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Abstract

We consider the simplest possible heat equation for director fields, u; = Au + |Vu|2u (Ju| = 1), and construct axially symmetric
traveling wave solutions defined in an infinitely long cylinder. The traveling waves have a point singularity of topological degree 0
orl.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Dans ce papier nous considérons I’équation de la chaleur la plus simple pour champs de vecteurs unitaires, uy = Au + [Vu|?u
(Ju| = 1), avec domaine donné par un cylindre infiniment long. Pour cette équation nous édifions des solutions axialement symé-
triques en forme de front progressif. Ces fronts progressifs ont un point de singularité avec degré topologique 0 ou 1.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

We consider the heat flow of harmonic maps from an infinitely long vertical cylinder, £2 = {(x1, x2, x3): x]2 + x% <
1} C R?, to the unit sphere S? in R3:

Uy — Au=|VulPu in2 xR. ¢y

It can be viewed as the simplest possible equation of a class of evolution equations for director fields which natu-
rally arise in applications (see [20] and [5]). In cylindrical coordinates (r, 8, x3), axially symmetric solutions can be
represented in the form
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u(r,0,x3,t) = (cosfsinh, sinf sinh, cosh), 2)

where h = h(r, x3, t), the so-called angle function, satisfies the scalar equation (see [9,10])

h,  sin(2h)
ht = hrr + hX3x3 + T - 2,2

Recently [1,17] it has been shown that nonuniqueness of axially symmetric solutions of harmonic map flow, which
was observed for the first time by Coron [8], is directly related to the occurrence of point singularities in the so-
lutions: in the special case of the unit ball in R as spatial domain and the function x/|x| as initial and boundary
condition, the evolution of the point singularity on the vertical axis of the ball can be prescribed, i.e. given any func-
tion ¢o(¢) € (—1, 1) there exists an axially symmetric solution of the heat flow (with the same initial and boundary
condition!) which is regular in its domain except of the set {(x1, x2, x3,7) = (0,0, {o(¢), t), t = 0}. The proof of this
nonuniqueness phenomenon is based on the construction of quite complicated comparison functions for Eq. (3).

In a forthcoming paper [15], we shall see that for more general axially symmetric initial functions nonuniqueness
results can still be obtained, but it is much harder to find appropriate comparison functions. Traveling wave solutions
in infinitely long cylinders with a point singularity on the x3-axis turn out to be very useful in this context.

This motivated us to look for traveling wave solutions of Eq. (3) with positive wave speed ¢ > 0: h(r, x3,1) =
¥ (r, x3 — ct). With abuse of notation we shall denote the function ¥ (r, z) by h(7, z), z = x3 — ct. Then h satisfies the
singular elliptic equation

forO<r <1, x3eR, teR. 3)

sin(2h)
2

r

h
hpr 4 hyy + — 4 ch, — =0 for0<r<1, zeR, “4)
r

to which we add a boundary condition at r = 1:

h(l,z) =g(2). ®)
Here g is a given function which satisfies, for some zp < z; and 0 < B < A,

geC*'R), ¢ <0 inR, g=A in(-00,20), g=B in(z1,00). (6)

At first glance condition (5) may seem artificial. In a way it forces solutions to move in the x3-direction with
prescribed speed ¢ > 0, and one could argue that this trivially imposes the existence of traveling wave solutions
with the same velocity. On the other hand this construction supplies exactly the type of comparison functions needed
in [18]. In addition the techniques developed in the present paper can be used to construct solutions of (4), (5) in the
more “natural” case that g(z) is a constant independent of z [3], a construction which leads to new and unexpected
nonuniqueness phenomena for traveling waves which provide significant new insight in the nonuniqueness for the
general heat flow mentioned before [4].

To ensure that the traveling waves have a point singularity, we shall always choose A > 7 and 0 < B < /2. The
axial symmetry implies that point singularities necessarily belong to the z-axis (since the equation for / is regular for
r > 0), and it is easy to show that /(0, z) is necessarily a multiple of 7 for a.e. z € R. Since we shall construct traveling
waves which are nonincreasing with respect to z, this means that point singularities occur at points (7, z) = (0, z) at
which 4 is discontinuous. The following two theorems, the main results of the paper, show that it is possible to have
both singular points at which # jumps from 7 to 0 (Theorem 1) and ones at which / jumps from 27 to O (Theorem 2).
In the first case the topological degree of the point singularity is 1, in the latter case it is O.

Theorem 1. Let ¢ > 0 and let g(z) be a given function satisfying (6) with

T<A<3m/2 and 0< B <m/2. @)

Then there exists a function h1 : [0, 1] x R — R which is smooth in (0, 1] x R and satisfies Egs. (4) and (5). In addition
the following properties are satisfied.:

(1) there exists 71 such that hy is continuous in {(0,z): z#2z1}, 11(0,2) =0ifz>Z1and h1(0,2) =7 ifz < Z1;
@ii) h1(r, z) is nonincreasing with respect to z;
(iii) hq(r, z) — 2arctan(br) uniformly with respect to r € [0, 1] as z — o0, where b is defined by 2 arctanb = B;
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@iv) hi(r,z) — @ + 2arctan(air) uniformly with respect to r € [0,1] as z — —o0, where ay is defined by
T + 2arctana; = A;
(V) hy is real analytic in [0, 1) x R\ {(0, z1)}.

Theorem 2. Let ¢ > 0 and let g(z) be a given function satisfying (6) with
T<A<3nm and 0<B<m/2. (8)

Then there exists a function h :[0, 1] x R — R which satisfies Theorem 1 with properties (i), (iv) and (v) replaced
by:

(i) there exists zo such that hy is continuous in {(0,z): z#£ 22}, h2(0,2) =0ifz > Zp and h2(0, 2) =27 if z < Z2;
(iv) ho(r,z) — 27w + 2arctan(ayxr) uniformly with respect to r € [0,1] as z — —o0, where ay is defined by
27w + 2arctanay = A;
(V) hy is real analytic in [0, 1) x R\ {(0, z2)}.

Our approach will be variational. In the case of Theorem 2 the minimization problem involves a variant of the
relaxed energy introduced by Bethuel, Brezis and Coron in [6] and used by Hardt, Lin and Poon [12] to construct
axially symmetric harmonic maps with zero-degree singularities. The proof of the monotonicity of the solutions with
respect to z relies on a rearrangement technique.

The paper is organized as follows. In Section 2 we introduce the two minimization problems. In Section 3 we
collect some preliminary results. In Section 4 we prove the existence of minimizers and in Section 5 we show their
monotonicity with respect to z. In Section 6 we prove that the minimizers have a singularity. In Section 7 we discuss
the behavior of the singularities as ¢ — oo.

2. Variational formulation

Let ¢ > 0. Eq. (4) is the Euler-Lagrange equation of the functional

— 1 1 cz 2 2 Sinzf_
Qc(f)= | dz | dr 5¢ fF+ i+ P Gy(r) ) ¢- )
R 0

The function G (r) is chosen in such a way that @.(f) is convergent as z — oo for all functions f belonging to
a suitable class which contains the function 2 arctan(br), describing the desired behavior of the traveling waves as
Z — oo (see point (iii) of Theorems 1 and 2):

2

sin” Qarcan(br)) (10

Gy(r) = >

+ di (2arctan(br))

r

A straightforward calculation shows that

1

r 252
EG,,(r)dr: st (11)
0

On the other hand, it is well known (see also Theorem 23 in Appendix A) that, if 0 <b < 1,

4

We define the class of functions

5, sin? f 20 .
o+ 2 dr > 552 if f e HIOC((O, 1]) and f (1) =2arctanb. (12)

sin v
(R; H(0,1)); —

W= {v e W2 (R; L2(0, D) N LE, e L2 (R; L2(0, 1))},
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where the subscript 7 (in L2, H! etc.) indicates that the usual L” or Sobolev spaces are to be considered with the
weight function r. If f € W, then for a.e. z € R the function f (-, z) is defined almost everywhere in (0, 1), f(-,z) €
H!(0,1), and (sin £ (-, 2))/r € L2(0, 1). This implies (see [20]) that, for almost every z € R, f(-,z) € C°([0, 1]) and

f(0,z) =k(z)mr for some k(z) € Z. (13)

If f € W, the trace of f atr = 1 is well-defined. If f (1, z) = g(z) for a.e. z € R, it follows from (6), (11), (12) and
the monotone convergence theorem that

B 1
2
i r sin
Pe(f)= al}rlloo /dz/dr{iecz( 22 r2 r2f >}
B0 o 0

is well-defined and attains values in (—o0, 0o]. More precisely, for such functions f we have that

o2 2b2 cZ1
D.(f) > /dz/ Gp(r)dr = (1 bz) (14)

We define, for each ¢ > 0,

={feW; f(1,2) =g(), ®c(f) < oo}
(observe that W* # (J; it contains the function 2 arctan(br) + (g(z) — 2 arctanb)r). Since (14) holds in W€ we can

formulate our first minimization problem:

First variational problem. Find /2| € YWW¢ which minimizes @, in W°¢.
Its solution will be the traveling wave of Theorem 1.
In order to prove Theorem 2 we need a suitable variant of the concept of relaxed energy, introduced in [6]. Let

¢=|{te Cl([O, 1] x R); supp(&) < [0, 1] x [-M, M] for some M > 0}
and
={

We define for every f € W and & € €,

<e“in|[0, 1] x ]R}.

1
1 1
L8 = / &z / sin £ (e — fr&0)dr — 3 / cos(£(1, 2))&(1, 2) dz. (15)
R 0

R
We observe that L( f, &) is well-defined and L(f, —&) = —L(f, £). Hence

L.(f):=sup L(f, &) e€[0,00] for feW.
Eege
It turns out that L. < oo in W¢:

Theorem 3. Let f € W€ and let Py = {z € R; cos(f (0, z)) = —1}. Then

Lc(f)=/eczdz < 00.

Py

We observe that, by (13), Py is well-defined and Lebesgue-measurable. We shall prove Theorem 3 in Section 3.
Theorem 2 corresponds to the following minimization problem:

Second variational problem. Find 4, € W¢ which minimizes @, + 2L, in W°¢.
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3. Preliminaries, proof of Theorem 2.1

We introduce the following coordinate transformation:
x=e¢7>0xz=c 'logx.
It transforms Eq. (4) into
_ sin(2h)
2r

which is the Euler-Lagrange equation of the functional

00 1 -
v =5 [ar [ r(czxsz Ny L Gbm) a.
0 0

(rhe)r +¢7r(x%hy) —0 in(0,1) x R*,

Transformation (16) induces naturally a bijective map T : W — T (W), f(r,z) > f(r,c " logx), and
TOW) = {fe W2 (RT; L2(0, D) N L3 (RT: H O, 1)) — eLlOC(R+ L} (0, 1))}
In particular
T(W)={f eTOV); f(1,x) =g(c™ " log(x)), ¥e(f) < 00},
sin f

lIJ(f)— hm —/dx/r(c 224 24 —Gb(r)>dr

We observe that

D.(f)= (T(f)) for f e W°.
We set

L(f.8) = / dx f Sin(F)(fukr — frbodr — / cos(£ (1, x))& (1, x) dx
R+
forevery f € T(W) and & € T (€). It follows easily that

T(€) ={¢ e C'([0, 1] x R"): supp(&) S [0, 1] x [M~", M] for some M > 1},
T(¢) = {g eT(Q): ngrz + 22 < 1in [0, 1] x R+},
X

and L(T(f), T(§)) =L(f,&) foreach & € € and f € W. Hence, defining

Le(f)= sup L(f,§) >0 forfeTOV),
feT(€)

we obtain that
Lo(f)=Le(T(f)) forall feWw.

In order to prove Theorem 3 we need the following result.
Proposition 4. For all f € T(W)

1
L&) =3 / cos(f (0. 1))Ec(0.x) dx for € T(©),

Rt

231

(16)

A7)

(18)

19)
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and

Lo(f)= sup <—% / cos(f (0, x))A (x) dx>.

(eCy®RH); V<1 /c}) B+

Proof. The first statement implies at once the second one. If £ is sufficiently smooth, the first statement follows from
an integration by parts in (15) (observe that for all f € YV we have, in addition to (13), that cos f(-, z) is absolutely

continuous in [0, 1] for a.e. z € R, and cos f(r, -) is locally absolutely continuous in R for a.e. r € (0, 1)). A standard
approximation argument completes the proof of the first statement. O

Proposition 5. Let w € T(W°), let E,, = {x € RT; cos(w(0, x)) = —1} and let i denote the 1-dimensional Lebesgue
measure. Then

1
Le(w) = ZM(Ew) < 0o0.

Proof. First we prove that u(E,) < co. Arguing by contradiction we suppose that w(E,) = co. Let z; be defined
by (6) and set x; = e““!. Then u(E, N (x1,00)) = co. For all x € E,, N (x1, 0c0) we have that w(0, x) = k(x)r, with
k(x) odd, and w(l, x) = 2 arctan . Hence it follows from (11) and Lemma 20 that for any x € E,, N (x1, 00)

1

/ JENCI sin? w Go) ) dr > 2 207 21—b2
coxTw w — r r = — = .
2 r2 b 1+02 1+b2 1412

On the other hand, by (12), the same integral is nonnegative if x > x; and uniformly bounded from below if
0 < x < xj. Since u(Ey, N (x1,00)) = 0o and 1 — b? > 0, this implies that ¥.(w) = oo. Hence w ¢ T (V) and

we have found a contradiction.
Let . € CJ(R™) such that [A'| < ¢~ !. Then

2
R+ RH\E, Ey R+ Ey

=/x/(x)dx< "“(f'”)

Ey

—%/cos(w(O,x)))J(x)dx:—l / A’(x)dx+%/A/(x)dx:—%/)\’(x)dx+/)»/(x)dx

and hence, by Proposition 4, L.(w) < u(Ey)/c.
It remains to prove that L.(w) > n(Ey)/c. Let ¢ > 0. Then there exists x; > 0 such that £, = w(E, N (0, x;)) >
Ww(E,) — e. Let A be the function

f lfx € (07 -x&‘]7
C
=12
)\'S(x) € ifx e ()Cs, 2x8]s
C
0 if x > 2x,.

It follows from Proposition 4 and a straightforward approximation argument that

Lo(w) > —%/cos(w(o,x)))»;(x)dx.

R+

Hence
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Le(w) > — %/cos(w(o,x))k;(x) dx :—%/cos(w(o,x)) dx
R+ 0

2x¢

1 1
T / cos((0, 1)) dx =~ (1((0,x) \ Ew) = (0, 3) 1 E))

1 1 1
+ E(M((xs’ 2xe) \ Ew) - M((xsa 2xe) N Ew)) > _%(xa —28) + Z(xs — 2e),

since p((xe, 2xe) N Ey) < n(Ey \ (0, x)) = w(Ew \ (Ey N(0,x¢))) = u(Eyw) — e < & and pu((xg, 2x:) \ Ey) =
xe — m((xe,2x¢) N Ey) > xe —e. Hence L. (w) > (u(Ey) — 2¢)/c and since € > 0 can be chosen arbitrarily small
the proof is complete. O

Theorem 3 follows at once from (19), Proposition 5, and the relation

1 1
CZd = — d = — E ).
/e 2= / x CM( T(f))

Py E7(f)
We conclude this section with a technical result which we shall use in Section 6.

Proposition 6. Let 0 < b <1, w e TOWC), k € Z\ {0} and 0 < o < op, where

3% —1
op =arccos(m).
Then
w({x > 0; w(0,x) =kr}) =r£rg+,u({x >0 km —o <w(r,x) <km +0}) < o0.

Proof. Letn e Nand 0 <r < 1, and set
Sn={0<x <n;w(0,x)=k7t},
Sr,n={0<x <n;kn—a<w(r,x)<kn+a},
Fr,n:{x>n;k7r—a<w(r,x)<kn +a}.

Since, for a.e. x > 0, w(-,x) € CO([O, 1]) and w(0, x) = j(x)7 for some j(x) € Z, the characteristic function of the
set {x > 0; kwr — o < w(r,x) < kmw + o} converges a.e. to the characteristic function of {x > 0; w(0, x) = kxr} (here
we have used that o < ). Hence, by Lebesgue’s theorem 14(S;.,) = n(S,) asr — O foralln € N.

It is easy to complete the proof if we show that for all ¢ > O there exists v € N such that u(F,.,) < e foralln > v
and0<r <1.

Arguing by contradiction we suppose that there exists ¢ > 0 such that for every v € N there exist n =n(v) > v and
0 <r, <1 such that u(Fy, ,) > €. Choosing v > x1 = e“*!, w(l, x) =2arctanb for every x € F,, . On the other
hand, since k # 0, w(r,,x) =27 — 0o or w(r,,x) < —nw +o if x € F,, ,. Hence, by Lemma 20, for all n = n(v) and
xekl,

1
i 2
/ %(wrz(r, x) + W) dr > |cos(2 arctanb) + cos(o)|.
r

Tn

In view of (11) it is natural to require that the right-hand side is larger than 262 /(1 + b?), which leads at once to the
condition o < op,. Hence there exists C = C(b, o) > 0 such that for n =n(v) and v > x

00 1
r{ 4 sin? w(r, x)
dx 5 wr(r,x)—i—T—Gb(r) dr 2 Cu(Fy,.n) = Ce.
n 0

On the other hand, since w € T (WV°), the latter integral vanishes as n — oo, and we have found a contradiction. O
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4. Existence of minimizers
In this section we prove the following result:

Theorem 7. Let g satisfy (6), with 0 < B < 5 and A > B, and let b € (0, 1) be defined by 2arctanb = B. Then the
first and the second variational problem have a solution, h1and hj respectively, which satisfy the following properties:

(1) hy and hy are real analytic in (0, 1) x R and continuous up to r = 1, and satisfy Egs. (4) and (5).
) Ifm <A< 37” then 2arctan(br) < hi(r,z) < w + 2arctan(ar) for (r,z) € (0,1) x R, where a; € (0,1) is
defined by m + 2 arctana; = A.
(iii) If 1 < A < 3m, then 2arctan(br) < ha(r, 7) < 2w 4 2 arctan(ayr) for (r, z) € (0, 1) X R, where a; € R is defined
by 2w 4 2arctana; = A.
@iv) h;(r,z) = 2arctan(br) (i =1, 2), uniformly with respect to r € [0, 1] as z — oo.

Proof. We only sketch the proof in case of the second variational problem. Since great parts of it are standard, we
omit all details except of the less standard ones. We set

I =inf{®.(h) +2Lc(h); h € W°Y.
By (14),

2h2ec?
1+ b2

=

Let {h,} be a minimizing sequence and let o > 0. We set, for all f € W,l’z((O, 1) x (—o0,0)),

o 1 »
Eath) = [ oz [ (724 24 L)
P

o 1
Bero (f) = Eeo(f) — / dz / dr(%e“Gb(n).
—o 0

Then @, (hy,) is uniformly bounded with respect to both o and n. In addition, {/,} is bounded in W,l’z((O, 1) x
(—0,0)) for all o, and, by a standard diagonal procedure, there exist &, belonging to W,l’z((O, 1) X (—o,0)) for all
o > 0, and a subsequence of {4, }, which we shall denote again by {4, }, such that

h(l,z)=g(z) forae.z€eR,
By —h inW'2((0,1) x (~0,0)) and h,—h ae. in(0,1) xR,

and
inh inh
T I 0 L2((—0.0); L0, 1))
,
(indeed, % is uniformly bounded in L*((—0,0); L%(O, 1)) and the weak convergence follows from Lebesgue’s

Dominated Convergence Theorem applied to the sequence
. sin i,
sinh,}=1——=—+r f,
{fsinhy,} { NG Jrf }

with f € L*((—0, 0); L?(0, 1))).
Setting f, = hy, — h, the identity E. 5 (hy) = E¢ 5 (fn) + Ec.o (h) + R, with

o 1
i inhcosh
RZ/dZ/{recz<fnrhr+fnzhz+wn51:$>}dr’
—c 0
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implies that

Ecohy) =Eco(h)+ Eco(hy —h)+0(1) asn— oo. (20)
We fix 0 > 0 and & € €€ such that supp(§) C [0, 1] x [—o, o]. We claim that

2L(hp,§) —2L(h,§) > —Ec(hy —h) +0(1) asn— oo. ey

This inequality follows easily from the decomposition 2L(h,,§) —2L(h, &) =11 + 2.y + I3, + 14 5, Where

o 1
Iy = / dz / dr{sin fy cosh(fuzkr — furks)),

b= [z [ arfsinnteos £, = Dt~ k)
I
I3,n Z/dZ/dr{Sinh(fnz%'r - fnréz)}»
I
1
Iy, = f dz [ ar{Gsing = sinhy) (s, — e}
0
1

r | sin f; | r r sin? f;,
Il < /dz/ { |an||vs|}dr</dzf§e { v }dr=Ec,a<fn),

—o 0

and [;, > 0asn— oofori =2,3,4.
Combining (20) and (21) and taking o and & as before, we have that

Pe,g(h) +2L(h, &) < Peyo (hp) +2L(hn, §) +0(1) < Peo (hp) + 2Lc(hy) + o(1). (22)

Arguing as in the proof of (14), we obtain that ®@.(h,) > P, s (h,) — 2b%e7<? /(c(1 + b?)) for all o > z;. Since
Do (hy) +2Lc(hy) — T as n — o0, it follows from (22) that @ , (h) + 2L(h, £) < T 4 2b%*e ™ /(c(1 + b?)) for all
& € €° and o > z; such that supp(&) C [0, 1] x [—0o, o]. Letting 0 — oo we find that @.(h) + 2L(h, &) < Z for all
& € €, and hence 4 solves the second variational problem.

It remains to prove points (i)—(iv) of Theorem 7. The proof of (i) is standard. The proofs of (ii) and (iii) are similar
and we omit the one of (ii).

Proof of (iii). Let fi(r,z) = max{2arctan(br), h>(r,z)}. Then f1 € W, fi(l,z) = g(2) for ae. z € R, | fi,] <
max(|hor|,2b/(1 + b2r2)), and | f1;]| < |ho,|. We fix z € R arbitrarily. Since h>(r, z) — 2 arctan(br) is real analytic in
(0, 1), we may write

E_(2)={r € (0,1); ha(r, 2) < 2arctan(br)} = | J (eu. Bu). (23)
nel CZ

where 0 < oy < By < g1 < Buy1 < 1 forn,n+ 1€ 7. We observe that, for all n € T, hy(B,, z) = 2arctan(bB,;)
and, if o, > 0, ha (o, z) = 2 arctan(bo, ). We set

r

2
Hr 2 1) = w>

(uf(r, D+ui(rn)+ ——
"

NS}
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Then

1
/(H(r, z fi) — H(r,z; b)) dr = / (H (r, z; 2arctan(br)) — H(r, z; hp)) dr
0 E_(2)

Bn
= Z /(H(r, z; 2arctan(br)) — H(r, z; hy)) dr.

neT g
By Corollary 21
Bn
/(H(r, z; Zarctan(br)) —H(r, z; hz)) dr <0 ifa, >0. 24)
an

We observe that o, = 0 may happen for at most one value of n, and if so we may assume without loss of generality
that g = 0. Since 0 < b < 1, it follows in this case from Theorem 23 that also

Bo
/(H (r,z; 2arctan(br)) — H(r, z; h2)) dr <0 if g =0. (25)
0

Hence, by (24) and (25),

1 1
/H(r,z; f])dr—/H(r,z;hz)dr<0. (26)
0 0

Since (26) holds for a.e. z € R we conclude that @.(f1) < @.(h2). In particular f; € W€. In addition it follows from
Theorem 3 that L.(f1) < L.(h2). This implies that f] is a solution of the second variational problem. By standard
regularity theory f7 is smooth in (0, 1) x R and, by the strong maximum principle, fi(r,z) > 2arctan(br) for all
(r,z) € (0,1) x R. Hence f; =h7 in (0, 1) x R and we have proved the first inequality in (iii).

Similarly we define f> = min{2x + 2arctan(ayr), ha(r, z)}. Arguing as before, with £_(z) replaced by E4(z) =
{r € (0, 1); ho(r, z) > 2w 4 2 arctan(ayr)}, only the inequality (25) needs to be slightly modified. So we suppose that
there exist z € R and Bg € (0, 1] such that

hy(r,z) > 2m 4+ 2arctan(azr) forO<r < pBo and hy(Bo, z) =2 + 2arctan(azBop). 27

In view of (13) we may assume without loss of generality that /15 (0, z) = ko(z)7 for some ko(z) € Z. By (27) we have
that ko(z) = 2. If ko(z) =2 or if ko(z) > 4, we obtain from Lemma 20 that (25) still holds, with 2 arctan(br) replaced
by 2 + 2 arctan(ayr). In the remaining case, ko(z) = 3, (25) is replaced by the inequality
Bo
(H (r, z;2m + 2arctan(a2r)) —H(r, z; h2)) dr <2 if hy(0,z) =3m,
0

which follows easily from Lemma 20. This means that the inequality @.(f2) < @.(h2) is not necessarily valid, but
since cos(h2(0, z)) = —1 if ko(z) = 3, it follows easily from Theorem 3 that the inequality @.(f2) + 2L.(f2) <
@D.(hy) + 2L(hy) holds.

Proof of (iv). We only prove the result for #1, which we shall denote by 4. It follows from (11) and (12) that

1
r sin h
U(x) = / 5(113 +— - Gb(r)>
0

where z7 is defined by (6). Since f;:o el () dz < @ (h) +2b2%e /(c(1+ b?)) < oo, there exists a sequence z, —> 00
such that U (z,) — 0 as n — oo. Hence, by Theorem 24, h(r, z,,) — 2 arctan(br) uniformly with respect to r € [0, 1]
asn — o0.

dr>0 ifz>z,
V4
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By standard Schauder estimates, for any p > 0 the function V,(z) = f pl h%(r, z) dr is Lipschitz continuous in R.
On the other hand, the inequality

/dz

implies foo V,(2)e“ dz < 0o and then V,(z)e2% — 0 as z — o0.

2b2 7]

2dr < q>(h)+( )

By Schauder estimates, from here follows the existence of K, § > 0 such that ||, (-, 2)|| L, 1) < Ke —%2_ Hence
lim,_, o h(r, z) exists for all » € (0, 1] and it is equal to lim,—, (7, z,,) = 2 arctan(br). Obviously, for any p > 0,

lim h(r,z) =2arctan(br) uniformly with respect to r € [p, 1]. (28)
—>00
It remains to show that the limit is uniform with respect to r € (0, 1]. In the next section we shall show that we may

assume that % is decreasing with respect to z (in the proof we shall use (28)). Hence the uniform convergence follows
at once from the uniform convergence along the subsequence {z,}. O

5. Monotonicity properties of minimizers

In this section we shall show that our two variational problems have solutions which are decreasing with respect
to z. We use a one-dimensional monotone rearrangement technique [14] applied to the variable x = e“*

Throughout this section f(r, x) will denote a C'-function defined in (0, 1) x R* satisfying the following four
properties:

(1) forallr € (0,1), C e Rand 0 <« < B the sets {x € [a, B]; f(r,x) = C} and {x € [«, B]; f(r, x) = 0} are finite;
(2) fr e L®((p,1) x R*) and f, € L®((p, 1) x (p, 00)) for all p > 0;
(3) feL®(0,1) x R") and

Lr)= 1nff(r x)<L(r)y=sup f(r,x) forO<r<l;

x>0

(4) for any p > 0, limy_, o, f(r, x) = £(r) uniformly with respect to r € [p, 1).

In view of Theorem 7, (28) and standard Schauder estimates applied to Eq. (4), the functions
fi=T(h) and fo=T(h) (29)

satisfy these four properties, with £(r) = 2 arctan(br). Here T is the operator induced by the transformation x = e“*
and introduced in Section 3.
Given f, we set

R4,={x>0; f(r,x) >d} fordeR, 0<r<]l,
f*(r,x):sup{deRIxgu(.Qd,r)} forO<r <1, x>0,

where u is the one-dimensional Lebesgue measure. By construction, the rearrangement f* of f is nonincreasing with
respect to x, limy_, oo f*(r, x) = £(r) uniformly with respect to r € [p, 1) for p > 0,and forall0 <r < 1,d; < d>

/L({x >0;d < f*(r,x) < dz}) :/L({)C >0;d; < f(r,x) < dz}). (30)

Now we are ready to formulate the main result of this section and its first consequence.

Theorem 8. Let T be defined as in Section 3 and let fi and f> be defined by (29). Then T~ (ff) and 7! (f5) are
solutions of, respectively, the first and second variational problem.

Corollary 9. We may assume that the functions hy and h», defined in Theorem 7, are strictly decreasing with respect
to zin (0, 1) x R, and that for all p > 0

hi(r,z) > m + 2arctan(ar) uniformly with respecttor € [p, 1] as z — —oo0. 31
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The first part of Corollary 9 follows at once from Theorem 8 and the monotonicity of the rearranged functions.
The monotonicity of &1 implies the existence of the limit in (31), which we denote by v(r). It easily follows that v
is a solution of the equation v, + %vr — sin(2v)/ (2r%) = 0 in the interval (0, 1), with boundary condition v(1) =
g(—00) = m + 2arctana;. In addition it follows from Theorem 7(ii) that 2 arctan(br) < v(r) < mw + 2arctan(ar)
in (0, 1). The only function v satisfying all these conditions is the function w 4 2arctan(a;r). It follows at once
from Schauder estimates that the convergence is uniform in the sets [p, 1] for p > 0, which completes the proof of
Corollary 9.

We observe that, arguing as before, we need the condition that a; > 0 to obtain a result similar to (31) for the
function A»:

ha(r,z) = 2m + 2arctan(azr) uniformly with respectto r € [p, 1] as z - —o0. (32)

Indeed, if a; < O the same procedure leads to two possible limit functions in (32): 2w + 2arctan(apr) and
m — 2arctan(r/as). Only in Section 6 we shall be able to exclude the latter possibility.

It remains to prove Theorem 8.

We define, forO <r <1,d e R, and 0 < o < 7, the sets

Qoar={x=0:frnx)=d}, 2j,={xe©.r1] f(rnx)>d}. 27, ={xelo.1]: f(r.x)>d},

o,d,r

and, in (0, 1) x RT, the rearranged functions

£ x) = { sup{d eR; u(25.4,r) > 0} if x <o,

7 | sup{d eRyx —0 < 1(20,a,)} ifx >0,
FHrx) = sup{deR;xép.(.Qéyr)} if x <,
T sup{d e Ryt < u(25,)} ifx>r,

sup{deR;u( ;,d,r) >0} if x <o,
X, x) = sup{deR;x—agu(.Q;d’r)} if x € (o, 7],
sup{deR;r—ag,u(.Q;’d,r)} if x > 1.
It follows at once from the definition of f*“ that for all x < o
f¥(r,x) =Ly, := sup f(r,x).

x>0
The proofs of the following propositions are based on standard techniques for one-dimensional rearrangements

(see [14]). In particular we remind the reader that it is well known that f* and f*° are continuous and a.e. differen-
tiable in (0, 1) x RT, and that, forall0 < p < 1 and ¢ > 0,

||(f*)r ||L°°(Rp)’ (.f*o)r ||L°°(Rp) < ”fr”LOO(Rp)a
||(f*)x ||Loo(pra)v (f*a)x ||L°°(Rp) < ”fx IlLoo(Rpr)s

where R, = (p, 1) x RT and R, » = (p, 1) X (0, 00).

Proposition 10. Forall0 <o <t
ffrx) < frx)< f*(rnx—o0) if0<r<landx>o,
)< fFPrx)< ffrnx—o) if0<r<lando <x<rt.
In particular f** — f* uniformly on [, 1) x [, 00) (& > 0) as 0 — 0, and fF° — fF*in Cioc((0, 1) x (0, 7)) as

o — 0T

Proposition 11. Let F: (0, 1) x R — R be continuous and nonnegative, and let G : [0, c0) — [0, 00) be convex and
nondecreasing (and hence continuous). Then, forall0 <o <t and 0 < p < 1,

T T

/F(p,f:"<p,x>)G(|( :“),<p,x)|)dx</F(p,f(p,x>)G(|fr<p,x>|)dx. (33)

o o
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For the proof it is sufficient to apply Lemma 2.6 and Remark 2.22 of [14] to the function f(p, x), with x € [o, T].

In Proposition 11 it is important that the function F* does not depend on x. This explains why we cannot apply the
rearrangement technique directly to the functional @, in the original z variable. On the other hand, the form of the
functional ¥,, defined in (17), and the following key inequality applied to the function P(x) = x> make the method
work in the x variable:

Proposition 12. Let P(x) be a nonnegative and nondecreasing function defined for x > 0. Then, for all o > 0 and

O<p<l,
/ P)(f*)2(p, x) dx < f P() f2(p, x) dx. (34)
0 0

Proof. We fix o >0and 0 < p < 1 and set
A={f(p,x);x >0 and fi(p,x)=0}.

In view of the properties of f the set A is either finite or countable. We give the proof only in the latter case. So we
assume that A = {a, }, where a, > a,41 for all n > 0 and lim,,_, o a, = €(p). Of course, sup,nadn =ag < Lo p 1=
SUP, >4 f(r, X).

We define the open sets D, = {x > 0; ay+1 < f(p,x) <ap}and D} ={x > o;a,4+1 < f**(p, x) < a,}. For each
n we can decompose Dy, in a finite number, &, of disjoint open intervals y,, ; (j =1, ..., k,) on each of which fy(p, -)
is either strictly positive or strictly negative. We label these intervals according to their distance to the origin by taking
¥n.1 as the farthest one. Then sgn( fy (o, -)) = (—1)j ony, jforall j=1,..., k,,and there exists forall j =1,...,k,
and A € (an41,a,) aunique x; =x;(p, L) € y,,; such that f(p,x;(p, 1)) = A. By the implicit function theorem, x ;
can be thought as a smooth function defined in an open set containing {p} x (a,+1, a,). Similarly there exists for all
A€ ({(p), Lo,p]l aunique x*(p, L) > o such that f*?(p, x*(p, 1)) = A. By construction, x*(p, ) = i (§25,3,p) + 0,
x* is strictly decreasing with respect to A, and x*(p, 1) € D;} if a,+1 < X < a,,. It is easy to check that

kn

x*(p, 1) = plka)o + Y (=17 xj(p, 1), (35)
j=1

where p(k,) =0 if k, is odd and p(k,) =1 if k, even. A simple computation yields that for every n and for almost
all A € (any1,an)

ky —1
(F). (0ox" (0. | = (Z\(xjn(p,x)}) |

Jj=1
| e(p 20, 0)| = [Gpato. M| J=100 ks

These equalities imply that for every n

b F (& pijo. )
[rwsiema=Y [ roeou= [ (320020 o (36)
. 2 1o P
D, J= ) app1 T
and
) Pt
P)(f*). (p,x)dx = / dx. (37)
/ ) DOREICHNTION]

Dy Aan+1
On the other hand we know that x*(p, A) = u(825,,p) + 0 < x1(p, A), since 25,1, < [0, x1(p, 1)] by the definition
of x1(p, A). Hence it follows from (36) and (37) that

fP(x>(f*")i<p,x>dx </P(x>ff(p,x)dx. (38)

D Dn
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We remind that ag = max,ena, and L, , = SUP, > o f(r,x). If ag = L, then we have that
(o, oo)\ U D, and (o, oo)\ U D} (39)
neN neN

are sets of zero Lebesgue measure, and the inequality (34) follows at once from (38) (we have used that f*° (p, -) is
constant for x € (0, o]).

It remains to consider the case in which ayp < L ,. Then there exists X > o such that {x > o;a9 < f(p,x) <
Ls )} =(0,%)and fc(p, ) <0in (0, x). Hence f*° (p,x) = f(p,x) forall o < x < x. Arguing now as in (39) with
(0, 00) replaced by (x, 00), we obtain (34). O

Proposition 13. Let f| and f> be given by (29). Then, fori =1, 2,

1 1
/dx/rxz(fi*)idrg/dxfrxz(ﬁ)fdr < 00.
R+ 0 R+ 0

Proof. Since 4; is a minimizer, it follows from (18) that the latter integral is finite. We omit the subscript i. It is
sufficient to prove that for any p € (0, 1)

[ ieomas [0 (40)
R+ R+
Without loss of generality we may assume that the right-hand side is finite, i.e. xf, € L>(R"). Let 0, — 07. By
(34) the sequence {x(f*°"),} is bounded in L%(R*) and, up to a subsequence, there exists v € L*(R*) such that

x(f*), — v weakly in L>(RT). It follows easily from Proposition 10 and the regularity properties of f**and f*
that v(p, x) =x(f*)x(p, x) for a.e. x € RT. Hence (40) follows from (34). O

Proposition 14. Let f| and f> be given by (29). Then, for i = 1,2 and for every M > x| = e*!,

1

M 02 % < 1 in2 £
/dx/r<(f,-*)f+ S“‘rzfi —Gb(r)) dr</dx[r<(ﬁ)f+ s i —Gb(i’)> dr < oo.
0 0

72
0 0

Proof. Since h; is a minimizer, it follows from (18) that the latter integral is finite. We omit the subscript i. For any
T > 0 we set

1

s 02 £k
Qr(x)=/r<(ft*)f(r,x)+smff# —Gb(r)) dr forx > 0.
0

Observe that g, is a measurable function with values in R U {oo} and that, by Theorem 23, ¢, (x) > 0 for a.e. x > x|
if T > x1. Similarly, the function

sin? £*(r, x)
2

1
q(x):/r<(f*)%(r,x)+ —Gb(r)) dr forx>0
0

is nonnegative a.e. in (x1, 00). Observing that for any p > 0 and M > 0 there exists 7(p, M) such that £ = f* in
(p, 1) x (0, M) if T > ©(p, M), it follows that f — f* and (f;), — (f*), locally uniformly on (0, 1) x RT, and
hence, by Fatou’s lemma, ¢ (x) < liminf;_, o, g (x) for all x > 0. In particular

X1 X1

/q(x) dx éliminf/qr(x)dx.
T—>0Q0

0 0
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Since g, g; > 0 a.e. in [x1, 00) if T > x1, it follows again from Fatou’s lemma that for all M > x;

M 00 T

/Q(X)dx</q(X)dX<1itrg§)gf/qr(X)dx.

X1 X1 X1

The proof is complete if we show that, for every 7 > 0,

T 1_2* T 1.2
/dx/sm fe drgfdxfsm ! ar, (41)
r r
0 0 0 0
T

1 T 1
/dx/r(fr*)fdr < fdx/rffdr. (42)
0 0 0 0

Inequality (41) follows at once from (33), with G =1 and F = sin®( f)r~!, Proposition 10 and Fatou’s lemma.
Applying (33) with F = r and G(v) = v we find that for all 0 < o < T

1z 1t
//r(f:’t)fdxdrS//rffdxdr. (43)
0o 0o

Letting 0 — 0T and arguing as in the previous proof we easily obtain (42). O

Proof of Theorem 8. It follows at once from Propositions 13 and 14 that ¥, (f) < ¥.(f;), and hence, by (18),
ST~ (f) < Pe(hy) fori =1,2.

In view of (19) it remains to prove that Ec(fz*) = L:(f>2). By Theorem 7(iii) and Propositions 5 and 6, this is
equivalent to proving that, for o > 0 small enough,
. o % L L
lim ,u({x >Or—-—o< f(nx)<m —i—a}) —r£%1+u({x >0 —0 < fo(r,x)<m +O’}).

r—0t

The latter equality follows at once from (30). O
6. Existence of a point singularity

By Theorems 7 and 8, both variational problems have a minimizer which is strictly decreasing with respect to z
in (0, 1) x R. In this section we complete the proofs of Theorems 1 and 2. In particular we shall prove that both
minimizers have exactly one singular point at the axis » = 0 and we shall determine the behavior of the minimizers as
7 —> —00.

Theorem 15. Let hy and hy be a minimizer of, respectively, the first and second variational problem which is strictly
decreasing with respect 7 for all 0 <r < 1.

(1) There exists 71 € R such that h1(0,z) =m ifz <z1 and h1(0,z) =0 if z > Z;.
@ii) hi(r,z) — m + 2arctan(air) uniformly with respect to r € [0,1] as z — —o0, where ay is defined by
7 + 2arctana; = A.
(iii) There exists 7o € R such that h7(0,z) =2 if z < z2 and h2(0,2) =0 if 7 > 2».
@iv) ho(r,z) — 2w + 2arctan(axr) uniformly with respect to r € [0,1] as z — —o0, where ay is defined by
2w + 2arctana; = A.
(V) h; is continuous in [0, 1] x R\ {(0, z;)} and real analytic in [0, 1) x R\ {(0,z;)} (i =1, 2).

The proof of (i) is based on the following lemma. We omit its proof, which is based on straightforward computations
and estimates.
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Lemma 16. Let p < g and a € C'((p, q1) be such that

(a')?

!/
>0 in(p.gl. Sl eLlpg). w@ oo and L
o

a?(z)

-0 asz— pt.

Then the function v € C'((0, 1] x (p, q)), defined by

2
v(r,z) = ZaJrctan(O[r(Z)r1 ) for (r,z) € (0, 1] x (p, q1,

satisfies

Q) [y rv2nodr <12, f) M dr <6, f) rv2(r,2)dr < 8('(2)2a3(2) for p < 2 < g

(i) v. € L*((p.q); L} (0, 1));
(iii) forall 0 < p <1, v(r,z) — 7w and v, (r, 2), v, (r, 7) — O uniformly in [p, 1] as z — p™*.

Proof of Theorem 15(i). By (13), /1(0, z) = k(z)xr for some integer k(z) for a.e. z. By Theorem 7(ii) and (iv),
k(z) =0 or k(z) =1 for a.e. z, and k(z) = O for z large enough. Since %1, and hence also k, is nonincreasing with
respect to z, it remains to show that k£ = 0 in R. We argue by contradiction and suppose that 21 (0, z) =0 for all z € R.

Given n € N and 0 < r, < 1, by (31) there exists g, < zo such that ky(r,z) > m for z < g, and r € [ry,, 1]. We
define p, =g, — %, an(z) = (z — pn) "% and

hl(raz)7 Z>q;1’
hyn(r,2) = max{hl(r,z),vn(r,z)}, Z2 € (Pn, qnl,
max{n,hl(r,z)}, Z< Pa,
where
an(2)r?
,z) = 2arctan| —— ).
v, (r, 2) arc an< 1 )

Choosing r, = b/ (n? — b), which is a root of the equation v, (r, g,) = 2 arctan(br), it follows easily from Lemma 16
and the definition of p, and g, that hy , € W°.
We claim that @.(h; ,) < @.(h1) for n large enough, which is a contradiction since /1 is a minimizer of @, in W¢.
Given a measurable set S C (0, 1) x Rand f € W, we set

)
Eg(f) = /f %e”(ff—kff%— Slr:zf)drdz.
s

Then @ (h,,) — De(h1) = Iy — Ip.,, where

Iin = E10,11%(pugn) B1.0) = E10,11x(pa,gn) (B1),
D.w = E0,11%(~00, p) P1,0) — E[0,1]x (—00, pn) (1)

By Lemma 16, 1 4 < E[0,1]x(py.q,) (Vn) < ZePn (/" —1).
We define p(z) = inf{r € (0, 1]; hi(r,z) > 7} for z < zg. Then 0 < p(z) < 1, since h1(0,z) =0 and h(1,z) =
7 + 2arctana; if z < zg. We set
Ap={(rn2): 0<r<p@.z<py} and B,={(r2): p(z) <r <1,z <pu}.
Since hy, =7 in A,, it follows from Lemma 20 that

prl
2
En (h1n) — Ea, (h1) = —En, (h) < —2 f etz = —ZePr.
C

—00

Since [(h1,0)r| < |hirl, |(h10)z]| < |hi1z| and |sinhy | < |sinky| in By, this implies that I, < —%eCp”.
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We conclude that
CPn

De(h1 ) — Pelhy) < — (256" —25—2) <0
C

for n large enough, and we have proved our claim. O

Proof of Theorem 15(ii). The uniform convergence follows at once from (31), Theorem 15(i), the monotonicity in z
and the upper bound in Theorem 7(ii). O

In the proof of part (iii) we shall use an auxiliary lemma which is based on the following proposition.

Proposition 17. Let h; be as in Theorem 15, I be an open nonempty interval and k € Z a constant such that h; (0, z) =
km for z € 1. Then h; is real analytic in [0, 1) x I.

Proof. It is enough to prove that A4; is real analytic in a neighborhood of (0, z) for all z € 1. The monotonicity with
respect to z implies that 4; is continuous in [0, 1) x . Then the function

X1 . X2 .
u;i(x1,x2,2) := (— sinh; (r, z), — sinh; (r, z), cos h; (r, z)), r= ,/xlz +x%,
r r

(see also (2)) is a continuous weak solution of Au + |Vu|2u +cu; =01in D x I, where D indicates the unit disk.
It is well known (see [13] and [11]) that weak solutions are real analytic in open sets in which they are continuous,
and hence u; is analytic in D x I. Since the first component of u;, (4;)1, vanishes in {(0, 0)} x I and (u;)1(r,0,2) =
sin(h; (r, z)), the analyticity of the function arcsin in a neighborhood of the origin implies that, given z € I, h; is real
analytic in a neighborhood of (0,z). O

Lemma 18. Let h;, I and k be as in Proposition 17. Then there exists 7 € I such that (h;),(0,z) #0.

Proof. Omitting the subscript i and arguing by contradiction we suppose that /4, (0, z) = 0 for all z € I. We claim that
for all positive integers o

o

0%h
—(0,z2)=0 forzel. (44)
or«

This leads immediately to a contradiction: by Proposition 17 and (44) A is constant in (0, 1) x I, which is impossible
since £ is strictly decreasing with respect to z in (0, 1) x R.
In order to prove (44) we argue by induction. We know that (44) is true for « = 1. Suppose that it is true for

a=1,..., B for some B > 1. Using a Taylor expansion we obtain that forallze I anda =1, ..., 8
%(sin(Zh)) T 0 and 88}—[::1 (sin(2h)) T 2/3;:[ 0, 2),
her(r,2) = (ﬂ ! ), zﬂ;’f 0,2)rf~" +O(r?),
hy(r,2)r ' = /3' pwrs) (O orf- 1+O(r’3),
%sm(Zh(r D))~ =5 _ll_ o gi/:rl ©, 2)rP~1 +0(rP),
ho(r,z) = O(rPt), hoz(r,z) = O(rP).

Substituting these equalities in Eq. (4), we find that (44) holds fora =8+ 1. O

Proof of Theorem 15(iii). The proof consists of two steps. In the first one we exclude the possibility that #,(0,z) =0
for all z € R. In the second one we show that /4, (0, z) # 7 for a.e. z € R. Since /i, is nonincreasing with respect to z,
the proof is then completed by Theorem 7(iii)—(iv).
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Step 1. We only give the proof in the case that a; < 0 (if a > 0 the proof can be considerably simplified). As in
the proof of part (i) we argue by contradiction and suppose that /15 (0, z) =0 for all z € R.

Given n € N and p, = b/(n? — b), the statement which follows formula (32) (which treats the case a» < 0) implies
that there exists g, < zg such that

hz(r,z)>n+2arctan< ) ifz<gy,and p, <r < 1. (45)

r
2]az|
We set

1
pn:q;'t_;, Zn=pn—1, rp€lpn, 1],

and we define forall 0 <r <1

an(2)r?
,7) = 2arctan| ————
vn (1, 2) < r+1

wy (r,2) =7 4 2arctan(B,(2)r),  za <2< pas

)’ DPn <Z < qn,

wp(r,2) = max{Zn — 2arctan(yn(z)r), T +2arctan(2|r |)}’ In—Tn <2<2n,
as

Xn(r) =, (r, 20 — 1),

where
@)= p =D =l
(z— pn)? 2|as| (zn —2)?
Finally, we set, for 0 <r < 1,
ha(r, z) if z > gp,
max{hy(r,2), v, (r,2)}  ifz € (Pn. qnl.
hyn(r, z) = { Max{ha(r, 2), wu(r, )} if 2 € [2n, Pl

max{hZ(raZ),a)n(ra Z)} lfze[zn _r}'hzn)’
max{ha(r,2), xa(r)}  ifz<zp—ra.

It is easy to show that &y, is locally Lipschitz continuous in (0, 1] x R and belongs to WV¢. To obtain a contradiction
it is enough to show that

Pe(han) +2Lc(hon) < Pc(ha) +2Lc(hy) for n large enough. (46)
Defining Es(f) as in the proof of part (i), we write
Pe(hapn) — Pe(h2) =lLin+on+ B+ lan,
where
It = E0.1)x(paogn) (h2.0) = E©0.1)x (py.q) (h2),
D20 = E©0.1)x (20, pw) B2.0) — E0.1)x (2. pu) (12),
B30 = E0,1)x(zy—ru.zn) B2.0) — E©,1)x (2p—ru,zn) (B2),
La.n 7= E0.1)x(—00.20—r) (h2.n) — E(0.1)x(=00.2,—ry) (h2)-
By Lemma 16,

25 ¢
Il,n < E(O,l)x(p,,,q,,)(vn) < ?CCP" (e" - ]) 47)

Since wy,(r, 7) < w + 2arctan(r/(2|az])) if 0 <r < 1 and z,, < z < py, it follows from (45) that

12»’1 g E(O,ﬂn)X(Zn»Pn)(hZ,n) - E(O,pn)X(Zn,Pn)(hZ)'

Hence, by Corollary 21 and a straightforward calculation,
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Pn Pn
1
Iy, </302<_2+/§r(h2,,,)§dr> dz

Zn 0

fi B\ 1
_ cz| n L 2 2\
_/e ( 2+<ﬁ%(z)) (l"g(”ﬁ"”") 1+1+ﬁ%p,%>>dz’

Zn

and there exists a constant C, > 0 which does not depend on n such that

_ 4
< 2+C2pn(

12,)’1 X eCpn - eCZn). (4’8)

c
Since v, (z)r = 2|aa|/r, forall r > r, (= py) and z € [z, — 1, Z1), it follows from (45) that

27 — 2arctan(y, (2)r) <7 + 2arctan< ) <ha(r,z) ifr>n,

,
2|as]

Hence

I3vn = E(Oxrn)X(Zn*rmZn)(hzvn) - E(Osrn)x(Zn*rnsZn)(hZ)’
and, by Corollary 21,

13n\/ ‘Zdz/ ((haw)? — (h2)?) dr

in—"rn
[ 2 dz[ arctan yn(z)r)) dr
Zn—"rn
Zn 2
V/(Z)> ( ) 1
= ecz(” log(1+y rs) — 14+ ——— | dz.
/ ¥2(2) (14 7am) L+ yiry
in—rn

Since log(1 + s%) < 4./s for s > 0, it follows easily that there exists a constant C3 > 0 which does not depend on
such that

I, < C37‘3\/EGCZ" . (49)
Since x, (r) = + 2arctan(r/(2|az|)) forr = r, = py,

I8 = E©,r,)x(=00,20—1) 12.0) = E(0,1,)x (00,20 —rn) (h2)-

On the other hand, x, (r) =27 — 2arctan(2|az|r/r; ) for r < ry,, and hence, setting

S_i={(r2) € (0,7) X (=00, 24 — 1); ha(r,2) < xa(P)},

1 sin® x sin® 1o
Iy, < // Ere“(((xn)f + ) n) - ((hz)f + = )) drdz
s

Zn—rn

< / e (J1(@) = J2n(2) dz,
—00
where
n 2
1 SlIl Xn 2r
J — - 2 dr =2 — —"’
1n(2) /Zr((x,,), r2 ) "= r2 +4laz|?

0
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and

J2,n (2) =

1 By sinzhz
Er (h2)r + 2 dr

0\%

with p(z) :=inf{r € [0, r,]; h2(r,z) > 7}. By Lemma 20 J> ,(z) > 2, and hence there exists a constant C4 > 0 which
does not depend on n such that

14,11 < _C4r360(2n—"n)_ (50)

Since L.(hy ) = (ePn — e“n)/c (by Theorem 3), it follows from (48), (49) and (50) that there exists § > 0 such
that if p, < r, <4 then

1
Do+ I+ Iy + 2L (hop) < —Ecu,fec@n*rn).

Hence, by (47), we can choose r,, = é and n so large that
cpc(hZ,n) + 2Lc(h2,n) < qjc(hZ)v

and (46) follows.

Step 2. We argue by contradiction and suppose that there exist p < g such that 1,(0,z) = if p <z < ¢g. In view
of Lemma 18 and the monotonicity of 4> with respect to z, we may assume, without loss of generality, that for some
ko > O either

(h2)r(0,2) 2 (h2)r(0,q) > ko >0 ifz<gq (5D
or
(h2)(0,2) < (h2);(0, p) < —ko <0 if p <z. (52)

One way to obtain a contradiction is to modify the proof of a more general result in [12]. Alternatively, we can use
the approach used in the proof of part (iii): if (51) holds, we can construct a function A3 such that 45(0, z) = 27 if
z <q and @ (h3) + 2L (h3) < @c(ha) + 2L (h2); if (52) holds, a similar function /3 exists such that /#5(0, z) =0 if
z > p. For example, in the first case we can choose i of the type

ha(r, 2) if0<r<l,z>2qorr*<r<l1,z<gq,
h;(r,z): max{hz(”,z),w(”,z)} if0<r<r*,Z€[q_Z*»Q)y
max{hz(r,z),a)(r,q—z*)} if0<r<r,z<qg—2z%

where w(r, z) = 2 — 2arctan(y (z)r), ¥ (z) = C*(q — z) 2, and r*, z* and C* are constants to be chosen appropri-
ately. We leave the details to the interested reader. O

Proof of Theorem 15(iv). The uniform convergence follows at once from formula (32) (which holds only if a, > 0)
and the sentence immediately after (32) (which holds if a; < 0), Theorem 15(iii), the monotonicity in z and the upper
bound in Theorem 7(iii). O

Proof of Theorem 15(v). The proof is an immediate consequence of Proposition 17. 0O
7. Position of the singularity when ¢ — oo

Let ¢ > 0 and let 41 and A, be the solutions given by, respectively, Theorems 1 and 2 with a point singularity in
(0, z1) and (0, Z2). In this section we consider the behavior of z; as ¢ — co. We shall often add the subscript ¢ and
use the notation %; . and z; . (i =1, 2).

We first give a heuristic argument and set

T= —5, Tic= _Xe and qic(r, T) = hi(r, —cT). (53)
Cc C
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Then g; . is smooth in [0, 1] x R\ {(0, 7; )} and is a solution of the equation

sin(2
go=LE g+ L (2q) in (0, 1) x R. (54)
c r 2r

In addition g; . satisfies the properties:

qi,c(r,00) =im + 2arctan(a;r), r€][0,1],

qi,c(r, —00) = 2 arctan(br), rel0,1],

qi,c(1,7) = g(—c1), TeR, (55)
qi,c(0,7) =0, T < T,

Qi,c(os T)=Iim, T>Tic.

If gi . converges to some limit function ¢; as ¢ — o0, it is plausible that ¢; satisfies the parabolic equation

sin(2 .
ge=gn+ L -G 01y xR (56)
r 2r
with the following conditions at t = —oo and r = 1:

qi (r, —00) = 2arctan(br), r €]0,1],
gi(1,7) = g(o0) = B, <0, (57)
gi(l,1)=g(—o0)=A, 1>0.
So g; is a solution of the harmonic map flow on the unit disk, with  playing the role of time. The problem for ¢; can
be easily split up in two separate problems: one for T < 0, with the trivial solution

qi(r,t) =2arctan(br) if0<r<1, <0, (58)
and the other one for T > 0 with an initial condition at T = 0 inherited from (58):
in(2
=g+ L - Sm(zq), O<r<l1, >0,
2r (59)
q(r,0) =2arctan(br), O<r<l,

q(l,7)=g(—00) = A, 7> 0.
Since A > m it is known (see [7]) that (59) has a classical solution g which blows up after finite time T > 0, satisfying
q0,7)=0 ifr<7tandqg(0,7)=m. (60)

In [2,19] it has been shown that this solution can be continued for 7 > 7 in at least 2 different ways: for T > 7, ¢
satisfies either ¢ (0, ) = or ¢(0, t) = 2. The latter property explains the difference between the limit functions ¢
and g3. In particular we claim that z; . and z» . have the same limiting behavior as ¢ — oc:

Theorem 19. Let hy . and hy . be the solutions constructed in Theorems 1 and 2, and let (0, z1..) and (0,Z2,.) be
their singularities. Then
Zie=—Tc(l4+0(1)) > —00 asc—o00(i=1,2), (61)
where T > 0 is defined by (60).
The rigorous proof of this result is quite lengthy, and below we only sketch its structure.

It is not difficult to show that for all compact subsets §£2 of (0, 1) x R there exists a constant K = K (£2) which
does not depend on ¢ such that for all ¢ > 1

i

Hence there exist g; € HILC((O, 1) x R) such that, up to subsequences,

: 0qi,c

2
)drdr <K.
ot

"

gie—qi in Hi ((0,1) x R) as ¢ — oc.
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By standard regularity theory, g; is a smooth solution of Eq. (56) in (0, 1) x R. In addition ¢; is increasing with respect
to T and satisfies 2 arctan(br) < ¢; (r, T) < im + 2arctan(a;r).
Using that

K
D (hic) < Dc(2arctan(br) + (g(z) — 2arctanb)r) < —e®!
C

for some K which does not depend on ¢ one can prove that, for any M > 0 and ¢ > 0,
-M
K cz1—c*M
fie(r)dr < e —0 asc— o0, (62)
c
—M—¢

where
1

L2
fie(@®) = / %((qi,a% + S‘“r(—z") - Gb(r>) dr.
0

By Theorem 23 f; .(r) > 0 in (—oo, —z1/c). Using the monotonicity with respect to t, it follows easily from (62)
and Theorem 24 that g; . — 2 arctan(br) uniformly in [0, 1] x (—oo, —M] for all M > 0, and (58) follows.

The rest of the proof is based on some detailed information about the minimal solution, gmin (1, T) (t = 0), of (59).
In particular gmi, satisfies (60), gmin (0, 7) = if T > T, and gnin is increasing with respect to t (since the initial
function is a subsolution). Lap-number theory (see [16]) implies that for all 0 < 7 < 7 there exists a unique (7) such
that gmin(r(7), ) = 7. In addition r(7) is decreasing with respect to T and (t) — 0 as T — 7. Finally gy, > 7 in
0,1) x (t,00) and (gmin)(0,7) >0if T > 7.

Arguing by contradiction, we use these properties and the fact that /; is a minimizer to prove that

(1) ¢i =¢min in (0, 1) x (0, 7) and for all ¢ > 0O there exists ¢, 1 such that —z; . > (T — ¢)c forall ¢ > ¢, 1;
(ii) for all &€ > O there exists ¢, 2 such that —z; . < (T 4+ €)c for all ¢ > ¢, 2.

The proofs of (i) and (ii) are based on the construction of functions which are similar to the ones used in the
previous section (the functions 41 , and A2 ,). We omit their construction, which is rather delicate and lengthy.

Appendix A

Lemma 20. For all w € H! (0, 00) ¢ C%((0, 00)) and 0 < p1 < p»

loc
2 . 5
/C sin” w n d_w
2 r2 dr

2
>dr > |cos(w(p2)) — cos(w(p1))].

o1
Proof.
2 q 02 . q
w r{ |sinw]|dw
. | [ —sinwar|< [ (2 g
|cos(w(p2)) — cos(w(p1))| / sinw——dr f2< - Hdr ) r
Pl Pl
o
</2r sin2w+dw2d -
< s\ —+|— r.
2\ 2 dr
p1

A straightforward calculation leads to the following consequence:

Corollary 21. Let O <o < B, k € Z and b € R. Let

B
B r(|dw
B =Ja\[a

2 sin?w

- )dr forw e H'(a, B). (A.1)
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Then
2 2
1+b%a? 140742
forall w e H(a, B) satisfying w(a) = km + 2arctan(ba) and w(B) = km + 2 arctan(bp).

Ef(w) > Eg (krr + 2arctan(br)) =

Lemma 22. Let 0 <o < B8, w € H' (o, B) and let Eg(w) be defined by (A.1). If k1, ky are integers satisfying w(o) €
ki, (ki + D7), w(B) € [kom, (ko + D)7r), then

2(ka — ki — 1) + |cos(w(B)) — (=R | + [(=DF T —cos(w(w)| ifka > ki,

Eg(w) > |cos(w(,3)) —cos(w((x))| ifkp = ki,

2(ki —ky — 1) + [cos(w(@)) — (=DM | + [ (=12 —cos(w(B))| ifka <ki.
Proof. If k, = k; the conclusion follows directly from Lemma 20. If k> > k; and so w(B8) > w(«x), it is sufficient
to apply Lemma 20 to the partition « < Ry < -+ < Ri,—,—1 < B of [, B], where w(R;) = (k1 + 1 + j)m for all
j=0,1,...,ky —k; — 1. The case kp < ki is similar. O

Theorem 23. Let R > 0,0 <b < 1 and w € H}!

1oc (0, R]). If w(R) = 2arctanb then
R
R r(sin?w |dw
o= \7r *la
0

2 2
b 2b
dr > Eg 2 arctan 2r = .
R 1+ b2

Proof. The latter equality is trivial. To prove the inequality, we observe that, since 0 < b < 1, if lim,_, o+ w(p) = k7
for some k € Z, Lemma 20 implies that ER (w) >2/(1 + b?) > 2b%/(1 4+ b?) if k is odd, and EF (w) > 2b%/(1 + b?)
if k is even. It is easy to prove that in all other cases E(f(u)) = 00. Indeed, if lim,_, o+ w(p) exists and is finite but not

equal to a multiple of 7, then (sin® w)/r is not integrable at r = 0; if lim,,_, o+ w(p) is infinite or does not exist it is
enough to apply (repeatedly in the latter case) Lemma 22. O

Setting

sinw

Sp(R) = {weH,‘(o, R); e L%(0, R),w(R):Zarctanb},

r
Theorem 23 implies that if 0 < b < 1 the function 2 arctan(br/R) is a minimum of the functional E§ (w) on Sp(R).
Since any minimum satisfies the Euler—Lagrange equation
1 sin(2w) _
Wyp + ;wr - 2,2 =0,
it is easy to show that 2 arctan(br/R) is the unique minimum. Using the estimates obtained in this appendix it is very
easy to show a slightly sharper result, of which we omit the proof:

Theorem 24. Let R > 0, 0 < b < 1 and let {w,} be a minimizing sequence for Eée (w) on Sp(R). Then w, (0) =0 for
n large enough and wy, (r) — 2 arctan(br/R) uniformly in [0, R] as n — oo.
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