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Abstract
We consider the problem —Au = |u|”_1_8 uin 2, u =0 on 052, where £2 is a bounded smooth domain in RN symmetric with
respect to xq, ..., xy, which contains the origin, N > 3, p = % and ¢ is a positive parameter. As & goes to zero, we construct

sign changing solutions with multiple blow up at the origin. These solutions have, as & goes to zero, more and more annular-shaped
nodal domains.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
Résumé

Nous considérons le probleme —Au = |u|P —1=#y dans £, u = 0 sur 32, od £ est un domaine borné de RV symétrique par
rapport a x1, ..., xy qui contient I’origine, N > 3, p = %—f% et ¢ est un parametre positif. Quand ¢ — 0, nous construisons des
solutions changeant de signe qui ressemblent a une superposition de transitoires centrées dans I’origine. Ces solutions admettent,
quand ¢ — 0, de plus en plus de domaines nodeaux ressemblant & un anneau.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
We consider the problem

{—Au=|u|p_l_8u in £2, (1)

u=20 onds2,

where £2 is a bounded smooth domain in RY, N > 3, p= %—f% and ¢ is a positive parameter.

First, let us consider the critical case, i.e. ¢ = 0. Pohozaev proved in [39] that problem (1.1) has no solutions if £2
is starshaped. On the other hand, Kazdan and Warner observed in [32] that (1.1) has a positive radial solution when
£2 is an annulus. In [5] Bahri and Coron proved that (1.1) has a positive solution, provided that §2 has nontrivial
topology. To our knowledge there are only few results about existence of sign changing solutions of problem (1.1) in
the critical case. In [30] the authors provide existence and multiplicity of sign changing solutions in specific cases,
like for instance in the case of tori. In [19] the authors obtain existence and multiplicity results for sign changing
solutions in domains with small holes and in some contractible domains with an involution symmetry. We also recall
the classical result of Ding [25] who showed that (1.1) has infinitely many sign changing solutions in the whole space
2 =RN. Concerning sign changing solutions for different problems with critical growth, we refer to the papers [1,2,
15,17,18,27,31,34].

In this paper, we deal with the slightly subcritical case, i.e. ¢ > 0. In order to state old and new results, it is
useful to recall some well known definitions. We denote by G the Green’s function of the Laplacian with Dirichlet
boundary condition on 3$2 and by H its regular part, i.e. G(x,y) = Cylx — y|*"N — H(x, y), x,y € £2, where
Cny =1/(N —2)wy and wy denotes the surface area of the unit sphere in RY. Observe that A, H =0 in £2 x £
and G =0 on d(£2 x £2). The leading term H (x, x) of the regular part of the Green’s function is called the Robin’s
function of §2 at x.

It is well known that problem (1.1) has always a positive least energy solution u, which is obtained by solving the
variational problem

inf{||u||2:/|vu|2: MEH(I)(.Q), /|M|P+ls:1}.
2 2

In [13,26,29,42,41] it was proved that, as ¢ goes to zero, u, blows up and concentrates at a single point £ in £2,
which is a critical point (a minimum point) of the Robin’s function. Conversely, it was shown in [41,37] that, if £ is
a “stable” critical point of the Robin’s function, then problem (1.1) has for ¢ small a solution which blows up at &
as € goes to zero. In general, problem (1.1) can have positive solutions which concentrate simultaneously at different
points &1, ..., & of £2, k > 2, as ¢ goes to zero. This was analysed in [40,6,37]: the condition which ensures existence
and multiplicity of solutions which blows up at more than one point involve both the Green’s function and Robin’s
function. As far as the existence of positive solutions to (1.1) is concerned, we want to point out the fact that if u,

solves (1.1) and blows up at some points &1, .. ., & of £2, then necessarily each &; is a simple blow up point (see [33]).
More precisely, the profile of the solution u, near each blow up point &; can be approximated as
)\’.
e () ~ e

(Fe + |x — &2HN=2/27

with ay = [N(N — 2)]N=2/4_ for some constant A; which depends only on N and k. Roughly speaking, we can also
say that u, has k simple positive bubbles.

The existence of one sign changing solution to (1.1) for € € (0, p — 1) was first proved in [16] and [8]. Later,
multiple sign changing solutions and their nodal properties were studied in [7,9]. In all these papers, the authors
consider a larger class of nonlinearities with superlinear and subcritical growth. In particular, in [7,9] it is shown that,
for fixed € € (0, p — 1), problem (1.1) has a sequence of sign solutions Fu}, with ||u] || — oo as n goes to oo, and
such that ] has at most n + 1 nodal domains. Recently in [10], the authors proved the existence of N pairs :l:uf;j ),
j=1,..., N, of sign changing solutions such that each uf;j ) blows up positively at a point & l(j ) € 2 and negatively

at a point ' € 2, wit / ',asa oes to 0. We point out that each of these solutions considered in as
point £ € 2, with £ #£ £, as ¢ goes to 0. We p hat each of these sol dered in [10] h
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one simple positive bubble and one simple negative bubble. More precisely the profile of u(] )

g(})

near each blow up point
i = 1,2, can be approximated when ¢ goes to 0 as

hiN/e

() ~ —1
ug’(x) ~an(=1) 2ot r E-(j)|2)(N_2)/2’
1 1

with ay = [N(N — 2)](N =2)/4 for some constant A; which depends only on N.

In this paper, we focus on a new phenomenon: we observe the presence of sign changing bubble towers constituted
by superposition of positive bubbles and negative bubbles of different blow up orders. This stands in strong contrast
to the fact that positive solutions to (1.1) can only have simple bubbles in the subcritical case (see [33]). We assume
that £2 is a bounded smooth domain in RY symmetric with respect to x1, ..., xn, which contains the origin. Our main
result reads:

Theorem 1.1. For any integer k > 1, there exists g > 0 such that for any € € (0, i) there exists a pair of solutions
us and —ug to problem (1.1) such that

k M, 2i-1 N2
) s =
us(y)=ay y (=1 (22—> (1+0(1),
i=1 M; 24 |y?
where ay == [N(N — 2)] M1 , ..., My are positive constants depending only on N and k and o(1) — 0 uniformly
on compact subsets of §2, as € — 0. Moreover, u. is even with respect to the variables x1, ..., xy.

It seems that this is the first result dealing with sign changing bubble tower solutions for superlinear boundary value
problems close to the critical exponent. The asymptotic expansion and some energy estimates derived in the course
of the proof allow to draw interesting consequences concerning the number and shape of the nodal domains of the
solution u,. More precisely, we have

Theorem 1.2. For ¢ > 0 suﬁ‘iczently small, the solution u, constructed in Theorem 1.1 has precisely k nodal domains

981 .Qk such that .Q‘,3 contains the sphere S‘E ={yeRN: |y|= aN 2} and (=1 us > 0 on .Qg for all j.
Consequently, 0Oe .Qf and .le is the only nodal domain of u which touches the boundary 052.

In particular, we obtain solutions with arbitrarily many annular shaped nodal domains as ¢ goes to 0.

The proof of Theorem 1.1 relies on a form of Lyapunov—Schmidt procedure (see [4]), which reduces the construc-
tion of the searched solutions to a finite dimensional variational problem, in a general scheme already followed in the
study of bubble towers in [20,21,24].

Let us point out that the situation turns out to be very different in the slightly supercritical case, i.e. & < 0. We recall
that, if the domain 2 has a small hole, problem (1.1) has positive solutions blowing up at two or three points, see
[22] and [38]. Moreover, if §£2 has some symmetries, problem (1.1) has solutions blowing up at an arbitrary number of
points (see [23,35,38]). An interesting nonexistence result obtained in [11] states that, for any domain §2, there are no
positive solutions to (1.1) blowing up at a single point as & goes to zero. A natural question then arises: is it possible to
construct a sign changing bubble tower solution to (1.1) (as in Theorem 1.1) when ¢ is negative and small enough? We
conjecture that the answer is negative. Indeed this is suggested by the estimates obtained in the present paper. More
precisely, in order to detect sign changing bubble tower solutions in the slightly supercritical case, we could reduce
the problem in the same way to a finite dimensional one, but for small negative ¢ the reduced functional (the function
I, defined in Lemma 4.1 below) does not have any critical points (as follows from Lemma 4.2 and estimate (4.24)).

It is also worth to compare Theorem 1.1 with recent results on positive bubble tower solutions for the supercritical
Dirichlet problem

—Au=uPT® +xu in £,
w0 inQ, (1.2)
u=0 on ds2,

where £2 is a bounded smooth domain in RN, N >4, ¢ and A are positive parameters. In [20] the authors considered
the case when 2 is a ball and they proved the existence of radial solutions to (1.2), which have a multiple bubble at the
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origin, provided ¢ and A are small enough. Recently, the result was extended in [28], where the authors constructed
solutions to problem (1.2), which have multiple blow up at finitely many points which are the critical points of
a function whose definition involves the Green’s function. Successively, existence of bubble tower solutions was
established for the Neumann supercritical problem

—Au+u=uPt® in £,
u>0 in £2, (1.3)
u=20 onds2,

when 2 is even with respect to N — 1 variables, N > 3 and 0 is a point in 92 with positive mean curvature. In [24]
the authors proved the existence of solutions to (1.3) which resemble the form of a superposition of bubbles centered
at 0.

The proof of Theorem 1.1 relies on a form of Lyapunov—Schmidt procedure (see [4]), which reduces the construc-
tion of the searched solutions to a finite-dimensional variational problem, in a general scheme already followed in the
study of bubble towers in [20,21,24]. The paper is organized as follows. In Section 2 we collect basic tools, and we
introduce a change of coordinates. In Section 3 we apply a finite-dimensional reduction method to the transformed
problem. We like to warn the reader that in this section we did not repeat the proofs of the estimates required for
the reduction procedure, referring the reader to [20,21,24]. In Section 4 we derive an asymptotic expansion for the
reduced energy functional. Here we decided to include the details, since the expansion shows crucial differences in
comparison with [20,21,24]. Finally, in Section 5 we complete the proof of Theorem 1.1 and we prove Theorem 1.2.

2. Preliminaries

It is well known (see [3,14,43]) that the functions

N2

2

wy(y) =an u >0,

W2+l

with ay :=[N(N — 2)]¥, are the only radial solutions of the equation
—Au=u” inRV.

We define 7, to be the unique solution to the problem

Am, =0 in £2,
Ty =-—w, onas2.

We remark that the function Pw,, := w, + m,, is the projection onto H(l)(.Q) of the function w,, i.e.

—APw, =wj, in$,
Pw, =0 on 4£2.

It is well known that the following expansion holds
N2 N2 . .
mu(y)=—ayu Z H(0,y)+o(n 2 ) uniformly in £2. 2.1

Let us consider parameters (1 > o > - -- > k. We look for a solution to (1.1) of the form

k
u() =y (=1 (W, (¥) + 7, () + ¥ (), 22)
i=1
where the rest term 1 is a small function which is even with respect to the variables yi, ..., yn.

As in [20,21,24], we rewrite this problem in different variables. We consider spherical coordinates y = y(p, ®)

centered at the origin given by p =|y| and © = I;_I We define the transformation

2
p—1

v(x, ©) =T (W)(x, ©) = (p—_1>me_xu(e_ T0).

2
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We denote by D the subset of S =R x S¥~! where the variables (x, @) vary. After these changes of variables,
problem (1.1) becomes

Lo(v) = cee™®|v|P~1=%v in D, 2.3)
v=0 ondD, ’
where
2¢e
p—1\r1
Ce = —
and
—1\2
Lo(v) = —(%) Agv-1v —v" +v. (2.4)

Ly is the transformed operator associated to —A. Here and in what follows, ' = % and Agny-1 denotes the Laplace—
Beltrami operator on SV1.
We observe then that

T(wyp)(x, ®) =We(x) :=W(x —§),

where
AN \'T N2
4 _N=2 p—1
W i=(——s) e (1+e ™29 2, withp=e 75 2.5)
N-2
W is the unique solution of the problem
W' —W4+WP=0 inR,
W' (0)=0, W=>0, (2.6)
Wx)—0 as x — $00.
We see also that setting
M =T(ny), withp=e "T¢, 2.7)

then IT¢ solves the boundary problem

Lo(IIs) =0 1in D,
{ I =—Wg  onadD. (2.8)

We note the useful fact that this transformation leaves the associated energies invariant (up to a constant). Indeed, the
energy functional associated to problem (2.3) is

1/ p—1) 1 ¢ _ _
I (v) ;=5<pT> /|v@v|2dxd@+5/(|v’|2+|v|2)dxd@—rf_8/e Pttt dxde  (2.9)
D D

D

and the energy functional associated to problem (1.1) is

1 1 _
Je (1) ::§/|vu|2dy—m/|u|l’+1 £ dy. (2.10)
2 2
Then we have the identity

N-1
Lw=(~2— Je), v="T®). 2.11)
(=)

Let us consider points 0 < &1 < & < --- < &. We look for a solution to (2.3) of the form

k
v(x, 0) =Y (=D (W(x — &) + [T, (x, ©)) + ¢ (x, O), (2.12)

i=1
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where the rest term ¢ is a small function which is symmetric with respect to the variables 1, ..., On.
A crucial remark is that v(x) ~ Zle(—l)’ W(x — &) solves (2.3) if and only if (going back in the change of
variables)

k _135,'2 N2—2
. e N-
”(Y)"’O‘N § (_1)l( 4 >
i1 e V2 +|y?

solves (1.1). Therefore, the ansatz given for v provides (for large values of the &;’s) a sign changing bubble-tower
solution for (1.1).
Let us write

k
W) =W —&), M=Mg, Vi=Wi+I, V=Y (-D)V,. (2.13)
i=1
We consider the ansatz v =V + ¢. In terms of ¢, problem (2.3) becomes

L(¢)=N(p)+ R inD,
{¢=O ondD, (2.14)
where
L($) := Lo(p) — cee™ ™ f1(V) 9, (2.15)
N(@) :=cee™ [ fo(V +¢) — fe(V) — fL(V)o]. (2.16)
k
Ri=cee ™ fo(V) =Y (=D)'W/. 2.17)

i=1

Here, we set fi(s) := |s|P~1 5.
3. The reduction method

Rather than solving (2.14) directly, we consider first the following intermediate problem: given points & :=
&1,...,&) € R* find a function ¢ symmetric with respect to the variables ©1, ..., ®y such that for certain con-
stants c¢;

L@)=N@) +R+Y5_ciZ inD,
¢=0 on dD, @3.1)
fDZi¢dxd@=0 ifi=1,...,k

where the Z;’s are defined as follows. Let
9 . . _LE.
zi (y) =uia—wui(y) fori=1,...,k, with u; =e~ ¥-2%,
i
Each z; solves the linearized problem (see [12])
—Az= pwﬁi_lz inRY,
Let Pz; be the projections onto H(l)(.Q) of the function z;, i.e. APz; = Az; in 2, Pz; =0 on 982. Let Z; (x, ®) :=
T(Pzi)(x,®). Then Z; solves

1
Zi=0 ondD.
In order to solve problem (3.1), it is necessary to understand first its linear part. Given a function &, we consider
the problem of finding ¢ such that for certain real numbers c; the following is satisfied

L@)=h+Y*  ¢;z; inD,
¢=0 ondD, (3.2)
[ Zipdxd® =0 ifi=1,....k

{Lo(Zi) —pW/™'W/ inD,
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where the linear operator L is defined in (2.15). We need uniformly bounded solvability in proper functional spaces
for problem (3.2), for a proper range of the &;’s. To this end, it is convenient to introduce the following norm. Given a
small but fixed number 0 < o < 1, we define:

k —1
lglls:= sup e~ (Im)x=&il |g(x,(~))‘.
x,0eD\ i

Although this norm depends on o and the numbers 0 < £; < --- < &, we do not indicate this dependence in our

notation. In fact, different choices of o and & = (&1, ..., &) lead to equivalent norms. Let C, be the Banach space
of all continuous functions g : D — R which are symmetric with respect to the variables ®1, ..., ®y and for which
gl < +o0.

Arguing exactly as in Propositions 1 and 2 in [20] and in Propositions 5.1 and 5.2 in [21], we obtain the following
result.

Proposition 3.1. There exist g > 0, Rg, R1 > 0 and C > 0 such that if ¢ € (0, e0) and if § = (&1, ..., &) satisfies
. Ry
Ro <&, Ro< min (41 —§&), & <—, (3.3)
1<i<k &

Y}

then for any h € C, problem (3.2) admits a unique solution T, (&, h) € C, with
1T B, <Clhlly and |ci] < C|lhllx.

Moreover, the map & — T, (€, h), with values in £(Cy), is of class C' and
| DT ) o,y < €

uniformly in & satisfying conditions (3.3).

Now, we are ready to solve problem (3.1). We shall do this after restricting conveniently the range of the parameters
&;. Let us consider for a number M large but fixed, the following conditions:

1 1 . 1 1
&1 > EIOg(E)’ llgnililk(éﬂrl —&) > IOg(E) & < klog(E) (3.4)

Arguing exactly as in Proposition 3 in [20] and in Lemma 6.1 in [21], we prove the following result.

Proposition 3.2. There exists 9 > 0 and C > 0 such that for any ¢ € (0, &9) and for any & = (&1, ..., &) which
satisfies (3.4) there exists a unique solution ¢ = ¢ (&), c = (c1(§), ..., ck(§)) to problem (3.1) which satisfies ||P |« <
Ce. Moreover, the map § — ¢ (&) is of class leor the || - ||« norm and || De@||x < Ce.

4. Estimates for the reduced functional

In this section, we fix a large number M and assume that conditions (3.4) hold true for £ = (£, ..., &). According
to the results of the previous section, our problem has been reduced to that of finding points &; so that the constants
¢; which appear in (3.1), for the solution ¢ given by Proposition 3.2, are all equal to zero. Thus, we need to solve the
system of equations

ci()=0 foranyi=1,...,k. “4.1)

If (4.1) holds, then v = V + ¢ will be a solution to (2.14) or equivalently to (2.3). This system turns out to be equivalent
to a variational problem, related to the functional (2.9) associated to problem (2.3). Indeed, by the same (standard)
arguments as given on p. 301 in [20], the following result is proved.

Lemma 4.1. The function V + ¢ is a solution to (2.3) if £ is a critical point of the function

> 1(5) = L(V +¢),
where V =V (§) is given by (2.13), ¢ = ¢ (&) is given by Proposition 3.2, and I, is defined in (2.9).
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The following estimate is crucial for finding critical points of I,. It can be proved exactly as Lemma 4 in [20] and
Lemma 6.2 in [24].

Lemma 4.2. The following expansion holds:
I:(§) = (V) + o(e),

where the term o(g) is uniform over all points satisfying constraints (3.4), for some given M > 0.

We make the following choices for the points &;:

1
§1=—§log£+logA1, 4.2)
&1 —& =—loge—logAiyy, i=1,....k—1, 4.3)
where the A;’s are positive parameters. For notational convenience, we also set A := (Ay, ..., Ag).

The advantage of the above choice is the validity of the expansion of the functional (2.9) given in the following
lemma.

Proposition 4.3. For any § > 0, there exists g9 > 0 such that for any ¢ € (0, go) the following expansion holds

k* =2k +2
I.(V) =kayq + e (A) — fazs loge 4+ kaje + eR.(A)

where

asH(0,0) k
W (A) = T +kaylog A1+ Y [a3A;i — (k — i + Dazlog 4;]

1 i=2
and as ¢ — 0 the term R converges to 0 uniformly on the set of A;’s with § < A; < 87l i=1,..., k Here a;,

i=0,...,5, are positive constants depending only on N.

The proof of this expansion relies on arguments inspired by [20,21,24]. For the convenience of the reader, we
present the details here. As a first step, we collect some asymptotic estimates in the following lemma.

Lemma 4.4. For fixed § > 0and 8 < A; <87, i =1, ...k, the following estimates hold as ¢ goes to zero:
/IVIPH=kwN71/W‘"+l(X)dx—i-0(1), (4.4)
D R
/ (VP = v =) = koy— / WP (x)log W (x) dx + o(1), (4.5)
D R

k

/xW“ = (Zs;)wN_lpr“(x)dx +o(1). (4.6)
D j=1 R

Here wy_1 is the surface area of SN=1 Moreover, considering the numbers 1 =0, x; = &;;'E’, [l=2,...,k,

Xk+1 = +00 and setting Dy = {(x, ®) € D: x; < x < xi4+1}, we have fori, j,l=1,...,k

f WIW;=o(e) ifi#l, 4.7)
Dy
/ W/W;=aze Ei~8 4o(e) ifj#1, (4.8)

Dy
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/ [V/’“ — VI (p DV YD V.;] =o(e), (4.9)
Dy J#l

/(Wip — V)V =o0(e) ifi#]. (4.10)
Dy

Here we have set a3 1= (N—N)NTwN 1 Jge* WP (x)dx.
Proof. Throughout this proof, C stands for a generic constant depending only on N and k whose value may change
in every step of the calculation. From (2.5) we directly deduce the estimate

W) <ce™™ inD 4.11)

which will be frequently used in the following. Combining the assumption § < A; < 8! with (4.2) and (4.3), we get

$1>—log(%> and é,'+1—§,->—log<§) fori=1,...,k—1. 4.12)

We start by verifying (4.7), first for i # [ and j /. In this case (4.11) implies

Xi+1

/Wl.”wjgc / o= Ph—Eilg—lv—j]

< COu+1 — xo max{e—p\xz—&-\ _pm“_é"‘}max{e"Xl—éj\7e—|X1+1—Ej\}
141 —§1-1 LI byl
—e 2

2
Next we consider j =1. By (4.11) we get fori </

<C < C(=loge)eP+D/2 = o(e).

§141-81
Xl+1 2
/W.le <C / e PO =8 oX—8 4, — ce—PGEI—E) / e~ (P=Dx gy
1
b X §1-1-51
2

§1—51-1 _ptl ptl
2 < Ce

< Ce P& —8)a(p—D >~ (&1—&1-1) <Ce7 =o(e).

For i > [, we find similarly

§+1-8
Xi+1 2
/Wl-‘"Wz <C / P—E) o8 gy — CoPE—E) / (=D 4y
Dy X §-1-%
2

51415 p+1
< CePE=8)e(P=D0=  co= @@= — o(g),

and thus (4.7) is proved in all cases. Next we derive (4.8) for j <[, using the definition of W given in (2.5):

51+12*E/
/ W/W; =wn_ / WP (x)W (x + & — &) dx + o(e)
Dy 51—12*51

51+1 §
N-2
7

e~ &=§p) / WP (x)e~ ( 4o W 2(X+5;'1 é)) 2 dx + o(e)

§-1-8
—z
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N-2
:le(%) ' e—@l—%‘)(l+o(1))/WP(x)e—de+o(e)
R

= a3e_|sf_§l| + o(¢).
The proof for j > [ is similar, since W (—x) = W (x) for all x € R. In particular, (4.7) and (4.8) yield

/Wiij=O(s) ifi#£lorj#I. (4.13)
Dy

Next we show (4.4), and we set W = Y% (1) W; and [T = Y*_ (=1)!IT;, so that W = V — 1. From (2.1), (2.7)
and (4.12) we infer

0K W, —V,=—IT; <Ce 5 <Cy/e inD foralli. (4.14)

Hence the mean value theorem implies

k P
‘/|W|”+1 — VP! <(p+1)/<ZW,-> [T =o(1), (4.15)
D p \i=l

and, by (4.13),

k k
/(ZszH B |W|”+1> ZZ/<WZP+1 B ‘W[JFZ(_])IHWJ_
D =1 l:lDl

p+l
) +o(1)

J#l

<(p+ 1)2::/<ijw,->p<ZW,> +o(1)

J#
W,-) +o(1) = o(1). (4.16)
j £l

Combining (4.15) and (4.16) we get

k
/ virtt=3" / W/ +o(1) = kaoy - / WP (x) dx +o(1),
D I=1p R

which shows (4.4). Since the proof of (4.5) is similar, we omit it. To show (4.6), we use again (4.13) and (4.14) to
estimate

k
/x|V|P+1 =/x|vT/}”“ +0(1)=Z/lep+l +o(1)
D D I=1p,

§4+1-8
k 2

=60N—IZ /(x+$1)Wp+l(x)dx+0(1)

k
:wN_1<Zs,>/WP“(x)dx+k/xwp+1(x)dx+o(1)
R

=1 R

k
=a)N1(251)/W”+1(x)dx+0(1).
=1 R



A. Pistoia, T. Weth / Ann. I. H. Poincaré — AN 24 (2007) 325-340 335

Here we used that W(—x) = W (x) for all x € R. It remains to show (4.9) and (4.10). Via a Taylor expansion, we get

/(le'f'] _ |V|p+1 + (p+ l)vlp Z(_I)I+ij)

D J#

p+1
=f<"z”“ - 'VI+Z(—1)1“V,~‘ +(pp+DV, Z(—l)lﬂ'vj)

J# J#

D
pp+1 [ < B
_12
<T/<Zvj) (ZV) <cmax [/
p M=l J#l Dy
p—1

1
<em( fyrv) " ()
i,
j b,

J#EL Dy

p=l 1
Cmax(/WpW]> ' (fo+l>p :O(gpl_:l) (e7 l7)_0(,9)
Dy D,

J#l

where (4.7) and (4.13) are used in the last line. Hence (4.9) is proved. Finally, by (4.13), (4.14) and the mean value
theorem, we get for i # j

0</(W vV /W” "W = vy,

Dy

e 1/p pi
p</W,f’Vj> (/(Wi—V,-)”VJ) =0(e 7 )O(ve) =o(e),
Dy Dy

so that (4.10) holds. O

Proof of Proposition 4.3 (completed). Using (4.4) and (4.5), we find

1 c
L(V)=Io(V) + — V”“——S/ —ex |y prl=e
W=+ [yt - S [y
D D
—I()(V)—L (esx—l)|V|P+l+< 1 _ 1 )/esx|v|p+le
p+1 p+1l p+1—c¢
D D
1 —ce —ex +1—¢ 1 —&x +1 +1—¢
+—— | eV +—— [ e (VP — v PtiTe)
p+1—e¢ p+1
D D
1
=Iy(V) — -1 (e = 1)|V|PT! + keay + o(e), (4.17)
D
where
aj:= ON-1 |:( ! + 2 logp_1)/W"’+1(x)dx+/W”+1(x)logW(x)dx],
p+1l\p+1 ' p—1 2
R R
and from (4.6) we deduce
1 1 £
— [ (e =) VPt =¢ /pr+1+08=861 i+ o(e), 4.18
o7 1 ( VI 1)V (€) zj;é, (€) (4.18)
D D =
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where

ax == wy_1

; f WP (x)dx.
R
Next we note that

k k
1 1
Ip(V) — Zlo(Vi) - ﬁ/[z vt |V|I’+1:|
i=1 5 Li=l
k

1/ p—1)\° 1 02 1,
=§<T> f[|V@V|2+§|V’| +|V|2—Z<|v@v,-|2+5|v,-|2+|vz~|2)}
D

i=1

-1
Z( 1)l+]/< )V()VV()V +VV +ViV;

z; 1
l>/
k 2
o -1
= (—1)I+J/[—<pT> Agva Vi =V + Vz}VJ
ij=l D
i>]
— Z( 1)l+]/Wp i,
ij= 1
i>j
so that
Io(vV) - ZIOW)— [va“ |V|f’+1}+ S - 1)l+J/W”
1] 1
i>j

Let x; and D; be defined as in Lemma 4.4. Since 0 < V; < W; for all i, we can replace the letter W by V once or
twice in the estimate (4.7), and thus we obtain

k
Io(V) = > Io(Vi) = Z/[v/’“ VIFT +(p+ D)) (- 1)’+fwf’v,]+o<e)
i=l I>j
i Z/I: I"'rl |V|p+1 +(p+ 1)2( 1)l+jvl7 ]
p 1= lD[ J#l
+ZZ(_1)l+j/(Wl[’ ZZ( 1)[+]/va +O(8)
I=1 j#l D =1 j>I

so that by (4.9) and (4.10) we have
Io(V) — ZIOW)— ZZ( )’*ffW”v +o(e).
=1 j>I
Since moreover I1; = O(e™ &y = 0(&3/?) for j = 2 uniformly in D, we have
0</W/’(Wj—V,»)=/W,”n,-=o(e) for j > I,

D Dy

and we can use (4.7) and (4.8) to get
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IQ(V)—ZIO(V)_ ZZ( 1)”1/W”W +o(e)

=1 j>I

_Z/Wl W1 +o(e) =a3 Ze S1=811 4 o (e).

I=1p,
Finally, by (2.11) we have
5 \N-I
Ip(V;) = (ﬁ) Jo(wy; +my;)

and it is well known that

1 Ly
JO(“’M"’”M):N/ pt H(O O)/a)1 le —l—o(ulN 2).
RN
Therefore, since /,LN 2% = O(e) and ,ulN_z =e 25 = o(g) for i > 2, we obtain
k

D 1o(Vi) = kas + asH (0, 0)e ™1 + o(e),

i=1
where

a5 _) N/ of " () dy

and
) N=lyy )
as = (m) 7 wq (y) dy
RN
Combining (4.17)-(4.19) and (4.21) we deduce that
k k—1

I.(V) =kea) + car Z?;‘i + a3 Ze_‘&“_s"‘ + kayq + asH (O, 0)6_251 + o(¢).
i=1 i=1
We note that, by (4.2) and (4.3), we get
k

k* —2k 42 :
Zgi =—Tlog8+klogA1 —Q(k—l + Dlog A,
=

k—1 k
Ze—\$1+1—$i| ZEZAh
i=1 i=2

o251 - ¢

12
A 1
The claim now follows from (4.24)—(4.27). O

5. Proof of main results

Let us complete the proof of the existence of sign changing-bubble tower solutions to problem (1.1).

337

(4.19)

(4.20)

421)

4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

Proof of Theorem 1.1. In virtue of Lemma 4.1, we need to find a critical point of the function I,. Performing
the change of variables £ = &(e, A) given in (4.2) and (4.3), it is sufficient to find a critical point of the function

T (A) = e~ s (5 (e, A)) — kaa).
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From Lemma 4.2 and Proposition 4.3, we get
Ze(A) =Y (A) +c1 + 2 loge + o(1),

where the term o(1) is uniform and cy, ¢, are constants depending only on N and k.
We observe that the function i has a minimum point A* = (A7, ..., A}) where A] is the minimum on (0, 4-00)
of the function

H(0,0)
Al — a5T + kaz log Aq

1
and, fori =2,...,k, A;“ is the minimum on (0, +00) of the function
A > azA; — (k—i+ Dazlog A;.

Since A* is stable with respect to uniform perturbation, for & small enough there exists A® = (Af, ..., A}) critical
point of Z. (A), such that AY — A ase — 0,fori=1,... k.
Therefore, the point £° = (&7, ..., &), where

Ai: 'i
& __ _ .
El—log—gl/z, f;‘ logA A88(21 072 i=2,...,k,

is a critical point of 1 and the functlon V+oEE ) is a solution to (2.3).
2i—1
The claim follows, since u; =e™ ¥~ veé — =M;ev=2. O

Finally, let us prove the nodal properties of solutions found in Theorem 1.1.

Proof of Theorem 1.2. Let u, be a solution as in Theorem 1.1. We put
2i—1 N2

k
. Mg =2
ag<y)=Z<—1>’( o~
i=1

2
MZ*V=2 + |y|2)

k ' 1 ¥
= Z(_l)l( 2i— 2i—1 > :
i=1 M€N2+M lemv=2)y )2
Then
ug(y) =anie(y)(1+o(), ye, (5.1)

by Theorem 1.1, with o(1) — O uniformly on compact subsets of £2. We consider the spheres Sg ={yeRN: |y|=

e e 2} j=1,..., k. We may fix a compact subset K C £2 such that Sg C K for j=1,...,k and ¢ > 0 sufficiently
small. For y € Sg we estimate

k 1 -
iie (y) =Z<—1)’( = e >
i=1 M;eN= =2 +M_ -2
k 1 nr2
_2j-t i
=& Z(_l)l< ) . 2<ji>>
i=1 M;e N-2 + M. "¢ N-2

i

L 2j—1 1 %
=(_1)18_T(<7M +M_1> —1—0(1)) ase — 0.
JT

Hence (—1)7ii, > 0 on S for j =1,...,kand ¢ > 0 small, and together with (5.1) this implies that also (—DJuy, >0
on S] for & small. Thus u, has at least k nodal domains £2, ..., §2; such that £2 j contains the sphere S

Next we show that u, has not more than k nodal domains for ¢ small. For this we recall that, by (2.11), Lemma 4.2,
Proposition 4.3 and (4.22), we have
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k k
Je(ug) — N/ p+1(y)dy SN/2 ase — 0, 5.2)
RN
where J; is defined in (2.10) and S is the best Sobolev constant for the embedding H(} (2) = LPH(2),ie.,
o Jo IVul*dy

inf .
uer @00} (fg lulPH! dy)?/ (D

We put ¢ :=inf, e, J¢ for € 2 0, where N, is the Nehari manifold given by

N = {u € Hy () \ (0): /IVu|2 - / |u|p+1—s},
2 2

It is well known and easy to see that ¢, — co = %SN /2 as ¢ — 0, and therefore
Je(ug) < (k+ 1)c, for & > 0 small 5.3)
by (5.2). We now suppose by contradiction that u, has at least k + 1 pairwise different nodal domains £21, ..., £2k41.

We let x; be the characteristic function corresponding to the set £2;. Then uyy; € HO1 (£2) fori =1,...,k by [36,
Lemma 1]. Moreover,

/IV(uin)|2dy=/VusV(usx,-)dy=—/Aus(usxz-)dy
2 2

2

=f|us|f’—1—€usxi dy=/|usxi|”“—8dy,
2 2

so that u. x; € N.. Since also u, € N, we obtain

1 1 k+1
J, = R — p+l-— é‘d _ / p+1— Ed
e (ue) (2 p+1_8>/|u| y = (2 p+1 >§ lute X y

k+1
=Y Je(uexi) = (k+ e,
i=1
contrary to (5.3). The contradiction shows that u, has at most k nodal domains for & small enough. This completes
the proof of Theorem 1.2. O
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