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Abstract

We consider the time optimal stabilization problem for a nonlinear control system x = f(x, u). Let 7'(y) be the minimum time
needed to steer the system from the state y € R” to the origin, and call .A(t) the set of initial states that can be steered to the
origin in time 7'(y) < 7. Given any ¢ > 0, in this paper we construct a patchy feedback u = U (x) such that every solution of
X = f(x,U(x)), x(0) =y € A(r) reaches an e-neighborhood of the origin within time 7 (y) + ¢.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

On considere un probléme de stabilization en temps optimal pour un systeme de commandé non-linéaire du type x = f(x, u).
Notons par 7(y) le temps minimal nécessaire pour aller de y € R" a l'origine, et par A(t) I’ensemble des y € R" tels que
T (y) < 1. Pour chaque ¢ > 0, on construit un feedback u = U (x) de type patchy tel que toutes les solutions de x = f(x, U(x)),
x(0) = y € A(7) atteignent un g-voisinage de I’origine en temps au plus 7' (y) + €.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Consider an optimization problem for a nonlinear control system of the form
= f(x,u), u@el, (1.1)

where x € R” describes the state of the system, the upper dot denotes a derivative w.r.t. time, while U C R is the
set of admissible control values. A central issue in the theory of optimal control is the existence of a feedback control
u = U (x) such that all trajectories of
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x=f(x,Ux)) (1.2)

are optimal, for a given performance criterion. In most cases, the optimal feedback law u = U (x) is not continuous.
As shown in Example 1.1 in [26] or Example 2 in [10], even near-optimal feedback laws can usually be found only
within a class of discontinuous functions.

Therefore, it is essential to provide suitable definitions of “generalized solutions” for discontinuous ODE’s. In
particular, we recall the concept of “sample-and-hold” solutions and Euler solutions [18] (limits of sample-and-hold
solutions), which were successfully implemented both within the context of stabilization problems [16,30,32,33] and
of near-optimal feedbacks [17,19,26] (see also [25] for a discussion of further definitions of generalized solutions
relevant for optimization problems). We point out that a major difficulty which in general arises in the construction
of discontinuous feedbacks is that, as illustrated by Examples 5.3 and 5.4 in [29], arbitrary discontinuous feedback
can generate too many trajectories, some of which fail to be optimal. In fact, Example 5.3 in [29] shows that the set
of Carathéodory solutions of the optimal closed-loop equation (1.2) contains, in addition to all optimal trajectories,
some other arcs that are not optimal. Moreover, Example 5.4 in [29] exhibits an optimal control problem in which the
optimal trajectories are Euler solutions, but the closed-loop equation (1.2) has many other Euler solutions which are
not optimal. To avoid such a type of behavior, it is thus necessary to implement a careful construction of the feedback
law so to achieve the desired optimality of all sample-and-hold trajectories as in [17,19,26], or of all Carathéodory
solutions as it is shown in the present paper.

A different strategy, proposed by Piccoli [27] and Sussmann [34], takes as primary object of investigation an
optimal “synthesis” which is just a collection of optimal trajectories not necessarily arising from a feedback control.
A general notion of regular synthesis is discussed in [29] where a sufficiency theorem for optimal synthesis is proved.
For other definitions of regular synthesis we refer to [8,12]. The existence and the structure of an optimal synthesis
has been the subject of a large body of literature on nonlinear control. At present, detailed results are known for time
optimal planar systems of the form

x=f(x)+g@u, uel—1,1], xeR?,

see [9] and the references therein. For more general classes of optimal control problems, or in higher space dimensions,
the construction of an optimal synthesis faces severe difficulties. On one hand, the optimal synthesis can have an
extremely complicated structure, and only few regularity results are presently known (see [23]). Already for systems
in two space dimensions, an accurate description of all generic singularities of a time optimal synthesis involves the
classification of eighteen topological equivalence classes of singular points [11,27,28]. In higher dimensions, an even
larger number of different singularities arises, and the optimal synthesis can exhibit pathological behavior such as the
famous “Fuller phenomenon” (see [24,35]), where every optimal control has an infinite number of switchings. On the
other hand, even in cases where a regular synthesis exists, the performance achieved by the optimal synthesis may not
be robust. In other words, small perturbations can greatly affect the behavior of the synthesis (e.g. see Example 5.3
in [29]).

Because of the difficulties faced in the construction of an optimal syntheses, it seems natural to slightly relax our
requirements, and look for nearly-optimal feedbacks instead. This is indeed the main purpose of the present paper.
Within this wider class, one can hope to find a feedback law whose discontinuities are sufficiently “tame”, providing
the existence of trajectories in the usual Carathéodory sense, all of which are “almost optimal”. Moreover, the new
feedback laws will have a simpler structure and better robustness properties than a regular synthesis.

For sake of definiteness, we shall study the problem of steering the system (1.1) from any initial state y € R" to the
origin in minimum time, under the basic assumptions

(H) The set U C R™ of admissible control values is bounded. Moreover, the function f:R"” x R” > R” is twice
continuously differentiable and has sublinear growth:

|fx,u)| <c(l+]x]) forallueU. (1.3)

For y € R", call T'(y) the minimum time needed to steer the system from the state y € R” to the origin, i.e. set
T(y) = inf{t > 0; there exists some trajectory x(-) of (1.1) that satisfies x(0) =y, x(t) = O}. (1.4)

Roughly speaking, our main theorem states the following. If we relax a bit the optimality requirements, asking that
every initial state y be steered inside an e-neighborhood of the origin within time 7'(y) + &, then this can be accom-
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plished by a patchy feedback, for any fixed ¢ > 0. Other relevant references for the problem of optimal (discontinuous)
feedback construction are [7,13,15,20-22,31].

Patchy feedback controls were first introduced in [1] in order to study asymptotic stabilization problems. They have
a particularly simple structure, being piecewise constant in the state space R". Moreover, the Carathéodory solutions of
the corresponding Cauchy problems (1.2) enjoy important robustness properties [2—4], which are particularly relevant
in many practical situations. Indeed, one of the main reasons for using a state feedback is precisely the fact that open
loop controls are usually very sensitive to disturbances. In particular, we have shown in [2] that a patchy feedback
is “fully robust” with respect to perturbation of the external dynamics, and to measurement errors having sufficiently
small total variation so to avoid the chattering behavior that may arise at discontinuity points.

We recall here the main definitions (see [1]):

Definition 1.1. By a patch we mean a pair (§2, g) where §2 C R" is an open domain with smooth boundary 92, and
g is a smooth vector field defined on a neighborhood of the closure £2 of §2, which points strictly inward at each
boundary point x € 952.

Calling n(x) the outer normal at the boundary point x, we thus require

(g(x),n(x)) <0 forall x €382 (1.5)

Definition 1.2. We say that g: 2 +— R" is a patchy vector field on the open domain 2 if there exists a family of
patches {(£24, g); @ € A} such that

— A is a totally ordered set of indices,
— the open sets §2, form a locally finite covering of 2,
— the vector field g can be written in the form

e(x) = go(x) ifxe .Qa\ L 2. (1.6)

B>a

We shall occasionally adopt the longer notation (£2, g, (£24, 8«)aec.4) to indicate a patchy vector field, specifying both
the domain and the single patches.

By setting
a*(x) =max{a € A; x € 24}, (1.7)
we can write (1.6) in the equivalent form
8(X) =&y (X) forall x € £2. (1.8)

Remark 1.1. Notice that the patches (£2,, g) are not uniquely determined by a patchy vector field (£2, g). Indeed,
whenever o < 8, by (1.6) the values of g, on the set £2, N 24 are irrelevant. Therefore, if the open sets §2, form
a locally finite covering of £2 and we assume that, for each o € A, the vector field g, satisfies (1.5) at every point
xe€ed2, \UJ p~q §28, then the vector field g defined according with (1.6) is again a patchy vector field. To see this,

it suffices to construct vector fields g, (defined on a neighborhood of £2,, as g,) which satisfy the inward pointing
property (1.5) at every point x € 02, and such that g, = g, on £2, \ Uﬁ>a §2g (cf. [1, Remark 2.1]). In fact, with
the same arguments one deduces that, to guarantee that a vector field g defined on an open domain 2 according
with (1.6) be a patchy vector field, it is sufficient to require that each vector field g, satisfy (1.5) at every point
x €082\ (Upsq 28 U032).

If g is a patchy vector field, the differential equation
x=g(x) (1.9)

has several useful properties. In particular, in [1] it was proved that the set of Carathéodory solutions of (1.8) is closed
(in the topology of uniform convergence) but possibly not connected. Moreover, given an initial condition

x(tp) = xo, (1.10)
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the Cauchy problem (1.9), (1.10) has at least one forward solution, and at most one backward solution, in the
Carathéodory sense. For every Carathéodory solution x = x(¢) of (1.9), the map ¢ — a™(x(¢)) is left continuous
and non-decreasing.

Remark 1.2. In some situations it is useful to adopt a more general definition of patchy vector field than the one
formulated above. Indeed, one can consider patches (£2,, go) Where the domain £2,, has a piecewise smooth boundary
(see [3]). In this case, the inward-pointing condition (1.5) can be expressed requiring that

g e To () (111
where To (x) denotes the interior of the tangent cone to £2 at the point x, defined by

d(x +1tv, 2) 20}‘ (1.12)

To(x)= {v € R": liminf
110
Clearly, at any regular point x € 952, the interior of the tangent cone T (x) is precisely the set of all vectors v € R”
that satisfy (v, n(x)) < 0 and hence (1.11) coincides with the inward-pointing condition (1.5). One can easily see that
all the results concerning patchy vector fields established in [1,2] remain true within this more general formulation.

Definition 1.3. Let (£2, g, (£24, 8«)aec.A) be a patchy vector field. Assume that there exist control values v, € U such
that, for each o € A, there holds

ga(x) = f(x,va) Vx €Dy = Qa\ U 2. (1.13)

B>a
Then, the piecewise constant map
Ux)=v, ifxe Dy (1.14)
is called a patchy feedback control on §2, and referred to as (2, U, (§24, Vo)aecA)-

Remark 1.3. By Definitions 1.2 and 1.3, the vector field

g = f(x,UW))

defined in connection with a given patchy feedback (£2, U, (£24, vy)aca) 1S precisely the patchy vector field
(£2, g, (24, 8a)aec) associated with a family of fields {g,: « € A} satisfying (1.5). Notice that, recalling the no-
tation (1.7), for all x € £2 we have

U(X) = Vg () (1.15)

As observed in Remark 1.1, the values of the vector fields f(x, vy) on the set £2, N £24 are irrelevant whenever o < 8,
and it is not necessary that f(x, v,) satisfy the inward-pointing condition (1.5) at the points of 32, N (J B=a $28)-
Moreover, all the properties of a patchy feedback continue to hold even in the case where we assume that the inward-
pointing condition (1.5) fails to be satisfied at the points of (382, N X) \ p>q §2p, for some region X of the
boundary d42. Clearly, in this case every Carathéodory trajectory of the patchy vector field g can eventually reach
the boundary 92 only crossing points of the region X'

To state our main results, we first need to relax the minimum time problem. Call I/ the family of admissible control
functions, i.e. all measurable functions ¢ — u(t), t > 0, with u(¢) € U almost everywhere. For y e R” and u € U, we
denote by ¢ — x(¢; y, u) the solution of the Cauchy problem

)&(t):f(x(t),u(t)), x(0)=y. (1.16)
The global existence and the uniqueness of this solution are guaranteed by the assumptions (H). Now fix ¢ > 0
arbitrarily small and define the penalization function
jx?

if |x| < ¢,

@e(x) =13 &2 — |x|? (1.17)

(%) if [x]| > e.
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Consider the following e-approximate minimization problem:

[>Oi}q£€u{z + @ (x(t; y,w))}. (1.18)

We denote this infimum by V (y), for every y € R", and refer to y — V (y) € [0, 0o] as the value function for (1.18).
Observe that V(y) < T'(y). Hence, for a fixed time 7 > 0, the set of points that can be steered to the origin within
time 7 is contained in the sub-level set

Ar=|{yeR"; V(») LT} (1.19)
With the above notations, our main result can be stated as follows.
Theorem 1. Let the assumptions (H) hold and, given ¢ > 0, T > 0, let At be the sub-level set defined in (1.19) in
connection with the value function V for (1.18). Then, there exists a patchy feedback control u = U (x), defined on

Are={yeR" V) ST Iyl > ¢, (1.20)
such that, for each y € At ¢, every Carathéodory solution of

i=f(r.UW)., x0)=y (1.21)
reaches the ball

B, = {x eR"; |x| < 8}
within time V (y) + ¢.

The assumptions (H) are very general. They do not even imply the existence of optimal controls, even for the
relaxed problem (1.18). We recall that the standard existence theory requires the additional assumptions

(H) The set U C R™ of admissible control values is compact. For every x € R", the set of velocities { f (x, u); u € U}
is convex.

If both (H) and (H') hold, then the infimum in (1.4) and in (1.18) are actually attained (e.g. cf. [14]). Moreover,
the minimum time function 7 : R” — [0, oo] is lower semicontinuous. This fact is a well known consequence of the
closure property of the graph of the set valued map S: [0, oo) x R" ~» R" defined by S(¢, y) = {x(t; y,u); u e} .
Because of the lower semicontinuity of the minimum time function, and by (1.3), it follows that, for every t > 0, the
attainable set

A ={yeR" T(y) <1} (122)

is compact. Since V (y) < T'(y) for all y € R", from Theorem 1 one thus obtains

Corollary. Let the assumptions (H) and (H') hold, and let ¢ > 0, t > 0 be given. Then there exists a patchy feedback
control u = U (x), defined on the set

A(r)={yeR", T <15 |yl =6}, (1.23)

such that, for each y € A;(t), every Carathéodory solution of (1.21) reaches the ball B, within time T (y) + .

In all previous papers [1-3] the construction of a stabilizing patchy feedback did not make any use of a control-
Lyapunov function for (1.1). Instead, the feedback law was obtained by patching together a finite number of open-loop
controls. We remark that a straightforward adaptation of this strategy would not work here. Indeed, let ¢ > 0 be given.
As in [1], we can then cover the set A,(t) with finitely many tubes £21, ..., 2y and construct a patchy feedback
u = Uy (x) steering each point y € §2,, inside the ball B, within time 7' (y) + ¢. However, we cannot guarantee that
the patchy feedback

ux) = Uy, @"(x)=max{a; x € 24} (1.24)
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Fig. 1.

is nearly-optimal (see Fig. 1). Indeed, call 7, (y) the time taken by the control U, to steer the point y € £2, in-
side B.. Let t — x(¢) be a trajectory of the patchy feedback (1.24), with x(0) = y, x(t) € Be. Assume a*(t) = « for
t € Jty—1, ty]. The near-optimality of each feedback implies 7y (x) < T (x) + ¢ for every x. Moreover

Ty (x(toz—l)) — Ty (x(tot)) = (to — ta—1)-
Unfortunately, from the above inequalities one can only deduce
T(x(ta—l)) - T(x(ta)) 2 (ty —tg—1) — €

and hence t < T (y) + Ne. This is a useless information, because the number N of tubes may well approach infinity
ase — 0.

To overcome this problem, in the present paper we perform an entirely different construction of the patchy feed-
back. As starting point, instead of open-loop controls, we use the value function V for the problem (1.18), together
with a piecewise quadratic approximation V. This has the form

V(x)=minV;(x), V;(x)=a;+b;-x+clx|?
J

and satisfies V(x) < V(x) + ¢ for each point x. The result will be achieved by constructing a patchy feedback such
that

d ~ ~
aV(x(t)) = VV(x(t)) . f(x(t), u(x(t)) <e

ata.e. time 7.
2. Preliminary results

Throughout the paper, by B(x,r) we denote the closed ball centered at x with radius r, and set B, = B(0, r).

The closure, the interior and the boundary of a set §2 are written as 2, _(3 and 052, respectively, while diam(£2)
denotes the diameter of a bounded set §2. The distance of a point x from a set £2 is denoted by dg; (x), while do (E) =
inf,cg do (x) denotes the distance between two sets §2, E. The number of elements of a finite set 7 is denoted by | 7.

We begin by observing that the infimum in (1.18) provides an upper bound for the time needed to steer the system
(1.1) from y to the ball B,. Hence, for every T > 0, the sub-level set A7 of the value function V for (1.18) is contained
in the set of points that can be steered to the ball B, within time 7. On the other hand, notice that the scalar Cauchy
problem

z=c(l4+2), z(0)=e, (2.1)
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has solution

zB) =1 +e)e” —1. (2.2)
Therefore, because of (1.3), a comparison argument yields
At C By(1), (2.3)

forevery T > 0.
In connection with the relaxed minimization problem (1.18), we now show that the value function V is Lipschitz
continuous on A7 and locally semiconcave, that is, for any xg, there exists a constant ¢y > 0 such that there holds

X1 +x
V) + Vx) —2v(%> < colxt — x2? (2.4)
for all x1, x» in a neighborhood of xg. We refer to [14] for the definition and properties of semiconcave functions.

Lemma 1. With the assumptions (H), for any fixed ¢, T > 0 the restriction of the value function V for (1.18) to the
sublevel set At is Lipschitz continuous and locally semiconcave. Indeed, there exists a positive constant ). such that,
for every point yy € At where V is differentiable, there holds

V) < VO0) +(VV0), y — yo) + Aly — yol*  Vye Ar. (2.5)

Proof.

1. First observe that, since we are only proving something about the value function V for (1.18), it is not restrictive
to assume that the additional hypotheses (H') hold. Indeed, allowing the set of controls to range in the closure of U
does not affect the value function. Moreover, if the sets of velocities { f (x, u); u € U} are not convex, we can replace
the original system (1.1) by a chattering one (see [6]), such that the problem (1.18) yields exactly the same value
function. This in particular implies that the value function V is lower semicontinuous and that the sub-level set (1.19)
is compact.

2. Next, observe that, since the function f is twice continuously differentiable and the sets Ar, U are compact, by
standard differentiability properties of the trajectories of a control system (1.1), there holds

0 .
sup | =—x(t; y.u)| <exp{T|| Dy fllLcap | = M, (2.6)
1€[0,T], yeAr | 9Y
ueld
92 )
sup |5 x5y, w)| < [Mi 1+ TMYIDS fllscap)] = Mo, @.7)
te[0,T], yeAr | 0Y
ueld
where
. 0
|1 Dx fllLecary = sup | —f(x,u)| <oo,
xeAr, uelU 0x
5 2 (2.8)
Dy fllLeary = sup | —— f(x,u)| < oo,
xeAr, uel 0x

provide a bound on the first and second partial derivatives of f w.r.t. the x-variable, over the set Ar. Then, because
of (2.6), there exists a constant ¢ such that

|x(2; y2,u) —x(t; y1,w)| <cilya =yl Vi €[0, T, yi,y2 € Ar, u €l (2.9)

3. Given yg € A7, by the previous assumptions at point 1 there exists an optimal control ug € U, and a time 7y, such
that

10 4+ @ (x (05 yo,u0)) = V(o) < T. (2.10)
This, by definition (1.17) of ¢, of course implies

T
W< T, o5 Yo, < P 2.11
0 |x(t0: yo. uo)| &,/ T+ (2.11)
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Hence, using (2.11) together with (2.9), we find that there exists some constant § > 0, depending only on ¢, T, and
on c1, but not on the point yg € Ar, such that

|x(to; y, uo)| < e 2T+l Vy e B(yo,8) N A (2.12)
0 Y, U0)| X 2(1+T) y Yo, T- .

Observe now that, since V (y) is the infimum in (1.18), there holds
V() < VO =10+ @ (x(t0; v, uo)) V. (2.13)

Because of (2.12), the map y +— Vo(y) defined in (2.13) is twice continuously differentiable at every point of
B(yo,8) N Ar. Hence, since (2.10) implies VO(y0) = V(yp), there holds

VO3 < V) +(VVP(0). y = yo) + Xoly — yol*  Vy € B(yo,8) N Ar, (2.14)
with

r= sup  |[D*VO(p)|.
neB(yo.0)NAr

The gradient of the function V? is computed by
0 d
VVO(y) = Ve (x(to; y, up)) - 53600; ¥, o).

Thus, relying on (2.6), (2.12), and setting

Mo=  sup |x(tiy.u), (2.15)
tel0,T], yeAr
ueld
we obtain
262|x(to; y, uo)| 8(1+ T)’MoM; .
VVOy)| < & oy m PR M < .~ =c¢y VyeB(y,8NAr. (2.16)

With similar computations, using (2.7), (2.12), we find that a bound on the second derivative of vOis provided by

82
+ | Ve (x (105 v, uo))l‘a—yzx(t; ¥, 1)

0
|D*VO(y)| < | D?ge (x (205 v, uo>)|‘5x(t; V. u)

<

81+ T)°M; 64(1+T)Y’M2>M; 8(1+T)’MoM>7 .
\[ ( 2) 1y O : oM 8 )2 072 1 = ¢ VyeB(Go,8)NAr.  (2.17)
e £ £
Notice that the constants c», c3 depend only on ¢, T, and on the function f, but not on the point yg € Ar. Then, (2.13),
(2.14), together with (2.16), (2.17) yield

V(y) < V(yo) + (c2+8c3)ly —yol Vye€ B(yo,8)NAr, Vyo € Ar, (2.18)
which, in turn, implies
YL EAT, Iyi—nl<8 = V(1) — V)| <(c2+38c3)ly — yl. (2.19)

Since the set A7 is compact, we deduce from (2.19) that the map V is (globally) Lipschitz continuous on Ar.
4. Given yg € Ar, in connection with the constants A, 8, ¢, introduced at point 3 choose

Lip(V) + 2 }
s [
and observe that, because of (2.16), there holds
(VVO(30), y — yo) + Aly = yol* = (—c2 + 28|y — yol
= Lip(V) - |y = yol
Thus, (2.13), (2.14), together with (2.20), yield

2
V() < V(o) +(VVO00), y — yo) + Ay =y VyeAr. (2.21)

A >max{k0,

Vy € Ar \ B(y0,9). (2.20)



F. Ancona, A. Bressan / Ann. I. H. Poincaré — AN 24 (2007) 279-310 287

5. Fix p > 0. By the above arguments there exist a positive constant A = A, so that, for every fixed yp € A7, the
estimate (2.21) holds for all y € A7y ,. Next, given xo € A, choose §y so that B(xg, o) C Ar4,. Then, for any
y1, 2 € B(x0,80) N Ar, one has % € Ary,. Hence, applying (2.21) for y = y;, i = 1,2, and yo = y‘zﬂ, and
summing up the corresponding inequalities, since y; — yo = yp — Y2 we obtain

i+ yi+w»
2 2

V(y1)+V(yz)<2V< >+A[|y1 —yo|2+|yz—on2]<2V( >+)\|y1 —wl?

which shows that the estimate (2.4) is verified, with c¢o = A, for all y;, y» € Ar in the ball B(xg, dp). Therefore, the
map V is locally semiconcave on Ar.

6. To conclude the proof of the lemma, consider a point yy € Ar where V is differentiable, and observe that, by (2.21),
one has

(2.22)

(vvom) - 920, 2228 o 0]

ly — yol ly = yol
forall y € A7. Thus, taking y, = yo+0(VV (y9) — VVOy0)/(VV (y0) — VVO(y0)]), o > 0 from (2.22) we deduce

><A[|y—yo|+

o(o)

|VV () = VVO(y0)| < )»|:0 + } Vo > 0. (2.23)

o
By letting 0 — 0 in (2.23) we obtain VVO(y9) = VV (yy) which, together with (2.21), yields (2.5), completing the
proof of the lemma. O

We next show that the value function V enjoys an infinitesimal decrease property at every point where it is differ-
entiable, which is expressed in terms of an Hamilton—Jacobi inequality.

Lemma 2. With the assumptions (H), given &, T > 0, let V be the value function for (1.18). Then, there exists
0 < &9 < € such that, letting At ¢, be the set defined in (1.20), for each y € Ar ¢, at which V is differentiable there
holds

31615{<VV(y), fo.v)}+1<0. (2.24)

Proof. Giveneg, T > 0, set

, 4T +1 . 2T (225,
g=¢&|—-—, En=¢ , .
0 2(1+27) 0 1+2T

1
0=c! 1n<8? + ) (2.26)
gyt 1
where ¢ denotes the constant in (1.3), and observe that, by definition (1.17) of ¢., one has
@e(x) 22T whenever |x| > g. (2.27)

Then, recalling that (2.2) provides the solution to the scalar Cauchy problem (2.1), by a comparison argument, and
because of (1.3), we deduce that

yI>e0o = |x@ty.u)|>e, Viel0,wl uecl. (2.28)
Hence, (2.27) together with (2.28), yields

t+oe(x(t;y,u) =2T Vte[0,10], |yl >e0, ueld. (2.29)
From (2.29) we deduce that, for every y € A, the value function for (1.18) satisfies

V(y)=t>r(i)§1£€u{t+<pe(x(t;y,u))} > 10. (2.30)

Thus, we reach the conclusion of the lemma observing that by standard arguments in control theory (e.g. see [5,14])
one can show that the value function for (2.30) satisfies the Hamilton—Jacoby inequality (2.24) at every point where
V is differentiable. O
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T(C)

Fig. 2.

Remark 2.1. Notice that, in the proof of Theorem 1, we shall only need to have at a disposal a value function V
satisfying the conclusions of Lemmas 1 and 2.

We state now two technical results which will be useful later in the construction of an almost time optimal patchy
feedback. We shall provide a proof of them in Appendix A at the end of the paper. Throughout the following, for any
given subset C of a sphere S, we let dsC denote the boundary of C relative to the topology of S.

Lemma 3. Given ro > 0, let S be a sphere with radius r > ry, and let g be a bounded, Lipschitz continuous vector
field on R" which points strictly inward at the points of a closed set C C S that has a piecewise smooth relative
boundary dsC. More precisely, letting ng(y) denote the unit outer normal to S at the point y, assume that

(ns(»),g(»)<—¢ VyeC, (2.31)

for some constant ¢ > 0. Denote by t — x(t,y) the solution of the Cauchy problem x = g(x), x(0) = y. Then there
exists &€ > 0, depending only on ry, ¢, ||gllL, and on the Lipschitz constant Lip(g) of g, such that the following holds.
Define

Is(C) = {x(r.y); ye B(C,&)NS, dc*(y) — &% <1 <0}. (2.32)
Then the vector field g is transversal to the boundary of I's = I's(C). Indeed, it points strictly inward on the set
07T = {x(dc?(y) — 8% y);y € B(C,&)n ) (2.33)
and strictly outward on the set
T =93I:NS. (2.34)
The lens-shaped domain (2.32) provides the basic building block for the construction of the patchy feedback
produced in the next section. In some situations it will be necessary to restrict such domains cutting them along
hyperplanes in order to preserve the (almost) time-optimality property of the feedback law (cf. Fig. 2). The next

lemma provides an a-priori lower bound on the distance between the upper boundary of a collection of such domains
and the union of spheres around which the domains are constructed.

Lemma 4. Given 0 < rp < r(’), let By, ..., B, be a finite collection of balls with surfaces Si,...,S,, having radii
Fls ..., 1y € [ro, )], and satisfying
v
o
SiN U B; #0,
i=1
! Vi=1,...,. (2.35)

Si\LvJ éj?f@,

j=1
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Consider the sets

v
CtZSt\(U él) Vi=1,...,v, (2.36)
j=1

and let g1, ..., g, be bounded, Lipschitz continuous vector fields which point strictly inward (towards the interior of
S1,...,8) on Cy,...,C,, respectively. Then, there exist constants &', c4 > 0, depending only on v, ry, r(’), and on
llgillLe, Lip(gi), i =1,..., v, such that the following holds. Let

= Jm, M= icdi),
k=1
ch{l,,\)}\{k} Vk,

be a (possibly empty) collection of hyperplanes enjoying the properties:

(2.37)

— m; =mig foralli e Ji, k€ Ji;
— mk,; € Iy, if and only if either h =k, i € Jy, or h =i, k € Jp;

- if%k N %ﬁﬁ @, i € Jk, then my ; is the hyperplane passing through Sy N S; (cf. Fig. 3);
- if]%k N 1%1-: @, i € Jk, then my ; is an hyperplane separating Sy and S;, i.e. s.t. Sx, S; are entirely contained in
the opposite closed half spaces determined by my ; (cf. Fig. 4).

For every Ji # ¥, and for any i € Jx, call 7t ; the open half space determined by my. i that contains Cy \ 9s; Ck. Then,
setting (cf. Fig. 5)

re(Con () me; i Tk #9,

ro=rfvcy = e k=1,...,v, (2.38)
Tz (Cy) otherwise,
v v
c=Joa. 9= r, (2.39)
k=1 k=1
v
97 = ag\ LJ Be. (2.40)
k=1
one has
dc(37G) = c4. (2.41)
S;
T

Fig. 3. Fig. 4.
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Fig. 5.

3. Proof of the theorem

The proof will be given in several steps.
1. Given &, T > 0 (¢ < min{1, T}), fix some constant 7’ > T + 1, and observe that by Lemma 1 the value function V
for (1.18) is Lipschitz continuous on A7: = {y € R"; V(y) < T’}. Hence, by Rademacher’s theorem V is differen-
tiable a.e. in A7/. Then, letting A > 0 be the constants provided by Lemma 1 in connection with the set A7, for each
y € A at which V is differentiable define a quadratic function V'~ setting

VY@ =V +VVO) - (x =)+ 1+l =y 3.1)
Notice that, because of (2.5), there holds

V) +1x =y <VY() VaeAp. (3.2)
Moreover, according with Lemma 2, there exists some constant gy > 0 so that, given a constant

e

O<er < T 3.3)
forevery y € Arr o, ={y € Ar'; |y| > &0} where V is differentiable we can choose a control value v¥ € U such that

(VV), f(y.vY)) < —1+er. (3.4)

Choose the constant &y so that, setting

. 4T +1 . 2T’
gozg S AT 80=8 I
2(142T") 1427

(3.5)
en+1
T = ¢! ln< 9, ),
g +1
where ¢ denotes the constant in (1.3), there holds
2
. [ 80 70
80<m1n{z,eo}, 82_8(2) <E. 3.6)
Notice that, by definition (1.17) of ¢, and because of (3.6), the value function V for (1.18) satisfies
2
&
V) < 2= <2 vres,, 3.7)
e2—g; 2
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Next, choose some other constant

L' > L =diam(A7/) + /nLip(V) + \/n (Lip(V))* +4T'(1 + 1), (3.8)

where Lip(V) denotes the Lipschitz constant of V on Az/. Hence, since the assumptions (H) imply the Lipschitz
continuity in x of the function f(x, «) on the compact set B/ x U, uniformly for # € U, and because also VV?” is
Lipschitz continuous with a Lipschitz constant independent on y € A7, there will be some constant ¢s5 > 0 (depending
only on L’) such that

(VVY ), £, w) = (VVY (x2), f (2, w))| < eslxy — xa
| f e u) = f(x2,w)| < eslxr — xa

Then, setting
c6 = +/nLip(V) +4(1 + 1) diam(A7/), (3.10)

and choosing &> > 0 so that

£ < min \/> /TO L'—L}, (3.11)
3’ 8csce’ V 2 1+ Lip(V) +L1p(V)

we deduce from (3.4), (3.9) that, for every y € A7/ ¢, where V is differentiable there holds
(VVY(), f(x,vY)) < —1+42e; Vxe€B(y,2e)NByp. (3.12)

Vxi1,x2 € By, ueU. 3.9)

2. By the Lipschitz continuity of V' on the set A7 it follows that, for each y € A, at which V is differentiable,
there holds

V') = V)| <erlx =yl Vxe Ap,

for some positive constant c7. Hence, since the set A . is compact (cf. point 1 of the proof of Lemma 1), we can
cover it with finitely many balls (of sufficiently small radius), centered at points of A7/ ., where V is differentiable,
say y1, ..., YN, so that, setting

Vix) =V¥(x), 1<i<N,

~ n
V(x) = min V; (x) Vx e RY, (.13)
l
there holds
V) < V@) < V) +&F VxeApy,. (3.14)

Next, observing that (3.2) implies
Vi) > V(x)+& Vx€Ar\ B(yi,6),
we deduce from (3.14) that

V(x) < Vi(x) V¥x € Ap g\ BOi.e2). (3.15)
Relying on (3.15), letting

P =[x eRY Vitx) = V() (3.16)
we find that

PiNArrg, CB(yi,e2), 1<i<N. (3.17)
Hence, by (3.12), (3.17) we have

(VVi(x), f(x,v')) < —1+26; VxeB(Pi,e2) N Ap gy N By, 1<i <N, (3.18)
where we have set v! = v¥ (1 <i < N), while (3.2) yields

V(x)>V(x)+|x—y,~|2 VxePiNAp, 1<i<N. (3.19)
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3. The patchy feedback u = U (x) will be constructed looking at the level sets of the function V defined in (3.13). To
this end, observe first that, because of (3.14), and by the choice (3.11) of &3, there holds

Vx)<T —Lip(V)-&» VxeAr. (3.20)
Moreover, notice that, relying on the definitions (3.1) of VY and (3.8) of the constant L, one finds

I<SiSN, Vi) <T' = |x]<|x =yl +diam(A7)

<|VVOD|+ \/|VV(yl~)|2 +4T'(1 4+ 1) + diam(A7/)

<W/mLip(V) + \/n(Lip(V))z +4T’(1 + ) + diam(A7)
<L, (3.21)

which, in turn, by the definition (3.13) of ‘7, and because of (3.14), yields
[xeR"; V(x) <T'} C Ap' N By. (3.22)
On the other hand, observe that all level sets of each quadratic function V; are spheres. Therefore, every level set
TSo={xeR: Vo =t} >, (3.23)

is contained in a finite union of spheres, and each upper level set {x € R"; V(x) > 1}, T 2 10, is connected. Moreover,
notice that by (3.7), (3.11), (3.14), we derive

max V(x) < n —i—s% < 19, (3.24)
lx|=¢0 2

and hence we find that

[xeRY; V(x) =10} N By = 0. (3.25)
Thus, setting

T"=T'—Lip(V)-&, D={xeR"; 1< Vix) < 7"}, (3.26)
thanks to (3.11), (3.14), (3.20), (3.22), (3.25), we deduce that

At CB(D, &) C Arr ¢y N By (3.27)

We will establish the theorem by constructing the patchy feedback u = U (x) on the domain D. Notice that, with the
same arguments used in the proof of Lemma 2, by the choice of the constants ¢, 7o in (3.5) we find that

V(x)>1 VxeAr, |x|>¢. (3.28)
Hence, since the definition (3.13) of 1% implies

Vix) <t VYxely,
we deduce from (3.6), (3.28) that

2 C Bgé C B;. (3.29)

Next, observe that, since all functions V;, 1 <i < N, have the same coefficient of the quadratic term, it follows that,
for each couple of indices k # i, the set

i =mik = {x €R"; Vix) = Vi(x)} (3.30)

is an hyperplane, and the difference of the gradients VV;(x) — VVj(x) is a constant vector on 7 ;. Then, letting n ;
denote the unit normal to 7y ;, pointing towards the half space

o == {x eRY Vi) > Vi), (3.31)

1
s

one has

VVi(x) = VVi(x) = —cni;  Vx € my g, 3.32)



F. Ancona, A. Bressan / Ann. I. H. Poincaré — AN 24 (2007) 279-310

for some constant ¢ = c¢,; > 0. Denote as ;_; the other half space determined by 7y ;, i.€. set

Ty i”ﬁ,k ={x eR"; Vi(x) < V;(0)}.

293

(3.33)

4. The basic step in the construction of U (x) is the following. We shall fix a suitably small time size Az and, in

connection with an increasing sequence of times {7, },, >0 with the property

dp st Tuyp>Tw+ A Vm,

we will construct, for every m > 0, a patchy feedback whose domain contains the region

Dy = {)C eR"; 1, < V(x) < Tm+1}a

so that all the trajectories x (¢) of the corresponding closed-loop system (1.2) satisfy

d ~
EV(x(t)) < —1+43¢ forae.rt,

and eventually enter the set where V< Tu. To this end, fix any T € [to, T’[ and consider the level set X, of V. By
, Si,, - Here we denote as S;, = {x € R™;
Vi, (x) = t} the surface of the ball B;, = {x € R"; V;,(x) < t}. Notice that, since the definition (3.13) of V implies

construction, X; is contained in the union of finitely many spheres, say S;,, . ..

\7(x) <tforallx € 109,-[, by definition (3.23) it follows that

Ve Vr
Se=UZue Sao=s\U B (3.34)
=1 g=1
Vr
{xeR"; V(x) <r}=U lo?,-l . (3.35)
=1

We can assume that the set of indices Z; = {iy, ..., iy, } includes only those indices i € {1, ..., N} for which there
exists some point x € D satisfying

T=Vi(X) <V;(X) Vj#i
This means that

Irz{ie{l,...,N}; <79i\U77j>02,7é@}, (3.36)

J#L

and, in particular, implies that

s\ U B#9 vieT. (3.37)

Jj€Z:

Moreover, we may write X; as the union of 7, connected components Zirl, ..., X7 so that setting

zfg{iezf; (P,-\UP,-)mxf;é@}, (3.38)

JF#i

there holds

sin | Bi#0 YieI! h=1,. 1. (3.39)

jezt

Notice also that, by (3.13), (3.23), (3.34), (3.37), every set X ;, i € Zr, is nonempty and one has

Toi={xeR" Vix)=Vx) =1} Viel, (3.40)
while the definitions (3.30), (3.31), (3.33) imply

ki NSy =mp; NS; =Sk N S;,

S Vk,i €7, (3.41)

— +
ek CrpiUm ;s 2 Cmi U
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Therefore, relying on (3.41) we deduce that, for every pair of indices k, i € Z;, k # i, one of the following two cases
occurs:

—if %k N %i;é @, then 7y ; is the hyperplane passing through Sy N S;;
—if f?k N f},: @, then Sy C 7y, U n,:l. and S; C my; U JT]::i, i.e. my ; is an hyperplane separating S; and S;.

5. By the above construction, and relying on (3.11), (3.22), we deduce that

Y. i CPiNBL,
B(X:i,&) C By,

Hence, thanks to (3.18), (3.27), (3.42), we find
(VVi(x), f(x,v')) < —1+2ey VxeB(Zri. ), telw I, icl;. (3.43)

Relying on (3.43), we shall construct around each set X'; ;, i € Iz, a lens-shaped domain I ; of th¢ form (2.32) as in
Lemma 3, so that the boundary of /7 ; is transversal to the flow of the vector field g; (x) = f(x, v'). Namely, letting
x(t; y, v") denote the solution of the Cauchy problem x = g; (x), x(0) = y, we will prove the following

vt elw, T"[, i € ;. (3.42)

Claim 1. There exists a positive constants €3 so that, for every given t € [t0, T"[, k € I, the vector field g ;(x) =
f(x, %) is transversal to the boundary of the domain

Fep={x(s:y.0%): y € B(Zek.83) NSk ds, , 2(3) — €3 <s <O} (3.44)
Namely, it points strictly inward on the upper boundary

o ra=or\ U B

Jelx

and strictly outward on the lower boundary

8+Fr,k =017k N Sk.
Moreover, there holds

ek ()| =5 Vx €Tk, (3.45)

Tr i C B(Zek, €2) C By, 262), (3.46)
for some constant cg > 0 independent on T € [19, T"[, k € Z;.
6. Proof of Claim 1. In order to establish the claim, we shall first derive an upper and lower uniform bound for the
radii of the spheres

S={xeR"; Vix)=t} i€Zy, teltw.T"[ (3.47)

and we will prove an a priori estimate for (n;, f(x, v')), x € X:.i,independent of T € [t9, T”[, and i € Z; (n; denoting
the unit outer normal to S;). To this end observe that by (1.3) one has

g =[fx, ) <co=c(1+ L) VxeByp. (3.48)
Then, for every fixed i € Z, t € [t9, T"[, writing
Vi) =+ Wlx — o> +b VxeS;,
for some point w; € R" and some constant b;, and using (3.3), (3.42), (3.43), (3.48), we derive the estimate
[(VVi(x), f(x, V)| > RS
Lf(x, v 2¢9

On the other hand, from the definition (3.1) of V; = Vi, recalling that y; € Ay, and relying on (3.10), (3.27), one
deduces the a priori bound

|VVi(0)| < |VV@)|+4(1 + 1) diam(A7) <c6  Vx €D. (3.50)

20+ W) x —wi| = [VV;(0)] =

Vx e e (3.49)
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Hence, thanks to (3.49), (3.50), we find that the radius r; = |x — w;|, x € X ;, of the sphere S; satisfies

L i< vieT. re[n1]. (3.51)
dco(14+2) 2(14+A)

while (3.3), (3.43), together with (3.50), yield
(VVieo), feev)) 1
IVVi)l T 2¢
Therefore, because of (3.51), (3.52), we can apply Lemma 3 to every set X; x, T € [t9, T”[, k € Zr, in connection
with the vector field g; x. Thus we deduce the existence of some constant 3 > 0, so that the field g, x(x) = f(x, vk)

is transversal to the boundary of the domain I, ; defined in (3.44). Concerning (3.46), observe that choosing €3 such
that e3(c9e3 + 1) < &3, thanks to (3.42), (3.48) we obtain

dy, (x(s: v, 0%)) +dx, () < |x (539, 0%) — y]

(nj, f(x,0")) = Vxe X, i€l ten T"[ (3.52)

<IslllgrkliLes, ) +dz, , (¥)
<sleg +e3 <6 Vy € B(Zrx,e3) NSk, —3 <5 <O0. (3.53)

Hence, because of (3.42), (3.17), (3.27), relying on (3.53) we find
Itk C B(Zrk, €2) C B(Pk, €2) C B(yx, 2¢2), (3.54)

which proves (3.46). Finally, observe that, for every given k € Z;, t € [t, T”[, fixing some point X € X ¢, thanks
to (3.46), and because of (3.3), (3.9)—(3.11), (3.52), we derive

£ o) 2 [ E V)] = [ f (e vh) = £ (F 1)

> (e, £(%,05))] —es - |x — 5|

> — —4cse
2cq €32
1 _
> L viery, (3.55)
4cg

which yields (3.45), thus completing the proof of our claim.
7. Given t € [79, T"[, k € Z;, consider now the domain I ; defined in (3.44), and observe that, because of (3.16),
(3.43), (3.46), every trajectory x () of X = g x(x), passing through points of I'; x N Py, satisfies

V(x(®) = Vi(x (1))

t

= Vi(x(s)) —{—/(VVk(x(o)),f(x(o),vk))da
S
< Vi(x(9)) + (=1 +2e)(@ — )
:V(x(s))+(—1+281)(t—s) vVt > s. (3.56)
However, there may well be points x(¢) € I'; x where Vi (x(¢)) > V(x (#)). Near these points there is no guarantee that

(3.56) should hold. To address this difficulty, we will consider the set of all indices i 7 k such that V;(x) < Vi (x) for
some x € Ik, and such that

min (VVi(x) — VVi(x), f(x,v)) <0. (3.57)

xelrk
In this case, we shall replace I'; x with the smaller domain
Fei 0 {x € R Vi) < Vi),
Then, setting
Tex={ie{l,...,N}\{k}; PiNTex#9¥, min (VVi(x)— VV;(x), f(x, vk)) <0}, (3.58)

XEFT,/(
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Tck.l
j ATk
1
Si
Fig. 6. (i ¢ Jr.x)- Fig. 7. (i € Ty 1)
consider the domain (see Fig. 7)
_ Fexn () my it Tex #9,
I = i€k (3.59)

Irk otherwise,

which, according with the definitions (2.32), (2.38), is precisely equal to I ;”k (Xr.0)-
Notice that, because of (3.37), (3.39), (3.51), (3.52), and by the observations at point 4, for every fixed h =
1,...,n, the spheres S;, i € Ii’, and the collection of hyperplanes

Hf = {rrk,,-; k,i el'f}
satisfy the assumptions of Lemma 4. Hence, in the case where
h
U j‘[,k C IT )
keZh

we are in the position to apply the conclusion of Lemma 4 in connection with the collection of hyperplanes 17? and
of sets (see Fig. 8)

[Z: i €T}
defined in (3.34), in order to derive a uniform estimate of the distance of the (upper) boundary of
6= T 660
keZh
from the set
zh= U e
i€l

As a consequence, we obtain an estimate of the decrease of % along trajectories of g x passing through I:T,k, ke If.
More precisely, setting

Iik: {T € [TO, T//[; U jt,k CI-? Vh = 1"'-’77‘[}7
keIt
Nt

G = Uﬁr,kZUg?’

keZ; h=1

(3.61)

we will prove the following

Claim 2. The domains I:T,k, ke, T €[ty T"[, defined in (3.59) enjoy the following properties.
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Fig. 8.

(i) Foranyk € I, t € [v, T"[, the vector field g, (x) = f(x, v¥) points strictly inward at every point of the upper
boundary

3 Tp= aft,k\ U 8;- (3.62)
Jj€Z

(ii) Foranyy € IT/( \ UjeI, Bj, k € I, T € [10, T"[, there exists a time T, (y) > 0 so that one has

x(Tex(y); y,0%) e 2y, (3.63)

x(tyok) el vie]o, o], (3.64)
and there holds

V(x5 y,0%) <V (x(s5 9, 05)) + (=1 4+3e)(r —5) VO<s <1 < Trp(y), (3.65)

where €1 is the constant satisfying (3.3).
(iii) For any t € [10, T"[, one has

-L-ﬁ = Sup{t c [T, T//[; 2& C gf\ U Bj Vs € ]T, t]} >T. (366)
J€Z,
Moreover, there exists a positive constant €4 so that there holds
tP>t+4e Vr eI;. (3.67)

8. Proof of Claim 2. By Claim 1 we know that, for every k € Z;, the vector field g is inward-pointing on the
region 0~ I N3~ It k. On the other hand, recalling (3.32), the inequality (3.57) guarantees that g; ; enjoys the

~ o
inward-pointing condition also at the boundary points x € 9~ I x N\ 'z k N7k i, i € Jrk. Then, observing that

3_1:;’1(\B_Fr)kza_f;—’kﬁ['t’kﬂ U Tk.is
iEJf,k

by continuity it follows that g, x(x) € 7‘3 Py (x) at every point x € a I, Tk (; B denoting the interior of the tangent
cone to Iy defined as in (1.12)), which proves the property (i) of Claim 2. Concerning the property (ii), observe first
that by property (i) a trijectory Yy(-) of g i starting at a point y € Q7 ¢ = Iﬁ \ UjeL Bj cannot escape from Q¢
through a point of 8: I'; k. Thus, since (3.45) shows that |g; x| is bounded away from zero, and because by (3.34)
onehas 0Q;x \ 0 Itk C UjeI, §; = X, it follows that y,(-) must cross the level set X; in finite time 7; () > 0,
and hence (3.63), (3.64) are verified. In fact, with the same arguments above one can show that every trajectory yy (-)
starting at a point of

ol =\ UB 1<n<n, (3.68)
JeTt
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crosses the set Ei’ C X; in finite time T,hk (y) = 7; x(y). Next, observe that setting

Lg=lie{l,....,NY; PinTei#9}, (3.69)
by definition (3.58) for every i € I i \ (Jr .k U {k}) there will be some point x; € m such that (see Fig. 6)

(VVi(@E) — VVi(E), f (x5, 0%)) > 0. (3.70)
Thus, relying on (3.43), (3.46), (3.70), we derive

(VVi@ED, f (% 0%)) = (VVi@E), £(505)) = (VV@E) — VVi @), (5, 0Y))

371
< — 1+ 2¢;. ( )
Then, since (3.27), (3.46) imply I x C Tvx C B(yk. 2¢2) N By, using (3.9), (3.11), (3.71), we find
(VVi), £, 05) < (VViGED, £ (& 05)) 4+ [(VVi), (3 0F)) = (VViGD, £ (5 05))|
< —142¢1 +cs5de;
<—1+43¢; Vxelig i€l (3.72)
Hence, setting
x@)=x(t;y.0Y), yeQh, 1<h<n., (3.73)

and observing that, for every fixed 0 <s <t < ’Trhk (), by (3.16), (3.69) there will be some index i (s) € I7  such that
V(x(s)) = Vi(s)(x(s)), relying on (3.43), (3.46), (3.64), (3.72), we derive

V(x(0) < Vi (x@)
t
= Vit (49) + (Vi (110). £ (x(0). 1)) o

N

< Vi (x(9)) + (=14 3e1) (7 — 5)

=V (x()) + (=1 +3e)(t — ), (3.74)

which yields (3.65) since TThk (¥) = 77 k(y). Observe now that, by the observations at point 7, we can apply Lemma 4

for every collection of sets {27 x; k € Ii’}, and hyperplanes {ry ;; k,i € If}, h=1,...,n;, T€E Il*. Thus we deduce
that there exists some constant c¢1g > 0 such that

dsi(0°Gl) =0 Yh=1,...,n., TET]. (3.75)

Since x(TT'fk () € ZJ?, relying on (3.64), (3.75) we find that, for every fixed 7 € Zi", 1<h<n, ke Iﬁ’, using the
same notation in (3.73) one has

|y = x(Th)| > dsp (87G7) Zcr0 Yy ed™Gr N QL. (3.76)
On the other hand, by (3.27), (3.48), (3.64), we derive
ly = x(T )| < coT () Vyed Gin QL (3.77)
which, together with (3.76), yields
T > vyesglnol,. (3.78)
. co .

Therefore, observing that by (3.23) one has
Vx(Thm) =t Yyed GinQy,,
thanks to (3.78), and relying on (3.3), (3.74), we deduce that, for every fixed T € Ii", 1<h<n, ke Iﬁ, there holds
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V) = V(x(TH0)) + 1 = 3e)T ()
. Trhk()’)
- 4
>t+22 wyeaghnol,.
4cg ’

Hence, since by definitions (2.40), (3.60), (3.68), one has

sgt= Jaginet,

keIl

it follows from (3.79) that

V) >t4e Yyed Gh 1<h<n., teTf,
where €4 = c19/(8cy). Moreover, with the same computations in (3.79) we derive also the estimates

V(y) >t Vye gf\ U Bj, 1<h<n, 1€ [to, T”[,

JjeTt

miny, dzg(a*gﬁ)

V() >t+
8co

Vy e B_Qi’, 1<h<ne, 1€ [ro, T”[.

Notice that (3.81), in particular, implies B’Q? N 2? =, for all 1 <h < n¢, and hence one has

) miny dxn (3_gff)
Xe=T+—-"F— " >1.
8co

To conclude, observe that by construction, for every given t € [t9, T”[, 1 <& < 1, the set

{x e R"; V(x) > 1:} \8_(]?

299

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

h
o o
consists of two connected components, one of which, say (’)h, contains Z‘f. Thus, since (3.61) implies G, = UZ’:I G

and because of (3.81), there holds
e R
Jon= z,u<gr\ U B,).
h=1 JjeI,

On the other hand, (3.80), (3.82), imply

e
{x eR" T<V(x) < Xr} C U O, Vre [‘Co, T”[,
h=1

Nt
{xeR”; T < V(x)<t+84} C UOh vVt eI,
h=1
and hence (3.85), (3.86) together yield

[xeR"; t< V(x)gxr} cX. U <§r\ U Bj> vt e [n, T,

j€Zx
[xeR" t< Vix) < T+es}C XU (gf\ U Bj> VT e I}
jeTx

Recalling the definition (3.23) of X', we recover from (3.87), (3.88) the inclusions

(3.85)

(3.86)

(3.87)

(3.88)
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ér\ U Bio{xeR: <V <x) vre[wT'[. (3.89)
jeT.

é,\ U BiofreR: t<V<t+es) Vrel] (3.90)
jeT.

which, in turn, together with (3.83), yield (3.66), (3.67), and thus we complete the proof of the claim.
Notice that, by definitions (3.38), (3.58), (3.59), and from the above proof of Claim 2 it follows that the inclusion
in (3.90) is verified also for all time 7 in the set

I ={rel[w. T'[\If; m=ne Il CT'Vie[t, 7", h=1,....nc}. 3.91)
Hence, we derive
P>t +4e4 V1 ;. (3.92)

9. Relying on the properties (i), (ii) stated in Claim 2, for every fixed t € [7g, T”[ we shall construct now a patchy
feedback on the open region

2.=6.\ U 8 (3.93)
€Ly

To this end we first need to slightly enlarge some of the domains defined in (3.59). Namely, for every k € Z, consider
the set

Tek =i € Tex NIy i >k, ke Tri), (3.94)

fix some positive constant p < €3, denote by n,f ; the hyperplane parallel to 7z ; that lies in the half space JT,:“ ;=

{x e R"; Vk(x) > V;(x)} at a distance p from my ;, and call rr,f ’i_ the half space determined by n,f ; that contains ;.
Then, set

Lt () om0 () (07N T) i ek # Teks Tew# 0

€T \Tr.k ieTuk
Frx=1ryn ﬂ me NTe) if ok =Tek #9, (3.95)
zejr_k
Iy if 7, =1
Qp= ff,k\ U 8. (3.96)
€L,

and observe that, by definitions (3.59), (3.62), (3.94), (3.95), (3.96), one has

aﬁ’k\ U I/;r,hcaf:r,k»

hel;
h>k
3201 (zr,k v Qr,h) C O g
hel;
h>k

Thus, by property (i) of Claim 2 it follows that the vector field g, «(x) = f(x, v¥) satisfies the inward-pointing
condition (1.5) at every point x € 8827 ¢ \ (Xr U pez, $2-,1). Then, letting g, denote the vector field on §2. defined
h>k

by

g0 =gex(®) ifxeAk=20\ | 2un (3.97)

hel,
h>k

and considering the map U, : £2; — U defined by
Ur(x) =0k ifx e Agy, (3.98)
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in view of Remark 1.3 we deduce that the triple (£2, g7, (£2¢ «, &¢,k)kez,) 1s a patchy vector field on §2; associated
to the patchy feedback (£2;, Uz, (2 k, v")kezr ). Notice that, by definitions (3.59), (3.62), (3.94)—-(3.97), one has

Az,kcFTk\ B VkeL,
j€T,

and hence we may apply the property (ii) of Claim 2 to a trajectory of g, passing through the domain A, .
Claim 3. The patchy vector field g, on the domain 2, t € [0, T"[, defined in (3.97) enjoys the following properties.

(i) Forany y € §2¢, and for every Carathéodory trajectory yy(-) of

X = ge(x) (3.99)
starting at 'y, there exists a time T (y, yy) > 0 so that one has
1 (Te(v. ) € 5e, (3.100)
and there holds
1+ V() S V) +3e1t YOSt < T (v, 7y). (3.101)
(ii) For any T € [10, T"[, one has
v =sup{te[r,T"[; Ty C 2 Vselntl} >t (3.102)

Moreover, there exists a positive constant €4 so that there holds

t'>t+e VreIfUIZ;. (3.103)

10. Proof of Claim 3. Given y € §2., let y;, be a trajectory of (3.99) starting at y, and set
fmax (yy) = sup{t > 0; yy is defined on [0, 7]}. (3.104)

By the properties of the patchy vector fields recalled in Section 1 and relying on Claim 2 one can recursively construct
two increasing sequences of times 0 =#) < ] < --- < f; < fmax, and of indices i < i» < --- < iy € Z; with the
following properties:

(a) yy is asolution of X = g ;, (x) taking values in A ;, forallt e]t,_1,1,], 1 <v <3
(b) yy(ty) €082, forall 1 <v < v, and y,(t;) € X U UieL 082¢ ;3

i>i;

©) ty —ty_1 < Ty, (yy(ty—1)) forall 1 <v <, and t; — t5_1 < Tr i (¥y (t5-1)).

Notice that, since {i, }, is strictly increasing, and because v < |Z| < N (N being the number of quadratic function
V; that appear in the definition (1.13) of the map V'), we can produce a sequence of times ¢,, and of indices i, € I,
1 < v < D, of such type so that #; = fmax. Hence, since vy () € U ieZ, 082¢; would imply that the trajectory y, could

> b
be prolonged after time f;, which is in contrast with the maximality of #;, by property b) it follows that y,(¢;) € X¢,
proving (3.100). Next, applying repeatedly the estimate (3.65) of Claim 2, and recalling that y, (0) = y, we derive

V(s () < V(1) + (=1 43e)( = 1)
<VO) 4+ (=1+3e)t Viel,_1.6], 0<v<D,
which yields (3.101). To conclude the proof of the claim, we only need to observe that, by definition (3.93), the
estimates (3.102), (3.103) are precisely the same as the estimates (3.66), (3.67), (3.92) established at point 8.
11. Relying on Claim 3, we shall construct now a patchy feedback on the region D defined in (3.26). To this end,

proceeding by induction on m > 0, we introduce a sequence of times 7, defined as follows. Observe that, by defini-
tion (3.91), for every 7 € [7o, T"[\(Z] UZ3) one has

O, = {t €]z, rﬁ[; either n; < n¢, or |I[h| > |I£’| for some 1 < h < n,} #+ 0.



302 F. Ancona, A. Bressan / Ann. I. H. Poincaré — AN 24 (2007) 279-310

Then, letting 7o be the constant defined in (3.5), for every m > 0, set

L tm—1 s if Ty eIf‘ UI%‘,
Tm = {inf@rm_I otherwise. (3.105)
By construction, and because of (3.102), (3.103), there holds
20, DX €R"; 1y < V(X) < Tyr1} Ym >0. (3.106)

Moreover, observing that ¢ — n; is a decreasing map and that n; < N, |I,h| < N, for all ¢ and #h, it follows that
{Tm}m>0 is a strictly increasing sequence enjoying the property
&I UL = 3dp>m, p<m+N* st 1,eIfUT; (3.107)

In turn, (3.105), (3.107) imply that for every m there exists some p > m, p <m + N2, such that Tp > T + &4. Thus,
we deduce that there will be some integer u such that 7, < T" < Tu+1, and hence, by (3.26), (3.106) one has

DcCc= O £2,. (3.108)
m=0
Let’s introduce the total ordering
(m,k) < (p,h) ifeither m>p orelse m=p, k<h, (3.109)
on the index set
A={(m.k)y: m=0,....m, keT,}
Then, if we define the vector field g on §2 by setting
80 = 8o, k() if x€Dui=20,k\ U Lo (3.110)
(m,k)=<(p,h)
and consider the map U : §2 — U defined by
Ux)=v" if xeDuy, (3.111)

in view of the observations at point 9 we deduce that the triple (§2, g, (£2+,, k, &x,,.k) (m.k)e.A) 1s a patchy vector field
on £2 associated to the patchy feedback (£2, U, (§2+, «, vk)(m_k)E A), so that one has

gx)=f(x,U(x)) Vxeg. (3.112)

Given y € £2, let yy be a Carathéodory trajectory of (1.9) starting at y, and define #iax (yy) as in (3.104). By the
properties of the patchy vector fields and relying on Claim 3 one can recursively construct an increasing sequences
of times 0 =1y < t] < --- < t; < fmax, and a decreasing sequence of indices mj > my > --- > my, so that, setting
YW=V Nn_1,0]> 1 <V <D, there holds:

(a) yy is a solution of X = g, (x) taking values in §2,,, forall ¢ € Jt,—1,£,], 1 <v < v;
(b) yy(ty—1) €982, foralll <v<v,and y,(t5) € Xy U Umiq’ 08273
©) ty—tv—1 < T, (yy(tv—1), o) forall 1 <v <, and 5 — t5—1 < T, (vy (t5-1), ¥5)-

Notice that, since {m,}, is strictly decreasing, and because v < u, we can produce a sequence of times #,, and
of indices m,, 1 < v < D, of such type so that #; = fax. Thus, since vy(tp) € Um(p B.QTP would imply that the
trajectory y, could be prolonged after time #;, which is in contrast with the maximality of #;, by property (b) it
follows that yy(#;) € X'y, and hence, by (3.29), one has yy(f;) € B.. Next, given y € D, applying repeatedly the
estimate (3.101) of Claim 3, we derive

V(v (1)) < V(ry(t-) + (=14 3e) (8 — 1)
< ‘7()7)+(—1+381)~IU YO <v <D
Relying on the estimate (3.113) in the case v = 7, and thanks to (3.3), (3.11), (3.14), (3.26), (3.27), we find

(3.113)
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< V(y)
1—3¢;
(1+2e1)(V(y) +¢3)
V() +2e1T + (1+2e1)e3
< V() +e, (3.114)

<
<

which establish the conclusion of the theorem observing that y, reaches the ball B, within a time < f; since
Yy (t;) e B,. O

Appendix A

We provide here a proof of the two technical lemmas stated in Section 2, concerning the properties of lens-shaped
domains of the form (2.32) constructed around a collection of spheres with uniformly bounded (from above and from
below) radii.

Proof of Lemma 3. Fix ry > 0, and observe that the unit normal to a sphere S with radius r > rq is Lipschitz
continuous with Lipschitz constant 1/rg:

[yi —y21 _ Iy1 = y2
Ing(y1) —ns(y)| = . < o

Vy1, 2 €S.
Hence, by (2.31), and thanks to the Lipschitz continuity of the field g and of the unit normal ng, we deduce that there
exist £ > 0 sufficiently small, and ¢’ > 0, depending only on rg, cg, and on Lip(g), so that

(ng(x), g(x)) < =&, Vxed'rs, (A.1)

proving the transversality property of the vector field g to the boundary 3% I's. Next, observe that the set 3~ I; in
(2.33) is a piecewise smooth hypersurface parametrized by

y @) =x(dc*(y) —8%,y), yeB(C,&)NS.

Hence, the tangent space to 9~ Iz at every regular point x = @ (y) of 0~ I'; is the image of the tangent space to S at y
under the differential of @, i.e. there holds

Ty-r: (@(y) =d@(y) - Ts(y). (A.2)

By standard differentiability properties of the trajectories of X = g(x), one finds that at the points in which d¢?(y) is
differentiable there holds

d®(y) = (Vdc2 (), Jg (@ (1)) + X ((de (»))* — &%)

where X (¢) denotes the fundamental matrix solution of the linear problem v = Dg(x (¢, y)) - v, that coincides with the
identity matrix Id at time ¢ = 0. Thus, observing that at the points where dc?(y) is differentiable one has |Vdc2(y)| <
2dc(y), we obtain

2dc OMlglve + ((52 — dcz(y)) Llp(g)) e((éz—dCQ(y))Lip(g))
= - . 20
28||g Lo + (22 - Lip(g)) e® HP@e),

|d® (y) — 1d| A3)

NN

In turn, (A.3) together with (A.2) implies
Iy (x) —ng(@ 7' ()| <cné (A4)

(ny- , (x) denoting the unit normal to ™ I%), for some constant c¢;; > 0 depending only on ||g|lLe, Lip(g). Then, by
the Lipschitz continuity of g and of the unit normal ng, we deduce from (2.31), (A.4) that, choosing & > 0 sufficiently
small, there exist some constant ¢’ > 0, depending only on rg, cg, and on || g||L, Lip(g), so that at every regular point
x = @ (y) of 97 I'; there holds

(0y-r (), g (1)) < =&,
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Clearly, by continuity this implies that g(x) € %pg(x) at every irregular point of 0™ I'; (f‘pg denoting the interior of
the tangent cone to I3 defined as in (1.12)), thus showing that the vector field g is inward-pointing on the boundary
0~ I's, which completes the proof of the lemma. O

Remark 4.1. Relying on the proof of Lemma 3 one can show that there exists some constant ¢ > 0 (depending only
on ro, C, ||g|lLe, and on Lip(g)), so that there holds
ds(x(dc?(y) — &%, y)) > cné® Vye B(C,E/2)NS. (A.5)

Indeed, notice that thanks to the Lipschitz continuity of the field g we may choose the constants ¢’, & so that the
estimate in (A.1) holds for all points x € I, i.e. such that

|ns(»), g(0))| =& Vxels Vyedtrs. (A.6)
Relying on (A.6) we then deduce that

(@(y) — y.ns(»)|

>
> (52— dc* ()
—/52

ds(®(y))

> Vye B(C,g/2)N S, (A7)
which proves (A.5), with cjp =¢'/2,

Proof of Lemma 4.
1. We will provide a proof of a more general result than the one stated in the lemma. Namely, we will show that there

exist constants &', ¢4 > 0, so that, for every given set of indices Z C {1, ..., v}, if we consider the sets
ZﬁUCk, gZﬁUFE‘,ﬂ, (A8)
kel kel
v
0G" =06\ | Br. (A9)
k=1

one has

dez(07G%) > ca. (A.10)
Clearly, in the particular case where Z = {1, ..., v}, we have

ct=c, ¢*=g, o ¢Gt=0¢,

and hence we recover the estimate (2.41) from (A.10). The proof of (A.10), for an arbitrary set Z C {1, ..., v}, will
be obtained proceeding by induction on the number |/7| of hyperplanes contained in the set IT considered in (2.37).
Notice that, setting

BIFE‘,%‘iE)FE‘?"\(UB v r”) Vk=1,...,v, (A.11)

JjeT
JFk

by definitions (A.8), (A.9), one has
agT=|Jo oIt
keZ

and hence there holds

dez(9~G%) > mindcz (3 “Irh). (A.12)
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Thus, in order to establish (A.10), it will be sufficient to prove by induction on |I7| that there exist some constants
g, ca > 0, so that there holds

der(07TT%) > ey VkeT. (A.13)
2. Consider first the case where IT = ¢, i.e. assume that IT; = ¢ for all k, and fix some set of indices Z C {1, ..., v}.
Then, recalling the definitions (2.32), (2.33), and observing that

0 I5(Cp)=0l:(C)\Br VYk=1,...,v, (A.14)

by (2.38), (A.11), we have

r = rx:cp),

o Ird = a—rs(ck)\< Us vl rg(c,-)>, Vk=1,...,v. (A.15)
j#k JeT
Jj#k
Let &, c12 be the constants (depending only on r¢ and g1, ..., g,) provided by Lemma 3 and Remark 4.1 for all sets
C1,...,C,, and observe that, choosing ¢ sufficiently small so that
lgrllLod? <&/4 Vk=1,...,v, (A.16)

and setting
R: = {y e Sk §/2<dc,(y) <&},
by the definition (2.36) of Cj there holds

v
B(Re. lgkl~d?) c | J By Vk=1.....v. (A.17)
j=1

Moreover, since the solution T — x(t, y) of the Cauchy problem x = gi(x), x(0) = y, satisfies

|x(z,y) = y| < llgklet V1,
we deduce from (A.17) that

v
@0\ U Bjc {x(@.»): v e BCk2/2) N Sk de, () — 8 < <0} 1 B(Cy, 28)

j=1
Vk=1,...,v. (A.18)
On the other hand, by (A.14), (A.15) one has
v
a*Irgj’fcrg(ck)\U%j Vk=1,....v. (A.19)
j=1

Thus, relying on (A.18), (A.19) we find

v
a—IréJk c {x(deZ(y) —&%y),y € B(Cx,8/2) N Skhn (B(Ck, 25)\ U fBj), (A.20)
j=1
which, in turn, applying (A.5), yields
ds (37T > cpd® Vk=1,...,v. (A.21)
Observe now that, since the radii of S;,i =1, ..., v, are uniformly bounded by r(’), and because the definitions (2.36),
(2.39) imply

cza(gg,-),
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it follows that there will be some constants c13, c14 > 0, depending only on r(’), such that there holds

v
dc(y) 2 C13dsk2(y) Vy € B(Cy, C]4)\< U %j), Vk=1,...,v. (A.22)
j=1

Hence, thanks to (A.20), (A.22), choosing ¢ sufficiently small so that

g< 4 (A.23)

2

and observing that

dcz(y) >dc(y) VyeR", (A.24)

we recover from (A.21) the estimates (A.13), with ¢4 = C%z cc138%,and & =2 satisfying (A.16), (A.23).
3. Given p > 1, suppose now that there exists some constants ¢, > 0 so that, letting £ be the constant provided by
Lemma 3 and satisfying (A.16), (A.23), when |IT| < p for every set of indices Z C {1, ..., v} there holds

dez(37G%) > ¢, (A.25)
der(07 Ty > ¢, Vkel. (A.26)
Then, consider the case where |IT| = p. FixZ C {1, ..., v}, k € Z. Our goal is to show that there exists some constant

Cp+1 > 0 so that the estimate in (A.26) is verified with ¢, 11 in place of ¢,,. Clearly, if [Ty = @ we recover the estimates
in (A.26) from the proof derived at point 2. Hence, we need to consider only the case where |I1x| = | Jx| > 0. Then,
recalling the definitions (2.32), (2.33), by (2.38), (A.11), (A.14), one has

ieJx

- ~Ji ya z

ET = <a—rg(ck)\<UBj vl ?)) n () 7o

Jj#k JjeT ieJk
jk
= JEf,. Ef = ((Fg(ck)ﬂ N @ Unk,j)>\(UB vr >> N (A28)
ieJk j€Tk JjeT

JFk

Observe first that, letting & be the constant provided by Lemma 3 and satisfying (A.16), (A.23), by the proof estab-
lished at point 2 one immediately deduces the inequality

ds(E )>dsk<3 F(Ck)\U )>ms (A.29)

J#k
which, together with (A.22), (A.24), yields

dez (ET) > yee. (A.30)

Hence, if E%' = {J we recover from (A.30) the estimates in (A.26) with ¢, = c%2c1354 in place of ¢,. On the other
hand, observe that if we let Sl’.’ , j € Z, denote the surfaces of the balls

B;’ﬁB(Bj,ap/z), jel, (A.31)
and we consider the set

crT=|Jcr, cf= \(UB UUB)

keZ jez JjET

by construction one has
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a( Usul BJ’.’> = <c\ U B}’) ucrr, (A.32)

je¢Z jeZ JjeZ

dcz<C\ U B”) dez(Cncrt)

jeT
2 dcl' (CP’I)

S (A.33)
= 2 . .

Thus, for every i € Jj for which there holds

i N ( U B"\ U ) (A.34)

jeZ
since the definition (A.28) implies

E, C <R”\U )ﬂnkl,

it follows that
E%iCR”\(UBjUUB;’). (A.35)
j¢T jeT
Then, relying on (A.32), (A.33), (A.35), we deduce that
ch (Ezz:l) 2 min{dcl (C\ U B;’) . dcl' (CP,I)}
jeT
c
> -2 A.36
> (A.36)
for all i € J that satisfy (A.34). Hence, in the case where (A.34) holds for all i € J, we obtain from (A.30), (A.36)
the estimate in (A.26) with ¢, = min{c%2c13é4, ¢p/2} in place of ¢,,. Therefore, to complete the proof of the lemma

it remains to derive an estimate of d-z (E2I ) when EzI # () and (A.34) does not hold for some i € J.
4. With the same definitions and notations introduced at point 3, consider a set of indices Z C {1, ..., v} for which
EZI # (, and such that (A.34) is not satisfied for some i € Jj. Set

UBP\U ) } (A37)

ﬁﬁ{ieJk; Tk, N (
JjeT

and observe that, by the proof derived at point 3, there holds
c ~
der(EZ;) > 7” Vi e T\ Jk. (A.38)

On the other hand, for every fixed i € Jk, by definition (A.31) there will be some constant p € [0, (c,/2)] such that,
letting S i» ] € Z, denote the surfaces of the balls

B; = B(Bj.p)., jeI, (A.39)
and considering the set

o7 = & ahigh\(u fe,.uugj), (A40)

heT j¢T jeT

there holds

Tg,i N c’ 0.
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Then, as a first step towards an estimate of dCz(EZI ;) we will show that, setting

T, =Ct Ny, (A.41)
there holds

dr,(EL,) > %” VieJ. (A.42)
Recalling that 7y ; = 7; ¢, set

M =\ {mi}, I =\ {mei}, =10\ {meih, (A.43)

and observe that, by the properties of 7y ;, one has 7y ; ¢ I1; for all j # k, i, and hence there holds

= |J mjumun;.

J#k,i

Moreover, because of (A.43), one has |IT*| < |IT| = p. Therefore, setting

Fr=TNK, P =neon () a. =T\ (), (A44)

jeJy
and defining
| nPru U R odtier
gt = JeTA\{i}
gt ifi ¢, (A.45)
v
976+7 =ag-T'\ | ;.
j=1

by the inductive hypothesis we can apply the inequality (A.25) in connection with the set of hyperplanes IT* and
hence, in particular, for the set of indices Z* there holds

der (07G*17) > ¢, (A.46)
Relying on (A.46), and observing that by (A.44), one has

Fj’ ﬂn,k_(F_j *ﬂn )ﬂn,k_F_j *ﬂn,k,
since 1; = mi,; we find that

% R
B(cT  ¢,))nmi (U Bury*u | J Ff") Ny

j=1 jeT*

(UB uJ rjf) N e (A47)

jeL*

Moreover observe that, letting

&= &

hel*
by definitions (A.39), (A.40) one has

cT cB(cT,p), p<cp/2,
and hence there holds

B(CT",¢p/2) € B(CT ). (A48)
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Thus, (A.47), (A.48) together, yield

B(CT',cp/2) Ny C (UB vl )ﬁnk’i. (A49)

jeT*
On the other hand, observe that, by the properties of m ;, we have
ScNS: =8N =S N,
which, in turn, by definition (A.40) implies
Ci N =Ci Ny (A.50)
Thanks to (A.50), it follows from (A.49) that

B(Y;,cp/2) Ny C (UB ulJr; )mnk,,-. (A.51)

JjeI*
Then, recalling the definition (A.28) of E2 ;» we deduce from (A.51) that
Ef; CR"\ B(Yi.cp/2),

which clearly implies (A.42). Finally, in order to obtain an estimate of dc(EzI ;), notice that, since the radii of S;,
i =1,...,v, are uniformly bounded by r), and thanks to the properties of the hyperplanes in I7, there will be some
constants cis, c16 > 0, depending only on r(’), such that there holds

v
ds,(y) > c1sdy, (v) ¥y € (B(Sk. c1) ﬂﬂk,i)\( U Bj), VieJk, k=1,...,v. (A.52)
=1

Therefore, choosing & so that
F < % (A.53)

and observing that by the same computations at point 2 one has

v
EZ, coTrd c B, 25)\( U B,~>,
j=1
we deduce from (A.42), (A.52) that
o~
ds, (E2 z) CljZ Vi € J. (A.54)

Hence, letting € be the constant provided by Lemma 3 and satisfying (A.16), (A.23), (A.53), relying on (A.22), (A.24)
we recover from (A.54) the estimates

54
der(EZ;) > ci3¢is 12 Vi € Ji., (A.55)
which, together with (A.30), (A.38), yield
der (57T > minfder (E), mlndcz(Ezl)}
2 Cp+ls (A.56)

where ¢py1 = min{c%zcl3§4, Cp/2, c13- c%s . 52/16}. This establishes the estimate in (A.26) in the case where EZI #+40,
and (A.34) does not hold for some i € J, and the proof of the lemma is completed. O
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