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Abstract

The subject of this paper is the rigorous derivation of a quasistatic evolution model for a linearly elastic—perfectly plastic thin
plate. As the thickness of the plate tends to zero, we prove via I"-convergence techniques that solutions to the three-dimensional
quasistatic evolution problem of Prandtl-Reuss elastoplasticity converge to a quasistatic evolution of a suitable reduced model.
In this limiting model the admissible displacements are of Kirchhoff-Love type and the stretching and bending components of
the stress are coupled through a plastic flow rule. Some equivalent formulations of the limiting problem in rate form are derived,
together with some two-dimensional characterizations for suitable choices of the data.
© 2012 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The rigorous derivation of lower dimensional models for thin structures is a question of great interest in mechanics
and its applications. In the early 90’s a rigorous approach to dimension reduction has emerged in the stationary
framework and in the context of nonlinear elasticity [3,23]. This approach is based on I"-convergence and, starting
from the seminal paper [19], has led to establish a hierarchy of limit models for plates [19,20], rods [31,32,34,35],
and shells [18,24,25]. More recently, the I"-convergence approach to dimension reduction has gained attention also
in the evolutionary framework: in nonlinear elasticity [1,2], crack propagation [7,17], elastoplasticity with hardening
[26,27], and delamination problems [30].

In this paper we focus on the rigorous justification of a quasistatic evolution model for a thin plate in perfect
plasticity. More precisely, we shall consider a three-dimensional plate of small thickness, whose elastic behaviour is
linear and isotropic and whose plastic response is governed by the Prandtl-Reuss flow rule (without hardening), and
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derive via I"-convergence techniques a reduced quasistatic evolution model, by sending the thickness parameter to
zero.
Let  be a domain in R? with a C? boundary and let & > 0. For a plate of reference configuration

e €
e =wox | —=, =

the quasistatic evolution problem in perfect plasticity can be formulated as follows. Let u®(¢) denote the displacement
field at time ¢ and let Eu®(¢) denote the infinitesimal strain tensor at ¢, that is, the symmetric part of Du®(¢). Let
o8 (1) be the stress tensor at ¢ and let € (r) and p®(¢) (a deviatoric symmetric matrix) be the elastic and plastic strain
tensors at . Assume that the plate is subjected to a time-dependent boundary condition w?(¢) prescribed on a subset
I';:=1y4 X (—%, %) of the lateral boundary of £2, and that for simplicity there are no applied loads. The classical
formulation of the quasistatic evolution problem on a time interval [0, T'] consists in finding u®(¢), €°(¢), p®(t), and
o¢(t) such that the following conditions are satisfied for every ¢ € [0, T']:

(cfl) kinematic admissibility: Eu®(t) = e°(t) + p®(t) in £2, and u®(t) = w(¢) on I%;

(cf2) constitutive law: o (t) = Ce® (¢t) in §2,, where C is the elasticity tensor;

(cf3) equilibrium: divo®(r) =0 in £2; and 6°(¢)vae, =0 on 382, \ Iy, where vy, is the outer unit normal to 92,;

(cf4) stress constraint: o}, (t) € K, where o7}, is the deviatoric part of 0® and K is a given convex and compact subset
of deviatoric 3 x 3 matrices, representing the set of admissible stresses;

(cf5) flow rule: p®(t) =0if o, (t) € int K, while p®(t) belongs to the normal cone to K at o, (1) if o, (¢) € K.

Condition (cf5) can also be written in the equivalent form:

(cf5") maximum dissipation principle: H(p*(t)) = o}, (1) : p® (1), where H is the support function of K, i.e., H(p) :=
sup{o : p: o0 € K}.

The first existence result of a quasistatic evolution in perfect plasticity has been proved in [36] by means of vis-
coplastic approximations. More recently, in [10] the problem has been reformulated within the framework of the
variational theory for rate-independent processes, developed in [28]. The variational formulation reads as follows: to
find a triple (u®(z), e®(¢), p®(¢)) such that for every ¢ € [0, T] we have

(qsl) global stability: (u®(t), €°(¢), p°(t)) satisfies Eu®(t) = e®(¢t) + p°(t) in §2,, u®(t) = w®(t) on I, and mini-
mizes

1
E/«:f:fdx+/hr(q—pf(t))dx
¢ $2¢

among all kinematically admissible triples (v, f, q);
(qs2) energy balance:

t

'
%/(Ceg(t):ee(t)dx+//H(ﬁe(s))dxds=%/(Ce€(0):eg(O)dx—i—//(Ceg(s):Eu')g(s)dxds.
2 2

0 82, 082,

The existence of a quasistatic evolution according to the previous formulation and the extent to which this is equivalent
to the original formulation is the main focus of [10].

The main purpose of this paper is to characterize the limiting behaviour of a sequence of solutions
(), eé(t), pt(t)), as ¢ — 0. We observe that the abstract theory of evolutionary I'-convergence for rate-
independent systems developed in [29] cannot be directly applied here. Indeed, it consists in studying separately
the I"-limit of the stored-energy functionals and that of the dissipation distances and in coupling them through the
construction of a joint recovery sequence. This technique has been applied, e.g., in [26,27], where the presence of
hardening gives rise to a stored-energy functional that is coercive in the L% norm both with respect to e and p. This
approach is not suited to our case, since the elastic energy is coercive only with respect to the elastic strain e, while
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the plastic strain p can be controlled only through the dissipation. For this reason, to identify the correct limiting
energy we first study the I"-convergence of the total energy functional, given by the sum of the stored energy with
the dissipation distance. More precisely, we focus on the static case, that is, we consider a boundary displacement w?®
independent of time, we introduce the functional

1
Ee(u,e, p) :=§/(Ce:edx+/H(p)dx
2 2,

defined on the class A (2., w®) of all triples (u, e, p) satisfying Eu = e + p in £2, and u = w® on I, and we study
its limit, as ¢ — 0, in the sense of I"-convergence.

As pointed out in [10], because of the linear growth of H, the functional &, is not coercive in any Sobolev norm.
The natural setting for a weak formulation is the space BD(S2;) of functions with bounded deformation in §2, for the
displacement u and the space M, (§2, U I; M3DX3) of M3DX3—valued bounded Borel measures on §2, U I, for the plastic
strain p. This is also natural from a mechanical point of view, because it is well known that in absence of hardening
displacements may develop jump discontinuities along so-called slip surfaces, on which plastic strain concentrates.

Since p € Mp (2, U Ig; M3DX3), the functional

/ H(p)dx
§2¢

has to be interpreted according to the theory of convex functions of measures, developed in [21,37] (see also Section 2),

as
dp
/ H(—) dipl,
aip|
.Ul

where dp/d|p| is the Radon—-Nicodym derivative of p with respect to its total variation | p|. Moreover, the boundary
condition is relaxed by requiring that

p=(w*—u)OvspH> onTl, (1.1)

where © denotes the symmetric tensor product. The mechanical interpretation of (1.1) is that # may not attain the
boundary condition: in this case a plastic slip is developed along Iz, whose amount is proportional to the difference
between the prescribed boundary value and the actual value.

The I'-convergence of & (rescaled to the domain 2 := w X (—%, %) independent of ¢) is the subject of Section 5.
For simplicity we assume that the prescribed boundary datum w? is a displacement of Kirchhoff-Love type of Sobolev
regularity (see (3.5) below).

Setting I'y := yq X (—%, %), we show that the I'-limit of &, is finite only on the class Agz (w) of triples (u, e, p)
such that u € BD($2), e € L2(§2; M3X3), p € My(22 U I'y; M3%3), and

sym sym
Eu=e+p in$2, p=(w—u)OvyoH> only, (1.2)
en=0 in2, p3=0 inQLQUIy, i=1,23, (1.3)

where w is a suitable limit boundary datum and vy, is the outer unit normal to d52. Note that, owing to (1.3), we can
identify e with a function in L?(£2; Mfyxn%) and p with a measure in M (2 U Iy; Mfyxn%) On this class the I"-limit is
given by the functional

J(u, e, p) :=%/(Cre:edx+7{r(p) (1.4)
Q
where
dp
He(p) = / H(—) dlpl, (1.5)
d|p
Ul

and the tensor C, and the function H, are defined through pointwise minimization formulas (see (3.11), (3.15),
and (3.17)).
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Conditions (1.2)—(1.3) imply that « is a Kirchhoff-Love displacement in BD(£2), that is, u3 belongs to the space
BH (w) of functions with bounded Hessian in w and there exists u € BD(w) such that

w(x) = (i1 (x") — x301u3(x"), w2 (x") — x30u3(x"), uz(x)) forae x=(x",x3) € 2.
Moreover,
(Eu)op = (Elt)ap —x3335u3 fora, B=1,2.

We note that the averaged tangential displacement # may exhibit jump discontinuities, while, because of the embed-
ding of BH(w) into C(w), the normal displacement u3 is continuous, but its gradient may have jump discontinuities.
Moreover, the second equality in (1.2), together with the second condition in (1.3), implies that u3 satisfies the bound-
ary condition u#3 = w3 on yy4. Since the dependence of u on x3 is affine, we can conclude that in the limit model slip
surfaces are vertical surfaces whose projection on w is the union of the jump set of & and the jump set of Vus.

Conditions (1.2)—(1.3) do not imply, in general, that e and p are affine with respect to x3. However, one can prove
(Proposition 4.3) that e and p admit the following decomposition:

e=e+x3e+ey, p=p®L +p®x3L' —eL,

where ¢, ¢ € L2 (w; ngxn%), e, € L2(2; ngxn%), and p, p € Mp(w U yy; ngxn%). Moreover, the zeroth order moments
e and p satisfy

Ei=é¢+p inw, p=@—i)OvieH onya,
while the first order moments ¢ and p are such that
Duz=—(@+p) ino, p=(Vuz — Vw3) ©OvpoH' onyy,

where vy, is the outer unit normal to dw. Since it may be energetically convenient to have e # 0, we cannot in
general express the limit functional J in terms of two-dimensional quantities only. This is in contrast with the case of
linearized elasticity [6,8].

The main technical ingredient in the I"-convergence result is Theorem 4.7, which ensures the density of smooth
enough triples in the class Agz (w) and is the key argument in the construction of a recovery sequence (Theo-
rem 5.4). A first difficulty in the proof of Theorem 4.7 is due to the fact that one has to preserve the Kirchhoff-Love
structure. This can be done by mollifying separately the Kirchhoff-Love components u# and u3 of u and the ze-
roth and first order moments of ¢ and p. A more delicate issue comes from the fact that the boundary conditions
are imposed on a portion of the lateral boundary of §2 and not on the whole dw x (—%, %). In particular, to have
that mollifications satisfy the boundary datum, we need first to approximate u#3 in such a way that the equality
u3 = w3 holds on an open subset of dw strictly containing y;. To do that we use in a crucial way that the bound-
ary of  is of class C2, as well as the additional assumption that the relative boundary of y; in dw is made of
two points. A similar approximation has to be applied to # and to the moments of e and p to guarantee the strict
convergence of the full plastic strains in the sense of measures, which is needed to ensure convergence of the ener-
gies.

A related dimension reduction problem for perfectly plastic plates in the stationary case has been studied in [33]. In
that paper the elastic strain e is assumed a priori to coincide with tr Eu = divu and the plastic strain with the deviatoric
part of Eu. Moreover, the set K is supposed to be symmetric with respect to the origin. This last assumption allows
one, via minimization arguments, to express the I"-limit in terms of the normal displacement u3 and the first order
moments ¢ and p, only, so that the limit model turns out to be two-dimensional. Another crucial difference is that in
[33] the boundary conditions are prescribed on the whole lateral boundary of £2, and, as explained above, this makes
the approximation arguments much easier.

In Section 6 we introduce time and study the convergence of quasistatic evolutions. We prescribe on I a
boundary datum w®(¢) of Kirchhoff-Love type and we consider a sequence of initial data (ug, eg, pg). that is
compact in a suitable sense. In Theorem 6.4 we show that, if for every ¢ > 0 the triple (u®(2), €°(z), p(t)) is a
quasistatic evolution in the sense of (qs1)—(qs2) for the boundary datum w®(¢) and the initial datum (ug, ej, pg).
then, up to a suitable scaling, (u®(¢), €°(t), p®(t)) converges, as ¢ — 0, to a limit triple (u(t), e(t), p(t)) that satis-
fies:
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(gsl), global stability: for every t € [0, T] (u(t), e(t), p(t)) € Agr(w(t)) and minimizes

1
3 [ e rax G- po)

among all triples (v, f, ¢) in Agz(w(?));
(qs2), energy balance: for every t € [0, T']

/(C,e(t) e(t)dx—i—/?—lr p(s) /(C e(0): e(O)dx—}—//(C e(s): Ew(s)dxds.

We call a triple satisfying (qs1),—(qs2), a reduced quasistatic evolution.

The proof of Theorem 6.4 mainly relies on the I"-convergence result of Section 5. Even if the abstract theory of
[29] cannot be directly applied, we follow the general scheme proposed in that paper. In particular, the role of the
so-called joint recovery sequence is played in our case by the recovery sequence provided by Theorem 5.4.

In the last part of the paper we show some equivalent formulations in rate form for the reduced quasistatic evolution
problem (gs1),—(qs2),. In the smooth case, a formulation in rate form of (qs1),—(qs2), reads as follows: to find u(z),
e(t), p(t), and o (¢) such that for every ¢ € [0, T'] we have

(cfl), reduced kinematic admissibility: u(t) is a Kirchhoff-Love displacement, that is,
u(t, x) = (i1 (t, x') — x301u3(t, x), w2 (1, ) — x300u3(r, x"), uz(t, x’))
for every x = (x', x3) € £2, satisfying the boundary conditions
u(t,x) =wt,x), u3(t, x) = ws(t, x), Vus(t,x) =Vws(t,x) onyy,

while e(#) and p(¢) satisfy

e(t,x)=e(t,x") +x3é(r,x") + eL(t,x),
p(t,x)=p(t,x") +x3p(t,x") —er(t,x),
eiz(t, x') =¢i3(t,x') = (eD)iz(t,x) =0, i=1,2,3,
pi3(t.x')=piz(t,x') =0, i=1,2,3

for every x = (x’, x3) € £2; moreover, the following additive decompositions hold:
Ei(t,x')=e(t,x') + p(t. x'),
D*uz(t,x') = —(e(t,x") + p(t,x'))

for every x’ € w;
(cf2), reduced constitutive law: the stress decomposes as

o(t,x)= 6(t,x/) +x38(t,x/) +o,(t,x)
with
6(t,x’) =(Cré(t,x’), 8(t,x’) =(Cré(t,x’), o1, x)=C,ey(t,x)

for every x = (x/, x3) € £2;
(cf3), reduced equilibrium: divy &(¢,x") = 0 in w and div, divy 6 (¢, x") = 0 in o, together with corresponding
Neumann boundary conditions on dw \ y ;
(cfd), reduced stress constraint: o (t, x) € K, for every x € 2, where K, := d H,(0) is the subdifferential of H, at O;
(cfS), reduced maximum dissipation principle:

/Hr(ﬁ(t))dx=/6(t,x’):ﬁ(t,x’)dx’—l—%/&(t,x’):ﬁ(t,x’)dx'—/al(t,x):éL(t,x)dx.
2 w

w 2
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In the conditions stated above w and w3 are the Kirchhoff-Love components of w, while C, and H, are the tensor
and the function introduced in (1.4)—(1.5). Owing to (cfl),, the moments of e(t) and p(¢) have been identified with
functions taking values in the set M22.

To express conditions (cf1),—(cf5), in the nonsmooth case, we need in particular to give a meaning to the scalar
products in (cf5), when the stress o (¢) is a function in L?(£2; ngxn%) and the plastic strain p(¢) is only a measure in
Mp(2 U Iy; ngxn%) To this purpose, we introduce a suitable notion of duality between stresses and plastic strains
in the footsteps of [22] and [11]. The construction of this notion of duality and its main properties are detailed in
Section 7.1.

We note that the stretching component & (¢) and the bending component 6 (¢) of o (¢) decouple only in the equilib-
rium condition (cf3),, while in the stress constraint (cf4), and in the maximum dissipation principle (cf5), the whole
stress o () is involved. Thus, as in the static case, also in the evolutionary setting the limit problem has in general
a genuinely three-dimensional nature, unless specific data are prescribed. This last issue is discussed in the last sub-
section of the paper: we exhibit two sets of data, for which the corresponding reduced quasistatic evolutions can be
characterized in terms of two-dimensional quantities. In particular, in Proposition 7.17 we show that, if the set K is
symmetric with respect to the origin and the boundary datum and the initial data are properly chosen, our notion of
reduced quasistatic evolution coincides with the classical theory of perfectly plastic plates studied in [9,13,14].

The paper is organized as follows: in Section 2 we recall some preliminary results. In Section 3 we describe the
formulation of the three-dimensional problem and of the limit problem. In Section 4 we discuss the properties of
Kirchhoff-Love admissible triples and prove some approximation results. Section 5 is devoted to the I"-convergence
result in the stationary case, while Section 6 concerns the convergence of quasistatic evolutions. Finally, in Section 7

we show some equivalent formulations of the reduced quasistatic evolution problem and discuss some examples.
2. Mathematical preliminaries
In this section we recall some notions from measure theory that we will use throughout the article.

Measures. Given a Borel set B C RY and a finite dimensional Hilbert space X, M, (B; X) denotes the space of all
bounded Borel measures on B with values in X, endowed with the norm ||| ar, == [t|(B), where || € My(B; R)
is the variation of the measure . For every u € My (B; X) we consider the Lebesgue decomposition u = u + u*,
where 1¢ is absolutely continuous with respect to the Lebesgue measure £V and . is singular with respect to £V.
If u° =0, we always identify p with its density with respect to £V, which is a function in L' (B; X).

If the relative topology of B is locally compact, by Riesz representation Theorem the space M (B; X) can be
identified with the dual of Co(B; X), which is the space of all continuous functions ¢: B — X such that the set
{le| = 8} is compact for every § > 0. The weak* topology on My, (B; X) is defined using this duality.

Convex functions of measures. For every u € My(B; X) let du/d|u| be the Radon—Nicodym derivative of u with
respect to its variation |u|. Let Hy: X — [0, +00) be a convex and positively one-homogeneous function such that

rol§1 < Ho(§) < Rol§| forevery § € X,

where ro and Rg are two constants, with 0 < 9 < Rp. According to the theory of convex functions of measures,
developed in [21], we introduce the nonnegative Radon measure Hy(u) € Mjp(B) defined by

d
Ho(11)(A) = / H{ﬁ)dw
A

for every Borel set A C B. We also consider the functional Hg : My (B; X) — [0, +00) defined by

d
Ho(1) == Ho(t)(B) = / Ho<—“ )dw
J 7 \dlul
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for every u € Mjp(B; X). One can prove that Hy(u) coincides with the measure studied in [37, Chapter II, Section 4].
Hence,

Ho(w) = sup{ /gp tdu: ¢ € Co(B; X), ¢(x) € Ko forevery x € B}, 2.1)

where K := dHy(0) is the subdifferential of Hy at 0. Moreover, Hg is lower semicontinuous on Mj(B; X) with
respect to weak* convergence.

Functions with bounded deformation. Let U be an open set of RY. The space BD(U) of functions with bounded
deformation is the space of all functions u € L'(U; R"Y) whose symmetric gradient Eu := sym Du (in the sense of
distributions) belongs to M, (U; MNXN) Tt is easy to see that BD(U) is a Banach space endowed with the norm

sym
lullpr + 1 Eulla, -

We say that a sequence (uk) converges to u weakly* in BD(U) if uk —~u weakly in L' (U;R") and Eu* —~ Eu
weakly* in My(U; Mé\;rﬁN ). Every bounded sequence in BD(U) has a weakly* converging subsequence. If U is
bounded and has a Lipschitz boundary, BD(U) can be embedded into L¥/¥=D(U/; RV) and every function u €
BD(U) has a trace, still denoted by u, which belongs to L' (3U; RY). Moreover, if I is a nonempty open subset of

dU, there exists a constant C > 0, depending on U and I, such that
Il 12y < Cllull iy + ClEulla 2.2)
(see [37, Chapter II, Proposition 2.4 and Remark 2.5]). For the general properties of the space BD(U) we refer to [37].

Functions with bounded Hessian. The space BH(U) of functions with bounded Hessian is the space of all functions
u € Wh(U) whose Hessian D2u (in the sense of distributions) belongs to Mj(U; Mi\;éN ). It is easy to see that
BH(U) is a Banach space endowed with the norm

lull i+ IVull o+ [ D7ul,, .

If U has the cone property, then BH(U) coincides with the space of functions in L'(U) whose Hessian belongs to
My (U, Mg,;r‘lN). If U is bounded and has a Lipschitz boundary, BH(U) can be embedded into wLN/WN=Dq). 1If U
is bounded and has a C? boundary, then for every function u € BH(U) one can define the traces of u and of Vu, still
denoted by u and Vu; they satisfy u € wll@Uu), vu e LY(QU; RY), and g—’; = Vu -7 in LY9U), where 7 is any
tangent vector to dU. If, in addition, N = 2, then BH(U) embeds into C (l7 ), which is the space of all continuous
functions on U. For the general properties of the space BH(U) we refer to [12].

3. Setting of the problem

Throughout the paper w is a bounded and connected open set of R? with a C2 boundary. We suppose that the
boundary dw is partitioned into two disjoint open subsets y4, ¥, and their common boundary 9 |34Ys = 9lsew¥n
(topological notions refer here to the relative topology of dw). We assume that y; # ¥ and that 9 |5,ys = {P1, P2},
where P;, P, are two points in dw.

The reference configuration of the plate is given by the set

e &€
2 =wx|—=,=],
(-53)

where & > 0. We denote by I'; the Dirichlet part of the boundary, given by I'; := y; x (=5, 5), and by v, the outer
unit normal to 0£2,.

The elasticity tensor. Let C be the elasticity tensor, considered as a symmetric positive definite linear operator
C: M3 — M3x3 and let Q :M2X3 — [0, +-00) be the quadratic form associated with C, given by

sym sym sym

sym *

Q¢):= %CE :& forevery & € M3
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It follows that there exist two constants r¢ and Rc, with O < r¢ < R, such that

rclél* < Q&) < Rcl€|* forevery & € M. (3.1)
These inequalities imply
|CE| <2Rclg| forevery & € M. (3.2)

3%x3

The dissipation potential. Let M3DX3 be the space of all matrices in M with zero trace. Let K be a closed convex

set of M3DX3 such that there exist two constants rg and Rg, with O < rg < Rk, such that
3x3 3x3
{6 e My |6 <rk} C K C {6 eMy©: || <Rk}

The boundary of K is interpreted as the yield surface. The plastic dissipation potential is given by the support function
H:M3D><3 — [0, +00) of K, defined as

H(E):=supo:&.
ocek

It follows that H is a convex and positively one-homogeneous function such that
rk|§] < H(E) < Rg|§]  forevery § € M. (3.3)
In particular, H satisfies the triangle inequality

HE+C) <HE)+HE) forevery &, ¢ € M2, (3.4)
Admissible triples and energy. On I', we prescribe a boundary datum w® € W1-2(£2,; R?) of the following form:
- Z - z 1
wé(z) == (wl(z/) - 581w3 ('), w2(2) — ;382113 (), gw3(z/)) forae. z= (7, z3) € 2, (3.5)

where W, € WH2(w), « = 1,2, and ws € W22(w). The set of admissible displacements and strains for the boundary
datum w? is denoted by A(£2¢, w®) and is defined as the class of all triples (v, f, q) € BD(£2,) x L*(£2,; M2X3) x

sym
Mp($2;; I\\/JI3DX3) satisfying

Ev=f+q in$2,

g=(w—v)Ovye, H* onTl,

where © stands for the symmetrized tensor product and H? is the two-dimensional Hausdorff measure. The function
v represents the displacement of the plate, while f and g are called the elastic and plastic strain, respectively.
For every admissible triple (v, f, q) € A(82¢, w®) we define the associated energy as

d
&(v,f,q)::/Q(f(z))dH f H(—q)dm (3.6)
2

dlq|
Q.U

The first term represents the elastic energy, while the second term accounts for plastic dissipation.
3.1. The rescaled problem

As usual in dimension reduction problems, it is convenient to perform a change of variable in such a way to rewrite
the system on a fixed domain independent of €. To this purpose, we set

o 11 - 11 i 11
=ox|-5.2 ). =vax|—35.5) =yux|—z.2)
@ 22 d=Ve 22 n="Vn 22

and we denote by vy¢ the outer unit normal to 3£2. We consider the change of variable v, : 2 — £2, given by

Ve (x) := (x', ex3) forevery x = (x',x3) € 2
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and the linear operator A, : M3 — M3x3 given by

sym sym
1
E&n & &3
. 1 3x3
A& = s & & for every & € M7

les 1y 8%533
To any triple (v, f, q) € A(£2,, w®) we associate a triple (u, e, p) € BD(£2) x L2(£2; ngxrg) X Mp($2 U Iy; ngxn?)
defined as follows:

_ 1 _
wi= vy o Ye, 20 Ve, e030V:),  e:=A; foiy, pzngglw;’*(q).

Here the measure wf (q) € Mp(2 U I'y; M3DX3 ) is the pull-back measure of ¢, satisfying

/ @ :dylq) = / poy, ' :dg forevery p e Co(2UIy; M*Bd).
Ul .Ul
According to this change of variable we have
ge(vs fv Q) = EQ(ASe) + 8H(A8p)9

where

. . dAsp
Q(Ase).—fQ(Ase(x))dx, H(Aep) = / H(d|A8p|>d|A€p|'
2 Qury

We also introduce the scaled Dirichlet boundary datum w € W1-2(£2; R?), given by
w(x) == (w(x') — x301w3(x), w2 (x") — x30,w3(x"), w3(x")) forae. x €.

From the definition of the class A(£2,, w®) it immediately follows that the scaled triple (u, e, p) satisfies the equalities

Eu=e+p ing2, 3.7

p=(w—u)OvyoH> only, (3.8)
1 .

P11+P22+8—2p33=0 in2U Iy (3.9

We are thus led to introduce the class A (w) of all triples (u, e, p) € BD(£2) x L*(£2; ngxn?) X My(£2 U Iy; ngxnf)
satisfying (3.7)—(3.9), and to define the functional

Je(u, e, p) == Q(Age) + H(Aep) (3.10)
for every (u, e, p) € As(w). In the following we shall study the asymptotic behaviour of the minimizers of 7, and of
the quasistatic evolution associated with 7;, as ¢ — 0.

3.2. The limit problem

In this subsection we introduce the limit functional, that describes the asymptotic behaviour of the rescaled ener-
gies J,as ¢ = 0.

The reduced elasticity tensor.  Let M: M2 — M3 be the operator given by
11 i M) pr
Mg = & &En M (&) for every & € Msyxm, 3.11)
A 2 A3()

where for every & € ngxn% the triple (A1(£), 22(€), A3(£)) is the unique solution to the minimum problem

En &2 M
miﬁ 0|82 & 2.
! M A2 A3
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We observe that the triple (A1(§), A2(£), A3(£)) can be characterized as the unique solution of the linear system

0 0 &
(CME:(O 0 {2):0
&1 $ &3

for every ¢1, {2, ¢3 € R. This implies that M is a linear map.
Let Q, :M2X2 — [0, +00) be the quadratic form given by

sym
0, (§) := Q(ME) forevery & € MY,
By (3.1) it satisfies the estimates

rclé* < Qr(€) < Rel€]*  forevery £ € M2,

We also consider the linear operator C, : My;? — M3 defined as

C, & :=CM¢g forevery £ € ngxn%

By (3.12) we have
Cr&:¢=CME: ¢ =CME:M¢”  forevery £ € M2X2, ¢ e M3

sym sym

where ¢” € M2%2 satisfies {é’ﬂ = {4p for o, B = 1, 2. This implies that

sym
1 §nu &2 O -
0,¢)= E(Cr’g: ‘| &2 &2 0] forevery & € M.
0 0 0
We introduce the functional Q, : L2(£2; M2%2) — [0, 4+00), defined as

sym

Q,(f) :=/Qr(f(z))dz for every f € L*(£2: M)
2

It describes the limiting elastic energy of a configuration of the plate whose elastic strain is given by f.

The reduced dissipation potential. We define H, (M2X2 [0, 4+00) as

sym
& &2 Al
H (§) := | min]R H| &2 & A2 for every & € Mﬁ;n% .
1:42€ A A2 =€ +é2)

It turns out that H, is convex, positively one-homogeneous, and satisfies
rx 6| < Hy () <V3Rgl|g|  forevery & e M.

For every 1 € Mp(£2 U I'y; M2X2) we define

sym

Hy(p) = / H(d—">d||
rl) = r i -

Ul

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

It describes the limiting plastic dissipation rate of a plate configuration whose plastic strain is given by w. The set
K, := dH,(0) C M2 represents the set of admissible stresses in the limit problem. In particular, one can prove that

sym
&n &2 0 1
tekK, & & & 0 —g(tré)hxaelﬂ
0 0 0

3x3

where 343 is the identity matrix in Msym.
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Kirchhoff-Love admissible triples and limit energy. We consider the set of Kirchhoff-Love displacements, defined
as

KL($2) := {u € BD(£2): (Eu)i3=0fori=1,2, 3}. (3.20)
We note that u € KL(S2) if and only if u3 € BH(w) and there exists u € BD(w) such that
Ug = Uy — X304u3, a=1,2. (3.21)

In particular, if u € KL($2), then (Eu)qp = (Eil)op — x3a§ﬁu3 for , B = 1, 2. If, in addition, u € WP (£2; R3), then
i€ WhP(w; R?) and u3 € WP (w). We call ii, us the Kirchhoff-Love components of u.

For every w € W12(82; R N KL(2) we define the class Agz (w) of Kirchhoff-Love admissible triples for the
boundary datum w as the set of all triples (i, e, p) € KL(2) x L*(£2; MI3X3) x My(£2 U I'y; M3X%3) satisfying

sym sym
Eu=e+p in$2, p=(w—u)OvyoH? only, (3.22)
ei3=0 1in$2, pi3=0 InQUIly, i=1,2,3. (3.23)
Note that the space
{6 eMS: &3=0fori=1,2,3}

sym *

is canonically isomorphic to ngxnf Therefore, in the following, given a triple (u, e, p) € Agz(w) we will usually

identify e with a function in L2(£2; M) and p with a measure in M (2 U I';; M3). Note also that the class
Agr(w) is always nonempty as it contains the triple (w, Ew, 0).

With the previous notation, we introduce the functional 7 : Agz (w) — [0, 400), defined as
J(u,e, p):=Qr(e) +H,(p) (3.24)

for every (u, e, p) € Agr(w). In Sections 5 and 6 we shall investigate the relation between the functionals 7, and 7.
4. The class of Kirchhoff-Love admissible triples

In this section we study the class of Kirchhoff-Love admissible triples, introduced in (3.22)—(3.23).

Let (u, e, p) € Agz(w). By definition u is a Kirchhoff-Love displacement, hence u3 € BH(w) and u,, o = 1,2, is
affine in the x3 variable (see (3.21)). In general, one cannot conclude that e and p are affine in x3, too. However, some
conditions on the structure of e and p can be deduced. To this purpose, we introduce the following definitions.

Definition 4.1. Let f e L2(£2; M2*3). We denote by f, f € L?(w; M3X3) and by f1 € L?(§2; M3X3) the following

Sym sym sym
orthogonal components (in the sense of L?(2; ngxn?)) of f:

1

f(x/) = / f(x',x3) dxs, f(x/) = 12/x3f(x’,x3)dx3

D=

fora.e. x’ € w, and
fLo) = f) = f(x) —x3 f(x)
for a.e. x € £2. The component f is called the zeroth order moment of f, while f is called the first order moment

of f.

Definition 4.2. Let g € M, (2 U Iy, M:’yxrg). The zeroth order moment of g is the measure g € Mp(w U yyg; Mz’;n?)
defined by

/(p:dc}:: / @:dq

wUyy Ul
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for every ¢ € Co(w U ya; My3), while the first order moment of q is the measure g € My (U ya; M) defined by
f @:dg:=12 / x3¢ :dq
wUyyg Uy

for every ¢ € Co(w U yyg; M3X3). We also define g € Mp(2 U Iy, M3X3) as the measure given by

sym sym
gL =q—gRL' —§®x3L",

where the symbol ® denotes the usual product of measures.
With these definitions at hand one can easily prove the following characterization of the class Ak (w).

Proposition 4.3. Let w € W2(2; R?) N KL(£2) and (u, e, p) € KL(2) x L*(2; M33) x Mp(2 U Ty; M3 with
ei3=0in 2 and p;3=0in 2UTy fori =1,2,3. Let it € BD(w), u3 € BH(w), and w € W'?(w; R?), w3 € W>2(w)
be the Kirchhoff-Love components of u and w, respectively. Finally, let &, ¢ € L*(w; ngxn?), el € L?(£2; Mg’;n?),
D, P € My(wU yy; ngxn*f), and p1 € Mp(£2 U Iy; ngxnf) be the moments of e and p, according to Definitions 4.1

and 4.2. Then (u, e, p) € Axr(w) if and only if the following three conditions are satisfied:

() Ei=é+pinwand p= (W —it) © vyuH" on ya;
(i) D*uz=—(e+ p) inw, uz =ws on yg, and p = (Vuz — Vws) © vy H' on ya;
(iii)) py =—ey in 2 and p; =0o0n Iy,
where we have identified e, e with functions in L*(w; Mg}f(n%) and p, p with measures in Mp(w U yy; ngxn%). Here vy,
denotes the outer unit normal to dw and H" is the one-dimensional Hausdorff measure.

We now prove some approximation results for Kirchhoff-Love admissible triples. We first need a technical lemma.

Lemma 4.4. Let i € Mj(w X (—%, %); M2%2) pe such that

sym
p=pa®L +a®@x;3L +uy,
where i, L € My (&; M2X2) with |i|(dw) = |1|(dw) = 0 and | € L?(§2; M2X2). Let (ps) C CSO(RZ) be a sequence

sym sym
of mollifiers with supp ps C Bs(0) for every § > 0. Then
1
2
lim
§—0F
1

2

(/ | os * ngldX’> dxz = |ul(£2),
w
2x2

where we have set [Ly; := [L + x3[1 + 1 (-, x3) € Mp(@; MGy for Ll-ae x3€(—3.3).

Proof. We first observe that, from the assumption | € L2(£2; ngxn%) it follows that

n=pt 3+,
MS=[TLS®[,1 +/~2S ®X3£1.
Since x3 > 1* + x3/4° belongs to Lw((—%, %); My(@; M2X2)), by [5, Corollary 2.29] we have

sym
' =& +up| @ L

gen.
where ® denotes the generalized product of measures (see, e.g., [5, Definition 2.27]). The equalities above imply
that
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|u|<9>=/lu“<x>|dx+ | |(2)
2
1

1
2 2

[ 1) i)+ ol dsa+ [ 17+ i o
1l o 1

-2

2
1

2
/ x| () dx3.
_1

2

We now extend ., to O outside @, so that the convolutions ps * 1, are well defined on R2. By the Fubini—Tonelli
Theorem and the assumption |it|(dw) = |ji|(dw) = O we obtain

/Ipa*MX3|dX’=f‘/pa(x/—y’)dux3(y/) dx’'
w

o R2
< [ [ oot =)l 1) ' < )
wR2
for £'-a.e. x3 € (-1, %). By integrating with respect to x3 we deduce

1 1
2

2
/</|P8*Mx3|dx/)dx3</|Mx3|(0))dx3=|ﬂ|(~9)-

(S]]

2

2x2

On the other hand, we have that ps * t1y; — Wy, weakly™ in My (w; Msym) for £'-ae. x3 € (—%, %). Hence, by

lower semicontinuity

s | (@) < liminf/ | os * x| dx’
5§—0t
w

for £L'-ae. x3 € (—%, %). Integration with respect to x3 and Fatou’s Lemma yield the thesis. O

The next lemma is an approximation result for Kirchhoff-Love admissible triples by means of triples (u*, e, p¥) e
Ak (w) with uk smooth. The proof is based on an adaptation of [12, Proposition 1.4].

Lemma 4.5. Let w € Wh2(2; R3) N KL(82) and let (u,e, p) € Agr(w). Then, there exists a sequence of triples
Wk, &, p*)y € Agp(w) such that

ub e C®(2; R nwh!(2; R?)

and the following properties hold:

u* = u  weakly* in BD($2), (4.1)
& — e strongly in Lz(.Q; Mg;rg), 4.2)
pX = p  weakly* in My (RUTIy; M‘;’yxn:’), (4.3)
|P*]4, = 1Pl (4.4)

as k — oo.
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Proof. Step 1. We first show that any triple (u, e, p) € Ak (w) can be approximated in the sense of (4.1)—(4.4) by a
sequence of triples (uk, ek, pk) € Axz(w) with u* € C®°(£2; R3) N BD(R2).
Let w € W'2(82;: R?) N KL(£2) and let (u, e, p) € Agr(w). By Proposition 4.3 the Kirchhoff-Love components
i € BD(w) and u3 € BH(w) of u satisfy
Ei=é¢+p inw, p=@—i)OvieH onya,
D*us=—(é+p) inow, u3 =ws3 onyy, p=(Vuz — Vuws) O vy, "' onya,

2x2

Sym) and p, p with measures in Mp,(w U y4; M2%2). More-

where ¢, ¢ have been identified with functions in L?(w; M Sym

over,
pL=—el ing2, pL=0 only.
Fix k € N. Let r > 0 be such that the set
wo = {x/ € w: dist(x/, Bw) > r_l}
is not empty. We set
w;j = {x' € w: dist(x’,d0) > (j +r)"'} forevery j €N,
Aji=wjr1\wj forj=>2, Al = w).

Let {¢;} be a C* partition of unity for w subordinate to the covering {A}, that is, ¢; € C°(A;), 0 < ¢; < 1 for
every j € N, and

Y pj=1 inow. (4.5)

Let (ps) be a sequence of convolution kernels with p5 € C5°(Bs(0)) for every 6 > 0. For every j € N we choose §;
such that

{x" € w: dist(x', suppe;) <§;} € A}, (4.6)
| (pjuz) = ps; — @jus| i + || (@jit) * ps; — jit] 2 <k 1277, 4.7)
[(@i&) % ps; —@je] 2+ (00 % ps; — g o <k™'27, (4.8)
| (u3D%0;) * ps; — usD?;] 12 + || (Vuz © Vipj) % ps; — Vuz © Vopj || o <k~'277, (4.9)
| © Vo)) xps, —it © V|, <k 277, (4.10)

Moreover, we extend the function ¢je; to 0 outside A; x (—%, %) and consider the convolution
(pjer) * ps;(x) ZZ/psj ("= ¥)ei(y)er(y' x3)dy
R2

defined for every x € £2. Since 9jp=¢;p ® L'+ 0jip® XLl — @je1, by Lemma 4.4 we can assume §; to be so
small that

[@jer) % ps; —@jer|| o gy <k™'277, (4.11)

‘/|<¢jﬁ> % ps; +X3(; P) * ps; — (pjel) * ps, | dx — @ pl(2)| <k™'271. (4.12)
2
Finally, we define

oo o0
B =) (g xps,  usi= ) (pjuz)kps, g =iy —x3deul (@=1,2),
j=1 j=1

=" + 365 + e’j_,
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& :Z[((p]e)*,og + (i @ Vo;) * ps; |,

o o0
= "[(pje) * ps; — (u3D?)) % ps; —2(Vuzs O Vo) ps; ], € = (pjer) xps;.

j=1 j=1
and
k| 2252100 p) * ps; + x3(@;P) * ps; — (pjel) * ps;]  in £2,
- { (W —u) © vy H? on Iy.
It is easy to see that i* € C*®°(w; R?) NBD(w), u§ € C®(w) N W21 (w), hence uf € C*®(§2; R3) NBD(£2). Moreover,
Ei* =" +p* and D i=-("+p") inge (4.13)

for every k € N. Arguing as in [12, Proof of Proposition 1.4], one can also show that ulg =us, Vulg = Vuz,and i* =it
on dw. By Proposition 4.3 this implies that (¥, ¥, p¥) € Agr(w).
By (4.5) and (4.7) we deduce that

u*¥ — u  strongly in L? (£2; R3), (4.14)
while by (4.8)—(4.11) we obtain (4.2). By (4.5) and (4.12) we have

12, = |P¥[2) + 1pICT)

<y /!«ajﬁ) i 0y, + 23007 D) % 3, — (@je1) % ps, | dx + | pI(T)

1
ejpl(82) +IplTa) +

Pj8 T

k
]:l
> 1 1
=3~ [ o) il + 1pICra + & =l + - (4.15)
J=l o

This implies that (p*) is weakly* converging in M} (2 U Iy; ngxn?) to some limit, that must coincide with p owing

to (4.2), (4.13), and (4.14). This proves (4.1) and (4.3). Since by lower semicontinuity we have
.. k
Ipllag, < liminf| [, .

convergence (4.4) follows now from (4.15).

Step 2. To conclude the proof of the lemma we shall prove that any triple (u, e, p) € Axz (w) withu € C®(2; R¥) N
BD(£2) can be approximated in the sense of (4.1)—(4.4) by a sequence of triples (uk, ek, pk) € Ak (w) with uk e
CR(2; RHNwh(2; RY).

Let (u,e, p) € Agr(w) with u € C®(£2; R3) N BD(£2). The Kirchhoff-Love components of u satisfy u €
C®(w; R?) NBD(w) and u3 € C®(w) N W= (w). By [37, Chapter I, Proposition 1.3] and the regularity of dw we can
construct a sequence @%) C C*®(@; R?) such that

it =i strongly in L' (a); R2) and Ei* — Ei strongly in L (a) ngxnf) (4.16)
This implies, in particular, that i* — i strongly in L' (y4; R?). The sequence of triples (u*, e, p¥) defined by
ufl :=12§—x33au3 (a=1,2), u§ = us, ek =e,

and
. { Ei* —e—x3D%u3 in 2,
(w—uk) O vyeH? on Iy,
satisfies all the required properties. 0O
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Remark 4.6. We observe that by (4.14) and (4.16) and the continuous embedding of BD(w) into L?(w; R?) the
approximating sequence (u*, eX, p*) in Lemma 4.5 satisfies also

it = a strongly in L? (a); Rz). 4.17)

Moreover, the construction of (1, eX, p*) can be modified in such a way to satisfy also the following convergence
properties:

|Ed* |, — IEillum,. (4.18)
| D%us]| 1 — | D%us ], (4.19)
ul —uz  in C(@), (4.20)

as k — oo. Indeed, let us denote by p“, p* and p*, p* the absolutely continuous parts and the singular parts of p
and p, respectively. In Step 1 we can choose §; in such a way to satisfy also the following estimates:

(0 5) % ps; — 05 0%\ ;1 + || (0 5*) * ps; — 9P| 1 <k '277, 4.21)
(@i 5°) % s, | o = 05 8° [ g, | + 11 (05 8°) 5 05, [ 11 = |07 [y, | < K127, (4.22)
| (@juz) % ps; — pjuz|; <k 2, (4.23)

where we used the continuous embedding of BH(w) into C(@). By (4.23) we immediately deduce (4.20). By (4.21)
we have that

o0

Z((pjﬁ“) * ps; — p*  strongly in Ll(a); M%;‘n%)
=1

while by (4.22) we obtain that

o0

Z(%’I_’S) * s

j=1

s Q— AR B 1
<ol + 1 =2 [ordl+ =l
L' j=1 j=15

These two facts, together with (4.2), yield

timsup| E7] 1 < ¢+ 51, +17](@) = | Eil,
k— 00

The opposite inequality follows from (4.1) by lower semicontinuity. A similar argument applies to (4.19). Finally, it is
easy to see that (4.18)—(4.20) are preserved by the construction of Step 2, since the approximation result for u entails
strong convergence of (Eit*) in L' (w; ngxn%)

We now prove an approximation result for Kirchhoff-Love admissible triples in terms of smooth triples. We denote
by C°(w U yp; M2%2) the set of smooth maps whose support is a compact subset of U y,,. Moreover, we introduce

sym
the set Lgo, (823 ngxrr%) of all p € L?(£2; M%yxn%) satisfying the following two conditions:

@) a;aé'p € L?(§2; M2%2) forevery i, j e NU {0}, o, B =1,2;

sym
(ii) there exists U € w U y, such that p =0 a.e. on (w \ U) X (—%, %).
Note that functions in Lgo’ (82; ngxrf) have a smooth dependence on the variable x’: indeed, if p € Lgo, (82; ngxn%),
then p(-, x3) € C(w U y,; MEZ) forae. x3 € (—3, 3).

sym

Theorem 4.7. Let w € WH2(2, R3) N KL($2) and let (u, e, p) € Agr(w). Then, there exists a sequence of triples
(uk, ek, pk) € (Wl‘z(.Q; R3) X LZ(Q; M3X3) x Lgo,c(.Q; M3X3)) N Agr(w)

sym sym

such that
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uk —~y weakly* in BD($2), 4.24)

e strongly in Lz(.Q; Mf;rg), (4.25)

P = p  weakly* in My (RUTy; M:yxn?) (4.26)

171 = Pl (4.27)
as k — oo.

Proof. Up to translating u by w, it is enough to prove the theorem for w = 0. Moreover, by Lemma 4.5 and by the
metrizability of the weak* topology on bounded subsets of M (2 U Iy; M3%3) we can reduce to the case where

sym
u e Wh1(§2;R3) N KL($2) and there exists ¢ € L' (§2; M2*3) such that

sym
p=q inR2, p=—-u®vyoH> only. (4.28)

As usual, we identify e and p with a function in L2(£2; ngxnf) and a measure in M (2 U Iy; ngxn%), respectively,
and we perform the decomposition of Proposition 4.3. Since u € W!1(£2; R3?), we have that i € W!(w; R?) and
uz € W>!(w), while by (4.28) there exist ¢, § € L' (w; M) such that

p=q¢ ino, p=—iOvy,H' onyy, (4.29)

and
p=§¢ ino, P=Vuz ®vsoH' onya. (4.30)
Note also that u3 =0 on y;.
The proof is subdivided into two steps.

Step 1. We claim that we can always reduce to the case where there exists an open set J C dw such that y; is
compactly contained in J and u3 = 0 on J (topological notions refer here to the relative topology of dw).

To prove the claim, it is enough to show that the triple (u, e, p) can be approximated in the sense of (4.24)—(4.27)
by a sequence of triples (%, €%, p®) in Agy(w) satisfying the following property: for every 8 > 0 there exists an open
set J® C dw such that y, is compactly contained in J® and ug =0on J®.

We recall that by assumption d|5,Ys = {P1, P2}. For o = 1, 2 let U, be an open neighbourhood of P, such that,
up to a C? change of coordinates, dw N U, is the graph of a C> map and w N Uy is the related subgraph. We also
require Uy N Uy = . The approximating sequence will be constructed by modifying u only in the sets U; and Uj.
More precisely, using the C? regularity, we shall straighten the boundary of  in U} and Uy, and shift the function u
along the tangential direction in such a way to have the boundary condition satisfied on a set larger than y;.

We first consider the set U;. By our choice of the covering there exist a map ¢ € C2(Up; R?) and a rectangle
Ry := (—a,a) x (—b, b) such that ¢(U;) = Ry, ¢~ € C*(R;; Uy), and

p(U1Ndw) ={(5,0): s € (—a,a)},  pU1Nw):={(s,1) € Ri: t <0}
We can also assume that
U1 Nya) ={(s.0): s € (0,a)}.

Let ¢1 € C°(Up) be a cut-off function with ¢1 = 1 on a neighbourhood of P; and let V; be an open set in R2 such
that supp ¢1 C V1 € Uj. For § small enough we define 1//5 :¢p (V1) > Rp as

Wis, 1) = (s +8,1)
andq&‘S:Vl — U] as
¢’ :=¢ " oysop.
It is easy to see that for § small enough

P (ViNnw) c U No, P (Vi\@) C U\,
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and
#*(ViNdw) C U Ndw.
Moreover, setting K := supp ¢1, we have that

. -1 .
”‘756 - 1d“cZ(Kl) -0, I (‘756) - 1d”cz(lm -0, (4.3D)

as § — 0.
We consider the functions %! := ¢ (it 0 ¢%) and ug’l := ¢1(u3 o ¢%), which are well defined on Vi N w and are

extended to zero on w \ V;. By construction W%l e whl(w; R?), ug’l e W21l (w), and

W' =0 on sl (4.32)
where J%1 := (U} N y2) U (%) "1 (U N y4). Moreover, by (4.31) we obtain

%! — @it strongly in Wl’l(a); Rz), (4.33)

ug’l — @u3 strongly in Wz’l(a)). (4.34)

Straightforward computations yield the equalities

Ei®! = (ii0¢°) © Vo + ¢ sym((Dit 0 $°) Dg?), (4.35)

D2 = (u30¢°) D21 + 2V, © ((D$?) (Vuz 0 %))

+o1 Y (8auz 0 6°) D¢} + 01 (D®) (D?u3 0 ¢°) D’ (4.36)
a=1,2

It is therefore natural to introduce the functions &%!, &%1 € Lz(a); ngxn%), defined as

&= (0 ¢°) © Vi + g1 sym((é 0 ¢°) D¢°),

&= —(u30¢°) D201 — 2V, © ((D$*)" (Vi3 0 ¢%))
— 1 Y (8au3 0¢°) D2} + 1 (D9’)" (¢ 0 ¢°) D’

a=1,2

and the functions %1, %! € L' (w; ngxn%), defined as

3> = g1 sym((g 0 $°) D¢’) + ¢1 sym([(Dit — Eir) 0 ¢°| D¢°),
g = 1(D9?)" (§ 0 ¢°) D’
By (4.35) and (4.36) there hold

Ei' =& 13 ino, Dzu‘;’l — _(é&l +t§5’1) inw. (4.37)
By (4.31) we deduce the following convergence properties:

&' > @OV +¢ié strongly in L (w; Mfyxn%), (4.38)

& — —u3D?p; — 2V © Vuz +¢1é  strongly in L (w; Mg;(n%), (4.39)

g*' — ¢1g strongly in L' (w; ngxnf) (4.40)

¢>' — 91 strongly in L' (w; ngxnf). (4.41)

An analogous construction in the set U provides us with two triples

(L—t6,2’ 56,2’ 6}8’2) e W],] (w; RZ) % LZ(O); M2x2) % L] (w; szz)’

Sym sym

(ug,Z’ é5,2’6}8,2) c W2,1(w) % L2(a); M2x2) % Ll(a); M2X2)’

sym sym
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such that
Ei’?=22+5? ino, DUy =—("?+4%?) ino, (4.42)

and the following convergence properties hold:

RN @ou  strongly in whl (a); Rz), (4.43)
ug’z — @ou3 strongly in Wz’l(a)), (4.44)
#2500 Vo + @re  strongly in L? (a); ngﬁ) (4.45)
52 > —u3D*py —2Vy O Vusz + ¢2é  strongly in Lz(a); ngxn%), (4.46)
G%% = ¢»g strongly in L' (s ngxn%), (4.47)
G%% — oG strongly in L' (s Mfyxn%), (4.48)

where ¢, € C2°(Uy) is a cut-off function with ¢, = 1 on a neighbourhood of P,. Moreover, the following boundary
condition is satisfied:

uy*=0 onJ%2 (4.49)

where J%2 is an open subset of dw strictly containing Us N y,.
To complete the construction of the approximating sequence we set

_ _ _ _ s1 ., 82
i’ =it — (¢ + )it + i + i, ul :=uz — (o1 +@)uz +uy’ +uy”,

and

ud = itd — x30,ul (@=1,2).

Since u® satisfies (3.21), it is immediate to see that u® € Wh1(£2; R3) N KL(£2); moreover, by (4.32) and (4.49) we
have

u§:0 on J‘S,

where J% := J51U J%2 Uy, is an open subset of dw and satisfies y; € Jo. By (4.33), (4.34), (4.43), and (4.44) we
also have

u’ — u strongly in W' (£2; R?). (4.50)
By the continuity of the trace operator the previous convergence entails

u’ — u strongly in L' (352; R?). (4.51)
Finally, we introduce the functions e L2(.Q; ngxn%) and q’S € Ll(.Q; I\\/JIE},XI&), defined as

& i=e— (g1 + ¢2) (@ +x38) + & +x38" 1 + 852 + x36°2

2
— Z(ﬁ OV, — x3u3D2(pa —2x3Vpq O Vu3),
a=1

=g — (o1 + 9@ +x30) + 3> + 238> + 352+ x36°2,

and the measure p‘S e My(2U Iy; szz), defined as

sym

pPP=¢" ing, PP i=—ub OvyoH> only.

Clearly, (u®, ¢°, p%) € Axr(w). Moreover, by (4.38)—(4.41) and (4.45)—(4.48) we obtain

¢’ — e strongly in L*(£2; Mfyxn%), (4.52)
q°— g stronglyin L'(£2; M[gyxnf) (4.53)
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From (4.51) and (4.53) it follows immediately that
p’ — p  weakly* in M,(2 U I';; ME52)

sym

and

|21, = 1Pty

Step 2. By Step 1 we can assume that there exists an open set J C dw such that y,; is compactly contained in J and
uz=0onJ.
Let us consider a finite covering {Q;}i=1....m of dw made of open squares centred at points on dw, with a face

orthogonal to some vector n; € S! and such that, for everyi=1,...,m,the set Q; Nwisa C 2 subgraph in the
direction n;. We also require that for some mqg € {1, ..., m}
mo

vac| JOindwes
i=1
and

dist(Q;, y4) >0 foreveryi=mo+1,...,m.

Let Qo be an open set compactly contained in w such that the family of open sets {Q;}i=o.....» is a finite covering
of w. We consider a subordinate partition of unity {¢;}i=o,...m, With0 < ¢; < 1, ¢; € C°(Q;) forevery i =0, ..., m,
and ) /' y; =1 on .

Denoting by £2 the set

B I’I‘l() 1 1
Q:=0U U(Q,» x (—5, 5))

i=1

.....

we extend the triple (u, e, p) to §2 by setting

u:=0 in2\N, e:=0 inf2\R, p:z{_MQVB.QHZ Qn{}ﬂ_aﬂ,
0 in 2\ 2.
The extended maps satisfy
ueBD(Q)NKLD),  ecL?(@MYS3).  peMy(2: M)
and
Eu=e+p inS2.

Note, in particular, that since #3 =0 and vy = (v, 0) on 2n 052, we have that p;3 =0 in Q fori = 1,2, 3. Thus,
2x2 2x2
).

we can as usual identify e with a function in L?(£2; Mgyn) and p with a measure in My($2; Mm
Foreveryi =1, ..., mg we introduce the outward translations
tik(x) :=x"+an; forx' e R?,
while fori =mgy + 1, ..., m we consider the inward translations
tik(x) :=x"—an; forx’ e R2,

where (ay) is a sequence converging to 07, as k — oo. We define

m
i* =Y (gii) o 11 + o, (4.54)

i=1

m m
&= (@ie)otik+poe+ Y (Vo Oil) otk + Voo O, (4.55)

i=1 i=1

m
P =Y i p) + eob, (4.56)
i=1
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where tfk(w,- p) denotes the pull-back measure of ¢; p. Note that (%, &, p¥) is well defined in an open neighbourhood
i of w, that is, it* € BD(wy), & € L (wx; M), p* € My (wx; M), and

Ei* =+ p* inay.

Moreover, by construction there exists an open set Uy C R such that Y4 € Uy and uk =0, =0, and pk =0in Uy.
Finally, we can choose a; — 0 in such a way that

T @ip)@BwN Q) =0 fori=mo+1,....m,

so that
|p*|(dw) =0 for every k. 4.57)
Let now (ps) C C° (R%) be a sequence of convolution kernels. For § < a; we consider the functions
a0 =k« 058, &=k x 08, ﬁk"s = ﬁk * 0§
Clearly, we have %% € C®(@; R?) and &k-?, prd e C®(@; Mfyxrr%), and
Ei* =% 4 %% inw.
Moreover, for § small enough there hold
i*°=0 ony; and & " eCP(wUyMIT). (4.58)

We apply a similar construction to the normal component of u and to the first moments of e and p. We first
introduce

m
uy = Z(fpilm) o Tik + pous,
i=1
m m m
F= (o) oTix+9oe —2) (Vi © Vuz) o iy — 2V © Vuz — Y (D*piu3) o 1ix — D pous,

i=1 i=1 i=1

m
="t i)+ op.
i=1
and we then define for § < ay

k6 . ék,é .

k ~k
usy" == us3 * ps,

=& % ps, PR = pF s ps.
As before, we can modify the choice of a;y — 0 in such a way that

(dw) = 0. (4.59)

Ak
P
k.8 o=y k.S Ak,S o0 . WI2X2 k& _
Moreover, for § small enough we have that u3" € C®(w), e*°, p™° € C(w U yy; Msym), and u3" =0 on yy,

Vus® =0 on y,. Finally, there holds
Dzulg"S = —(ék’a + ﬁk’a) inw.
Analogously, we define

m
k. ko . k
e = Z(‘PieL)Ofi,k+§0OeJ_» e =e) *ps,

i=1

where, with an abuse of notation, the composition (¢;e ) o t; x stands for the function

(pie1) o Tik(x) = @i (Tik(x))er (tik(x'), x3) forae. x €2,

2><2)

and the convolution is intended with respect to the variable x’ € R?. It is immediate to see that elia € Lgo’ (825 MGy

We now set
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kS ._ k.8 k.8
Uy =iy — x304U5 (a=1,2),
K= gk 4 aghd EIIS’

k.5 . ~k,8 ~k,8 k,8
p =Pt Ax3ptT —ep.

By construction we have

(uk"s, A pk’s) € (WI’Z(Q; ]R3) X Lgo’c(.Q; szz) X Lgo’c(.Q; szz)) N Agr(w).

sym sym
It is convenient to introduce also the measure pk e My(2U Iy; ngff), defined as

Pr=preL +pfoxc! .

Lemma 4.4, together with equalities (4.57) and (4.59), guarantees that we can choose § = §; small enough, so that

”ﬁk,ék _i ”L2 <k ”ul;ﬁk _ u§ ”lez <k,
[ <kt <k [ ek g, <k
|||pk,5k ||L1(Q) _ |pk|(9)| <k_1. (460)

From the convergence properties above we deduce (4.25) and that
uk% — y  strongly in L2(S2; R3).

To conclude the proof of the theorem it is enough to show that

1
|55 ey <Pl + 1 4.61)

for every k € N. By (4.60) we have

1
||pk’3k”L1(Q) g ’Pk|(9)+% (462)

On the other hand, since p has been extended to zero on the set | J/™°

" (Qi\®) x (—%, ), while fori =mo+1,....m
the map 7; « is an inward translations, we have

1

m 2
|P*|(2) <lpopl(2) + / |2l (@i b+ X301 P + gieL (-, x3))| (@) dixs
i=1"

2

09—

m
<loopl(@)+ ) [ |ei(p+x3p +eL(,x3))|(@Uya)dxs
i=1

D=

m

m
=Y lgipl(2UIpn=>" / i d|pl=plm,.
i=0 iZO.QUFd

This, together with (4.62), completes the proof of (4.61) and of the theorem. O

Remark 4.8. Arguing as in Remark 4.6, one can modify the construction of the sequence (u*, ¥, p¥) in Theorem 4.7
in such a way that the convergence properties (4.17)—(4.20) are also satisfied. In particular, (4.20) is preserved, since
the approximation argument for u3 involves only local translations and convolutions.

Remark 4.9. We point out that the approximation result provided by Lemma 4.5 is crucial in Step 1 of the proof of
Theorem 4.7. Indeed, it is not in general true that, if v € BD(w) and ¥ : U — w is a smooth bijection with smooth
inverse, the composition v o ¥ belongs to BD(U). Lemma 4.5 allows us to assume it € W ! (w; R?) and this regularity
guarantees that iz o qﬁ‘s IS Wl*l(Vl; ]Rz), hence, in particular, i o ¢‘3 € BD(Vy).
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5. I'-convergence of the static functionals

In this section we study the asymptotic behaviour of minimizers of the rescaled energies 7;, as ¢ — 0, and we
show that it can be characterized in terms of the functional 7. More precisely, we have the following theorem.

Theorem 5.1. Let J; and J be the functionals defined in (3.10) and (3.24). Let w € W2(§2; R?) N KL(2) and for
every ¢ > 0 let (ug, eg, pe) € A (w) be a minimizer of [J,. Then there exist a subsequence (not relabelled) and a triple
(u, e, p) € Axr(w) such that

u® —~u weakly* in BD($2), (5.1)
e’ — e strongly in L? (.Q; I\\/Jlg’yxrg), (5.2)
Age® — Me strongly in LZ(Q; Mg;;g) (5.3)
p®— p weakly* in My(2 U I';; ngxnf) (5.4)
H(Aep®) = Hr(p), (5.5)

where M is the tensor introduced in (3.11). Moreover, (u, e, p) is a minimizer of J and

sli_r)rbjg(us, es, pe) =J(u, e, p). (5.6)

Remark 5.2. The existence of a minimizer of J; is guaranteed by [10, Theorem 3.3].

The proof of Theorem 5.1 is in the spirit of I"-convergence. We first prove a compactness result and a liminf
inequality for sequences of triples with equibounded energies.

Theorem 5.3. Let w € W12(2; R3) N KL(2) and let (ug, es, ps) € Ag(w) be such that
Te(e, €, pe) < C  foreverye >0, 5.7

where C is a constant independent of €. Then, there exist e € L2(£2; ngxn?) and p € Mp(2 U Iy; MSDX3) such that,
up to subsequences,

Agee — & weakly in L*(£2; M)3), (5.8)
Agpe — p  weakly* in Mb(QUFd;M%X3). 5.9)

Moreover, there exists (u,e, p) € Agr(w), with eqp = €qg and pap = pap for a, B = 1,2, such that, up to subse-
quences,

us —u weakly*in BD(S2), (5.10)

e. —e weakly in LZ(Q; Mfyxn?), (5.11)

pe — p weakly* in Mb(.Q U Iy; Msyﬁ), (5.12)
and

J(u, e, p) < 1iggfjg(ua, €, Pe)- (5.13)

Proof. By the energy estimate (5.7) and by (3.1) we deduce the bounds
llecll;2 < | Agegll;2 < C  for every e. (5.14)

Hence, there exist &, e € L?(£2; ngxnf) such that (5.8) and (5.11) hold up to subsequences, with e,g = éqg for o, f =
1,2 and ¢;3 =0 for i = 1, 2, 3. By the lower semicontinuity of Q with respect to weak convergence in Lz(.Q; M3X3)

sym
and by the definition (3.13) of Q, we also deduce
Qr(e) < Q(e) < limi(r)lfQ(Aseg)- (5.15)
E—>
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By (5.7) and (3.3) we obtain analogously
| pellag, < | Aepellag, < C. (5.16)
Therefore, there exist p € Mp(§£2 U Iy; M%X3) and p € Mp(2 U Iy; I\\/I[gyX3) such that (5.9) and (5.12) hold up to

m

subsequences, with pyg = peg for a, 8 =1,2 and p;3 =0 for i = 1,2, 3. By the lower semicontinuity of H with
respect to weak* convergence in My (2 U I'y; M%’d) and by the definition (3.17) of H,, we have

Hr(p) SH(P) < limi(r)lf’H(Agps), (5.17)
e—

which, together with (5.15), gives (5.13).
Since (ug, eg, pe) € Ae(w), for every ¢ there hold

Eu,=e;+ ps in$2, (5.18)
and

pe=(w—u:) OvageH> onIy. (5.19)
By (5.14), (5.16), and (5.18), the sequence (Eu,) is bounded in M (£2; MfyXIS) By (5.16) and (5.19), the traces of

(ug) are uniformly bounded in L' (Iy; R?). Hence, by (2.2) the sequence (u.) is bounded in BD(£2) and (5.10) holds
up to subsequences. Moreover, it is immediate to see that Eu = e + p in £2, hence u € KL(S2).

To conclude the proof, it remains to check that p = (w — u) ® vyeH? on I'y. To this purpose we argue as in
[10, Lemma 2.1]. Since y, is an open subset of dw, there exists an open set A C R? such that va = ANJdw. We set
U:=(wUA) x (—%, %) and we extend the triples (u, e;, pe) to the set U in the following way:

v L Ue in £2, £ e; in$2, ._{pg in 2 U Iy,
£ lw inU\£R, T 1Ew inU\ £, 9 =10  otherwise.

The symmetric part of the gradient of v, satisfies

Eu, in §2,
Ev, = { (w—ug) OvgoH?: on Iy,

Ew inU\ 2.
Therefore, by (5.10), up to subsequences, v, — v weakly* in BD(U), where
. Eu in £2,
vi= {Z} 12 ;(]2’\9 and Ev= {(w—u)@vm?-iz only, (5.20)
’ Ew inU \ £2.

3%x3

Analogously, up to subsequences, f; — f weakly in L2(U; M3%3) and, since the restrictions to £2 U Iy of functions

sym
in Co(U; ngxnf) belong to Co(£2 U I'y; ngxnf), there holds g, — g weakly* in M} (U; ngxnf), where
e in £2 inQUI,
= o d g:= [ p S
f { Ew inU\S$2, and g 0 otherwise.

Since Ev, = f; + g, in U for every ¢, we deduce that Ev = f + ¢ in U. The thesis follows now from (5.20). O

In the next theorem we show that the lower bound established in Theorem 5.3 is optimal by exhibiting a recovery
sequence.

Theorem 5.4. Let w € W''2(2; R®) N KL(£2) and let (u, e, p) € Axr(w). Then, there exists a sequence of triples
(ug, s, pe) € Ag(w) such that

u® —~u weakly* in BD($2), (5.21)
e’ — e strongly in L? (.Q; I\\/Jlgyxn?), (5.22)
p°—p weakly*in My(2 U I'y; I\\/JISYXIS) (5.23)
Age® — Me  strongly in L*($2; M:yxnf), (5.24)

H(Aep®) = He (). (5.25)
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and
lim 7, (u®, ¢®, p*) = T (u, e, p). (5.26)
e—0

Proof. Assume first that (u, e, p) € (W'2(2; R?) x L2(2; M3 x L2, (82 M) N Ak (w). In particular, p =0

sym sym

onlyandu=w H2-a.e. on I'g. Letgr,¢o, 3 € L2(.Q) be such that

el e @
Me=\{enn exn ¢ ).

é P2 P
Since p € L2(£2; ngxn?), by the measurable selection lemma (see, e.g., [15]) and by (3.3) and (3.18) there exist

N1, M2, 03 € L%(£2) such that

P11 p12 m

H(p)=H <P12 P2 m ) : (5.27)
m  mn —(pu+pn)

We argue as in [26, Proposition 4.1] and we approximate the maps ¢; and n; by means of elliptic regularizations. For

every ¢ we define ¢} € WO1 ’2([2), i =1,2,3, as the solution of the elliptic boundary value problem

—eAP +¢F =¢; in £2,
¢; =0 on 952,

and %, € Wy 2(£2), @ = 1,2, as the solution of
{ —eANE + 15 =1y in £2,

ne, =0 on ds2.
The standard theory of elliptic equations gives
¢; — ¢; strongly in L% (2), (5.28)
ne, — ny strongly in L3(2), (5.29)

as e — 0, and
[ves|<cem2 [vag].<cee. (5.30)
We also introduce the function f¢ € L?(w; M;’yxnf ), defined componentwise as
X3
< (x) =26 / (0l (v 5) + Bl (v 5))ds @=1.2),  f&(x) =0,
0

X3

() = 8/ (0265 (. 5) + 02m§ (x', s) + 0195 (x, 5) + 91m5 (x', 5)) ds,

NS

&

?/ 35 (x,s) — dup11 (¥, 5) — dap22(x',s))ds (@=1,2)
0

for a.e. x' € w.
We are now in a position to define the recovery sequence. Let

x3
Uy =g + 28/ ((])gl(x/,s) + ng(x’,s))ds (x=1,2),
0

X3

uyimun+ e [ (@5) = pu(v'ss) = ple') ds.

0
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and
0 0 e¢f 0 0 eny
ef=e+| O 0 ep5 |+ /%, pf=p+|1 0 O enj
epy  ed5 e'¢5 ent eny —&2(pu + pxn)

Sinceu =won Iy, p € Lgo’c(.Q; ngxnf), and q&f, ns € Wol’z(.Q), we have that u, = w on Iy. Itis also easy to check

that (ug, eg, pe) € Ae(w). From (5.28) and (5.29) it follows that u® — u strongly in L2(£2; RY). By (5.28) and (5.30)
we deduce (5.22) and (5.24), while by (5.29) we obtain

p® — p strongly in LZ(Q; M3X3),

sym

hence (5.23) and (5.21) follow. Finally, by (5.27) we have (5.25), which, together with (5.24), implies the convergence
of the energies.

Let now (u, e, p) € Agr(w). By Theorem 4.7 there exists a sequence of triples (u*, ek, p*) in (W12(£2; R3) x

L2(82; M3X3) x Lgo’c(.Q; M3%3))y N Agz (w) converging to (u, e, p) in the sense of (4.24)—(4.27). These convergence

sym sym
properties, together with the linearity of the map M and Reshetnyak Continuity Theorem (see, e.g., [5, Theorem 2.39]),

imply
Me* — Me strongly in L? (.Q; ngxn'?),
H, () > He (p).
In particular, by the dominated convergence theorem we also have
kll)rgo j(uk, ek, pk) =J(u,e,p).
For every k € N we can apply the previous argument to construct a recovery sequence for (uk, ek, pk). A diago-

nal argument and the metrizability of the weak* topology on bounded subsets of My (2 U Iy; M:yxrg) allow us to
conclude. O

We are now in a position to prove Theorem 5.1.

Proof of Theorem 5.1. Since (w, Ew, 0) € A, (w) for every ¢ > 0, by minimality we have that
Te(uf, ¢, p*) < Je(w, Ew, 0) < Re | Ew|3,.

where the last inequality follows from the definition (3.10) of J,, the inequality (3.1), and the fact that w € KL(S2).
By Theorem 5.3 we deduce that there exists (u, e, p) € Agz(w) such that, up to subsequences,

u® —u weakly* in BD(£2),
e — e weakly in Lz(.Q; M3X3),

sym
p° — p weakly* in Mb(Q Urly; M:;‘n?)
and
J(u,e, p) < 1imi(r)1fjg(u£, e, ps). (5.31)
E—>

Let now (v, f, q) € Axr(w). By Theorem 5.4 there exists a sequence of triples (v, ¢, ¢°) € A.(w) such that
J, f,q) = lim jg(vg, e, qs) > limsupjg(u‘g, e, pg), (5.32)
e=>0 e—0

where the last inequality follows from the minimality of (u,, e;, ps). Combining (5.32) with (5.31), we deduce that
(u, e, p) is a minimizer of 7 and by choosing (v, f, ¢) = (u, e, p) in (5.32) we obtain (5.6).
It remains to prove (5.2), (5.3), and (5.5). By the lower semicontinuity of Q and H with respect to weak convergence

in L2(.Q; Mg}fnf) and weak™* convergence in My (£2 U Iy; ngxn?), respectively, and by the definition of Q, and H, we
have

Q,(e) < limi(r)lfQ(Agee), H,(p) < limi(r)lf'H(Asps). (5.33)
£— £—
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Combining (5.6) and (5.33) yields
lim Q(Ace?) = Qr(e),  lim H(Aep®) =H,(p),
so that (5.5) is proved. On the other hand, we remark that by (3.16)

Q(Ages - Me) = Q(Ages) + 9, (e) — / CMe : Aze’ dx
2

= Q(Agee) + Q,(e) — / CMe : ef dx. (5.34)
2

Therefore, passing to the limit in (5.34) and applying again (3.16), we obtain
lim Q(Aseg — Me) =0,
e—>0
so that (5.3) follows now from (3.1). Finally, convergence (5.2) is an immediate consequence of (5.3). O

6. Convergence of quasistatic evolutions

In this section we focus on the quasistatic evolution problems associated with the functionals 7, and 7. For every
t € [0, T] we prescribe a boundary datum w(?) € WL2(2;R3 N KL($2) and we assume the map ¢ — w(t) to be
absolutely continuous from [0, 7] into Wl’z(.Q; ]RS).

Let s1, 52 € [0, T, s1 < s2. For every function ¢ — u(¢) of bounded variation from [0, T] into M, (£2 U I'y; M3DX3),
we define the dissipation of t — ((¢) in [s1, 7] as

n
D(u; 51, 52) i= SUP{ ZH(M(U) —p@tj—)): si=to<n < <ty=s,n€ N}-
=1

Analogously, for every function ¢ — w(¢) of bounded variation from [0, 7] into M} (2 U Iy; ngxnf) we define the
reduced dissipation of t — ((t) in [s1, s3] as

n
Dy (u; s1,82) := SUP{ ZHr(M(tj) —,U«(t];]))l sS1=tH << <ty=95,n EN}
j=1

for every s1, 52 € [0, T'], 51 < 52.

Definition 6.1. Let ¢ > 0. An e-quasistatic evolution for the boundary datum w(z) is a function ¢ — (u®(¢), €°(¢),
pt(1)) from [0, T] into BD(§2) x L*(§2; MI3X3) x M, (§2 U I'y; M2%3) that satisfies the following conditions:

sym sym

(gs1) forevery t € [0, T] we have (u(t), e (t), p*(t)) € A (w(t)) and
Q(Ase’ (1)) < QA f) + H(Aeqg — A p° (1)) (6.1)
for every (v, f, q) € As(w(2));
(gs2) the function t — p®(¢) from [0, T] into My (2 U I'y; M3 X3) has bounded variation and for every ¢ € [0, T']

sym

t
Q(Aee (1)) + D(Asp®; 0, 1) = Q(Ape®(0)) +/f CAge®(s) : Ew(s) dx ds. (6.2)
0 £

Definition 6.2. A reduced quasistatic evolution for the boundary datum w(¢) is a function ¢t — (u(t), e(t), p(t)) from
[0, T] into BD(§2) x L2(£2; M3X3) x My,($2 U I'y; M2%3) that satisfies the following conditions:

sym sym
(gs1), foreveryt € [0, T] we have (u(?), e(t), p(t)) € Agr(w(z)) and

Qr(e()) < Qr () +Hr(g — p(D) (6.3)
for every (v, f, q) € Agr(w(t));
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(gs2); the function ¢ — p(t) from [0, T] into M,(2 U Iy; M3%3Y has bounded variation and for every t € [0, T]

sym
t

Qr(e()) + Dr(p; 0,1) = Qr(e(0)) + // Cre(s): Ev(s)dxds. (6.4)
0Q

Remark 6.3. Since the functions ¢ — p®(¢) and t — p(¢) from [0, T'] into M (22U Iy; Mg’yxn? ) have bounded variation,
they are bounded and the set of their discontinuity points (in the strong topology) is at most countable. By [10,
Theorem 3.8] and by Lemma 6.9 below the same properties hold for the functions ¢ — €°(¢) and ¢ — e(¢) from [0, T]
into L2(2; ngxlg), and for the functions ¢ +— u®(¢) and ¢ +> u(z) from [0, T'] into BD(S2). Therefore, ¢ > e°(¢)
and ¢ - e(7) belong to L®([0, T]; L*(£2; M33)), while 7 — uf (1) and ¢ > u(t) belong to L*®([0, T]; BD(£2)).
As 1+ E(t) belongs to L' ([0, T1; L2(£2; M53)), the integrals on the right-hand side of (6.2) and (6.4) are well
defined.

We are now in a position to state the main result of the article.
Theorem 6.4. Let t — w(t) be absolutely continuous from [0, T] into W1L2(2: R N KL(2). Assume there exists a
sequence of triples (ug, e, p) € As(w(0)) such that
Q(Age(e)) < QA f) + H(qu - ASPS) (6.5)

for every (v, f, q) € A:(w(0)) and every ¢ > 0, and

Agey — &g strongly in Lz(.Q; M3X3), (6.6)

sym

| 4P, <€ 6.7)

for some &y € L*(£2; Mfyxnf) and some constant C > 0 independent of €. For every & > 0 let t — (uf(t), e¢(t), p° (1))
be an e-quasistatic evolution for the boundary datum w(t) such that u®(0) = ug, ®(0) = e, and p*(0) = pg. Then,
there exists a reduced quasistatic evolution t — (u(t), e(t), p(t)) for the boundary datum w(t) such that, up to sub-
sequences,

u®(t) = u(t) weakly* in BD(S2), (6.8)
e (t) — e(t) strongly in L*(52; M), 6.9)
Age® (1) —> Me(t)  strongly in L*(£2; M3)3). (6.10)
pE(t) = p(t)  weakly* in My(£2 U I'y; M%) (6.11)

for every t € [0, T, where M is the tensor introduced in (3.11). Moreover, the functions t — u(t), t — e(t), and
t + p(t) are absolutely continuous from [0, T into BD(82), L*($2; ngxn?), and Mp(2 U Iy, ngxn?), respectively.
Remark 6.5. From [ 10, Theorem 4.5] it follows that for every triple (ug, e, pg) € Ae(w(0)) satisfying (6.5) there ex-
ists an e-quasistatic evolution ¢ = (u® (), €°(t), p®(¢)) such that u®(0) = ug, e®(0) = ¢, and p®(0) = pg. Moreover,
by [10, Theorem 5.2] the functions ¢ > u®(¢), t — €®(t), and t — p®(t) are absolutely continuous from [0, 7'] into
BD(£2), L2(.Q; M3X3), and My (2 U Iy; M3X3), respectively, and for a.e. t € [0, T] we have

sym sym
[Ace* @] 2 < O Ev @] 20 (6.12)
| 2e°®) ], < C2| ED @] 5, (6.13)

where C; and C, are positive constants depending on Rk, rc, Rce, suppr) /A€ (®)]l 2, and
sup;cjo.71 I Ae p° (1) | m,- We note that these results are proven in [10] under the assumption of a reference config-
uration of class C2, but, as observed in [16], Lipschitz regularity is enough in the absence of external loads.
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Remark 6.6. The set of admissible initial data for Theorem 6.4 is nonempty. Indeed, for every & > 0 let (u, ej, p;) €
A (w(0)) be a minimizer of the functional J; on A (w(0)), that is,

Q(Apef) + H(Aspf) < QAL f) +H(Aeq)
for every (v, f,q) € A (w(0)). Since by (3.4)
H(Aeq) < H(Asq — Acpf) + H(Aepf).

we deduce that (ug, e, pg) satisfies (6.5) for every & > 0. Moreover, by Theorem 5.1 we infer the existence of a triple
(ug, e, po) € Axr(w(0)) such that (6.6) is satisfied with &y = Meg and

lim H(Aepg) =H,(po)-
e—>0
This last convergence implies (6.7) by (3.3).

Remark 6.7. Theorem 6.4 ensures, in particular, the existence of an absolutely continuous reduced quasistatic evolu-
tion for every initial datum (ug, g, po) € Axr(w(0)) that is approximable in the sense of (6.8)—(6.11) by a sequence
of triples (ug, e, pg) € As(w(0)) satisfying (6.5). Note that, again by Theorem 6.4 and by (gs1), at time t = 0, every
such datum satisfies

Qr(e0) < Q- (f) +Hr (g — po) (6.14)

for every (v, f,q) € Agr(w(0)).

We mention here that the existence of a reduced quasistatic evolution can be actually proved for every initial datum
(uo, €0, po) € Axr(w(0)) satisfying (6.14) by applying the abstract method for rate-independent processes developed
in [28], namely by discretizing time and by solving suitable incremental minimum problems. Moreover, arguing as
in [10, Theorem 5.2], one can show that every reduced quasistatic evolution is absolutely continuous from [0, 7] into
BD(£2) x L*(£2; ngxrg) X Mp(2 U Ty; ngxrg).

To prove Theorem 6.4 we need two technical lemmas concerning some consequences of the minimality condition
(gsD).

Lemma 6.8. Let w € W1-2(2; R3 N KL(£2). A triple (u, e, p) € Axr(w) is a solution of the minimum problem

min{Q, (f) +H,(q — p): (v, f,q) € Agr(w)} (6.15)
if and only if
—H,(q) gf@re s fdx (6.16)
Q

for every (v, f, q) € Axr(0).

Proof. Let (u, e, p) € Agz(w) be a solution to (6.15) and let (v, f, q) € Agr(0). For every n € R the triple (u +
nv, e + nf, p+ nq) belongs to Agr(w), hence

Qr(e) < Qr(e+nf) +Hr(ng).

Using the positive homogeneity of H,, we obtain

0< :i:r;/(C,e L fdx + 12O (f) + nHy (£q).
2

for every n > 0. Dividing by 1 and sending 7 to 0 yield (6.16).
The converse implication is true by convexity. 0O
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Lemma 6.9. Let wi, w, € WH2(2; R3) NKL(2) and for a = 1,2 let (ugy, €, pa) € Axr(wy) be a solution of the
minimum problem

min{Q, (f) + H,(q — pa): (v, f,q) € Akr(we)}. (6.17)

Then there exists a positive constant C, depending only on Rk, rc, Rc, §2, and Iy, such that

llea —erll 2 < Coia, (6.18)
lEuy — Eusllm, < Cbra, (6.19)
lur — uallpr < C(O12 + llwi — wall;2), (6.20)

where 017 is given by
1
012 :=Ip1 — p2llm, + 1 — p2lly, + I1Ewi — Ewall 2.

Proof. Since (uy —u; —wy+wy,ex —e;p — Ewy + Ewy, p2 — p1) € Agr(0), we can choose v =up —uj — wy + wi,
f=e—e1 — Ewy+ Ewy, and ¢ = pp — pj in (6.16); thus, by the minimality of (uy, ey, po), With & = 1,2, and
Lemma 6.8 we have

—H;(p2 — p1) < /Cre1 :(e2—e1 — Ewy+ Ewy)dx,
I?)

—H,(p1 — p2) < /Crez :(e1 —ex — Ewy + Ewy) dx.
2
Adding term by term, changing sign, and applying (3.18) yield

/ccr(ez —e):(er—endx < /@(ez —e): (Ews — Ewp)dx +2V3Rx|lp2 — prllu,.
2 2

By (3.14) we deduce
relles — e1l1%, < Rellea — erll 2| Ews — Ewyll 2 +2v/3Rk 1p2 — pillu,
which implies (6.18) by the Cauchy inequality. Since Eu; = e; + p; in §2, Holder’s inequality gives
1Euz — Eurlly, < L) llea —erll 2 + I1p2 = pillmy,
so that (6.19) follows from (6.18). Finally, since p» — p1 = (wp —w; —uz +u1) © vaoH? on Iy, we have
luz —uill gy < lw2 —willpin,y + 1p2 — pillm, < Cllwa —willyiz + 1p2 — pillm,
where we used the continuity of the trace operator from Wh2(£2;R?) into L'(382; R3). Inequality (6.20) now follows
from (2.2) and (6.19). O
We are now in a position to prove Theorem 6.4.

Proof of Theorem 6.4. The proof is subdivided into four steps.

Step 1 (Compactness estimates). Let us prove that there exists a constant C, depending only on the data, such that

sup || Aqef()]|,. <C, sup [[Aep* ()], <C (6.21)
te[0,T] te[0,T]

for every €. As t > w(t) is absolutely continuous with values in WL2(82; R3), the function ¢ — |Ew(t)]|2 is inte-
grable on [0, 7']. This fact, together with (3.1), (3.2), and (6.2), implies that

T
ref|Ace* ]2 < Re|| Aee® O] 7, +2Re S[‘Spn” Aeet D)2 / | Ew(s)]»ds (6.22)
tel0,
0
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for every t € [0, T']. The former inequality in (6.21) follows now from (6.6) and Cauchy inequality. As for the latter,
by (6.2), (6.22), and (6.6) we deduce that

D(A:p%;0,T) <C.
By the definition of D and (3.3) we infer that
ric [ Aep® (@) = Acpf |y, <H(Aep () = Acp®(0)) <D(Aep®0,1) <C

for every t € [0, T'], which implies the second inequality in (6.21) by (6.7).
Combining (6.12), (6.13), and (6.21), we obtain

19}
|Acett) = Ace @] 2 < € [ | B0 2 s,
n

n
| Aep® () = Aep® ()], < Cf!le<s>||Lz ds
1

forevery 0 <11 <1, < T, where C is a constant depending only on the data. Therefore, by the Ascoli—Arzela Theorem
there exist two subsequences, still denoted Azef and A, p?, and two absolutely continuous functions e:[0, T] —
L2(2; M3y and p: [0, T1 — Mp(£2 U Iy; M) such that

sym
Agef(t) = &(t) weakly in L*(£2; M%), (6.23)
Appt(t) — p(t) weakly* in M ($2 U I'y; M37) (6.24)

forevery t € [0, T'].
Lete:[0, T] — L2(£2; Mg’yﬁ) be defined as

eap(t) =égp(t) (a,f=1,2) and ¢;3()=0 (i=1,2,3)
for every ¢ € [0, T] and let p : [0, T] — M (£2 U I'y; M2X3) be defined as

sym
Pap(t) = pap(t) (a,=1,2) and pi3(t)=0 (=1,2,3) (6.25)

for every t € [0, T]. Then f +— e(t) is absolutely continuous from [0, T'] into L2($2; ngxnf), t — p(t) is absolutely
continuous from [0, 7] into M}, (£2 U I'y; M3X3), and by (6.23) and (6.24) we have

sym
e (t) —~ e(t) weakly in L*(£2; MJ)5)., (6.26)
pe(t) = p(r)  weakly* in My (82 U I'y; M5) (6.27)

for every t € [0, T]. Using (2.2) and the fact that (u®(z), e®(¢), p®(¢)) € Ac(w(t)) for every ¢ > 0, it is easy to see that
there exists an absolutely continuous function u : [0, T] — BD(§2) such that

u®(t) — u(t) weakly* in BD(£2)
for every t € [0, T]. Moreover, arguing as in the proof of Theorem 5.3, one can show that (u(¢),e(t), p(t)) €
Agr(w(t)).

Step 2 (Reduced stability). We now show that the triple (u(t), e(¢), p(¢)) is a solution to the minimum problem

min{Q,(f) + H, (g — p(0): (. f.q) € Agr(w(®))} (6.28)

forevery r € [0, T].
Letus fix ¢ € [0, T]. By Lemma 6.8 it is enough to prove condition (6.16). Let (v, f, q¢) € Agz(0). By Theorem 5.4
there exists a sequence of triples (v%, f¢, ¢°) € A¢(0) such that

A f® — Mf strongly in Lz(.s?; M3X3) (6.29)

sym
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and
H(A,sqs) — H,(q). (6.30)

By [10, Theorem 3.6] the minimality condition (6.1) is equivalent to

—H(AG) < /(CAses(t) cAp fdx 6.31)
2

for every (v, f, q) € A¢(0). Therefore, we have that

—H(Aeq%) < /(CAgeg(t) CAg fEdx
2

for every ¢ > 0; hence, combining (6.23), (6.29), and (6.30), we obtain

M, (g) < /Cé(t) ‘M f dx.
2

Since Ce(t) : M f = CMe(t) : M f = C,e(t) : f a.e.in £2 by (3.16), the inequality above reduces to (6.16).

Step 3 (Identification of the limiting scaled elastic strain). We shall prove that the function e(#) in (6.23) satisfies
e(t) = Me(t) (6.32)

for every t € [0, T'].
For every i € wLl2(2; R3) with ¥ =0 on I'; we can consider the triples (£, ZEr, 0) as test functions in (6.3 1).
This leads to the condition

](CAgeS(t) AgEYdx =0 (6.33)
2

for every ¥ € W12(£2; R3) with ¢ = 0 on I'y and for every &.

Letnow U C w, (a,b) C (—%, %), and A; € R, i =1, 2, 3. Let us denote the characteristic functions of the sets U
and (a, b) by xu and x(a,p), respectively. Finally, let ((pf‘) C Cc1 (w) and (&%) c C! ([—%, %]) be such that q)f — i XU
strongly in L*(w), i = 1,2,3, and (§¥) — x(a.p) strongly in L4(—%, %). For every ¢ and k € N we consider the
function

2685 (x3)f (x)
Yok = | 2085 (x3)eh ()
e2EK (x3) 94 (x')

for every x € £2. Since &K € W1-2(2; R?) and ¥*K =0 on I'y, by (6.33) we have

/(CAgeE(t) cAEYS*dx =0
2

for every ¢. Passing to the limit with respect to ¢ — 0 and then to k — oo, we deduce

o 0 M
/ (Cé(t):(() 0 kz)dxz().
M A2 A3

Since U and (a, b) are arbitrary, we conclude that for every A; € R

0O 0 X
Ce(r): (0 0 A2>=0,
M A2 A3
a.e. in £2. This implies (6.32) by (3.12).
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Step 4 (Reduced energy balance). By (6.2) and lower semicontinuity we have
t
Qr(e(t)) +D(p; 0,1) < lirr(l){ Q(Ase(0)) + / CAgel(s) : Ew(s)dxds
£—

0 £
t

0.+ [ [ Crew): B dxas.
0 22
where the last equality follows from (6.6), (6.21), (6.23), (6.32), and the dominated convergence theorem. Since by
(6.25) and the definition of H, there holds
D, (p:0.1) < D(5:0.1) (634)

for every ¢ € [0, T'], we conclude that

t

Q,(e() + D, (pi0.0) < Qrtew) + [ [ Crets): Euts)dx s, (6.35)
02

As it is standard in the variational theory for rate-independent processes, the converse energy inequality follows from
the minimality condition (gsl),. We omit the proof as it follows closely those of [10, Theorem 4.7] and of [28,
Theorem 4.4].

Combining (qs2), (qs2),, and the fact that the right-hand side of (qs2) converges to the right-hand side of (gs2),,
we deduce that

Q(Aee® (1)) +D(Aep®: 0,1) — Q (e(®) + Dy (p: 0,1) (6.36)
for every ¢ € [0, T]. On the other hand, by lower semicontinuity of Q, and of D, we have

Qr(e() < lim inf Q(Aget (1)) (6.37)
and

D, (p;0,1) < ligrii(r)lfD(AgpS; 0, t) (6.38)

for every ¢ € [0, T]. From (6.36)—(6.38) it follows that
lim Q(A:¢* (1)) = Qs (e() = Q(Me()

for every ¢ € [0, T]. This, together with (6.23) and (6.32), implies strong convergence of the scaled strains Age. (),
and consequently of the strains e, (), for every ¢t € [0, T]. This concludes the proof of the theorem. O

7. Characterization of reduced quasistatic evolutions

In the following we shall consider the space I, (£2) of admissible plastic strains, defined as the class of all
p € Mp(2 U I'y; M) for which there exist u € BD(82), e € L*(£2; M), and w € W2(2; R?) N KL(£2) such
that (u, e, p) € Agr(w).
We shall also use the set
2(2):={o e L™(2; M22): divy & € L*(w; R?), divy divy 6 € Mp(w)},

sym

where 6,0 € L™ (w; Mfyﬁ) are the zeroth and first order moments of o, defined according to Definition 4.1. In the

first subsection we shall introduce a duality pairing between stresses o € X' (§2) and plastic strains p € [T, (£2). In
the second subsection we shall use this duality pairing to deduce a weak formulation of the classical flow rule for a
reduced quasistatic evolution. In the last subsection we discuss some examples, where reduced quasistatic evolutions
can be characterized in terms of two-dimensional quantities.
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7.1. Stress—strain duality

We first introduce a notion of duality for the zeroth order moments of the stress and the plastic strain. We essentially
follow the theory developed in [22] and [10, Section 2.3].

For every o € X (£2) we can define the trace [dvy,] € L (dw; Rz) of its zeroth order moment o through the
formula

/[maw]-@d?-ﬂ :=/divx/5.¢dx’+f5:E¢dx’ (7.1)
dw w w
for every ¢ € W1 (w; R?). This is well defined since W1 (w; R?) is embedded into L?(w; R?).
Leto € X (£2) and &€ € BD(w). We define the distribution [¢ : E£] on w by

([o: EE], o) :=—/¢divxr6-§dx’—/6:(ch@é)dx’ (7.2)

for every ¢ € C2°(w). From [22, Theorem 3.2] it follows that [¢ : E£] is a bounded measure on w, whose variation
satisfies

|6 : E€N| < I ]|~ |EE]  inow. (7.3)

We can now define a duality between the zeroth order moments of elements in X' (£2) and I, (£2). Given o €
2(82) and p € M1, (£2), we fix (u, e, w) € BD(2) x L*(2; Mg3) x (W!2(2; R?) N KL(£2)) such that (u, e, p) €

Agr(w). Let it € BD(w), uz € BH(w) and w € W2 (w; R?), w3 € W>%(w) be the Kirchhoff-Love components of u
and w, respectively. We then define the measure [0 : p] € Mp(w U y,) by setting

_ - _|lo:Eul—o:e in w,
O PY=1 (Gvgel - (@ — DM on ya,
so that
/ pdla : p] =/<pd[5 :Eul] — /(pc'r :édx’+/[6"v;)w]~<p(w —a)dH' (7.4)
wUyy [} w Yd

for every ¢ € C(®).

Remark 7.1. Arguing as in [10], one can prove that the definition of [o : p] is independent of the choice of the triple

(u, e, w). Moreover, if & € C!(@; ngxn%), then

[ vaw:ni= [ g5:ap
wUyy wUyq
for every ¢ € C!(@). One can prove by approximation that the same equality is true for every & € C(@; Mfy"n%) and
¢ € C(w).

The following integration by parts formula can be proved.

Proposition 7.2. Let o € X (2), w € W'2(w; R?) N KL(2), and (u, e, p) € Agr(w). Let also it € BD(w) and W €
W12 (w; R?) be the tangential Kirchhoff-Love components of u and w. Then
/ pd[& :ﬁ]+/¢& : (é—Ew)dx’+/5 (Vo © (1 — w)) dx’
wUyy w w
= —/divx/& cp( —w)dx' + /[&vaw] ~o(u — w)dH' (7.5)
0] Vn

for every ¢ € Cl(@).
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Proof. The result is a corollary of [ 10, Proposition 2.2]. O

We now introduce a notion of duality for the first order moments of the stress and of the plastic strain. We follow
the lines of [11, Section 3.2] and [13, Section 2.3].

We start with a proposition concerning the traces of the first order moment of a stress in X (£2). To this purpose we
introduce the space

P() = {9 € L™(0; M22): divy divy 9 € My(o)},

sym

endowed with the norm ||# | oo + || div, divy 0| s, . We also denote by Ty, : W21 (w) - W1 (dw) the trace operator
on W2 !(w). We recall that Tj,,(W?> ! (w)) # W1 (dw), see [12, Théoreme 2].

Proposition 7.3. There exists a surjective continuous linear operator
L:3(w) = (Tho (W (@) x L% (0w)
9 > (bo(), b1(9))
such that for every ¥ € ) (w) and v € W>Y(w) there holds

/ﬁ:Dzvdx/—/vd(divx/ div,/ ﬁ):-(bo(ﬁ),v)+/b1(z9);—f) dH!, (7.6)

Vow
w w dw

where (-,-) denotes the duality pairing between (Tyo (W2 ()Y and Ty, (W2 (w)). Moreover; ifve CX(w: ngxn%)
then

. d
bo(P) =divy ¥ - vy + —— (P - Tow), (7.7)
afaw

b1(P) =D vyw - Viw, (7.8)

where Ty, is the tangent vector to dw.
Proof. See [11, Théoreme 2.3]. O

Remark 7.4. The second integral on the left-hand side of (7.6) is well defined because of the embedding of W2 (w)
into C(w) (see [4, Theorem 4.12]).

Let o € X (£2) and v € BH(w). We define the distribution [6 : D?v] on w by

([6: Dzv], ?) ::/govd(divxr divy &) — 2/& (Vo ®OVv)dx' — / v6 : V3pdx'
w w w
for every ¢ € C°(w). From [13, Proposition 2.1] it follows that [6 : D?v] is a bounded measure on w, whose variation
satisfies
|[6 : D*v]| <161l D?*v| inw.
We can now define a duality between the first order moments of elements in X' (£2) and I, (£2). Given o € X (§2)
and p € Ir,(2), we fix (u, e, w) € BD(£2) x L>(£2; M2X2) x (W2(£2; R¥) NKL(£2)) such that (u, e, p) € Agr(w).

We then define the measure [6 : p] € M (w U y,) by setstyiﬁg
A —[6:D*u3]—6:é inow,
[0:pl:= {bl(&)a(’gﬁ}%ﬂﬂl on ya,
so that
] pdlé: pl=— / pd[6: D3] - / 06 edx' + / ¢b1(&)_3(”;v; W3) gt
P

wUyq [ 9 Yd

for every ¢ € C(@).
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Remark 7.5. The definition of [6 : p] does not depend on the choice of the triple (u, e, w). Moreover, if 6 €
C?(; M2%2) and p € M, (£2), then

sym

/(pd[&:ﬁ]: / @6 :dp (7.9)
Uy wUyq

for every ¢ € C?(@). This follows from the equality

. 03 —w3) .
/gobl(a)idﬂ‘ =/¢a (V3 — w3) © vgo) dH!,
3\Jaw
Yd Yd
which, in turn, is a consequence of (7.8). By an approximation argument one can show that (7.9) holds true for every
6 € C(@; M2%2) and ¢ € C(@).

sym
As a corollary of [13, Proposition 2.1], we have the following integration by parts formula.

Proposition 7.6. Let 0 € X (2), w € Wh2(w; R} NKL(2), and (u, e, p) € Ak (w). Then

f (pd[&:ﬁ]+/(p8:(é+D2w3)dx/

wUyy w

— 2/& : (Vga O V(uz — w3)) dx' — /(u3 —w3)6 : Viedx'
(p(uz — w3)) ax

7.10
3V8w ( )

= —/w(ua —w3)d(divy divy 6) + (bo(6), @(u3 — w3)) — /bl(&)

w Vn

forevery ¢ € C%(@), where (-,-) denotes the duality pairing between (Tyo (W2 (@)Y and Ty (W1 (w)).

Remark 7.7. The duality product (bo(6), ¢(u3 —w3)) in (7.10) is well defined, since one can show that Ty, (BH (w)) =
Ty (W21 (w)) (see, e.g., [12, Section 2]).

We are now in a position to introduce a duality pairing between X'(§2) and I1r,(§2). For every o € X'(§2) and
p € ITr,(£2) we define the measure [0 : p] € M,(£2 U Iy) as

_ L. .
[U:p]::[o:p]®51+ﬁ[0:p]®ﬁl—GL:el. (7.11)
By Remarks 7.1 and 7.5 we have that
_o_ 1 A aa
/ (pd[d:p]:/(pa:dp—f—ﬁ (pa:dp—[gooj_:eldx (7.12)
Ul w w 2
for every o € X (§2) with 5,6 € C(w; Mfyxn%) and every ¢ € C(w). In particular, this implies that
/ wd[a:p]:/wo:dp (7.13)
Qury Q
for every o € X (£2) N Cc(2; M%YXH%) and every ¢ € C(®).

Following [10], for every o € X' (£2) and p € I1r;,(§2) we consider the duality pairings
(0,p):=l[0:pllwVUya), (6,p)=16:pllwUya),

and

1
(o,p):=lo:pl(2UTy)={(6,p)+ E(&,ﬁ) —/UL:ede. (7.14)
2
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We shall now discuss the connection between the duality (7.14) and the functional H, introduced in (3.19). To this

purpose, we consider the convex set
K, :={o e M2 0 :& < H,(§) forevery & € M7},

which coincides with the subdifferential of H, at the origin. We also set
Kr(2):={o e L®(2; MZ33): o(x) € K, forae. x € 2}.

sym

By (2.1) we have that for every u € M (§2 U I'y; M2%2)

sym

sym

() = sup{ / Tidp: T e Co(R2U Iy M) N IC,(SZ)}.
Ul
A variant of this equality can be proved using the duality defined in (7.14).

Proposition 7.8. Let p € I11,(52). Then the following equalities hold:
H,(p) =sup{(o, p): 0 € Z(2)NK,(2)} (7.15)
= sup{(c, p): 0 € O(2)}, (7.16)
where ©(82) is the set of all o € X (£2) N K, (§2) such that [6vy,] =0 on vy, b1(6) =0 on yy,, and (by(5),v) =0
for every v e W (w) with v =0 on 4.

Proof. Letusset Ih:=1, U (w X {:I:%}). By [37, Chapter II, Section 4] and (7.13) we have that

H,(p) = sup{ / o:dp: o€ C°°(R3; szz) NK-(£2), suppo NTH= QJ}

sym
Qury
<sup{(o, p): 0 € O(2)}
<sup{(o, p): 0 € Z(R2)NK,(2)}. (7.17)
To prove the converse inequality, let w € W12(2: R¥) NKL(R), u € KL(£2), and e € L?(§2; M2X?) be such that

sym
(u, e, p) € Agr(w). By Theorem 4.7 and the Reshetnyak Continuity Theorem (see, e.g., [5, Theorem 2.39]) we can
construct a sequence of triples (uk, ek, p*y e (Wh2(2; R3) x L2(£2; M%) x Lgo’c(.Q; MZ2%2y) N Agr(w) such that

sym sym
uk¥ = u  weakly* in BD(£2), (7.18)
ek — e strongly in L?(£2; M%YXH%), (7.19)
H,(p*) = H,(p). (7.20)
By Remark 4.8 we can also assume that
i* — @i strongly in L?(w; R?), |E@*|,\ — I1Ellu,. (7.21)
Ws—>u3 inC@),  |Duh], — |D%usl,, . (7.22)
Let now o € I, (£2) N X (£2). It is clear that
/a :phdx <H,(p"). (7.23)
2
We now claim that
/o :pfdx — (o, p). (7.24)
2

If the claim is proved, then passing to the limit in (7.23) and using (7.20) yield

(07 p) < Hr(p)7
which, together with (7.17), implies the thesis.
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We now prove (7.24). Since ik e Wl2(w; R?) and Eik = &% + ﬁk in w, the following equalities hold:

/6:13kdx’=—/6:(ék—EzD)dx’—i—/&:(Eﬁk—Ezb)dx’

w w w
:-f&:(ék—Ezb)dx/—/divx/é~(ﬁk—zI))dx/+/[6v;;w]-(ﬁk—u'))d’Hl,
w w Yn

where we have used (7.1) and the fact that ¥ = @ on y,. From (7.21) it follows that it — @ strongly in L' (3w; R?)
(see, e.g., [37, Chapter II, Theorem 3.1]). By (7.19) and (7.21) we can therefore pass to the limit in the identity above
and by (7.5) we deduce that

/6:ﬁkdx’—> @, p). (7.25)
w
Similarly, since u’§ € W22(w) and D? ]3‘ = —(é* + pX) in w, we have
/& cphdx = —/& : (ék + D2w3)dx/ — /& : (Dzué‘ — D2w3)dx/
w w w
=— / 6 (ék + D2w3) dx' — /(u]§ — w3) d(divy divy 6)
w w
ok L —w3)
+(bo(6), uj —w3)—fb1(0)7d7-l .
AL

Vn

where we have used (7.6) and the fact that Vué‘ = Vw3 on y4. By (7.22) and [11, Theorem 3.4] we can pass to the
limit in the boundary terms. Therefore, by (7.19), (7.22), and (7.10), we conclude that

/& :pRdx' — (6, p). (7.26)
w

Claim (7.24) follows now by combining the identity

1
/a:pkdx=/6:ﬁkdx’—{—E/&:ﬁkdx’—faL:elidx
w

Q w Q
with (7.14) and the convergence properties (7.19), (7.25), and (7.26). O

We are now in a position to show a further equivalent characterization of the minimality condition (gs1),.

Proposition 7.9. Let o € L?(£2; ngxmz). The following conditions are equivalent:

(@) —Hr(q) < [0 fdx forevery (v, f,q) € Agr(0),
(b) 0 € O(£2), divy 6 =0 in w, and div, divy 6 =0 in w.

Proof. Assume (a). Let B C £2 be a Borel set and let xp denote its characteristic function. Let & € Mf;‘n% and let
f := xgé&. Since (0, — f, f) € Akr(0), by (a) we obtain
o(x):E< H, (&) forae.xeB.

Since B is arbitrary, we deduce that o € K, (£2).
We observe that (+v, £Ev, 0) € Akz(0) for every v e WH2(£2; R?) N KL(£2) such that v = 0 on I'y. Hence, by
(a) we have that

/a:Evdx:O (7.27)
Q
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forevery v € WH2(£2; R3) NKL($2) with v =0on I'y. Let now v € W12(w; R?) with © = 0 on y,;. Choosing vy = Vg
for « = 1,2 and v3 = 0, we deduce by (7.27) that

/6:Eﬁdx’=0 (7.28)
w
for every v € WL2(w; R?) with 9 =0 on va. Since this is true, in particular, for v € C°(w; R2), we conclude that

div, & = 0 in w. Moreover, by (7.1), (7.28), and the subsequent Lemma 7.10, we obtain that [6 vy, ] =0 on y,,.
Let us now consider the function

v(x) = (_XZY(?,)()C/)> fora.e. x € 2,

where v3 € W22 (w) is such that v3 = 0 and Vv3 = 0 on yy. Eq. (7.27) yields

/& :D*v3dx’ =0 (7.29)
w

for every v3 € W?%2(w) with v3 =0 and Vv3 =0 on va. Since (7.29) is satisfied, in particular, for every v3 € C2°(w),
we deduce that div,/ div,» 6 = 0 in . Moreover, by (7.6), (7.29), and Lemma 7.10, we obtain that

A L
—(bo(O),v3>+/b1(0)—3d7-l‘ ~0
A
Vi
for every v3 € w2l (w) such that v3 =0 and Vvz =0 on y,. By [12, Théoreme 1] the trace operator from w21 (w)

into Ty, (W2 (w)) x L' (dw) that associates to u the traces of u and of 3‘?};’ on dw is surjective. We deduce that

b1(6) =0 on y, and (by(6), v3) =0 for every v3 € W>!(w) with v3 =0 on y4, hence o € @ (§2). This concludes the
proof of (b).
Assume now (b). Choosing ¢ =1 in (7.5) and (7.10) yields

(6,6]):—/6:fdx', (6,(}):—/&:fdx’

w

for every (v, f, q) € Ak (0). Therefore, by (7.14)

(a,q):—/a:fdx.
Q
Condition (a) follows now from Proposition 7.8. O

We conclude this subsection with an approximation lemma, that was needed in the proof of Proposition 7.9.

Lemma 7.10.

() Let v € W1 (w; R?) with v = 0 on yy. Then there exists a sequence (v°) C W12 (w; R?) such that v =0 on y,;
for every € > 0 and v¢ — © strongly in W1 (w; R?).

(ii) Let v e W>!(w) with v =0 and Vv =0 on yy. Then there exists a sequence (v°) C W>2(w) such that v¢ =0
and Vv¢ =0 on yg, and v¢ — v strongly in W>!(w).

Proof. We only sketch the proof of (i). Statement (ii) can be proved by similar arguments.

Arguing as in Step 1 of the proof of Theorem 4.7, we can reduce, without loss of generality, to the case where
there exists an open set J C dw such that y, is compactly contained in J and v =0 on J. As in Step 2 of the proof
of Theorem 4.7 we consider the open covering {Q;}i—o..... m» and the
outward and inward translations t; o with a, = ¢. We set

mo
J)ZZwUUQi
i=1

.....
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and we extend ¥ to @ by setting v = 0 outside @, so that v € W!-1(&; R?). We define

m
v = (Z(@iﬁ) oTik+ wof)) * 05(e)

i=1
where p5¢) is a mollifier and 6(¢) < ¢ is chosen small enough in such a way that v* = 0 on y;. It is now easy to check
that the sequence (v?) has all the required properties. O

7.2. Equivalent formulations in rate form

From here to the end of the section we will assume 7 — w(t) to be absolutely continuous from [0, T'] into
Wh2(2;R3) N KL(2). This implies that the maps ¢ — w(#) and ¢ — w3(¢) are absolutely continuous from [0, T']
into W12 (w; R?) and W>2(w), respectively.

We first prove some preliminary results. An easy adaptation of [10, Lemma 5.5] provides us with the following
lemma.

Lemma 7.11. Let t +— (u(t),e(t), p(t)) be an absolutely continuous function from [0,T] into BD($2) x
L2(£2; M2X2) x My (2 U Ty M2X2) with (u(t), e(t), p(1)) € Agp(w(t)) for everyt € [0, T]. Then (ii(t), é(t), p(t)) €

sym sym

Agr(w(t)) fora.e. t €0, T].

For absolutely continuous triples the energy balance can be equivalently written as a balance of powers, as shown
in the next proposition.

Proposition 7.12. Let t +— (u(t),e(t), p(t)) be an absolutely continuous function from [0, T] into BD(§2) x
L2(2; M2X2) x Mp(2 U Iy; M2X2) and let o (t) := C,e(t). Then, the following conditions are equivalent:

sym sym

(a) foreveryt €[0,T]
t
O (e() +Dr(pi 0.0 = 0, (e®) + [ [ o(5): Bty dxds:
02

(b) fora.e t€[0,T]

/U(I) cé()dx +H,(p(0)) =/a(t) cEw(t)dx.
2

2

Proof. Since t — p(t) is absolutely continuous, by [10, Theorem 7.1] we have

t
Do(pi0.0) = [ e (5(5) s
0

The equivalence of (a) and (b) follows now by differentiation of (a) and integration of (b). O
We are finally in a position to state the main result of this section.

Theorem 7.13. Let t — (u(t), e(1), p(1)) be a function from [0, T into BD(£2) x L*(£2; M) x Mp($2U I'y; M)
and let o (t) := C,e(t). Then the following conditions are equivalent:

(@) t+— (u(t),e(t), pt)) is a reduced quasistatic evolution for the boundary datum w(t);
d) t— (u(t),e(t), p(t)) is absolutely continuous and
(bl) for every t € [0, T] we have (u(t),e(t), p(t)) € Agr(w(t)), o) € O(S2), divyo(t) =0 in w, and
div, divy 6 (1) =0 in w,
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(b2) fora.e. t €[0, T] there holds

. 1 .
H, (p(1) = (o), p()) = (5 (1), p(1)) + E(&(r), p(n)— /UJ_([) rey(1);

2

(©) t+— (u(t),e(t), p(t)) is absolutely continuous and
(cl) for every t € [0,T] we have (u(t),e(t), p(t)) € Agr(w(t)), o) € O(2), divyo(t) =0 in w, and
div,/ divy 6 (1) =0 in w,
(c2) fora.e. t € [0, T] and for every T € ®(82) there holds

(o) —. p(0) =0

(d) t+— (u(2), e(t)) is absolutely continuous and
(d1) foreveryt € [0, T] we have o (t) € @(£2), divy 6 () =0 in w, and div, divy 6 (1) =0 in w,
(d2) fora.e.t € [0, T] and for every T € ©(S2) there holds

/(r - o(t)) ce(t)dx +/divxr Tou()dx + é/im(t)d(divxr div, 7)
2 w w
_ - 1 A ) 1 . ows (1)
> /[(1: — 5o - () dH + E(bo(r —6(1)), w3(t)) — E/bl(t - o(t))ﬁd?-{,l,
Vd Yd

(d3) foreveryt €[0,T], p(t) = Eu(t) — e(t) on 2 and p(t) = (w(t) — u(t)) © vaoH? on I'y.

Remark 7.14. The duality products (o (t), p(¢)) and (o (t) — 7, p(t)) in conditions (b) and (c) are well defined since
p(t) € [, ($2) by Lemma 7.11.

Remark 7.15. Condition (d2) is a variational inequality for the stress variable, that can be viewed as the analogue of
the formulation considered in [36] in the case of three-dimensional perfect plasticity.

Proof of Theorem 7.13. We first show that (a) is equivalent to (b). By Remark 6.7 every reduced quasistatic evolution
is absolutely continuous, while Proposition 7.9 and Lemma 6.8 yield the equivalence of (gsl), and (bl). Hence, by
Proposition 7.12 it is enough to show that for every absolutely continuous function satisfying either (b1) or (gsl),,
(b2) is equivalent to the following condition: for a.e. t € [0, T']

/U(l):é(t)dx—i-?-lr(]i(t)) =/a(t):Eu')(t)dx.

2 2

This follows from Propositions 7.2 and 7.6, once we note that (it(¢), é(¢), p(t)) € Agr(w(t)) by Lemma 7.11.
To show that (b) and (c) are equivalent, it is enough to prove that, if (bl) holds, then (b2) is equivalent to (c2).
Indeed, condition (c2) is equivalent to

(o, p®)= sup (z,p@)).

T€0(2)

On the other hand, by (b1) there holds

(o). p@®) < sup (z. p(®).
€@ (2)
By Proposition 7.8 we deduce the thesis.

To conclude the proof of the theorem, we show that (c) is equivalent to (d). We first remark that if # — (u(¢), e())
is absolutely continuous and (d3) holds, then ¢ > p(¢) is absolutely continuous and (u(2), e(?), p(t)) € Agr(w(?)) for
every t € [0, T]. Hence, it remains only to prove that, if (c1) holds, then (c2) is equivalent to (d2). By Propositions 7.2
and 7.6 there holds
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w

(e —1,p(0)= / (t —o®): (e(t) — Ew())dx + / divy T - (i — w)dx’
2

1
+ 1 /(u% — w3)d(divy divy T),
w
therefore (c2) is equivalent to

.. 1

/ (t—o@®):(e(t) — Ew())dx + / divy T- (U —w)dx' + - /(u3 —w3)d(divy divy £) >0 (7.30)
2 0] w

fora.e.r €[0, T] and every T € ®(£2). By (cl), (7.1), and (7.6) we deduce that

/(f —o@): Ew(t)dx' = /[(f — 5 (1))vge | - w(t) dH! —/divx/ T w(t)dx',
0] Yd w

and
/(f — (1)) : D*w3 () dx’

w

=—(bo(t —6(1)), w3(1)) +/b1 (t=6) 8;5;” dH' + / w3 d(divy divy 7).

Yd w

Therefore, (7.30) is in turn equivalent to (d2) and the proof of the theorem is complete. O
7.3. Two-dimensional characterizations

In this subsection we show that, under some additional hypotheses on the boundary datum and the initial data, a
reduced quasistatic evolution can be written in terms of two-dimensional quantities only. The first proposition concerns
a quasistatic evolution (u(t), e(t), p(t)) with “in-plane” boundary datum and initial data. In this case, the triple given
by the tangential component of u(¢) and the zeroth order moments of e(#) and p(¢) is a two-dimensional quasistatic
evolution in w in the sense of [10].

It is convenient to introduce the following notation: for every w € W2(w; R?) we denote by Ak () the class of
all triples (v, f, q) in BD(w) x L*(w; ngxn%) X Mp(wUvyy; ngxn%) suchthat Ev= f+ginwandg = (0 —v) O vy H!
on y,. Moreover, we introduce the space

X (w):= {0 € Loo(a); szz): divy o € Lz(w; szz)}

sym sym
and the set

K@) :={o € L®(w; ngxn%) o(x) € K, forae. x" € w}.

Proposition 7.16. Let t — w(t) be absolutely continuous from [0, T into W'2(w; R?) and let
w(t, x')
w(t, x) = 0 foreveryt €0, T] and a.e. x € 2.
Let (iio, €0, po) € Axz (w(0)) and let

[ #o(x") — - 1
up(x) = 0 , ep(x) := eo(x) fora.e. x €82, pPoi=poR L.
Finally, let t — (u(t), e(t), p(t)) be a reduced quasistatic evolution for the boundary value w(t) such that u(0) =
ug, e(0) = eg, and p(0) = po, and let o (t) := C,e(t). Then the map t — (u(t), e(t), p(t)) satisfies the following
conditions:
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(1) t+— (u(t),e(t), p(t)) is absolutely continuous from [0, T into BD(w) x L*(w; ngxmz) X Mp(w U yyg; Mg;;nz) and
u(0) = ugp, e(0) = eg, and p(0) = po; B B
(ii) for every t € [0, T] we have (ii(t),e(t), p(t)) € Agr(w(1)), 6 () € X(w) N K, (w), divyy6(t) =0 in w, and
[ovsw] =0o0n yy;
(iii) for a.e. t € [0, T'] there holds

Mo (p(1) =(a(1), p(1)). (7.31)
Moreover, 6(t) = o (t) =0 for every t € [0, T].
Proof. Condition (i) follows from Remark 6.7. By condition (b1l) of Theorem 7.13 and the convexity of K, we deduce

condition (ii).
By property (b2) of Theorem 7.13 and Proposition 7.8 we have

Hy(50)) = (6.0, HO)+ 5600, f0) - / oL (1) 61 (1) dx

2
. 1 .
e (BD)) + 5{6:0). (1) / o1 (1):éL () dx
2
1 .
H,o (p(1)) — E/&(z) Lé(1) dx —/ol(t):él(t)dx, (7.32)
w 2

where the last equality follows from (7.10) with ¢ = 1 and from the fact that o (¢) € @ (£2), div,/ divy 6 (f) =0 in w,
and w3(¢) = 0 for every ¢ € [0, T]. On the other hand, we have

He(p(0) =H, (p*®) + Hr (p° ). (7.33)

By the Fubini Theorem and Jensen’s inequality we deduce

H(pn) = f / (P() +x3p%(1) — é1.(1)) dx’ dixs

1 wUyy

1
2
> / Hr(/(lja(f)-l-xﬂéa(t)—éJ_(l))dXS) dx’

wUyy _%
= [ o)ay = (5 0) (7.34)
wUyq
for a.e. € [0, T']. Setting
o) = p P

for a.e. t € [0, T'], we have that the measure ﬁs ) + x3 ﬁ(t) on w U yy is absolutely continuous with respect to A(¢)
for every x3 € (—%, %), so that we can write

oo (AP0 | dp©)Y, e
p’@) = ( an0 +x3 G )A(r) ® L.

Therefore, by the Fubini Theorem and Jensen’s inequality we obtain

dp*(t)  dp*()
F(P) = f/ (dk(t) X3 d/\(f))dx(z)d;g

—1 oy
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1
2

dp*(ty — dp*()
> / H(/ <dx<r) MRYe )d“) o
1

wUyq _1

B dp’ (1) s

= / H,( 0 )dm) =M, (p° (1)) (7.35)
oy

for a.e. t € [0, T]. Combining (7.32)—(7.35), we deduce that

—%(é Qr(e(n) + Qr(ej_(t))) = —11—2 G(1):e(tydx — /tu(t) téy(t)dx >0.
3 2

In particular, this implies that

1 1
52 () + Qr(er ) < 52 (60) + Qs (e ) =0.
hence ¢(r) =0 and e, (r) = 0 for every ¢ € [0, T]. This, together with (7.32)—(7.35), yields (7.31). O

In this last proposition we consider a quasistatic evolution (u(?), e(¢), p(¢)) with “out-of-plane” boundary datum
and initial data and we prove that the triple given by the normal component of u(¢) and the first order moments of e(¢)
and p(¢) is a two-dimensional quasistatic evolution in w in the sense of [ 13, Definition 4.1]. To this purpose, for every
w3 € W22 (w) we define the class /lKL(w3) as the set of all triples (v, f, g) € BH(w) X L*(w; ngxn%) X Mp(w; Mfyxn%)

such that D?v = —(f+qg)inw,v=w3zonys,andg =(Vv—Vwz)® Vs H! on Yd-

Proposition 7.17. Assume the function H to be homogeneous of degree one, i.e.,

HQO\E) = |MH(E) forevery R, £ e MY (7.36)

sym *

Let t — w3 () be absolutely continuous from [0, T into W*%(w) and let

_ /
w(t,x):= < XZZZB)(;,’)X )> foreveryt €[0,T] and a.e. x € §2.

Let (vg, &0, po) € Agz(w3(0)) and let

—x3Vuo(x’ " R
up(x) == ( f}o(x‘?)( )> , ep(x) :=x3eo(x/) forae. x €52, Po = Po ®X3£1.

Finally, let t — (u(t), e(t), p(t)) be a reduced quasistatic evolution for the boundary value w(t) such that u(0) =
ug, e(0) = eg, and p(0) = po, and let o (t) := C,e(t). Then the map t — (u3(t), e(t), p(t)) satisfies the following
conditions:

() t+— (u3(t),é@t), p(t)) is absolutely continuous from [0, T] into BH(w) x L*(w; ngxn%) X Mp(w U yg; Mfyxn%)
and u3(0) = v, é(0) = éo, and p(0) = po;
(i) for every t € [0, T] we have (u3(t), e(t), p(t)) € Axr(w3(1)), 6(1) € X (w) N Ky (), divy divy 6 () =0 in o,
b1(6 (1)) =0 on y,, and (bo(6 (1)), v) = 0 for every v € W>(w) with v =0 on yz;
(>iii) for a.e. t € [0, T] there holds

M (1) = (6(0), p()). (7.37)
Moreover, 6 (t) =01 (t) =0 foreveryt € [0, T].

Proof. We first remark that (7.36) implies that the same property is fulfilled by H,. This latter condition is in turn
equivalent to saying that the set K, is symmetric with respect to the origin.

Condition (i) follows from Remark 6.7. By property (b1) of Theorem 7.13 we have that o (t) € IC,(§2) for every
t € [0, T]. Since K, is convex and symmetric with respect with the origin, this implies that 6 (¢) € K, (w) for every
t € [0, T]. All the other conditions in (ii) follow from Theorem 7.13.
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By property (b2) of Theorem 7.13 and Proposition 7.8 we have

. - KX 1 ~ A .
Hy () = (6.0, HO) + 5600, f0) - / oL (): éL () dx

2
1 : . .
< EHr(p(t)) +(o(t),p(t))—f(u(r) e (t)dx
22
- %H,(ﬁ(z)) —/5(:):é(t)dx —/ol(t):él(t)dx, (7.38)
w 2

where the last equality follows from (7.5) with ¢ = 1 and from the fact that o (¢) € ®(£2), div,y6(¢) =0 in w, and
w(t) =0 for every ¢ € [0, T]. On the other hand, by (7.36), Fubini’s Theorem, and Jensen’s inequality we deduce

1

Hr(ﬁ“(t))>f / 3| Hy (5°() +x3p° (1) — e (1)) dx’ dixs
_%wad

1

> / Hr(fX3(15“(t)+x315”(t)—él(f))dm)dX’

1
= EH’ (p*®)) (7.39)
fora.e. t € [0, T']. Setting
A =P )|+ |0

fora.e.t €[0, T] and applying again (7.36), Fubini’s Theorem, and Jensen’s inequality, we obtain

dp*(ty ~ dp*()
A(P) = ffum(dm) X3 dut))d“’)d“

1 wUyq
%
dp’(ty ~ dp*()
> / Hr</X3( 4 () + x3 an(0) >dx3> dA(t)
wUyy _%
—H, (P (1) (7.40)

for a.e. € [0, T]. Combining (7.38)—(7.40), we deduce that

~L(0,E0) + ler) =— [ 50 :éwdx — [ oL ér@rdx >0,
dt
3} 2
In particular, this implies that

Q, (é(t)) + 9 (61_([)) <9 (5(0)) + 9O (EJ_(O)) =0,
hence e(t) =0 and e, (t) = 0 for every ¢ € [0, T']. This, together with (7.38)—(7.40), yields (7.37). O
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