4.25) implies the boundary condition #*(y’, yy) =
i~ (yn) for [y'|=1. O
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