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Abstract

A class of parabolic cross-diffusion systems modeling the interaction of an arbitrary number of population species is analyzed
in a bounded domain with no-flux boundary conditions. The equations are formally derived from a random-walk lattice model in
the diffusion limit. Compared to previous results in the literature, the novelty is the combination of general degenerate diffusion
and volume-filling effects. Conditions on the nonlinear diffusion coefficients are identified, which yield a formal gradient-flow or
entropy structure. This structure allows for the proof of global-in-time existence of bounded weak solutions and the exponential
convergence of the solutions to the constant steady state. The existence proof is based on an approximation argument, the entropy
inequality, and new nonlinear Aubin-Lions compactness lemmas. The proof of the large-time behavior employs the entropy es-
timate and convex Sobolev inequalities. Moreover, under simplifying assumptions on the nonlinearities, the uniqueness of weak
solutions is shown by using the H ~1 method, the E -monotonicity technique of Gajewski, and the subadditivity of the Fisher
information.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we analyze a class of multi-species population cross-diffusion systems with volume-filling effects.
Such systems arise in various applications, like spatial segregation of interacting species [30], chemotactic cell mi-
gration in tissues [29], and ion transport through membranes [8]. Our model class can be derived from a system of
random-walk master equations in the diffusion limit for a large class of transition rates (see Appendix A). The key
novelty of our analysis is the identification of a new entropy or formal gradient-flow structure and the treatment of
non-standard degeneracies in the diffusion coefficients, which significantly extends previous results in [21].
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The diffusion systems have the form
ou —div(Aw)Vu) =0 inQ, >0, (1)
with boundary and initial conditions
(A@)Vu)-v=0 ond, >0, u0) =u’ inQ. 2)

Here, @ C R? (d > 1) is a bounded domain, A(x) = (Ajj(u)) € R is a diffusion matrix, the function u =
U1, ..., up): 2 x(0,00) — R" is the vector of the proportions of the subpopulations, and u,+1 =1 — Z?:l u; is the
proportion of unoccupied space. In particular, 0 <u; < 1foralli =1,...,n + 1. The ith component of equations (1)
and (2) has to be understood, respectively, as

n n
duui — Y _div(A;j)Vuj) =0, Y Aij)Vuj-v =0,
j=I j=1
The boundary condition in (2) means that the physical or biological system is isolated; the species cannot move
through the boundary. For ease of presentation, we have neglected reaction and drift terms in the equations. We refer
to Section 7 for a discussion of more general models.
The diffusion matrix in (1) is given by

Ipi .
Ajj(u) =8;j pi (W)qi (Unt1) + ui pi W)g; nt1) + uigi (mm)ﬁ(u), i,j=1,...,n, 3
J
where §;; is the Kronecker delta. The nonnegative functions p; and g; model the transition rates in the random-walk
lattice model. The coefficients A;; are derived from this model in the diffusion limit (see Appendix A). The function
gi vanishes when the cells are fully packed, i.e. if ) '_, u; = 1, 50 g;(0) = 0 and ¢; is nondecreasing. In the literature,
several special models were considered and we review now some of them.

Example 1. /. Population-dynamics models. The case n = 2, p;(u) = ajo + a;j1u1 + ajpuz and g;(u3) =1 for i =
1,2 was suggested by Shigesada, Kawasaki, and Teramoto [30] to describe the spatial segregation of interacting
populations and to study the coexistence of two similar species. This model has attracted a lot of attention in the
literature. One of the first existence results is due to Kim [22] who imposed some restrictions of the parameters a;;.
The tridiagonal case a1 = 0 was investigated, e.g., by Amann [ 1] and Le [23]. The first global existence result without
any restriction on the diffusion coefficients (except positivity) was achieved in [19] in one space dimension and in [9,
10] in several space dimensions. The case of concave functions p; and p, was analyzed by Desvillettes et al. [14],
recently improved in [15]. The n-species case with superlinear functions p;(u) was investigated in [21]; also see [5]
for a so-called relaxed system.

2. Ion-transport models. The case p;(u) =1fori =1,...,n and g(u,+1) = u,+1 was employed to describe the
motility of biological cells [32] or the ion transport through nanopores [8]. The global existence of bounded weak
solutions was proved in [7]. This result was generalized in [21] to a class of nondecreasing functions including all
power functions g (s) = s* with ¢ > 1. The models in [8,32] also include a drift term to account for electric effects,
and we discuss these extensions in Section 7.

3. Multi-species chemotaxis models. A special case of the model in [29] is given by p; (1) =1 and q (1, +1) = Up+1,
similar to the ion-transport model. In fact, the system in [29] contains additional terms which cannot be described by
(3) since the transition rates assumed in [29] are not of the type p;(u#)q; (un+1) (see (65) in Appendix A) but they
equal p; (1) + q; (un+1). We refer to the discussion in Section 7. O

In the model classes (i) and (ii), either p; =1 or ¢; = 1. In contrast, we investigate here a more general model
class allowing for nonconstant functions p; and g;. A guiding example is system (1) with diffusion coefficients (3)
and p; (u) =u1 +u2, g;(s) = s fori = 1, 2, which models volume-filling effects in population systems. The diffusion
matrix reads explicitly as

A(u):(”l(l_ul—M2)+(M1+M2)(1—M2) ui ) )

uy up(I —uy —u) + (uy +uz)(1 —uy)
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We will show in Theorem 1 that (1) with this diffusion matrix possesses a global weak solution satisfying 0 <u(z) <1
for all ¢ > 0. In fact, Theorem 1 is concerned with much more general models.

Let us mention some related results for cross-diffusion systems which became recently very popular in the mathe-
matical literature. The variational structure of special classes of cross-diffusion systems, including geodesic convexity
properties, was investigated in [33]; also see [24, Section 4.7]. Cross-diffusion systems like (1) with (3) and g; = 1 for
i =1,...,n can be approximated by reaction—diffusion systems [26]. The nice feature is that the diffusion matrix of
the reaction—diffusion system is diagonal; however, the number of variables doubles. This idea was exploited for the
design of numerical schemes in [27].

The analysis of system (1) with diffusion matrix (3) faces a number of mathematical challenges. First, the equations
are strongly coupled such that standard tools, like maximum principles and regularity theory, generally do not apply.
Second, the diffusion matrix is generally not positive definite and thus, even the local-in-time existence of solutions is
nontrivial. Third, since the variables u; are proportions, we need to prove lower and upper bounds for the solutions
(here, u; > 0 and Y *_, u; < 1), but maximum principle or invariant region methods seemingly do not apply. Fourth,
the parabolic system may be degenerate (e.g. like in (4) for u = (0, 1) or u = (1, 0)).

Some of these difficulties have been dealt with in, e.g., [21] under the assumption that the diffusion system has a
formal entropy or gradient-flow structure, i.e., there exists a convex functional /& : 9 — Q2 (called entropy density),
where 2 C R”, such that the matrix B = A(u)h” (u)~! is positive semi-definite and (1) can be written as

du — div(BVH (u)) =0, )

where h'(u) and 1" (u) are the Jacobian and Hessian of &, respectively. This formulation has two advantages: First,
Hlu]l= fQ h(u)dx is a Lyapunov functional along solutions u(¢) to (1)—(2),

a;—il[u(t)] = fh/(u) - dsudx = —fVu h(WAW)Vu = — / Vw: BVwdx <0, (6)
Q Q Q

where w = h’(u) are called entropy variables. In particular, this yields a gradient-type estimate for w or u. Second, if
I’ is invertible on Z (see Lemma 6), the original variable u = (h')~! (w) is an element of 2. Thus, if 2 is a bounded
domain, we obtain lower and upper bounds for # without the use of a maximum principle. In our situation, we define
P={uelkR":u; >0fori=1,...,n, Z;f:] uj < 1} such that u; is positive and bounded by one.

There remain still two issues for systems with diffusion coefficients (3). The first one is to identify a suitable
entropy density /4, the second one is the possible degeneracy. In the example given by (4), we choose

2

h(u) = Zui(logui — D+ 1 —u; —u)(og(l —uy —uz) — 1)
i=1
+ (u1 +uz)(og(uy +uz) — 1) +4,

which yields the matrix

_ ne =1 _ [ui(ur +u)(1 —uyp —uz) 0
B=AGk ) ‘( 0 uz<u1+uz)(1—u1—uz))'

At least one eigenvalue of B vanishes if u € 92 ={u; =0, up =0, 1 —u; — uy = 0}. In this sense, system (1) is
called to be of degenerate type. Generally, systems (1) are always of degenerate type since ¢ (0) = 0. Here, we develop
a technique to deal with such a degeneracy.

We overcome these issues by developing two main ideas. Our first key idea is the identification of a class of
functions p; and ¢; for which we are able to define a novel entropy density. The second idea is the extension of the
Aubin-Lions compactness lemma to non-standard degenerate cases. In the following, we detail these concepts.

We make the following structural hypotheses on the functions p; and g;: There exist functions ¢ : [0, 1] — R,
X : 2 — R and a number y > O such that foralli =1, ..., n,

q(s):=qi(s) >0, ¢'(s)>yq(s)forse(0,1), ¢0) =0, geC*0,1]), (7)

0
pi(u) =exp ( g(u)

1

) forue 9, x >0isconvex on 9, X € C3(§). (8)
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Examples of functions g and p; satisfying these conditions are given in Remark 2. We define the entropy density

n Un+1
h(u) = Z(ul- logu; —u; + 1)+ / logqg(s)ds + x(u), ue, 9)
i=1 a

where a € (0, 1] is such that fab logg(s)ds > 0 for all b € (0, 1), namely

(10)

1 itam=t,
Ty itg) > 1.

Notice that we require that all functions ¢; are the same and that p; possesses a particular structure. It seems to be
difficult to treat more general cases, except imposing other conditions.

Surprisingly, system (1) with (3) partially decouples in the entropy variables. Indeed, we may write the formal
gradient-flow formulation

. 2 oh oh .
ou; —div | g(up41) exp — @)V =0, i=1,...,n,
abl,' Bu,-

which makes the degenerate structure more apparent than (1). In particular, the transformed diffusion matrix B in
(5) is diagonal with elements ¢ (i, 1 1) exp(dh/du;), i =1,...,n. We also note that if ¢ = I, we obtain d,u; =
A(exp(dh/du;)) = A(u; pi (u)). This structure was exploited in [14,15].

A computation, which is made rigorous below, shows that the following entropy inequality holds:

n
f (q(un+1)2 > Va2 P+ |Vq<un+1>”2|2) dx <0, (1
i=1

d/h()d+
—_— u)ax C
dt

Q Q

where ¢ > 0 is some constant. We wish to deduce L? gradient estimates for u7, . .., u,, which are needed to apply the
Aubin-Lions compactness lemma for a suitable approximated system. However, because of the degeneracy of ¢ (i.e.
q(0) = 0), these estimates are nontrivial. We overcome this problem by proving two compactness results.

The first compactness result essentially states that if we have (i) uniform gradient estimates for the bounded se-
quences (&;) and (&.7;), (i) a uniform estimate for the (discrete) time derivative of 7, and (iii) the strong convergence
& —> &in L2, then up to a subsequence, & f (n.) — £f(n) in L? for any continuous function f (Lemma 8). If &; were
strictly positive, the statement would be a consequence of the usual Aubin—Lions lemma [31]. Here, we are able to
deal with functions & which may vanish locally. The case f(s) = s was considered in [7,21].

The second compactness result is a generalization of the Aubin-Lions—Dubinskii lemma; see, e.g., [11,25]. It
states that if a bounded sequence (i) possesses a uniform estimate for the (discrete) time derivative and a uniform
gradient estimate for Q(u.) and Q’(u.) for some nonnegative convex increasing function Q, then up to a subsequence,
ue — u strongly in L? (Lemma 9). This result is complementary to the nonlinear Aubin—Lions lemma stated in [25]
and generalizes the lemma in [11] stated for Q(s) = s* with o > 1.

Based on the above ideas, we prove three results. First, we show the global-in-time existence of bounded weak
solutions to (1)—(3) satisfying the entropy inequality (11) (Theorem 1). Second, the entropy inequality and a convex
Sobolev inequality allow us to show that u,1(r) converges to the constant steady state in the L> sense. Moreover, if ¢
is strictly positive, this convergence also holds for u(¢), ..., u,(t) (Theorem 4). Third, if p; =1 foralli=1,...,n,
there is a unique weak solution to (1)—(3). The proof combines the H ~! method and the E -monotonicity technique of
Gajewski [17].

The paper is organized as follows. The main results are stated and commented in Section 2. Section 3 is devoted to
the proof of some auxiliary results, like the positive semi-definiteness of the matrix 4”(u)A(u) and the Aubin-Lions
compactness lemmas. The three main theorems are proved in Sections 4, 5, and 6, respectively. Extensions of our
model are discussed in Section 7. Appendix A is concerned with the formal derivation of (1) from a random-walk
lattice model.
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2. Main results

We state our main theorems and detail the ideas of the proofs. The first theorem is concerned with the global
existence of bounded weak solutions. Recall that

n
g={u=Gu, .. ou) eR tup = 0fori=1,....n, Y u;<1}. (12)
=1

Theorem 1 (Global existence). Let T > 0, let u® : @ — 2 be a measurable function such that h(u®) € L' (Q), and let
A(u) be given by (3). Assume that hypotheses (7) and (8) hold. Then:

(1) There exists a weak solution u : Q2 x (0, T) — D10 (1)~(2) satisfying u; >0, upy1:=1— Z?:] u; >0, and
)2, 102 q )2, ui g unen)'? € L20, T3 HY (), (13)
u; € L0, T; L®°(RQ)), 0u;e LZ(O, T:HY(Q)), i=1,...,n. (14)

The function u satisfies the weak formulation

n T n T
> f (Brui, pi)dr +) / f [quns1) 'V (i pi () (wn41)'7?) (15)
i=1y i=ly o
= 3u; pi ()q (n 1) *Vq uni1)'/?] - Vopidxdt =0
for all g1, ..., ¢p € L*(0,T; H'()), and u(0) = u® in the sense of H' (). Here, (-,-) denotes the duality

product of H (Q) and H ().
(ii) The following entropy inequality holds:

! n
/h(u(t))dx+co// (Zq(u,,+1)2|w}/2|2+|Vq(un+])1/2|2> dxdt (16)
Q 0 ‘=l
< [ s,
Q

where co = 4pomin{l, §} > 0 with py and § being defined in (23) below.
(iii) Iffob |logq(s)|ds =+oo forall0 <b < 1 then uyy1 > 0 a.e. in 2 x (0, T).

Remark 2. We present examples of functions g and p; satisfying (7) and (8), respectively. Hypothesis (7) is satisfied
by g (s) = s¢ for s € [0, 1], where o > 1. Indeed, the inequality ¢’(s) > y¢(s) holds for all s € [0, 1] with y := «.
Another example class is given by g (s) = exp(f(s)) — 1 with f(0) =0and f’(s) >y > 0 for s € [0, 1]. A concrete
example is g (s) = exp(s*) — 1 with 0 <« < 1. A third example is g(s) = exp(—s~ %) with & > 0 which satisfies the
assumption stated in Theorem 1, part (iii).

Hypothesis (8) is satisfied by every function p;(u) = p;(u;), where p; € C Lo, 1) is strictly positive and nonde-
creasing. Indeed, let us define

Xi(S)=/10gﬁi(0)dcr+k, X(M)ZZXj(Mj)
0 j=1

fors €[0,11,i=1,...,n,and u = (uy,...,u,) € 9. Here, k > 0 is such that x; > 0 in [0, 1]. Since p; is strictly
positive and nondecreasing in [0, 1], it follows that x” (u), given by

92 5 (u;
X (u)=8,-,-—13f( l), i,j=1,...,n,
Ju;du j Piu;)

is positive semi-definite and y : 2 — [0, 00) is convex. Furthermore, exp(dx /0u;) = p; (u;) = pi(u) foru € 2.
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Another example is given by p;(u) = (Z;'»zl ajuj)® with ¢; >0, i =1,...,n. Indeed, the function x(u) =

Z?:] ajuj(log(Z;f:] ajuj) — 1) is convex on 7 and satisfies exp(dyx/du;) = exp(a; log(Z;'»:] aju;j)) = pi(u).
This example corresponds to the diffusion matrix (4) forn =2 anda;j =ax;=1. O

Remark 3. Let us give some concrete examples of diffusion matrices which satisfy hypotheses (7) and (8). In order
to simplify the notation, we fix n = 3 but this is not essential. We choose p; = 1 and g;(s) = s* with « > 1 for the
first example:

us + ouq au auj
A= uifl aun u4 + aun auy
aus aus uq +ousz

The case « = 1 was analyzed in [7], the case « > 1 in [21]. The choice @ = 1 corresponds to the ion-transport model
described in Example 1, no. 2 and no. 3. We may also choose g; (s) = exp(s®*) — 1 with 0 < « < 1, which is new. Next,
let p; # 1. We cannot choose g; = 1 in this situation which corresponds to the population-dynamics models described
in Example 1, no. 1 but such models are analyzed in [9] for n = 2. Here, we may choose p; (1) = a;u; for a; > 0 and
qi(s) = s“ for @ > 1 which gives the diffusion matrix

aru1Qua +oaur)  arur(uas +our)  ayug(ua + oup)
asur(us +aup)  acurQua +ouz)  aun(us + ouy)
azuz(us +auz)  azuz(us +ouz)  azuzQus + aus)

_ a—1
A=uy,

A final example (with n = 2) is given by p; (1) = u1 + u» and g;(s) = s for i = 1, 2; see (4). For all these examples,
the existence result in Theorem 1 applies. For the examples with p; = 1, the weak solution is unique; see Theorem 5
below. O

The proof of Theorem 1 is based on an approximation and regularization of (1). More precisely, we consider the
semi-discrete system

%(u(wk)—u(wk_l)):diV(B(wk)Vwk)+r2(Awk+wk)+812 Z (—Dle=I p2eyk

2<|a|<m

with homogeneous Neumann boundary conditions, where 7 > 0, ¢ > 0, m > d /2, u(w) = WY~ L(w), wk approxi-
mates w(kt), and D¥ isa partial derivative of order 2|«|, with « € Ng being a multiindex. Compared to [21], we
need two regularization levels: the H' regularization given by Aw* + w* and the H™ regularization given by the sum
over «. The second regularization is needed to obtain approximate L°° solutions (observe that H" (2) < L (L)),
while the first one allows us to interpret the weak formulation in the larger space H ™! instead of H ™. This is needed
to apply the generalized Aubin—Lions Lemmas & and 9, for which H~! is required.

The entropy inequality (11), adapted to the above problem, yields uniform H™ estimates. Hence, applying the
Leray—Schauder fixed-point theorem, we obtain the existence of semi-discrete H™ solutions. The same entropy in-
equality provides a priori estimates uniform in 7 and ¢. First, we perform the limit & — 0, then the limit 7 — 0. The
latter limit is highly nontrivial since we have only an L? bound for q(un+1)Vu;/2, and g(uy41) =0 at uy,41 =01is
possible. This degeneracy will be overcome by the compactness result in Lemma 8.

The second result is about the large-time behavior of the solutions to the constant steady state given by

1 n
0o __ 0 . oo __ 00
g =— fu;dx,i=1,...,n, ”n+1—1_ E u;-.
2] ,
Q i=1

We are able to prove exponential convergence of u,41(t) and, under an additional assumption on ¢, also of
ur(t), ..., un(r).

Theorem 4 (Convergence to steady state). Let Q be convex, u® € L'(S; 2), let A(u) be given by (3), and assume that
(7) and (8) hold. Furthermore, let q € C3([0, 1)) be such that q' is strictly positive and q /q’ is concave on (0, 1). Let
u:Qx (0,T)— P be aweak solution to (1)—(2) in the sense of Theorem 1. Then
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a1 () —uS N2y < Cre™, >0, (17)

where Cy = /)2 Ih* @) 2

mingefo,11¢'(s) > 0, co > 0 is defined in Theorem 1, and cs > 0 is the constant of the convex Sobolev inequality in
Lemma 11. Moreover, if go '= minge[o,114(s) > 0,

and A = coq1/(4cs), h* is the relative entropy density (see (19)), q1 :=

t

lui (6) = u®ll 20 < Cre™™, >0, i=1,....n, (18)

where Ay = coqo/cL and cp, > 0 is the constant in the logarithmic Sobolev inequality (see, e.g., [13, Lemma 1]).

The convexity of  and the concavity of ¢ /g’ is needed to apply the convex Sobolev inequality (see Lemma 11
below). For instance, ¢/q’ is concave for ¢ (s) = s* with « > 0. The condition on the strict positivity of ¢ contradicts
the assumption ¢(0) = 0 in hypothesis (7). However, Theorem 1 is also valid for functions ¢ (0) > 0. In fact, the
existence analysis is much easier in this case since the problem becomes nondegenerate.

The idea of the proof is to derive an inequality for the relative entropy

/h*(u|u°°)dx = / (h(u) —hu®) - u®) - (u— u°°))dx. (19)
Q Q
A computation, which is made rigorous in Section 5, shows that

Uun41(1)

i 1722
T logg(s)dsdx +c | |Vqup+1)'“|7dx <0
Q

0
Uy
for some ¢ > 0. The entropy dissipation can be bounded from below (up to a factor) by the relative entropy by means
of the convex Sobolev inequality [2]. Together with the Gronwall lemma and the convexity of the relative entropy, this
yields exponential convergence of uy+1(f) to u,7 | in the L? norm. In a similar way, we obtain the entropy inequality

d (v ui (t) 2
E/Zm(z)log ;?o dx—i—c/q(unH)zWuil/ |2dx§0.
Q =1 Q

Here, the degeneracy of g at u,| = 0 prevents the application of the logarithmic Sobolev inequality. For this reason,
we assume that g is strictly positive. Then, by Gronwall’s lemma again, we deduce the exponential convergence of
u;(t) to us® in the L? norm.

The idea of using the entropy functional and logarithmic Sobolev inequalities to prove the exponential decay of
solutions was already employed for reaction—diffusion systems in [20] in a non-constructive way and more directly in,
e.g., [12,13]. In fact, this idea goes back to Bakry and Emery [3], but they focused more on the derivation of convex
Sobolev inequalities.

Our last theorem is a uniqueness result in the special case p; = 1. This includes the ion-transport model [8].

Theorem 5 (Uniqueness of solutions). Let the assumptions of Theorem 1 hold and let p; =1 fori =1, ...,n. Then
there exists a unique weak solution to (1)—(2) satisfying (13)—(14).

The idea of the proof is to combine the H~! method and the E-monotonicity technique of Gajewski [17]. In fact,
we exploit the special structure of (1) and (3) in the case p; = 1:

8tu,~:div(q(u,,+1)Vu,~ —udi(u,,_,_l)), i=1,...,n.
Summing all these equations, we end up with a simple equation for u,41:
dtn+1=AQ(nt1), Q') =q(s) + (1 —5)q'(s).

The uniqueness for u, is shown by the usual #~! method. The uniqueness for the remaining components u; is
more difficult since we cannot easily treat the drift term. This is in contrast to the drift-diffusion equations for semi-
conductors, where a monotonicity property of the drift term can be exploited. Here, we employ the E-monotonicity
method [17]. This method is based on the convexity of the logarithmic entropy. More precisely, define the distance
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d(u,v) = Z/ (&(un +E(u) — 2% (”" o )) dx,
i=1 Q

E(s)=s(logs—1)+1, s=>0.

A formal computation, which is made rigorous in Section 6, using the subadditivity of the Fisher information (see
Lemma 10), shows that

d
Ed(u, v) <0, >0,

and consequently, d(u(z), v(¢)) < dw(0),v(0)) =0 for r > 0. Since £ is convex, we infer that d(u(¢), v(¢)) > 0,
which finally yields u; = v; fori =1,...,n.

3. Auxiliary results
3.1. Invertibility of the entropy transformation
We show that the transformation of variables w = h’(u) can be inverted. Recall that the set & is defined in (12).

Lemma 6. Let assumptions (7)—(8) hold. Then the function h : 2 — R, defined in (9), is strictly convex, nonnegative,
belongs to C*(2), and its gradient h' : 9 — R" is invertible. Moreover, the inverse of the Hessian h" : 9 — R" is
uniformly bounded.

Proof. We first show that 4’ : 2 — R" is invertible. For this, we observe that

ah - dx
Tm:logui—logq(l—;uj>+—_, i=1,...,n.

The Jacobian of the function g = (g1, ..., gn) : Z — R", defined by g; (u) =logu; —logq(1 — Z?:l uj),is positive
definite since

%_8& q/(un+l)
ouj wi  qunpyr)

It is shown in Step 1 of the proof of Theorem 6 in [21] that g : 2 — R” is invertible. Thus, we can define the function
f=hog ' :R" - R". Since h”(u) and g’(u) are nonsingular matrices for u € 2, the Jacobian of f,

Fo=n"g""onEH e o,

is nonsingular for y € R”. Moreover, by the definitions of f and g, we have

fO=y+x'@E '), yeR. (20)

Hypothesis (8) states that x' € C%2) c L*®(2), thus (20) implies that | f(y)| — oo as |y| = oo. This property
as well as the invertibility of the matrix f/(u) allow us to apply Hadamard’s global inverse theorem, showing that
f :R" — R" is invertible. Consequently, also /' = f o g : 2 — R" is invertible.
It remains to prove that the inverse of the Hessian of 4 is bounded. Since ¢’/q > 0, 0 < u; < 1, and x is convex
in 7, the expression
FPh & g ) | 37X

=—4 + , Ue9, (21)
ou;du u; q(Un+t1) Ou;du

shows that v h”(u)v > |v|* for all u € 2, v € R". We infer that all points in the spectrum of 4" are strictly positive
in 2. In particular, & is strictly convex. As h” is symmetric, we conclude that the inverse of A" is bounded in 2. O
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3.2. Positive definiteness of HA

We show that the product H A of the Hessian H := h”(u) and the diffusion matrix A = A(u) is positive definite.
This result is needed to deduce gradient estimates for u; see (0).

Lemma 7. Let assumptions (7)—(8) hold. Then the matrix H A is symmetric and positive definite. More precisely, for
allu € 2 and v € R", we have

T v} q (i, 11)? [ ’
v (HAW > poq(unt1) Y  —— + pod——"—— vi | . (22)
P Dt bl PIL
where
. )1 2q(1/2)
po= min inf p;(u) >0, d=miny-, ————— ¢ >0. (23)
1<i<nue 2 Sup1/2<s<1q/(s)

Proof. First, we verify the symmetry of H A. Using (21) and the definition of A, we find that

n /

S . x . 4q dpi
(HA);j ZX:(L + +; 8kjpkq+ukpkq/+ukq—

o\ Ui ou;ouy ouj
2 n 2
piq , . Opi 97X 97X
=8 . . 2
ij ” + piq + 8ujq+ 8Miaujp]q+k_l ;0 Uk pkq
aZX Pk / (61/)2 g ’ 8Pk
— + + — + —
Z ou;ouy ou k pbid kZ_;pku 4 Zuk ouj

Dividing this equation by g, defining ¢ = g’/q, and taking into account that, by assumption (8),

¥x _ 1ap; 1 p
314,‘314]' - Pj 814,‘ - Di 814]'

fori,j=1,...,n,

we infer that

1 Di api op;j _ opk
—(HA)i; =06ij— + pi +—+—+E —
C[( )l] ij " )Z21% 8uj o £ s 1273%

n

Opr Opk uk o "\ Opk
—l—kz_‘: Bu; 9 Do +pjo+o ];Pkuk'i‘(P;ukauj

pi  dpi  9pj " ug dpx dpk

uj  Oouj ou; = Pk ou; Ou;

n n
pr  Opk
+<p<p,~+p,-+ E uk(;; +_8Z->> +¢° E Pkltk, (24)
k=1 ! ]

k=1

which proves the symmetry of HA.

Next, we show the lower bound (22). Since p; is strictly positive in &, p;(u) = A + p; (u) for any A € (0, po),
where pg > 0 is defined in (23), and p; (u) is still strictly positive in 2. Then we can write (24) as HA/qg = M + AN
for two matrices M = (M;;) and N = (N;;), defined by
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0pi , 9, w9k Pk
ouj ou; = Dk + A Ou; ouj

M;; :5,'1'% +
1

n
~ o~ 9Pk | 0Pk
+<p<pl+19,+kzuk<aul o Zpkuk,
5i; R 5
Nij=—% +2<p+¢ Z”k__+2§0+§0(1_”n+1)
k=1 Ui

LetveR". Thenv  (HA/q)v=v' Mv+v' Nv. We consider v’ Nv first:

n 2

2
vTNv:Z +¢(2+¢(1—un+1))<zv1). (25)

i1 " i=1
The inequalities

2g(s) + (1 —95)q'(s) > (1 — $)q'(s) > %q/(s) for0<s < l

2q(1/2)
SUP; /2<o<l1 q'(0)

l\)

2q(s) + (1 —$)q'(s) = 2q(s) = q'(s) for % <s<l,

imply that

2q(upy1) + (1 — ”n+l)q/(un+1) > 8q/(”n+l),
where § > 0 is defined in (23). Thus, (25) yields

no2 n 2
T ; 2
v Nv>§ — 446 E v;i | .
o ¢ (i—l Z)

Finally, we show that v Mv > 0, which, together with the above estimate, proves the lemma. Using the definition
of M, we compute

n o~ n n o~ 2 n
T _ZPi 2 Zuk Z _apk Z 317]
v i=1 u—ivi ! k=1 Pr <,~—1 Ula—”i> +2' ou; uy 20

n n n n —~ n n
+20 | v; <Zﬁivi+zukzvi%)+¢2(zukﬁk> D v,
j=1 i=1 k=1 =1 O k=1 j=1

Let us consider the terms proportional to ¢ and ¢2:

n n n
2¢ Zvj (Zp,v,—{—ZukZU, ) (p2<zukﬁk) Zvj
j=1 i k=1 j=1

n n n n o~ n n fn
~ i1 PiVit ) U -, v; (Opyr/ou;
— E:Mkpk ¢2 E:Uj 120 v; Z,_lpz i ZkZI k;\,_l i (0pr/0u;)
- o= pa 2 k=1 Uk Pk
n - n 2
~ v Y uk Y v (3K du;
_ } :ukpk w} :vj+ Zl_] PiVi Zk;] kX;,\,_] l( Pk/ l)
=1 =1 D=1 Uk Pk

(SR Pivi + Yk X vi 9P/ Bui ))
Zk 1“kpk
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Inserting this expression into (26) yields
p e . 3Pk = 9p;
o7 i j

Mv > + v; Viv;

_ (Zz 1plvl+2k 1“kZ, 1 Vi (3 Pk /Ou ))
D k=1 UkDk

We claim that the right-hand side can be written as a square. To see this, we introduce the vectors y = (y1, ..., ¥n),
z2=(z1,...,2n) €R" by

[ 0 [0
Vi = &v, /lz i——lpl, i=1,...,n.
8uk n o~
\/Zk:1ukpk

The properties

n -~

2
n
Di U 9 Pk apj
=1 Iy = Z’ +Zpk (Z )+2Za—;ij,
k=1 i !

i=l1 i, j=1

_ Zi:l Divi + Zkzl Uk Zizl v; (3 Pk /0u;)

y 7=
v ZZ:] Uk Dk

show that

VM= |y - (-2 =1y - (-2z* > 0.

The lemma is proved. O
3.3. Generalized Aubin lemmas

We prove two generalized Aubin lemmas for functions which are piecewise constant in time, extending results
from [11,21].

Lemma 8 (Generalized Aubin lemma I). Let (§), (n(r)) e, (n,(f)) be sequences of functions which are piecewise
constant in time with constant step size Tt > 0 and which are bounded in L°°(0, T; L°°(2)). Furthermore, they satisfy
the following properties:

o £ — & strongly in L*(0, T; L*(R2)) as T — 0.
. ,,l@ — n; weakly*in L0, T; L*°(Q))ast —O0fori=1,...,n

e There exists C > 0 such that forallt >0andi =1,...,n,
1E N 20720 ) + 1E0 N 20,10y + T 107 = w2 i @) < 27)
where nrn( )( 1) =n; T)( t — 1) for T <t <T is a shift operator. Let D C R" be a compact domain such that

(’)(x 1) = (n(r), e, r],,r))(x t)e D forae. (x,t) € 2x(0,T). Then, forall f € CY(D;RM), up to a subsequence,
ast— 0,

ED ) —Ef () strongly in L*(0, T; L*(2)).

Since (£™) and (nl@) are assumed to be bounded in L*°(0, T'; L°°(£2)), the strong convergence also holds in
LP(0,T; LP(2)) for all p < oco. This theorem extends [21, Lemma 13], proved for f(s) =s, to arbitrary continuous
functions f.
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Proof of Lemma 8. The proof is based on the compactness result in [21, Lemma 13], whose proof goes back to [7],
and an induction and approximation argument. We perform the proof in two steps. In the first step f is assumed to
be a monomial, in the second step we approximate an arbitrary continuous function by a polynomial and apply the
Stone—Weierstrass theorem. We set Q7 = Q x (0, T).

Step 1. Let f(n) =n* :=n{"---ny", where @ = (a1, ..., a,) € N} is a multiindex. The proof is an induction
argument on the rank |a| =) "7, o; > 0 of the multiindex. If |«| = 0, the statement is trivially true. Let us assume
that £ (n™)® — £n* strongly in L>(Q7) as t — 0 forall @ € Ng with |e| <k, k> 0. Let @ € Nj be a multiindex
such that || = k + 1 > 1. Then there exists an index ig € {1, ...,n} such that o;; > 1. Hence, we can define the
multiindex 8 such that 8; =a; — 8, ; for j=1,...,n and |B| =k.

Introduce y(™ =& ()P and y = &nP. Clearly, (y'?) is bounded in L>(0, T'; L>(2)). Since the multiindex
B has rank k and thus satisfies the induction assumption, y(*) — y strongly in L?(Q7). We claim that (y™)) and
(y(f)ng)) are bounded in L2(0, T; H'(2)). Indeed, it follows from (27) that S(I)anf) = V(S(T)nl@) — ni(T)VE(T) is
uniformly bounded in L?>(Q7). As a consequence,

Vy(f) — (n(f))ﬁvs(f) + g(f)v(nﬂ)

=OPVED + 3 ppH TP | e v
k:Br>0 i#k

is uniformly bounded in LZ(QT), and (y(’)) is bounded in L2(0, T; H'()). In a similar way, we can show that
(y(f)ngor)) is bounded in L2(0, T; H(Q)). Applying [21, Lemma 13] to the sequences (y(*) and (nfor)), we infer that
there exists a subsequence, which is not relabeled, such that y(f)nl.(or) — yn;, strongly in L2(QT), which means, by
definition of y™) and g, that £ (y()# — £nf strongly in L*>(Q7).

Step 2. It follows from the previous step that the statement of the lemma is true if f is a multivariate polynomial.
Let f € CO(D;R") be given. Since D is compact, we may apply the Stone—Weierstrass approximation theorem to

obtain, for any & > 0, a multivariate polynomial P : D — R” such that | f (1) — P(n))| < & for n € D. Since (£™) and
& are bounded in L°°, we have for some C > 0, which does not depend on &,

IED f@ ™) =D POG 1200,y <Cer 1EP) —Ef M 1200y < Ce.
Thus,

IED D) = &f Ml 20, < 1ED L0 =D PO 12000
+IED PO =P 1200y + IEPM) —EF Dl 200
<2Ce+ |EDPMD) —EPM 1200,

Since P is a polynomial, the first step of the proof applies and the last term on the right-hand side converges to zero
as T — 0 (at least for a subsequence), resulting in

limsup £ £ (') — £f ) 120, < 2Ce.

=0

Since ¢ > 0 is arbitrary and the left-hand side does not depend on ¢, it must vanish, finishing the proof. O

Lemma 9 (Generalized Aubin lemma II). Let (u‘®) be a sequence of functions which are piecewise constant in time
with constant step size T > 0. Let Q € CO(R) be strictly monotone such that both Q and Q=" are Lipschitz continuous,
and assume that there exist C1, Co > 0 such that for all T > 0,

10w ) 20,7 11(c2y) < C1»
'L'71 ||I/l(r) — ﬂru(r) ”LZ(T,T;HI(Q)/) S CZ

Then there exists u € L2(0, T:H! (2)) such that, up to a subsequence,
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u® = u  strongly in L*(0, T; L>()).

Moreover;, if u'®) is uniformly bounded in L™ but only Q is Lipschitz continuous, the convergence holds in L for
all 1 < p < oo.

This result generalizes Theorem 3a in [11], stated for Q(s) = s™ with m > 0. A related result has been proved in
[25, Theorem 1]. Instead of the global Lipschitz bound on Q it is assumed that the function |Q’| is bounded from
below by a positive value near 0o and that the set {x : Q’(x) = 0} is finite. Thus, our result is related to that one in
[25].

Proof of Lemma 9. Denoting the Lipschitz bound of Q by L > 0, we can estimate as follows:

10@™) =7 Q™) 310 7120

(Y — (1)
- // Q(uu(rg_zqu(gt L (4 — 2 ) (W) — 7, Q™)) ddt

{u® #£m,u®)
T
< L// (u(f) _ nru(r))(Q(u(t)) _ jTrQ(u(t)))dxdt
T Q

< Llu® — e\ 2o @y 10 ) = 10 Q@) 20711 2y
<2LC;Cyt.

Observe that the product (u® — 7u™)(Q ™) — 7, Q™)) is nonnegative since Q is monotone. Applying The-
orem 1 of [16] and the compactness of the embedding H 1(Q) < L2(), there exists a subsequence which is not
relabeled such that, as T — 0, Q(u(f)) — zin L2(O, T; LZ(Q)) for some function z. In particular, we may assume
that the convergence also holds pointwise a.e. Furthermore, u(¥) — u := 0~ (2) a.e. The facts that Q! is Lipschitz
continuous and (Q(u(™)) is bounded in L2 imply that also (™) is bounded in L2, By the dominated convergence
theorem, 1™ — u strongly in L(0, T'; L>(2)). Finally, if () is uniformly bounded, we may apply the dominated
convergence theorem to ((u(™)?) for some p < oo and conclude the strong convergence in L?. For this result, we do
not need the assumption that Q! is Lipschitz continuous. O

3.4. Further results
We show that the Fisher information fQ |V./u |>d . is subadditive, and we recall a convex Sobolev inequality.

Lemma 10. Let u be an absolutely continuous measure with respect to the Lebesgue measure, and let f, g : Q2 —
[0, 00) be measurable, bounded, positive functions such that \/f, /g € H Y(Q,d). Then

/|V\/f+g|2dus/|Vﬁ|2du+[|Vﬁ|zdu.

Q Q Q

This result was proven in [28, Section 3.6] in a slightly different context. For the convenience of the reader, we
present the (short) proof.

Proof of Lemma 10. We define the function F : [0, 1] — R by
F(s)=f|Vﬁ|2du+/|V@|2du—/|Wf+sg|2du, s€l0,1].
Q Q Q

Then F(0) =0 and F'(s) > 0 for all s € [0, 1] since
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Fe) = [ 195 Rdu- / Ny V< *) dp
Q f+

=/|w§|2du—/v f+sg-<ff— £ v f+sg>du
Q

Jf+sg f+sg

/|Vf|2du+/f 1V F g lPdu—2

-l s

We conclude that F (1) > 0 which shows the lemma. O

/\/_V\/_ Vyf+sgdu

f+sg d/L>0

Lemma 11. Let Q C R? (d > 1) be a convex domain and let g € C* be a convex function such that 1/g" is concave.
Then there exists cs > 0 such that for all integrable functions u with integrable g(u) and g" (u)|Vu|?,

1 / 1 cs p )
— g(u)dx—g(—/udx) < —/g (u)|Vu|“dx,
12| 12| 12|

Q Q Q

where |S2| denotes the measure of 2.

A proof can be found in [4, Prop. 7.6.1] or [2, Remark 3.8].
4. Proof of Theorem 1

We divide the proof into several steps.
4.1. Time discretization and regularization of system (1)

We recall the definition of the entropy variable w = h'(u) for u € &, where h is defined in (9). Lemma 6 shows
that /’ is invertible, thus we may define u = (h’) ! (w) for w € R” and we may set u(w) = u. By Lemma 7, the matrix
B(w) = A(u)(h")~(u) is positive definite for all w € R and u = u(w). We introduce a time discretization for (1). Let
T >0, N eN,andlet t =T/N be the time step size. Furthermore, let 0 < ¢ < 1 be a regularization parameter and
let m € N be such that H” () < L% () compactly (i.e. choose m > d/2). Given w*~! € H™(Q; R"), we wish to
find wk € H™(2; R") which solves the discretized and regularized problem

% f(u(wk) —u@ ) pdx + / V¢ : Bwb)Vwrdx + t2be (¢, w*) =0 (28)
Q Q
for ¢ € H™(Q2; R"), where

be (¢, wh) = /(d) wk+Ve:Vuhydx+e Y D% D*whdx, (29)
Q 2<|et|<m
and D is a partial derivative of order |«|. We prove the existence of weak solutions to (28).

Lemma 12. Lez (7)—(8) hold and let u® : Q@ — 2 be measurable such that h(u®) € L' (Q). Then there exists a sequence
of solutions wk € H™ (2; R™) to (28) satisfying the discrete entropy inequality

/h(u(wk))dx—i—t/Vwk - Bwb)Vuwkdx + 3b (wk, wk) < /h(u(wk_l))dx. (30)
Q Q Q
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Proof. The idea is to apply the Leray—Schauder fixed-point theorem. Let y € L°°(2; R") and n € [0, 1] be given. We
first solve the linear problem

a(w,p)=F(¢) forall p € H"(Q;R"), (31

where

a(w, ) = / V¢ : B(y)Vwdx + 12bs (w, ¢),
Q

F(¢) =—§/(u<y) —u(w* ) - pdx.
Q

The forms a and F are bounded on H™(€2; R"). The matrix B(y) = A(u (y))h”(u(y))_1 is positive semi-definite,
v B =[A" () ol TR () A )R @(y) ™ vl =0

for all v € R”, thanks to (22). Hence, the bilinear form a is coercive:
a(w,w) > et |wllgmg, forw e H™(Q:R").

Therefore, we can apply the Lax—Milgram lemma to infer the existence of a unique solution w € H” (2; R") —
L*°(2; R™) to (31). This defines the fixed-point operator S : L*°(2; R") x [0, 1] = L*°(2; R"), S(y, n) = w, where
w solves (31).

It holds that S(y,0) =0 for all y € L*°(Q2; R"). Furthermore, standard arguments show that S is continuous (see
e.g. the proof of Lemma 5 in [21]). It remains to prove a uniform bound for all fixed points S(-, ) in L*°(2; R"). Let
w € L*°(2; R™) be such a fixed point. Then w solves (31) with y replaced by w. With the test function ¢ = w, we
find that

g/(u(w)—u(wk_l))-wdx+/Vw:B(w)dex+r2bg(w,w):0. (32)
Q Q

The convexity of & implies that 2(x) — h(y) < h'(u) - (x — y) for all x, y € 2. Choosing x = u(w) and y = u(wk=1

and employing 4’ (u(w)) = w, this gives

n f(u(w) —u@* ) wdx =2 / (h(u(w)) — A )))dx.
T T
Q Q
Taking into account the positive semi-definiteness of B(w), we infer from (32) that

n/h(u(w))dx+8r3||w||%{m(9) < n/h(u(wk_l))dx.
Q Q

This yields an H" bound for w uniform in 5 (but not uniform in ¢ and 7). By the Leray—Schauder fixed-point theorem,
we conclude the existence of a solution w € H™(2; R") to (31) with y replacedby wand n=1. O

We derive some a priori estimates uniform in ¢ and 7. In the following, we set uk = u(wk) for k > 1, where (wk)
solves (28).

Lemma 13. Under the assumptions of Lemma 12, there exists a constant C > 0 such that for all ¢, 7 > 0,

k n
/h(uk)dx +4tp02/q(ufl+1)z|V(u{)1/2|2dx (33)
o i=1g i=1
k ' k
+4rp082/|Vq(ufl+1)l/2|2dx+r3Zb8(wj,wj) S/h(uo)dx,
j=1g Jj=1 Q

where po and § are defined in (23).



16 N. Zamponi, A. Jiingel / Ann. 1. H. Poincaré — AN 34 (2017) 1-29

Proof. By Lemma 12, the sequence (w*) satisfies (28). Then, taking into account the identity Vuwk : Bwk)vuk =
uk " Wk AF)Vuk, we deduce that

/h(uk)dx+r/Vuk:h”(uk)A(uk)Vukdx+r3bs(wk,wk) S/h(uk_l)dx.
Q Q Q

Resolving this recursion yields

/h(uk)dx—i—z fwf h”(u’)A(u])Vqux+T3Zb8(w1 w’) </h(u0)dx

Q j=1 j=1 Q
Then the conclusion follows from Lemma 7 and | Y}, Vul! |>= |VunJrl >. o
4.2. The limite — 0
Let (w*) be a sequence of solutions to (28). We fix k € {1, ..., n} and set ut@ =uk(i=1,...,n+1)and wl.(g) = wk
(i =1,...,n). The identity
(Bw")Vu'); = (A@)Vub),
= q Gy )V (uf pi gy )'2) = 3uf pi gy )PV g Gy )

shows that u* solves

%/(uk k. ¢dx+2/ q@) )"V (ul piug ), )'7?) (34)
Q

i=1q
- 3u,jpi (uj)q(u£+1)1/2Vq(u£+1)1/2] - Vidx +T°be(w/, §) =

forall ¢ = (¢1, ..., ¢n) € H™(2; R™). We wish to pass to the limit e — 0 in (34).
By Lemma 13 and definition (29) of b., we have

k k
12 2
e Y Nw/lgmegy +7° D Ilw 316, < C (39)
j=1 j=1

where here and in the following, C > 0 denotes a generic constant independent of ¢ and t. Thus, because of the
boundedness of (1”)~! (see Lemma 6),

IVu@ | 2 = 1" @)Vl 2q) < CIVWE || 2g, < CT7/2
Together with the L™ bound for (1(®)), this implies that

14 1@y < €72,
Therefore, up to subsequences, as € — 0,

u® —~y weakly in HY(Q), u® —>u strongly in L*(Q) and a.e. in ©,

since H!(£2) embeds compactly into L?(£2). We infer that u(i)rl =1-37 1u( D g =1— Y i u; strongly in

L2(2) and a.e. in . The L* and H' bounds for (1'®)) as well as the L2 bound for Vq(u(g) Y12 in (33) show that
V(ul® pi@)q ) D'?)

8
j=1

is uniformly bounded in L?(2) and hence,
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||M§€)pi(M(S))q(uﬂl)l/ﬂml(g) <cr12,
(&)

We employ the a.e. convergence of u®) and (u, y

1) and the continuity of p; and g to obtain

w0 pi g @) )V > uipiqupen)'? ae.in 2,

and, by the dominated convergence theorem, strongly in L%(2). Thus, using the H'! bound,
u®

i) g @ )V = ui pi()qune1)'/* weakly in H' ().

Similar arguments, using the uniform estimates coming from (33), show that

q(ul(f_i)r])l/2 — q(u,H_l)]/2 strongly in L*(2) and weakly in HI(Q), 36)
g DV~ )P} weakly in HY(SQ). (37)

It follows from the bound (35) that, up to subsequences,
ew® — 0 strongly in H™(Q), w'® —w weakly in H' ().

We set u* := u. The above convergences hold for all k =1, ..., N, where T = Nt. Thus, we obtain a sequence of
limit functions (#/). The above convergence results are sufficient to pass to the limit ¢ — 0 in (34), resulting in

% / Wk =) pdx +) / [qG), DV29 (u! prw)q !, )'7?) (38)
Q

i=lg

—3u! pi g, )" *Va@l, )] Veidx + 7 / (- ¢+ Vuw: Vp)dx =0
Q

for ¢ € H™(Q2; R"). By density, this relation also holds for all ¢ € H'(£2; R"). Note that generally we cannot identify
w with (&)~ Hw) anymore but this is not needed in the remaining proof.
Finally, we wish to pass to the limit ¢ — 0 in (33), where u* has to be replaced by u‘®). Since

gy D' PV =V (g )P @) — @) Vg ), (39)

(

the strong convergence (u l.g))l/ LI ug/ Zin L*(§2) and the weak convergences (36) and (37) imply that

1/2 1/2
g D2V @Y~ (g i) ) ?) =}V g )V
= qQn)?Vu)>  weakly in L'(Q).
In fact, since by (33),

”q(uy(,il)l/zv(u,@))l/zllLZ(Q) < C‘L’_l/z,

the above weak convergence also holds in L?(2). In particular, by the weak lower semi-continuity of the L? norm,

.. 1/2
hgggffq(ufiil)|V<u§”)‘/2|2dxz/q(un+1)|w/ 2dx,
Q Q

lim inf / Vg )'2Pdx > / Vg (unip)|*dx,
Q Q

Recall that u* = u and w¥ = w. Passing to the limit inferior & — 0 in (33) and observing that b, (w®, w®) >

lw® ||12L11(Q)’ we infer that
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k n
/h(uk)dx+4tp02/q(ufl+l)z|V(u'i’)]/2|2dx (40)
o j=1g i=1
+4rp082/|Vq(un+1)1/2|2dx+r32||wf||,,l(m [ hatyax.
=g j=1 Q

4.3. The limitt — 0

We set u™ (x, 1) = uk(x) and w® (x, 1) = w*(x) for x € Q, 1 € ((k — 1)1, kt]. Equation (38) can be formulated
as

T T

1 n

- //(u(f) —ﬂzu(f))-¢dxdt+2f/[q(u(r) )I/ZV( (r)p (u(r))q(u(‘f) )1/2)
T Q i=l7 g

u™ pi (™)q @) )2V q (i)' ?] - Voyidxdr @1

T
+ 172 / /(wm ¢+ Vw'D : Vo)dxdt =

for all ¢ (1) € H'(Q; R") being piecewise constant in time and, by density, for all ¢ € L0, T; HY(Q)). Inequality
(40) becomes

T n
f B (T))dx +4po / / 46D Y V@) 2 dxds
Q 0 i=l1
T
+4p08//|Vq(uff+)l)1/2|2dxdt+t /IIw(f)HHl(Q)dtg/h(uo)dx.
0 Q Q

This gives the following uniform estimates:

gy D PV @ P 20,7212 + 10 @D Pl 7 @) < € 42)

T”w(t) ”LZ(O,T;HI(Q)) S C (43)

These bounds as well as the L°° bound for (um) show that
V( (r)pl (u(f))q(u(r) )1/2) p (u(r))Vq(u(r) )1/2
+q,p" Z (‘Siﬂ’f ™)+ ”57)37172-("(”)) vu
_u(f)p,(u(r))vq(u(f) )1/2
+2Z(u(r))1/2 (8 s (u(r))+u(r) api (u(r))> (u(r) 2y (u (T))]/Z
j=1

is uniformly bounded in L?(0, T'; L>(2)) and consequently,

||u§r)Pi (u(r))(I(uf,r_gl)l/z||L2(0,T;1-11 @) =C. (44)

Similarly, (42) yields the estimate

1) 2q i) 2 20701 ) < C- (45)
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Thus, the L* bound on (ul@) and estimates (42) and (43) give

7,'71 ”I/t(r) - JTTM(I) ”LZ(I,T;HI(Q)/)

n
<Y g Do |V (1 pi g ) D)) 220 (46)

n
+3 Z ||MET)Pi (um)q (un+1)1/2 lLoor, 700020 1 Vg (14n+1)]/2 ||L2(0,T;L2(Q))
i=1

+ 22w ™7 <C.

(©.T;HL(Q))

Now, we define the function Q(s) = f‘v q(cr)l/zda for s € [0, 1]. Then Q € cl(o, 1)) is strictly increasing. By

()

assumption (7), g (u, . 1)/q’ (un +1) is uniformly bounded a.e. and thus,

n+l
() Q ( v 1) 1o, (7) q( © 1) (7)
VQ(un+l) ” ( Vo (u”'H) (1’) VQ (u n+1)
Q ( l) q ( n+])
is uniformly bounded in L2(0, T; L?(£2)). We conclude that
10 D27 410y < C- “n

Estimates (46)—(47) show that the assumptions of Lemma 9 are fulfilled, and we infer the existence of a subsequence,
which is not relabeled, such that, as T — 0,

u") | = upqy stongly in L' (0, T; L"(R)), r < oo. (48)

This result, the bound (42), and the continuity of g imply that

q@ ) DV? = quar)?  strongly in L7(0,T; L'(Q), 7 < o0, (49)
q(uffﬁl)l/z — qun)'/? weakly in L2(0, T; H' (Q)). (50)

Using the L bound for (ul@), we have, up to a subsequence, ul@ N u weakly* in L>(0, T; L>®(RQ2)) as T — 0.
This convergence also holds in L2. Thus, (48) implies that the relation u' +1 =1->7", u( %) is satisfied by the limit
function, u,11 =1 — Z'-l 1 u;. The set {v € LZ(O T; LZ(SZ)) v >0ae. in 2 x (0,7)} is (strongly) closed and
(™) > (0 holds in the limit, i.e. u; > 0 a.e. in  x (0, T).

We turn to the convergence properties of the sequences (ufr)) for i =1,...,n. We cannot expect strong con-

convex. Hence, it is also weakly closed, and the property u;

vergence of (ul@), but the generalized Aubin—Lions Lemma 8 shows that the product f (u(f))q (uffﬁ 1)1/ 2 converges
strongly, where f is any continuous function. To make this precise, we verify the assumptions of Lemma 8. Set
£ .= q(uffil)]/z and ' := u'”. Because of the L bounds for (")), up to a subsequence,

771@ —~%n; =u; weakly®™ in L0, T; L*(2)).

Furthermore, by (49), €™ — & = q(u,41)'/? strongly in L?(0, T; L>(R)). Estimates (42), (45), and (46) show that
the assumptions of Lemma 8 are satisfied, and we conclude the existence of a subsequence (not relabeled) such that

FaguI DV = fF™ED — F)E = fuiquns)'?  strongly in L2(0, T L*(2))
for any function f € C%2; R™). We choose f(s) = si % and f(s) =s;pi(s) for s = (s;) € 2. Then
@™ 2q@E) D' = 2 quay )" strongly in L20, T; L*(9)),
u” i )g ) )2 — u; pi (g uns1)'/? strongly in L2(0, T5 L3 (2)). (51)

We conclude from the bounds (44) and (45) that the above sequences converge weakly in L2(O, T: H'(Q)) and the
limit functions can be identified:



20 N. Zamponi, A. Jiingel / Ann. 1. H. Poincaré — AN 34 (2017) 1-29

@) 2D = u?qua)"?  weakly in L2(0, T; H'()), (52)
w0 pi ™)q @) ) = ui pi g uar)'/?* weakly in L2(0, T H' (). (53)
We infer from estimate (46) that
' @' = Py =~ Bu; weakly in L2(0, T; H'(Q)), i=1,...,n.
Moreover, taking into account (43),
?w® — 0 strongly in L2(0, T; H'(Q)).

These convergence results as well as the convergences (49)—(51) and (53) allow us to perform the limit T — O in (41),
which yields the weak formulation (15).

4.4. Entropy inequality and positivity

It remains to verify the entropy inequality (16) and the (conditional) positivity of u, 1. Since the entropy density
h is convex and continuous, it is weakly lower semi-continuous [6, Corollary 3.9]. Thus, by the weak convergence of

@ (1)),

f h(u(r))dx glimi(r)lf / hw™()dx forae.t>0.
T—
Q Q

Employing the convergences (48), (49), and (52), it follows that

g V@ =g

I (@D ™) g @) ) Vg

+

converges weakly in L, but because of the L? bound (42) this convergence also holds in L?:

g )V~ quns)Vu”?  weakly in L2(0, T; L3(Q)).

These results, together with (50), allow us to pass to the limit inferior t — 0 in (40), yielding (16).
Finally, assume that

b
/|10gq(s)|ds:+oo forall0 <b < 1. (&)
0

We deduce from the discrete entropy inequality (40) and definition (9) of & that

”;21 (x,t)

/ / log g (s)dsdx < / h'® (x, 1))dx < / h@®)dx forae.t>0.
Q a Q Q

()

241 and the nonnegativity of fab logg(s)ds > 0, we can apply Fatou’s

Then, by the strong convergence (48) of (u
lemma yielding

Upt1(x,1)

logq(s)dsdx < / hw®)dx.

a

In particular, fa"”“(x") logq(s)ds < oo for a.e. x € Q. We conclude from this fact and assumption (54) that
Upy1(x,t) >0forae. x € Qandt € (0, T), which ends the proof.
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5. Proof of Theorem 4

We define the relative entropy density
R uu®) =hw) —h@®) —h'u>®) - (u —u*>) forueR". (55)
We split h* in several parts, h* = h} + h3 + h}, each of which is nonnegative, where

n

U
h*f(u|u°°) = Z (ui log ﬁ —u;i + ufo) ,

i=1

Up41 un+l/”ﬁ1
q(s) qlouysy)
13t |0%) = / log 155 = log ©_ 5% do
u n+1 f n+l

n+l1
n

R @u®®) = x () — x @) = Y (; — u®)log pi (™),
i=1

where y is defined in (8). The entropy inequality (16) and the L' conservation of u(r) give

! n
/h*(u(t)moo)dx+co//(q(un+1)22|Vuil/2|2+|Vq(un+1)1/2|2>dxds (56)
0 Q i=1

Q

5/h*(u0|u°°)dx, r>0.
Q

We prove now that the above entropy inequality, reduced to an inequality for /%, and the convex Sobolev inequality in
Lemma 11 yield exponential convergence of u,1(t), while the entropy estimate for 4} and the logarithmic Sobolev
inequality allow us to conclude the convergence of u;(¢) fori =1,...,n.

Step 1: Exponential convergence of u,11(t). Let g(s) = f ls logq(cru;ir pdo for s € [0, 1]. This function is convex
since g”(s) = upS g’ (supe )/q(suys,) > 0 by assumption. Again by assumption, 1/g" = (u;'lfrl)_lq/q’ is con-
cave. Choosing ¢; = 1 in the weak formulation (15) and summing the equations from i =1, ..., n, it follows that
Jouns1(®/ugs dx = [q “2+1/“ﬁ1dx = |Q| for ¢ > 0, and in particular,

1
g /uanx = g(1)=0.
121 J w7y

Thus, we may apply the convex Sobolev inequality in the version of Lemma 11:

2
1 U5 Un+1 Csl5 g Un+1 Un+1
@/hi(unﬂlu“’)dx: |l;2| g u';o dx < |g§| /g” u’;o Vugo dx
o o n+1 Q n+1 n+1
_ s ql(unJrl) Vi 1|2dx
21 ) qGns) e

By assumption, ¢’ is strictly positive on [0, 1],1.e. 0 < g < ¢’(s) for s € [0, 1], so

cs [ q' (uns1)? )
AUy | u™)dx < |Vu,1|°dx
|sz|/ 2 @l ) "

Vg (uni1)?Pdx.
q1|9|/ "
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Therefore, (56) yields

041
fhz(un+1(t)|un+1)dx+—q// 5 (U1 () upsy)dxds S/h*(uoluoo)dx,
Q Q

and Gronwall’s lemma gives

/ B g1 (D|uS ) )dx < e~ 0Nt/ Mes) f B uCu®)dx. (57)
Q Q

The strict positivity of ¢’ implies that the function s > A (s|u;S % 1) is strictly convex. Moreover, i3 (u,7  |u
and (hz) (u’H_1 |un+1) = (. Therefore, by a Taylor expansion, h*(un+1 |”n+1) > (y/2)(ups1 —
inequality in (57) gives (17).

Step 2: Convergence for (u;(t)). We assume that g (s) > go > 0 for s € [0, 1]. It follows from the entropy inequality
(56) that

/h (u(t)|u°°)dx+coq0/fZ|Vul/2 2dxds<fh @ )u®)dx, t>0.

Q 0 @ =1 Q

n—H) -

U, l)2. Inserting thls

We apply the logarithmic Sobolev inequality on bounded domains with constant ¢z > 0 [13, Lemma 1],

/h (M(t)|l/£ )dx—Z/ullog—dx<CLZ/|VM1/2 2dx

i=1¢ i=1lg
Inserting this inequality into the entropy estimate gives

fh (u(t)|u°°)dx+ €040 Iy (u(t)|u™)dx §/h*(u0|u°°)dx, t>0,

Q Qe Q

and then, Gronwall’s lemma shows that

/h’{(u(t)|u°°)dx Se"'o"(”/”/h*(uomoo)dx, t>0.
Q Q

Finally, since A{°u™|u™) = |(h])' >, u*)| = 0, and 82h“f/8u,~8uj = §;j/u; = &;j for u € 9, we obtain
by (u|u®™) > |u — u®|?, which proves estimate (18) and finishes the proof.

6. Proof of Theorem 5

Let u = (u1,...,u,) and v = (vy, ..., v,) be two bounded weak solutions to (1)—(2). Since p; =1 for all i =
1,...,n by assumption, (1) becomes
dui =div (quny)Vuj —uiVqungr)), i=1,....n. (58)
Summing these equations from i = 1, ..., n, the equation for u,+1 =1—Y_/_, u; reads as
dttnt1 =div (qnt1)Vitns1 + (1 — uny ) Vquns1)) = AQuny1), (59)

where Q(s) = fos(q(a) +(1—0)q’'(0))do for 0 < s < 1. Furthermore, VQ(u,11)-v=00n9L,¢ > 0and u,,1(0) =
ug q=1= > u , and similar equations holds for v,. Since Q is a nondecreasing function, we can apply first

the H~! method to (59) to show uniqueness for the (n + 1)th component, i.e. u,+1 = v,41. Second, we employ the
convexity of the entropy to prove that u; = v; fori =1,...,n.
Step 1: Uniqueness for u,y1. Let t > 0 and let ¢(t) € H'(Q) be the unique solution to

—AL(t) = (Up+1 —Vp41)(@) InQ, VZ-v=0 onQ.
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We know that u, 1 — v,41 € L0, T; L?(R2)). Thus, t — ¢(¢) is Bochner integrable and ¢ € L>(0, T; H'(RQ)). As
3 (Uny1 — Vng1) € L2(0, T; HY(Q)'), we have even the regularity Ad;¢ € L(0, T; H'(2)'). Therefore, using (59),
we obtain for a.e. t > 0,
1d
2 dt
Q

IVE P dx = (— A8, ¢) = (3 (tnt1 — Vnt1), O

=—fV(Q(un+1)— Q1)) - VEdx

Q
= —/ (Qns1) = QWnt 1)) Unt1 — Vpp1)dx.
Q

Here, (-,-) again denotes the duality pairing of H'($2)’ and H'(). The right-hand side is nonpositive since Q is
nondecreasing. This implies that

/|V;(r)|2dx5f|v;(0)|2dx, t>0.

Q Q

At time r =0, —AZ(0) = (Up+1 — vu+1)(0) =0 in 2, thus V¢ (0) = 0. Hence, |V¢(¢)| =0 a.e. in €2, which gives
(Unt1 — V) (@) =—Ag() =0in Q.
Step 2: Uniqueness for (uy, ..., u,). Let 0 < & < 1. Similarly as in [17], we introduce the distance

de (u.v) = Z/(ég(uwsg(vl) 258( ’+”’))dx,

where &.(s) = (s +¢e)(log(s+¢e)— 1D +1, s=>0.

As & is convex, we have & (u;) + &:(v;) — 2&.((u; + v;)/2) > 0 in 2 and hence, d.(u;, v;) > 0. We need the regu-
larization ¢ > 0 since u; and v; are only nonnegative and thus, expressions like log((¢#; + v;)/2) may be undefined.
Since u;,41 = vy4+1 by Step 1, we may abbreviate g := g (#,,41) = g(v,+1). Then, using (58), we compute

n

%dsw, =Y <<atui, log(u; +€)) + (v, log(v; + )

i=1

— <B,(ui +v;), log (u,zﬁ + 8>>)

Vv,'
=- Z (qVu; — —v;Vq) -
v, +¢

l]Q

- (qV(u, +v;) — (u; + U,)Vq) . M)dx

u; +v; +2¢

Rearranging the terms, we arrive at

d IVuil?>  [Vvi? [V + )
—d:(u, — d 60
dt 2, ) = Z/(u,—i—e v +é u; +v; +2¢ qax (60)

U; u; + v;
- Vg -Vu;d
+Z/(Mi+8 u,-+v,-+28) 4 iy
l:IQ
+zn:/ Vi MY )Gy Vudx
= vi+e u;+v+2e 4 !
- Q
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n
:_4Z/<|V¢m|2+|v¢m|2—|v u,~+u,-+2s|2)qu
=)

=

n
U; u; +v;
2 — \Y -Vu;d
+ Z/(ui+8 ui+vi+28>\/6_1«/3 ujdx

i=lg

n
v; u; +v;
2 — \% -Vudx.
+ ;/<vi+8 ui+vi+28>ﬂ Jq - Vvidx
=lQ

Now, we apply Lemma 10 with du = gdx and f = u; + ¢, g = v; + ¢, showing that the first integral on the right-hand
side is nonnegative. We observe that d.(1(0), v(0)) = 0 as u and v have the same initial data. Thus, integrating (62)
in time, we obtain

n t
dg(u(t),v(t))§22//(u_u_;_8 . u:’:i’%)ﬁvﬁ.widx 61)
l:1 O o 1 L 1

t
n
v; u; + v;
+2 — \Y -Vudx.
Z/f<vi+8 Mi+Ui+28)ﬁ V- Vidx

=10 @
Since V. /g, /qVui, /gVv; € L*(0, T; H'()) and

u; +v;
u; +v; +2¢

Uuj
u; +¢

V;
v, + €

<1,

= — 1

the dominated convergence implies that the right-hand side of (61) tends to zero as € — 0. From the nonnegativity of
d. we deduce that d. (u(t), v(t)) — 0 as ¢ — 0, which means that

u; + v;

Eg(ui)+é‘8(vi)—258( ) —0 ase—0 ae.inQ x (0,00). (62)

According to Taylor’s formula, there are functions 6;, 1, : 2 x (0, c0) such that

u; + v; Ui — v;
Ss(ui)=$8< ) + ) )

u; +v; ui+vi\ui—v 1 u; +v; wi —vi \*
=$£< 12 '>+E§< ,2 1) ,2 l+§§!(9€ 12 l+(1_9£)ui>< 12 ,> ’

u; +v; U — v;
§e(vi) =& ( >~ T)

ui +v; ui+vi\ ui—v; 1 u; +v; i — v\
—e () e (M) g (M o) (M5

Adding these identities and employing the estimate &'(s) = (s + g)~! > 1/2for 0 <s < 1, we infer that

i i 1
Ee () + & () — 26, (” ;” ) > Sl — ).

This estimate and (62) prove that #; = v; in  x (0, 00) fori =1,...,n.

Remark 14. The uniqueness proof provides the continuous dependence on the initial data with respect to the distance
d under the condition that u,+] = v,41, which means that the proportion of the unoccupied space is fixed. Indeed,
integrating (60) in time, we obtain (compare to (61))
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o (u (1), v(1)) < dp ((0), v(O))+22/f<u — M_L::328>ﬁVﬁ~Vuidx
i= ]0 Q l 1 l

u; +v;
2 \% -Vudx.
+ Z//(U,-'—S Ml‘+vi+28>\/a \/6_1 v;dx

i=1y
With the same arguments as in the uniqueness proof, we may pass to the limit € — 0, which yields
d(u(r), v(1)) =d@(0),v(0), =0.

The distance can be bounded from below by the L2 norm but not from above. This is only possible when positive
lower bounds for u; and v; are available. O

7. Extensions

In this section, we discuss some extensions of the diffusion system (1).
Reaction terms. Cross-diffusion systems with reaction terms,

du —div(Aw)Vu) = f(u) inQ, t>0, (63)

can be treated similarly as in [21]. More precisely, if there is a constant ¢ > 0 such that f(u) - h'(u) < c (1 + h(u))
for all u € 2, then there exists a global weak solution to (2) and (63). The proof proceeds as for Theorem 1, where
the right-hand side of the entropy inequality (33) has to be replaced by

/h(uo)dx—i—r/f(u) W (u)dx §/h(u0)dx+wf/(l +h(u))dx.
Q Q Q Q

Then, for sufficiently small z > 0, the integral Tcy th(u)dx can be absorbed by the left-hand side of (33). For
instance, reaction terms of Lotka—Volterra type

n
f,'(M)ZM,'(l-ZS,’ij), i=1,...,n, 5;>0,
j=1
are admissible. The large-time behavior result is valid only under an additional condition on f(u), namely f(u) -
h'(u) <0 for u € 2. If we suppose conservation of the “total mass”, i.e. Y :_, fi(u) =0, the H~! method allows us
to prove uniqueness for i, 1. Uniqueness for the remaining components u; follows if there exists C > 0 such that for

all u; and v;,
) <CZ( (i) + £ (vy) — 2% <”i;”">),

where £(s) = s(logs — 1) + 1 (see the proof of Theorem 5). More general conditions on f(x) can be found in [18].
Drift terms. In the presence of environmental or electric potentials or of chemotactic signal concentrations, the
diffusion system contains additional drift terms,

oru —div(A(w)Vu + Du)Vep) =0 in, t >0, (64)

n

> (fi(u)log

i=1

+ fi(v) log

where D(u) = (D;;(u)) is an n X n matrix and the ith component of D(u)V¢ is given by Z?:l D;j(u)V¢;, where
¢; = ¢;(x) is some potential. Assume that & is such that Vi : h” (u) A(u)Vu > 37| gi ()| Vu; |> for some nonnega-
tive functions g; (u). Then, using the test function 4’(«) in the weak formulation of (64), we compute

%/k(u)dx = —/Vu h (W) A(w)Vudx —/Vu ch" (W)Du)Vodx
Q

Q

<-3 ngl )| Vui Pdx + Z/ Gr(w)| Ve dx,

i=lg kIQ
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where we employed the Cauchy—Schwarz inequality and have set Gi(u) = Z:’ j=18i w)~Y(H; j)z(D jk(u))2 with
H = h"(u). Thus, if V¢; is bounded in L? and Gy () in L, we achieve some gradient estimates, which are the basis
for the existence analysis. An example is the ion-transport model [8]

Ajjw)y=u; fori##j, A;@)=ui+uup1, Diju)=uju,y15;;
fori, j=1,...,n. The entropy density can be defined by

n

h) =Y " (ui(logu; — 1) +u;d;) + uns1(loguyy — 1).

i=1

Then the Hessian A" (1) does not depend on ¢;. A formal computation, using the Cauchy—Schwarz inequality and the
identity > 7| Vu; = =V, gives

d ! ; 2
—/h(u)dx:—Z/uiunH V(log i +¢i> dx
dt — Un+1
Q =g
= Z/ o og |~ va ) d
— uju = o - i X
=L iln+1 ) gun—i-l i
1_19
N 122 2 12 2 S 2
==Y | QuartlVu, P+ Va1 * +21Vu, 5 P)dx + Y | wisni1|VeiPda.
i=1 i=lg

As g(s) = s in this model, we find the same estimates as in the proof of Theorem 1 (also see [7, Section 3.2]). This
shows that our strategy can be adapted to cross-diffusion systems with drift.

Other diffusion coefficients. Our main assumption on the transition rates is that they are given by the product of
pi(#) and g; (u,+1) (see Appendix A). Also other choices are possible. An example is the diffusion system of [29],
which is derived from a stochastic lattice model by assuming that the transition rates are given by p; (1) + q; (un+1)
for some special functions p; and g;. The diffusion matrix has the structure

(ol —u2)+u (a1 — Duy
A(u)_( (02 — Dup 0!2(1—M1)+u1>’

where a1, ap > 0. The corresponding diffusion system possesses the entropy density

2
h(w) ="y ui(logu; —1) + (1 —uj —uz)(log(l —uy —u) = 1), u=(u1,u2) € 7,
i=1

and the new diffusion matrix B = h" (u) ™' A(u), given by

B— (@11 —uy —uz) +ux)u; —uU1U2
—uiuy (ao(1 —uy —u2) +upuz )’

is symmetric and positive semi-definite on 2. For our analysis, we need bounds from h”(u)A(u) (see Lemma 7),

which are less obvious since

ay|(1 —uz)Vu, +u1Vu2|2 ax|luaVuy + (1 — u1)VM2|2
ur(l —uy —uz) us(l —uyp —up)

+ 4|V Juruz |,
only yielding an L? bound for V/uju> in L.

Vu] h" ) A@u)Vuy =
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Appendix A. Formal derivation of the n-species population model

We derive formally the cross-diffusion system (1) from a master equation for a discrete-space random walk in the
diffusion limit. We consider random walks on a one-dimensional lattice only, since the derivation can be extended in
a straightforward manner to the higher-dimensional situation. The lattice is given by cells x; (j € Z) with the uniform
cell distance i = x; — x;_1 > 0. The proportions of the ith population in the jth cell at time ¢ > 0 is denoted by

u;(x;) =u;(xj,t). The species move from the jth cell into the neighboring cells j & 1 with the transition rates Tij o+
The master equations are given by

i—1, i+1,— 3 - .
dui(xj) =T/ Jrui(xj—l)-l-T,-JJr ”i(xj+l)_(Tij++T; oui(xj), i=1,...,n,

and the transition rates are defined as

n

j £
T/ = 00pi ()i (n1(x)),  wng1 () =1=Y up(xj). (65)
k=1
where u = (uy, ..., u,). The quantities p; (u(x;)) and g; (u,+1(x;+1)) measure the tendency of the species i to leave

the jth cell or to move into the jth cell from one of the neighboring cells, respectively. More precisely, u; (x ;) denotes
a volume fraction of occupancy and u,, 4 the volume fraction not occupied by the species. Our assumption is that the
transition rates, measuring the occupancy and the non-occupancy, separate, resulting in the product of p; and g;. Other
choices are possible (see [29] for an example), but the analytical treatment of the corresponding diffusion systems is
not obvious.

For the derivation of the diffusion model, it is convenient to introduce the following abbreviations:

pl=pituix)), . (X)), gl = qi g (x))),

. Op; .
wp! = a—u’k(umx,-), e un (X)), 3q] = q[ (U1 (x))).

Thus, we can rewrite the master equation as

1 j—1 i+1 j+1 j+1
J=1 +pi] uz] = J

oy 8tu =q] (p u; u (q +qij_1). (66)

Set D = d,. We compute the Taylor expansions of p; and ¢; (i =1, ...,n) and replace uiil - ui by the Taylor
expansion £ Duj, + 1h?D*u! + O (h3). Then, collecting all terms up to order O (h?), we arrive at

2
i1 h
Pl =p, +h28kp, Duj + = Zakp, D*u] + Zaup, Dul Dul | + 0(h?),
k=1 k,l=1

g/t =g/ +hop! Dun_H—i- 5 (aq, D) +9°q] (Du) )?) + O (h%)

n 2
:qg;haq;ZDu{ﬁ? —dq] ZDZMJJraZ J Z DulDul | + 0(h*).
k=1 k,£=1

In the last step, we have used u,+1 =1— Y ;_, ux. We insert these expressions into (66) and rearrange the terms. It
turns out that the terms of order O(1) and O () cancel, and we end up with

n
og 'h 20! =" D ui (g plsik + gl ul o p! + plulog))
k=1
n

+ Y DulDu(2q] dp] i + qf ul 9F,p] — plulo’q)).
k=1

We choose og = h~2 and pass to the limit & — 0:
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api
Oruj = ZD u | qi pidik + qiui — +Pz qu
k=1 8

+ Z DuyDuy | 2q; — l die +qiu t—l - Piui%{/ .
Pyl duy dugduy

A lengthy but straightforward computation shows that the last sum equals

api
ZDukD (%Pt‘szk +qivi — i +Pl t‘b) >
k=1

and we end up with

ap;
Oru; = DZDuk (%pz&k'*"]z’h

+pl t‘l,) ’
k=1 dur

which is the one-dimensional version of (1).

References

[1] H. Amann, Dynamic theory of quasilinear parabolic systems. III. Global existence, Math. Z. 202 (1989) 219-250.
[2] A. Arnold, P. Markowich, G. Toscani, A. Unterreiter, On convex Sobolev inequalities and the rate of convergence to equilibrium for Fokker—
Planck type equations, Commun. Partial Differ. Equ. 26 (2001) 43—-100.
[3] D. Bakry, M. Emery, Diffusions hypercontractives, in: Séminaire de probabilités XIX, 1983/1984, in: Lect. Notes Math., vol. 1123, Springer,
Berlin, 1985, pp. 177-206.
[4] D. Bakry, I. Gentil, M. Ledoux, Analysis and Geometry of Markov Diffusion Operators, Springer, Cham, 2014.
[5] M. Bendahmane, T. Lepoutre, A. Marrocco, B. Perthame, Conservative cross diffusions and pattern formation through relaxation, J. Math.
Pures Appl. 92 (2009) 651-667.
[6] H. Brézis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer, New York, 2011.
[7]1 M. Burger, M. Di Francesco, J.-F. Pietschmann, B. Schlake, Nonlinear cross-diffusion with size exclusion, SIAM J. Math. Anal. 42 (2010)
2842-2871.
[8] M. Burger, B. Schlake, W.-T. Wolfram, Nonlinear Poisson-Nernst—Planck equations for ion flux through confined geometries, Nonlinearity
25 (2012) 961-990.
[9] L. Chen, A. Jiingel, Analysis of a multi-dimensional parabolic population model with strong cross-diffusion, SIAM J. Math. Anal. 36 (2004)
301-322.
[10] L. Chen, A. Jiingel, Analysis of a parabolic cross-diffusion population model without self-diffusion, J. Differ. Equ. 224 (2006) 39-59.
[11] X. Chen, A. Jiingel, J.-G. Liu, A note on Aubin-Lions—Dubinskii lemmas, Acta Appl. Math. 133 (2014) 33-43.
[12] L. Desvillettes, K. Fellner, Exponential decay toward equilibrium via entropy methods for reaction—diffusion equations, J. Math. Anal. Appl.
319 (2006) 157-176.
[13] L. Desvillettes, K. Fellner, Exponential convergence to equilibrium for a nonlinear reaction—diffusion systems arising in reversible chemistry,
in: System Modelling and Optimization, Proceedings of the IFIP TC 7 Conference 2013, in: Adv. Inform. Commun. Techn., vol. 443, 2014,
pp. 96-104.
[14] L. Desvillettes, T. Lepoutre, A. Moussa, Entropy, duality and cross diffusion, STAM J. Math. Anal. 46 (2014) 820-853.
[15] L. Desvillettes, T. Lepoutre, A. Moussa, A. Trescases, On the entropic structure of reaction—cross diffusion systems, Preprint, arXiv:1410.7377,
2014.
[16] M. Dreher, A. Jiingel, Compact families of piecewise constant functions in L (0, T'; B), Nonlinear Anal. 75 (2012) 3072-3077.
[17] H. Gajewski, On a variant of monotonicity and its application to differential equations, Nonlinear Anal. 22 (1994) 73-80.
[18] H. Gajewski, I. Skrypnik, On the uniqueness problem for nonlinear parabolic equations, Discrete Contin. Dyn. Syst. 10 (2004) 315-336.
[19] G. Galiano, M. Garzén, A. Jiingel, Semi-discretization in time and numerical convergence of solutions of a nonlinear cross-diffusion popula-
tion model, Numer. Math. 93 (2003) 655-673.
[20] A. Glitzky, K. Groger, R. Hiinlich, Free energy and dissipation rate for reaction—diffusion processes of electrically charged species, Appl.
Anal. 60 (1996) 201-217.
[21] A. Jiingel, The boundedness-by-entropy principle for cross-diffusion systems, Nonlinearity 28 (2015) 1963-2001.
[22] J. Kim, Smooth solutions to a quasi-linear system of diffusion equations for a certain population model, Nonlinear Anal. 8 (1984) 1121-1144.
[23] D. Le, Cross diffusion systems in n spatial dimensional domains, Indiana Univ. Math. J. 51 (2002) 625-643.
[24] M. Liero, A. Mielke, Gradient structures and geodesic convexity for reaction—diffusion systems, Philos. Trans. R. Soc. A 371 (2005) 20120346
(28 pages) 2013.
[25] A. Moussa, Some variants of the classical Aubin—Lions lemma, Preprint, arXiv:1401.7231v3, 2014.
[26] H. Murakawa, A relation between cross-diffusion and reaction—diffusion, Discrete Contin. Dyn. Syst., Ser. S 5 (2012) 147-158.


http://refhub.elsevier.com/S0294-1449(15)00078-5/bib416D613839s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib414D54553031s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib414D54553031s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4261456D3835s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4261456D3835s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib42474C3134s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib424C4D503039s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib424C4D503039s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4272653131s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib424450533130s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib424450533130s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4253573132s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4253573132s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib43684A753034s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib43684A753034s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib43684A753036s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib434A4C3134s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib446546653036s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib446546653036s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib446546653134s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib446546653134s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib446546653134s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib444C4D3134s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib444C4D543134s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib444C4D543134s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib44724A753132s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib47616A3934s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4761536B3034s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib47474A3033s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib47474A3033s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4747483936s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4747483936s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4A75653134s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4B696D3834s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4C653032s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4C694D693133s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4C694D693133s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4D6F753134s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4D75723132s1

N. Zamponi, A. Jiingel / Ann. I. H. Poincaré — AN 34 (2017) 1-29 29

[27] H. Murakawa, Error estimates for discrete-time approximations of nonlinear cross-diffusion systems, SIAM J. Numer. Anal. 52 (2014)
955-974.

[28] F. Pacard, A. Unterreiter, A variational analysis of the thermal equilibrium state of charged quantum fluids, Commun. Partial Differ. Equ. 20
(1995) 885-900.

[29] K. Painter, Continuous models for cell migration in tissues and applications to cell sorting via differential chemotaxis, Bull. Math. Biol. 71
(2009) 1117-1147.

[30] N. Shigesada, K. Kawasaki, E. Teramoto, Spatial segregation of interacting species, J. Theor. Biol. 79 (1979) 83-99.

[31] J. Simon, Compact sets in the space L” (0, T'; B), Ann. Math. Pura Appl. 146 (1987) 65-96.

[32] M. Simpson, K. Landman, B. Hughes, Multi-species simple exclusion processes, Physica A 388 (2009) 399-406.

[33] J. Zinsl, D. Matthes, Transport distances and geodesic convexity for systems of degenerate diffusion equations, to appear in Calc. Var. Partial
Differ. Equ. (2015).


http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4D75723134s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib4D75723134s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib5061556E3935s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib5061556E3935s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib5061693039s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib5061693039s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib534B543739s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib53696D3837s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib534C483039s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib5A694D613134s1
http://refhub.elsevier.com/S0294-1449(15)00078-5/bib5A694D613134s1

	Analysis of degenerate cross-diffusion population models with volume ﬁlling
	1 Introduction
	2 Main results
	3 Auxiliary results
	3.1 Invertibility of the entropy transformation
	3.2 Positive deﬁniteness of HA
	3.3 Generalized Aubin lemmas
	3.4 Further results

	4 Proof of Theorem 1
	4.1 Time discretization and regularization of system (1)
	4.2 The limit ε->0
	4.3 The limit τ->0
	4.4 Entropy inequality and positivity

	5 Proof of Theorem 4
	6 Proof of Theorem 5
	7 Extensions
	Conﬂict of interest statement
	Appendix A Formal derivation of the n-species population model
	References


