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Abstract

This paper shows that the long time existence of solutions to the Water Waves equations remains true with a large topography
in presence of surface tension. More precisely, the dimensionless equations depend strongly on three parameters ¢, 1, 8 measuring
the amplitude of the waves, the shallowness and the amplitude of the bathymetric variations respectively. In [2], the local existence
of solutions to this problem is proved on a time interval of size m and uniformly with respect to w. In presence of large
bathymetric variations (typically 8 >> ¢), the existence time is therefore considerably reduced. We remove here this restriction and
prove the local existence on a time interval of size % under the constraint that the surface tension parameter must be at the same
order as the shallowness parameter 1. We also show that the result of [5] dealing with large bathymetric variations for the Shallow
Water equations can be viewed as a particular endpoint case of our result.
© 2015 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

We recall here some classical formulations of the Water Waves problem, with and without surface tension. We then
shortly introduce the meaningful dimensionless parameters of this problem, and then state the local existence result
proved by [2]. We discuss the dependence of the size of the time interval with respect to these parameters and then
explain the strategy adopted in this paper to get an improved local existence result.

1.1. Formulations of the Water Waves problem

The Water Waves problem puts the motion of a fluid with a free surface into equations. We recall here two equiv-
alent formulations of the Water Waves equations for an incompressible and irrotationnal fluid. We then introduce the
surface tension, and recall a local existence result by [2].
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1.1.1. Free surface d-dimensional Euler equations
The motion, for an incompressible, inviscid and irrotationnal fluid occupying a domain €2; delimited below by a
fixed bottom and above by a free surface is described by the following quantities:

— the velocity of the fluid U = (V, w), where V and w are respectively the horizontal and vertical components;
— the free top surface profile ¢;
— the pressure P.

All these functions depend on the time and space variables  and (X, z) € ;. There exists a function b : RY — R such
that the domain of the fluid at the time ¢ is given by

Q ={(X.2) e R™, —Ho +b(X) <z < (1, X)),
where H is the typical depth of the water. The unknowns (U, ¢, P) are governed by the Euler equations:

U +U-Vx U=—1VP —ge inQ
div(U) =01n &; (L.1)
curl(U) =0 in ;.
We denote here —ge, the acceleration of gravity, where e, is the unit vector in the vertical direction, and p the
density of the fluid. Here, Vx ; denotes the d 4+ 1 dimensional gradient with respect to both variables X and z.
These equations are completed by boundary conditions:
W +V-Vi—w=0
U-n=0on{z=—Hy+b(X)} (1.2)
P — Py =0k (g)on{z=¢(, X)}.
In these equations, V and w are the horizontal and vertical components of the velocity evaluated at the surface. The
vector n in the last equation stands for the normal upward vector at the bottom (X, z = —Hp + b(X)). We denote
P, the constant pressure of the atmosphere at the surface of the fluid. The first equation states the assumption that
the fluid particles do not cross the surface, while the last equation states the assumption that they do not cross the
bottom. The last boundary condition on the pressure takes into account the surface tension: o denotes the surface

tension coefficient (take o = 0 to get the Euler equations without surface tension), and « (¢) is the mean curvature at
the surface

V¢
— ).
VI+|Ve?

The equations (1.1) with boundary conditions (1.2) are commonly referred to as the free surface Euler equations with
surface tension.

k(@)==V-(

1.1.2. Craig—Sulem—Zakharov formulation
Since the fluid is by hypothesis irrotational, it derives from a scalar potential:

U=Vx.®.

Zakharov remarked in [22] that the free surface profile ¢ and the potential at the surface vy = ®|,—, fully determine
the motion of the fluid, and gave a Hamiltonian formulation of the problem. Later, Craig—Sulem, and Sulem ([6]
and [7]) gave a formulation of the Water Waves equation involving the Dirichlet-Neumann operator. The following
Hamiltonian system is equivalent (see [12] and [1] for more details) to the free surface Euler equations with surface
tension (1.1) and (1.2) (take o = 0 to get the Water-Waves equations without surface tension):

¢ — Gy =0

GV Ve VY _ o, (1.3)
2+ vep - o

1
aw+gn+?vwﬂ—



B. Mésognon-Gireau / Ann. I. H. Poincaré — AN 34 (2017) 89-118 91

where the unknowns are ¢ (free top profile) and ¥ (velocity potential at the surface) with ¢ as time variable and
X € R? as space variable. The fixed bottom profile is b, and G stands for the Dirichlet-Neumann operator, that is

Gy =GI¢, by =/ 1 + V20, P,

where ® stands for the potential, and solves Laplace equation with Neumann (at the bottom) and Dirichlet (at the
surface) boundary conditions

{AX,Zcb:o in {(X,z) e RY x R, —Hy 4 b(X) < z < £(X)} (1.4)

¢)|Z={ = w’ an(D‘Z=*H0+b =0

with the notation, for the normal derivative

0 P = Hyrbx) = Vx,: P(X, —Ho + b(X)) - n

where n stands for the normal upward vector at the bottom (X, —Hg + b(X)). See also [12] for more details.

1.1.3. Dimensionless equations
Since the properties of the solutions depend strongly on the characteristics of the fluid, it is more convenient to
non-dimensionalize the equations by introducing some characteristic lengths of the wave motion:

(1) The characteristic water depth Ho;

(2) The characteristic horizontal scale L, in the longitudinal direction;

(3) The characteristic horizontal scale L in the transverse direction (when d = 2);
(4) The size of the free surface amplitude ag,,yr;

(5) The size of bottom topography apes.

Let us then introduce the dimensionless variables:

X/:i, y/:l’ g/: { , Z/:i, b/: b i
Ly L y Asurf Hy Apott
and the dimensionless variables:
t = L P = 3
to’ by’
where
Ly Asurf TR
tO = s CDO = L gHo
Vv &Ho Hy
After rescaling, five dimensionless parameters appear in the equation. They are
Asurf _ e, H_(2)2 _ Gbor _ 8, & —y, By= Pngzc ’
Hy L+ Hy Ly o

9 G 9% ¢ 9

where ¢, i, 8, v, Bp are commonly referred to respectively as “nonlinearity”, “shallowness”, “topography”, “transver-
sality” and “Bond” parameters.

For instance, the Zakharov—Craig—Sulem system (1.3) becomes (see [12] for more details) in dimensionless vari-
ables (we omit the “primes” for the sake of clarity):

1
0¢ — ;Gu,y[gé‘v Bbly =0

vy 2_£(GM,V[EC’ﬂb]¢+£,uVV§.vyw)z__LM
o)+ IV =2 20+ VP ) " By eym

where G, ,[e¢, Bb]Y stands for the dimensionless Dirichlet-Neumann operator,

(1.5)
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Guylet, BbIY =14+ 2|VV |20, Plrmer = (3. D — uV () - VV @) =gt
where @ solves the Laplace equation with Neumann (at the bottom) and Dirichlet (at the surface) boundary conditions
ARYD =0 in{(X,2) eR! xR —1+Bb(X) <z <er(X)}
Plz=ec =¥, 0 Pz=—144» =0,
and where the surface tension term is
\24e

— ).
V14 |Vre|?

We used the following notations:

Ky (§)=—=V"-(

VY ="y, ydy) ifd=2 and VY =09, ifd=1
AR = p? 4 y2pud? + o2 ifd=2 and AR = a2 + 97 ifd=1
and
1
0nPpr=—14pp = ————=(3;D — uV? (Bb) - qu>)|z=71+/3b'
1+ B2|VVb|2

1.2. Main result

Alvarez—Lannes [2] proved the following local existence result. We use the notation

a Vv b=max(a,b).

Theorem 1.1. Under reasonable assumptions on the initial conditions (£°, ¥°), there exists a unique solution (¢, V)
of the Water Waves equations (1.5) with initial condition (§0, Iﬂo) on a time interval [0; ﬁ], where T only depends
on initial data.

For a precise statement, see section 2.3 and see [ 12] Theorem 9.6 and Chapter 4 for a complete proof. The fact that
T does not depend on p allowed the authors to provide a rigorous justification of most of the Shallow Water models
used in the literature for the description, among others, of coastal flows. In these models, one has g = O(¢) and
therefore the time scale for the solution is O (ﬁ) =0 (é). See also [10] who also rigorously proved the justification
of the Shallow Water models, without a Nash—-Moser scheme (which was used in [2]). There exist however some
asymptotic models assuming small amplitude surface variation (¢ = O(u)) and large bottom variation 8 = O(1).
This is the case of the well-known Boussinesq—Peregrine model [4,3,17] that has been used a lot in applications. For
such a regime, Theorem 1.1 provides an existence time of order O(1) only (see also [15] for a large time of existence
on the Boussinesq—Peregrine equation). Our aim is here to improve this result in order to reach an 0(%) existence
time. We prove the following result (for a complete and precise statement, see later Theorem 2.2).

Theorem 1.2. The Water Waves equation with surface tension (1.6) admits a solution on a time interval of the form
[0; %] where T only depends on Bou and on the initial data.

In order to prove Theorem 1.2, we use a method inspired by Bresch-Métivier [5] and Métivier—Schochet [16]. The
only condition we need is that there is a small amount of surface tension. More precisely, we assume that the capillary
parameter Blo is at the same order as the shallowness parameter (.

In the context of the method used by [5], we start by rescaling the time by setting ¢ = t&. The Theorem 1.1 now
gives an existence time of order ¢ in these new scaled variables. The Craig—Sulem—Zakharov formulation of the Water
Waves problem in the newly scaled variables is

1
#C— —Gyr=0
e

(1.6)

1 1 1(G Ve - VYr)? 1

o+ e L vy p o LG HEVTE VIV 1 iy (eyie)
& 2 o 2004e2u | Vre ) Boe eyl




B. Mésognon-Gireau / Ann. I. H. Poincaré — AN 34 (2017) 89-118 93

where G is a shorthand notation for the Dirichlet-Neumann operator G[e¢, Bb] (see also Section 1.3). The difficulty is
therefore to handle the singular O (%) terms of this equation. For the sake of clarity, let us sketch the method of [5,16]
on the example of the Shallow-Water equations, implemented in [5]. The Shallow-Water equations form a typical
hyperbolic quasilinear system, and can be read in the present setting variables

1 _
B +-VV-(hV)=0
& 1 (1.7)
xV+ (V- VHV 4+ -V =0.
&

We denoted # the total height of water:
h(t,X)=14¢s(, X) — Bb(X)

and
e¢(t,X)

- Vi, X, 2)d
h(t, X) @, X, 2)dz
—14+8b(X)

Vt, X)

the vertical mean of V, the horizontal component of the velocity. The natural energy associated to this equation is
— 1 5 1 - —
E¢, V)= 5|§|2 + E(hV7 V)a,

where | - |5 is the L? norm on R?, and (-, -)2 denotes the L? scalar product (see also Section 1.3). By derivating in time
it is easy to check that E ((8 ke, (e9,)k V) is uniformly bounded with respect to ¢. It is however not the case for H*
norms of these unknowns with s > 1, because of the commutator with the bottom parametrization which is of order

g and therefore singular if B = O(1). Now, to recover an energy uniformly bounded with respect to ¢ for the spatial
derivatives, we use the equation (1.7) to write

VY =68,V +¢R,

where |R|> < C with C independent of &. Thus V¢ is bounded in L? norm uniformly with respect to . It allows
us to recover a control of |¢|g1. For V, the equation (1.7) gives that |V? - (hV)|, is bounded by |(£9;)¢ |2 (bounded
uniformly), and taking the rotational of the second equation, one has that curl(V) satisfies a symmetric hyperbolic
equation of the form

dcurlV +V - V¥curlV =R
with
|R|;2 <C,

and with C independent of ¢, and thus curlV is uniformly bounded in L? norm. With an ellipticity argument, one
recovers a uniform bound for V in H' norm. By induction, one can recover the same bound for higher order space
derivatives.

We propose here an adaptation of this method to the Water Waves problem. The structure of the equation is im-

1

portant for this method. For example, the Water Waves equation (1.6) without surface tension (B— = 0) can be read
0

as:

1
0¢ — ;Gu,y[gé‘v Bbly =0

S\wryl? — i(Gu,y[SC,,Bb]t/f+g,qu§,Vyw)z B
8t1ﬁ+§+2|v A P 2(1+52M|Vy§|2) _o.

The equation (1.8) still has the structure of quasilinear hyperbolic symmetric systems, with as energy:

(1.8)

1 1
E@.¥) =5 (Glet, BB, ¥)2 + 5|c|%.



94 B. Mésognon-Gireau / Ann. I. H. Poincaré — AN 34 (2017) 89-118

Recall that G[e¢, Bb] is the Dirichlet-Neumann operator (see the definition in Section 1.3), and is of order one.
Therefore, ¥ is controlled by the energy in “H'/? norm”, and not in L? norm as it was the case for both unknowns of
the Shallow-Water equations (1.7). For this reason, unlike the Shallow-Water case, space and time derivatives of the
unknowns does not have the same “order”: for instance, the first equation of (1.8) states that 9,¢ is only of order 1/2
with respect to the energy, since it’s equal to Gy and v is controlled in H '/ norm by the energy. This consideration
justifies the use of surface tension in the Water-Waves equation (1.6) used. Note that we pay special attention to the
dependence of the surface tension on the existence time; it is indeed important to get a dependence on B,u and not
only on By since this weaken our assumption on the size of the capillary effects.

1.3. Notations
We introduce here all the notations used in this paper. All the notations used are coherent with [12].
1.3.1. Operators and quantities

Because of the use of dimensionless variables (see before the “dimensionless equations” paragraph), we use the
following twisted partial operators:

VY ="(dy, 7)) ifd=2 and VY =9, ifd=1
ARY = pd? + y?pd} + o7 ifd=2 and AR =32 + 92 ifd=1
VY =1(J1dy, Y /LDy, 32) ifd=2 and "1y, 3;) ifd=1
VAT = Judy + v /10y + 0, ifd=2 and Iy + 8, ifd=1
curlY =" (Jiydy — 8;, 9; — \/ILdy, dx — ¥ dy) ifd =2.

Remark 1.3. All the results proved in this paper do not need the assumption that the typical wave lengths are the same
in both direction, i.e. y = 1. However, if one is not interested in the dependence of y, it is possible to take y =1 in
all the following proofs. A typical situation where y # 1 is for weakly transverse waves for which y = /u; this leads
to weakly transverse Boussinesq systems and the Kadomtsev—Petviashvili equation (see [14]).

We use the classical Fourier multiplier
A’ =(1—=A)*/? onR?
defined by its Fourier transform as
FA'0)E) = 1+ 512 (Fu) &)
for all u € S'(R?). The operator 3 is defined as
|D|

F= T

(1.9)

where

F(f(D)u)E) = f(E)Fw)(E)

is defined for any smooth function of polynomial growth f and u € S’(R?). The pseudo-differential operator 93 acts
as the square root of the Dirichlet Neumann operator (see later (2.26)).
We denote as before by G, , the Dirichlet—Neumann operator, which is defined as follows in the scaled variables:

Guy¥ =Gy yleg, BolY =/ 1+ &2 VV {20, Pprer = (3, — VY (88) - VY D)ot
where ® solves the Laplace equation
AVHD =0
{ Qio=ec =V, InPz=—14pr =0.

For the sake of simplicity, we use the notation G[¢¢, Bb]¢ or even Gy when no ambiguity is possible.
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1.3.2. The Dirichlet—-Neumann problem
In order to study the Dirichlet—-Neumann problem (1.4), we need to map €2, into a fixed domain (and not on a
moving subset). For this purpose, we introduce the following fixed strip:

S=Rx (-1;0)

and the diffeomorphism
5e S —> &
X2 e (I +e0(X) = Bb(X))z + &g (X).

It is quite easy to check that @ is the variational solution of (1.4) if and only if ¢ = ® o X} is the variational solution
of the following problem:

{vw CP(SEHVAYH=0

¢z=0 = I/f’ an¢z=71 =0,
and where

(1.10)

P(E)) = | detJs; |5 (),

where Js¢ is the Jacobian matrix of the diffeomorphism X7. For a complete statement of the result, and a proof of
existence and uniqueness of solutions to these problems, see [12] Chapter 2.

We introduce here the notations for the shape derivatives of the Dirichlet-Neumann operator. More precisely, we
define the open set I C HO (R as:

M={I'=(¢b)e H''"R)?, 3hg>0,¥X eRY, e4(X) + 1 — Bb(X) = ho}
and, given a ¥ € F°T!/2(R?), the mapping:

r — HV2RY)
I'= (¢, b) —> Gleg, BblY.
One can prove the differentiability of this mapping. See Appendix A for more details. We denote d’ G (h, k) the

Jj-th derivative of the mapping at (¢, b) in‘the direction (h, k). When we only differentiate in one direction, and no
ambiguity is possible, we simply denote d’ G (h)yr or d’ G (k){r.

Gle, B-]:

1.3.3. Functional spaces
The standard scalar product on L2(R?) is denoted by (, )2 and defined by

(f. 8)2= / fx)g(x)dx
R4
and the associated norm | - |2, defined by

|fla= /If(X)Ide-

R4
We will denote the norm of the Sobolev spaces H*(R?) by | - | s, defined by
| flus = A" fl2

where A® is the Fourier multiplier defined above.
We introduce the following functional Sobolev-type spaces, or Beppo—Levi spaces:

Definition. We denote H°*!(R?) the topological vector space

HT R ={uel? RY, VueH RY)

loc

endowed with the (semi) norm |u/| gs1(gay = [Vut| s (ray-
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Just remark that H5+! (R9) /Rd is a Banach space (see for instance [8]).

The space variables z € R and X € R? play different roles in the equations since the Euler formulation (1.1) is
posed for (X, z) € ;. Therefore, X lives in the whole space R4 (which allows to take fractional Sobolev type norms
in space), while z is actually bounded. For this reason, we need to introduce the following Banach spaces:

Definition. The Banach space (HSk((—1,0) x RY), || gs.k) is defined by

k k
HYF(=1,0) x RY) = (Y HI (=1,0); H*TRY),  ulgsu =D |70l uls.
Jj=0 Jj=0

2. Main result

This section is dedicated to the proof of Theorem 1.2. In Section 2.1 we introduce the energy space £V used
in the Water Waves equations. This energy plays an important role in the proof of the main result, since the key
point consists in proving that this energy is uniformly bounded with respect to . We also recall in this Subsection the
method used to prove the local existence theorem for the Water Waves equation. The proof of the local existence relies
on the important assumption that the Rayleigh—Taylor condition holds; this is discussed in Section 2.2. The following
Section 2.3 states the main result of this paper, that is, the precise statement of Theorem 1.2. The last Section 2.4 is
dedicated to the proof of this result.

2.1. The energy space

The purpose of this section is to introduce the energy space used in the proof of the local existence result for the
Water Waves equations. To this purpose, we explain the strategy of this proof. We adapt here the approach of [12] to
the rescaled in time equations (2.11), pointing out where the singular terms are. We recall that we rescale the time
variable for the equation (1.5) by setting

/

1 =te.

The Water Waves equations with surface tension (1.5) in the newly scaled variables are

1
e — —Gy =0
UE

@2.11)
1 1 1 (G VY& - VYr)? 1

3z¢+—§+_|vyw|2__( I/f—i-e;; ¢ 21//) =__KV(€ﬂ§),
& 2 w200 +e2u | Vre ?) Bos eyt

where as usual, G is a shorthand notation for the Dirichlet-Neumann operator G[e¢, Bb] (see also Section 1.3).

Remark 2.1. We recall that
Ve

—,
VI+1V7eP

1
so the surface tension term that appears on the right hand side of the second equation of (2.11) is only of size —
e

Ky (§) ==V (

1
(thought at first sight it seems of size —).
€

The purpose of the proof of an existence time uniform with respect to ¢ for this equation in the newly time scaled
variables, is to get a uniform bound with respect to ¢ for a good quantity called the energy which controls Sobolev
norms of the unknowns. By a continuity argument, one can deduce a time existence independent of ¢. For the Water
Waves equation with surface tension (2.11), a natural quantity appears to act as an “energy”. If one looks at the
linearized equation around the rest state { = 0, ¥ = 0, one finds a system of evolution equations
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1 0 —iG[O,/Bb]
8;U + EAO-U = 0, with Ao« = .

1
1 — gAY 0

This system can be made symmetric if we multiply it by the symmetrizer

1
- A 0
0 LGo.pp1)”

where U = '(¢, ¥). In [2,12], G[0, Bb] is replaced by G[0, 0] in A,. Here, we cannot perform this simplification
because the error would be of size 0(5) and therefore singular since § = O(1). This suggests a natural energy of the
form

|z|2+i|w;|2+<16[0 BOIY, ¥)s.
2 B() 2 M ’ ’

The last term is uniformly equivalent to |£)31/f|% where ‘B is defined in (1.9). See later Remark 2.10 for a precise
statement. Thus, 3 acts as the square root of the Dirichlet-Neumann operator and is of order 1/2.

This energy has not the sufficient order of derivatives to have a real control of the unknowns. For instance, the
product |V¥ 1|2 in the second equation of (2.11) is not defined if v is only H!/? (R?). To recover a control of the
unknowns at a higher order, the classical scheme for this kind of method, is to differentiate the equation (2.11) in order
to get an evolution equation of the unknowns 8§,i g, 8;‘([ Y. For this purpose, we need to use an explicit shape derivative
formula with respect to the surface for the Dirichlet Neumann operator. It is given in Appendix Theorem A.4:

dG(h)Y = —eG(hw) —euVY - (hV)
with
Gy +euVre -V
1+e2u|Vre|?

See [12] Chapter 3 for a full proof of this formula. By differentiating N times the first equation of (2.11), following
the approach of [10] (see also [12] Chapter 4) one finds after some computation that, for |(o, k)| = N,

w= and V=VVy —cswV’e.

1
3,0 e + V7. (Vo Py — (=GP y —swd M)
7%
1 )
+ - > d’G@"b,...,3%b)3%y)) =R,
& JEN* I+ 41 +8=(0k)
with, for any d + 1-uplet of integers (o, k) = («1, ..., 24, k), |(o, k)| = Zle o; + k, and with the notation
V(o k) = (a1, ...,aq, k) e NeTL @b ¢ — 0% ...0%! (ed)k f (2.12)
and where, without entering technical details
1
|Ie|Ha1 S C(|§|H(£V’ |q3W|HN’ B_O)

where:
1
Vk eN, |f|§,§=|f|§,k+3—0|vyf|§,k (2.13)

and C is a non-decreasing function of its arguments which does not depend on ¢. This evolution equation can be found
by differentiating N times the Dirichlet-Neumann operator G[¢¢, Bb]¢ and thus R contains derivatives of the form

dG@he, ..., 05, 9™ Bb, ..., 3" Bb)d Y

where the shape derivatives of G with respect to ¢ have an ¢ factor that cancel the — singularity (see also the definition

of dG in Section 1.3). Finally, the only singular terms comes from the derivatives of the Dirichlet Neumann operator



98 B. Mésognon-Gireau / Ann. I. H. Poincaré — AN 34 (2017) 89-118

with respect to the bottom. Up to some extra singular source terms coming from the shape derivatives with respect to
the bottom, this equation has the same structure as (2.11), with 9@k and 9@y — gwd@h¢ playing the role of ¢
and 1 respectively (recall that (%% is defined by (2.12)). These quantities are the so called “Alinhac good unknowns”
and will be denoted by:

V@, k) =1 o =0%Rr, Yr =09y —ewd@he. (2.14)

An evolution equation for the unknown (4 ) in term of the good unknowns can be also obtained (see later Sec-
tion 2.4).

In the surface tension case, the leading order operator is the surface tension term «,,. This leads to some technical
complications. For instance, in order to control the time derivatives of «,,, one has to include the time derivatives of
the unknowns in the energy. This method has been used by [18,11] to study the Water Waves Problem with surface
tension. Time derivatives and space derivatives play a different role in this proof, and we use the notation

VkeN,  ¢w=(ed)f¢, and Y = (ed) Y — ew(ed)fc
for time derivatives, and
Va € N?,Vk € N, Lty = (€3)F0°C  and  Ygp = (89 0%Y — sw(£8,)*9%¢

such that f( ) denotes indeed the good unknown defined by (2.14) with index the d + I-uplet (o, k). See [12]
Chapter 9 for more details about how to handle the time derivative in the energy.

All these considerations explain why we do not use, for the local existence result of the Water Waves equations, an
energy involving terms of the form 8§i Y but rather the following energy:

N =B+IBV et Y Kbl + PVl @1
(a,k)eNIH! 1<|(e,k) <N

where as before (see (2.13))
1
2 2 2
|f|H; = |f|2+ Bo|vyf|2-

The choice of N is of course purely technical, and made in particular to have the different products of functions
well-defined in the Sobolev Spaces used. Again, it is very important to note that the time derivatives of order less than
N appear in the equation.

We consider solutions U = (¢, ) of the Water Waves equations in the following space:

EY, ={UeC(0,T]: H" x H*R?), N (U () € L®([0, TD}.
2.2. The Rayleigh-Taylor condition

We explained in Subsection 2.1 that the Water Waves equations (2.11) can be “quasilinearized”. In these quasilin-
earized equations, a quantity appears to play an important role. It is called the “Rayleigh—Taylor coefficient” (see [12]
Chapter 4 and also [19] for more details) and is defined by

a(§v¢)=1+5(83t+5X’Vy)ﬂ=_8%(azp)lz=6{ (2.16)

where w = (9;P)|;=¢¢ and V = (V¥ ®)|,—,, are respectively the horizontal and vertical components of the velocity
U = Vx ,® evaluated at the surface.

The condition for strict hyperbolicity of the Water Waves system appears to be the following “Rayleigh—Taylor
condition”: a > 0. This makes the link with the classical Rayleigh—Taylor criterion

iIéldf(_azP)lzzs{ >0
where P is the dimensionless pressure. See [19] for more details. Ebin [9] showed that the Water Waves problem

(without surface tension) is ill-posed if the Rayleigh—Taylor condition is not satisfied. Wu [21] proved that this condi-
tion is satisfied by any solution of the Water Waves problem in infinite depth. It is proved also in [12] Chapter 4 that
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this is also true in finite depth for the case of flat bottom. For the surface tension case, the Rayleigh—Taylor condition
does not need to be satisfied in order to have well-posedness, but the existence time depends too strongly on the
surface tension coefficient and is then too small for most applications to oceanography.

2.3. Statement of the result
We now state the main result.

Theorem 2.2. Let tg > d /2, N > to+ 19V 2+3/2. Let U = (¢°, ) € E) , b € HN V0L (RY), Let &, y, B be such
that

O<eBy=1
and moreover assume that:

Fhin > 0, 3ag > 0, 1+6t°—Bb>hyin and aU®) > ag. 2.17)
Then, there exist T > 0 and a unique solution U € Eé\{T to (2.11) with initial data UO. Moreover,

1
—=C;, and sup ENUE() =,
T 1e[0;T]

with C; = C(EN (UY), ! , i, |b| yn+1vig+1, 1 Bo) fori = 1,2.
hmin ag

It is very important to note that 7 does not depend on ¢ for small values of €. The Theorem 1.2 gives an existence
time of order ¢ as € goes to zero, if B is of order 1. We prove here that it is in fact, of order 1. Note that the topography
parameter S is fixed in all this study.

Let us now give a result for the Water Waves equation with surflace tension (1.5) in the initial time variable. The

local existence Theorem 1.1 provides an existence time of order =g o the initial Water Waves equation (1.5) with

surface tension. After the rescaling in time ¢’ = t&, the Theorem 1.1 provides an existence time of order ﬁ ~ % as
& goes to 0. Now, the main result Theorem 2.2 claims that the existence time is in fact of order 1 in this variable. It
gives then the following result:

Theorem 2.3. Under the assumptions of Theorem 2.2, there exists a unique solution (¢, V) of the Water Waves equa-
tions (1.6) with initial condition ({0, 1,00) on a time interval [0; g] where

1
—=Cy, and sup ENU ()=,
T 1€[0:T]

1
with C; = C(EN (UY),

1
, =, |bl gN+ivig+1, uBo) fori =1, 2.
ao

hmin

1
This last result gives a gain of an order — with respect to the time existence provided by Theorem 1.1. It is very

important to note that the existence time gi\fen by Theorem 2.2 depends on the constant Bou. It implies for instance
that in the shallow water limit (1 < 0), less on less capillary effects are required (recall that the capillary effects
are of order Bi). This is the reason why in the limit case u = 0 corresponding to the shallow water equations and
investigated in [5], no surface tension is needed. We discuss about the shallow water regime in the Section 2.5.

2.4. Proof of Theorem 2.2

The key point of the proof of Theorem 2.2 is the following proposition:
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Proposition 2.4. Let U® = (¢, ¥®) be the unique solution of the equation (2.11) on the time interval [0; T*¢] and

Ké= sup ENUE®)).
t€[0,T¢]

Then we have, with the previous notations:

vt € [0; T, SéV(US)(t)SCo—}—Cl(KS)(t—i-s) (2.18)

1 . .
P a—o, |b] yn+ivig+1, Bou) are non-decreasing functions of
min

where Co = Co(&,' (Ufi_y)) and C1(K®) = C1(K*,

their arguments.

Proof of Proposition 2.4. The quantity ¢ is fixed throughout the proof. We consider a solution U® = (¢%, ¥°) on a
time interval [0; T¢] of (1.5) given by the standard local existence Theorem 1.1. To alleviate the notations, we omit,
when no ambiguity is possible, the ¢ in the notation U? in the following estimates. Moreover, C will stand for any
non-decreasing continuous positive function. Let us first sketch the proof.

(i) The evolution equation for time derivatives of the unknowns is “skew symmetric” with respect to — terms: these

e
large terms cancel one another in energy estimates. This allows us to get the improved estimate (2.18) for time
derivatives:

€00 ¢ | gy + 1B(£d) Yla < CL(K)t + Co; k=0..N. (2.19)

This is proved in Lemma 2.8.
(i1) To get higher order estimates (with respect to space variables), we use the equation (2.11) to get

%G((sa»kw = (ed)* ¢ + R

where |R|H; < C1(K). By the first step of the proof, the term (ed,)F*1¢ satisfies the “good” control (2.19) in H;

norm. Since G is of order one and elliptic, this should allow us to recover one space derivative for P (£9,)* v,
with the desired control (2.18). But there is a little constraint, due to the factor BLO in the definition of the H; norm
(2.13):

1
2 2 2
|f|H(} = |f|2 + B_0|Vyf|2-
One has to use precisely the definition of the operator *J3 given in (1.9) by
|DY|

T (L + Jm DY)
and the inequality

B

M
Byl < F(Gw’ V)2

(see below (2.26)) to get that | DY |1 is bounded in H' norm by a constant depending on xBy. One can use the
same technique to control A?¢ with (£8,)*T!y in H(} norm, and recover again one space derivative for . By
finite induction, one recovers the control of the form (2.18) for () and ¥ (). This is done in Lemma 2.11.

For this proof, we choose (taking smaller time existence if necessary) 7 such that

hmin

vt € [0; T, a(z)z“—zo and  h(t)=1+ec() — pb= 7. (2.20)

The first condition may be satisfied given the continuity in time of a (see the definition of a in (2.16)) on the time
interval [0; T¢], provided that 9,a € L°°([0; T*]; Rd) (this is proved in the control of A3 below). The second condition
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is satisfied by the fact the solution ¢ lives in the space C([0; T¢]; H f0+2(R4Y), and the continuous embedding H"0 C
LOO(]Rd ) given ¢ty > d /2. This gives the continuity in time of / (note that b is also in Loo(Rd)).

Now let us prove the desired estimate (2.18) for time derivatives of ¥ and ¢ . Because of the energy space introduced
in (2.15), we want to control quantities like

i = Kol + 1 BVwil3. 1@k <N
with @« = 0. Let k be fixed. We look for the equations for the unknown

U* = Q) Ywy)-
We denote the Rayleigh—Taylor coefficient by

a=1+e¢e(d, +eV -V w.

By differentiating k times the equations (2.11) with (89, following the approach of [10] (see also [12] Chapter 4),
one finds after some computation the following result:

Lemma 2.5. The unknown Uy satisfies the following equation:

1
3 Uw + EAG[U]U(k) + BUIU) + Cx[UTU -1y =" (Rk, Sk) 2.21)

with the operators

Ay U] ° 5O
o Ul= s
a— 5V K(JrevVrOvY 0

V.VY 0
B[U]=<_ )
0o V.V

and
0 —édG(ea,g)
alul=| :
B—OSV}' ~K(k)[8ﬁvy§] 0
and where
I+ IV — V@V
Y _
MO =" e
and

KV ¢1F = -V . [d/C(vVea,;)vVF FdK(VY F)vyea,;].
The residual ' (Ry., Si) satisfies the following control:

IRkl g1 + 1BSkl2 = C1(K). (2.22)

Remark 2.6. At first sight, Cx seems to involve a singular % factor. By looking more carefully, it is not the case since
Ko [8ﬁV”§] has an ¢ factor which cancels the % term.

Remark 2.7. Let us explain why the residual has to satisfy an estimate of the form (2.22). The energy for {(), ¥ ) is
of the form

1
BV 3+ w3 + B—memﬁ.

In order to get energy estimate, we differentiate this energy with respect to time, which leads to the control of terms
of the form



102 B. Mésognon-Gireau / Ann. I. H. Poincaré — AN 34 (2017) 89-118

1
;(t’%lﬂ(k), G¥)2s (3 8wy» S -

In order to control these quantities, we replace 9;({(x), ¥(x)) by their expressions given by the equation (2.21). All
terms satisfying a control of the form (2.22) are harmless for the energy estimate, since they lead to the control of
terms such as

1
;(GW(k)»Sk)’ (&> Ri) 1

which is easily done.

Proof of Lemma 2.5. The differentiation of the first equation of (2.11) takes the form (recall that Gy stands for
Gleg, Bb]y and thus any derivative of G with respect to ¢ involves an ¢ factor):

1 1 1
(e3)5 8¢ = —G(ed) Y + —dG () OV + —dG(ed O V1)
ne ne ne

+ i Z 8'j'+"'+j”1dG((88;)'j' Coonns (Sat)jmf)(gat)lw-

&
® 15]‘1+.‘.+jm+l§k
1<l

Using the explicit shape derivative formula with respect to the surface for G given by Proposition A.4, we get that

dG((ed)* )Y = —eG((ed) Cw) — eu VY - ((ed) ¢ V),

and thus using the definition of (), ¥ «) given by (2.14), one gets the following evolution equation:

1 1
e 3¢+ VY - (Vew) — —G¥gy — —dG(ed,O) Vg1
ne nE

- L Yo TG (ed) e (0) M) (e0) Y.

&
® 1<ji+..+jm+H <k
1<i

The term dG(€0;{) V-1 is controlled in L? norm, but not in H; norm. The terms of the right hand side involve
derivatives of i of order less than N — 2 and then can be put in a residual Ry with a control (2.22), using Proposi-
tion A.5. The differentiation of the second equation of (2.11) involves the linearization of the surface tension term

1
e

The second order operator K is not controlled in H 172 norm (or | - | norm). The other terms can be put in
the residual Sy with a control (2.22). See [12] Chapter 9 for a complete proof of the evolution equation in terms of
unknowns V), k). O

() Ky (/1) = =V - K(e/mVY OV ()¢ + Koy le/EVY £1(e3) ¢ + ...

We now show that the singular terms of size 0(%) are transparent in the energy estimates for the evolution equation
(2.21). This yields the bounds announced in (2.19).

Proposition 2.8. One has the following estimate for all 0 <k < N:

18y a1 + 1BYwl2 = C2(K)t + Co,
11

» — |bl gn+1vig+1) are non-decreasing functions of their arguments.
min 40

where Co = C(EN (Uj=0)) and C, = C

Remark 2.9. An evolution equation can also be obtained for space derivatives, and then takes the form

1 -
0 U(a,b) + gAa[U]U(a,k) +BUW G + Caky = "(Ra.r)s S.k)) (2.23)
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with

oUl= ,
a— BLOVV ICCSBEVY ) + Y 1151<n AG (@D, ... 3% b)3%Y O
and

d

U(a\,k/) = Z U—ej)k + Uak-1)
j=1

with e; the unit vector in the j-th direction. This system is then non-symmetrizable with respect to — terms, and the
e

controls are not uniform with respect to ¢, due to spatial derivatives of the bottom. This is the reason why we have
to control the time derivatives first, and then use the structure of the equation to recover higher order derivatives. In
the case of a flat bottom 8 = 0, or almost flat bottom 8 = O(¢), the terms involving space derivatives of b in fla [U]
can be put in the residual and are easy to control. The proof of Theorem 1.1 as considered in [2] gives then a time
existence of order %

1
Proof of Lemma 2.8. The system (2.21) can be symmetrized with respect to main order terms of size — if we multiply
€

it by the operator

1
a— 5V -KEe/uVrovy 0
S'U] = Bo ) (2.24)
0 e,
nw
This suggests to introduce
1 1 1 VY¢
Eo =312l + 3GV ¥+ 5o (e VY0 k=0,
° u 0 /1+e2u|Vre|
Ex = (S'[UUw), U k#0. (2.25)
N
The quantity Z E} is uniformly equivalent to the energy Sév introduced in (2.15):
k=0

. 1 1 . . . .
Lemma 2.10. There exists M = C(m, [&] gio+15 |b|H,0+l, a0 K) where C is a non-decreasing function of its argu-
ments, such that

N

1

Mé‘f," <> E.<ME).
k=0

Proof of Lemma 2.1. This is proved in [12]; we give here the main steps of the proof for the sake of completeness.
(i) We start to use the following inequalities (see [12] Chapter 3):
W, %Glﬂ)z <MolByl3 and  |PyI3 < Mo(¥, iGlﬂ)z (2.26)
for all v € H '/>(R?), where M is a constant of the form C (ﬁ, [& 1 gp0+15 1B] Hy, +1)- The same inequality stands

for space and time derivatives.
(i) Thanks to the Rayleigh—Taylor condition (2.20), we have also:

Ll <lian <M1| B
M2§ _Zé‘vaé‘z_ 2{ s

with M a constant of the form C (%, K). The same inequality stands for space and time derivatives.



104 B. Mésognon-Gireau / Ann. I. H. Poincaré — AN 34 (2017) 89-118

(iii) Atlast, K(e,/uV?¢)is ad x d symmetric matrix uniformly bounded with respect to time and e,

1
716w lny = EeVVT OV . V7 Ew)2 < ML |y
where M is a constant of the form C{(K). O
Because the term Ci[U]1U *~1 which appear in the equation (2.21) contains order two derivatives with respect to

C(k—1), the time derivatives of the energies Ej are actually not controlled by the energy £~ . To overcome this problem,
we slightly adjust the twisted energy Ej for k = N by defining

Fy = e(SHUNUg-1), Uw))2 iftk=N,
=0 ifk#N,
where
1
7K (e/uVre) 0
Suy=( " :
0 dG(£d;0)
The presence of the ¢ in Fy is a consequence of the first time scaling ¢’ = t&. The matrix operator S>[U] symmetrizes

the subprincipal term Ci. One derives with respect to time this “energy”. Our goal is to have, forall 0 <k < N

%(Ek + F) < Ci1(K).
We will at the end recover a similar estimate for the energy Ej by using a Young inequality in the control of Fj by
the E;.
Control of j—tEo
One gets, using the symmetry of G:
dE 1 Ve

7=(az§»§)2+3—(

1
e VY3 { )2+ — (G, 0 Y)2 + Ay,
0 1+ e2p|Vre2 M

where, the commutator terms [G, 9;] and [é, 0;] are
VI+e2u| V7|

. EpVre -V HVE
' TRBy (T e2ulVr e )

Using the equations (2.11) to replace 9;¢ and 9,y in this equality, one can write

1
JVYE), + ﬂ(dG(sa,z)xp, V)2

dEy 1 1
d—=—(G¢,§)2——(G1/f,C)2
t 7% E
1 1 \v24 1 1 VY
+——(—§,V”G¢)2———(—§,VVGW)2
ne Bo 1+ e2u|Vr e 2 ne Bo (/14 e2u|Vye|?
+ A1+ B + By,
where

1 y 2
B == V"Y1~ GY)a,
m

_ 1 Gy Y (e0)- V) 1
AR T R )

1 .
The large terms of order — cancel one another, thanks to the symmetry of the equation. One must now control Ay, B

£
and B; in order to get the desired estimate for Ej.
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— Control of A1 Let us start with the first term of A;. We use the fact that |€0;¢| ) and [¢| ) are bounded by
C>(K), since N > 2. Moreover, since N > ty + 1, one has that V¥ ¢ € LOO(Rd) with a control by C»(K), and thus one
can write, using Cauchy—Schwarz inequality,

—( L (E2uV7E- V7 OVYE
2By (14&2u|Vre|2)3/?

1
VYE)y) = 10l 1E 1y 197 1 e
< C2(K).

To control the second term of A, we use the Proposition A.5 in the Appendix with s = 0 to write

1
Iﬂ(dG(sazé”)lﬁ, V)2l < Moledi & | o+t 1BV 2l B |2,

where M is a constant of the form C(%’ [& ] gt0+15 1] gig+1). Moreover, £0;¢ is controlled in H*! norm by C»(K),
since N > ty + 2 and thus, one has

1
%(dG(ea@)w, ¥)2| < Ca(K).
— Control of By One has to remark that V¥ is in L (R?). Indeed, one has

|Atovyw|2 = C|‘BW|H!0+3/2»

where C does not depends on . nor . Since this last term is controlled by the energy, one has that V¥ € L% (R?)
with a control by C»(K). Thus, one can write

1 y 2 Y 1 Y
|—2 (V7Y 1%, GY)al < VY| poomay— GV 2| VY ]2
14 M
< C(K).

Now, using the second point of Proposition A.1 with s = 1/2, one gets that
1
IE(IV’WIZ, G2l = C2(K)M(B/2)IBY |1

1
where M (3/2) is a constant of the form C(h—, 1S 1 gt0+15 1B gig+15 18 1 372, 1b] y3/2). Just note that the first point of
0

Proposition A.1 does not suffice here, since we want a control of %Glﬂ and not only of #Gl//. This is the interest

of the second point of this proposition: the Dirichlet—-Neumann operator G has to be seen as a 3/2 order operator in
order to be controlled uniformly with respect to (.

— Control of B, We already noticed in the previous controls that V¥¢ and V¥ were in L®(R?) with a C5(K)
control. Moreover, by Proposition A.1 with s = #y + 1/2, one gets
1
;|A’0G1//|2 < M(to +3/2)IBY | yo+1/2
< Cx(K)

and thus iGl// is in L>°(R?) with a C2(K) control. Then, we write, using Cauchy—Schwarz inequality,

By < £(|GI/I|L°°(R") + 8M|Vy§|L°°(Rd)|VVW|L°°(R61))<|Vy1/f|L°°(Rd)8|Vy§|2 + |GW|2>£|G1/f|2
<2 (K)
where we used again Proposition A.1 to control iGlﬂ in L2 norm.
— Synthesis To conclude, we proved that

dEy

— < (»(K),
= 2(K)
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which gives, by integrating in time, the following inequality:
vt € [0; T?], Eo(t) < C2(K)t + Cy
where Cp only depends on the norm of the initial data.
Control of %(Ek + Fy) for k #£0

We deal here with the case k = N (if k < N, there is no term of order more than N that appears in the derivative of
the energy). Recall that for k = N, we have

Ex + Fr = (S U, Ugy)z + e(S* U0 g1y, U2
Therefore, by derivating in time, and using the symmetry of S![U] we get
d
T B+ F) = (S'UWw, U2 + &S WUy, Uy )2
+ ([0 S'UN Uy, Uy) 5 + 3 (S*UNU =), Uiz
We replace 9; U by its expression given in the quasilinear system (2.21). One gets

d 1
E(Ek + Fo) = (S'[UUw), _EAO’[U]U(]() — BlUIUg) — CklUIU-1))2

1
+ (S UNUG-1), _EAU[U]U(IC) — BlUIUg) — ClUIUx-1))2
+ ([0 S'UNUw). Uwy), + @ (SHUNW g—1)), U2
+ (S'UIUw, " (Sk, Re))2 + (S UTU g1y, " (Sk, Ri))2-

1 .
Thanks to the symmetry, the large terms of size — cancel one another, i.e.
€

1
g<8‘ [U1U), Ay [U1U k)2 = 0.

This is fundamental and based on the fact that the evolution equation for the unknown Uy is still symmetrizable with
respect to % terms. Again, it is not the case for the evolution equation in term of spatial derivatives Uy r). Then, the
commutators between Uy, and subprincipal terms of Ci, which are not controlled by the energy (mainly because of
the order two operators) also cancel one another, because of the choice of F. More precisely, one gets

—(S'UUw, LU g—1)2 — (SPUNU g -1y, As [UTU )2 = 0.
One can also check that

e(S*UWUG-1), ClUIU(k-1))2=0.
To conclude, we proved that

d
E(Ek+Fk)=A1+A2+A3+A4+BI+B2+B3+B4+BS+367

where ([3,, S! [U]]U(k), U(k))2 = A+ Ay 4+ A3z with
1

A= ﬂ(dG(earé“)l/f(k), VK2,
1
Ay = 3B (3t (K(b"\/ljvyf))vyf(k)» Vyf(k)) ,
0 2

1
Az = 5((3zﬂ)§(k), Ly)2-

The term (3, (S*[U1Ug—1), Uky)2 = Aq is given by
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1 1
Ay = ;(83z (dG(E ) (W1 Yk)2 + B—O(Saz (K(k)[\/ﬁvyﬂé(k—l)), $y)2-

We denote the terms coming from the evolution equation contained in —(S llyu ) — B[UU))2 by

1
By = (=VV" - {4y, aluy)2 — B—O(VV(Z' V), K(JiweVr )V £1)2

and
1
Bs=—(V - V", ;ka)
and the term —&(S*[U1U -1y, BIUIU))2 is

V-V7¢1))a.

1 1
By = —Sﬁ(dG(atf)llf(k—l)’ V-V7Yay)2 — 3—08(/C(k)[ﬁvy§]§(k—1),

Finally, the residual terms (S1 [UlU, "(Sk, Ri))2 + e(Sz[U]U(k_l), (S, Ry))2 which are the most easy terms to
control are denoted by

B3 = (Rg, ag))2,

1
By = +8;(dG(3t§)W(k71), Si)2 + e [V £18k-1), Ri)2

and
1
Be = (S, ;Glﬂ(k))z.

We then need to control all these terms by a constant of the form C,(K) in order to get the desired estimate. These con-
trols requires bounds for quantities such as dG (h, k) or G, which can be obtained by the use of Propositions A.1,
A.3 and AS.

— Control of A1 Using Proposition A.5 with s = 0, one gets

|$(dG(83t§)1//(k)a V)2l < Moled; & | o B I3
=C(K)
since N >ty + 2.
— Control of Ay We start to check that 9, (K (e,/itVY ¢)) is bounded in L®(R?) by C5(K):

262 uNY -,V CIld — 2 (VYL Q@ VY9, + VY Q VY L)

3 (K(e/uV’t)) = (14 &2u|V7|2)3/2

3(1+&2uV7¢)Pld —e*uVre @ V7 ¢)(2e2ud, VvV s - VY ¢)
2 (14 &2u|Vre[2)5/2 '

Because of the energy expression given by (2.15), one has that V¥ ¢ € L®(RY) (since N > 19+ 1), €9, VY ¢ € L®(R?)
(since N >ty + 2) and thus we get

10 (K (/LY )| o (mty < C2(K).

Thus, one can write

1 1
E(@ (K (e/BVY )V S, V”C(k))z < Cz(K)B—OIVyéT(k)l2

= C(K).
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— Control of A3 We prove that
10;a| oo (ray < C2(K).
Recall that
a=1+¢e(d +eV-VHw.
By derivating with respect to time, one gets
da=(0)’w+ (€d)V - V'w+ V-V (ed)w.
We need to use an explicit expression of the horizontal and vertical component of the velocity at the surface V and
w here:
Gy +epuVye -V

, d V=VVy — v’e.
Tteuvrgp 0 4 LEVIYmenvie

w:

If one takes brutally the €9; and (e 9;)? derivatives of these expressions, one has to deal with terms of the form

d*G(()’Ov, d*G(edit, 0,00,  dG (i) (ed ),  G(ed) .
For the first and second terms, we use Proposition A.6 with s =9+ 1/2 to get
d>G(€0: ¢, e,V | o < Mo *1(€00)C 1701 I1BY | o112
< C2(K)
since N > ty + 3. For the third term, we apply the same result to get
1dG (e8;5)(0:) | o < Mop™*ed,¢ | g1 1Bed W | g2
There is a bit more work to achieve in order to control the term B9, v/ | 1p+1/2. We write, noticing that N > to +3/2,
[Bed ¥l o< D> Bed oyl
BeN4,|BI<N—1

< ) B +Bewlph

BeN?,|B|<N—1
using the definition of ¥4 k) given by (2.14). Using the fact that |3 f|> < Cu’1/4|f|H1/z, we get
IBedr ¥l yro12 < Z [Bp.la+ 1 elwip ] e
BeN?,|B|<N—1

< Y Bt u elwl o CaK)
BeN?,|B|<N—1

where we used the Sobolev estimate | fg|1/2 < C| f|gyw|glg1/2 to derive the last inequality. At last, we use Proposi-
tion A.1 with w (see the remark at the end of this proposition) and with s =y + 1/2 to get

IBed, V| yro+1/2 < Z BV nlo + e 2 M (to + DIBY | i1 C2(K)
BeN? |B|<N—1
< C(K)

and finally we proved
ldG (e0:5) (€0 ¥) | gro < C2(K).

It remains |G (£9,)% V| g% to be controlled. We use Proposition A.1 to write, with s =19 4 1/2,

|G (e8| o < W/ * M (g + DI (3)*Y | o

and we use the previous technique to prove that |£I3(88,)2w| o+l < C2(K).
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Combining all these results, one can control all term of d;a in L* norm by C,(K), and one get the desired result:

|ata|Loo<Rd) < CQ(K)

It is now easy to get

1
|5 (@), Cw)al < C2(K) [Ewyl3
< C(K).

— Control of A4 The fact that we get an £9; derivative here, and not only a 9, derivative is essential here. The first
term involves terms of the form

dGCH) Yy, w2

with j,I < N and the Proposition A.5 with s = 0 allows to control them by C2(K). The second term of A4 involves
BLOVJ’;(;{) and ¢ terms, which are controlled in L? norm, and other L terms (see the control of A, for example).

There is no other difficulty than computation, to control A, by C2(K).

— Control of By The control of the first term requires a classical symmetry trick. We write, by integrating by parts,
V-V 8wy, 08(@))2 = = (§(@)» V7 - (a8 V)2
=~ V" - (aV)¢@))2 — @) aV - VI i@)2
and thus one gets
1
V-V @), 8@)2 = =5 G V7 (V) @)
We can use the same technique as in the control of A3 to get
V7 - (@V)] ooty < C2(K)
and we then get that

(V- V7§, a8(@)2l < IVY - (@V)] ooy | St 3
< 2 (K).

It is the same trick for the second term. Using the symmetry of K, we write
1 1
B—O(KVV (V7 8w), K(e/ VY OV E1y)2 = B—O(VV (V8w K(e/ VY OV - VY $1y)2

and, by integrating by parts,
1 1
B—O(KVV (V78w K(e/ VY )V Ery)2 = —B—O(V’/E(k), V7 (K(ey/mVY VIV Ek))2

1
— B—O(V’/ Sy, K(e/ VY OV VY - (VY )2

1

= _B_O(Vyéf(k)’ VY (K(e/uV VIV L)z

- BLO(KVV “(V7¢w), K(e/ VY E)VY $i1y)2
and thus
BLO(ZVV (VY8 K(e/mVY VY S))2 = —ﬁ(vyé(k), VY (K(e/uVY OVIVY Egy)2.
We can then use the same type of computation as for the control of A to show that

V7 (K(e iV V) € L®([RY)
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with a C(K) bound, and finally we get, by Cauchy—Schwarz’s inequality

1 1
|B—0(zvy (VY 8wy), K(e VY )V Caal < cz<K>B—O|VV;(k>|2
< C2(K).

— Control of By For the first term, we write

1 1
V-V Y, —dGEh D) Yu-) = 73 Vo, (1+ /il DY |>1/2(z;dc(eat)m_n>

\v2%
NCESVm)

and we deduce with Cauchy—Schwarz inequality that this quantity is bounded in absolute value by

1
|V 0 mw(k)|2(;|d6<saf¢)w<k_n|2 + w3 MAG(e3,:8) | i)

We now use Proposition A.6 to control this term by C2(K). The second term of B; is controlled by using Cauchy—
Schwarz inequality.

— Control of B3 We use the control |al;~gey < C2(K) and the control over Ry given by (2.22) to get, with
Cauchy—Schwarz inequality

|(Rie, al(iy)2| < lalpooway [ Ricl21E w0 |2
< C2(K).

— Control of B4 It is a direct use of Cauchy—Schwarz inequality and Proposition A.5, and the control over Ry and
Sk given by (2.22).

— Control of Bs To control this term, we use a direct application of Proposition A.7 to write

1
(V- VY Y, ;GW(k))2| < M|V B |3
< C(K).

— Control of B¢ We use Proposition A.3 with s = 0 to get

1
| (Sk, ;Gl/f(k))2| < nMo|BSkl2 1BV |2
=G (K)
where we used the control over S; given by (2.22) to derive the last inequality.

— Synthesis We proved that

%(Ek + Fi) < C2(K)
and thus we get by integrating in time:
Vi€[0;T°1, (Ex+ Fr)@) <Ca(K)t+ Cy
where Cp only depends on the initial energy. It is easy to get that
|Fr] < C2(K)e
and thus
Vie[0;T°],  Ex(t) < Co(K)(t +¢) + Co.

Thanks to the equivalence between Ej and the initial energy for this problem 5§ , introduced for Theorem 2.2 by
(2.15), proved in Remark 2.10, we conclude to the desired result:

Vie[0; T*LYO<k <N, [{lg + BVl < C2(K)(t+e)+Co ]
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The Proposition 2.8 gives the desired estimate of the form (2.18) for time derivatives (more precisely, for [ y1 +
"By )l2). We want to recover the same estimate for space derivatives, using directly the equation (2.11). To this
purpose, one has to make precisely the link between the H' norm of P/ and the H! norm of (1. This is the
point of the following lemma.

Lemma 2.11. For all 0 < |x| < N, one has:

BV @0l + @i lg = CLK)(E + &)+ Co
where Cqy only depends on the initial energy of the unknowns, for all0 <k < N — |«/|.
Proof of Lemma 2.11. The proof is done by induction on |«|. For |e| = 0 it is the Lemma 2.8.

Assume that the result is true for |o| — 1, with |o| > 1. Let 0 <k < N — |«|. We start to give an evolution equation
in term of unknowns (o k) and Yy k):

1 1 _ .
Wiy +V -V lar) — —G¥ak) — — § dG@"Bb, ..., 3" b, d™M e, ..., " e0)D Y
re e (2.27)

1 1 -
W Viah) + V-V Ui+ k) — S—BOV’/ KV OV Sk + K le/ VY E18 (.10 = Sk
where the summation in the first equation is over the index (i, j, I1,...,1lj,my,...,m;, 8) satisfying

L<i+jlli+...+Li+m+...+mj|+8=|a| +k.

We used the notation
k) = C@tys - -+ Sy Sk—1))
with@/ =a — e j» where e denote the unit vector in the j-th direction of Rd, and where

IBSkl2 < C1(K).

This system is very similar to the evolution equation (2.21) in term of unknowns ), ¥ ), except that the space
derivatives of the bottom b appears from the derivation of G, and the same goes for the space derivatives of ¢ in the
derivation of the surface tension term «,,. Now, using (2.26), one can write:

1 1
BV nl3 + |§(a,k)|§1; < CI(K);((GW(a,k)a VYiek))2 + (al(a.k) — B—OV”/C(\/ESVVC)V’/C(a,k), L(@,)2)

We now use the evolution equation (2.27) in order to express Y (q k) and ¢(q k) With respect to time derivatives plus
over terms of size &:

BV @.l3 + |§(a,k)|%1; < Cl(K)<83tC(a,k) +eV -V ¢
1
S— ZdG(B” Bb, ..., 0% Bb,d™Mer, ..., 0M )%y, w(o,,k)>
12 2

e -
+ <—83ﬂﬂ(a,k) —eV -V — B—O/C(Oé, k)Y £18 (k) + Sk, C(a,k)) . (2.28)
2
Let us control the first term of the r.h.s. of (2.28). One has to express this term with respect to B (g k). To this
purpose, we assume for convenience that a! £ 0 (recall that || > 1). One computes:
[(€0rS(.kys Viah))2l = 10 Cirr1) s Yiwk))2 ]
=10 U1y, 0 Y(.))2|
< (Ca—er k)| 11DV [, 1) )2

_ |+ ymDYpt2
1
(1+J_B_O|Dy|)

y |DY|
1+ ID" D (a—ey k+1) 72 Vien
2

VB ) I+ /D))
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Now, remark that

(1+ J/mIDY /2

C (B
D)) < C(Bon)

1

(1 + |

where C(Bou) is a constant that only depends on Byu (recall here that 0 < y < 1 and the definition of | DY | given in
section 1.3). It comes:

(€0 8(ak)> Yiwh)2 = CLIE) S (@—er k4 D) ) BV @b 12
< (C1K) (@ + &)+ Co) BVl

where we used the induction assumption to control |{(g—e;,k+1) |H;, since |¢ —ep| < |a| — 1.
For the control of the third term of the r.h.s. of (2.28), one can prove, using Proposition A.5 that for j # 0, one has
(see also [12] Chapter 4 for details):

1
—@dG@"Bb, ..., 0" Bb, 0™ L, ..., M L)Y, Yiak)2 =R
w

with

R < Ci(K).

For j =0, we use again Proposition A.5 to write:
1 ) .
;(dG(allﬁb, e AT BB Y, Yak)2 < CL(K)Y BB pyto-..10" Bb o B 1o | BV b |2-

Now, recall that b € HN+1Vo+! Tn order to prove that this last term is controlled by C(K)(# +¢) 4+ Cop, one computes,
using the definition of ¥(4) given by (2.14):
1B’V l2 < [Bs)l2 + elBwis |2
= 1BYe 2+ elwlgolge | g

where we used the identity |8 f|2 < | f|y1. Now, the Proposition A.1 gives |w| < u¥/*C; (K)IBY | y1g+3/2. One can
use the induction assumption, because the term (5 only contains spatial derivatives of y of order less than |o| — 1
due to the fact that i > 1 (the only term with spatial derivative of order |«| of ¥ that appears in the system (2.27) is
GV (qa k) One gets:

|B% Y2 < C1(K)(t + &) + Co,
and finally

@G@"Bb, ..., 8" Bb, d™ e, ..., 3™ L)Y, Y k)2 < (CLK)( + &) + Co) [B¥(@pl-

Now, we focus on the most difficult remaining term of (2.28), which is (—€0;¥/(«,k)» {(a,k))2- One uses the definition
of Y(a.x) given by (2.14) Y.y = 3% (ed,) Y — ewd® (£3,)*¢ to write:

[(€0: ¥ (k) S k))2] = 1001 W (w—er k+1)> S@,k))2 + (€O1W) E(@—e k1) — (€01) (€W (w,k)» C(ar,k))2]

1+ mIDrp'/? 1
< [PV @—erk+n 2I( (1 + —=ID"D&.hl2 +eC1(K).
(a—e; ) 1+\/LB—O|DV| VBo (k)

We now use the induction assumption to control "B y—e, k+1)l2 by C1(K)( 4 ¢) 4 Cp, and the identity

(1+ J/mIDY /2
1
1+ —5IDYD

where C(Bou) is a constant that only depends on Bpu. One gets:

= C(Bou)

1€V (@h)s E(aby)2] = (CLK)( + &) + Co)(I + 8wk ))-
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To conclude, we proved:

Vi’ + @by < (C1E)E +8) + Co+ [Van |2 + 1@l

and one can use the Young’s inequality to get the desired estimate, and the Lemma 2.11 is true at rank |¢|. O

According to the definition of EéV(U) given by (2.15), there is a remaining term to be controlled: it is [Pr| i+3/2.
The control can be done as follows: let rg be such that 7o + 3/2 <rg < N — 1. We have, for all r € Nd+1 |r| = ro,
1B Y2 < PYnl2 + &l Pwd ¢ |2

with the definition of (. The first term of the right hand side is controlled by previous estimates. For the second
term, we use again the same technique as in the control of A4 to write

[B" |2 < CL(K)t + Co+ep™ Hwd ¢ | s
< CL(K)t+ Co+ e Hwl gigr121¢ | v
< CL(K)t + Co+ e A 1By g
< C1(K)t + Co+eC1(K).
The result then comes from the identity
BV | o3z < 1BV o SIBY L2+ D 1B Yl
[rl=ro

Finally, we proved
ENWUY@0) < Co+ CLK) (@ +¢)
for all ¢ in [0; 7], which ends the proof of Proposition 2.4. O

We can now prove Theorem 2.2 by constructing an existence time for all solutions U? of the system (2.11), which
does not depend on ¢.

Proof of Theorem 2.2. We define

1

g=———.
2C1(2Co)

Let fix a € < gg. Let us consider

T} = sup{r, U® exists on [0, ¢] and ENW® (1) <2Co, 1+ €£(t) — Bb > hunin/2, a(t) > ag/2 on [0, 1]}.

t>0
We know that T exists and that U®, solution to (1.5) exists on [O, Tg*]. The Proposition 2.4 gives the following
estimate:
EUHW) <Ci(K)(t+e)+Co Vtel0,T)].

We then consider

To inf{1, hmin}-

~ 2C1(2Co)

Let us show that Tp < 7. Suppose T < Tp. First of all, let us prove that the condition over the height 1 + ¢ — Bb
is satisfied. One can write for all 0 <t < Tj
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t

(I+es—=pb)t) =1 +e¢ —Bb)0)+ / 0:(1 +¢e¢ — Bb)(s)ds
0

= (1+el = Bb)(0) —1 S}:)P]Iar(l + &8 — Bb)|poora)
sel0t

> (I+e¢ — pb)(0) —1C1(K)

> hmin — ToC (2Co)

- hmin

-2
One can do the same for the Rayleigh—Taylor condition a(f) > “70. Now, for the energy condition, we would have for
allt € [0, TF]:

Ea(UF) (1) = Co+ C1(K)(t + )
1

<(C C1QCN(TF + ——
< Co+ Ci( 0)(8+2C1(2C0))

1
C C1(2Co)(Tq _—
< Co+ C1(2Co)( 0+2C1(2C0))

<2Cy

using the monotony of C and the definition of 7,*. We can therefore continue the solution to an interval [0, fg‘] such
that

E (U1 =2Co, Vi e[0,T7]

which contradicts the definition of 7. We then have Ty < T}*.
Conclusion: the solution U¢ exists on the time interval [0; Ty]. O

2.5. Shallow Water limit

We discuss here the size of the existence time for solutions of the Water Waves equation (1.6) when the shallowness
parameter © goes to zero. This regime corresponds to the Shallow Water model:

3¢+ VY- (hV)=0

" _ _ (2.29)
WV +Ve+e(V-VHV=0

where h = 1 4+ ¢ — b is the height of the Water. Using the existence time given by Theorem 2.2, one can deduce eas-
ily the following long time existence result for the Shallow Water problem, proved in [5], in the case of an irrotational
initial condition:

Theorem 2.12. Let tg > d /2, and N > 1o+ 1oV 2+ 3/2. Let (V. &) € HY RY)*! be such that curl(V o) = 0. Then,
there exist T > 0 and a unique solution (V, ¢) € C([0; %]; Hiot! (Rd)d“) to the Shallow Water equation (2.29) with
initial condition (V, ¢o), with

1 _
—==Cy, and sup |(¢, V)(t)|Hfo+1(Rd)d+l =

T 1€[0; 1]

where C; = C(ﬁ, [(¢o, ‘70)|Ht0+1 (Rd)d“) is a non-decreasing function of its arguments.

The result of [5] can therefore be understood as a particular endpoint of our main result, if the initial data \70 is
irrotational. For the general case, one should prove a large existence time for the Water-Waves equation with vorticity
(see [13]). It is important to notice that the time existence provided here for the solutions of Shallow Water equations
does not depend on the bathymetric parameter 8.
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Proof._ Let us fix ¢ > 0 during all the proof. We also set By = 1. We define y¢ by V¥ 1//0 =V (which is possible
since V is irrotational). We recall that Theorem 2.2 gives a solution U* = (¢#, ¥*) to the Water Waves equation
(1.6), with initial condition (&g, ) on a time interval [0; %] with

1
7=C0 and s 3T IRYE g gk =Co (2.30)
te[0; 51 (, k)| <N
where C; = C(é’év(UO), ﬁ %, [D| ggv+1vig+1, 4 Bo) is a non decreasing function of its arguments.
We now need an asymptotic expansion of V¥¢* and Gy* with respect to the vertical mean of the horizontal
component of the velocity V = V¥ ® in shallow water:

Gyt =—uV? .- (h*V*) and V7yH*=V"+ uR, (2.31)
3¢
— 1
with |R| ;+1 < Ca (recall that N > tg 419 vV 2 4 3/2 with to > d/2) and VH = i / V*(z)dz. For a complete
—148b

proof of this latter result, see [12] Chapter 3. Now, we take the first equation of (1.6), and the gradient of the second
equation of (1.6) and we replace Gy* and VY y* by the expressions given by (2.31). The surface tension term
is of size u since B = M- One can check that we get the following equation, satisfied in the distribution sense of

D'([0; T] x RY):

M+ VY - (WHVH)

A _ (2.32)
VHE 4 eVE.VYVI L VYl =puR

with |R|,n+1 < Ca. It is then easy to show that the sequences (\_/“)M and (¢*), are bounded in wlee([o; %];
Ht1(R)), using the bound given by (2.30). Therefore, up to a subsequence we get the weak convergence of
(VH, g%, and (¢*), to an element (V, ) € C([0; L]; HoFI(RY)4H), with (V, £)(0) = (V, &o). The weak con-
vergence of the linear terms of the equation (2.32) does not raise any difficulty. Since H0!(R?) is embedded in
CHRY), we also get the convergence of the non-linear terms in the equation (2.32). Finally, the limit (V, ¢) satisfies
the Shallow Water equations (2.29) in the distribution sense of D’([0; %] X Rd). The uniqueness is classical for this
kind of symmetrizable quasi-linear hyperbolic system, and is done for instance in [20] Chapter XVI. O

Let us give a qualitative explanation of this latter result. We recall that Proposition 2.10 claims that

1 1
2o BYl2 = (0, -Gy = Mo By 13

where
B DY |
~ (L+./mIDYDI2

and therefore -G acts like an order one operator with respect to . The idea of the proof for Theorem 2.2 is to get a
“good” energy estimate for time derivatives:

P

1 1
Elazmlﬂlz + §|at§|2 =C(K)re+ Co

and then use the equation to recover the same estimate for space derivatives. Using the first equation 9,;{ = iGw,

and the ellipticity of the order one operator -G would only provide us a gain of half a space derivative for ¥ (we
already have an estimate for 3y where 3 is of order 1/2). This is why we need surface tension which provides an
additional estimate for Blo |0; VY ¢ |2, which leads to recover exactly one space derivative in the estimate of ¢. In the

shallow water regime, using (2.31), one gets that iGlﬂ ~ —=VY . (hVY ) as u goes to zero. Therefore, when pu goes
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to zero, LGy goes to an order one operator with respect to V = V? . | Therefore, if one has a “good” estimate for
time derivatives like

1 1 —
§|at§|2 + §|81V|2 <Cte+Cy

with C independent of ¢, one can recover, using the first equation, a “good” estimate for V7 - (V)._Using the second
equation to get the same good estimate for curlV, one can recover exactly one space derivative of V in the estimates.
And therefore, we does not need surface tension in this case. Moreover, the surface tension term of size BLO =u

vanishes as p goes to zero.
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Appendix A. The Dirichlet Neumann operator

Here are for the sake of convenience some technical results about the Dirichlet Neumann operator, and its esti-
mates in Sobolev norms. See [12] Chapter 3 for complete proofs. The first two propositions give a control of the
Dirichlet-Neumann operator.

Proposition A.1. Let tg > d /2,0 <s <ty +3/2 and (¢, B) € Hot' N HSHTV/2(RY) such that
Jhg > 0,VX e R, e2(X) — Bb(X) + 1 > hy.

(1) The operator G maps continuously H*+1/? (RY) into H*~'/2(R?) and one has

GV a2 < 12/ M (s + 1/2) 1BV |1,
where M (s + 1/2) is a constant of the form C(%, [E 1 gto+15 1B gig+15 1 [ gs172, Bl gs+172).
(2) The operator G maps continuously H3THRYY into HS™V/ 2(Rd) and one has
|G| gs—12 < uM (s + D)IBY [ gs+172,
where M (s + 1) is a constant of the form C(%, 1S 1 gpto+15 1B gig+15 1 L gs1s [D] gs+1).

1 Another way to see it is that in the limit u — 0, J3 must be seen as a first order operator (8 ~ | DY |) and the control of B+ gives the control
of a full derivative of .
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Gyr+epVY -V y

el alvi P (vertical component

Moreover, it is possible to replace G by w in the previous result, where w =
of the velocity U = Vx ,® at the surface).

Remark A.2. In all this paper, we consider the Water-Waves problem in finite depth. This is crucial for all these
regularity results on G. For instance, in the linear case { = b = 0, the Dirichlet-Neumann operator is | DY | tanh(| D7 |)
in finite depth, while it is | D?| in infinite depth. The low frequencies are therefore affected differently.

Proposition A.3. Let ty > d/2, and 0 <s <ty+ 1/2. Let also ¢, b € H’0+1(Rd) be such that
Jho > 0,VX € R, 1 4+ £2(X) — Bb(X) > ho.

Then, for all 1, ¥» € H*TV/2(RY), we have
(A'GY1, AY)a < uMolBYri | s Bl ms,

where My is a constant of the form C(%, [E] gro+15 1B] grg+1)-

The second result gives a control of the shape derivatives of the Dirichlet—-Neumann operator. More precisely, we
define the open set I C HO P (RY)? as:

I={=(b)e HT'®R)H?, 3hy>0,VX eR?, e0(X) + 1 — Bb(X) > ho}
and, given a ¥ € F°T!/2(R?), the mapping:

r s H‘Y_I/Z(Rd)
' =(¢,b) —> Gleg, Bbly.

We can prove the differentiability of this mapping. The following theorem gives a very important explicit formula for
the first-order partial derivative of G with respect to ¢:

Gle-, B-1: (A.33)

Theorem A4. Let tg > d /2. LetT' = ({,b) € " and € H32(RYY. Then, forallh e HOtLRY), one has
dG(h)y = —eG(hw) —euVY - (hV),
with
Gy +euVye -V
1+e2u|vre|?

w= , and V=VVy —eswV’e.

The following result gives estimates of the derivatives of the mapping (A.33).

Proposition A.5. Let to > d /2,0 <s < to+ 1/2 and (¢, B) € HOF'(R?) such that:
Jhp > 0,VX e R, e2(X) — Bb(X) + 1 > hy.
Then, for all ¥, Yo € HTYV2RY), for all (h, k) € HOF(R?) one has

J
[(A°d/ G (h, k)i, A*Y2)| < Mo ]_[ |(hm, Bkm)| o+t BY11s I Pvals,

m=1

where My is a constant of the form C(%, 1S ] gro+15 1B] gig+1)-
The following proposition gives the same type of estimate that the previous one:

Proposition A.6. Let tg > d /2 and (¢, b) € HF! be such that
Jhp > 0,VX e R, e2(X) — Bb(X) + 1 > hy.
Then, forall 0 <s <ty +1/2,
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J
147 G (h, )W | 12 < Mop™* [ T 1@, B g1 1B 115

m=1

The following commutator estimate is useful (see [12] Proposition 3.30):

Proposition A.7. Let tg > d /2 and ¢, b € Ht2(R?) such that:
Jhg>0,VX e R, e2(X) — Bb(X) + 1 > hy.
Forall V.e HOPV (RY)? and u € H'/*(R?), one has

1
(- V7w, 2 Gu) < MIY |10 [Bul3,
where M is a constant of the form C(%, [& 1 gio+25 1B] gig+2)-
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