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Abstract

We show the everywhere differentiability of viscosity solutions to a class of Aronsson equations in R” for n > 2, where the
coefficient matrices A are assumed to be uniformly elliptic and C L1 Our result extends an earlier important theorem by Evans
and Smart [ 18] who have studied the case A = I, which correspond to the co-Laplace equation. We also show that every point is a
Lebesgue point for the gradient.

In the process of proving the results we improve some of the gradient estimates obtained for the infinity harmonic functions. The
lack of suitable gradient estimates has been a major obstacle for solving the C La problem in this setting, and we aim to take a step
towards better understanding of this problem, too.

A key tool in our approach is to study the problem in a suitable intrinsic geometry induced by the coefficient matrix A. Heuris-
tically, this corresponds to considering the question on a Riemannian manifold whose the metric is given by the matrix A.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
For any open set 2 C R” with n > 2, we consider the Aronsson equation:

Aplul(x) = (Dx(H(x, Du(x))), D, H(x, Du(x))) =0 in £, (1.1)

where the Hamiltonian H is given by H(x, p) = (A(x)p, p). We denote the set of all uniformly elliptic matrices A
of order n by .27 (£2). Our main result is the following theorem.
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Theorem 1.1. Assume A € &7 () N CHL1(Q). Then any viscosity solution u € C() to the Aronsson equation (1.1) is
everywhere differentiable in Q.

In order to show the robustness of the methodology, following Evans—Smart [18] we also show that every point is
a Lebesgue point for the gradient.

Observe that when A is the identity matrix of order n, the Aronsson equation (1.1) becomes the infinity Laplace
equation:

n
Aot 3= Yttty =0 in Q. (1.2)
i,j=1
G. Aronsson [1-4] initiated the study of the infinity Laplace equation (1.2) by deriving it as the Euler-Lagrange
equation, in the context of L°-variational problems, of absolute minimal Lipschitz extensions (AMLE) or equiva-
lently absolute minimizers (AM) of

inf[esssuplDu|2 ‘ue Lip(Q)}. (1.3)
xeQ

Employing the theory of viscosity solutions of elliptic equations, Jensen [20] has first proved the equivalence between
AMLEs and viscosity solutions of (1.2), and the uniqueness of both AMLEs and infinity harmonic functions under
the Dirichlet boundary condition. See [26] and [6] for alternative proofs. For further properties of infinity harmonic
functions, we refer the readers to the paper by Crandall-Evans—Gariepy [13] and the survey articles by Aronsson—
Crandall-Juutinen [7] and Crandall [12].

For L°°-variational problems involving Hamiltonian functions H = H (x, z, p) € C 2(9 x R x R"), Barron, Jensen
and Wang [8] have proved that an absolute minimizer of

Foo(Ut, 2) = esssup H (x, u(x), Du(x)) (1.4)
xeQ
is a viscosity solution of (1.1), provided the level sets of H are convex in p-variable. Recall that a Lipschitz function
u € Lip(R2) is an absolute minimizer for Z, if for every open subset U € Q2 and v € Lip(U), with v|yy = ulyy, it
holds

L9‘00(”5 U) S t%\()O(‘Uv U)

See [15,5,21,22] for related works on both Aronsson’s equations (1.1) and absolute minimizers of .%,. Recently,
Bjorland, Caffarelli and Figalli [9] (see also [11]) studied the infinity fractional Laplacian, that is, the L°°-variational
problems associated to non-local Hamiltonian functions.

The regularity for infinity harmonic functions (or viscosity solutions to (1.2)) has attracted great interest re-
cently. When n = 2, Savin [27] has showed the interior C l-regularity, and Evans—Savin [17] have established the
interior C! %-regularity. Wang and Yu [29] have established the C'-boundary regularity and, moreover, they have
also extended Savin’s Cl—regularity to the Aronsson equation (1.1) for uniformly convex H(p) € CZ(RZ) [28].
When n > 3, Evans and Smart [18,19] have established the interior everywhere differentiability of infinity harmonic
functions, whereas Wang and Yu [29] have extended this to the boundary differentiability. For the inhomogeneous
infinity Laplace equation, the everywhere differentiability has been shown by Lindgren in [23]. In this paper, we
extend the Evans—Smart [18,19] differentiability result to cover also the case of the Aronsson equation (1.1) for
A e/ (Q)NCH1(Q) and n > 2. The result is not merely a straightforward generalization of the known theory, since
there are several new difficulties in running the arguments.

The Evans—Smart method heavily relies on a linear approximation property proved earlier by Crandall, Evans and
Gariepy [13]. This result states that the difference quotient, corresponding to the differentiability condition, has a
convergent subsequence. Then one needs to show the uniqueness of the limit to conclude the result. A linear approx-
imation property also holds for the Aronsson equation (1.1); see Lemma 4.1 below. Lemma 4.1 was first proved by
Yu [30] for some general Hamiltonian functions H (x, p); later a proof was given in [22] when H (x, p) = (A(x)p, p)
based on an intrinsic geometry induced by the coefficient A.

For showing the uniqueness of the aforementioned limit, we need to establish certain gradient estimates. The stan-
dard approach has been to study the e-regularized equation. After introducing the coefficient matrix, the regularized
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equation does not necessarily have smooth enough solutions for the standard Bernstein type arguments which rely on
differentiating the equation. In order to overcome this obstacle, we need to approximate the coefficient matrix, too.

We can prove the estimates required for the convergence results only if the coefficient matrix is close enough to
the identity. As we want to consider the general case, we need to use a blow-up argument to reduce the problem to
studying merely such matrices. This requires a careful analysis of the final reasoning for the differentiability result.

Finally, the introduction of the coefficient matrix into our gradient estimates causes several technical difficulties not
present in the case of the co-Laplace equation. The equation includes terms with partial derivatives of the coefficient
matrix. In order to control these new terms, we need to establish a series of new estimates.

In the process of proving the gradient estimates we are also able to improve the earlier estimates for the infinity
harmonic functions by Evans and Smart, see Theorem 3.3 below. The lack of suitable gradient estimates has been a
major obstacle in solving the C** problem for the co-Laplace equation [17]. We aim to take a step towards better
understanding of the problem also at this front.

As a final remark we would like to point out an interesting question related to the assumption A € C1!. Already
making sense of the equation (1.1) requires the coefficient matrix to be at least C'. In the classical theory, on the
other hand, this sort of higher regularity results are typically based on perturbation arguments which require the
coefficient to be, say, Holder continuous. In our setting this corresponds to assuming A € C'**. Now it is an interesting
question whether the regularity assumption in Theorem 1.1 can be relaxed and, in particular, whether it holds for
instance for merely A € 7 (Q) N C!(R). As proved in Lemma 4.1, the linear approximation property only requires
Aed(Q)NCKQ).

2. Preliminaries

First of all, recall that the coefficient matrix A = (a'/ (¥))1<i, j<n is called uniformly elliptic if there exists L > 0
such that

L7 p®> <(A(x)p. p) <L|p|>, x€Qand p e R". (2.1)

Recall also the definition of the Hamiltonian

n
H(x, p)={(A(x)p, p) = Z a’(x)pipj, x € Qand peR". (2.2)
i, j=1

In this section, we will describe a regularization scheme of the Aronsson equation (1.1). Let’s recall the definition
of viscosity solutions of the Aronsson equation (1.1).

Definition 2.1. A function u € C(R) is a viscosity subsolution (supersolution) of the Aronsson equation (1.1) if, for
every x € Q and every p € C 2(2) such that if u — ¢ has a local maximum (minimum) at x then

Anlel(x) = (=) 0. (2.3)
A function u is a viscosity solution of (1.1) if u is both viscosity subsolution and supersolution.
For € > 0 and a uniformly elliptic matrix B € <7 (2) N C*°(£2), set the Hamiltonian function Hp by
Hg(x,p)=(B(x)p,p), x€Qand p e R".

We consider an e-regularized Aronsson equation (1.1) associated with B and Hp:

(2.4)

—AGHB [u€] := —Ap,[u] — ediv(BVu¢) =0 in ,
u¢ =u on 0%2.

For (2.4), we have the following theorem.

Theorem 2.2. For € > 0, B € o/ (£2) N C®(R), and u € C%V(Q), there exists a unique solution u¢ € C*(Q) N C(R)
of the equation (2.4).
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Proof. Consider the minimization problem of the functional of exponential growth

Ce = inf{Ie[v] ::/exp (éHB(x,Vv))dx | v GKG},
Q

where K¢ is the set of admissible functions of the functional Z, defined by

K = [we W“(Q)|/exp(éHB(x,Vw))dx <400, w=uon BQ].
Q

Note that since u € K¢, K¢ # 0. Let {u,,} C K¢ be a minimizing sequence, i.e., lim Z.[u,] = c.. Without loss of
m—0o0

generality, we may assume that there exists u¢ € K¢ such that u,,, — u¢ uniformly on 2, and Du,, — Du€ in L7 ()
for any 1 < g < +o0. Since Hg(x, p) = (B(x)p, p) is uniformly convex in p-variable, by the lower semicontinuity
we have that

® [ (e Hp(x, Vu©))* e

1
Ie[bte]=/exp(gHB(x,Vue))dx=Z/ o

Q k=0g
00 —1 k
€ "Hp(x,Vu
<liminf ) /( 5 (5 Vum)”
m—00 k!

1
= liminf/ exp (—HB(x, Vum)) dx =liminfZ [u,,] = ce.
m— 00 € m— 00
Q
Hence ¢, = Z¢[1€] and u€ is a minimizer of Z, over the set K. Direct calculations imply that the Euler—Lagrange
equation of u€ is (2.4). The uniqueness of u¢ follows from the maximum principle that is applicable for the equation
(2.4). The smoothness of u€ follows from the theory of quasilinear uniformly elliptic equations, and the reader can

find its proofs in the papers by Lieberman [24] pages 47—49 and [25] lemma 1.1 (see also the paper by Duc—Eells
[16]). O

Note that any viscosity solution u € C () of the Aronsson equation (1.1) is locally Lipschitz continuous, i.e. u €
CIOO‘Cl (R2) (see [10] and [22]). Since we consider the interior regularity of u, we may simply assume that u € coL(Q).

Now we will indicate that under suitable conditions on A, any viscosity solution u € C%!() of the Aronsson
equation (1.1) can be approximated by smooth solutions u€ of e-regularized equations (2.4) associated with suitable
Hp’s. For this, we recall that for any A € &7 (2)N C11(Q), itis a standard fact that there exists {A} C A (QNC®(RQ)
such that

@ [ Ac]lcrig) = 2[A] e g forall € > 0.
(i) Forany @ € (0, 1), Ac = A in cl*(Q)ase—0.

Theorem 2.3. For any A € <7 (Q2) N CY1(Q) with ellipticity constant L < 25 (see (2.1)), let {Ac) C 7 (2) N CX(RQ)
satisfy the properties (i) and (ii). Assume that u € C%(Q) is a viscosity solution of the Aronsson equation (1.1), and
{u€} C C® () N C(Q) are classical solutions of the e-regularized equation (2.4) on 2, with B and Hp replaced by
Ac and Hpy, respectively. Then there exists a constant 8o = 60(S2, || All L (q)) > 0 such that if || DA|| =) < 8o, then
u€ — uin Cp) ().

Proof. From Theorem 3.1, we have that for any compact subset K € €2,
|| Due ”C(K) E C(dISt(K’ aQ)7 ”u“C(ﬁ)v ”A€ ”CI’I(Q))

< C(dist(K, 0. llulle(g)- ||A||C.,1(Q)), Veso.

0,1

This implies that there exists a it € Cy,

(2) such that, after passing to a subsequence,
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u — i in CP (). (2.5)
Since {A.} satisfies (i) and (ii), there exists €p > 0 such that for any 0 < € < g, itholds that || A¢ || 1> @) < 2|AllLx (@),
and the ellipticity constant L. of A, satisfies L, < 21, Let 80 > 0 be the constant given by Theorem 3.2 and assume

5
IDA| L) < 70' Then there exists 0 < €1 < €g such that || DAl ~q) < 8o for any € < €;. Thus Theorem 3.2

below is applicable to u. for any 0 < € < €] and we conclude that there exist y € (0, 1) and C > 0, independent of
0 < € < €1, such that

[u€ (x) — u(xo)| < Clx —x0|”, Yx € Q, xo €9Q. (2.6)
From (2.5) and (2.6), we see that
i (x) —u(xo)| < Clx —xo|”, ¥ x €Q, xo €.

This implies that # € C() and i = u on Q. By the compactness property of viscosity solutions of elliptic equations
(see Crandall-Ishii—Lions [14]), we know that & € C(Q) is a viscosity solution of the Aronsson equation (1.1) asso-
ciated with A and Hy4. Since &t = u on 9%, it follows from the uniqueness theorem of (1.1) (see [10] and [22]) that
i = u. This also implies that u¢ — u in C&C(Q) fore - 0. O

3. A priori estimates

Motivated by [18,19], we will establish some necessary a priori estimates of smooth solutions {u€} of the equation
(2.4) associated with { A} satisfying (i) and (ii), which is the crucial ingredient to establish everywhere differentiability
of viscosity solution of the Aronsson equation (1.1).

In this section, we will assume A € .27 (2) N C® (L), and u¢ € C®(Q) N C(R) is a solution of the e-regularized
equation (2.4) with B and Hp replaced by A and Hy4.

3.1. Lipschitz estimates
We begin with the following theorems.

Theorem 3.1. For u € CO\(Q) and A € &/(Q) N C®(RQ), assume u¢ € C®(Q) N C(Q) is a solution of the
€-regularized equation (2.4), with B and Hp replaced by A and Hy. Then we have the estimates

max |u€| < max |ul, (3.1)
Q Q

and for each open set V € Q, there exists C > 0 depending on n, L, ||u||c(§), dist(V, 0€2), and ||Allc1.1(q) such that

max |Duf| < C. (3.2)
\%4

Proof. The estimate (3.1) follows from the standard maximum principle of the equation (2.4). For (3.2), we proceed

as follows. To simplify the presentation, we will use the Einstein summation convention. Denote u{ = a‘i» us, ufj =
1

) b - 3
—Bx?Bx/' u®, a' as the (i, j)th-entry of A, and a;’ = aixka” . Recall that

. . ”
Aglu€l= Za’ku,iufjaﬂu; + ak]ufu;akeuz.

Taking % of the equation (2.4), we obtain

. . . . . _ p .
2a’kuiufjsaﬂuz + 4a§kuiufjaﬂu2 + 4a’kuisufjaﬂuz + akjsufu;auuz + Zak] ufsuj-akeu;
+af ufuSastuf + o)l ufuSauf + e div(ADuS) + e div(A; Duc) = 0. (3.3)

Set

; ; mj ij
Gs, = 4a’mufjaﬂu§ + 2a, /ujakeuz + ak/ufuj-ak’", (3.4)
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and

. ik 24 ij 24 ij 24 .
Ff:=4a! u,iufjaf uy +a; ufuj-as u —l—akxufuj-a uy + €div(A;Duc). (3.5)

Define the operator L, by

n
Lev:=2a"uv;;a’tus + Z G vy + € div(ADv). (3.6)
m=1

Then (3.3) can be written as
—Le(uf) = Fy. (3.7)

Set v€ = %lDu€|2. Then

n

n
€ _ € € € _ € € € €
vf = ugug; and vy =Y [ugu; +uug],
s=1

s=1
so that by using the equation (3.7) we have
n

€ __ ik e € € jl € € € ij € €
Lev —E [Za Uplgug;a’ g +ugLeug + €a usiusj]

s=1

n
=2|D2u€ADuE|2—i—Z[ea’./‘ue-u6 —u$Fy]. (3.8

Sisj
s=1

Set z€ := %(ué)z. Then by the equation (2.4) we have

n
ik i ik it . ij
L.z¢ =24 uiufjuea/ uy +2a' u;ufu;a/ uy + E Gous,u® + eu div(ADu®) + ea’/ufu;
m=1

=2(Du€, ADu¢)? 4+ € (ADu®, Du€) 4 u¢ A% [u€]
+4u6aimufnufjaﬂu2 + 2uea,'("'/ujak€u2ufn

=2(Du€, ADu€)? + e(ADu¢, Du)
+4u€ (ADu€, D*u€ ADu®) + 2u€ ((Du€, DADu®), ADu®),

where (Du€, DADu¢) is interpreted as the vector ({Du€, Ay Du€)); with A being the element-wise derivative of A.
Choose ¢ € C;°(£2) such that

¢=1inV, 0<¢p <1,
and, for 8 > 0 to be determined later, define the auxiliary function w¢ by
w€ = ¢*v¢ + Bz°.
If we attains its maximum on 9€2, then
2

supv€ < supw®(x) < max w = max w® = = maxu”,
7 7 o) Q 2 Q

hence (3.2) holds. Thus we may assume w*® attains its maximum at an interior point xo € 2. This gives
Duw* (x0) =0, D*w (x0) <0,
so that

—Lew(x9) = —(Zaiku;aﬂuz + eaij)wfj > 0. (3.9)

X=X(
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On the other hand, from (3.8) and (3.9) we have that, at x = xq,
0< —Lew(x%) = —Le(¢*v) — BLZ

= —¢?LevS — BLezS — v Lep? — 8¢pa‘ku Caltul qb,Zur] us 46¢Z¢l“””m; us,

m=1

:|:—2¢2|DZM€ADME| — € Za” ug;us; —2(Duf, ADu¢)? —E,B(Due,ADue):|

Jom

— [4ﬂu6(ADuE, D*u€ADu¢) + 2ﬁuéa,'{njueue akZuZ]

|:8¢alk eajzuz(blzur] r+46¢2¢lauum] m:| +¢ Zu FE v L (¢ )

m=1 s=1

=11+12+13+14+15-

We estimate Iy, - - -, I5 as follows. Since (&, A) > %|<§|2 for all £ € R", we have

—2¢°|D*u ADu‘ > — €¢ Za” u;us; — 2B(Du’, ADu)? — eB(ADuc, Du¢)

s=1
21192,€ 2 €222 2B ca
< =2¢°|D“u* ADu®| —Zq‘) | D ut| —ﬁ|Du |”.
Applying Young’s inequality, we can estimate /5 by

I = —4Bu*(ADu*, D*u* ADu®) — 2pua" uSus,a* uf
<4B1u||ADu¢||D*u ADu¢| + C|Duc|?
< B*PID*u ADu ' + C|Du|* + C(B).

where we have used (3.1). Henceforth C > 0 denotes constants depending only on n, L, [|Allc1iq), llull @) and
dist(V, 9%2).

Similarly, by Young’s inequality we have

n
ik j€
Iy = —8¢aufal uie; S ulus 4€¢Z¢t g ity

r=1
<84(AD¢, Duf) - (Duf, D%ﬁADu ) +4e<AD2u€Duf, D)o
< C|D*u ADu¢||Du‘|>¢ + Ce|D*u Duf|¢
1
< 21D ADU P2 + —— | D*uc|?¢> + C|Duc|* + C.
8 16L
For 14, by using 0 < € < 1, we have

]4_2[4¢2 € tkukulgjaﬂ +¢2uea]l(]ue eake us
s=1

+ ¢2u€a§],ufujakluz + 6¢2u§ div(AsDue)]

|D2 €ADu2¢* + C|Duc|* + g P*IDM P+ C.
Finally, for /5, we have
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Is = 2véaikui(¢2)ijajguz + 4v€aik(¢2)kufjaﬂu2 + 2v¢q) (¢2)iu;ak5u§

+vq ufusat (¢?); + ev® div(ADg?)
< C|Du|* + C|D*u¢ ADu||Du|*¢ + Ce|Duf|*
< é|D2u€ADuf|2¢2 +C|Duf* + C.
Combining all these estimates with (3.9) yields that, at x = xo,
262 D2uf ADu |2 + %gbzuﬂuﬂ2 + %ﬂmuer‘
< D2 ADu 2¢? + C|Duc |* + CB*3| D2u ADuc|*? + &¢2|D2u6|2 +CB),
so that
|D*u€ ADu‘ |*¢* + %ﬁwufr‘ < C|Duf* + CB*3|D*u ADu |* + C(B).
We may choose $ > 1 sufficiently large so that

L
L2
Multiplying both sides of this inequality by ¢* and applying Young’s inequality implies
L
L2

|D*u¢ ADu€ |*¢* + — | Du€|* < CB*3|D*u¢ ADuc|* + C(B).

1
< 5|D%fADuf|2¢>6 +C(B).
Hence we have
|Duc [*¢* <cC.
X=Xx(

This finishes the proof, since v¢ = %lDu6 |2 attains its maximum at x°. O
Next we will establish the boundary Holder continuity estimate of u€.

Theorem 3.2. With the same notations of Theorem 3.1, assume that in addition L < 21/4 Then there exist 8o > 0,
€0 >0, y €(0,1), and C > 0 depending only on 2 and || A|| (g such that if | DA| (@) < 8o and 0 < € < €, then
[u€(x) —u(yo)| < Clx —yol”, yo €9, x € Q. (3.10)

Proof. To show (3.10), assume for simplicity that yg = 0 € 92. Define w(x) = A|x|¥, where A > 1 is chosen such
that

—w~+u(0) <u<u(0)+ wonad.

This is always possible, since u is Lipschitz. Now we claim that w is a supersolution of the e-regularized equation
(2.4). In fact, direct calculations imply

] ) )\2)/2aikxkaj(3x(Z XiX: 8
ik . je __ 7" Ak A _ Ll )
@iy e @) = =Ty | = r

2 2
3.3 (x, Ax) .3 3 {x, A%x)
_)“ V (2’ )/) |x|8_3y }“ y |x|6_3y

2 —
- A3y3 L2V |37 =4 — A3y3L2|x|3”_4

2 —
—23y3 < L2V _ L2> |37 4.
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~ - . 1 .
Note that we can choose y > 0 so that y := ZL—Z” — L% >0, since L < 2. Next we estimate
ij ke ij ke, XitjXe
—a; (D)w; (w; (0)a" Owe(x) = =23y a) (v)a (x) L
|x|6 3y

> =Y Al o @) I DAl oo gy 1177 7
Finally, for the regularization term we can estimate

XiXj
x|+

Xi

R .
—ediv(ADw)(x) = —exa’y —L— —exaVy(y —2) IS
X

x| 27

> —erLy(n+y —2)x|" 7% = 2eAny [ DA| oo g X7 7.

— ey
eAyaj

Putting these estimates together, we have

— A% [w] = 22337 1x Y = W33 Al Loy | DAl Loy 1x 17 7 = 2eALy (n 4y — 2)|x|7 72
—2eany || DAl oo g lx|” !
> 23391 = 233 Al Lo 1D Al Loy 1x 13 2 — Celx P74

Set
min
80:=8(R,A) =

If [DA|lL>(q) < o and € > 0 is sufficiently small, then we have y € (0, 1) that

— Ay [w] > 0.

By the comparison principle, we conclude that w + u(0) > u€ in . Similarly, we have —w + u#(0) > u€ in Q. Thus
we obtain

lu€(x) —u(0)| < Alx]Y, x € Q.
This completes the proof. O

3.2. Flatness estimates

In this section, we will prove refined a priori estimates of the e-regularized equation (2.4) under a flatness as-
sumption. Assume u€ € C*°(£2) N C(£2) is a smooth solution to the e-regularized equation (2.4) associated with
A e d(Q)NC®(Q).

Theorem 3.3. Assume B(0,3) C Q. Forany 0 < A < 1, if A € & () N C*®() satisfies A(0) = I,, and

IDAl (B0, 3) + ID*AllL B0, 3y < A, (3.11)

and if u¢ € C*°(RQ) is a smooth solution of (2.4) that satisfies

max |u€(x) — x,| <A, (3.12)
x€B(0,2)

then there exists a constant C > 0 independent of € and A such that

|Du€ (x)|? <u(x)+ CA"?  forall x € B(0, 1). (3.13)

Proof. Set ®(p) := (|p|*> — pn)3 = max{|p|> — p,. 0}*. Let ¢ € CS°(B(0, 3)) be such that
¢ =11in B(0, 1), ¢ =0 outside B(0,2), 0<¢ <1, and |D¢| < 2.
Define
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vé = 2D (Duf) + B(u€ — x,)* + A|Duf .

Applying Theorem 3.1, we have
|u€| + |Duf| < C in B(0,2).

If 1?(%)2})2() v€ is attained on 9 B(0, 2), then by (3.1), (3.11), and (3.12) we have
max Ve (x) = max (BWE —x)* + A Duc?) < A% 4+ Cr < Ca,

and hence

max (|Du‘|* — us

)+ < max ®(Du) < Cx
B(0,1) *n B0, 1)

so that (3.13) holds. Therefore we may assume that v¢ attains its maximum at an interior point xo € B(0, 2). If

(I1Du|* — ug) (xo) <0, then ®(Duc)(xo) = 0 and

max ®(Du) < max v (x) = v (xp) < v (x") < ,B)LZ Cr<Cx
B(0,1) B(0,1)

so that (3.13) also holds. So we can also assume
(IDuf* = ut) (xo) > 0.
To estimate v€(xp), let L and Fy be given by (3.6) and (3.5). We need to compute L v€ at x0. Using
Ag[u€]+ ediv(ADu¢) = 2a’kuku aﬂuz +a,lclu€ 6akeuz + ediv(ADu®) =
we obtain
—Le((u€ = x)?) = —4a’ ufu;a’ uf (u — x,) — 4a™ uga’ u§ u§ — 8i) (U — 8n)
- 8a’k(uk - Skn)u- alt uy(u€ — x,)
— 4a) (uf — Sinyua*uf (u€ — x,)
— 2a”u6u6ak€(u( — 8o (W€ — xy)
—2eW® — x,)div(ADu® — ADx,) — 2¢(Du® — e,,, A(Du€ — ey))
= —4((Du®, ADu) — a™* f) —2e(Du — e,, A(Du‘ — ¢,))
— Saik(ui — Skn)ufafeue(u — Xn)
- 4a,l(] (u§ — rS,,,)LtE keuz € —x,)
+2a”u6u€au§gn(u —Xn) —i-ZeZa’”(u Xn)

i=1
=h+DLh+J3+Js+J5+ Je,

where we denote ¢, = (0,...,0,1).
Applying (3.12) and Theorem 3.1, we have by straightforward calculations that

|J3] < CA|D*u€ ADu¢|,
and

| Jal, |J5| = CA,

as well as

|Jo| < Cen.



J. Siljander et al. / Ann. 1. H. Poincaré — AN 34 (2017) 119-138

Since || DA|| L~ < A and A(0) = I,,, we have |A — I,| < CX on Q2 and hence

|(Duf, ADu®) — a™u| > || Duf|* — us| — |(Du®, (A — I,) DuS)|

n—1
— |a”" - 1‘|u,,| - Z ’a"kuﬂ
k=1
> || Duf)* —uf| — Ch.
Hence we have that
Ji = —4((Du€, ADu) — a"™uf)2 < —4||Du > — u§|* + Ci..
Since (&£, A&) > L|E|2 we also have
Jr < —%|Dué - e,,|2

Combining all these estimates on J;’s, we have

2
—Le(w€ = xp)?) < —4(1Du|* — ug)2 — f|Du€ —en)? + Cr(1 + | D*u ADuc)).

Moreover, similar to the proof of Theorem 3.1, we have

n
—LE(|Du5|2) =2|D*u¢ ADu¢? +€Z a”ue us; — uiFf)

si’sj
s=1
€
> 2|D*u*ADu|)? + Z|D2u€|2 — C|D*u¢ ADu¢||Du‘|> — C|Du‘*
€
> |D*u* ADu€|> + Z|D2uf|2 -C
Next we need to estimate L (¢2®(Du¢)). First recall

Le(®(Du)) = 2a™*uSa’ ul(® (Duc))ij + € div(AD(®(Duc)))

(4a” ¢ aﬂ €+ 24, Jufa“uf +a ]zfufaks)(GJ(Due))g

129

(3.14)

(3.15)

As explained earlier, we may assume | Du€ 12> us, at x% € B(0,2). With this assumption we have at x = x¥ that

n
(@ (Du)), = 2(|Du 2 — u) (22:4,;:4; - u;s),
k=1

and
(®(Du));; _2<22uwuY —us )(2214”143 —u, )

2(1Duf? — uf, (22(u”uv ) = uy ).

Hence we obtain that, at x = xq,

LE(GD(Due))=4a’ku€a’5u§<22uw us )(2214” u )

4(1Du P — uf)a™ uga’tu E(zz%usﬁ“w D~ usy)
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(3 - ) o5
+26(|Duc P - u (ZZ(u” uS; + u;u S)—um,)
+2ea (1DucP — <2Z”u Us — )
2(1Duc? — uf) ZG;, (ZZuimui - ”Zm>
=da"uja’t G(ZZMW Uy — "1>(2Zu” s TH )
8(1Ducl® —up)a’ uga’tu (Zu ;)

2(1Duf | — u;)(zzugLe(u@ _ Lg(u;))
s=1
=K1+ Ky+ K3+ K4+ Ks. (3.16)

Here Gy, is as defined in (3.4). Now we estimate K1, ..., K5 separately as follows. For K, we have
2
K = 4[2(Du€, D2 ADuU) — (D", ADue)] ,
where (D2u€)" denotes the n'-row of D%u€. For K5, we have
Ky =8(|Duf > — u)|D*u¢ ADuc %,

For K3, we have

K3 > —Z(ZZMMMS —uj, ) .

i=1 s=I

For K4, we have
K4 > 4I€(|DME|2 - uZ)|D2uE|2.

From (3.7), we have

n
Ks=2(|Duc|? — u;)(Zm;F; - F,f),
s=1
so that we can apply Theorem 3.1 to estimate
|Ks| < (IDuc > — u€) (CAID?u ADuf| + ﬁw%ﬂz +C2).

Putting these estimates into (3.16) gives
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€
Lo (®(Du)) > 8(1Duc 2 — u;)(wzquDuﬂ2 + —|D2u€|2>

AL
2
+4[2(Du€, D2u€ ADuS) — (D*u)", ADuf)]

(2214”145 —u, )

i=1 s=1
—CA(|Du6|2 —u€)|D*u ADuf| — Ch. (3.17)
It follows from (3.17) that
Le(*®(Duc)) = ¢*Le (D(Du)) + (Du)L(¢7)

+4a™*uSalluf ppi (®(Duc)) ; + 2epa’ ¢; (d(Du));

> 8¢ (|1Duc > — u)| D*u¢ ADu¢ | + ®(Du) L (¢°)
2
+ 4¢2[2<Du6, D*u ADuS) — (D*uc)", AD:f)]
2
- da*uSal uSpepy (S (DuY); + ¢ Z(zz s — us,)

i=1 s=1
+2e¢pa’l §; (®(Duc)); — CM)Z[I + (IDuf 2 = u)| D2u ADuf |].
It is easy to see that
ILe(¢%)] = ‘ZaikuiajeuZ(d)z)ij + ediv(AD?)

ue](i sj e kt e ij € € ks 2
+(4a u;;a +2a u;as uy +ag ujusa (¢ )S

< C|Du‘|* + ¢|D*u ADu| + Ce
< ¢|D*uADu‘| +C,
so that
®(Duf)|Le(¢?) < (IDuf* — u)2(¢| D*u* ADuf| + C).
By Young’s inequality, we have
4a™uSalluf pgi (® (Duc))
=8a'*u eaﬂl,th)q),~(|Due|2—u (ZZquus—u )
= 8a™ uS p; (| Du P> — u) - (2<Du€, D2 ADuU) — (D", ADuf))
2 2 2 2
<4¢ [2<Duf,D U ADuUC) — (D ue)",ADue)]
2
+ 16[<D¢,ADuf>(|Duf|2—u; ] .
Thus by Theorem 3.1, we obtain
2 . .
4¢2[2(Duf, D*u€ ADu¢) — ((D*u®)", ADLﬁ)] +4a*ufal uSpdi (O (Du));
2
> ~16[ (D¢, ADu )| Du 2~ u)|

> —C(|Duc|* — uf)2.

Similarly, by Young’s inequality, we have that
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2epa’l ¢ (D (D)) ; = degpa'l gy (1Duc — uf) (ZZ sjus —u )

2 € 2
< CelDP(1Du P —uf)? + 297 37 (23 ukjus —uy )

which gives

(22% u ) —2e¢all gy (D(Du))

i=1 s=1
> —Ce|Do|*(IDu’|* — uf)2
—Ce(|Du€|2 —uf)2.
Putting all these estimates together and applying Young’s inequality, we conclude that
Le(¢*®(Duc)) > 867 (1Duc|* — u) | D*u ADu | — C(IDuf|? — uf)2
— (IDuf* — u§)2(¢| D*u ADuc| + C)
— CA(IDuf|* — u) | D*uf ADu® |¢* — Carg?
> —C(|Duf? —u)® — C(IDu > — u)* — CA(|Du|? — u’) — Crg?
> —C(|Duf? —u)? — CA(|Duc > — uS) — Ch. (3.18)
Combining the estimates (3.14), (3.15), with (3.18) yields that, at x = xo,
0 < —Le(v) = —Le(¢*D(Du)) — BLe (€ — x4)*) — ALe (|1Du )
< C(1Dus P — us)’ + Cr(I1Du > — uS) + Cr

— 4B(1Du P — us)2 — 28

— | Du — en|” + CBA+ CBA|D?u ADu|
+ 2x( — |D*uf ADuc)? — E|D2uf|2 4 C).

Thus we have that, at x = xg,

@B — O)(1Du > — u$)2 + 24| D*u ADuc|* + %E |D2uc|?

< CA(IDu* — u&) + C(1 + P)A + CBA|D*u ADuc|.

Choosing f > C and applying Young’s inequality, we obtain

B(1Du* — uf)2 < Ca+ 28
Thus we conclude that, at x = xg,

(IDu* —us)2 < Ch.
This completes the proof. O

4. Differentiability

This section is devoted to the proof of Theorem 1.1. In order to do it, we need some lemmas. The first lemma
is the linear approximation property, which was proved by Yu for some general Hamiltonian functions H (x, p) (see
[30] Theorem 2.9 and Remark 2.11); later a proof based on the intrinsic distance was given in [22] Theorem 6 for the
special case H(x, p) = (A(x)p, p). Below for reader’s convenience, we sketch the proof of Lemma 4.1 based on the
intrinsic distance and [22].
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Lemma 4.1. Ler A € o7 () N C() and u € C%1(Q) be an absolute minimizer of Foo with respect to A in Q. Then
for each x € Q and every sequence {r;}jeN converging to 0, there exists a subsequence r = {rj, }reN and a vector
e;.r € R” such that

U@ +rjy) = u()

lim  sup —{(ex.r, )| =0, “4.1)
k=00 yep(0, 1) 7 ji

and H(x, e; ) = LipdA u(x). Here
da’ y—=Xx dA (x, Y)

and

da(x,y) :=sup {w(x) —w(y): we %) satisfies H(z, Dw(z)) <la.e. z € SZ}

Sketch of the proof of Lemma 4.1. Without loss of generality, assume x = 0 € Q and u(0) = 0. We also assume
Lip, Au(O) > 0, since the case Lip, Au(O) =0 is trivial.
For any fixed rg € (O, da(0, BQ)), assume that r; 1 <r; <rgforall j. Foreach j € N, define

1
uj(y) = IM(ij), Aj(y)=A(rjy), y € B(0, r;lro),
j
Ao(y) =A0), yeR",

and

Hj(x, ) =(A;j(0)&, &), x e B(0,r;'r), £ eR".

Also let d; denote the intrinsic distance d ; corresponding to A .

Recall that by [22] Lemma 15 there exists uqo € WL (R") and a subsequence {r, }xen Of {r;};en such that u j,
converges to U, locally uniformly in R”, and weak® in W1 ®(R"). Moreover, by [22] Lemma 19 that there exists a
vector e € R” such that

Uoo(x) = (e,x), x e R", and Hoo(e)( = H (0, e)) =Lip; ucc(0).

From this, we conclude that

1
sup | —u(rjy)—f(e, y)|= sup |u;;(»)— (e, )= sup |uj(y) —us(y)|—>0
yeB©O,1) Tji yeB(0,1) yeB(0,1)

as k — oo, and Hy(e) = LipdA 1(0). This completes the proof. O

Given a pair of functions A € .27 (Q) N C(R) and u € C%1(Q),and a pair of 0 £ r € R and xg € €2, we define

Agr () = Ao + 1), ttzgr () = 0 ryr T g = (@) o).

Similarly, for any xo € € and any non-singular matrix M € R"*", we define

Ao () = A(xo + My), ury m(y) =M~ (ulxo + My) — u(xo)),

for y € Qo m := M~H(Q\ {x0}).
The following scaling invariant property of absolute miminizers of %, is a simple consequence of change of
variables, whose proof is left for the readers.

Lemma 4.2. For any xo € Q, r # 0, and a non-singular matrix M € R, if u € C%(Q) is an absolute minimizer
of Foo, With respect to A, in , then uy, , is an absolute minimizer of F oo, with respect to Ay, r, in Qx,.r, and Uy, m
is an absolute minimizer of Foo, with respect to Ax, m, in Qxy M-
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We also need the following lemma, which was proved in [19].

Lemma 4.3. Forbe S" ' and n > 0, if v € C2(B(0, 1)) satisfies
sup  |v(x) = (b, x)| <,
x€B(0,1)

then there exists a point xo € B(0, 1) such that

| Du(x0) —b| < 4.
Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. For every point xq € 2, we will show that there exists a vector Du(xg) € R" such that
lu(xo +h) — u(xo) — (Du(xo), h)| = o(|h]), YV h e R". 4.2)

From Lemma 4.2, we may assume that xo = 0, u(xg) =0, and A(xg) = I,. By Theorem 4.1, in order to prove (4.2),
it suffices to show that for every pair of sequences r = {r;} and s = {s;} that converge to 0, if

. 1
lim  sup —u(y) —(a, y)|=0 4.3)
J=>yeB(0,3rj) ¥j

and

) 1
lim  sup —fu(y)— (b, y)|=0 4.4)
k=00 eB(0, 3s5¢) Sk
for some a, b € R", thena=b.
Since H (0, a) = (a, a) = (b, b) = H(0,b) = Lip,, u(0), we have |a] = |b|. We prove the above claim by contra-
diction. Suppose that 0 # a % b. Then, without loss of generality, we may assume that a = ¢,,. For, otherwise, let M

be a nonsingular matrix such that Ma =e,. Set v(y) = %ﬂ]ﬂw and X(y) = A(J]a|MT y)M. Then by Lemma 4.2

v is an absolute minimizer of %, with respect to A. It is clear that (4.3) holds with u and a replaced by v and e,
respectively.

Since |b| = |e,| = 1 and b # ¢,,, we have

0:=1—-b,>0.

Let C > 0 be the constant in (3.13) and choose A > 0 such that
0
7
Choose r € {r;} such that

=

Ch

1 A
sup - —[u(y) — yal < (4.5)

yeB(,3r) T 4
and
1/5
o €1 < (AWE, §) < H5—IE1%, x € B(0,3r), £ €R",

(4.6)

+72| D2 < Lmin{8(B(0, 3)),1},

r” DAHLOC(B(O,S)) A”LOO(B((),S)) =3

where §(B(0, 3)) is the constant given by Theorem 3.2. ~ ~
For x € B(0,3), let A(x) = A(rx) and @(x) = Lu(rx). Since DA(x) = r(DA)(rx) and D*>A(x) = r*(D*A)(rx)
for x € B(0, 3), it follows from (4.6) that

mslEl < (A00g.6) < B2 (62, x € BO.3), £ R,
”DX”LOO(B(OS)) +| DZX”LOO(B(OS)) = %min {8(B(0, 3)),2}.
Let A. € o7 () N C>(R) such that
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(1) HAE ’|C|1(3(03)) =< 2’\|_’|AHCL}(B(O,3)) for all € > O,
(i) forany0 <o <1, Ac — A in CH¥(B(0, 3)) as € — 0.

Then there exists an €g > 0 such that for € < €g
~ 1/4
o617 < {Ac)g, §) < HE-IEl, x € B(0,3), § eR", W
~ 2 ~ . .
||DA€ ||L°°(B(O,3)) + ”D Ac ||L°0(B(0,3)) = mm{(S(B(O, 3)). )‘}~

Let &€ € CO1(B(0, 3)) be the unique solution of (2.4) associated with Ze and H i with u and Q replaced by u
and B(0, 3) respectively. Then, by Theorem 3.2, we have that 1€ — ¥ uniformly in B(0, 3). By Lemma 4.2, i is an
absolute minimizer of %, with respect to A. From (4.5), we also have

- A
sup |u(y) — ynl < T
yeB(0,3)
Hence there exists € € (0, €g) such that for all € < €,
~ A
sup [i(y) = yn| = 3 (4.8)
y€B(0,3)
Setting 5 = sx/r. Then we have
. |
lim  sup = [u(y)— (b, y)|=0.
k—00yeB(0,357) Sk
Choose n = 4% and pick s € {5}, with 0 < s < 1, so that

|
sup = [u(y) — (b, y)I <
yeB(0,s5) S

NS

By Theorem 3.2, there exists €7 > 0 such that for all € < €,

yeilzg ; % i€ (y) — (b, y)| <n.
Applying Lemma 4.3 to %'IZG (s-), we can find a point xo € B(0, s) such that
| DT (x0) — b| < 4,
which, combined with |b| = 1, yields
o (x0) < by +4n <1644,
{ | DU (x0)| > 1 —4n.

From (4.8), we can apply Theorem 3.3 to conclude

4.9)

~ - - 0
|Dfuwfs@@w+cwﬂs@uw+z.

This, combined with (4.9), implies that
0
(1—4p* <1 —0+4n+
so that
6 <12n+ 0 < 0
= n 4 = 21

this is impossible. Thus a = b, and there is a unique tangent plane at O and « is differentiable at 0. The proof is
complete. O
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5. Lebesgue points of the gradient

In this last section, we show that every point is a Lebesgue point for the gradient, which extends the property on
infinity harmonic functions by [18].

Theorem 5.1. Let A € <7 () N C1(Q) and u be a viscosity solution of the Aronsson equation (1.1). Then every point
in Q is a Lebesgue point of Du.

For the intrinsic distance d4 associated with A, define the intrinsic ball

B, (x,r):= {y | da(x,y) <r}

1
forerandO<r<dA(x,8§2).F0rECR”,deﬁne][ f:m/f.
E E

Lemma 5.2. For0 < A < 1, let A € &/ (2)NC"1(Q) such that A(0) = I, and | DA @ = A2, Assume u € C%1(Q)
is an absolute minimizer of ¥« with respect to A, and satisfies, for Bq,(0,3) C €,

max |u(x) —u(0) — (a,x>| <A
x€By, (0,3)

Then there exists a constant C > 0 depending on |a| such that

][ |Du(x) —a|*dx < Ch. (5.1)
Ba, 0.1

Proof. Since

1+ CA)EP < (AW)E,8) < (1 + CADE, Vx e Q, & R,
we have

(A+CN ' x =yl <dax, y) < (14 Cr)|x —y|, Vx,y € Q.

It suffices to show that
][ |Du(x) —a|*dx < Ch. (5.2)
B(0,14+CX)

By the same argument as in the proof of [18] Theorem 4.1, (5.2) follows if

sup |Du(x)| <lal+ CA. (5.3)
x€B(0,1+CA)
To prove (5.3), let
u(z) —u(x)

Sr+u (x):=
da(z,x)=r r

A simple modification of the proof of [22] Theorem 2 shows that S;"u(x) is monotone increasing with respect to r,
and

\/(A(x)Du(x), Du(x)) = Lip,,u(x) = rlgl}) Sfu(x).
This implies
|Du(x)| < (1+CA)S{u(x), x € BO, 1+ Chr).
Forx € B(0,1+CX),if By, (x,1) C By, (0,3) and da(z, x) =1, then we have
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lu(x) —u(z)| < lu(x) —u(0) — (a, x)| + [u(z)—u(0) — (a, z)| + [{a, x — z)|
<2\ +|a|lx —z| <|a| + CA,

which implies that
Sfu(x) <lal+Chx, Vx € B(O,1+Chp).
Hence we have that
|Du(x)| <l|a|+ CA, Vx € B(0,1+ CA).
The proof is completed by applying the argument in Theorem 4.1 of [18]. O
Proof of Theorem 5.1. We want to show that for every xo € 2 and for every € > 0, there exists ro > 0 such that

][ |Du(x) — Du(xp)|*dx <e,
By, (x0.1)

for every r < rg. As before, by Lemma 4.2, we may assume that xo = 0, u(0) =0 and A(0) = I,,. For an arbitrary
0 < A < 1, since u is differentiable at O, there exists rg < 2.2 such that

max _ |u(x) — (Du(0),x)| <ir, 0 <r <ry. (5.4)
2€B4,(0,3r)
u(rx) . L .
Set A,(x) = A(rx) and u,(x) = ——. Then u, is an absolute minimizer of .%,, associated to A,. Observe that

’
IDA,|| <r||DAJ and by [22] Lemma 5.4, ds, (rx,ry) =rda(x,y). Hence By, (0,r) = rBy,, (0, 1). Therefore, (5.4)
implies

max _ [u,(x) — (Du(0), x)| <, 0 <r <ro. (5.5)
x€Bg, (0,3)

Now we can apply Lemma 5.2 to conclude that

][ |Du(x) — Du(0)|” dx =][ |Du, (x) — Du(0)|” dx
Ba, (0.r) By, (0.1)

SC)‘-a

for every r < rp and A small enough. This completes the proof. O
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