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Abstract

The paper is devoted to the study of a stabilization problem for the 2D incompressible Euler system in an infinite strip with
boundary controls. We show that for any stationary solution (c, 0) of the Euler system there is a control which is supported in a
given bounded part of the boundary of the strip and stabilizes the system to (c, 0).
© 2013 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

We consider the incompressible two-dimensional Euler system
u+(u, Viu+Vp=0, divu =0, (1.1)

where u = (41, uz) and p are unknown velocity field and pressure of the fluid, and

ad

3
(u, Viv= Zui(t,x)a—v.
X

i=1

The space variable x = (x1, x2) belongs to the strip D defined by

D:={(x;,x2): x; €R, xp€ (=1, D}. (1.2)
Let us take two open intervals (a, b), (a +d, b + d) C R and denote
In=1(a,b) x {1}U(@+d,b+d) x {—1}. (1.3)

The aim of this paper is the study of stabilization of (1.1) with boundary controls supported by . System (1.1) is
completed with the boundary and initial conditions

u-n=0 onl \ Iy, (1.4)
u(x,0) =up(x), (1.5)

where I" := 0D and n is the outward unit normal vector on I". In particular, (1.4) is equivalent to up =0 on I" \ Ip.
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For any integer s > 0 we denote by H*(D) the space of vector functions u = (1, up) whose components belong
to the Sobolev space of order s and by || - ||5, p the corresponding norm. If there is no confusion, we drop the index D.
In the case s =0, we write || - || := || - |lo. For any integer s > 0 we define H* (D) as the space of distributions u in D
with Vu € HS~1(D). We equip H* (D) with the semi-norm

llull#spy == IVulls—1.

We denote by H* (D) the quotient space H*(D)/R. The following theorem is our main result.

Main result. Let s > 4 be an integer. Then for any constant ¢ € R and initial function ug € H* (D) that decays fast at
infinity and satisfies the relations

divug =0, up-n=0 onl \Iy
there exists a solution (u, p) € C(Ry, C(D) N H* (D)) x CR,, H’ (D)) of (1.1), (1.4) and (1.5) such that

tlim (JuC. 0= @ 0| e + IVullsm1 + 1V pll—1) =0.

For the exact statement see Theorem 3.1. In this formulation the control is not given explicitly, but we can assume
that control acts on the system as a boundary condition on I.

Before turning to the ideas of the proof, let us describe in a few words some previous results on the controllability
of Euler and Navier—Stokes systems. Coron [7] introduced the return method to study a stabilization problem for
ODE’s, then using this method he proved in [8] the exact boundary controllability of 2D incompressible Euler system
in a bounded domain. Glass [14] generalized this result for 3D Euler system. Chapouly [6] using return method
proved the global null controllability of the Navier—Stokes system in rectangle. Recently, Glass and Rosier [15] proved
the controllability of the motion of a rigid body, which is surrounded by an incompressible fluid. The asymptotic
stabilization of 2D Euler equation by stationary feedback boundary controls is studied by Coron [10] and Glass [16].

Controllability of Euler and Navier—Stokes systems with distributed controls is studied in [2,13,19,20]; see also the
book [11] for further references.

Notice that the above papers concern the problem of controllability of the fluid in a bounded domain. In this paper,
we develop Coron’s return method to get the controllability of velocity of 2D Euler system in an unbounded strip.
This method consists in reducing the controllability of nonlinear system to the linear one. To this end, one constructs
a particular solution (iz, p) of Euler system and a sequence of balls {B;} covering D, such that

(P) Any ball B; driven by the flow of i leaves D through I7 at some time.

Then the linearized system around # is controllable. In our case, since the domain D is unbounded, the number of balls
B; is infinite, thus we cannot construct a bounded function iz, whose flow moves all balls outside D in a finite time.
However, we can find a particular solution # such that property (P) holds in infinite time. This proves the stabilization
of linearized system in infinite time.

To show that controllability of linearized system implies that of the nonlinear system, we need to prove that (P)
also holds for any # sufficiently close to . This is obvious in the case of bounded domain. In our case, to prove this,
we need some additional properties for u. In particular, we need to construct a solution #, which decays at infinity
faster than 1 /xlz. As our particular solution # is a combination of the Green functions of the Laplacian with Neumann
boundary condition, we need to prove that Green functions decay at infinity. This property is a consequence of elliptic
regularity and some explicit formulas for solutions of the Laplace equation in a strip.

The paper is organized as follows. In Section 2, we give preliminaries on Poisson and Euler equations in an
unbounded strip. The main results of the paper are presented in Section 3. In Section 4, we construct the particular
solution «. In Appendix A, we prove an auxiliary result used in Section 2.

Notation. Let J7 := [0, T). The space of continuous functions u : J; — X is denoted by C(Jr, X). For any integer
s > 0 or s = 00, we denote

Cy(D) = {u € C(D): |lull(p) < o0}.
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We set H®(D) := Moo H* (D). Define
S(D) :={u € L*(D): |x11*3Pu(x1,x2) € L*(D) forany « € Ry, peZ2}.
For a vector field u = (u1, uy) we set
curlu = djur — dhuy.
The interior of a set K is denoted by int(K). Let B(xg, r) be the closed ball in R? of radius r centred at xo. We denote
by C a universal constant whose value may change from line to line.

2. Preliminaries

In this section, we present some auxiliary results on Poisson and Euler equations in an unbounded strip. The
methods used in their proofs are well known and in many cases we confine ourselves to a brief description of the main
ideas.

2.1. Poisson equations in an unbounded strip
First, let us describe the spaces HS (D).
Proposition 2.1. For any integer s > 1 we have

(i) The space H*(D) is complete.
(i) H*(D)={u € H{ .(D): Vu € H"'}.
(iii) If s = 3, then for any u € H* (D) there is a constant C depending on u such that
|u(x1,x2)| < Clxi|+C

holds for all x € D.

Proof. Let {u,} C H*(D) be a Cauchy sequence. Then there is v € H*~1(D) such that Vu, — v in H*~'(D) as
n — 00, and for any ¢ € C3°(D) such that div ¢ = 0, we have

0= lim (Vu,,,(p)Lz =, @)2.

Hence, v = Vz, where z € H*(D). This proves that H%(D) is complete. Now let us prove assertion (ii). Clearly the
space in the right-hand side is contained in H*(D). Let us take a function u € H*(D), a compact set K C D and
let us show that u € H*(K). Take two functions x, x1 € C°°(D) and a compact set K1 C D with int(K1) D K such

that y = 1~in Kiand xy =1 in I?l := supp x. Then there exists » € N such that xju € H~" (D). This implies that
u e H"(Ky), hence
A(xu) =2VxVu+ xAu+ulAyx € HMCT5=2 (K ).

The elliptic regularity implies yu € H™"“"+29(D), thus u € H™"(~"+25)(K ). Repeating this argument for a
compact set K» C K| with int(K»2) D K we can show that u € H™"(~"+49) (K,)_ Iterating this, we get u € H*(K).
This completes the proof of assertion (ii).
It is easy to see that (ii) implies (iii). Indeed, from (ii) we get
X1
u(xy, x2) = / d1u(y, x2)dy +u(0, x2).
0
The Sobolev inequality yields (iii). O

Now we summarize some facts about Poisson equation. Let us take a non-negative function y € C§°(R) such that
suppy = [a, b] and y # 0 in (a, b) and define
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Fig. 1. Domain D.
D:={(x1,x2): x1 €R, ;pe (-1 —yx1 —d), 1+ y(x)} 2.1
(see Fig. 1). 3
Let us take D’ = D or D’ = D and consider the Dirichlet problem for the Poisson equation:
Au=f inD, (2.2)
u=0 onl", (2.3)

where I = 9D’ and f € L*(D’). We say that u € H} (D') is a solution of (2.2), (2.3) if

/VuV@dx:—/f@dx

D’ D’

forany 0 € HO1 (D). We have the following result for the well-posedness of this problem.

Proposition 2.2. For any integer s > 0 and for any f € H*(D') problem (2.2), (2.3) has a unique solution u €
H*t2(D'). Moreover;

lulls+2 < Cll flls, (2.4)

where C depends only on s.

Proof. The existence of the solution u € HO1 (D’) is a consequence of the Riesz representation theorem. Clearly, we
have

IVull> < ClL £ ull. (2.5)
The Poincaré inequality applied to u(x1, -) gives

lull < Cllozull.
Combining this with (2.5), we obtain

lullh <CIFI (2.6)

To show the regularity of the solution and estimate (2.4), we need the following lemma.

Lemma 2.3. For any integer s > 1 we have
H(D')={ze L*(D): curlze H*"(D'), divze H*1(D'), z-ne H*'/3(I")},
where n is the outward unit normal vector on I''. Moreover, any function z € H®(D') satisfies the inequality
lzlls < C(llzll + llcurlzlls—1 + [ldivzlls—1 + Iz - nlls—1/2),
where C depends only on s.
The proof of this lemma is given in Appendix A. Let us denote z = V+u := (dou, —dju). Then curlz = —Au =
—f, divz = 0. Notice that (2.3) implies that z - n = 0. It follows from Lemma 2.3 and inequality (2.6) that z €
HS*t1(D’) and ||z]|s+1 < C|| fls. Thus, we obtain u € H*2(D’) and (2.4). O

Let us take g € H'(D') and consider the Neumann problem for the Poisson equation:
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Au=divg inD’, 2.7)
d

—u:g~n onl". (2.8)
on

We say that u € H'(D’) is a solution of (2.7), (2.8) if for any # € H'(D’) we have

/VuVde:/gV@dx.

D' D’

Proposition 2.4. For any integer s > 1 and g € H*(D') problem (2.7), (2.8) has a unique solution u € Ht1(D’).
Moreover,

lull gser < Clglls- (2.9)

Proof. The Riesz representation theorem implies the existence of the solution u € H'(D’). Lemma 2.3 applied to
z:=Vu gives (2.9). O

Now we consider the problem

AG, =88, inD, (2.10)
G .
9—0 ondD, (2.11)
on

where §, is the Dirac delta function concentrated at a = (a1, @) € D.

Proposition 2.5. Problem (2.10), (2.11) has a solution G, € COO(B \ {a}). Moreover; the following assertions hold:

(i) For any open neighbourhood Q of a and for any integer s > 1, the solution G is uniquely determined by the
additional condition that it belongs to H* (D \ Q).
(ii) Forany x € D\ {a}

’

1 <|x —al?> =2(x; —a1)? —2(x1 —a))(x2 — a2)

VGa(x)=—7— —ap >+1ﬁa(X), (2.12)

lx —al

where Y4 € g"o([)). )
(iii) Leta € D\ D, then G, € H*® (D) and for any integers 1 <i, j <2 we have

0;0;Gq(x1,x2) € S(D). (2.13)

(iv) For any fixed x € D the function G4(x) is analyticina € D \ {x}.

Proof. The existence of a solution G, € C 00(5 \ {a}) will be established when proving assertion (ii). To prove the
uniqueness of the solution, we assume that there are two solutions G, and G2 4. For G = G, — G2, we have

AG=0 inD,
G -
— =0 onadD.
on

Let x € CS°(D) with x = 1in Q. Then
A(xG)=h,

where i1 € C§°(D). The elliptic regularity for a bounded domain implies that xG € H>(D). Since G € H*(D \ 0),
we get G € H*(D). It follows from Proposition 2.4 that G = 0.
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To prove (ii), we seek the solution in the form

Ga=01(Fax) + ua, (2.14)

where F,(x) = —% In|x — a| is the fundamental solution of the Laplace operator in R?, x € C(‘)’o(ﬁ), x is lina
neighbourhood of a. Then u, must be the solution of the problem

Aug=—01Q2VF, - Vy + F,Ax):=d,f inD,
oy
on

=0 ondD.

Since f € C{° (D), applying Proposition 2.4 for g = ( f, 0), we conclude that this problem has a solution u, € H (D).
Property (2.12) follows from the construction of G.
Now let us show (2.13). We have that G, satisfies the following problem in D:

AG,=0 inD, (2.15)
G

a =¢ onl, (2.16)
on

where ¢ € C*°(I") and supp ¢ C I'¢. To show that the second derivatives of the solution belong to S(D), let us apply
the Fourier transform in x; to (2.15), (2.16). We obtain

d* . .
—G,—£*G,=0 inD,
dx2

dG .

y L& -1 =¢1(8),

X2

dG, A
d—(é’ D) =@(8),
x2

where éa, ¢1 and ¢, are Fourier transforms of G, ¢(-, —1) and ¢(-, 1), respectively. The solution of this ODE is
given by

A =@ ptor
Ga&,x) = —25 Sinh(®) cosh(éxp) + —2§ cosh(®) sinh(£x7).

Since ¢ and ¢, are compactly supported, we have
whence it follows that 9;0; G, € S(D). This completes the proof of (iii).

Let £2 be any domain such that 2 C D and 2 N (D \ D) # §. Then for any fixed x € £ the function G, (x) is
analytic in a € §2 \ {x}. Indeed, let x in (2.14) be 1 in §2. Then the analyticity of G,(x) is consequence of the facts

that F, is analytic in a agd u, is a linear operator in F,. Since G, is the unique solution of (2.10), (2.11), we have the
analyticity of G,(x) in D\ {x}. O

2.2. Euler equations in an unbounded strip

We consider the incompressible Euler system:

u+ (u,Viu+Vp=0, divu=0 inD, (2.17)
u-n=0 onl, (2.18)
u(x,0) =ug(x). (2.19)

It is well known that if D is a bounded domain or if D = R?, then problem (2.17)—(2.19) is well posed in various
function spaces (e.g., see [17,18,22]).
In this subsection, we study the well-posedness of Euler system in D defined by (1.2).
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Definition 2.6. For any integer s > 3 we say that (u, p) is a solution of Euler system if (u, p) € C(Jr, H*(D)) x
cJr, HsH! (D)) and (2.17) is satisfied in the sense of distributions.

Let us show that the Euler system is equivalent to the problem
W+ (u, Viw =0, w(x,0) =curlug(x), (2.20)
curlu = w, divu =0, u-nlr=0. 2.21)
Clearly, if (u, p) is a solution of the Euler system, then (2.20), (2.21) hold. Now let us show that to any solution
(u, w) € C(Jr, H (D)) N C' (Jr, H*1(D)) x C(Jr, H* (D))

of (2.20), (2.21) there corresponds a unique solution (u, p) € C(Jr, H*(D)) x C(Jr, HSTY(D)) of (2.17)~(2.19).
From (2.20) and (2.21) it follows that

curl(L't + (u, V)u) =0.

Hence, there exists p € C(Jr, H*(D)) such that —Vp=u+ (u, V)u. It is easy to see that

2
—divVp =div({u, Viu) = Z diujdju; € H L, curl Vp =0,
ij=1
Bp ((u Viu ) n={(u,V)(u-n)— Zu]uan,
on

i,j=1
2
= — Z uju;djn; € Hxil/z,
i,j=1

where 7 is a regular extension of n. Thus, it follows from Lemma 2.3 that Vp € C(Jr, H* (D)), whence we conclude
that p € C(Jr, H*T1(D)).

We have the following result on the local well-posedness of Euler system. The ideas used in the proof of existence
of a solution play an important role in the study of stabilization problem (see Section 3). Therefore we present a rather
complete proof, even though we do not really need this result.

Theorem 2.7. Let s > 4. For any ug € H® (D) satisfying the conditions

div up = 0,

up-n=0 onlrl,
there is ] T. = Ti(lluolls) such that system (2.17)—(2.19) has a unique solution (u,p) € C(Jr,, H*(D)) X
C(Jr,, H* (D).

Proof. Uniqueness. To prove the uniqueness, we argue as in the case of bounded domain. We assume that there are
two solutions 1 and u;. Then for v =u| — u,, we have

v+ (ur, VIv+ (v, VYur + Vp =0,

divv =0, v-n|lr=0, v(x,0)=0. (2.22)
Multiplying (2.22) by v and integrating over D, we get
afvC 0| < —/ml, V)v-vdx +C o, 0] - / Vp - vdx, (2.23)
D

where C > 0 is a constant depending only on u;. Since u; - n = 0, the first term on the right-hand side of (2.23) is
zero. Let us show that the last term is also zero. Let us denote
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2R = {x eD: |x1] < R},
and let x € C*°(D) be such that

0, ifx ¢ 5(2),

()= { 1, ifxefq).

Clearly, we have

R—o0

lim X(%)Vp(x)-v(x)dx:/Vp(x)-v(x)dx.
D

On the other hand, integrating by parts, we obtain

/X(%)Vp(x)-v(x)dx=— / v)((%)pg)m(x)dx.
D

Lar)\L2(r)

Since p € H5t! from assertion (iii) of Proposition 2.1 we have

& <C,

XEQ(ZR)

where C does not depend on R. Thus, dominated convergence theorem yields

/Vp(x) -v(x)dx =0.
D

Applying the Gronwall inequality to (2.23), we obtain v = 0.
Existence. To prove the existence of the solution, we shall need the following result.

Lemma 2.8. Letii e C(Ry, H®), it -n|rxr, =0, f € CRy, H®) and wo € H®, 5 > 3. Then the problem

orw + (U, Viw = f, (2.24)
w(x, 0) = wy, (2.25)
has a unique solution w € C (R4, H®), which satisfies the inequality

t

Jucl, < boll + [ (1760, + ol Vi 0, 229
0

Proof. Let us denote by ¢8 : D x R, — D the flow associated to g, i.e., the solution of the problem

g%
S g(¢%.1),

¢8(x,0) =x.

Since (2.24), (2.25) is an inhomogeneous transport equation, its solution is given by
t
w(e” (x, 1), 1) =wo(x)+/f(¢>ﬂ<x,r>,r)dr.
0

Let us derive formally inequality (2.26). Taking the 9% := %, la| < s derivative of (2.24) and multiplying the
resulting equation by 9% w, we get
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%%Ha“wllzzfaafa“wdx—/a“(ﬁ-V>w-a°‘wdx
D

D

< + 1 flslhwlls + ClIVills—1llwl.

/(12 -V)o%w - 3%wdx
D

Integrating by parts, one verifies that the first integral in the right-hand side vanishes. Integrating in time, we ob-
tain (2.26). O

Lemma 2.9. Let w € H*, s > 0. Then the problem

curlz = w, 2.27)
divz =0, (2.28)
z-n|lr=0 (2.29)

has a unique solution z € HT'. Moreover, there is C > 0 depending only on s such that

lzlls+1 < Cllwlls. (2.30)

Proof. Let us consider the following Dirichlet problem for the Poisson equation:

Av=w 1in D,
v=0 onl[.

By Proposition 2.2, v € H*t2 and [v]ls+2 < Cllw||s. Then for z = —Vtu properties (2.27)—(2.30) are satisfied. O
We now return to the proof of the theorem. The proof is based on some ideas from [3] and [5].

Step 1. Let
E:H"(D)— H*(R?), 0<k<s+1

be an extension operator. Let p € S (R?) be the function such that

per=| ew(-it). lel <1

0, £l > 1.
Define J,, : H*(D) — H’*1(D) by
In() = (m?p(mx) * E(v))| . (2.31)

For ug € H*(D) we define uy := J,,(u0). Then

Wl —ug inH(D),  |uf|, <Cluolly,  [ug],,, <mCliuols, (2.32)

1

ms—1

||s+l

[ — k] =o(1) and ”u6"—u6”1=0< ) as m = oo, (2.33)

where (2.33) holds uniformly in k > m. Using Lemmas 2.8 and 2.9, we define the sequences " € C(R,, H**!) and
w™ e CR4, H®) by

0

u’ = u,
dw™t! 4 <um, V)w’"+1 =0, w1 0) = curlu'0"+1,
curl "1 = "t divu™t! =0, "t =0.

Our strategy is to show that sequence u™ is convergent and the limit is the solution of Euler system. From (2.26) we
derive
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t
.o, < Jeurtug ], + o [[um .ol 1o, ar @34
0

fori=s5s—1,s.

Step 2. In this step, we show that there exists a time T, = T, (|luolls) such that for any ¢ € Jr,

[w"Col iy <Clugl,, [wmenl < Clug ]y <mCliuoll. (2.35)
By induction, let us prove for i =s — 1, s the inequality

Jw™ )], < ym (@), (2.36)
where C does not depend on m and y,, () is the solution of

Sm=Ciym.  Ym(0) = |curluf|,. (2.37)
Clearly (2.36) holds for m = 0 for a sufficiently large C. Assume that it holds also for m — 1 and let us prove it for m.
From the construction of p we have ||ug’71 i <llug ll;, hence y,—1 < yp. Thus, from (2.34), (2.37) and induction

hypothesis, we have
t
o0l =om <€ [ (Jw7e ol = .o, -3

0
t

< [l o), - su)ar
0
Inequality (2.36) follows from the Gronwall inequality. It is easy to see that (2.36) yields (2.35).

Step 3. Now let us show that w™ converges in C(Jr,, H*~'). In view of Lemma 2.9, sequence u™ converges in
C(Jr,, H®) and the limit  is the solution of Euler problem.
Notice that for m < k we have

8t(w’" - wk) + (uk_l, V)(wm - wk) = (uk_l —um V)wm. (2.38)
Denote K™ (¢) := [|[w" (-, 1) — wk (-, ©)||s—1. Lemma 2.8 implies

t

Ko < g i, ¢ [kt ot

0
+ [ e =l e o e o) de (2.39)
On the other hand,
1
wr < Cm =k b et .40
Assume for a moment that
Uk = b < 0<msl_1). (2.41)

Substituting (2.40) into (2.39) and using (2.33) and (2.41), we obtain
t
K™kt <o(l) + C/(K”"k(r)||uk_l(~, D,_,)dr.
0

Using the Gronwall inequality, we obtain the convergence of w™ in C(Jr,, H*~!(D)).
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Step 4. To complete the proof of the theorem, it remains to show (2.41). Taking the scalar product of (2.38) with

w™ — wk in L?, we get

t
Uk < Cllug —uf)|, + cf Uy dny.
0
Iterating this inequality, one deduces
1
UmtPREP (1) < C |lup P —ug TP |+ € / b=l dyy

0
t h

C||um+p ”](§+p“1+c/<c|| m+p—1 k+p—1||l+C/Um+p2,k+p2(t2)> dt, dty

0 0
t

<elig =il we [ (el
0

Ip—1 tp
+C / (c||u'"+1 uSHHI+C/Um’k(tp)>)dtpu-dtzdtl.

0 0
Hence, for any ¢ € Jr, we obtain

—_— k+p<ch J ITP f” m+j ul(<)+jH1+Llnkp max U™k, (2.42)

Since

° CJ+1T J
Y —— <o,

j=1
inequalities (2.33) and (2.42) imply (2.41). O

Remark 2.10. We have the following assertions:

e Adapting the Beale—Kato—Majda criterion (see [4]) for an unbounded strip, one can prove that the solution of
(2.17)—(2.19) is global in time. However, we shall not need this result.

e Let us take any non-zero function g € H*~!/2(I"). If the homogeneous boundary condition (2.18) is replaced by
u - n|r = g, then, the result of Theorem 2.7 holds if we add the boundary condition

curlu =¢ whereu-n <0.

See [23] for the case of a bounded domain.
3. Main result

Let D and I be defined by (1.2) and (1.3). Consider the Euler system:

i+ (u,Viu+Vp=0 in D x (0, 00), (3.1
divu =0, (3.2)
u-n=0 onl \IpxRy, 3.3)

u(x,0) =uo(x). (3.4)
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For any integer s we denote
X%(D) = C(Ry, Cp(D) N H* (D)),

and (x1) :=(1 + xlz)l/ 2 The following theorem is our main result.

Theorem 3.1. For any constants o, 8 > 0, ¢ € R and integer s > 4, for any initial data uy € H* (D) such that

divug =0, (3.5
up-n=0 onl\Iy, (3.6)
||exp(a(x1)2+’3) curl ug(xy, x7) HS_I < 00 3.7

there is a solution (u, p) € X*(D) x C(R4, H* (D)) of (3.1)-(3.4) with

tim (4.1 = €0 gy + [VuC0,, + [VpC0], ) =0 68)

As explained in the Introduction, in this formulation the control is not given explicitly, but we can assume that con-
trol acts on the system as a boundary condition on Iy. So we show that there exists control n € C*° (R, H s=12(1p))
such that there is a solution of our system with u - n| ;, = n verifying (3.8). Moreover, we show that n(x, t) =n(x, )+
w(@®up(x) - n(x), where n € C*°(Ip x R4) does not depend on uq, lim;— 0 [|[71(-, )| =0 and u € Cgo([O, o0)) is a
non-negative function such that ;£ (0) = 1. As we mentioned in Remark 2.10, we are not able to show that this solution
is unique.

Using a standard scaling argument for Euler system, we can reduce this theorem to a small neighbourhood of the
origin.

Theorem 3.2. There exists ¢ > 0 such that for any ug € H* (D) and c € R verifying (3.5)—(3.7) and

lluolls < €, el <e

there is a solution (u, p) € X*(D) x C(R4, H' (D)) of (3.1)-(3.4) satisfying (3.8).

Proof of Theorem 3.1. Let ¢ > 0 be the constant in Theorem 3.2. Take any g € H*(D) and ¢ € R verifying (3.5)—
(3.7). Let M > 0 be such that

uo

<e,
M

<Eé&.

N

By Theorem 3.2, there exists a solution (7, par) of (3.1)—(3.3) with initial condition w7 (0) = ”MO, such that

(o (59

Then (u, p) = (Muy (x, Mt), szM(x, Mt)) is a solution of our system with ©#(0) = u¢ and it satisfies (3.8). O

+ || Vup o), + ||VPM('J)”s—1> =0.
L>(D)

Proof of Theorem 3.2. The proof of this theorem is based on generalization of the Coron return method to the case
of an unbounded strip. It consists in construction of a particular solution (iz, p) of (3.1)—(3.3) such that the solution of
linearized system around (i, p) verifies property (3.8). Then, in the small neighbourhood of u, we construct a solution
u of Euler system satisfying (3.8).

Step 1. In this step, we construct a particu}ar solution (i, p) of (3.1)—(3.3) such that any point of strip D, driven by
the flow of i, leaves D at some time. Let D C R? be the strip

D:={(x1,x): x1 €R, x2 € (-2,2)}.

Let us admit the proposition below, which is proved in Section 4.1.
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Proposition 3.3. There are scalar functions 0' € C! (D x Ry) with Vo' € X5(D), open balls B', a sequence T; C Ry,
constants L, . and an integer N € N such that the following properties are true.

1. Covering. For any integer k > 0, we have

N
k.k+11x [-1. 11 ¢ [ B*M, (3.9)
j=1
N .
[—k—1,—k] x [-1,1]C U BkHDN+] (3.10)
j=1

In particular, the union of balls B' covers D and any square [k, k + 1] x [—1, 1] is covered by N balls.
2. Support.

supp@i cDx O, ). 3.11)
3. Vector field. The time dependent vector field V' is divergence-free in D and tangent to I' \ I'y and aD:

AO' =0 inDx|0,7], (3.12)

90! A

. =0 on(I'\Tp)UID x [0, 7;]. (3.13)
n

4. Time decay. For any i > 1 we have
; 1

[ve' (.1 ||xs<13> <5 forany t €0, 7], (3.14)

7 < Li. (3.15)
5. Flow. For anyi > 1 and c € R with |c| < A the flow associated with V0" + (c, 0) is such that

¢V O (B ) c D\ D. (3.16)

Moreover, there are two closed balls E], éz cDh \ D such that
o0 . )
oV O(B". ) c By U By. (3.17)

i=1

Let us set 79 =0,

i
tizzjz_;zj, ti+1/2=t"+%, > 1 (3.18)
We define 6 in the following way:
O(x,1)=06"(x,t —t;_1) fortelti_1,ti—1], (3.19)
O(x,1)=—0"(x,t; — 1) fort€[ti—1)2, 1] (3.20)

Notice that from the construction of #; we have #; — t;_1/2 = 7;. Thus (3.11) shows that § € C! (D x R,) and V6 €
XS (ﬁ). We define

:=V0 + (c,0),

Vo2

|

p = —8té -

—c010.

Then (u, p) is a solution of (3.1)—(3.3). Indeed, by construction, (i, p) satisfies (3.1). Properties (3.12) and (3.13)
imply (3.2) and (3.3), respectively. Moreover, it follows from (3.14), (3.16) that for any i € N, we have
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¢"(B',ti-12) ¢ D,
Jim (1) = (€ 0| g, + [V 0] _y) =0. (321)
We deduce from (3.19) and (3.20) that
P (x.1;) =x (3.22)

foranyi >1and x D. We shall need the following result, which is proved in Section 4.1.

Proposition 3.4. There is a constant v > 0 such that the functions 0 in Proposition 3.3 can be chosen in a way that,
for any u € X*(D) satisfying the inequality

/”u(t) — a0, pdr <v,
0

we have ¢* (B!, ti—12) C D \ D foranyi>1.
From now on, we assume that functions 6’ verify this proposition.

Step 2. In this step, we construct an application F,, such that its fixed point is a solution of our stabilization problem.
First, for any constant v > 0 let us introduce the set

Vo (uo) 1= {u e X5(D): divu =0, /||u(t) — ﬁ(;)||wdt <v,
0

ux,t) -nx)= (uo(x)u(t) + u(x, t)) -n(x)on I x R+},

where 11 € C3°([0, 00)) is a non-negative function such that

o]

1w =1, /u(t)dt<1.

0

Let D1 :=R x (—%, %) and 7 : HS (D) — H*(D) be any linear bounded extension operator such that suppwu C D
forany u € H*(D). Let k' € Cé’"(ﬁ) be a partition of unity subordinate to B!, i.e.,

supp/ci C B,

o

Y «'=1 inD.
i=1

Take any u € ), (1g) and let wle C(Ry, Hs! (15)) be the solution of the linear problem

W'+ (i, Vyw' =0 in D xRy, (3.23)

w'(0) = «! curl(ug), (3.24)
where

i=ii+mw(u—i). (3.25)

Take v such that Proposition 3.4 holds. Since supp w'(0) C B;, we obtain
w!(x,1-1/2) =0 forany x € D. (3.26)

For any t € R4 we define the function



H. Nersisyan / Ann. 1. H. Poincaré — AN 30 (2013) 737-762 751

]

wC, )= Y w' (.0, whent€ltiii, iy, (3.27)
I=i+1

where 1,2 :=0and i > 0. Let us show that for any ¢ € [t; 12, #; +1,2] the sum in the right-hand side of (3.27) exists
and belongs to C(R4, H~1(D)). Applying Lemma 2.8 to (3.23), (3.24), we obtain

1
[w'®)-1.5< C(IIKI curliru),_y + [ IV, pllo' @], 5 df>-
0

It follows from the Gronwall inequality and relation (3.25) that

t
[w'®]-,5 < Cl’ curlruo) Hs_l,,aexp(c [19iol,_, 5 dr)
0

t
< C“;clcurl(r[uo)HsilYf) exp(C/(”Vﬁ(t)”xlﬁ + |a(r) — ﬁ(r)”xﬁ) dt).
0

Using the fact that u € X5(D), we get

|w' O,y p < Cll curlGrug)||,_, pexp(Cllivijz+v))

for any ¢ € [t;_1/2, ti+1,2]. Thus

o o

> Jw'@ |, p < Cexp(Cliyip) > |« curl(ru) (s (3.28)

I=i I=i
Using (3.7) and assertionAl of Proposition 3.3, we derive that the right-hand side of (3.28) is finite. Hence, w €
Cti—12, tix1/2], HS_I(D)) for any i > 0. Moreover, assertion (3.26) yields that w is continuous at #; 12, thus
weCRy, H s=1(D)) (we emphasize that, in general, this is not true for b). Furthermore, we have

w4 (@, Vyw=0 inD x [ti—1/2, tit1)2],

o
w(0) = ZKI curlrug in D.
=1
In Step 3, we prove that for this w there exists a v € ), (ug) such that

curlv =w. (3.29)

For any u € ), (uo), let Fy,(u) :=v. In Step 4, we show that the mapping Fy, : V), (uo) = I (o) has a fixed point.
We shall prove that this fixed point is a solution of our stabilization problem.

Step 3. In this step, we prove the existence of the solution v € ), (ug) of (3.29). By Lemma 2.9, there is a function
z€ C(Ry, H*(D)) such that

curlz =w,

divz =0,

z-n=0,

[z 0l p < ClweD] iy p (3.30)
Let us take the solution of the following problem

Ap=0 inD,

dy
— = (uon)-n onl.
an
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From Proposition 2.4 we have ¢ € C(R4, HsH! (D)) and
leC. ’)”H:H(D) < Cluop(n) ”s,D'
Denote v = z + Vg + i. Let us show that v € ), (1g) and (3.29) is verified. Clearly

curlv =curlz = w,
divv=divz+ Ap =0,
vonz(uo(x),u—i-ﬁ) -n onl xR,.

Hence, to show v € ), (1), it suffices to prove for sufficiently small u( that

/”v(t) — a0, pdr <v
0

It follows from the construction of v that

lo¢.0) =) ||s p <ot t)”HHl(D) + |zC., t)“s D
Proposition 2.4 and (3.30) imply

o0 oo oo
/”v(t)—ﬁ(t)”s’Ddt < ||uo||s,D/u(t)dt+C/”w(-,t)”s71‘Ddt
0 0 0

From (3.27) we have
00 00 Livi/2 00
/||w(~,t)”X7]’Ddt=Z Z wh(, 1) dt.
0 i=0, %y li=i+1 s=1.D

Applying Lemma 2.8 to Y 2, 41 w!, we obtain

<cenfc /nw o)
s—1,D

tit1/2

o]

Z wl(x,t)

I=i+1

Z ! curl uo

I=i+1

s—1,D
Thus

0]

f”w("t)”s—l,D Z
0

Z «! curl ug

i= ) I=i+1
tivi/2
<Cry’ f exp(Ctiv1p)llcurluoll,_y p\ i 5, dr-
=0 "1p2

Combining (3.7), (3.15), (3.18) and assertion 1 of Proposition 3.3, we get

1
Uiv172 = tiz12) exp(Cliip)lleurluoll_y b i 5 < Czl.—2

for any i > 0, where C, does not depend on i. Let K be a constant such that

1
CIC Y <
i:Kl

Taking ug sufficiently small such that

N <

t
exp(C/||Vﬁ(~,t)||S_l Ddr
71,D 0

)dt

(3.31)
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Livi/2

lluolls, D+Z / Z |« curlug |, ]Dexp(/HVu( D1 p )drg ;,

S12 I=i+1
we get (3.31).
Step 4. In this step, we show that the mapping F; yv (uo) = Vy(up) admits a fixed point, which is the solution of
our stabilization problem. Let us take a sequence u ' = Jy (ug), where Jy, is the operator defined by (2.31). We have
that ugy' € HSt(D) verifies (2.32), (2.33). Take uo(x, t) = pu(t)uo(x) + u(x, t). For sufficiently small ug we have

u® € Yy (ug). Let ul = Fu(]] (u%) and let w; be defined as in (3.27) with u = u° and ug(x) = u(l)(x). In this way we
introduce the sequences u” € X* and w,, € C(R4, H*(D)) by the relations

m+1 _ m
u = Fu6n+l (u )
W41 defined as in (3.27) with u = u™ and ug = ul .

Let us show the convergence of wy, in C([0, t1,2], H s—1 (ﬁ)). This will be proved by using the same arguments as in
the proof of Theorem 2.7. It is easy to see

A (W — wie) + (@1, V) —w) = (@1 =", V)w,
Setting K’"'k(t) = wm G 1) — wr G Dl LD and using Lemmas 2.8 and 2.9, we obtain

t

K" < JJug —ug] + € / (k™ @[vate o,

0
+la o —d e om0 ) dr (3.32)
Let us show that for any m € N
sup ”wm( t)”v 1, D < CH” ||s,b’ (333)

t€l0,11/2]

where C depends only on ||i(t)]| LU(O.11)2), HS (D)) and does not depend on m. From the construction of w,,, we have
W + (@, VIw, =0 in D x Ry,
o0
wy, (0) = chl curl rug in D.

=1

Applying Lemma 2.8, we get

i lbdr)

1
(1 [ vt 0580, =5, ).
0

t
0l 15 <1451, o
0

Using the Gronwall inequality and the fact that i,,—1 € ), (ug’), we derive

2

Jwn @], 5 < cnuonsexp<f(nvans_l,,;+||ﬁ—am1||S,,5)dr> <,

0
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where C; does not depend on m. Thus, we obtain (3.33). The construction of u” implies boundedness of
SUD; (0.1, 5] lu™l, ; uniformly in m. In the same way we can show that

sup ”wm( t)”cD C||u6n ||v+l,é'
t€l0,11/2]

Combining this with (2.32) and (2.33), we get

O e Gl ol ey OS] B
<IIﬁ'"*‘(-,r)—a"*‘(»r)ll”ﬂlﬁm”(-,r) ) D, < an Y

for any t € J,l/z, where SUPg > Am k — 0 as m — oo and ay, ¢ is decreasing sequence in m for any fixed k > m (this
properties we can obtain arguing in the same way as in Theorem 2.7). Using this with (3.32) and (3.33), for any
t € Jy,, we get

t
K@ <C [ (K1 )+ K1) dn + e
0
By the Gronwall inequality, for any ¢ € [0, #1/2] we have

t

K™k < C f KPP (01)eCM oy + Cameypoitp

0
1 01
< c? f/ Km+p_2’k+p_2(0'2)eCU' eCo? dop doy + CeCtl/zam+p,1’k+p,1 + Camypi+p
00
1 01 0
<c? ///Km+p_3’k+p_3(62)ec‘”eC026C03 do3 dop doy
000
eZCtl/z o
+C 3 Amtp—2.k+p—2+Ce " Payip1 ktp—1+ Camtpi+p
t o1
k Co1+C c (eCnr)/
<Cpf/ f K™ (U Ye o1+Cor+-+ Upda -+ dop doy +ZC Am+p—j k+p—j-
Jj=0 J!
Thus, we derive
Cer€
KMpktp < max Kmk+Camk
p! t€l0,T]

Hence, wy, is a convergent sequence in C([0, t1,2], H® -1 (f))). In the same way we can get the convergence of wy,
in C([ti—1/2, ti+1/2], H‘Y_l(b)). Finally, the fact w,, € C(Ry, H*~!(D)) implies that w,, converges to some w*
C(R,, H*~1(D)). The convergence of w,, implies the convergence of u™ to some u* in X'* (D). We have

curlu* = w*, (3.35)
divu* =0, (3.36)
u*(x,t)-n(x) = (uo(x)u(t) + u(x, t))n(x) on " x R,. (3.37)
Let us show that
00
w . 0)= Y w*(.0) fort el tivipl, (3.38)

I=i+1
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where w*! is the solution of
dw* + (@, Vjw' =0 in D xRy, (3.39)
w* (0) = k! curl (T ug). (3.40)
To this end, recall that

oo
!
wn ()= Y wh (1), whent€lti1 tiyi/l,
I=i+1

where w!, is the solution of

wh, 4 (fim—1, V)wh, =0 in D x Ry,

w,ln 0) = «! curl(nuB”“).
We have that wfn —w*inC Ry, H s—1 (D)) uniformly with respect to [ as m — oo (this can be proved in the same
way as in the proof of the convergence of w, ). Thus we have (3.38). Clearly (3.35)—(3.40) imply that ™ is a solution

of the Euler system (3.1)—(3.3).
As in (3.28), using (3.35)—(3.40) for any € [t;_1/2, ti+1/2] and (3.7), we can show that

o0 o0
Dty p < CYexp(Ci?) e curl(ruo) |, 5

I=i I=i

o0
< C ) exp(Ci?) exp(—Ci**tPF).

I=i

Thus
Jim [u* @) —a@|, ,=0. (3.41)

Combining this with (3.21), we see that the first two terms on the left-hand side of (3.8) go to zero as t — co. Recall
that

Ap* = —div((u*, V)u*),

ap*

on = —((u*, V)u*) n.

Thus, Proposition 2.4 implies lim;—, oo ||V p*(#)|ls—1 = 0. This completes the proof of Theorem 3.1. O

4. Construction of the particular solution
4.1. Proof of Proposition 3.3
We have the following simplified version of Proposition 3.3.

Lemma 4.1. For any xo € D there exist a function 6 € C*([0, 1], A1 ([))) and a constant A > 0 such that

A9 =0 inD x][0,1], 4.1

a0

5=0 on(I'\Ip) x [0 1], 4.2)
n

suppf C D x 0, 1), (4.3)

dVOTCO (x. 1) ¢ D forany|c| < A. 4.4)
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This lemma is proved at the end of this subsection.

Proof o_f Proposition 3.3. It follows from Lemma 4.1 that there are functions 6 e C*([0,1], H H‘1(ﬁ)) and open
balls B' = B(x;,r;) C R%,i=1,....N covering the rectangle [0, 1] x [—1, 1] such that properties (3.11)—(3.13) and
(3.16) are verified for 7; = 1. Fori =1, ..., N let us take

T; =1 sup “Véi(-,t)”s[), 4.5)
1€[0.1] ’
. 0 (x, L
0 (x, 1) 1= — (4.6)
Ti

Then B!, 7; and 6! verify (3.9)—(3.16) fori =1, ..., N. Moreover, there are closed balls El, 1§2 ch \ D such that

N .

U¢V9’+(c,0)(Bz’ ‘L’,‘) C El U E2.

i=1
We denote B*N*/ := B(x;,r;) + (k,0) and B®*+DN*/ .= B(x;,r;) — (k+1,0), j = 1,..., N. Then properties
(3.9) and (3.10) are satisfied. Let 2 € C*°([0, 1]) be such that

h()=0 forany:?el0,1/4],

h(t)=1 foranyte[3/4,1],

|h(t)| <1 forany €0, 1].

For any x = (x1,x2) € D and ¢ € R define

~ ; —k —c)x1h'(t) forte[0,1],
AN+ = & 4.7
D=V G r—1) fort € [1,2]. “.7)
It follows from the constructions of 67, j=1,...,N that (3.11)—(3.13) are verified for 7; = 2. It is easy to see that

for any ¢ € [0, 1] we have
VIR0 (¢ 1y = (k — ¢, 0)h(r) + (¢, 0)t + x. (4.8)

Thus ¢VO*" " +€0) (g2N+j 2y — VO +0)(BJ 1) ¢ D, which implies (3.16) and (3.17). Notice that V@i e
X% (D). In order to have also (3.14) and (3.15), we define 7; by (4.5) and

26/ (x, 3

Ti

0 (x,1) = “4-9)

This completes the proof. O
Proof of Lemma 4.1. The proof is based on the ideas of [9, Lemma A.1].

Step 1. We denote by A the vector space of functions & € H**! (D) with the following properties

AE=0 inD,

0
—S=0 onI"\ Iy,
on

suppé C D. (4.10)
First, let us show that for any xg € D U 'y we have

R? = {V&(xo): & € A}. 4.11)
Suppose that (4.11) does not hold. Then, there is a vector V € R2, vV # 0 such that

V-VE&(x0)=0
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forall £ € A. Let D be the donaiE defined in (2.1) and let DcC D;. Take any a e_ﬁ \ D, and let G, be the §olution of
(2.10), (2.11). Let By, B, C D \ D be two open neighbourhoods of a such that B; C B, and let p € C*°(D) be such
that

1, ifx¢ Bo,

0, X € Bl.

Clearly 7 (pG,) € A, thus V - Vi (pG4)(xg) = 0. Since xo ¢ B>, we have

p(X)={

V- VGa(xg) =0 4.12)

for all ae D \ D. On the other hand G, is analyticina € D \ {xo0} (see Proposition 2.5(iii)). Thus, we have (4.12) for
all a € D\ {xo}. Using (2.12), one can find a sequence a, — xo such that V - VG, (xo) — oo as n — oo, which is a
contradiction to V # 0.

Step 2. Take any xg € D U Iy, xleD \ Dandlet F:[0,1]— D be a continuous function such that
F(t)=x¢ foranyt € [0,1/4],
F(r)=x' foranyte[3/4,1],
F(t)¢ '\ Iy foranyt [0, 1].

Then for any ¢ > O we can find & € A, h; € C®([0,1]),i =1,..., k with supph; C [1/4,3/4] such that for 0 (x, t) :=
Sk & (x)hi(t) we have

|[F(t)— ¥ (x0.0)| <& 4.13)
for any 7 € [0, 1]. It is easy to see that there is a constant A > 0 such that for any |c| < A

|0V (x0, 1) — ¢VOT O (x,1)| < e. (4.14)
Since & € A and supph; C [1/4,3/4], we have (4.1)—(4.3). The construction of F, inequalities (4.13) and (4.14)
imply ¢V0+©0 (xo, 1) ¢ D for sufficiently small & > 0.

Step 3. It remains to study the case xg € I" \ Ip. Let yp € Iy and k € R be such that xo = yg + (k, 0). Then, the
function

[ (=c—kxih'(t)  fortel0,1/2],
0(x, 1) = {20y0(x, 2t —1/2)) forte[1/2,1]

satisfies (4.1)—(4.4), where h € C*°([0, 1/2]) is any function with 2(0) =0, h(1/2) =1 and 6y, is the function
constructed in Step 2 for ygp € [. O

4.2. Proof of Proposition 3.4

For any m € R, let us denote
D" :=(—o00,—m] x [-2,2] and DY :=[m,400) x [-2,2]. (4.15)

We shall need the following lemma.

Lemma 4.2. The functions 6' constructed in the proof of Proposition 3.3 are such that there exist ¢' € C(R) with

sup|p¥/ O (v ) —x| < | = |+ M foranyt €0, 7], (4.16)
= 2N
xeD
|V9f(x,t)—ve"(y,z)|<ﬂ|x—y| foranyx,y € D™ orx,y € D™, (4.17)
(m +1)2 +

where for" @' (t)dt < M, N is the integer introduced in Proposition 3.3 and M € R does not depend on i.
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Proof. It is easy to see that (4.7) and (4.9) imply
(—k —c, O)h(i—;) + (e, 0)§—f +x forte€[0,7/2],

qSVéj*(C*O)(x, 2 1) fort € [7;/2, 7],

Ti

¢V0i+(c,0)(x’ f) — i

where k = [ﬁ] and j =i — 2Nk. This yields (4.16) for a sufficiently large M. To prove (4.17), notice that in the
proof of Lemma 4.1, the functions 6 can be chosen such that

|<t0%0], 5 < C.

where | 8] = 2. Indeed, since Proposition 2.5 implies that the second order derivatives of G, belong to S(D), one can
replace (4.11) by

R* = {VE(x0): £ € Aand | x797%| 5 < o0, 18] =2}.

Hence, we can find a constant M such that

1
sup /”xfaﬂéi (t, ~)||Loo(15) dt < M.
i=1,...,N, |ﬁ|:20

Combining this with (4.7) and (4.9), we get (4.17). O
Now we return to the proof of Proposition 3.4. It suffices to show that for any ¢ > O there is v > 0 such that the
inequality

sup ¢ (x, 1) — 9" (x,1)| <& 4.18)

xX€eB;

holds for any i > 1 and ¢ € [0, #;—1,2]. Let us denote

X(1) = ¢"(x,1),
Y(t) =" (x,1),

where x € B'. We shall prove (4.18) in the case when i is even. The proof when i is odd is similar. Let k := [ﬁ], then

B Clk—2,k+3]x[-2,2]. (4.19)

Step 1. First let us show that to establish (4.18) it suffices to prove that
|X(t)—Y(@®)| <1 forallt eRy. (4.20)
It is easy to see that

(X —Y®)=u(X®),1t)—u(Y@),1)

= (u(X @), 1) —u(X@0), 1))+ (@(X @), 1) —u(Y@),1)) = 1i(1) + L(). 4.21)
We have that
/ [1(0)|dr < v. (4.22)
0
From (3.19), (3.20), (4.16) and (4.19) it follows that

J J
Y(t k—2—|=—|—-Mk+3 —— M 2,2
()e[ [ZN:| + +[2N}+ :|><[ ]
for any ¢ € [0, #;_1,2]. Hence, (4.20) implies

J
2N

X(t)e|:k—3—|:i:|—M,k+4+|:

N } + M:| x [—2,2].
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We derive from (3.19), (3.20) and (4.17) that
ti—1/2 ti—1/2
/ |L ()| dr < f T (O|X @) —Y(0)|dt, (4.23)
0 0

where

@l (t—tj_1)
(k—2~[ 5k 1-M)2’
@l (tj—1)
(k—2—[ 3 1-M)?’

teftji_1,tj—1,2l,
() =
teltj-1y2,1],

for j <2N(k —3 - M) (hereweuse(4.l7)f0rm=k—3—[ﬁ]—M) and

W) = <P;(l), teltj—1,tj—12],
@/t —1), teltj—1,1tl

for j > 2N (k —3 — M) (in this case we use (4.17) for m = 0). Thus we have

ti—1/2 DN (k—=3—-M)—1 ti—1/2
/ v(t)dt = / w(t)dr + / w(t)det
0 0 DN (k—3—-M)—1
2N (k—3—M)—1
2M
< Y : + (2N (M +4) +1)2M. (4.24)
o k=2-I1-Mm)?

Integrating (4.21), using (4.22)—(4.24) and the Gronwall inequality, we obtain

2N (k—=3-M)—1 M
| X (ti—172) =Y (ti—12)] < vexp( > ; SN +4)+ 1)2M>
o k=2-[&l-Mm
vexp( + (2NM +4) + )2M>. (4.25)

Choosing v such that the right-hand side of (4.25) is smaller than ¢, we prove (4.18) for all 7.

Step 2. To complete the proof, it remains to show (4.20). To this end, let us assume that (4.20) does not hold for some
t > 0. Denote by 7y the first time such that | X (fp) — Y (fo)| = 1. Hence, we have (4.20) for all ¢ < 7. Step 1 implies

e ¢]

s . 8MN?
| X (o) — Y (fo)| < vexp( Y 7 + (2N(M +4) + 1)2M |. (4.26)

j=1

Since the right-hand side of (4.26) does not depend on 7y, choosing v sufficiently small, we get (4.20).
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Appendix A. Proof of Lemma 2.3

Let us consider the space

Ho(D') ={ze L*(D'): curlz e L*(D'), divz e L*(D'), z-n|r =0}
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endowed with the norm
Izl = llzll + llcurl z|| + |Idiv z|.

Here D’ is a strip or is the domain D defined in (2.1). Recall the following result (see [12, Chapter 7, Theorem 6.1]).
Theorem A.1. The following equality holds
{ze H'(D'): z-n|r =0} = Hy.
In the case of bounded domains it is shown in [21, Appendix 1, Proposition 1.4] that

H(2)={ze L*(R2): curlz e H*'(2), divze H* (), z-ne H'232)}. (A.1)

Let us generalize this result to the case of domain D’. We shall need the following lemma.

Lemma A.2. Let g € HY/?>(I''). Then the problem

Au—u=0 inD, (A2)
3

Zog onr (A3)
on

has a unique solution u € H*(D'), which satisfies
lull2 < Cliglhy2- (A4)

Proof. Problem (A.2), (A.3) is equivalent to

/VuV@dx—i—/u@dx:/g@da forany 6 € H'(D').
D’ D’ r

Since g € H —12(1), the Riesz representation theorem implies the existence of a unique solution u € H L(Dh.

Case 1. Assume D' = D, and let us prove that u € H>(D). It is easy to see that v := dju is the solution of the problem

Av—v=0 inD,

av
— =018 onl.
on

Thus 8,u € H' (D) and
01ulli < Cliglly2-
Combining this with the fact that Au € H'(D), we obtain u € H*>(D) and (A 4).

Case 2. Now consider the case D' = D. Let
21 := {x e D: |x1| <N} and 2, := {x eD: |xj| <N+ 1},
where N is so large that D \ D C £2;. Let us take some function x € COO(B) such that

o, ifx¢ @,
X(x)_{l, ifx € 21.

Then w := yu is the solution of

Aw—w=2VxVu+Axu=:f in 2, (A.S5)

ow -
n =:g onads2. (A.6)



H. Nersisyan / Ann. 1. H. Poincaré — AN 30 (2013) 737-762 761

It is easy to see that f € L?(§2,) and § € H'/?(32,). This implies that w € H?(§2,) (e.g., see [1]). Thus u € H>(£21).
On the other hand, from the fact Iy C £21 we derive g—l’: lreH I 2(F). Hence, using the result for D’ = D, we see that

u € H*(D). This completes the proof of Lemma A.2. 0O

Now let us prove (A.1) for 2 = D’. Clearly the space in the left-hand side is contained in the right-hand side of
(A.1). By induction, let us show the other inclusion. Assume s = 1. Let us take some function z from the right-hand
side of (A.1) and consider the problem:

Ap—p=0 inD,
ap

—=z-n onl.
on ¢

By Lemma A.2, we have p € H>(D') and || p|l>» < C|z - n|l1/2. Let us take w =z — Vp. Clearly w € Hy, thus
Theorem A.1 implies w € H'(D’). Hence, z € H'(D') and
Izl < llwllh + Ipll2 < C(lzll + lleurl 2]l 4 lIdiv 2]l + 1z - nll1/2)- (A7)

Now assume that (A.1) holds for s — 1 and let us prove it for s. Let 77 be a regular extension of n in D’ such that
|ﬁ()£)| = 1. Let us show that such an extension exists. To simplify the proof, let us assume that d = 0 in the definition
of D (see (2.1)). We define

~ _ y'(x1)
ni(xy, x2) = —m + h(x1,x2),
na(x1, x2) =

X2
A+ ye))VT+y ()2

where h € C;O(B), hly5=0and h(x,0) =1+ ~ YD) Then we have (1, 12)|y5 = n and [(721,712)| > & for

N1y (x1)?

—lg:% is an extension of n. Let us take v := V1 (z - 7i). Then v € L2,

divv = 0. Since v - 71 is the tangential derivative of z - 7z along I"/, we have v - i € H*~3/2(I""). On the other hand

sufficiently small § > 0. Hence, n(x) =

—curlv = A(z-71) = (Az))iAy + (Azp)iiy + 7,

where § € H*~2. Tt follows from the facts Az; = d; divz + d; curl z and Az, = 9, divz — 9 curl z that curlv € HS 2.
Thus the induction hypothesis yields V4 (z - /i) € H*~!. Hence,

(02z1)Ai1 + (8222)i2 € HS ™1,
(012171 + (0122)72 € HS L.

Combining this with divz € H*~! and curlz € H*~!, we obtain 1 - Vtz; e H ! and 7i - Vz; € HS™! fori = 1,2.
Thus Vz; € HS~!, which completes the proof.
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