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Abstract

We study a system of nonlinear Schrodinger equations with quadratic interaction in space dimension n < 6. The Cauchy
problem is studied in L2, in H', and in the weighted L? space (x)~'L2 = F(H") under mass resonance condition, where
x)y=0+ |x|2)1/ 2 and F is the Fourier transform. The existence of ground states is studied by variational methods. Blow-up
solutions are presented in an explicit form in terms of ground states under mass resonance condition, which ensures the invariance
of the system under pseudo-conformal transformations.
© 2012 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

We study the system of nonlinear Schrodinger equations:

i0;u + LAu = Avu,

2m 1
o ) (

10;v+ ZMAU = uu”,
where u and v are complex-valued functions of (¢, x) € R x R", A is the Laplacian in R”, m and M are positive
constants, A and p are complex constants, and u is the complex conjugate of u. Here the interaction terms in the
system (1) are quadratic in (u, v). By the standard scaling arguments on (1), the critical function space is H"/>~2,
where H® = (1 — A)_S/ZL2 is the usual Sobolev space of order s (see [3,13,19]). Particularly, L? and H' are critical
spaces for n =4 and n = 6, respectively, from the scaling point of view. Those spaces are also important from the
point of view of the invariance under group of motion. L? is naturally associated with the conservation of charge,
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which follows from invariance under Gauge transform. H' is naturally associated with the conservation of energy,
which follows from invariance under time-translation.
The system (1) is regarded as a non-relativistic limit of the system of nonlinear Klein—Gordon equations

| 1 mc? _
o u— —Au+ —u=—Avu,
2¢2m 2m 2 @)
Wa,v—ﬁAv‘f— 2 V=—uu-,
under the mass resonance condition
M =2m 3)
since the modulated wave functions (e, ve) = (¢ u, €™M y) satisfy
1 -
ZTafuC —idu, — 2—Auc = —e”‘Q(ZM_M)AvCITC,
c*m m

“4)
itc2(M—2m)

92 T 1A = 2
Ve — 10V — —Av, = —e nu,

2c¢2M 2M
where the phase oscillations on the right hand sides vanish if and only if (3) holds, and under the mass resonance
condition (3) the system (4) formally yields (1) as the speed of light ¢ tends to infinity.

The system (2) is closely related to systems studied in [1,7,9] for instance. As regards the non-relativistic limit for
the nonlinear Klein—Gordon equations, we refer the reader to [17,18] and references therein. For recent works related
to the mass resonance, see [12,24,25].

The Cauchy problem for (1) has been studied from the point of view of small data scattering [10,11]. The purpose
of this paper is to study the Cauchy problem for (1) with large data, namely, data which are not necessarily small
enough.

The argument in Section 3 is rather standard. We describe it for convenience of readers. Local Cauchy problem is
studied in L2 and in H! respectively in Sections 3.1 and 3.2 by a contraction argument based on the Strichartz esti-
mates. To extend local solutions we use a priori estimates, which follow from conservation laws of charge and energy.
We show that those conservation laws hold if and only if there exists ¢ € R \ {0} such that > = cjx (Theorems 3.3 and
3.5 below). On the basis of those conservation laws, we prove the existence of unique global solutions in L2 and in H'
regardless of the size of the Cauchy data respectively in Sections 3.3 and 3.4. Local Cauchy problem with the data at
t = 0 in the weighted L? space (x) ™' L?> = F H' is discussed in Section 3.5 under the mass resonance condition, which
ensures the invariance of (1) under Galilei transformations. In Section 3.6 we prove the pseudo-conformal identity and
apply it to the proof of the existence of unique global solutions with data at t =0 in F H'. In Section 3.7, we derive the
virial identity from the energy and pseudo-conformal identities and apply it to the proof of the non-existence of global
solutions of negative energy with data in H' N FH'. Section 4 is devoted to the existence of ground states for (1),
which are defined as minimizers of action integrals for standing waves for (1) at frequency (@, 2w) with @ > 0. The
method of proof depends on Strauss’ compact embedding of the space of radially symmetric H'! functions into L?:
Hr1 C L3 for 2 < n < 5 and on the concentration-compactness argument for n = 1. In Section 5, we prove that the best
constant in a Gagliardo-—Nirenberg type inequality for n = 4 is formulated in a variational setting and characterized
by ground states at frequency (w, 2w) = (1, 2). In Section 6, we prove the existence of threshold on the size of charge
of the Cauchy data for which the corresponding solutions to (1) are global in time for n = 4. Moreover, the threshold
is calculated in terms of the ground states from Section 5. This result is regarded as an analogue to Weinstein’s theory
in the pseudo-conformal invariant case [26,27]. Under the mass resonance condition (3), we present an explicit repre-
sentation formula of blow-up solutions at the threshold by means of the ground states from Section 5. In Section 7, we
study the inverse condition of mass resonance, namely, m = 2M, which reduces the problem of the system (1) to the
corresponding problem of a single equation. We characterize the structure of ground states for a quadratic scalar field
equation, which could clarify how the inverse mass ratio affects the motion of semitrivial standing waves [4,5,14,15].
Existence of stationary solutions to (1) for n = 6 is also discussed in this setting. In Section 8, we study (1) for n =1
in the framework of Lagrangian systems.
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2. Preliminaries

In this section we collect basic notation and lemmas which will be used subsequent sections. We refer the reader
to [2,22,23] for general information. For any p with 1 < p < oo, L? = L?(R") denotes the Lebesgue space on R”.
The usual scalar product on L? or (L?)" is denoted by (-,-). For any p with 1 < p < 0o and any non-negative
integer m, W', denotes the usual Sobolev space of order m built over L?. If p =2, W3" is also written as H™. For
any interval / C R and any Banach space X, we denote by C(/; X) the space of strongly continuous functions from
I to X and by L?(I; X) the space of strongly measurable functions u from / to X such that ||u(-); X|| € L?(I). For
any p with 1 < p < oo, p’ is the dual exponent defined by 1/p + 1/p’ = 1. Forany a, b € R, a vV b = max(a, b). The
Cauchy problem for (1) with data (u(y), v(t9)) = (uo, vo) given at t =ty will be treated in the form of the following
system of integral equations:

t
u(t) =Un(t —to)ug — i [ Un (t — ") av(e")u(t") dr’,

fo
t

) = Unt =0 —1 [ Unnlo =1 )il ()’

4]

®)

where Uy, (t) = exp(i ﬁA) and Uy (t) = exp(i ﬁ A) are free propagators with masses m and M, respectively. A pair
of indices (g, r) with 2 < g, r < 0o is called admissible if 0 < 2/qg =n/2 —n/r < 1 with the exception (n,q,r) =
(2, 00,2).

We use the following Strichartz estimates without particular comments.

Proposition 2.1. Let n > 1 and let (q,r) and (q;, 1) be admissible for j =1, 2. Then the following estimates hold

[UnOe: L9 (R: L) < C[lg: 27
and
|Gy s L2 (1 L) | < € s 195 (1: L)
where tg € R, I C R is an interval with to € 1, G, is the integral operator defined as

t
(Gtof)(t)=/Um(t—t’)f(t’)dt’, tel,
fo

and C is a constant independent of to, I, and f.

We use Proposition 2.1 to obtain local solutions to (5) by a contraction argument. To be more specific, local
solutions to (5) are constructed as a pair of fixed point (u, v) of contraction mapping (u, v) — (@ (u, v), ¥ (u, v)),
where

t
(@, v)) (1) = Un(t — to)ug — i / Un (t — ") (t)u(c') dr’,

fo
t

(W (u, ) () = Up (¢ — to)vo —i/UM(t — ) (') dt’,

Ty

(6)

on a suitable complete metric space of functions on I = [t — T, ty + T'] for some T > 0.



664 N. Hayashi et al. / Ann. 1. H. Poincaré — AN 30 (2013) 661-690

3. Existence of solutions and non-existence of global solutions
3.1. Local existence of H'-solutions

In view of the scaling argument and available results on the Cauchy problem for a single nonlinear Schrodinger
equation with power nonlinearities, it is natural to treat (5) in L? space for n < 4. For any ug, vo € L? we solve (5) in
the spaces

X()=(CNL®)(I; L) NLY(I; L®) forn=1,

X()=(CNL®)(I; L) NLP(1; L") forn=2,
where 0 <2/qgo =1 —2/ry < 1 with rg sufficiently large,

X(I)=(CNL®)(I; L*) N L*(1; L*/"=2) forn >3

on the time interval I =[tog — T, to + T'] with T > 0. The associated norms are defined

w; X(D | = us L°(L?)| v |u; LY(L®)| forn=1,
w; X(D) || = |us L2(L?) | v [lus (L) | forn =2,
w; X (D = |lus L=(L2)|| v [u; LALLM 2)| forn > 3.

Theorem 3.1. If n < 3, then for any p > 0 there exists T (p) > 0 such that for any (ug, vo) € L x L* with |ug; L*|| v
llvo; L2|| < p, (5) has a unique pair of solutions (u, v) € X (1) x X (I) with I = [to — T (p), to + T (p)]. If n =4, then
for any (uo, vg) € L2 x L2, there exists T (ug, vo) > 0 such that (5) has a unique pair of solutions (u,v) € X(I) x X(I)
with I = [ty — T (ug, vo), to + T (ug, vo)].

Proof. We first consider the case n = 1. We estimate @ (u, v) and ¥ (u, v) as
| w.v): X(D] < Clug: L2] +Claw: L' (22)]

< Cllug L2 | + €T3 us LH(L*) |

|9 X (D] < Clugs L2] 4+ €T s L4(1%) |

us L%(L?)]),
u; LOO(LZ) ||

Similarly,
| @G v) = @ (', 0')s XD < CT (' LALZ) [ + o LALZ) ) ([ — ' L2(L2) |
+ o= L (L)),
|9 . v) = () XD | < CT¥A([lu’s LALX) ] +

us LAL)[) Ju = s L2 (L))
We next consider the case n = 2. We estimate @ (1, v) and ¥ (u, v) as

| @, v); X(D)|| < C|luo; L2 + C |[@v; L% (L")

< s 2] 4 €T/ s L (2002 L(L3)

900 XD < Coos 2] 4 €70 1220072 s L(12)]

Similarly,
[0, = @ (' v): XD € TV ([uls L2 4 L0 (120/02)
x (Ju—ws22(L2) ] + Jo— v 22 (L2)]),
1 @, v) —w (', v); X (D) < CT/ 002 ([ Lo (L0 072))|
s L (L2 D) ) = s L (22)]

Note that [[u; L0 (L20/C0=2)|| < ||lu; L90(L70)[|2/ 072 ||y; LO°(L?)||"0~=H/0=2)  We now consider the case n = 3.
We estimate @ (u, v) and ¥ (u, v) as
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|9 v: X(D] < Clug: L2] + Clav: L42(27)|
< Clu 2] + T4z 22(19)]
|9 .0 XD < s £2] + €T s 12(25)]

w1 (12)].
i L2(1).

Similarly,
|9, 0) = @ (0, v): X(D] < TV (Ju's L2(L9)] +
+ o= v L=(L?)]),
|90 =0 () XD < TV (' (L] +

v L2(LO) ) (Ju = u's 22°(2)|

s (L) ) ' £2(22) .

Therefore for n < 3 we have obtained the following estimates:
@@, v); X (D] < Cluos L2 + T |lus X (D ||| v; X (1)
|9 @, vy X (D] < Clloo: L2 + €T |uz x (D) |,
@@, v)— @@ ) X(D| <CTA(|u's XD | + s XD||) (Jlu — s XD | + v — s X (D)
| (u,v) =@ (', v); X(D|| < T4 (|u's XD + |us XD ) |u —u's X (D).

’

),

Then the standard contraction argument on (u, v) — (@ (u, v), ¥ (1, v)) on a closed ball in X (1) x X (I) goes through
by taking 7' > 0 sufficiently small with respect to p > 0 via radius of the ball. This yields the existence and uniqueness
of local solutions on [fg — T, fo + T'] under the size restriction on the radius. The uniqueness of solutions without the
size restriction of the radius follows by a similar argument by taking the size of successive time interval sufficiently
small.

We finally consider the case n = 4. We estimate @ (u, v) and ¥ (u, v) in L2(I; L% as

@G, v): L2(L4) | < CUnOuor L2 (L) | + Clav: L' (L2)]
< C|Un oz L2(LH)] + Cllos L2(LH)] u; L2(L%)
|9 e,y L2(LY) | < €[ UnCyvo: LALY) | + Cllus £2(L2) |

3

Similarly,
@) — o v): L2(LY) | < (s L2(LY) | +
9wy 0 ) L2(24)] < (s (1Y) +

o L2 ) ([l = s L2(LH | + [0 =075 22(27)
us LA(L) ) Ju = s L2(LY)]

For ug, vo we know that Uy, (-)ug, Up (-)vg € L*(R; L*) and therefore the associated norms may be taken arbitrarily
small by taking 7' > 0 sufficiently small. Therefore the contraction argument works on a closed ball in L2(1; L*) with

center at the origin and radius sufficiently small. Then the solution satisfies the integral equations (5) and then belongs
to X (1) by the Strichartz estimates. O

),

3.2. Local existence of H'-solutions

In view of the scaling argument and available results on the Cauchy problem for a single nonlinear Schrodinger
equation with power nonlinearities, it is natural to treat (5) in H'! space for n < 6. For any ug, vo € H' we solve (5)
in the spaces

Y(I)=(CNL®)(I; H)YNLYI; WY) forn=1,

Y(I)=(CNL®)(I; H')NLYO(I; W,)) forn=2,
where 0 <2/qgo =1 —2/ry < 1 with rg sufficiently large,

Y(I)=(CNL=)(I; H')YNL*(I; Wy, ) forn>3

on the time interval [ = [ty — T, to + T'] with T > 0. The associated norms are defined by
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lus Y (D | = |u; L2 (HY) | v |u; LY(WY)| forn=1,
Jus YD = s £(HY) [ v s L9 (W1) | Forn =2,
Jus Y = s L (H) |V s 22 (W) | Forn >3,

Theorem 3.2. If n < 5, then for any p > O there exists T (p) > 0 such that for any (ug, vo) € H! x H! with lluo; H! IV
lvo; H'|| < p, (5) has a unique pair of solutions (u,v) € Y (I) x Y (I) with I = [tg — T(p), to + T (p)]. If n = 6, then
forany (ug, vo) € H' x H', there exists T (1o, vo) > 0 such that (5) has a unique pair of solutions (u,v) € Y (1) x Y (I)
with I = [ty — T (ug, vo), to + T (ug, vo)].

Proof. We first consider the case n < 3. The contraction argument in Y (I) works in the same way as in the proof of
Theorem 3.1 since necessary estimates are those of first derivatives of @ (u, v) and ¥ (u, v), which depend on (u, v)
essentially in a bilinear way. To be specific, we obtain

3

|® @, v); Y(D)| < C|luo; H'| + €T/

w Y|
2

v Y ()|

1w @, vy Y(D| < Cllvos H'| + T4 |u; ¥ (1)
|o@,v) =@ v); Y| <cT' ™ (|u's Y (D] + |
| @, v) =@ (', v); Y(D|| <CT™4(|u'; Y (D] + |

v YD) (=5 Y (D] + v =5 YD),
w; YD) Ju—u's YD,

from which the conclusion follows for n < 3. We next consider the case 4 < n < 6. In this case the pair
(4/(n —4),n/2) is admissible and the corresponding dual is given by (4/(8 — n), n/(n — 2)). As for the estimates on
the Duhamel terms, the following bilinear estimate plays an essential role:

Jaws L5 (1 W )| € CTY2 s 11 )|

n

v; L(I; W21n/(n—2)) |-

Then the conclusion follows in the same way as in the proof of Theorem 3.1. O
3.3. Global existence of L*-solutions

Let n <4 and let (4, v) € X(I) x X(I) be the unique pair of local solutions of (5) given in Theorem 3.1. Then in
the same way as in [20], we have

t
lu(ey; 2] = [uo: 2| +21m / (ho(t). (1)) dr',
4]

t
Jotoys 22 = Juos 22 + 21m [ (). () e
0]

for all ¢ € I, where the last integrals of the right hand side are understood to be a duality between L9(/; L") and
LY (I; L"). For the conservation law of total charge it is natural to consider the following condition:

There exists a constant ¢ € R\{0} such that A = c[z. @)

In fact, we have

Theorem 3.3. Let n < 4 and let . and p satisfy (7). Then the unique pair of local solutions (u,v) € X(I) x X(I) of
(5) given by Theorem 3.1 satisfies the following conservation law for all t € 1

Juy: L2 + elooys 22 = fuo: L2 + efues 221
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We now state the existence and uniqueness of global L? solutions on the basis of the function space X (R):
X(®R) = (CNL®)(R; L) N LE (R; L®) forn=1,
XR)=(CNL®)(R; L)) N L] (R; L") forn=2,
where 0 <2/qg =1—2/r < 1 with r sufficiently large,

X(R)=(CNL®)(R; L*) N L}, (R; L°) forn=3.

loc

Theorem 3.4. Let n < 3 and let A and p satisfy (7) with ¢ > 0. Then for any (ug, vg) € L?x L2 (5) has a unique pair
of solutions (u,v) € X(R) x X (R). Moreover,

oy L2+ effuy: 22 = Juo: 2] + efJuo: 2]
forallt e R.

Proof. The theorem follows from Theorem 3.1 and Theorem 3.3 by the standard continuation argument of local
solutions. O

3.4. Global existence of H'-solutions

Let n < 6 and let (u,v) € Y(I) x Y (I) be the unique pair of local solutions of (5) given by Theorem 3.2. Then in
the same way as in [20], we have

t
IVu): L2 = | Vup: L2[? — 2mRe / (o (r)). 3 (u?) (1)) dr',

fo
t

Vo) L2 = | Voo: L2|> — 4M Re / (i (¢'), dyu(t')) i’

0]
for all ¢ € I. Therefore we have

Theorem 3.5. Let n < 6 and let A and  satisfy (7). Then the unique pair of local solutions (u,v) € Y(I) x Y(I) of
(5) given by Theorem 3.2 satisfies the following conservation law for all t € 1

1 c
S| Vu: L2 I*+ AL I? + Re(r(v(@), (1))

1 c
= 5= Va0 L2 + 12 [ Ve L2 4+ Re( (vo. u)).

We now state the existence and uniqueness of global H I solutions on the basis of the function space Y (R):
YR) = (CNL®)(R; H') N Ly (R; WY) forn=1,
Y(R) = (C N LOO)(]R; Hl) N LZ)C(R; er) forn =2,
where 0 <2/q =1 —2/r < 1 with r sufficiently large,

YR) = (CNL®)(R; H') N L, (R; Wgn/mfz)) forn > 3.

To obtain an a priori estimate of solutions in H! x H', it is convenient to introduce the following functionals

0. ¥) = |é: L2|* +¢|| s L?|,

1
K@) =5 || Ve 2P+ | vy L2

P(¢, V) =Re/¢2wdx

2
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and

oo =inf{Jo(p,¥); (b, ¥) e H' x H'},

where
Jo(¢.¥) =K. ) Q(¢. )"/ P(I9]. [¥1).
Lemma 3.6. Let n =4 and let m, M, ¢ > 0. Then there exists a constant Cy > 0 such that

P(1¢l, 1) < CoK (191, 1¥ 1) Q (191, 1) '~ < CoK (¢, ¥) Q(¢p, ¥)'/?
forall (¢, ¥)e H' x H'.

1/2

Proof. By the Gagliardo—Nirenberg inequality:
lo: 23] < cl[ve: L2 lg: 2],

we obtain
P(1¢l, 1v]) < C?||Vigl; L?|
AM 13 /4 1/6
<C3(2mK(|¢|,IIIII))Z/SQ@,1//)1/3<TK(|¢|,|¢|)) (;Qw,w))

= C3(16m*M)' P 2K (1], [v ) Q¢ ¥)V/2. O

4/3 2/3

Il L2 [ w1l L2 1wl 2]

Theorem 3.7. Let n < 4 and let } and w satisfy (7) with ¢ > 0. If n < 3, then for any (ug, vo) € H' x H', (5) has a
unique pair of solutions (u, v) € Y (R) x Y (R). If n = 4, then for any (ug, vo) € H' x H with

I Q o, v0)'/? < &g
(5) has a unique pair of solutions (u,v) € Y (R) x Y(R).
Proof. By the standard continuation argument, it suffices to obtain a priori estimates on H' norms of « and v. By the
following Gagliardo—Nirenberg inequality
6 1-n/6
Io: 2] < € vs L2 o 12,

we estimate the interaction term in the energy as

.62, 0) | < 1C3 [ Vais L2 s L2272 | wws L2 o 2]
n/12 1/2—n/12
< |A|c3<2mK)”/6Q1‘”/6(4—MK> <1Q>
C C

=M (16m>M)" 212K (u, v) Qu, v)3/>
= 1MC3 (16m* M) 212 Q (g, v > K (u, v)",

where we have used the conservation of charge. If n < 3, then n/4 < 1 and the interaction term is dominated by an
arbitrarily small constant multiple of the kinetic term of the form

eK (u, v) + C Qug, vg) "/,
which implies the required a priori estimate. If n = 4, we estimate

A(u?, v)| < AP (Jul, [v]) < (1A]/00) Q (w0, v0) /* K (u, v)

by Lemma 3.6 and the required a priori estimate follows if the coefficient to K (1, v) is less than 1. O
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3.5. Galilei invariance of local solutions under mass resonance

Throughout this section we assume that M = 2m and the mass in the second equation is denoted by 2m. For the
free propagator U, (t), we introduce the standard generator of Galilei transformations as

t t
In = In(0) = Un()xUp(—t) =x +i1—V = My, (1)i =V My, (—1),
m m
where My, (t) = exp(i3; |x|%), t # 0. Then we have at least formally

I () = M (015 (Mo (=)0 - M (—1)0)

- <M2m (t)iiVMzm(—t)v>12 _ v(Mm (t)iiVMm(—t)u>
m m
=2(Jp V)it — vIu
and
o () = Mo (1) ﬁV(Mm(—t)u)z —uM,, (t)i%VMm(—t)u -

For any ug, vp € L? with J, (to)uo, Jom (t9)vo € L? we solve (5) in the space Z,, (1) x Zyy, (1), where
Zn(D={ueXU); Jyue X}, I=[to—T,1o0+T], T>0
with norm
lu: Zw(D)| = ||u; XD | V || Tnus X (D).
Theorem 3.8. Let n < 6 and M =2m. If n <5, then for any p > 0 there exists T (p) > 0 such that for any (ug, vg) €
L? x L?* with (Jy (to)ug, Jom (t0)vo) € L? x L* and
luo: L2| v || Jn (t)uos L] v [vo: L2 v || Jom (t0)vos L*|| < p

(5) has a unique pair of solutions (u,v) € Zy(I) X Zoyy(I) with I = [to — T (p), to + T(p)]. If n = 6, then for any
(ug, vg) € L? with (Jm (t0)ug, Jom (to)vg) € L? there exists T (1o, vo) > 0 such that (5) has a unique pair of solutions
(u,v) € Z (1) X Zop (1) with I = [to — T (uo, vo), fo + T (uo, vo)].

Remark 3.1. Theorem 3.8 ensures the existence of local solutions of (5) which leave the domain of Galilei generators
invariant. In the case fy = 0, the theorem is regarded as a smoothing effect of solutions in terms of Galilei generators.

Proof of Theorem 3.8. Let (u,v) € Z,,(I) x Zoy,(I) for I =[to — T, ty + T] with some T > 0. We apply J,,, (¢) and
Jom (t) to @ (u, v) and ¥ (u, v), respectively and use

T Vi) = 2(J20)il — VT ity Jo (4?) = udpu.

Then by a similar argument to that of proof of Theorem 3.1, we prove Theorem 3.8. O
3.6. Galilei invariance of global solutions under mass resonance

As in Section 7, we assume that the mass resonance condition M =2m. Let n < 6 and let (u, v) € Z,,(1) X Z2,, (1)
be the unique pair of local solutions given by Theorem 3.8. Then in the same way as in [20], we have

t
| Jn@ue); L2 = || I (t0)uo; L?|* +21m / (A () i) (8), T ($)u(s)) ds,
1

0
t
| J2m Y0 (0); L2 = || Jam (t0)v0; L2||* +21m / (1o () (u?) (5), Jam ($)0(s)) ds
fo

forallt € I.
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Theorem 3.9. Let n < 6 and let M = 2m. Let A and p satisfy (7). Then the unique pair of solutions (u,v) € Z,,(I) x
Zom (1) of (5) given by Theorem 3.8 satisfies the following identity for all t € 1

| I Oue); L2|* + ¢ || Jam ()0 (0); L?|* + %ﬂRe(x(v(t), W2(1)))

t
= || I to)uo; L2 + | Jam (t0)vo; L*|* + %tg Re((vo, uf)) + 4% f sRe(A(v(s), u?(s))) ds.

0]

Proof. For simplicity, we give a formal calculation for the proof. Actual proof requires a regularization procedure,
see [2,8]. We compute by the condition (7)

ImA(Jm(vﬁ), Jmu) + cImM(sz (uz), szv)
= 2ImA(Jam v, i) — I A (v, (Ju1t)?) — e Im T (Jamv, e

2
t t
=ImA(Jamv, udmu) —ImAr(v, (Jpu)?) = —1 + —1I,
mA(Jomv, udyu) —Im (v(mu)) m +2m2
where

I = Re(—ZA(xv, uVu) + A(Vv, xuz) +4r(v, ux - Vu)),
1 =Im(A(Vv, uVu) + 2x(v, (Vu)?)).

Then I is written as
I = Re(ZA(xv, uVu) + A(Vv, xuz))
= Re(k(xv, V(uz)) +A(x -V, uz)) =-—n Rek(v, u2),
while 11 is written as
1 =Im(A(Vv, uVu) — 20(Vv, uVu) — 21 (v, uAu))
l 2 - _
= 3 Imk(Av, u ) + 2ImA(Au, uv)
= —2mRe A (v, u?) — 4m Re A(du, iiv) = —Zm% Re (v, u?).
Therefore, we obtain

| I Oue); L2 + ¢ || Jam )v(0); L2|* = [ Imo)uo: L2 = || Jam (t0)v0; L2

! 2
:f(iI + S—211) ds
m m

0]
| [ d
_ _f<_d—(2s2 Re (v, uz)) + (4 —n)sRei(v, u2)> ds,
m S
0]

which is the required identity. O

We now introduce
ZnR) ={ue XR); JyueX®)}.
Theorem 3.10. Let n < 4 and let M = 2m. Let A and . satisfy (7) with ¢ > 0. If n < 3, then for any (ug, vo) € L? x L?

with (J, (to)ug, Jom (to)vo) € L?x L2 (5) has a unique pair of solutions (u, v) € Z;,(R) x Z2p,(R). If n =4, then for
any (ug, vg) € L? x L? with (i (t0)uo, Jom (to)vg) € L% x L? and
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I11Q(uo, vo)'/* < g
(5) has a unique pair of solutions (u, v) € Z;,;,(R) x Zy, (R).

Proof. By the standard continuation argument, it suffices to obtain a priori estimates on || J,,u; L?|| V || Jamv; L?|. If
we notice that

m 2m

2 2
s 2217 el L2 = L (9t s 2174 90510 217 = 2k (ot vt ),

(v, uz) = (Mflv (M_lu)z),

2m m

then an analogous argument to that of Section 6 implies the theorem. 0O
3.7. Non-existence of global solutions with negative energy under mass resonance

In this section we assume mass resonance condition M = 2m. Let n < 6 and let (u,v) € (Z,,(I) X Zy,(I)) N
(Y(I) x Y (1)) be the unique pair of local solutions given by Theorems 3.2 and 3.8 with data (ug, vo) € H I'x H!
at t = to satisfying (J,, (to)uo, Jam (fo)vo) € L? x L%, where I is the intersection of time intervals in Theorems 3.2
and 3.8. From now on, we take fo = 0 for simplicity. The corresponding pair of local solutions (i, v) satisfies the
virial identity:

Theorem 3.11. Let n < 6 and let M = 2m. Let A and p satisfy (7). Let (ug, vo) € H! x H! satisfy (xuo, xvg) €

L? x L? and let (u,v) € (Zu(I) X Zoy(I)) N (Y(I) x Y(I)) the corresponding pair of local solutions given by
Theorems 3.2 and 3.8 with ty = 0. Then

||xu(t); L? ||2 + c”xv(t); L? ||2 = ||xu0; L? ||2 + c||xv0; L2”2 + Pyt + %Eot2

t
+ 22 - s)(iuws); L2 + |V L2H2> ds
m 2m 8m
0

forallt € I, where

Py= 3 Im(Vuo, xug) + < Im(Vwg, xvp),
m m
1 2 c 2
Eoz%”Vuo;Lz” +%||VUO;L2H +ReA(vo, ud).

Proof. For simplicity, we give a formal calculation for the proof. Actual proof requires a regularization procedure,
see [2,8]. We compute

%(”xu; L2”2 +c||xv; LZHQ) = ZIm(iatu, |x|2u) + ZCIm(ia,v, |x|2v)

2 c
= —Im(Vu, xu) + —Im(Vuv, xv),
m m
where the last two terms are rewritten as

2 1 2 2 ! 2
ZIm(Vu,xu) = —;(H Jnlt; L? || — qu; L? || ) + ) || Vu; L2|| ,
c c 2 2 ct 2
%Im(Vv,xv) = —;(” Jomv; L? || — Hxv; L? || ) + o) ||Vv; L? || .
Therefore we obtain by a direct calculation
d2
dr?

4 —
a s 2P el 2Py = 2y 4 220

1 c
(g9 2 + g |9 22

where we have used Theorems 3.5 and 3.9. This proves the theorem. O
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Theorem 3.12. Let 4 <n < 6. Let M, m, A, u satisfy M = 2m and (7) with ¢ > 0. Let (ug, vo) and (u, v) be as in
Theorem 3.11. Then the maximal existence time for (u, v) is finite in the following cases:
Ep <0, )
Eo = 0, P() < 0, (9)

where Eo and Py are as in Theorem 3.11.
Proof. The theorem follows from the virial identity in Theorem 3.11 in the standard way. 0O
4. Existence of ground states

In this section we always assume (7) with ¢ > 0. The purpose in this and subsequent sections is to study the
existence of nontrivial standing wave solutions to (1) and related problems. It is therefore natural to exclude the trivial
case (A, u) = (0, 0). From now on we always assume that A = ¢t with ¢ > 0, > # 0, u # 0. Then it is convenient to
rescale (u, v) by introducing new functions (i, v) defined by

~ c /1 - A 1
u(t,x)z\/;|u|u<t, %x), v(t,x)=—§v<t, %x>,

which satisfy

{lB,u—i—Au:—Zvl;, (10)
10,0+ kA= —0u",

where k = m /M is the mass ratio. We look for standing waves for (10), which are periodic in time and well localized
in space. Comparing frequencies in monochromatic wave factors on both sides of (10) we expect that (10) has a pair

of solutions of the form

{ (2, x) = €'y (x), an
01, x) = € p (1),
where w > 0 and a pair of real-valued functions in R" satisfy
—A¢y + 0po =2V b,
_ 32 (12)
—K AV, + 20, = ¢,

We study the existence of solutions to (12) as ground states that minimize the associated functional I,, among all
non-zero solutions of (12) given by

1
1o 9) = 5 (1965 L2+ ]9 ws L2 )+ 5 (s L2 + 2w 22P) - [ 9w
To be more specific, we introduce:

Definition 4.1. A pair of real-valued functions (¢o, ¥o) € H' x H' is called a ground state for (12) if
Lo(¢o, Yo) = inf{Lu(®, ¥); (¢, ¥) €Co},
C,= {(d), v) e H' x Hl; (¢, ) is a nontrivial critical point of Iw}.

The set of all ground states for (12) is denoted by G,,,.

We also introduce the following functionals associated with (12):

0@, ) = |¢: L2 +2|v; L?
K¢, ¥) = | Ve; L2|* + x| Vs L2
Ko($, V) =K (p, %)+ 00(p, V),

2

2
)
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P(¢,w>=f¢2wdx,

Ru(d, ) = Ko (@, ¥)/ P (g, ¥)*/°,
J(p, %) =K (@, v)0@, )2/ P(¢, ¥).

673

Due to the scale change introduced in this section, the functionals for (12) differ from the corresponding functionals
in Section 6 up to constant factors. It causes no confusions as far as the above functionals are used for (12) and the

corresponding results for (5) are derived by means of the inverse of the scaling.

Definition 4.2. A pair of real-valued functions (¢, ) € H' x H! is called a solution of (12) if

/Vq&-Vudx—i—a)/qbudx:Z/qblpudx,
K/VW-Vvdx—i—Za)/wvdx:/.qbzvdx

for any u, v e Cg°(R").

Remark 4.1. This is the definition of weak solutions in the sense that those functions satisfy (12) in the distribution
sense. By a density argument and the Gagliardo—Nirenberg inequality in Theorem 3.7, it is equivalent to take H'
as a space of test functions instead of C3°(R") if n < 6. Weak solutions (¢, y) satisfy I (¢, ¥)(u,v) =0 for any
(u,v) € Cgo (R™). By the standard elliptic regularity theory (see [2] for instance), weak solutions satisfy u, v € H™

for any m > 1 if w > 0 and are regarded as strong solutions.

Theorem 4.1. Let (¢, ) be a solution of (12). Then

Ko, ¥)=3P(¢. V),
P(¢p. ) =21,(9. V),
Ro(¢.¥) =2'731,(0, )",
K. ¥) =nly(¢. V).
00, ¥) = (6—n)lu(e, V).

Proof. By the definition of [, we have

1 1
EK(d)’ v) + EwQ(dh V) = P@. ) =1,(¢,¥),

from which we obtain

K(p,¥)+wQ(p,¥)—3P(¢p,¥) =0,
since 1, (¢, ¥)(¢, ) = 0. The Pohozaev identity

— 1,6,¢,6 =0
anl (8,9, 0 ¥)

with (8, f)(x) = f(x/)\) implies

-2 1
”TK@, ) +n<5wQ(¢, ¥)— P(g. w>) =0.

Then the identities of the theorem follow by combining those equalities.

Corollary 4.2. Eq. (12) has no nontrivial solutions if (n — 6)w < 0.

Proof. By (16), we have 1,(¢, ¥) > 0. By (17), we have Q(¢, ¥) <O0.

(13)
(14)
15)
(16)
A7)
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Remark 4.2. By (17) and the definition of ground states for (12), the charge Q(¢, ¥) of a ground state is independent

of choice of ground states. In particular, a solution of (12) with minimal charge is a ground state.

Proposition 4.3. Let (¢1, Y1) be a ground state for (12) with w = 1. Then (¢, ¥,,) with o > 0 defined by

(60 (), Yo (x)) = (01 (Vox), 0¥ (Vx))

is a ground state for (12). Moreover,
0o Yu) = 0”20 (@1, Y.

Proof. The proposition follows by a straightforward calculation. O

Remark 4.3. The charge of a ground state is independent of w for n = 4.

We consider the following scaling transformations:

e Scaling of amplitude: (¢, V) — (a¢,ay), a > 0.
e Dilation: (¢, ¥) — (89, 8¢), (8 f)(x) = f(x/1),l>0.

e Symmetric-decreasing rearrangement: (¢, V) — (¢*, ¥*).

The functionals introduced in this section satisfy the following properties under scaling transformations. For general

information on the symmetric-decreasing rearrangement, see [16] for instance:

Q(ag.ay) =a’*Q(, V),
K(ag.ay)=a’K(p, ),
Ko(ag,ay) =a*Ko (9, ),
Pag.ay) =a’P($, );
Q1. 81) =1"Q(, V),
K&, 819) =1""K (., V),
P19, 89) =1"P(p,¥);
0(¢*, ¥*) = 0. V),
K(¢* . v*) <K@, ).

Ko (6%, ") < Koo, ¥),
P(¢*, v*) = P(¢, ¥);
Ro(ag,ay) = Ru(¢. ).
J(ag.ay) = J(p.¥):;
T, 89) =1"*"2T (¢, ¥);
Ro(¢*,¥*) < Ru(®. ¥),
J(¢*, ¥*) < T (@, ¥).

Below we use the following characterizations of critical points of R, and J:

e (¢, ) is acritical point of R,,:

if and only if (a¢, ayy) is a critical point of R, for all a > 0,

if and only if (a¢, ay/) is a critical point of R, for some a > 0.
e When n =4, (¢, ) is a critical point of J:

if and only if (ad;¢, ad; ) is a critical point of J for all a,/ > 0,
if and only if (ad;¢, ad;y) is a critical point of J for some a,l > 0.

(18)

19)

(20)

2n
(22)

(23)
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To prove the existence of ground states for (12), we prepare

Lemma 4.4.
CoCP where P =|(p,¥) e H x H'\ {(0,0)}; P(¢,y) >0}, (24)
Bo =inf{Ry,(¢.¥): (¢.¥) € P} >0 forn<e, (25)
1/1 0\
inf{1,(¢, ¥): (¢,¥) €Co} > §<§ﬂw) . (26)

Proof. Proof of (24). Let (¢, V) € Cy. Then 1) (¢p, ¥)(¢, V) = 0 is equivalent to K, (¢, ¥) — 3P(¢,¥) =0 and
therefore P (¢, ¥) = (1/3)Ky,(¢p, ) > 0.

Proof of (25). By the following Gagliardo—Nirenberg inequality

for n < 6, we have

o L’ < C|[vgs 2] o 22

2—n/3 1-n/6

P ) < CP| Vs L2|"7 g L2 |7 [V L2 wr: L2

< C K@, )0 (0 Ku(, 1)) T (k7 Kun (8, 1)) 2 (Q00) T Ko, ¥))
= 312172y =3/2450/12, =n/12 ¢ (g )32

and therefore by Ry, (¢, ¥) = Ko, (#, )/ P (¢, ¥)*/3

B, > C~20 /18173, 1=50/18,0/18 _

1/2-n/12

Proof of (26). Let (¢, ¥) € P. The function

(0,003 1> 119, 19) = 3 K@ 0)1° — P, y)r* <R
has a critical point

Kw(¢7 1//)
3P(o.¥)

to=to(p, V) = >0

with critical value
1/1 3
Iy (t09, toV) = 2 ng(qﬁ, ¥)

at (fo¢, tor) € P, which is the only nontrivial critical point of I, on {(t¢, ti); t > 0} if it exists. This implies that
. (1. :
inf{ 1o (¢, ¥); (@, ¥) €Co} > S| 3nf{Ru(@.¥); 4, ¥)€P}) . D

Remark 4.4. 15(¢, ) = 1 if (¢, ¥) € Cy.
Theorem 4.5. Let n <5 and w > 0. Then:

(1) There exists a pair of non-negative radially symmetric functions (¢g, ¥o) € P such that

Ry (¢0, ¥0) = B = Inf{ Ry (9, ¥); (@, ¥) € P}.

(2) Let (¢o, o) be as in Part (1). There exists ty > 0 such that (¢, V) = (top, toV) is a positive solution of (12).
Moreover, (¢, V) is a ground state for (12).
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(3) The set of minimizers of R, is characterized as
{@.v)eH' x H'; Ry(p,¥) =Bo}={Gp, 1) e H' x H'; 1 >0, (§,¥) € G}

Proof. Proof of Theorem 4.5 for 2 < n < 5. Let {(¢;, ¥;)} C P be a minimizing sequence for R,. By (23) we may
assume that ¢;, ¥; are non-negative and radially symmetric functions in H I, We define

~ ~1/2 ~ —1/2
$j= (K@i v)™ P05 = (Ko@) 2y
Then by (18) and (21),
Ko@j ¥ =1,  Ru(®j, V) =Ru(®j, ¥;) = Bu >0,
In particular,
P(dj, V) = Ru(Pj, ¥;)* — g2
Since {(qS s 1/~/ j)} is bounded in H I H!, there exists a subsequence still denoted by {(q; s 1/~/ )} such that
d;j—>¢0, &j—npo weakly in H'

for some (¢, o) € Hr] X Hr], where Hr] denotes the space of radially symmetric H' functions. By Strauss’ com-
pactness embedding H,! C L3 for2 <n <35,

¢~’j — ¢o, ij — 1 strongly in L>.
This yields
P (o, Yo) = lim P(¢~5j, 1/~fj) = ﬂ;3/2 >0,
J—>00
while weak convergence of {(¢ s v }in H U'x H! yields
Kw(¢o,wo)<j1irgoKw(<§j,¢j)= 1.

Therefore

K. (9o, ¥o)
——— < By
P (o, Y0)?/3 P

We conclude that (¢, 1) € PN (Hr1 X H,l) satisfies

Ro(¢0, ¥0) = Bws  Koldo, Vo) =1,  P(go, o) = B,*°,
b; — ¢o. Wj— Yo stronglyin H'.

ﬁw < Ru(¢o, WO) =

This proves Part (1). Since (¢o, ¥o) is a minimizer of R, it is a critical point. For any (u,v) € H Uy H!

d
- Rw(¢0+su,l//0+sv)=0,
ds s=0

which means that

2K (o, Yo)

Wpl(ff’o, Yo)(u, v).

1 , B
W’%(%, Vo) (u, v) =

This yields

2K (90,
K., (b0, Vo) (u, v) = %

2
= 553/31’/@0, Vo) (u, v),

P’ (¢, o) (u, v)
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which means that

2
2/(v¢0 - Vu +k Vg - Vv + o(dou + 2¢ov)) dx = 5,33/3 (2¢0vou + ¢3v) dx.
We now define (¢, ¥) = (fo¢o, towo) with fo = B2/ /3. Then (¢, ¥) is a solution of (12). Since (o, ¥o) is a critical
point of Ry, (¢, V) is also a critical point of R,,. By (15), (¢, ¥) is a ground state for (12). By the maximum principle,
(¢, ) is a positive solution of (12). This proves Part (2). Part (3) follows by the same argument as above. This proves
Theorem 4.5 for 2 < n < 5.

Proof of Theorem 4.5 for n = 1. The argument as above fails for n = 1 due to the breakdown of compactness on the
embedding Hr1 C L3. Instead, we employ a concentration-compactness argument on the functional

1
lo=5Ko =P,

since 1,, satisfies assumptions of the mountain pass theorem in the Hilbert space H' x H'!. We define the mountain
pass value b by

b= inf max Iu(y(1).
r={yec(o,1; H x H'"); I,(y(1)) <0and y(0) = 1}.

Then, we see that b > 0 and that I, has a Palais—Smale sequence (PS); by the Ekeland Principle [6]. Here we give

Definition 4.3. For ¢ € R a sequence {(¢;, ¥;)} C H I'x H'iscalled a (PS).-sequence of [, if

Io(@j, Vi) — c,
|1, v H' x H'| — 0. O

A basic property of (PS). sequences of I, is given by the following lemma.

Lemma 4.6. Let c € R and let {($;,v¥;)} C H' x H' be a (PS).-sequence of 1,. Then
lim K, (¢;,v¥;) =6c,
Jj—00
Lim P(¢;,¥;) =2c.
]4)00
In particular, c 2 0 and ¢ =0 if and only if ¢; — 0, ¥ ; — 0 in H'.

Proof. We first note that K./> is an equivalent norm on H' x H':

(max(1, x, 20)) " * Ko (@, v) 2 < (| H'|* + | s H'|P)"? < (min(1, 6, @) ™Ko@, )/
Let {(¢;, ¥;)} be a (PS).-sequence of . Then
Io(@j, ¥j) — c,
|Ko(@). ¥j) =3P (¢, )| = |1,(¢j. v ) (@) ¥))|
<|o@j v B x HH | [@g v HY x B |
<ejKo(@j. v,
where
e; = (min(1,, )" 1 (7, ¥ H-' x HTY.
We write K, (¢;, ¥;) as



678 N. Hayashi et al. / Ann. 1. H. Poincaré — AN 30 (2013) 661-690

Ko (@i, ¥j) =6(1u(@j, V) —c) — 2(Ku(®;, ¥;) —3P (¢, V) + 6¢
to estimate

|Ku(. ¥ )| <6|lu(@j, ¥)) — c| + 26 Ku(¢), )'/* +6lcl,
which leads to

Ko (@), V)| < 12|1o(@), ¥j) — | +4&5 + 12c].

This implies the boundedness of {K, (¢}, ¥;)} in R as well as that of {(¢;, ¢;)} in H I'x H'. Therefore the lemma
follows from

|P(@j.vj) —2¢| =|(3P (¢, ¥j) — K@), ¥))) + 2(ln(dj. ¥)) — )|
<ejKu(dj, YN +2|1u(¢;, ¥)) — ¢,
|Ko(j, ) — 6¢| = [6(1n(dj, %)) — ) —2(Ku(dj, ¥j) =3P (). ¥)))|
<6|Iu(dj ¥)) —c| +2¢Ku(dj v )Y? O

On the basis of the argument given in the proof of Theorem 4.5 for 2 < n < 5, it suffices to prove

b=inf{1,(¢, ¥); (¢, V) €Co}

forn=1.

Proof of b < inf{l,(¢,¥); (¢p,¥) € Cyp}. Let (¢,¥) € P. Then Yd,p.%) defined by y(1’¢’1/,)(t) = (tlp,tly) €
H' x H" with t € [0, 1] belongs to I" for [ sufficiently large since
1
lo (V.9 (1)) = 5 K@, 9IC1 = P, )1,

AS in the prOOf Of Lemma 44, we haVe
3
I ( (t)) L] (9. ¥)
max = .
R w\V,0,%) 2\3 Ry(®

and therefore

b< inf{trerllg,)i] Lo(Ya.9.0)(D); (@, ¥) € Cw}
:inf{l(lzew<¢,w)>3; <¢,w>ecw}
2\3
=inf{1, (@, ¥); (¢, V) €Cu},
as required.

Proof of b =inf{l, (¢, ¥); (¢, ¥) €Cy). Let {(¢}, ¥;)} be a (PS),-sequence of 1,,. The Sobolev embedding ensures
that H! C Cu, where

Coo = {u eCNL® 1im u(x) =0}.

|x]—00

Therefore for any j > 1 there exists /; € R such that

;D[ + v =] (@), ) L x L

where

El

[ e 03 2% 5 L] = lus 2] + |

v;L°°||.

Then (¢ s v ;) defined by
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G =d;(x+1). Y@ =Y +1))

forms a (PS)p-sequence to /. For simplicity we drop tilde and write (¢;, ¥ ;) for (43 s 1/~/ ). In other words, from now
on we take a (PS),-sequence (¢, ¥;) of I, with

|6, O] +[v; O] = [[ (@), ¥j): L= x L.
We estimate P(¢;, ¥;) as

P@j. ) < |by: L) L]
<l L0 oy 177 s L2177 s L]
<2705 vp| @ vy L X 1|
<2730 K9, ¥ ) (|6 (0| + [¥;(0)]).

By Lemma 4.6, we have

2/3 1/3

).

26 <27 P01 (6b) lim inf (|¢;(0)] + |v;(0)
Jj—oo
which is equivalent to
23w /3 <lim inf (|, O]+ [v;0)]).
]

By the boundedness of {(¢;, ¥;)} in H' x H' we choose a subsequence still denoted by {(¢j,¥j)} and (¢o, Vo) €
H' x H' ¢ Cs x Co such that

¢j — ¢o, Vj— Yo weaklyin H'.
Then, by Rellich’s compactness theorem we conclude that
¢j — ¢o, ¥; — Yo locally uniformly in R.
In particular, (¢g, ¥o) # (0, 0) since
00|+ [wo(@)] = lim (IO +[4;0)) >2'7w/3 > 0.

We now prove that (¢g, ¥o) is a critical point of /,,, which implies that (¢, ¥o) € C,. By density, it is sufficient to
prove that

L,(¢0, Y0) (u, v) =0

for any u, v € C3°(R). By the weak convergence in H ! we have

Koy (j, ¥ ), v) — K, (o, ¥o0)(u, v),

while by the uniform convergence on supp u U supp v, we have

P'(¢j, ¥j)u,v) — P'(¢o, Yo)(u, v).

Therefore we obtain
1., (¢0, Yo) (u, v) = jli>nolo 1, (pj, ¥j)(u,v) =0,

as required. o
Let (¢j, V) = (¢; — ¢o.¥; — Yo). We prove that (¢;, V) is a (PS)p—1, g,y -Sequence of I,. Since
1,,(¢0, ¥0) =0,
Lo(dj + 0. ¥j +v0) = Lo(@j, ¥;) > b inR,
1(@j + b0, ¥ + o) = 1,(@j, ) > 0 in H™' x H™,
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it suffices to prove that
Lo(Pj + b0, ¥ +V0) — Ln(dj, V) — Lo(do, Y0) = 0 inR,
L(; + o, ¥ +v0) — L,(d;, V) — I (do, ¥o) = 0 inH'x H™.
We write
Lo(Pj + b0, ¥ +V0) — Ln(dj, ¥ ) — L(do, Yo)
= f Vo - Vo + wdjpo +k Vi - Vi + 200 v dx — 2/«/3,-¢01/3,- dx — f¢§&,~ dx

—/éfwodx —2/¢3,-¢owodx

to see that the first term on the right hand side of the last equality tends to zero by the weak convergence of <Z> s 1/A/ |
in H'! and that other terms tend to zero since a sequence {ujyC H ! with uj — 0 weakly in H I satisfies ujvg—> 0
strongly in L? for any vo € H'. In fact, for any L > 0

L
2
oo 27 < [ e+ sopfus 2217 sup o]
“r k [x|=L

where the first term on the right hand side of the last inequality tends to zero since u# ; — 0 uniformly on [—L, L] and
the last term tends to zero as L — oo since v € C. In the same way we see that

sup{|(1,(@; + b0, ¥rj + o) — 1, (b, ¥j) — I, (o, ¥0)) (u, v)

This proves that (¢, 1/;) is a (PS)b—1,, (. vo)-Sequence of I,,. By Lemma 4.6, b — I,,(¢o, o) > 0. By the first part of
the proof of the required identity on b, we already know that

b <inf{1,(¢.¥): (¢, ¥) € Co} < Lu(go. o)
since (¢, ¥o) € C,. We have therefore proved that

b=inf{1,(¢,¥): (¢.¥) €Co} = Lu(¢o, Y0).

This completes the proof of Theorem 4.5 for n = 1.

(u,v);H1 xH1||2<l}—>O.

)

Remark 4.5. By Lemma 4.6, qAﬁj — 0, 12/1- — 0 strongly in H! since b — I,,(¢p, ¥o) = 0. This implies that b — o,
¥ — Yo strongly in H'.

Remark 4.6. We can see for any (¢, V) € G, that ¢ has a constant sign and v is positive in R”.
5. Best constant in an inequality of Gagliardo—Nirenberg type in four space dimensions

In this section we consider the best constant of the Gagliardo—Nirenberg type inequality in R*

P(¢,¥) < CK(¢,¥) 0, ¥
For that purpose we define

oy =inf{J (¢, ¥): (@.¥) € P},

where

J(p,¥) =K@, 9)0(, ¥)"/?/P (¢, V),
P={@.y) e (H x H)\{(0.0)}: P(¢.y) >0}

as in Section 4. By Lemma 3.6, we already know that o > 0.
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Theorem 5.1. Let n = 4. Then:

(1) There exists a pair of non-negative, radially symmetric functions (¢g, ¥o) € P such that

J(¢0, Yo) = a1 = inf{J (¢, ¥); (¢, ¥) € P}.

(2) Let (¢, Vo) be as in Part (1). There exist to > 0 and ly > 0 such that (¢, V) = (tod1,P0, 1081, Vo) is a positive
solution of (12) with w = 1. Moreover, (¢, V) is a ground state for (12) with w = 1.
(3) The set of minimizers of J is characterized as

{@.v)eH x H; J(p. ) =ar} ={(t81¢.189) e H' x H'; 1,1>0, (¢, V) € G1}.
For any (¢, V) € G the following identity holds

a1 =20, )2

Proof. Let {(¢;,¥;)} C P be a minimizing sequence for J. By (23) we may assume that ¢;, ¥; are non-negative
and radially symmetric functions in H!. We define

bj =181, Vi =18,
where
=06 U PIK@ v, =K@ '@ v,
so that
K(@j.¥j)=0Q@;. ) =1
and
/P @) j)=1($j. %)) > a.
Since {(¢ s v j)} is bounded in H I x H', there exists a subsequence still denoted by {(p s v )} such that
b; — ¢o. Y — Yo weakly in H'(R?)
for some (¢o, Yo) € Hr1 X Hrl. By Strauss’ compact embedding Hr1 RY ¢ L3RY),
¢ — ¢o, W — o strongly in L*(R?).
This yields
P(¢o, ¥o) = lim P(§;, ) =1/a1 >0,
J—>00
while weak convergence of {((]3./, lﬁ‘/)} in H! x H! yields
K (go. o) < lim K(¢;.))=1.
Q(¢o, Yo) < lim Q(;, ) = 1.
J—>00

Therefore

_K(¢0,¢0)Q(¢0,1ﬁ0)1/2 i 2o
a1 < J (o, Vo) = RS Sjlggol(@,wj)_al.

We conclude that (¢o, o) € PN (H! x H!) satisfies

J (o, Yo) = a1, K (¢o. Yo) = Q(¢o, Yo) = L, P (o, Vo) =1/,
b; — o, Wi — o strongly in H 1(R4).
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Since (¢, Vo) is a minimizer of J, it is a critical point. For any (u, v) € H! x H!

ds

which means that

172
%(1@@0, o) (u, v) +

_ K(@0.90) Q0. ¥0)'"?
P (¢, ¥0)*

J(¢o + su, Yo+ sv) =0,
s=0

K (¢, Yo)
20(¢0, Vo)

P'(¢0., ¥o) (u, v).

0’ (o, o) (u, v))

This yields

1
K'(¢0, Y0)(u, v) + 3 Q' (o, Yo)(u, v) = a1 P'(¢o, Yo) (u, v),

which means that
2/(V¢0 -Vu+«Vip - Vv)dx + /(qbou 4+ 2¥ov) dx = oy /(2¢0¢0u + ¢>§v) dx.

We now define (¢, V) = (alél/ﬁqﬁo, a181/ﬁ1/f0). Then (¢, ) is a solution of (12) with w = 1. Since (¢, Yo) is a
critical point of J, (¢, ¥) is also a critical point of J. By Theorem 4.1, we obtain

K@, ¥)=2P (9, V)
and therefore

J(p, ¥) =20(, ¥)'/%

By the maximum principle, (¢, ¥) is a positive solution of (12) with w = 1. It follows from Theorem 4.1 that any
nontrivial solution (u, v) of (12) with w = 1 satisfies

J(u,v) =232 11 (u, v) /2.
This implies that any nontrivial solution (u, v) of (12) with w = 1 that is a minimizer of J is a ground state of (12)
with @ = 1. By a similar argument to that of the proof of Theorem 4.5, all the statements of Theorem 5.1 follow. O
6. Global existence and blow-up in four space dimensions
In this section we study the global existence of H'-solutions and blow-up solutions in four space dimensions on
the basis of results in Sections 4 and 5. As in Section 4, we consider the rescaled equations of the form

{iatu + Au = —2vu,

27
i8,v+KAv=—u2, @7

where u and v are complex-valued functions of (¢, x) € R x R*. We have assumed that A = cit with ¢ > 0, A #£0,
pw#0in (1) and «k =m/M. As regards the global existence of H I_solutions of (27), Theorem 3.7 is reformulated as:

Theorem 6.1. For any (ug, vo) € H'(R*) x H'(R*) with

Q(up, vo) < Q(¢o, Vo),

where (¢o, Vo) € P is a ground state for (12) with w = 1, the system of Eqs. (27) has a unique pair of solutions
(u,v) € Y(R) x Y(R) with (u(0), v(0)) = (uo. vo)-

Proof. The theorem follows by the same argument as in the proof of Theorem 3.7 under the condition

207 Quo, vo)'? < 1,
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which is equivalent to
Q(uo, vo) <ai/4=Q(¢o, Y0). D

We now write down explicit blow-up solutions by means of the pseudo-conformal transformations. For

A= [Z Z] € SLy(R),

we define C (u, v) = (Clu, C3v) by

(Clu)t. ) 1 o ib|x|? c+dt x
u ,X) = u ) )
A (a + br)? P 4(a + bt) a+bt a+bt

(C2o)t. ) 1 ib|x|? c+dt x
v)(t,x) = ex; v s .
A (a + bt)? P 4k (a + bt) a+bt’ a+bt

Then by a direct calculation we find:

Proposition 6.2. Let n = 4 and let k = 1/2. Then the following statements are equivalent:

(i) (u,v) is a solution of (27).
(ii) C4(u,v) is a solution of (27) for some A € SLy(R).
(iii) Ca(u,v) is a solution of (27) for all A € SL>(R).
Remark 6.1. The condition k = 1/2 is exactly the mass resonance condition M = 2m.

It is also standard to verify the following theorem by a straightforward calculation.

Theorem 6.3. Let n =4 and let k = 1/2. Let (¢o, Vo) be a ground state for (12) with w = 1 given by Theorem 5.1.
For T >0, let

u(t,x)=

1 o xf? .t x
T 1) exp<_’4(T o T —r>>¢°<T —r)’

o o x
v(t, x) = (T —1)? eXp<_12(T—t) "HT(T_;))I#O(T—t)’

which are written as (u, v) = C (e ¢o, €2 yry), where

T -1
A:[o 1/T]

Then (u, v) is a solution of (27) such that:

(i) u,v e C®((—00, T); H®(R*), where H® = (1,5, H".
(i) @(0), v(0)) = (75 exp(=i EF)go (%), A exp(—i EF ) (3)).
(i) Q(0),v(0)) = Q(¢o, Yo) = /4.
Gv) K@), vt) =0T =) ast 4 T.
(v) Re P(u(t),v(t)) =Re [u(t,x)*v(t,x)dx =0T —t)*) ast 1 T.
(Vi) |u@)® +2)v(®)|* = Q(¢o, Yo)8 weakly star in D'(R*) as t + T, where § is the Dirac delta at the origin.

Remark 6.2. The condition of Q(u(0), v(0)) in Theorem 6.1 is sharp for the global existence.
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7. Remarks on the ground states in semitrivial case

If m and M satisfy the inverse condition of mass resonance:
m=2M,
or equivalently x = 2, then (12) is written as

{ —A¢y + 0po =2V b,
—2AY, +20¢, = ¢3)7
where the linear part of the equations is governed by a single operator —A + w. In this case (28) is essentially reduced
to the single equation

—Ado + 0o = ¢, (29)
by setting ¥, = ¢,/2. In fact, we have

(28)

Theorem 7.1. Let 1 < n <5 and let k = 2. Then ground states for (28) are unique up to translations. The unique
ground state is given by (¢, ¢/2), where ¢ is a ground state of (29).

Proof. It is well known that ¢ is characterized as a minimizer of the functional

Ro(@) = (|Ve: 12| +lgs L2[)/]6: 7]
and is unique up to translations. We now recall that

V; L2)1? + 2||Vyr; L2|1? 4+ w(llg; L[>+ 2]1v; L2)1?)

Ro(@,¥) =

(f ¢*v dx)?3
This implies
L\ _ 3 IV L2 +oligs L2 _ 3
R‘”<¢’ 5‘/’) CalB I: L3112 =25 @

which in turn implies

3
fo=inf{Ro(@.¥): (¢.¥) € P} < 7z inf{Ru(9): ¢ € H'\(0}).
We apply the Young inequality

2 1
b< Za¥?+ b
a 3a 3
for a, b > 0 and the Holder inequality respectively in the numerator and denominator of R, (¢, ) to obtain
R 1) > — (VL2 E @l L2 (VY L212 + wlly: L2
w(®, “ 91/3 lp: L3||2 v L3||2

3
> 5175 nf{Ro(#); ¢ € HI\(0}}.

Combining those inequalities, we obtain

3
Po = 51 inf{Ru(9): ¢ € H'\(0}}.

By Theorem 4.5, B, has a minimizer (¢o, ¥o) € P, which realizes the Young and Holder inequalities as equalities.
Therefore ¢pg = 2o and (o, ¥o) = c(¢, ¢/2) for some ¢ € R\{0}. This proves the theorem. O

All those results above fail for n = 6 as far as w > 0 by Theorem 4.1. The only case that we could expect nontrivial
results is restricted to the case where w = 0. Here we do not assume m = 2M. In this case (12) with w = 0 is written
as
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—KAY = ¢7. G0
By changing ¢ by +/x/2¢, (30) is rewritten as

—Ap=2y¢.

oAy =42, 31

which is understood to be a substitute of (28) with @ = 0 for n = 6. New system (31) is essentially reduced to the
single equation

—Ap=¢°, (32)
by setting ¥ = ¢/2, which is understood to be a substitute (29) with w = 0 for n = 6. In fact, we have

Theorem 7.2. Let n = 6. Then ground states for (31) are unique up to translations and dilations. The unique ground
state is given by (¢, ¢ /2), where @ is a ground state of (32) in the space

H'nL?={ueL?(R®); VueL*(R%)}.
Proof. It suffices to consider the problem in the space
(H'nL?) RO ={ueH' NL? u(x)=i(x])},

where # is a radial function associated with radially symmetric function u € H'N L3 Foru e (H' N L3, (R we
define Tu by

(Tu)(t) =e*ii(e'), teR.
Then we obtain
(T Au)(t) = [@"(e") 4+ 5¢"a'(¢")],
(Tw)"(t) = 4(Tu)(t) + ' (T Au)(1).
This implies that all solutions (¢, ¥) of (31) in (H' N L3), satisfy
(T$)" (1) = 4T $)(1) + ' (T(—2¢$)) (1)
=4(T¢)(1) = 2(TY)@)(TP)(1),
2T )" (1) = 8(TY) (1) + > (T (—¢?)) (1)
=8(T)(1) — (T$)1))’.
Namely,
{ —T¢" +4T¢ =2Ty - T,
2Ty + 8Ty = (T$)?,

which is regarded as (28) with w =4 for n = 1. Therefore, the theorem follows if we can show that the map
T:(H'nL3?,R% — H!(R) gives a one-to-one correspondence between ground states of (31) and those of (33)
which follows in general dimensions n > 2 as

(33)

T - (Hl ﬂLG/(n_Z))r(Rn) — Hl(R),
(Tu)(t) = "7 "ii(e"),

—2\?2
Vi 22 @) = o (Jerwrs 2@l + (“52) Jrus 2@)?).

where o,,_1 is the surface area of the unit sphere in R”. O
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8. Remarks on one-dimensional problem as a Lagrangian system
In this section we study (12) in one space dimension of the form

1 _
{ u” + wu =2vu, (34)

—kv" + 200 = u?

and regard (34) as a Lagrangian system by taking x as the time variable. We already know the existence of ground
states (u, v) for (34). Moreover, u# and v are positive and even functions in H 2, Particularly, (#’(0), v'(0)) = (0, 0)
and

(u(x), v(x)), (u'(x), v'(x)) > (0,0) asx — Foo0.
Moreover, (34) has the following conserved quantity
S0 + () = 2 +20%) u
with respect to x, which is identically zero since it vanishes at infinity. Since (1’ (0), v’ (0)) = (0, 0) we have
—%(MZ(O) +20%(0)) + u2(0)v(0) = 0.
We prove that
—%(uz(x) + 2v2(x)) + uz(x)v(x) <0
for all x # 0, or equivalently, (u(x), v(x)) € £2,, for all x # 0, where
2,=1(s,0) €eR?; 5,10, —%(s2 +22) + 571 < 0}.

We also set

Fj: (s,t)eIR{z; +5>0, >0, —%(s2+2t2)+s2t=0}

w 2w
=1, NDeR; 1>—, s=+ tt
(s: 1) >2 y 2t—a)}

If there exists xo > 0 such that (u(xo), v(xo)) € I,}, then (&' (xp), v'(x0)) = (0, 0) and
u” (x0) = wu(xo) — 2v(xp)u(xo) <0,

since ws — 2st = (w — 2t)s < 0 for any (s,1) € FJ. Two pairs of functions (x4, v+ ) defined by
u+(x) =u(E£x + xp), v (x) = v(Ex + xg)

satisfy (34) and
(4+(0), v+(0)) = (u(x0), v(x0)) and (u’(0), v} (0)) =(0,0).

By the uniqueness of solutions to the Cauchy problem of (34) with dataat x =0, wehave u; =u_ =u, vy =v_ =v.
Therefore we conclude that (u#, v) is a non-constant periodic solution of (34) connecting (0, 0) and (u(xo), v(xg)),
which contradicts that (u(x), v(x)) — (0, 0) as x — £o0. We have proved that (u, v) € A, where

Aw={w,v) e H x H'; (u(0),v(0)) e I}, (u(x),v(x)) € 2, for all x # 0}.
We set

Vo = inf{]w(u, v); (u,v) € Aw}.

Moreover we have
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Theorem 8.1. Let n = 1 and let k, w > 0. Then
gw == {(”a 'U) € Aa)a Iw(ua U) == ]/w} U {(l/l, U), (—M, U) S va Iw(u’ U) = Vw}
To show the above result, it suffices to show

ywzinf{lw(u,v); (u,v) eCw}. (35)

By the above argument, we have y,, < inf{/,(«, v); (u,v) € C,}. To show the reverse inequality, we will show that
Y 1s attained by a solution of (34).

Before giving a proof of the existence of the minimizer, we remark that I, (u,v) = [ (%((u’ )2 4+ k@)?) —
V(u,v))dx, V(x,t) = —%(s2 + 2%) 4 s%¢ and the integrand is always non-negative for (u,v) € A,. Moreover
we have

Remark 8.1. For P € I',[, we consider the following minimizing problem

Yo,p = inf{I,(u,v); (u,v) € Ay, p},

where

Aw,p={,v)e H x H'; (u(0),v(0)) = P, (u(x),v(x)) € £2, for all x #0}.
Then y,, p does not depend on P € F(j‘. In fact, suppose Py, P; € FJ and let (u,v) € A, p,. For a curve (¢, c2) €
C'([0, 11, ;) joining Py and Py and for n € N, we set (ii,,, U,) by
- . (c1(|x|/n), ca(lx|/n))  for |x| € [0, n],
(iin (x), Up(x)) =
(u(lx] —n),v(|x| —n)) for |x| € (n, 00).
Then we have
| 1
I, @iy, Uy) = — /((0’1)2 + K(C/z)z) dx + I,(u,v) = I,(u,v) asn— oo.
n
0
Perturbing (i, V), we find a (uy, v,) such that (u,(x),v,(x)) € £, for all x # 0, i.e., (un, vy) € Ay, p,, and
Ioy(up, vy) — Iy(u,v) as n — oo. Thus we have y, p, < I(u,v). Since (u,v) € A, p, is arbitrary, we have
Yo.Py < Yo, p,- Replacing Py and Py, we deduce that y,, p, = Yw,p, - Thus, ¥, p does not depend on P € I,

In particular, we have y, = y, p for all P € T a‘)" . We also note that I Cj’ is unbounded and y,, has an un-
bounded minimizing sequence. Indeed, for any sequence P, € I',\, we can find a sequence (u,, vy) € A, such that
(un(0), v,(0)) = P, and 1, (1, v;,) = Y. Thus minimizing sequences for y,, do not have convergent subsequence in
general.

To show the existence of a minimizer of y,,, we use an idea from Rabinowitz and Tanaka [21]. We set
Q= {(s, 1) € R%; —%(s2 +22) + 57t < 0}.
We easily see that aﬁw ={0,00}ur J U I'". We introduce the following auxiliary problem for A € [0, 1]:
w+ A
2

Vils, t) =— (52 + 2t2) + szt,

v 1
J(u,v) = / (E((u’)2 + K(U/)z) — Vi(u, v)) dx,

—00

cp= inf_ J,(u,v),
(u,v)eA,

where

Ay ={@,v)e H x H'; (u(0),v(0)) € [} U, and (u(x), v(x)) € 2, for all x > 0}.



688 N. Hayashi et al. / Ann. 1. H. Poincaré — AN 30 (2013) 661-690

First we remark
Lemma 8.2. For A € [0, 1], we have:
1) ¢, =1infy vyea, I (u,v). In particular, co = V.

(i) If c; is attained in A, then there exists a minimizer (u, v) in Ag,. Moreover it satisfies the following properties
in (0, 00)

—u" + (0 + MNu =2uv, (36)
—kv" +2(w + Vv = u?, (37
%((u/)z + K(U/)z) - w—“(uz + 2v2) +u*v =0, (38)
u(x),v(x) > 0. (39)

(iii) When A =0, if cq is attained, then there exists a minimizer (u,v) € A, and it satisfies (36)—(39) in R. That is,
(u,v) €C,.

Proof. (i) Since A, C /Tw, we have ¢, <infy y)ea, Jo (¢, v). On the other hand, for any (u,v) € /Tw, we have
(lul, |v]) € Ag and J;, (Jul, |v]) < Jy(u, v). Thus we have ().

(i) Let (u, v) € /T be a minimizer of Jj, in /T Since (|u], |v|) is also a minimizer, we may assume u(x), v(x) >
for all x € (0, o). Next we show ux),v(x)) ¢ F+ for all x € (0, 00). Indeed, if (u(xg), v(xp)) € F+ for some
xo € (0,00). Then (i, v) € A defined by (&z(x), v(x)) = (u(|x| + xo0), v(|x]| + x0)) satisfies Jy (i, v) < Jy(u,v),
which is in a contradiction to the minimality of (u, v). Thus, (u(x),v(x)) € .Q for all x € (0, 00) and it implies
that J; (u, v)(hy1, hy) = 0 for all (hy, hy) € Ci°(R). Thus (u, v) satisfies (36)—(37). Since (u(x), v(x)) — (0,0) as
x — 00, we also have (38). (39) can be deduced from the fact that u, v > 0 and (36)—(37). In particular, we have
(u,v) € A,.

(iii) When X =0, (u(0), v(0)) € Faj“ implies (u’(0), v'(0)) = (0, 0), from which we deduce that (u, v) satisfies
36)-39)inR. O

‘We also have
Corollary 8.3.

(1) Yo <cn<cyforall he(0,1].
(ii) lim) 0 ¢y = Ve

Next we show that c,, is attained for A € (0, 1].
Lemma 8.4. For A € (0, 1], there exists (uy, v)) € A, such that J, (uy, v)) = cy. Moreover (u;, v;,) satisfies (36)—(39).
Proof. For A € (0, 1], we have — V) (s,t) > %(s2 +2:%) in SNZw. Thus we have for (1, v) € /Tw

1 A
D) > (s 2 v 20 + 2 (s 22 ). 0

Let {(u, v,)} be a minimizing sequence for c; . It follows from (40) that {(un, v,)}is boundedin H! x H!. Extracting
a subsequence if necessary, we may assume that (u,, v,) — (U, v;) € A weakly in H L 7. By Fatou lemma,
we conclude that J, (u,, v)) < liminf,_, o Jy (14, vy) = cyp. Thus (u;, vy) is a minimizer of J,. Applying (ii) of
Lemma 8.2, we have Lemma 8.4. 0O

Next we show that the existence of a uniform H!' x H!-bound for (uy, vy).

Lemma 8.5. Let (1), v.) € Ay, be the minimizer given in Lemma 8.2. Then || (u;., vy); H' x H'|| is bounded as » — 0.
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Proof. Since (u;, vy) solves (36)—(37) in (0, 00), by integration by parts we have

/((u1)2 + e (0)) + (@4 1) (2 +203) — 3udv,) dx = —u (0)u, (0) — kv, (O)V}, (0).
0
On the other hand, by (38) and (u (0), v, (0)) € FJ

1 A
5((u;(0))2 +1(v,(0)) = “’; (3.0)% 4 203, (0)?) — 13.(0)* 3 (0)

A
=5 (.0 +20,0).

Thus, for some C > 0 independent of A, we have

[e.e]

/‘((u;)z + lc(v;‘)2 + (w+A) (ui + 2v%) — 3u%v;) dx| < Cx/X(u;\(O)2 + vy, (0)2). (41)
0
Since Jy (1), v;) = ¢, < c1, we have
o0
/(%((u;)z + K(v,’\)2) + wTH(ui +20v7) — u%vk> dx < %1
0
Thus, by (41),
17 CVa
. / () + (0} +0(u +209)) v < 5+ 37 130 4,00, 42)
0

Since H!(0, 00) C C([0, 00)), there exists C’ > 0 independent of A

0
1,(0)? + v, (0)> < C’ /((u;)2 + i (v])? + w(ud +207)) dx.
0
Together with (42), we see that (u;,, vy) stays boundedin H! x H'as A — 0. O

Extracting a subsequence — still denoted by A — if necessary, we may assume (u;, vy) — (ug, vg) weakly in
H' (0, 00) x H'(0, 00). We can see that

(uo(x), vo(x)) € 2, N[0, 00)> forall x >0,
(10(0), vo(0)) € I, .
We have

Lemma 8.6.

(1) Jo(uo, vo) = Yo
(i1) (ug, vo) € Ay and (ug, vo) satisfies (36)—(39) in R with A =0, that is, (ug, vg) € Cy.

Proof. (i) We have

Yo < Jo(uy, vy) < L (up, vp) =c;.

By Fatou’s lemma and Corollary 8.3, we have Jo(uq, vo) < . Since (ug, vo) € Zw, we see that Jo(ug, vo) = ¥, and
(ug, vo) is a minimizer. (ii) follows from Lemma 8.2. O

End of the proof of Theorem 8.1. By Lemma 8.6, we have y,, is attained and (35) holds.
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