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Abstract

Global existence of regular solutions for a nonlinear Schroedinger—Chern—-Simons system of equations on a two-dimensional
compact Riemannian manifold is proved.
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Résumé

L’existence d’une solution globale réguliere est démontrée pour un systeéme non-linéaire d’équations de Schroedinger—Chern—
Simons sur une variété Riemannienne compacte de deux dimensions.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction and statement of global existence

The Ginzburg-Landau energy functional on an oriented two-dimensional compact surface X~ without boundary
with a fixed Riemannian metric g is given by the integral

/VA(A,cp)dug
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where du is the associated area form and

1 . A
Vi(A, @) = 5[|B|2 +87((Va)i®, (Va);P)+ Z(mw2 - 1)2}. (1)

Here V4 is an S! connection on a complex line bundle L — X of which @ is a section and the 2-form B d, is the
curvature associated to V4. If V, is a fixed connection with curvature bdp, then there exists a real 1-form A such
that V4 =V, —1iA and Bdug = bdug + dA. Various time dependent models associated to this functional have been
considered:

(1) The gradient flow, which is essentially parabolic (once gauge invariance is properly handled). This was studied

in [6].
In addition to the gradient flow there are two associated conservative dynamical models:

(ii) the Abelian Higgs model which forms (modulo gauge invariance) a hyperbolic system of semi-linear wave equa-
tions. Vortex dynamics for this model were studied in [12,13];

(iii) the Schroedinger—Chern—Simons equations (SCS) introduced in [10], to be studied here (see also [7]). These
form (modulo gauge invariance) a system of coupled nonlinear Schroedinger equations for (A, @) together with
a constraint.

1.1. The (SCS) system and statement of the main result

In the time-dependent case L extends to a line bundle L =R x L over R x X. Explicitly the dependent variables
consist of a time-dependent 1-form A = (Ag, A) = (Ap, A1, Az) on R x X where A = A dx! + Apdx? is a 1-form
on ¥, Aog(t,x) € R and a time dependent section @ of L. Thus at each time ¢ we have a section @ (¢) of L and
a connection V4 on L as well as the real valued function A (#). The equations are

2u(A —VAy) + VB = —€(i®d, Vo P),

. . 1 A )

1y(a,—1Ao)q>=—§AA<p—Z(1—|¢| )@ ()
together with a third constraint equation

2uB=y(1-0%).

Here €: T*X — T*X is the complex structure (Hodge dual operation), (a, b) denotes a real inner product on L,
(@, ®)=|®|?and y, u, A are positive constants. Note that the constraint equation is preserved by the evolution (since
0B = ﬁ(iqﬁ, Ap®) = lﬂa,(l — |®|%)), however, it is slightly more general to consider the following additional

equation for & € H*(X):

h(x) = B(1, x) — ﬁ(l — 1@ ) (1, x) = B0, x) — ﬁ(l —192)(0. x). 3)

From A = (Ag, A) we form the operator Dy by
DA® = (0; —1Ap)@ dt + V4@

which is a connection on L — R x X and, writing E; = 8;A; — d; Ao, the 2-form —iE;dr A dx/ —iB dpug is the
associated curvature. Thus by the first equation in (2) above

OUE + VB = —c(i®d, V, ).

In conformal co-ordinates g = e22((dxH2 + (dx?)?) and the area form is then dug = e2?dx! A dx2. For the connec-
tion V4 defined above we let A 4 = e2°V 4 - V4. See the first appendix for further explanation of notational conventions
and interpretation.

For the case ¥ = R? this system was proposed by Manton [10], who derived it as the Euler—Lagrange equations
from a Lagrangian extending the Ginzburg—Landau functional by a Chern—Simons term and the Schroedinger term
(i@, (3 —1Ag)@). In [2] and [3] the authors prove local existence and blow-up in H 2 (and global existence under
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conditions on the initial data in H') on X = R? for a closely related system having negative energy density (an “attrac-
tive” nonlinearity, corresponding to A < 0). In this paper we study the case of a positive energy density (a “repulsive”
nonlinearity, corresponding to A > 0) with X' a two-dimensional surface as described above. We prove a local exis-
tence theorem for (2), (3), and then global existence for @ in H 2 In [5] the authors show a global existence for a
related system for ¥ = R? in which @ solves a wave equation. A study of vortex dynamics of (2), (3) is currently
undertaken along the lines of [12,13] for the Abelian Higgs model.

Two useful ways to think of (2), (3) are:

(i) In Coulomb gauge div A = 0 it is possible to reformulate this system as a nonlocal Schroedinger equation for @,
as (3) and the divergence of the first equation in (2) then determine Ao and A in terms of @ as nonlocal functionals
(by solving elliptic equations) in x at each time ¢. This is the approach adopted in [2]. Here we make a different
gauge choice, the parabolic gauge Ayp = div A in which Ag and A (through the same equations) are determined
by @ nonlocally in (¢, x) (by solving a heat equation).

(i) With appropriate choice of symplectic structure the equation is a constrained Hamiltonian system with V), as
Hamiltonian and (3) is a constraint (i.e. its time-derivative vanishes identically as a consequence of (2)). A useful
consequence of this second formulation is the conservation of V, which will be used later.

In view of interpretation (i) it is to be expected that control of @ in a sufficiently strong norm for all time ensures
the existence of a global solution and this idea is used to prove the following in the parabolic gauge (the spaces used
are explained below):

Theorem 1.1 (Global existence). Consider the Cauchy problem for (2), (3) with initial data @ (0) € H 2(x) and
A(0) = (A9(0), A(0)) € H*(X) satisfying Ag(0) = 0 = div A(0). In the parabolic gauge with Ag = div A, there exists
a unique global solution (A, ®) € C([0, 00); H'(X) x H*(X)) N C([0, 00); L*(X) x L*(X)) such that & satisfies
the estimate

Bt
|¢(t)|H2(Z*) gcede (4)

for some positive constants c, o, B depending only on (X, g), the constants y, [, . and the initial data.

Brezis and Gallouet in [4] prove an analogous result for the nonlinear Schroedinger equation
i0u — Au+ |u)Pu=0.

The crucial point there was the use of the inequality (valid, e.g., for u € H>(R?))

jul < C[1+ Vin(T+ ful )| 5)

with C = C(Ju|g1), in conjunction with standard L? estimates for the differentiated equation to provide control of
the H? norm of the solution at each time. For this to work the cubic structure of the nonlinearity and the square root
in (5) turn out to be important. The main point of the present article is that for (2) the same balancing of nonlinear
effects occurs even in the presence of the additional nonlinearity provided by the presence of A in the equation:
the constraint equations ensure that the overall strength of these can be estimated in the same manner as the cubic
nonlinearity. This is achieved by careful use of the constraint equations to estimate the various commutator terms
which appear on differentiation of the equation, together with a covariant form of the Brezis—Gallouet inequality (5).

Before stating the inequality we discuss the spaces in which we work (more details can be found in the appendix).
The space of H* connections is the space of operators V4 of the form V4 = V, —iA with A € H*(2'(X)), which
usually will be written H* or H*(X) suppressing £2'. For any given measurable connection 1-form A = (Aj, A5)
with measurable k-order derivatives, we define the space of H ﬁ sections @ as

Hﬁ(z)z{cpz bR |vg<p|eL2}
| <k

with the usual norm. For x € X, |®(x)|? = (&, @);,(x) and |V, ®|* = |qu>|§Xh = g (Va, @, V4, P), where g
is the metric on ¥ and 4 is the inner product on L (cf. Appendix A); we suppress / in notation. Also when the
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background connection a is implied we often write only V in place of V, and the norm |®|g« rather than |P| HE-
Certain Sobolev imbedding theorems are valid, see Lemma 1.2 and Appendix A. If A is time dependent then H/l(t) is

a time-dependent norm. Supposing (as will be the case below) that A(z, -) varies continuously with 7 in H'(X) then
the corresponding H A (1) horms for & € H'(X) are equivalent and continuously varying in ¢, both of which can be
seen from

IVany @2 < IVam®l2 + [(A() — AD) @,

Vam @2 +c|A@) = A 1 [Pl

by the Kato and Sobolev inequalities (see below).

In the remainder of this section in Lemmas 1.2, 1.3 and 1.4 we show covariant versions of known inequalities.
These are derived for a complex section @ of a line bundle L with connection A (the time variable is fixed and A,
@ are time-independent) and obtained in two stages from their corresponding statements on Euclidean space: once
derived for the two-dimensional Riemannian manifold X, the covariant version on L is then derived from that. The
first stage is easily achieved in the usual way with a partition of unity, see Appendix A.

<
<

Lemma 1.2 (Covariant version of the Sobolev and Gagliardo—Nirenberg inequalities). For (X, g) as above and for
(A, ®) e (H' x HY)(X) then Vo & € L*(X) and

IVa®lps <clVa®ly (6)

and also for all 1 < p < 0o, H2 — W1 P s L continuously on X. Also

1/2

1/2 2
IVA®|Ls < c|VaP| s / (IVa®l)s +|vAqu>|”) (7

where ¢ depends only on (X, g).

Proof. For real valued u € H'(X) we have the Sobolev and Gagliardo—Nirenberg inequalities, respectively,
12 1172
ulps <clul and  Julgs <clul)Sul}); )

(Both of these follow the corresponding standard forms of the Sobolev and Gagliardo—Nirenberg inequalities on R?
by a partition of unity cf. Appendix A.) We recall the Kato inequality,

V2], <IVa®lrr
and let u = |V, ®| € H'(X). By (8) we have

IVA® 7, <c|Va®|2(Va®@l 2 + |VIVAPI| )
and by the Kato inequality

< VAP 2 (Va2 +VaVa®,2)
which proves (7). The Sobolev inequality and imbeddings follow in the same way. O
Lemma 1.3 (Covariant version of the Garding inequality). For ¥ = (A, @) such that the norms on X appearing
below are finite we have
1/2 1/2 1/2

IVAVA®| 2 < |AAD |2 + | BIZIVAR| 2+ c|] /R Va®| IV BI 5 ©
where c is a number depending only on (X, g).
Proof. Recall that (-, ) is the inner product on L. Using a local co-ordinate system {x/ }§=1 on ¥ and using the
upper/lower index notation we can define two real 1-forms by

a; =((Va);®, Aa®),  Bi=((Va) D, (Va)k(Va);®).

Stokes theorem implies [ v/ ajdug=[ V¥ By dug =0 since 9 X' = ¢J; but expanding out these divergences as
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Via; — VEB = (Aa®@, Aa®) — ((Va) (VA)k®, (VA (VA) ;@) + g7 ¢ (Va)m®, [(Va) j, (Va)k](Va) D)
+ g1 e"(Va) @, (VA ([(Va)m, (Va)]®))
and integrating then implies (9) by use of (A.5) and (A.6). O

Lemma 1.4 (Covariant version of the Brezis—Gallouet inequality). If A € H' (X) and @ € Hf‘(Z’ ) then

@Iz < (141211 /in(1 +121,42) ) (10)

where ¢ depends only on (X, g).
Proof. The form of this inequality for real u € H 2(2 ) is

ulzsecsy < e+l 1o/ (1+ Tl s ) (11)

where, throughout in this proof, ¢ is a generic constant independent of u depending only on (X, g). This follows
from the inequality for u € H> N H'(R?) in [4] using a partition of unity (see Appendix A). Now apply (11) with
u(x) =|@(x)|? for x € ¥; by the Kato inequality (and using the unitarity property of A, cf. Appendix A)

[Vulp2 < c|@|p=|VaP| )2
and

IVVulp2 <c(IVA®IG4 + 1P| VaVA®|2) < c(IVADIY,) + @11 |VaVa®P12) S|P,
A A

using Lemma 7. Altogether with (11) this leads to the inequality

@ <1411y (1 +1912) ).

Take ¢ > 1 without loss of generality, then this leads to (10). O
2. Statement of local existence
The system comprising (2), (3) is gauge invariant: for smooth real valued functions g on R x X the triple (Ag, A, @)
is a smooth solution if and only if
el (Ag, A, @) = (Ao + g, A +dg, D) (12)

is also a smooth solution. (Clearly this action can be extended to more general weak solutions.) To circumvent this
degeneracy we consider the parabolic gauge in which

divA = A().

This choice of gauge fixes the positive direction in time, so from now on we solve for ¢ > 0. (The choice divA = — Ay
fixes the opposite direction; the existence result obtained here is then similarly valid for r < 0.)

As mentioned in Section 1, we will prove local and global existence for the augmented system of equations,
coupling the equations of (2) with a constraint equation

Y R =
B 2M(1 |@*) =h

for general 1 € H?(X) and determined by the initial data. (The existence for the original system follows as the special
case of 1 = 0.) Local existence is established by the following theorem which is proved in Section 4.

Theorem 2.1 (Local existence). For initial data ®(0) € H*(X), A(0) € H3(X) together with Ay(0) = div A(0) =0,
there is a positive time Tioc which depends continuously on the above norms of the initial data, and there is a solution
(Ao, A, @) of (2), (3) satisfying the gauge condition Ao = div A, and of regularity



212 S. Demoulini / Ann. I. H. Poincaré — AN 24 (2007) 207-225

A € C([0, Tiocl, H' (2)) N C'(10, Tiocl, L*(X)),
® € C([0, Tiocl, H*(X)) N C' ([0, Tioel, L*(X)).
Furthermore, the solution is unique in these spaces and satisfies the conservation laws

Vi(A@), @(1)) = Vi(A©0), @(0)), (13)
|@@1)],.=|P0)],2. (14)

Remark. The regularity of @ implies by the constraint equation (3) that
xdA € C([0, Tiocl, H*(2)) N C'([0, Tioc], L*(X))

(however, div A is only proved (Lemma 4.1) to be continuous into L? in this gauge, thus overall A is continuous
into H').

3. Proof of the global existence theorem

Assuming Theorem 2.1, we have a local solution (A, @) of (2)—(3) defined on an interval [0, Tjo]. In this section it
is shown that this solution can be extended (in the same spaces) to a solution for infinite time. From the construction
in the proof of Theorem 2.1 (in Section 4), the time Tj,. depends continuously on the norms of the initial data, and
we have A(0) € H? and ®(0) € H2. By standard local existence theory there is a maximal time Tinax = Tjoc Such that
for t € [0, Tmax) a solution (A, @) of the system exists in the same gauge and spaces of Theorem 2.1 and for the same
initial data. The bounds in the norm defined in Theorem 2.1 are not yet proved valid up to time Tyn,x; however, a priori
bounds derived below from the energy and the equations do hold and will be used to show Tpax = +00.

Denote by c¢ a generic constant which depends on (X, g), the Sobolev norms of the initial data, 4, the constants
¥, I, A, and the energy. Unless stated otherwise the norms below are taken over X at fixed time ¢ and the dependence
on ¢ is omitted where no confusion is possible.

Differentiate in time equation (2) for @ letting V = iy(l —|® |2)

(at —iAg— ZLAA>(3, —iAg)® = |:—2LAA, 3 — iAo:|q§ FiV(3, —iAg)® +i(3, V)P
y y
=22LE.VA¢>+2L(divE)¢+iV(a,—iAO)q> i3, V)" (15)
y y
(with E - V7A@ = gijEiVquﬁ) and Lemma B.5 applies to give an estimate for [(3; — 14¢)@(¢)|;2 as in (B.11).

Algebraically from (2) this implies an estimate for |A 4@ (¢)|;2 and by the Garding inequality (9) this in turn gives an
estimate for [VAVA® (t)|;2. Altogether we have for ¢ € [0, Tinax),

1/2 1/2 1/2 1/2

IVAVA®|,2 <c(1 + |40 @O)| 2 + |VOPO)] 2+ VP2 + Bl VAP 12 + @1 /% V4@ S IVBI,
t

+/{|E-VA<D|L2+|divE<D|Lz~|—|(81V)<D|L2}ds>. (16)

0

We recall from Theorem 2.1 that the local solutions have constant energy,
Vi(A), @(1) = Vi (A(0), ©(0)).
Observing that for arbitrary € > 0
4 2 1
Ve(1-1oP?) > (1-=)+U-200
= (1-100) > (1- 5 ) + 0 -2000!
we infer that |P [ 74y and [VA®P| (12 are bounded uniformly in 7 and hence

sug(|q§|H/1‘ () +|@lr (1) <c=c(p,V(0), X, 8. 1) (17)
>
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for all 1 < p < co. Now observe from Egs. (2), (3) that E, VE, VB are “schematically” given by E = VB +
(P, VA<1>), VB = (@, Vo®), VE = (B, VoV D) + |[V4P|?), so that the Sobolev (6) and Holder inequalities im-
ply bounds in terms of the H2 and L norms of & (where any choice made is with the view that (10) will be
eventually used on |@|p~)

Vel < (12 +12176) <e(|@]2 +113, ).

Bl <ci(1+1®)7),
|El2 <c(1+ [P |VaP|2),
IVE|2 Sc(1+|@11|VaAVAP| 2 + VAP 2 VAP 1)

(18)

Based on these, and using the Sobolev (6) and the interpolation (7) inequalities (where the choice between the two is
essential to avoid superlinear terms in |V4V 4 @|; 2 which would cause the following argument to fail), we obtain

|E-Va®|p2 < c|E|pa|VAP L4,

1/2 1/2 1/2 1/2
(by (1) <ClELIEL VA S IVA®] Y,
(by (18)) (1+|¢>|”2|VA¢>|”2)(1+|¢|1/2|VA<1>|”2+|<D|”2|VAVA¢>|“2

+ Va1 (Va2 +VAVA®IL2))IVa®| (V4@ 7 +VaVad| )
which by (17) can be estimated as
c(141D]1x|VaAVAD|}2). (19)
(Here all norms bounded by the energy are absorbed in the constant c.) Similarly,
|div E@|;2 < c|VE| 2| P
c(14+1P17VaVAPI,2). (20)

NN

The final term under the integral is estimated using (15)

|@V)P|,2 <cl|(@, (3 —iA0)D@)P|
<Pl AP L2

<|P[1w|VaAVAD 2 @n
using that V; = 2(®, 1A 4 ®). Altogether we obtain from (16)—(21)

t

[VAVA®|, 2 <C(1 + |®| +/(1 + @1 |VaAVADP| 2 + |cb|ioo|vAqu>|Lz)ds>

0
t

<c<1+|q§|m+/(1+|q§|§w)|vAqu§|L2ds>. (22)
0

To this now apply the inequality (10):

t
|<15(t)\H§(t) <c<l+\/ln(l+|€D(t)|H§(t))+/(1+|<15(s)|H§+|€D(s)|H§ ln(l+|<P(s)|H§)>ds>.

0

Now since +/In(1 4+ x)/x — 0 as x — 400 so there exists L(c) such that for |¢(t)|H§() > L(c)

(1+|¢|H2) —|¢|H2
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and hence there exists (another) constant ¢ such that

t

|(D(t)|H§m <c<1+/(1+|<1>(s)|Hi +|<D(s)|H§ /ln(1+‘<1§(s)|H§)>ds) =G(1).

0

As the functions in the integrand are increasing we have
G' (1) <c(1+G6@)(1+1n(1 +G(1))

or In(l +1In(1 +G(1)) < et + k (for k a constant). Hence [@ (1)l 2 < G(1) < K'ek*" as claimed in (4) for all time
t

t < Tmax Which by a standard continuation argument implies that the solution (A, @) exists on [0, 00), and this proves
the theorem. 0O

4. Proof of local existence

The proof of Theorem 2.1 follows a fixed point argument for an iteration as in the procedure layed out for conserva-
tion laws in [9]. Here the proof is based on the following two Lemmas 4.1, 4.2. The first lemma shows that a uniform
time exists in which all the iterates ¥ = (A", @") are bounded in terms of the initial data only in the (high) norm
U e C([0, Tiocl, H' x H 2(4‘7)). The second lemma shows that the iteration (24), (25) is a contraction in the (low)
norm C ([0, Tioc], L% x H! (X)), to be precise, ¥" is proved to be Cauchy in this space.

To start, we define and solve the iteration scheme.

Smoothing of the initial data: consider a smooth sequence ¥ = (A" (0), @"(0) which approximates the initial data
¥ (0) = (A(0), @(0)) in the sense that:

|W(§l _W(O)|H]><H2(E) gfoz_n (23)

(implying also that ¥ are bounded, uniformly in 7, in the same norm in terms of the initial data). Smoothing of the
initial data ensures that the iterates below are smooth and well-defined.

Definition of the iteration scheme: given (A"~!, @"~1) let ¥" = (A", ®") be the solution of the approximating
system

yA" —VdivA" = F(o" ! V0" = 24)
i M 2

8 —iAN — — A |@" = —(1— 0" 1|") " 25

(t 1 0 2)/ A) 4’)/( | |) ( )

with initial data ¥’ as above and where

"—_L L _ n|2 _L ) n
F'= 2Mv(thzle(l | y)) 2Me<1® ,Van®@") (26)

where as above € is the antisymmetric 2 x 2 tensor. Differentiating (24) and (26) will allow estimation of norms of
higher order derivatives: first, taking d of (24) (letting B" = b+ xd A™) we have 9, xd A" = ﬁ @1, A pn-t o1y =
ﬁat(l — |®"~1|2) and hence

14

B'= "
2p

(1= |®"")%) + hx). @7)
Taking divergence of (24) we obtain an inhomogeneous heat equation
ddivA" — AdivA" =V - F(&" ! V0" ) =v. 7! (28)

where the right-hand side depends on (cD”_l, \r o1 AT o1 B"‘l).
Finally we will use the following equations obtained by differentiation of (25). Let E" = 9, A" — VA{ and V" =
ﬁ (1 — |®"|?). Differentiation in time gives
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(a, —iAl — iAAO(at —iA})o"

= [—ZLAM, 3 — iAg}D" +iv" (3, —iA)@" +i(8, V") ®"
1

= 2$E" Van®" + %(div E")®" +iV"~ (3, —iAf)@" +i(a, V") (29)
(Here E" - Vn @" = gV E; Va,, ") Similarly differentiation in x gives
(a, —iAf — %AAO(VM(D”) =[8, —iA}, Van]@" — %[AM, Varl@" +i(VV" Yo" +iv" V"
= <—iE" + %[AM,VA'I] +ivv"—1)q>" +iV" V(0" — @Y. (30)

The unique solution of the iteration equations: we solve (28), (24), (25) with the understanding A7} = div A", with
smooth initial data (23) to obtain by standard linear theory smooth solutions

U= (A", Vg ®@") € C®([0,00) x X) forn=1,2,.... (31

To see this, first solve the heat equation (28) which yields a C*° ([0, co) x X') solution divA” (the regularity at t =0
follows as X = ¥); following the o.d.e. (24) implies A" is C* as well on [0, 00) x X. To solve the remaining
equation (25) we apply Theorems 4.1 and 5.1 in [8] to the operator —iAan() —1f (¢, ) : H*(X) — L2(X) for smooth
real f and here f =i(Aj + %V”’l)@”; then the evolution operator at each time 0 < ¢ < 0o preserves H*(X) in
L2(X) for each s > 2). This implies that the solution is a smooth section @" € C*°([0, co) x X) (recall that a fixed
smooth background connection is implied for all derivatives of @). The solution for each of these equations is unique
and the regularity of the solutions justifies the manipulations in the following lemma.

Lemma 4.1 (Uniform bounds for the iterates). There exists a time T1 > 0 and a constant M > 0, both depending only
on the initial data and the function h (and X, g, y, 4, A), such that for each n the solution of (24), (25) given in (31)
Yt = (A", "), with smooth data W defined in (23), satisfies

Y"eC([0,T1]) with |Y" |C([0’T]D <M (32)
where Y" (t) is the norm,

rn= Sl:)p (|An|L2 + |divA”|L2 + i*dAn|L°<> + |q)n|Loo + |VA"(DH|L2 + |VA"VA"‘Dn|L2)(S)-
s€[0,7]

Proof. We assume inductively that 77 exists for which (32) is valid forn =1, ..., N — 1; we denote by ¢ a generic
constant depending only on X, g, h, ¥, i, A and the initial values Y"*(0) for n =0, ..., N — 1 in (i)—(iv) below. We
show that for any 0 < ¢ < T7, and

YY) <c+tp(YN @), M) (33)

where p is a positive coefficient polynomial which depends (first argument) on the norm YV of the Nth iterate ¥,
and (second argument) on the same norm of the previous 1, ..., N — 1 iterates, inductively assumed to be less than M
for all time O < ¢ < T7; p is taken as the sum of the polynomials in (i)—(iv) below. We also assume that M is chosen
so that M > ¢ and set T} = %. If max;eqo,7y] YN (t) > M then by continuity of ¢ — Y (¢) there is a first time

0 < ty < T for which YV (ty) = M and hence

sup YN (1) Sc+inp(M, M) <c+Tip(M, M) <M (34)
t<ty
which implies that ) can be taken to be T otherwise we contradict the choice of M, T1. Below we also write p(M)
in place of p(M, M).
We now show Eq. (33) is valid to complete the induction argument. For the rest of this proof, all norms shown are
implied to be spatially taken over X pointwise in time for t for t € [0, Ti] unless indicated by the notation, e.g. C(L?)
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indicating the norm for C ([0, t], L?(X)). The following estimates (35)—(37) will be used in (i)—(iv) below (and applied
with n = N). The right-hand side of (24) is given in (26) and is seen to satisfy

|]:n|L2<C(|Vh|L2+|q)n|L°°|VA”q)n|L2) (35)

and similarly in L?. Differentiating (26) once,
V| < (|93 4 (07 Ve Do 7]+ [0 72)
<e(|VPh 2+ [@"] | VarVar®”| 2 + 2" [} ) (36)

Al
using the unitarity of the connection and the Sobolev inequality (6) applied to the last term. (Note here that either (6)
or (7) can be used but for the corresponding calculation in the proof of global existence the quadratic rate for the H?
norm is not suitable and therefore (7) must be used.)
In the parabolic gauge E" = 9;A" — VAS = F"~! from (24). Thus by (35) we can estimate (at each t)

[E" 2 < |72 (VA + @77 o[ Var@™ | 12) (37)
and by (36) we have a similar bound for |V E"|;2. Also by the Sobolev inequality
B o < |7 0 (VAL + (@71 Var @) ) (38)
<c(Vhlga+ [ <" 2 ).
Al
In Appendix B a priori estimates are shown for the heat, ordinary differential and Schroedinger equations which are
now applied in turn to (28), (24), (25) and (29)—(30) leading to the following four estimates:

(i) Estimate for div AN, AN. Apply the a priori estimate (B.1) for the heat equation in Appendix B to (28) for
2 < p < 00 to obtain

1

¢
sup|divAN|iz(s) + /|Vdiv AN|iz(s) ds
s<t

0

< |div AN )| + ct(IVA2, + [@N ! ﬁm(mo)wﬂﬂqb”—l |im2)) (39)

and the right-hand side is of the form (33). Moreover, divA"” € H ! and by (24) and (26) and with the o.d.e. esti-
mate (B.2),

slip’AN}Lz(T) <c+ tp(’YN|C([0,I])’ M)
<t

which is of the form (33). (Alternatively, note that by (39) and (27) we deduce from L? estimates for the div—curl
system ((A.10)) that

(|AN ;. + VAN [2.) (@) < c +1p (N, M) (40)

with ¢, p, M as defined above, which is again (33).)
(i) Estimate for V g~ @ From (25), and the Schroedinger equation estimate (B.5) in Lemma B.4 with V¥ -1=
4 (1= 1@V 1), and by (37),

sup| Vv @ [12(5) < [Van @™ |12 (0) + 1p () sup(| @ (5)] o [Var @V ()] 2). (41

s<t s<t
which is of the general form of (33). Also note that as in (B.4) the L? norm is conserved,
|@N] () =[D"],,(0). (42)
(iii) Estimate for (3; — i A))®N . We consider (29) (for n = N)
(3 —1AY —iA,w) (3 —iA)) ™) =26ENV v +idiv EN 0N +i(3, VNN +ivN (9, —iA) )@V,

To this we apply the estimate (B.11) (the last term does not contribute) to obtain,



S. Demoulini / Ann. I. H. Poincaré — AN 24 (2007) 207-225 217

t
5143 a0 < | (= i43) 2" 200+ csupl (3 40" s f 1900074 £
\t
0
+ [N, (|8 VN o+ [divEY] ) (43)

where ((0; — iA(])V Y®N)(0) is determined by lIJON and (25). The integrand is estimated uniformly in time, using (38)
and either the Sobolev or the interpolation) inequalities, e.g. by (6) [V4v @V |4 < |@V] u2,,; also, 18, VN=1,2 <
A

cl®@N | (8 — iA(')V*l)cDN*I)|Lz which is bounded inductively using (25)). Without loss of generality we can
assume supyg ,; [9; — iAf)V Y@V |,2 > 1 and dividing by this quantity the right-hand side is of the form (33).

(iv) Estimate for V,nVanv®Y, and ®V. Estimate (43) above, by Eq. (25), provides also an estimate for
|A v ®N|,2(1), and together with the Garding inequality (9) implies,

[VanVan @] 5 (0) ST+ A @V | L0 + [VITTN] L0 + VIV L)

1/2 1/2 1/2

el B9 @Yo [0 2[5 0N 2] 5V

t
+C/(|EN|L4|VAN¢N|L4 + |CDN|L°°(|8’VN71|L2 + WEN|L2))dS' (44)
0

The idea is to estimate this as in (iii) to obtain an estimate of the general form (33) for Vv V4w @ Now [V N oN 12

has already been estimated above but it is necessary to take care of the |V |]L/°% on the right-hand side. To do this
recall the Sobolev inequality |®N |10 < |V g2 » and use the square root to absorb it in the left-hand side since
AN

VAV/B < €A + B/ (4¢) for any € > 0. The induction is now complete and Lemma 4.1 proved. O

We now show that the iteration scheme defines a contraction for ¥" and derivatives in C([0, Tioc], LZ(E)) for
some time Tioc < 77.

Lemma 4.2 (Contraction). For the solutions ¥" = (A", ®") in Lemma 4.1, consider the vector
E" = (A", divA", xd A", ",V 0n D").

If €o in (23) is sufficiently small there exists a time 0 < Tjoc < T1 and positive constants y < 1 and §,, with X,5, < 00
such that forn=1,2, ...

n gn—l ’:n—l =
— & o e 2z S v|& =

= n—2
|z |, eer, 22y F 0 (45)

Proof. Welet 71, M be as in Lemma 4.1 and use the same convention on the generic constant ¢ and positive coefficient
polynomial p as in the previous lemma. For 0 < # < 77 use the notation C (L2) on [0, ¢] x X to indicate the norm
uniform in time on [0, /] and L2 over X. (Recall that £ € C*°([0, 00) x X).)

We start by estimating F” — F"~! (where F" is the right-hand side of (26)), using Kato’s inequality and the last
lemma

|7:n —F! |i2(L2) S c(|¢n’20(u>c> + |¢n_1 |ZC(LOO))’VA”(Dn ~ Van®"™! ﬁz(m
el [@" — " (V@ | + [Var®" ) a2,
(applying Lemma 4.1 on the first term and Holder’s inequality on the second)

< cp(M)t|VA"<D" — V™! |2C(L2)
+ Ct’qyl — ! |2(L4)(’VA"¢n |ZC(L4) + ’VA"q)n_l |QC(L4))
< pMt(|Var®" = Var@" 2 o+ |4 = A" ). (46)

(To arrive at the last inequality in (46), the Sobolev and then the Kato inequalities imply that
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" — " C(LY < C(W‘@n - (bn_lHC(LZ) + |¢n — o ’C(Lz))
< C(|VA”(Dn - VA”GYH] |c(L2) + |d§ni1 |c(L<><>)|An — A |C(L2) + |®n - |C<L2))'
Altogether by Lemma 4.1
|¢n — ot |C(L4) < CP(M)(’VA”@n — Vo™ ’C(Lz) + ‘An — At ’C(Lz) + ‘q)n — ot |C(L2))'

Similarly, note that by the Sobolev inequality [Var®@"|¢ 4y < ¢|Van q)”lc( !, and again Lemma 4.1 applies to
An

give (46).)
We use similar estimates to prove the contraction of the remaining terms. Subtract (28) at the nth and (n — 1)st

iterates
@ — A)(divA" —divA" ) =V - (F(¢" 1, V1 @" 1) — F(@"72, V40 20" 2))

V.
V. (]_-n—l _]_-n—2)

and by (46) and (B.1),

~

) . _112 . 12

|d1VA" —divA” 1|C(L2) +/|Vd1v(A" — A" 1)\Lz(s) ds
0
: n : n—1|2 n—1 n—212 n—1 n—212
< |div A" —divA",(0) + cp(M)t(|[Van @™ = Vu @ |C(Lz) + A" — A |C(L2)). 47)
From this we obtain a contraction estimate for A”: subtract Eqs. (24) forn,n — 1,
(A" — A" =V(divA" —divA") + F - 2
=g1+&

with g1 = V(div A" — divA"~!) and go = F"~! — F"~2_ Use the o.d.e. estimate in Lemma B.3, followed by (47) on
the g term and (46) on the g, term (on [0, 7] x X as above), to conclude

A" — A" e ny < TAG = AGT 2+ Vi g1 202 + Hg2l Lo
< [div A" — div A", 0) + ctpM) ([Van "' = V" 2|2,
+]art—an! |2C(L2))
<tp(M)|E" — E”_1|C(L2). (48)
Next subtract (25) forn, n — 1,

iv . (An _ An—l)(pn—l

(at —iAp — LAAn>(q>" — o) =i(An — Al )on! - >

2y

_ l(An _Anf]) . <V(pn1 +

i

(An + Anl)¢n1>

y 2
14
Egn +ivn—l(¢n _ ®n—1) (49)

where V"1 = 2 (1 —|@" 1|2+ |@"~! + ®"2|@"~1) and g" is the sum of the remaining terms. (This separation of
terms is not essential but slightly simplifies the following estimate as the last term’s contribution vanishes. Also recall
by V@" we imply the background connection which is independent of n and thus this term is bounded just as V4» @"
is.) The contraction is provided by g” since clearly (recall AT = divA”")

—1 . . —1
< c|d5” |C(L°°) |d1v A" —div A" |C(L2)

-1 -1 -1 -1

+ |An — A" |C(L2)(|V¢” |C(L2) + |An + 4" |C(L2)|(pn |C(L°°))

|gn|C(L2)
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so that by applying (B.11) of Lemma B.5 as before we have
|‘pn - ¢n71|C(L2) < |(q§n - ¢n—1)(0)|L2 +t|gn|C(L2)
<|(@" =" O 2 +1p)|E" — 2

—1
n \C(Lz). (50)
From (27) and (50) similarly, (since ||@"~' |2 — |@" 22| (12) < p(M) " — D" 72| 12))
|*d A" — xd A" |y Scp(MD] (2" — " 10|, +tpM)|E" — 5" |C(L2). (51)

Together with (47), the last estimate implies that in fact the A” form a Cauchy sequence in C(H '), not justin C (L?) as
implied by (48). This follows from solving the elliptic system of div A” and curl A” on [0, ] x X which is explained
in Appendix A.
Finally we show the contraction of the sequence of V4»®"; differentiate (49) which implies
i
2y
+ VA"gn +1(vvn—1)(¢n _ @}’l—l) +1Vn_1VA” (@ﬂ _ ¢n—1)

(a, —iAf — LAAn>(vAn (@" — ")) = [8, —iAg, Van](@" — 0" 1) [Aar, Var](®" — ")

2y

= <—iE” - i[AM, Van] +iVV”1)(<D” — ")+ Vang"
+iV" V(" — ") (52)

where g”, V"~ are the same as in (49). To this we apply again (B.11) (and as before, the last term does not contribute).
For the term [A 4, Van] we refer to (A.S), (A.6) in the appendix which imply,

[[Aan, Var](@" — @™ ")
Also,

|2 Sct|@" — " |C(H1)'

|(_iEn +ivvn_1)(¢n - q)n_1)|L°°(L2) < C(|En| + |an_1 |)C(L4)|(Dn —o"!
<etp(M)|Van (@ — @™ 71)

c(LY
|H)‘,1 :

For the terms in VA" g" it is useful (cf. (39)) to estimate as follows

Varg"[1212) < epM) (VI |V div A" = Vdiv A", o
+i|div A" —divA" T o) +r[AT = AT o)
Now apply (B.11) which together with the bounds of Lemma 4.1 implies that
Var (0" = ")y < [Var (@ = ") O],
+t|(—iE” "vanil)(djn - ¢n—1)|C(L2) + \/;|V3H|L2(L2)
<|Var@ (@" =" ) O 2 + (D (0" = "¢ )
+ A" — AT o) [div AT —divA™T! o)

<|(Var@" = Vi "N (0)| ,, + tp(M)|E" — & (53)

”_1|C(L2)
since
[Van®@" — V01 "7 < [Van (0" — @) [+ |A" — A" |07,

From (48), (47), (51), (48), (50), and (53), and any positive time Tjoc < min{m, T}, take y = Tiocp(M) < 1.
Recalling the regularity of Z", this completes the proof of Lemma 4.2. 0O

Completion of the proof of local existence: the sequence " € C™®([0, Tioe] X X)° of Lemma 4.2 is Cauchy in
C ([0, Tiocl; Lz(Z'))5 and so £" — & in C([0, Tiocl; LZ(Z‘))5 for = in the same space. So far we have obtained
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(Ag, A, @) as the unique weak solution of (2)—(3) in the parabolic gauge (taking pointwise limits of the iterated
equations using the smoothness of (A", @")) with the same gauge condition divA = Ag.) Further, because by
Lemma 4.1 (A", ") are bounded in L*®((0, Tioc], (H! x H?)(X)), thus @ € L>((0, Tioc), H*>(X)). The energy
is constant and (13) holds. By the interpolation inequality (7) (@"), is Cauchy in C (W'#) and so also in C(L*>®)
(since [@" — @"| oo <c|@" — D™ |y1s < c|@" — @™| ) sup, |@"[}/7). Altogether we have @ € C(H') N C(L™).

To complete the proof we show the further regularity for @ € C ([0, Tioc], H2(X)) N CL([0, Tioe), L2(X)). (It
follows immediately from what is already known that continuity in time of the H'! norm of @ is equivalent to con-
tinuity of |V4®|;2(¢) and similarly for the H 2 norm). In fact it is enough to prove regularity in only one of these
spaces, because if @ € C([0, Tioc], H>(X)) then by the equation for @ in (2) it follows that ® € C([0, Tioc], L*(X))
(since 0;® is schematically given by Ag® + A4® + V@ and these terms are all in C (L?)). So it suffices to show
@ e C([0, Tioel, H2). This is a consequence of the following

Claim. ®" — & in C([0, Tioc], H>

weak) S0 that @ € C([0, Toc],
on [0, Tipc].

Weak) and, furthermore, t — | @ (t)| 2 is continuous

For the first part it must be shown that for all ¥ € H~2(X), the map
e (Y, @)

is (uniformly) continuous on [0, Tjoc]. (In this paragraph (, ) is the pairing between H® and H ™, with s indicated as
a suffix only when necessary for emphasis.) By density, consider a sequence (¥™),, C H~! with ¥ — v in H™2.
Fix any € > 0, let M = M (¢) such that for all m > M, |Y™ — | g— < €/3. As established in Lemma 4.2 ¢" — @
in C(H"), so that there is Ny = N (e, M) such that if n > Ny then |(yM, ®"(t) — @ (t))1| < €/3. Thus for all n > N,

(v, @" 1), = (¥, 2D, | < [{(v = ¢™), 2" @), | + (¥, (2" @) = 2 0)),| + [((¥ — ¥¥), D)),
< v - 1/”11—2’@"‘0(112) +e/3+ M =yl o]l e <

by the bounds in Lemma 4.1. Thus " — @ in C(H‘ieak).

For the continuity of the norm, first notice that since @ € C (H\%/eak) the equation for @ in (2) implies 0, €
C(L%veak) (as it is schematically given by terms of type C(L?) - C(L™) + C(L\zveak) + C(L®®)), and so for any
Ip € [0, Tloc)s

|0;@|12(t0) < 11m1nf|8,q§|Lz(t)
—>lo
and we must show the reverse inequality for the limit superior. This is done using the estimate (43), however, because
of the choice of parabolic gauge, right and left limits are shown separately, starting with the right limit.

Let (Aj, A", @") be iterates obtained for ¢ > 79 by solving (25), (24) with initial data (Ag (7o), A" (t0), D" (1))
posed at t =ty and obtained as in (23) by smoothing (Ao(ty), A(?p), @ (t9)) (the unique solution just constructed
at t = tg). These iterates will converge to a solution which, by uniqueness, will coincide on [#g, ty + Tioc] With the
solution obtained previously with data ¥ (0) specified at t = 0. We apply the Schroedinger estimate (B.10) for the
iterates (A7, A", @) as in (43) on [1y, ty + €] x X. Consider first the limit n — oo of (43): the integrand on the right
is bounded uniformly in n by Lemma 32 so

|3 —iA0)® |2 (1) < liminf| (8, —iAG)®" | 2(1) < Tim [(d; —iAG) "2 (t0) + c(M)e

where M is the uniform bounds of the iterates in n given in Lemma 4.1, and where the strong convergence of the
initial data at # allows replacing /iminf by lim on the right-hand side. Therefore,

lim sup| (3 —iA0)®|,2(1) < |3 —iA0)®| 2 (10).

11— ),‘0
Therefore,

lim y(a, —idivA)®|,, (1) = |(8; —idiv A)D|,,(t0)

I—>[0
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and together with (9; —idivA)® € C(Lzeak) we conclude that (3, — idiv A)® € C(L?).

By the equation for @ in (2) this implies that A4® € C(L?). Now recall the proof of the covariant Garding
inequality in Lemma 1.3: integrating the last inequality in the proof we obtain that [V4V4®|,2 € C(L?) and because
A € C(H") this implies again that ¢ — |V,V,®| 12(t) is a continuous function of ¢ (where a is the background
connection); recalling that @ € C (H ) implies that V,V,®(¢) is weakly convergent in L?ast— t(;r , and as the
norms converge the (uniform) right cont1nu1ty in H? at any fg € [0, Tjoc) is shown.

Finally, we show the left continuity at 7y € (0, Tioc]. Fix #p and let ¥ = (Ao, A, D) be the solution with initial
data ¥ (1) = ¥ (to) in the gauge Ag = —div A, defined for ¢ < f; close to fy. (Here, ¥ = (Ag, A, ®) is the solution
constructed as before with initial data specified at O defined for > 0 in the gauge Ag = div A.) By the right continuity
already proved and the following claim it follows that & is left continuous (in H?) at 1.

Claim. Let (Ag, A, @) (t, x) solve (2), (3) on the line bundle L with gauge condmon Ao =div A for t > 0. Define for
t <0 a section <D(t x) = @*(—t, x) of the complex conjugate bundle L*, define Ao(t x) = Ao(—t, x) and introduce
a conjugate connection AonL* by the formula X - V ; CD(t x) = (X V5 ®)*(—t, x) for every vector field X on X.

Then (Ao, A, D) solves the same system on the line bundle L* with gauge condition Ay + divA =0 fort <O.

The proof of this follows by direct calculation. Moreover, ¥ and ¥ are related by a gauge transformation as in (12)
for which we now solve: for 0 <t <ty we find a gauge transformation e'¢ such that

(Ao, A, D) =¢(Ag, A, )
locally solves (2), (3) under the gauge condition Ao = —div A, which implies that g is the solution of
g +Ag=—Ag—divA=-2divA=f (54)

where df € L?(dx dr) (as VA € L*(dx dr) and with initial condition g(fg) = 0 (so e'8(0) i the identity on X, i.e.
& (19) = ¥ (tp)). By the time reversal argument just given & is left continuous at 7 so that @ = e 80 is left
continuous at ¢ty provided g is sufficiently regular: but it follows from Lemma B.2 that g(#) — 0 uniformly as t — ¢y,
and hence e'¢) — 1 uniformly, as r — fo. Thus

e 0@ —1Ag)D (1) —> e (9, —iAg)P(t9) ast— 1 in C(L?)

and thus left continuity is proved completing the proof of the regularity assertions in the local existence theorem.
The fact that the solution thus constructed obeys the conservation laws (13) and (14) is proved in the usual way by
computing the rates of change of the corresponding quantities for the iterates and taking a limit. This completes the
proof of Theorem 2.1.

Appendix A. Notation

Assume (X, g) is a two-dimensional, oriented, compact Riemannian manifold without boundary (0 X' = @), with
metric g and let {U;, V;, x;} fori =1, ..., n be a finite, regular covering by spherical coordinate neighbourhoods i.e.
xi(Uj) = B3(0) and V; = xf] (B1(0)). Let (b;); be a subordinate C* partition of unity such that b; > 0, supp b; C
Vi= Xi_l(lr(())), Zi bi(x) =1 for all x € X' and the supports of the b; form a locally finite covering of X. For all f
continuous on X

/fdMg—Z/bfdMg—Z [ inontad

=1y, =lp5(0)

where dug = \/detg dx € £2?(B3(0)) is the local representation of the canonical volume element determined by g.
(Here g’ : x; (U;) — MatT (2, R) that is, g’ (x) varies smoothly with x € B3(0) and is a symmetric, positive-definite
invertible 2 x 2 matrix wi‘th smoothly varying inverse (g* )_1, so both matrices are bounded on B; (~O), fori=1,...,n.)
The induced measure du;, on RR? is equivalent to Lebesgue measure and, defining f; = fb; and f; = (fb;) o x i_l , we
have the integrals
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) 12
FAVEISNS Z lfile2z) = 2:‘( / Ifilzduf) . (A.1)
i B3(0)
n
IV Ry, = / Ve fVpfeP dug <y / 4PV ]V Jindet g dx, (A2)
z =1p50)
|va|12(2) Z/gaygﬁévavﬂfvyVSfdu’g
b
n
<e) / (8" (8")" VaVp fiVy Vs fir/ det g’ dx. (A.3)
=B
The above define norms for the spaces L*(X), H'(X) and H*(X) (e.g. |f 15, = 1f13, + V13, + [VVFI3,).

Standard density and imbedding theorems are valid, see, for example, [1,11]. To derive the version (11) of the Brezis—
Gallouet inequality used in the proof of Lemma 1.4 we start with the inequality

lulLe(2) < C(l + [ul g1 (2)/In(1 + |M|H2(Q))> (A4

valid for smooth u supported in §2; the constant ¢ does not depend on §2. (See [4] for a derivation.) Now for f €
C°(X) use the decomposition f =), fi to infer | f|r(x) < sup|fi|r~. Now apply (A.4) to f; and observe that
| fi |Hs(B; < ¢l flus(x) by the Leibniz and chain rules applied to fi=(fbi)o Xfl. This leads to

[flr=(z) < 0(1 + 1 f a1z In(1+ |f|H2():))>

and hence (11) follows for u € H*(X) by approximation.

We shall always consider conformal co-ordinate systems on X' in which the metric is of the form e2P ((dxh)? +
(dx?)?) and the volume element is then e’ dx! A dx2. On functions the Hodge operator acts as *f = f dug =
fe?? dx! Adx? and #? = 1. On 1-forms * is just the complex structure in conformal co-ordinates *(w; dx' 4w, dx?) =
€w = w; dx* —w; dx', represented also by the anti-symmetric tensor ei] with 621 =+1, ef = —1, the other components
being zero. For a real 1-form A we write the co-differential d*A = —div A with divA = V;(g"/ JEA;)//g and
the Laplacian on real functions is Af = V; (g% JEVi/JE = e~2°V,V; f. Finally we sometimes denote the inner
product of two 1-forms with a dot i.e.

w-o=g'waj.

Now let L — X' be a complex line bundle over (X, g) with an inner product /4 on the fibers; write i, for the
induced inner product on each fiber 7 ~!(p), p € X. Consider a local trivialisation determined by choice of a local
unitary frame over the co-ordinate neighbourhoods U;; a smooth section s of L then corresponds to a family of
smooth functions s; : U; — C so that on U; N U; we have s; = elfij s; with el%i . U; N Uj — S! smooth. A smooth
S! connection on L is a covariant derivative operator V4 : s > Vs mapping any smooth section s to V45, a smooth
section of 21(L) = 2' ® L (the L-valued 1-forms, i.e. X - Vs = (V4s)(X) is a section of L for any vector field X);
it is required that V4 is unitary (preserves i) and satisfies the Leibniz rule. The commutator gives the curvature:

[(VA)1, (Va)2]@ dx! Adx? = —iB® dpug. (A.5)
This generalises as follows for w € £2'(L) to
[(Va)1, (Vaa]erde' Ady? = —iBoy djug + Rip0; dx' A dx?. (A6)

Fix a smooth connection V,, whose associated curvature b du, is constant (i.e. b = const.). A general connection
is of the form V4 =V, — iA for a real 1-form A; the choice of V, thus gives an identification of 21(%) with the
space of S connections on L. The curvature of V4 is seen from (A.5) to be B dug = bdug + dA and explicitly
B=b+ (ViAy — V3A)) /ezf’ in conformal co-ordinates as above. The dot product between 1-forms on X extends in
an obvious way to L-valued 1-forms. The integrals in (A.1)-(A.3) extend to similar integrals on 1-forms on X and also
L-valued sections and 1-forms, as do the corresponding H} spaces and associated Sobolev inequalities, see [11]. For
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more general nonsmooth connections A the validity of these Sobolev inequalities can often be proved as in Lemmas
1.2-1.4 using the Kato inequality. The Laplacian on sections is, similar to the real case,

1 .
Ap® = EM)/ (8728 (Va)i®) =e 2 ((VA)i (V)i ®). (A.7)

This can be further expanded in terms of the Laplacian of the background connection A, as
AA® =A@ +e 2 (=2iA; (Vo) ;@ —iV;A; — |AI*®). (A.8)
The system of equations
B=f, divA=g (A.9)

(where as above div: 2! — 29 is minus the adjoint of d) is a first order elliptic system which can be solved for A
subject to the condition on [ f du, dictated by the degree of L. It can be rewritten

dA=(f —b)du,, divA=g (A.10)

and solved via Hodge decomposition as long as the right-hand sides have zero integral. There is a solution unique up
to addition of harmonic 1-forms which satisfies || A|ly1.p <cp(1+ 1| fllLr + llgllLr) for p < oco.

In the time dependent setting of (2), (3) we take products with R to getaline bundle R x L —- R x ¥ over R x X.
On this bundle a connection is of the form DA ® = (0; —iAg)P dr + V4@ and the commutator gives the associated
curvature as

> [(DA)u. (DA ]® dx* dx” = —iEq;dt Adx/ —iB® dysg. (A.11)

n<v

We consider measurable sections @ with the norm H}4

D17, =f|cb|2+|vA¢>|2dug.
A
z
In the above integral, the inner products h and g are implied, ie. |®|? = |@|} = (@, D)) and |V,@|*> =
IVa®l;
HA(E), Hi(Z‘) are all valid. This can be seen easily since for @ € H!, then |®|, V|®| € L? so that |®| € H!(X)
which implies |@| € LP(X) forall p <oco. If @ € Hﬁ then @,V ® € H!; s0 |®|,|V4®| and V|®| € LP for all
p < 0o, implying that [®| € W!P(X) for all p < oo and so @ € L. When ¢ is also an independent variable these
facts are valid for each ¢ (with a time-dependent norm H 1}‘ (t)).

h = gl (Va, @, V4,; @), and accordingly for [VAV4®P|;2. The usual Sobolev-type inequalities in the spaces

Appendix B. A priori estimates
We base the proof of local existence on the following estimates for the heat, ordinary differential and Schroedinger
equations. (Where functions appear as general, given inhomogeneities, the necessary regularity is assumed for all the

norms involved to be meaningful.) Recall the notation Ey = 0;Ax — 9,k Ao, for k=1, 2.

Lemma B.1. For a smooth solution u : [0, 00) x ¥ — R of
ur — Au =9 Fy
for given smooth F = (F1,F>), F(t,x) € R? it follows that

T T
sup/|u|2dx+f/|Vu|2dxdtgc(|u(0)|iz+/[|.7:|2dxdt). (B.1)
[O’T]E 0 x 0 x

For the proof we multiply by u and integrate over [0, T] x X. (The smoothness assumption can be generalised.)
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Lemma B.2. There is a unique solution of the heat equation u;, — Au = f on [0, T] x X where f € C(L?), Vf €
L2(L?) with initial data u(0) = 0 such that u(t) — 0 as t — 0T uniformly on X.

Proof. Write the integral equation u(t) = fot ell—9)A f(s)ds and recall that since ¥ is two-dimensional

[ o g ™7

[14, Chapter 15] while Sobolev’s lemma which implies that f € L2(Lp ). Therefore,
t
Jut, x)] <c/ 0 =sI7VP| )|y ds et I fl o
0

which gives the result for p >2. O

Lemma B.3. From the ordinary differential equation 0;:A = f for f a given function, f(t,x) € R, it follows for any
spatial derivative of order |s|

03 AD)] 12 — |97 A0)] » < minf{61 (@), 62() } (B.2)
where 01 (1) = 1103 f | oo 2y and 02(1) = Jt 103 f 212y

The proof follows by differentiation in space and integration in time and standard Holder estimates.

Lemma B.4. Let @ be a smooth solution of the Schroedinger equation

(0; —1AQ)DP —iA4P =iV D (B.3)
where Ay, Ai, V are given smooth functions on [0, 0c0) x X. Then
|22, = |2, (B.4)
and
t
|VAq)(t)|i2 < |qu:~(0)|i2 + c/ 1@ |VaAP|2(IVV ]2+ 10,A — VAgl;2) ds. (B.5)
0

Proof. The identity (B.4) follows as for the usual Schroedinger equation, i.e., by multiplying by @ and integrating
over X'. For (B.5) we have

d .
3 VAP =2Va®, (3 —140)Va®)
=2(VA®P, VA (3 —1A0)®),> +2(VAP, —i(3; Ax — 0,k A)) D),
where (h, g);2 = fz(h, g) dx. Expanding the first term on the right,

VA0 —iAg)® =iVAAADP +i(VV)P +iVVP (B.6)
so that
(Va®@, VA0 —iA0)D),» = (VaP.I(VV)D),, (B.7)

which implies

(Va®, (3 —1A0)VA®P), | < VAP 12| P|Lx |V V] 2 (B.8)
and, in addition,

[(Va®, —i(0; Ak — 0,k A0)P)| < |P|10| VAP 120, Ak — Aol 2 (B.9)

and so (B.5) follows by integration in time. 0O
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Lemma B.5. Solutions of the equation for u,
(0 —iAg—iApu=g+1iVu (B.10)

with Ao, A;i, g, V are smooth given functions on [0, T] x X, satisfy the two inequalities

t
Ju |72 <[uO)]}> + |u|Loc(o_,)(Lz)/|g<s)|Lz ds,
0

1
oo 12) < [u(O)] 2 + f!g(s>|L2 ds. (B.11)
0

Proof. Multiply (B.10) by u (the last term in (B.10) vanishes) and integrate:
1
2 2
@2 < [u©) +/|g(s)|L2|u(s>|Lz
0

from which (B.11) follows. O
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