Available online at www.sciencedirect.com

ANNALES

° ° DE L'INSTITUT
ScienceDirect HENRI

CrossMark POINCARE

» S, ANALYSE
NON LINEAIRE

ELSEVIER Ann. L. H. Poincaré — AN 34 (2017) 157-196

www.elsevier.com/locate/anihpc

Asymptotic stability of solitary waves in generalized Gross—Neveu
model

Andrew Comech *"*, Tuoc Van Phan“', Atanas Stefanov ¢

& Texas A&M University, College Station, TX 77843, USA
b IITP, Moscow 101447, Russia
¢ Department of Mathematics, University of Tennessee, Knoxville, TN 37996, USA
d Department of Mathematics, University of Kansas, Lawrence, KS 66045, USA

Received 5 July 2014; received in revised form 28 April 2015; accepted 4 November 2015
Available online 2 December 2015

Abstract

For the nonlinear Dirac equation in (1 + 1)D with scalar self-interaction (Gross—Neveu model), with quintic and higher order
nonlinearities (and within certain range of the parameters), we prove that solitary wave solutions are asymptotically stable in the
“even” subspace of perturbations (to ignore translations and eigenvalues £2wi). The asymptotic stability is proved for initial data
in H!. The approach is based on the spectral information about the linearization at solitary waves which we justify by numerical
simulations. For the proof, we develop the spectral theory for the linearized operators and obtain appropriate estimates in mixed
Lebesgue spaces, with and without weights.
© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Models of self-interacting spinor fields have been appearing in particle physics for many years [19,16,15,17]. The
most common examples of nonlinear Dirac equation are the massive Thirring model [35] (vector self-interaction)
and the Soler model [30] (scalar self-interaction). The (1 4+ 1)D analogue of the latter model is widely known as
the massive Gross—Neveu model [23]. In the present paper, we address the asymptotic stability of solitary waves in
this model. We require that the nonlinearity in the equation vanishes of order at least five; the common case of cubic
nonlinearity seems out of reach with the current technology; there is a similar situation with other popular dispersive
models in one spatial dimension, such as the Schrodinger and Klein—Gordon equations (see [6,7,24,13,20] and the
references therein).
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We only consider perturbations in the class of “even” spinors (same parity as the solitary waves under consider-
ation). The restriction to this subspace allows us to ignore spatial translations and the £2wi eigenvalues which are
present in the spectrum of the linearization at solitary waves [12]. This paper therefore may be considered as the
extension of [29] to the translation-invariant systems (in that paper, the potential was needed to obtain the desired
spectrum of linearization at small amplitude solitary waves).

A similar result — asymptotic stability of solitary waves in the translation-invariant nonlinear Dirac equation in
three spatial dimensions — is obtained in [3]. Authors base their highly technical approach on a series of assumptions
about the spectrum of the linearizations at solitary waves; these assumptions cannot be verified yet for a particular
model. The authors also restrict the perturbations to a certain subspace to avoid spatial translations and issues caused
by the presence of £2wi eigenvalues [12] and only consider the solitary waves with w > m /3. Contrary to [3], our
results are obtained for models for which the spectrum is known (albeit numerically); our technical restriction is
lw| <m/3.

We briefly review the related research on stability of solitary waves in nonlinear Dirac equation. There have been
numerous approaches to this question based on considering the energy minimization at particular families of pertur-
bations, but the scientific relevance of these conclusions has never been justified; see the review and references in e.g.
[2,31]. The linear (spectral) stability of the nonlinear Dirac equation is still being settled. According to [2,11], one
expects that the linear stability properties of solitary waves in the nonrelativistic limit of the nonlinear Dirac equation
(solitary waves with w < m) are similar to linear stability of nonlinear Schrédinger equation; in particular, the stability
of the ground states (no-node solutions) is described by the Vakhitov—Kolokolov stability criterion [36], 9,0 (w) < O,
with Q(w) = ||<]bw||i2 the charge of a solitary wave. Away from the nonrelativistic limit, the border of the instability
region can be indicated by the conditions 9, Q(w) = 0 or E(w) = 0 (the value of the energy functional at a solitary
wave), see [4]. The instability could also develop from the bifurcation of the quadruple of complex eigenvalues from
the embedded thresholds +i(m + |w|) as in [8], which in particular can take place at the collision of thresholds at
A = £im when w =0 as in [22]. We do not have a good criterion when such bifurcation takes place.

Let us mention that our results are at odds with the numerical simulations in [31] which are interpreted as instability
of the cubic Gross—Neveu model (k = 1) for w < w, ~ 0.56, of the quintic model (k = 2) for w < w, &~ 0.92, and of
the k = 3 model for all w < m. We expect that the observed instability is related to the boundary effects, when
certain harmonics, instead of being dispersed, are reflected into the bulk of the solution, where the nonlinearity creates
higher harmonics; this process keeps repeating, and eventually the space—time discretization becomes insufficient.
This explanation is corroborated by the fact that the characteristic instability times grow almost proportionally with
the size of the domain (see the instability times for the one-humped solitary wave with k = 1, w = 0.5 in [31, Table II]),
suggesting the link not to the linear instability but to the boundary contribution. Our numerics show no complex
eigenvalues away from the union of real and imaginary axes in the Gross—Neveu model with 1 <k <9. The presence
of real eigenvalues (as on Fig. 2) agrees with the Vakhitov—Kolokolov stability criterion, d Q(w)/dw > 0.

The approach in our paper is standard, being based on modulation equations, dispersive wave decay estimates, and
the Strichartz inequalities. Instead of explaining our approach, we provide a detailed outline of the paper, which will
elucidate the main steps and ideas involved in the proof. In Section 2, we state the Gross—Neveu model, describe the
standing wave solutions and their properties, and formulate our main result on the asymptotic stability. We provide
numerics which suggest that, at least for certain range of the parameters, we have a favorable for us spectral picture:
that is, the absence of unstable spectrum, as well as the absence of marginally stable point spectrum, except at zero.
In Section 3, we obtain the form of the linearized operator around the solitary wave for the corresponding nonlinear
evolution and obtain the modulation equations. Section 4 is the most challenging from a technical point of view.
Therein, we develop the spectral theory for the linearized operator. We use the four linearly independent Jost solutions
to construct the resolvent explicitly. This allows us to obtain (among other things) a limiting absorption principle for
the linearized operator (Proposition 4.14), which is crucial for the types of estimates required to establish asymptotic
stability. (Let us mention a related result [21] on local energy decay for the Dirac equation on one dimension, which we
will also need.) In Section 5, we use the spectral theory developed in the previous section to establish various dispersive
estimates for the linearized Dirac evolution semigroup. Namely, we establish weighted decay estimates, which in turn
imply Strichartz estimates. We also state and prove estimates between Strichartz spaces and weighted L;’OL2 spaces
—1in all this, we have been greatly helped by the Christ—Kiselev lemma and Born expansions. In Section 6, we present
the fixed point argument in the appropriate spaces, which finally shows well-posedness for small data for the equation
of the residuals.
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2. The model and the main results
2.1. Generalized Gross—Neveu model

The generalized Soler model (classical fermionic field with scalar self-interaction) corresponds to the Lagrangian
density

L=y @iy"d, —my + Fy), Y(x,1)eCV, xeR", 2.1)
where F € C*°(R), F(0) =0, 1} is a common notation from the Quantum Field Theory,

T=vy. 2)
with ¥* being the Hermitian conjugate, and y*, 0 < u < n, are the Dirac gamma-matrices:

vyt vyt =201, 0<p,v<n,
with A*Y = diag[1, —1, ..., —1] (the inverse of) the Minkowski metric tensor and /,, the identity matrix. The one-

dimensional analogue of (2.1) is called the Gross—Neveu model; from now on, we set
n=1, N =2.
The equation of motion corresponding to the Lagrangian (2.1) is then given by the following nonlinear Dirac equation:

iy =Dy — fW*BYIBY,  Y(x,1)eC? xeR, (2.3)

where f = F' e C°(R), . = y°y!, p=y!,and D,, = —ia% + Bm is the Dirac operator, with «, 8 the self-adjoint
Dirac matrices satisfying

a2=,32=12, af + Ba=0.

A particular choice of the Dirac matrices is irrelevant (this is known as the Dirac—Pauli theorem, see e.g. [34,
Lemma 2.25]). For definiteness, we take

S |

Without loss of generality, we will also assume that the mass is equal to m = 1. Then one has

.0 1 Oy
Dm——zaa+mﬂ—|:_8x _1] 2.4
The Hamiltonian density derived from the Lagrangian density (2.1) is given by
. oL .
EW,¥)=—y¥ - L. 2.5
W, v) oy v (2.5)

The value of the energy functional

EW) = / EY ) dx 2.6)
R

is (formally) conserved for the solutions to (2.3). Due to the U(1)-invariance of the Lagrangian (2.1), the total charge
of the solutions to (2.3),

Q<w>=/w*<x,z>w<x,z>dx, @7)
R

is also (formally) conserved.
We mention recent results on local and global well-posedness of nonlinear Dirac equation on one dimension: [33,
25,9,28,18].
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2.2. Existence and properties of solitary waves

Equation (2.3) can be written explicitly as

10y = 0¥ + v — F(Yn1? — v,
1092 = =Y — Yo+ F(Y1 12 = (Y2 yo.
In the abstract form, we write (2.3) as
0y = Dy + N, (2.9)

with the Dirac operator

2.8)

1 a
Dy =—iady + 8= *
m X 13 [ _ax _ 1 }
and the nonlinearity

_[=ravl? =12 0 }
NW) _[ 0 FAl = |V 2.10)

Definition 2.1. Solitary waves are solutions of the form

Vo (X, 1) = ¢ (x)e ™", bo € H' (R, C?), weR. (2.11)

Substituting this Ansatz into (2.9), we see that ¢, solves
®Py = DinPw + N(@w). (2.12)

The existence of solitary waves follows from [14,1]:

Proposition 2.2. Let F be the antiderivative of f € C°(R) such that F(0) = 0. Assume that for given v € R, 0 <
w < 1, there exists I, > 0 such that

wly=TI,—F(Iy,), w#l-—fy), ws <s — F(s), for s€(0, ).
Then there is a solitary wave solution W, (x,t) = b (x)e™ 1 10 (2.3), with

v(x, w)
u(x, w)

Pu(x) = |: :| , v(-, ), u(-,w) € H'(R). (2.13)

This solution is unique if we require that v, u are real-valued, v even and positive, and u odd. Both v and u are
exponentially decaying as |x| — oo and satisfy lu(x, w)| < |v(x, )|, x € R.
Moreover, there is c, < 00 such that

P00 < cpe . xeR, (2.14)
where

80 =1 — 2. (2.15)
Similarly, there is c,, < 00 such that

oo (0] < colxle™™@ (03¢, (0)] < culx)?e @M, xeR, (2.16)

192 8o ()| < Co(x)e ™% 18,820, ()] < cp(x)2e I xeR. (2.17)
Proof. The proof is given in e.g. [1, Lemma 3.2]. The sharp rate of decay (2.14) can be proved as in e.g. [10, Ap-

pendix A]. The bounds (2.16) on |9,¢,(x)| and |83,¢w (x)| follow from differentiating (2.12) with respect to @ and
applying similar techniques. Applying d,,-derivatives to (2.12) and using the bounds (2.16), one obtains (2.17). O

Remark 2.3. According to Proposition 2.2, for f(s) = as® with any & > 0 and k € N, there are solitary wave solutions
for w € (0, 1).



A. Comech et al. / Ann. I. H. Poincaré — AN 34 (2017) 157-196 161

2.3. Main result

Let
X={pe L*(R,C%;  ¢1(x) =1(—x), ¢o(x) = —¢2(—x)}. (2.18)

Assumption 2.4. Assume that f € C*®°(R) is such that f(s) = O(s¥) for |s| < 1, with k > 2, and that there is an open
interval £2,

2c(-53)

such that the following takes place:

(i) For each w € 2, there are solitary wave solutions ¥, (x,?) = do(x)e i @, € HY(R, C?), to (2.3), with the
map 2 — H', w — ¢, being C2.
(ii)) Non-degeneracy:

3,0() #0, wef.

Here Q(w) is the value of the charge functional (2.7) evaluated at the solitary wave ¢, (x)e .

(iii) The linearization of (2.3) at a solitary wave with w € §2 has no eigenvalues with nonzero real part and no purely
imaginary eigenvalues A € iR with eigenfunctions from X (of the same parity as ¢,), and no resonances at
A =14 |w]| with generalized L eigenfunctions of the same parity as ¢,,.

(iv) For w € £2, the Evans function E (), w) (cf. Definition 4.5) does not vanish at A € iR with |A| > 1 — |w|.

Above, by the generalized L°° eigenfunction of a differential operator A we mean the nontrivial solution to
(A — X)u = 0 which has finite L°°-norm. Also, the Evans function is defined Definition 4.5 below.
The following theorem is the main result of our paper.

Theorem 2.5 (Asymptotic stability of solitary waves in nonlinear Dirac equation). Let Assumption 2.4 hold. Let
wo € 2 and ¢y (x)e ' be the corresponding solitary wave with ¢y, € X N HY(R, C?). There exist g > 0 and
C < oo such that if Yo € X satisfies

<€2

L with some € € (0, €p),

inf H — e
yel0.27] I/f0 ¢w0

then the solution ¥ of (2.3) with ¥r|;=0 = Vo exists globally in time and there are
w,y€C'R4,R),  9eXNL®Ry, H'R,CH)NLY Ry, LR, CY)
with w(t) =225 weo € 2 and Jim |l o =0, such that
—00 x

,(p(x’ t) — (¢a)(t)(x) + (p(x’ t))e—i fot w(s)ds—iy(t)

and
|wp — weo| <€, ||J)||L1(0,oo)+||J}||L1(o,oo)EE’ ||(p”L,°°H,}+”¢”Lj‘L§° <Ce.
Several remarks are in order.
Remark 2.6. The precise structure of the nonlinearity of the Gross—Neveu model, f(y*Bv)Bv, does not play any
particular role in our considerations. Yet, we choose to base our consideration on this model: being a relativistically

invariant nonlinear Dirac equation with minimal coupling, it is a ubiquitous model in Physics.

Remark 2.7. The solitary waves to classical Gross—Neveu model (k = 1, cubic nonlinearity) are known to be linearly
stable [1], but our argument does not apply to this situation. The assumption k > 2 allows us to close the argument
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in Section 5.2 using the Strichartz estimates, making the argument sufficiently compact. Similar requirements on the
order of vanishing of the nonlinearity being sufficiently high are common in the research on asymptotic stability of
solitons in nonlinear Schrodinger equation, starting with the seminal papers [6,7].

Remark 2.8. In the Assumption 2.4, we require that 2 C (—1/3, 1/3) to avoid the situation when the eigenvalues
+2wi become embedded into the essential spectrum (A € iR, |A| > 1 — |w]|). In that case, our construction of the
resolvent in Section 4.2 does not allow us to obtain the necessary estimates (see Remark 3.4 and estimate (4.17)
below). Yet, the restriction to || < 1/3 seems to be merely technical; we still expect that for 1/3 < |w| < 1, the
resolvent of the linearized operator restricted to X has the same properties as stated in Proposition 4.14 even in the
vicinity of the embedded eigenvalues +2wi and that the asymptotic stability could be proved.

Remark 2.9. By [12,4], the assumptions E(w) # 0 and 9, Q (w) # 0 guarantee that the generalized null space of the
linearization at a solitary wave is (exactly) four-dimensional. (Above, E (w) and Q(w) are the values of the energy and
charge functionals (2.6), (2.7) at the solitary wave ¢we’i @’ ) We do not need to impose the condition E (w) # 0 since
although the vanishing of E(w) leads to the increase of the Jordan block of the linearization at a solitary wave, this
increase is absent when we restrict the operator to the subspace X. More details are in Section 3.1 (see in particular
Remark 3.4).

Remark 2.10. The Vakhitov—Kolokolov stability condition [36] states that the ground state solution to the NLS
(¢ (x)e™ " with ¢ > 0 and monotonically decreasing as |x| — oo) are linearly stable (positive eigenvalues of the
linearization at a solitary wave are absent) as long as d,Q(w) < 0. In the NLD context, it could be shown that a
similar conclusion can be drawn in the nonrelativistic limit, w < m. In the L2 -critical case, while the charge in the
NLS does not depend on w, this is “resolved” in the NLD: one now has 9,0 (w) < 0 and consequently the eigenvalue
XA = 0 does not have additional degeneracy; instead, there are point eigenvalues in the spectrum (see Fig. 1). For k > 2,
the positive eigenvalues of the linearized operator are only present in the spectrum for w near m but disappear below
certain value of w. This is accompanied by the change in sign of 9, Q(w) (see Fig. 2).

Remark 2.11. We numerically verified Assumption 2.4-(iii) in the following cases:

(i) For the Gross—Neveu model with f(s) = 52 and £2 = (0.23,0.33) (see Fig. 1);
(i) For the Gross—Neveu model with f(s) = s3 and £2 = (0.14, 0.33) (see Fig. 2).

We also mention that in the Gross—Neveu model with k =1, 2, ..., 9, we found no complex eigenvalues for the
linearizations at solitary waves with w = 0.1, 0.2, ..., 0.9 in the domain 0.0008 < [Re A| < 0.59, |ImA| < 2.5. More-
over, according to [2], the bifurcations of point eigenvalues off the imaginary axis could result only from the collision
of purely imaginary eigenvalues or from eigenvalues embedded into the continuous spectrum, and also from reso-
nances at the embedded thresholds, A = £i(m + |w|) (in one-dimensional case, the resonances correspond to the
generalized L* eigenfunctions). Our numerics show that there are no resonances at the embedded thresholds in the
Gross—Neveu model with k =2 and k = 3 for all w € (0, m), justifying the observed absence of complex eigenvalues
away from RUR.

We expect that the Evans function never has zeros at A € iR, [ImA| > 1 4 |w]|, but could not prove this. Instead, we
check this assumption numerically; all the zeros of the Evans function which we found are plotted as solid curves on
Figs. 1 and 2 (these zeros correspond to the point eigenvalues of the linearized operator). The absence of zeros of the
Evans function for A — %ioo follows from Lemma 4.10.

Let us summarize that most of our assumptions are technical; the only essential assumption is that the spectrum
of the linearized operator has no eigenvalues in the right half-plane and that the Jordan block of A = 0 is (exactly)
four-dimensional. We expect that the presence of purely imaginary eigenvalues does not lead to instability unless these
eigenvalues are of higher algebraic multiplicity. More generally, we expect that, similarly to the case of the nonlinear
Schrodinger equation and similar systems, the (dynamic) instability takes place when either there is a linear instability
or when the eigenvalues on the imaginary axis are of higher algebraic multiplicities (when we are at the threshold of
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Fig. 1. Gross—Neveu model, k = 2 (the quintic case). Linearization at a solitary wave. Horizontal axis: w € (0, 1). Vertical axis: spectrum on the
upper half of the imaginary axis. Solid vertical (green) lines: part of the continuous spectrum between the threshold i (1 — |w|) and the embedded
threshold i (1 4 |w]). Solid red curves: eigenvalues with eigenfunctions from X (of the same parity as ¢,; see (3.16)), which we cannot ignore; our
result holds in the regions where such eigenvalues are absent. Solid blue curve (near @ = 0 and A = i) and the line 2 = 2wi denote eigenvalues with
eigenfunctions from X~ (see (3.17)), which remain orthogonal to our perturbation. Dotted red and blue curves: antibound states of different parity
(from X and X<1); we do not mention them in the argument. Antibound states correspond to zeros of Evans functions on the “wrong” Riemann
sheet, which corresponds to generalized eigenfunctions with exponential growth at infinity. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Fig. 2. Gross—Neveu model, k = 3. Hollow red diamonds (on bottom right) denote positive eigenvalues (thus linear instability) present in the spec-
trum for w € (0.85, 1). These eigenvalues are superimposed on the imaginary axis. Theorem 2.5 on asymptotic stability applies for solitary waves
with w such that there are neither hollow red diamonds (linear instability) nor solid red curves (purely imaginary eigenvalues with eigenfunctions
from X)) in the spectrum. Note that the dotted kink indicates collision of antibound states at wj, 2 0.1 on the imaginary axis and their bifurcation off
the imaginary axis for v < wy,. (Location of these values of A off the imaginary axis does not lead to instability since the corresponding antibound
states have infinite L2—norm.) (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

linear instability). It should be pointed out, though, that the presence of additional point eigenvalues in the spectral
gap of the linearization at a solitary wave is very likely to considerably increase the difficulty of the analysis, just like
in the case of the NLS.
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3. Linearization at a solitary wave and modulation equations

3.1. Linearization at a solitary wave

v(x,w)
u(x,w)

To study stability of a solitary wave ¢, (x)e™ " with ¢, (x) = [ ] € R?, we consider the solution in the form

Y, 1) = (po(x) + p(x,0)e™™,  p(x,1) eC

Substituting this Ansatz into (2.9), we obtain:

i10;p = (D — wh)p +N(po + p) —N(dw). (3.1)

Thus, the linearization at a solitary wave (the linearized equation on p derived from (3.1)) can be written as follows:

R=JLR, R= [Rep} e R4, (3.2)
Imp
where
0 I
J= L 0l L(w) =Dy —wly + W(x, w), (3.3)
with

W(x,w)z[w‘%‘"“) 0 }

Wo(x, w)
Wo(x,w>=[‘f v 0 } W1<x,w>=Wo(x,w)—zf’<v2—u2>[ v "i”] (3.4
0 f@*—u?) —vu U
The free Dirac operator takes the form
D,, = Jod, + B, (3.5)
with
e R R B X

J, o, and B represent —i, a, and 8 when acting on [Eﬁﬁ ], with ¥ € C2. We then have

| Dm O 1 Ox
Dm_|:0 Dmi|’ where Dm_[_ax _1i|. (3.7)

Note that since v, u both depend on w, the potentials W1, Wy also depend on it. We will often omit this dependence
in our notations.

Lemma 3.1. There is C,, < 00 such that the matrix-valued potential W satisfies

IW(x, @)l cs < Coe KK x e R, (3.8)

Proof. This bound is an immediate consequence of the exponential decay of ¢, in Proposition 2.2 (see (2.14)), the
assumption f(s) = O(s¥) for |s| < 1,and (3.4). O

Lemma 3.2.

Oess JL) = iR\ (—i(1 —|o|), i (1 — |»])).
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Proof. This is an immediate consequence of Weyl’s theorem on the essential spectrum. [

Denote

0(x) = 0, (x) = [Ezzzgﬂ = ["J’“’éx)} . (3.9)

Thanks to the invariance of (2.12) with respect to the phase rotation and the translation, we have
JLJo =0, JL3, ¢ =0.
The null space of L is given by
N@L) = Jo, 9:0). (3.10)

Remark 3.3. This could be readily justified by analyzing the Jost solutions of
Li(w) =D, —wly + Wy, Lo(w) = Dy, — wly + Wy. 3.11)

Namely, for each of L and L, there are two Jost solutions corresponding to A = 0: one decreasing and one increasing.
More details on the Jost solutions are in Section 4.1.

Moreover,
JL3,0 =Jo, (3.12)
1
JL(a)qu) - 5o«p) = 0,0, (3.13)
where
1 0 0
0518300 105 e = 4020 v |
Therefore,
1
{Jq), 9x0, 9,0, wxJd— an)} C Ng(JL). (3.14)
By [4],if 0, Q(w) # 0 and E(w) # 0, then the above vectors form a basis in the generalized null space Ng(JL):
1
Ng(JL) = Span (J(I), 0xd, 9,0, wxJo— E(xq)) . (3.15)
Following the definition (2.18), we define
X={ e PR CY: va() =yu(=x), k=1.3 (@) =—vs(-x), k=2, 4}; (3.16)
Xt ={v e PR Y i) =0, k=24 Ya() =—yu(-x), k=13}. (3.17)

From now on, we shall restrict JL(w) to X. Noting that J¢ and 9d,,¢ (as well as ¢) belong to the space X, while 9, ¢,
xJo, and 0 belong to X+, we conclude that

N(JL[x) = Span (J9) , Ng(JL|x) = Span (J¢, 9,0) . (3.18)

The operator JL acts invariantly in X and in X

Remark 3.4. The restriction of JL(w) onto X allows one to exclude certain eigenvalue directions, significantly sim-
plifying the problem. In particular, by [12], one has

019 |_,. | o1¢ o1p |_ . o1¢
JL |:i01¢:| —21w|:ial¢i|, JL|:—i01¢:| = _2lw|:—i01q):|’ (3.19)
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where o7 is the Pauli matrix; this shows that £2wi € o), (JL(®)). On the other hand, the restriction of JL to X satisfies
+H2wi ¢ o4(JL|x).

Let us also mention that while the dimension of the generalized space N, (JL) would grow if either 9, Q () or
E () vanish [4], the dimension of Ng(JL|x) would grow only if d,Q(w) vanishes; we no longer have to worry
whether E (w) vanishes or not.

Since (JL)* = —LJ, it follows from (3.12), (3.13) that the corresponding generalized kernel for the adjoint is
X, (JL)*) = N (JL)*) N X = { J3,,0, 0} .
We decompose the space X as follows:
X=X,(JL)®X.(JL), where X.(JL)= Xg((JL)*)l. (3.20)

The subspaces X, (JL) and X, (JL) are invariant under the action of JL, and any R; € X, (JL), Ry € X (JL) satisfy
the following symplectic orthogonality condition:

(JR1, Ry) =0.
It then follows that any R € X can be uniquely decomposed into
<¢7 R) (Jawq)» R)
R=2 0, 2————— U, U eX.(JL), 3.21
0 @) W + 0'(®) Jo+ c(JL) (3.21)

where Q(w) is the charge functional (2.7) evaluated at d)we_i“” . Thus, a vector function U € X (JL) satisfies the
following two symplectic orthogonality conditions:

(0, U)=0, (J0u0,U) =0. (3.22)
Remark 3.5. Note that Q’(w) # 0 by Assumption 2.4.

Let P;(w) denote the symplectically orthogonal projection onto the generalized null space of JL(w) restricted onto
the space X from (3.16). By (3.21),

(9, R) (J0u9, R)
Pij(w)R=2 0,0 +2———J0, 3.23
d(@)R =2 57000 +2° 57 00 (3.23)
while the projection onto X, is
P.(w) =1— Pyj(w). (3.24)

3.2. Modulation equations

We consider the solution ¥ of equation (2.9) in the form

t

Y (6, 1) = (G (x) + p(x,1))e 00, with  6() =/w(s)ds+y(t), x,t €R. (3.25)
0

Substituting this Ansatz into (2.9), we get

i01p = (Dm — ho —y)p —y$ — iwdu¢ + N( + p) —N(9), (3.26)
with N defined in (2.10). As in (3.2), (3.9), we use the notations

el e[z [3)
Then equation (3.26) takes the form

9 R=JLR — yJR — yJo — @3, + JNy, (3.27)
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where

Re (N(¢ + p) — N(#))

Ni(R, w) = [Im (N(¢ +p) —N(9))

:| — WR, (3.28)
with W from (3.4).

Remark 3.6. Let us point out that since we take the initial data of certain parity, ¥|;=o € X, then we also have iy € X
for all > 0, so that p € X; therefore, R € X and JN; € X (see Definitions 2.18, 3.16). Moreover, the operators JL(w),

Py(w), and P,(w) act invariantly in X.

We impose the requirement R(¢) € X (w(?)). Together with the symplectic orthogonality condition (3.22), this
requirement implies that

(0, R) = (J0,0, R) =0. (3.29)
Taking the time derivative of the relations (3.29), we get
(0, R) = —0(0,0, R) = —0Re(p, p),  (Ju0, R) = —&(J0,0, R) = & Im(d,e, p), (3.30)
where
P = aw¢w-
Coupling (3.27) with ¢ and with Jd,,¢ and using the symplectic relations (3.22) and the relations (3.30), we obtain
3 ,IN1)
An| 2= ¢ } : 331
()[y] [<Jaw¢,N1> (331)
where
(0, 9,0) — (30,0, R) (0, JR) ]
A@t) = , 3.32
® [ —(JO20.R) (30,0, J0) + (J0,0,JR) (532
where w and R are evaluated at the moment ¢.
Define
W(x) = e d2/@h 50— inf V1—w?>0; (3.33)
we

by (2.14) and (2.16), there is C < oo such that for any w € £2,
|60 ()| + 1000 ()] + [00¢0(x)| < Cu@)* ., xeR, wef. (3.34)

Lemma 3.7. There is ¢ > 0 such that if (L, |R(¢)]) < &, then

407! ] <2(ing e tus) " <o
Proof. From (3.32) and (3.34), we have

_ (¢wv aw¢w) 0 2k

where w = w(t); we took into account the bounds (2.14) and (2.16). By Assumption 2.4, one has 2{¢,, d,¢,) = Q' (@)
with inf,c | Q' (w)| > 0; therefore, one can choose ¢ > 0 so small that A(¢) is invertible and satisfies the conclusion
of the lemma. O
To control p (or equivalently R), let us define
Z(t) = Pc(wo)R(2), (3.35)

so that
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_ o Re (\I—’() — ¢0)
Z(0) = Pc(w0) R(0) = Pc(wp) [Im (%o - ¢0)] : (3.36)
Since Z = P.(wo)R and R = P.(w)R, and by (3.23), we have
Z — R = Pe(w0)R — Pe(@)R = (Pa(w) — Pa(w0)) R = O(w — wo) (u*, | R|)p*. (3.37)

Therefore, if |w — wo| is sufficiently small, to control R, it suffices to control Z; in particular, it follows from (3.37)
that if either Z or R is from H! in x, then so is the other function, and moreover

1Z = Rllgy < Clo — wol (™, [RI), (3.38)
with some constant C < oo which depends only on £2 and on the nonlinearity f in (2.3). The weight u(x)* =
e dalx)/2 (cf. (3.33)) comes from the bounds (3.34) on the eigenfunctions that span the generalized null space (3.18)
of the operator JL(w) and from the explicit form (3.23) of the projector P;(w).

4. Spectral theory for the linearized operator

In this section, we consider dispersive estimates for the complexification of the linearized equation (3.2),
3R =JLR, R e C*. 4.1

More precisely, we will show that similarly to the free Dirac evolution, the linear evolution of (4.1) projected onto
the continuous spectrum of JL scatters the initial data. This phenomena in the related Schrodinger equation context
manifests itself in a variety of useful estimates; see for example the work of Mizumachi [24].

Before proceeding to specific estimates for the solution of (3.2), let us take a moment to properly define e P...
Since

Oess (JL(w)) = (—ico, —i(1 =[] U[i(1 — |w]), i00),

JL(w)t

we define e P.(w) by the following Cauchy formula:

P (w) f = _b : %RJL()L)fd)\
27
r

—i(1—|wl) 100
1 _
= / + / e“([R;L(A) . RJL(/\)]f) dx
—ioo i(1—|w|)
N Jw|—1 +00
= / + f elA’<[RJ+L(iA) - RJ_L(iA)]f) dA, (4.2)
—00 1—|o|

where I" is a positively-oriented contour around the essential spectrum of JL. For A € iR the operators
Rj (W)= lim (JL— (x +¢))™"
e—0+

are to be interpreted in a certain appropriate sense (for example, as operators from Lg — Lz_a, for certain o > 0, by
the limiting absorption principle).

4.1. The Jost solutions and the Evans function of the operator JL
The eigenvalue problem for the operator JL(w) (cf. (3.3), (3.4)),
IOy — 0+ W, )y =JJods + B — o+ W, o)y =2y,

can be rewritten as

(8x — 0JB + w0 + 0k — WIW(x, )Y =0. 4.3)
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The construction of Jost solutions is based on considering solutions to the constant coefficient equation
(3x — Mo(h, @)y =0, Mok, @) = oJB — woJ — oA, (4.4)

and using the Duhamel representation to construct solutions to equation (4.3) with variable coefficients, written in the
form

(0 = M@, A, @)Y =0,  M(x, 1, 0) := Mo(h, ) + L JW(x, ). (4.5)
Lemma 4.1. Let € [—1, 1], A € C. Then:
()
o (Mo, w)) ={£V1 = (w£ir)?};
(i1)

su%{lReﬁl; {eac(Mo(h, @)} =1;
A€l

(iii)
sup  {IRe¢l; £ €a(Mo(h, @)} =2Vw — 02,

A€0ess (JL(w))
Proof. We need to find all z € C such that
Mo(h,w) —z=0JB —woJ — oA —z=—0\ —woJ — z + oJP
is degenerate. Multiplying the above matrix in the right-hand side by —oJ, we need to find out when the matrix
Jh—o+oJz4+B

is degenerate. Since oy anticommutes with both o and 8, while deto. = det 3 = 1, one has:
det(@r — @ + oz + B)? = det (JA — w + 0Jz + B)afIAr — w + oJz + B)Boy)
=det(J)r — 0+ aJz+ PJr — 0 — aJz — B)) = det (Jr — ) — (=z* + 1)).
Since o (J) = {%i}, we conclude that the above determinant vanishes (hence z € 0 (Mg (%, w))) if and only if
22— 1+ (£ir —w)* =0.

The conclusion about the spectrum of My follows.
Other statements are checked by direct computation. 0O

Due to the symmetry of the potential W (see (4.6) below), we have the following results.
Lemma 4.2. If ¥ (x) solves (4.5) for ) € C, then 6(x) = By (—x) also solves (4.5) for the same ) € C.

Proof. Since v is even and u is odd, and since B = o3 anticommutes with o, there are the relations
Wo(x)B = BWo(—x), Wi(x)B = BWi(—x), (4.6)

for Wy, W, from the Gross—Neveu model (3.4). (It is convenient to notice that for each of these models, Wy and W
can be written as linear combinations of the form w,(x)o1 + wp(x)o3 + w.(x) I, with scalar-valued functions wj and
w, symmetric in x and w, skew-symmetric.) The conclusion follows. O

Lemma 4.3. For any x e R, w € §2, and A € C, the matrix M from (4.5) satisfies tr M (x, A, w) = 0.



170 A. Comech et al. / Ann. 1. H. Poincaré — AN 34 (2017) 157-196

Proof. The statement is immediate for all the terms from My (cf. (4.4)). The remaining relation traJW = 0 is
checked with the explicit expressions (3.4). O

We now turn to the construction of the Jost solutions, which are defined as eigenfunctions of JL(w) with the same
asymptotic behavior as eigenfunctions of J(D,, — ). To do this, for A € C, we first define

E1(L, w) =V (w0 —id)?—1, &\, )=+ (w+ir)?—1, 4.7)

so that o (Mo(h, ®)) = {£&1 (X, ), £& (A, w)} (cf. Lemma 4.1). Without loss of generality, we will only consider
the case

w >0, ReX <0, ImX > 0; (4.8)

in each of the two square roots in (4.7), we choose the branch that is positive for A € iR, Im A > 1.
We define

& ] i &
E1( @) = c1(A, o) _M:;l_'-w ’ Hi( o) = cl(;,a)) Mtlfl_w ' 49
| A —i(l —w) | | —A+i(l —w) |
[ i&s ] B i
B0 0) = o i _;2“" . HOnw) = 620}’ 5 i ;21 e, (4.10)
| A+i(l—o) | | A —i(l —w) |
with the constants
ci(h, w) >0, coo(h,w) >0 “4.11)
chosen so that |E;| = [H;| =1, j=1, 2. Note that H; = BE;; j = 1, 2. The plane waves
Ei1(h, @) *Ox By ()RR H (A w)e SR Hy (4, @)e B2t
satisfy the equation (J(D,;, — w) — A)¥(x) =0 (and thus (4.4)).
By (4.8), we see that
£&1>6>0 for AeiR, |A|>1+|of; |&| > |&1] for A €iR, |A|<1—|w|.
We denote
k1 =|Imé&], k2 = [Imé&;[; (4.12)

then one has
k» >k1 >0 for 2 eiR, A <1—|o|.
Now we introduce the Jost solutions of the operator JL defined in (3.3), (3.4).
Proposition 4.4. Let f € C® be such that for |s| <1 f(s) = O(@s) for |s| < 1 with k > 2. Let ¢, € H' (R, C?),
w € (—1, 1) be a solitary wave profile, and let the operator JL be defined in (3.3), (3.4). There are the Jost solutions

fi(x, 1, 0), Fi(x, A, w), j =1, 2, which satisfy the equation (JL(w) — A)u = 0 and have the following properties.
There is c(w) < 00 such that

o For L €ilR, A <1—|w|,

¢ (x Ao @) = B0 @) + e TFj (b 0) —Hj(h o) Sc@)e %, xz0,  j=12
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Forh€iR, 1 —|o| <A <1+ |l

e (x, Ay @) — E1(h, )]+ [€517F (3, 4, @) — Hi (A, 0)] < c(@)e %% x>0,
685 (x, &, ) — Ba(h, @)| + [e P Fa(x, A, ©) — Ha(h, 0)| < c(w)e %% x>0,

For x €iR, |A] > 1+ |w|,

e~ (x, Ay ) — B, )] + [€7F (x, 4y @) — Hj(h, 0)] < c(w)e %%, x>0,
e For A €iRR,

£ (x, A, @)+ [Fj(x, 4, 0)] <c@)((x) +e2),  x<0, j=1,2.
For A €iR, |A| >3,

I£;(x, A, )| + |Fj(x, A, )] < c(w), x eR, j=12.

Above, 8, = V1 — w? (cf. (2.15)).

171

(4.14)

Using the above proposition, we also define the Jost solutions with appropriate asymptotics as x — —oo by

g;(x) =Bf;(—x), G;(x) =BF;(—x), x €R, j=1,2.

(4.15)

Proof. The proof is quite standard. However, since the decay rate of the potential W depends on w and k (cf. As-
sumption 2.4), we choose to provide the details. Given x € o (Mg(r, w)), with w € £2 and A € iR, let & € C* be a
corresponding eigenvector, with |E| = 1. To find a solution ¥ (x) ~ Ee**, x — 400 of (4.4), we define &£(x) by

Y(x) = E(x), sothat £&lx=too = B;
then 0,& = (Mo — %) + alJWE, and hence we can write
3, (e*(MO*)‘)xé:) — o~ Mo—x)x aJWE.
We construct £(x) in the form of the power series £(x) = Zzozo &,(x), where &y = E and

dp(e”Mo=%g, (x)) = e~ MmO W (x, )81 (x),  En(+00) =0,  n>1;
hence
~+00
En(x) = — f MG IW(y, )€1 () dy,  n>1.

X

Let P; denote the Riesz projector onto the eigenspace corresponding to { € o (My). Then, for x > 0,

+00
Pl = [ [PreM | W o) e 161001 dy

X
+00

<suplgu_1 ()| [ ae®IRCE=) (x _ yy KoKy gy < co 2K suple, 1 (y)],
y=x y=x
X

(4.16)

for some ¢ = ¢(w, K) < 00. Above, we used the bound || P; eMo—x)x H < ge*Re@—x) (x), with some a < oo (which
depends on w but does not depend on ¢), with the factor {x) due to the possibility of the Jordan block of Mg (when

¢ =0). For the convergence of the integration in y, we used the bound (3.8) and the inequalities

[Re¢| <k, |Re x| < kd,,

4.17)

which are trivially satisfied under conditions of Assumption 2.4: one has k > 2, |w| < 1/3, hence kd,, > 24/8/9, while

L €eo(Mp(A,w)) forany L € iR, w € (—1, 1), satisfy |[Re ¢| < 1 (cf. Lemma 4.1 (ii)).
Then the integration in y in (4.16) can be estimated as follows:
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+00 +00
/ e(xfy) Re(¢—x) (x — y)672k5wy dy — ef2k6wx / e 2 Re(¢—x) (Z>672k5wz dz
0

X

<

1 1
—2kdpx
- (Q(k — 10, + 2k — I)Sw)2>'
We conclude that

suplg, () =sup| D P&, ()< Y. sup|Pga ()| <dce * % suplg, 1 (y)l. x>0
y=x Y2 | e (M) teo M) ' y=x
Therefore, there is C < oo such that Z;’;l &, (0)] < Ce’ZkSw", for all x > 0, hence
E(x) — B| = Ce %X x>0.
Let us prove the uniform bounds (4.14). Let us write (4.5) in the form
(0y — Mo(A, )Y = alJW(x, o). (4.18)
Using the Green function for the operator 9, — Mo(A, w), which is given by
G(x,y, )= (El ® 07 T L Ey @65V L H ® n]ke_i(x_y)él +H ® n%‘e_i(x_y)sz> O(x — ),

where © is the Heaviside step-function and 0;, n; € C4, J=1,2,is the basis dual to E;, H; € C*, one can construct
the solutions f;(x, A, w), F;(x, A, ), in the form of the power series

V= vn, (4.19)
n=0

with ¥ (x) = Eje"sfx or Yo(x) = Hje_igfx (according to (4.15), these are asymptotics of f;(x), F;(x) for x > 1),
and with ¥, (x), n > 1 solving

(0x — Mo(h, @)Y (x) = WJW(x, @)Yy —1(x).

For definiteness, we will consider f;(x) only (other functions are considered in the same way). For any x € R, the
series (4.19) converges due to the estimate

¥ ()] SfIIW(m)IIEnd(@)Iwn—l(xl)ldm

sfﬂwm>

X X
< /m/ (TTIWGD lgnaces 1ot dai .. dx
=1

X<X|<--<xp<00 =

" “IW dy)"
5% / f (HIIW(xz)IIEHd(C4))Ixﬁo(xn)ldm..-dxnS (o IWO)llgnacce) 49) ’
’ =1

W(x2) [Vn—2(x2)|dx1dxs <...

End(C%)

End(C%)

n!
X1>x Xp>X
where we represented the integration over the simplex x < x; < -+ < x, < oo in R” as a fraction of the integra-
tion over the quadrant x; > x, 1 <[ < n, and substituted |o(x,)| = |E1| = L. Therefore, | (x)| < >, -ol¥n(x)] <
exp (fg W) llgnacc#) d). for any x € R. This proves (4.14).
Finally, Lemma 4.2 allows us to use (4.15) to obtain the Jost solutions with required asymptotic behavior at
—00. O
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Definition 4.5. We define the Evans function by
E(h, o) =det[fi(x, 1, 0), (x, 1, 0),81(x,1,0), 8 (x, 1, 0)]. (4.20)

We note that, by Liouville’s formula and by Lemma 4.3,

ad
a In (det [fl, fr, g1, gz]) =trM =0,

hence the right-hand side of (4.20) does not depend on x € R.
The following lemma gives the relation between the eigenvalues and the zeros of the Evans function.

Lemma 4.6. Fix w € 2.

(1) Let A€iR, Al € (1 — |w|, | + |w]). Then E(A, w) =0 at some A € iR, |A| € (1 — |w|, | + |w|), if and only if A is
an L? eigenvalue of JL.

(i1)) At A ==+i(1+ |w|), one has E (X, w) =0 if and only if there is a generalized L*°-eigenfunction corresponding to
A, which has the asymptotics  ~ a8y as x — +00, ¥ ~ bHj as x — —o0.

Remark 4.7. The statement of the lemma at the thresholds is non-trivial since at the threshold points the solution to
(JL — )¢ = 0 which is bounded for x — 400 could be linearly growing as x — —oo.

bl

Proof. Let us start with the easy “if” statements. For the “if” statement of Part 1, we consider the case A €
i(1—|w|, 1+ |w|). If ¥ is an eigenfunction (L? solution to (4.5)), then, due to the asymptotics of the Jost solutions
(Proposition 4.4), ¥ = Cfy = C’g, for some nonzero C, C’ € C, hence f, and g; are linearly dependent, resulting in
E (X, w) =0. The proof of the “if” part of Part 2 is similar. Let > = £i (1 + |w|). If ¥ is a generalized L*° eigenfunc-
tion of (4.5) with the asymptotics as assumed in Part 2 of the lemma, due to the asymptotics of the Jost solutions (f;
and F;, 1 < j <2, are not small when x — +o00; g and G, 1 < j <2, is not small when x — —00), one again has
Y = Cf, = C’g; for some nonzero C, C’ € C, hence f; and g; are linearly dependent, thus E (X, w) = 0.

Let us prove the “only if” statement of Part 1. If det[f(,f,,g;,g] = 0 for some A € iR, then there are
ay, az, by, by € C, not all of them equal to zero, one has

2 2
D(x) =Y aifj(x, 1. 0)=) bjgj(x.r,®),  xeR. 4.21)
j=1 j=1

Since f; are linearly independent, and so are g, the function @ thus defined is not identically zero.
Define

oy 0 il
Z‘—tJ—|:_”2 Oi|.

Let us consider the auxiliary Dirac equation
Yo, W =LV, W(x,1)eC xeR, (4.22)
where L = J0.d, + p + W — w. This is a Hamiltonian system with the Hamiltonian density
h=V*LY =¥*(Jod, +B+W — o)W
and the Lagrangian density
l=v*iXo, —L)W.
If ® € C' (R, C*) satisfies A® = JL®, which we write as (i1)(iJ)® = —AJ® = L&, then we have
QYo =L, Q:=ireR.

Thus, W(x,7) = ®(x)e ¥ isa “solitary wave solution” to (4.22), except that @ is not necessarily in L2
Equation (4.22) conserves the Krein charge; its density is
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o(x, )=V IV =0"YP, (4.23)
while the density of the corresponding current is

i, )=V Tol = d*Tod. (4.24)

Remark 4.8. We call the quantity (W, X'W) the “Krein charge” in view of its relation to the Krein index considera-
tions. Namely, the relation JL® = A® implies that (@, L®) = —A(®, JP), with (D, L®) real and (@, J®) purely
imaginary; hence ReA # 0 leads to (®@,J®) =0, (®,L®) = 0. Thus, the Krein signature is zero (L is not sign-
definite on the corresponding eigenspace) for any eigenvalue away from the imaginary axis. (The above could also be
interpreted as follows. We could say that if ¥ = @ (x)e™"¥ (with Q = i) is a solitary wave solution to (4.22) and
Im 2 = Re A s# 0, then the conservation of the “Krein charge” (W (¢), YW (t)) = (P, Y p)erm requires that this
charge is zero, (@, ¥ @) = 0.) It follows that purely imaginary eigenvalues A € iR \ 0 with nonzero Krein signature,
(@,iJP) # 0, cannot bifurcate off the imaginary axis into the complex plane.

Since the Krein charge density does not depend on time, the local conservation of the Krein charge in the sys-
tem (4.22) leads to the equality of the Krein current (4.24) evaluated at the endpoints of the interval (—/,1), [ > 0.
Therefore, taking into account that

YE|=—E, X By = Hy, YH; =—Hj, XHy =Hp,
under the assumption that E (A, w) =0, we compute for @ from (4.21):

0= lim ®*Yod| ,= lim
[—+400 [—+400

— lim ((b1Hie % 4+ byHpe ™2 hy*o(—b Hie ™1 + byHpe ™21 ) |

[—+00

((@1 81" + aryBre ™) au(—a1 B1€™1" + ar Bre ™)) |y

= lim
[—+o00

— lim
[—>+00

((@1 81" + ayBre ™) au(—a1 B1™1" + azBre ™)) |vay
((b1E1e™ 81" + by Bre ™M) by B1e 1% — by Bae™2)) [,y (4.25)

In the last relation, we took into account that H; = BE; and that B anticommutes with o. Taking into account that
Elaly = 5081 =0, we rewrite the above as

0= (lai|> + |b11H EF 08 + (Jazl? + |h2]?) s§a521lir+nooe—2“’. (4.26)
For Part 1, when A € iR and 1 — |w| < |A| < 1 + ||, one has k3 > 0, hence the second term in the right-hand side of
(4.26) vanishes. On the other hand,

A —i(1—w)é

2
Cl

o]

T0E >0 for A€iR, Imi>1—|o].
Then it follows from (4.26) that a; = b1 = 0, and we conclude that @ is exponentially decaying for x — 400, so that
A is an L? eigenvalue. This finishes the proof of Part 1 of the lemma.

Finally, let us prove the “only if” statement of Part 2. When A = +(1 + |w|)i, one has k» = 0 = &>, and, using
(4.10), one computes

A +il —w)s

2
)

0;

E;O(::‘Q =
therefore, the assumption E (X, w) = 0 which leads to (4.26) results ina; = b1 =0. O

For A € iR, |A| > 1 4 |w], the solutions f| (A, ), f2(A, w), F1 (A, ®), F2 (A, w) are linearly independent, constituting
a fundamental set of solutions to (4.5); hence, there are A(A, w), B(A, ) € CAx4, locally bounded in A, w, such that

2 2

gi(x. o)=Y fi(x, ko) Ay o) + Y File b o)Bij(h o),  j=1,2. (4.27)
k=1 k=1
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We note that, by (4.15), applying B to (4.27) and flipping x, we also have

2 2
£, 0) =) g A o)Ay o)+ Y Gilr. A o)By(h o), j=1,2 (4.28)
k=1 k=1

Lemma 4.9. For each w € §2, the matrices A(A, w), B(A, w) from (4.27) satisfy
lim [[AA, ®)llgnacty =0, lim B(A,w)= By (w), 4.29)
A—fioco

r—tioco

with || Boo (@) lgngcvy < 00. Moreover,

det Boo(w) = 1. (4.30)

Proof. The bound (4.14) (which is also valid for g;, G; in view of (4.15)), together with (4.27) and with the asymp-
totic behavior of f, F for x 3> 1 (Proposition 4.4) and linear independence of E;, H;, 1 < j <2, leads to

}\,—l)i:I‘:I}OO(”A()\" w)”End((CZ) + [|B(A, w)”End((CZ)) < 0.

Following the proof of (4.14) from Proposition 4.4 and using the stationary phase method, which yields
r 1
/ B, ® 6y VS W (y)Hie 4 dy = O(?) —~0  asi— +ioco,
J J
one shows that |A(A, ®)[lgpg(ct) — 0 as & — Lico.
Let us show that det Bo (w) = 1. First, we note from (4.9), (4.10) that

lim Z(h,0)=M lim Hy(,w), lim Zy(h,w)=M lim H;(, ),
L—tioco A—tioco A—tioco A—>Fioo

where M = [102 7012 ] Therefore, taking into account that for each x € R one has lim) _, 1;00|x||§1 — &2| — 0, we have

lim) s +i00 || (f1,£) — M(F,, Fl)ezi&x ||(C4><(C4 — 0, for each fixed x >> 1, and hence (due to continuous dependence
of solutions to (4.18) on the initial data) for each fixed x € R:

lim | 100 0), B k@) = MO, 2 0), Fy (r, 3, @) =0, «xeR
Ar—>+ico C4xC4
Similarly, comparing asymptotics for x << —1, we conclude that
lim | (Gi(x, 3, 0), Go(x, 1, 0) — M(@ (5,1, ), 81 (x, 4, @)e¥ 51 =0, R.
,Aim (G1(x, 2, w), Ga(x, A, ®)) (Z20x, A, ®), g1(x, A, w))e - X €

Therefore, besides (4.27), which yields lim)_, +; || (g1, g2) — (F1, Fz)BllL;o =0 (due to (4.29)), we also have
3 IHEA || (Gl(-xv )\‘1 0))1 G2('x7 )\‘1 0))) - (fl (xs )"a (l)), fZ(x7 )\'9 w))B()\‘9 w)||c4><(c4 = Os X € R'
— =+
On the other hand, from (4.28), taking into account (4.29), we also have

Alig l(F1(x, &, 0), B2(x, &, @) — (G1(x, A, 0), Ga(x, A, @) B(A, ®)|Ic45cs =0, xeR. (4.31)
—> 100

It follows that limy _, +;s0 B(X, a))2 = I, hence limy_, +; det B(A, w) = %1. The conclusion limy_, +; det B(A, w)
= 1 can be made by substituting the “interaction term” W with sW, s € [0, 1], and using the continuity argument
when changing s fromOto 1. O

Lemma 4.10. For each w € §2, one has lim) _, +ixo| E(A, ®)| = 1.

Proof. Using (4.9) and (4.10), we compute:
det[E1, B2, Hy, Hol = 1+ O(]A| 1), A — fioo. (4.32)
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On the other hand, by (4.27),

2 2
E(h, ®) =detlfi, f2, g1, g2] = detlf1, £, ) F;Bj1, Y F;Bjs]l=det B(A, w) detlf), f2, F1, F2]
j=1 j=1

=det B(, ) lim_det[f, £, Fi, F2] =det B(1, ) detl &1, E2. Hy, Hal.
X—>+00

where we used the asymptotics of f;, F; from Proposition 4.4. Therefore, by Lemma 4.9 and (4.32),

lim EG,w)= lim detB(A,w) lim det[Z;, Ep, Hy, Ho] = 1.
A—tioco r—tioco A—>Fioo

This finishes the proof. O

Remark 4.11. For w € £2, A € iR with |A| > 1 + |w]|, the Jost solutions f;, F;, j =1, 2 (and similarly g;, G},
J =1, 2) are linearly independent (since so are the vectors E;, H;, j =1, 2 from (4.9), (4.10)); hence there is a
“scattering matrix” S(A, w) € C**4 such that
(81(x, A, @), g2(x, A, @), G1(x, &, »), G2(x, A, w))
= (fi(x. 1, @), f2(x, &, 0), F1 (x, 1, @), F2(x, 4, ©)) S(1, ).

Taking into account the relations (4.15) between f; and g; and between F; and G, we conclude that one also has

(f1,12,F1, F2) = (g1, 82, G1,G2) S,

I

hence S% = I, detS = +1. Taking into account that S — 02

(4.3) is substituted by zero), we conclude that det.S = 1.

[102 ] in the limit of zero interaction (when W(x, w) in

4.2. Explicit construction of the resolvent of the operator JL

In this section, we will not restrict JL. onto X and give a general construction of the resolvent in the case when
E(\, w)#0.

Remark 4.12. Although for applications to asymptotic stability we will only need the resolvent of JL(w) for A in the
essential spectrum, we will make our construction for all A € iR.

Definition 4.13. For 1 < p < 0o and s € R, we will use the weighted L? spaces with polynomial weights:

1Al =11 fllee.

For f(x,t), we will denote

1 llwry, == IF GOl =16 £ DL
Proposition 4.14. Fix w € $2. Assume that A € iR, |A| > 1 — |w|, is such that E(A, w) # 0.

e There are resolvents G (x, y, A, w) of the operator JL. = —ou(d;, — M(x, A, w)) which satisfy
—o(0y — M(x,A=£0, a)))Gi(x, v, AE£0,0)=8(x —y)la, (4.33)
and for some C (X, w) < oo (locally bounded in A and w) one has
IGT(x, y, 4, @) < C(h£0, ) min((x), (y)(y), (x, y) eR%. (4.34)
e Foreach w € $2, there is C(w) < o0 such that

limsup | G*(x, y,iA £0,0) |gqcry SC@),  (x, y) €R% (4.35)
A—=+oo
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e Foreverys >3 and K > 0, there is a constant Cs g , < 00 such that for all A € iR with |A| < K one has

sup L) =27 l2n 2 < Cokoo (4.36)
reiR=0, |A|<K s -

e There is a constant C,, < 00 such that

limsup  [[(JL(@) —A) " ",2, .2 <Co. (4.37)
A€iR=0, | |- 00 Lol

Proof. We will only provide a construction of G~ ; see Remark 4.19 below.

Recall that f;, f, are Jost solutions decaying (or oscillating) for x — +o00, while F;, F, are the growing ones
(or oscillating ones). f1, F1 have x| as the rate of decay and growth, respectively; f, and F;, have the rate «,, with
k2 > k1 >0 (cf. (4.12)). Similarly with g1, g», G1, G2, for x - —o0.

Recall that if £; = 0, then F; =f;, hence the set {f{, f, Fy, F2} is no longer linearly independent. To overcome
this issue, let us modify F ;. For &; # 0, denote

. fi(x,A,0) —F;(x,A, 0) .
Fi(x, ,0)=F;(x, A, 0) + - , j=1,2; (4.38)
21%‘]
gi(x, ) —Gj(x, A, w)
2i; '
Note that by (4.15) one has G(x, A, w) = BF(—x, A, »).
For A € iR such that §; (A, w) = 0, we define F;(x, A, @) by the pointwise limit:

Gi(x, 2 0) =Gj(x, 1, ») + j=12. (4.39)

fi(x,V,0)—F;j(x,), 0) }
2i&;()) '
and similarly for Gj; then one has f‘j(x, A,w)~ Bj(x) forx > 1 and Gj(x, A, w)~H;j(x) forx < —1.
By Proposition 4.4, we have the following asymptotics for F;, G;:

Fi(x.h0)=Fjx.\,0)+ lim |
N—=A;€;(A)>0

Lemma 4.15. For each w € §2, ) € iR, one has:
Fj(x. . 0)| <C@)x)e", x>0, =12
Gj(x. 1, w) < Cl@(x)e™,  x<0, j=12
where C(w) is locally bounded in w.

Remark 4.16. In Lemma 4.15, the estimates remain true when A is above the corresponding threshold, so that £; > 0
while k; = 0 (cf. definition (4.12)).

Proof. This follows from Proposition 4.4 and definitions (4.38), (4.39). O

Abusing the notations (cf. (4.27)), we assume that A(A, w), B(A, w) € C*** are such that

2 2

g(rh o)=Y £, 0)Ajp0,0) + Y Fi(x,ho)Bi0,0), k=12,
j=1 j=1

which we write as

(81.82) = (f1.£) A + (F1, F2)B. (4.40)
Multiplying (4.40) by B, flipping the sign of x, and using (4.15), we arrive at

(fi.f) = (g1.8)A + (G1. G2) B. (4.41)
with the same A, B as in (4.40).



178 A. Comech et al. / Ann. 1. H. Poincaré — AN 34 (2017) 157-196

Lemma 4.17. If E(A, w) # 0, then the matrix B(X\, w) is non-degenerate.
Proof. By (4.40), E(A, w) =det[f), f2, g1, 8] = det[f}, £, (1, £2)A + (F1, F2) B] = det[f}, f», 1, Fo]det B. O

If A is neither an eigenvalue nor a resonance, so that the Jost solutions
{f1x, 4, 0), f2(x, 1, 0), g1(x, 1, 0), g2(x, 1, 0)} (4.42)
are linearly independent, we define:

2
G,y o) == Y [0 = WG 0) g () + 00 —0g (Wt 0) 8K [AG, ko)™,
j.k=1
(4.43)

where © is the Heaviside step-function, the Jost solutions also depend on (X, w) (this is not explicitly indicated), the
matrix I'(A, o) is defined by

1 —is
Fho)= ——— [ B2l [Baile } , (4.44)
V1B 2 + By LIBaile™  —IBx]

so that detI" = —1; here s € R is chosen so that

2 .
Br1|Baz| + Baz|Bayle'
ZBZijl =By 1I'11 + B’y = =0. (4.45)

= VIB21? + B f?

(This choice of T is justified later by the need to have appropriate estimates on G (x, y, A, w).) The matrix A(y, X, ®)
in (4.43) is defined by

A, h o) =110l 0) g (v, 2, @) —gj(y, 2 ) jk(h, 0) @ (v, 2, ®). (4.46)

Since detI" # 0, the matrix (4.46) is invertible as long as {f, f2, g1, g»} are linearly independent. Moreover,

detA(y, &, ») = |E(h, )| (4.47)
The relation (4.47) follows from the following identity:

Lemma 4.18. For any uj, v; € CN, 1 <j<N,A € CN*N one has
N
det( 3 u,-Ajkeg)u;:)=detAdet[u1,...,uN]det[vl,...,vN]. (4.48)
k=1

Proof. If v; are linearly dependent, the rank of the matrix in the left-hand side is smaller than N, and both sides in
(4.48) vanish. Otherwise, the proof follows from computing the determinants of both sides of the identity

N N N

-1
(ZujAjk@)v,f)([vl,...,vN]*) = ZujAjl,...,ZujAjN . a
jok=1 j=1 j=1
Applying Lemma 4.18 to (4.46), thus setting [uy, ..., us] = [v1,...,va] = [f1,£2, 81, 8] and A = [_01_ g], one

derives:

2 2
det A(y, A, w) = (detT'(A, ®)) | det[f; (y, A, @), (3, A, @), g1 (v, &, w), g2(3, A, )],

arriving at (4.47).
As follows from the definition, one has

—0(0y — M, A, 0)G(x,y, A, w) =8(x — y)I4.
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Remark 4.19. At this point, we need to recall that the limit of the Green function is not uniquely defined at the
essential spectrum. Since the expression (4.43) has the asymptotics ~ eiEx Ex—ilfor A €iR, ImA > 1 (cf. (4.7)
and our convention that &, & are positive for A € iR, ImA > 1), we conclude that (4.43) will remain bounded for A
near iR with Re A < 0; thus, (4.43) corresponds to the limit G~ (x, y, A, w) := G(x, y, A — 0, ®) of the Green function
to the left of the upper branch of the essential spectrum (this is consistent with (4.8)). To define the limit on the right
of the essential spectrum, one would need to interchange in the above considerations f; ~ ¢'$i* and F i~ e 6% as
well as g; and G (this is assuming that Im A is large enough so that &§; > 0, hence f;, F; with particular j oscillate
as x — +00).

Let us now find the bounds on G(x, y, A, ). Our goal is to show that (4.43) does not grow exponentially when
x and or y go to infinity. For example, when y — 400, the fastest growing term is F2(y). We need to show that
when (4.43) is written solely in terms of f; Js Fy, then in the combinations fi(x) ® F + (y) one always has x > y, and

moreover the coefficient at the term £ (x) ® Fz(y) vanishes (this is the only problematic term, when the decay of f; (x)

with x >y, x > 1, y > 11, does not compensate for the growth of f?k(y)). We claim that the choice of I" in (4.44)
specifically guarantees this.
For x > y, we only need to consider the first term from (4.43):

YW @g(). x>y (4.49)
ok
It is enough to consider the following two (intersecting) cases: (1) x >y, y <0 and (2) x > y, x > 0. (In the intersec-
tion, one has x > 0, y <0, hence (4.49) is uniformly bounded.)
Let us consider the case x > y, x > 0. By (4.40), the factor at f| (x) in (4.49) is given by

— ~ — * — ~ —

> oTugim =2 (AT +F; 0Bl i) = (AT + Y (Fi0BulW)'s @50
k jk jk k

in the last equality, we took into account (4.44) and (4.45):

Z BTk = BoiT11 + BaoTi2 = Boi Ty + BoaT'21 = 0.
k

It follows that when we rewrite (4.49) in terms of f, F only, then the only term which can become exponentially large

for x > y, x > 0, namely f;(x) ® f‘z(y)*, drops out! Hence, (4.49) is bounded by C (A, w)(y) for x > 0, x > y. The

linear growth in y may come from f; (x) ®Fj (y)* when 0 < y < x, whenever A € iR is near i (1 £ |w|), so that §; ~ 0.
Letx >y, y <0. By (4.41), the factor at gT(y, A, w) in (4.49) is given by

D 5@ =) (8@ Ay + Gr@)Bi)Tji = Y g AGTj1+ Y Gi(x)By;Ti: (4.51)
j Jj.k Jjk J
in the last equality, we took into account that the coefficient at Gz X g’f (y) is given by Ba1I'11 4+ BaaI'21 =0, by
(4.45). Thus, when we rewrite (4.49) in terms of g and G, the coefficient at the term (~}2(x) ® g7 (), the only one out
of G j(*) ® gi (y) which can be exponentially large for x >y, y — —o0, drops out. It follows that (4.49) is bounded
by C(w){x) for y <0, x > y. The linear growth in x may come from Gj (x) ® g;j(y) for y < x <« 0 (when writing
(4.49) as a linear combination of g; ® g;:, G i ® gZ, via the substitution (4.41)), whenever A is near i(1 & |w|) so
that the corresponding §; i fi(, A, o) ”Loo and ng (-, A, w) ||L°° are bounded by
c(w) < o0.
We summarize the cases x >y, y <0 and x > y, x > 0: Thus, for some c(A, w) < oo,

| ratw oo, ., Sct@min oD, xzy. 452)
J.k

The case x <y follows from the above once we notice that A(—y, A, w) = BA(y, A, )P and then
G(—x, =y, A, @) =—BG(x,y, A, ®)p;
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we arrive at the same bound but now for x < y:

| Yorag 0 OG0, ., <cOomin(). 0D, x<y. (4.53)
Jk

Let us study the contribution of the matrix A(y, A, w) defined in (4.46). By (4.52) and (4.53), A(y, X, w) satisfies
IA, &, @) lgnacct) < (A, @)(y), (4.54)

with the linear growth only for x & +i (1 + w).
By (4.47) and (4.54), there is C (A, w) < oo such that

Ao | =00, (455)

(Here, we need to argue that the minors of A cannot grow faster than (y); at most one of G Mg M* j=1,2
can grow linearly at a given value of A, hence, in the appropriate basis, only one element of A grows linearly while
others are bounded uniformly in y € R.) Combining (4.52) and (4.53) with (4.55), we arrive at the bound (4.34).

Let us now study the behavior of G(x, y, A, w) for A € iR, |A| — oo. By Proposition 4.4, the Jost solutions f;,
F i 8 G j are bounded uniformly in x as long as |A| is sufficiently large. By Lemma 4.10 and (4.47), for A € iR,
|[A| = oo, one has |det A(y, A, w)| — 1, while the components of A(y, A, ®) are uniformly bounded for A — +ioo.
It follows that the components of the matrix G(x, y, A, ®) defined in (4.43) are bounded uniformly in x and y as long
as |A| is sufficiently large.

Finally, the bounds (4.36) and (4.37) follow from the pointwise estimates (4.34) and (4.35) for Green’s function.
This concludes the proof of Proposition 4.14. O

5. Dispersive estimates for the semigroup

In this section, we develop set of dispersive estimates, which will be useful in the sequel for controlling the radiation
portion of the perturbation.

5.1. Weighted decay estimates
We start with an estimate, which is typical in this context, namely "M@ P.(w) : L? — L>®((x)73L?).

Proposition 5.1. Let o € §2. Then there exists C < 0o such that for all t > 0, the following estimates hold:

sup(x) e P (@) £1)|

I / MO P (@) F () dtll 2 < CIF gy, 2

—00

L =CI iz

Remark 5.2.
(1) The estimates in Proposition 5.1 can be upgraded to include derivatives. For example,

sup(x) | el Pe () £160)

L2 SCI Sl

Note that the last estimate presents a challenge, since 3¢’ # ¢JL9, . Nevertheless, since

L(w) =Dy, — wly + W(x, w),

tJL

with D,, from (3.5), we may essentially commute the derivative with ¢’ modulo low order error terms, whence

the result generalizes to include derivatives.
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(i1) Interestingly, Proposition 5.1 fails for the free Dirac operator. This is due to an essentially resonant behavior of
the free Dirac operator close to the edges of the continuous spectrum. We have an alternative estimate for the free
Dirac operator in Lemma 5.4.

Proof of Proposition 5.1. Clearly, the two estimates in the claim of Proposition 5.1 are dual to each other, so it
suffices to establish the first one.

Pick an even function x € CS__(R) such that

comp
supp x C [—4,4], x(A)=1 for|A|<3. (5.1
Decompose the evolution into two pieces:
M Pe() f = x (I Pe(o) f + (1= x (L)) Pe(0) f,

with the terms in the right-hand side defined in view of (4.2) as the inverse Fourier transforms in time of the functions

—XW(RfGA) = Ry (Mf) @), =1 = x (A (IR}, G A) = Ry (M1 f) (x). (5.2)
The required estimate will follow from

sup|(1 = x GIL) M Pe(@) £l 2 < ClI f I .2, (5.3)

sup(x) | x (JL)eT Pe(@) £l 2 < CII f I 2 (5.4)

Using the Fourier transforms (5.2), we see that (5.3) will follow from

suPll(l — X(M)R;; LEA N2 =ClfllL2. (5.5)
Similarly, (5.4) will follow from

SI;P( X)X (M) Ry LA N2 < Clifll2. (5.6)

We now prove (5.5) and (5.6).

Proof of (5.5). For brevity, we denote

Rw(A) := D, —wly — AJ '+ W)L
From the resolvent identity, we have Rw = Ry — RwWRy = Ry — RoW Rw, whence the following Born expansion
holds:

Rw = Rop — RoWRo + RoWRwWRy. 5.7

1
Observe that Ry = [(D’" (@+A) D)™ 0 (wo Ay ] The restrictions imposed by the cut-off (1 — x) (cf. (5.1)) im-
m 2

plies that | = A| > 3. It follows that it is enough to show that

sup f |(Dm — )™ f(O)Pdp < Cl f1I72: (5.8)
X X

sup / |(D — 1)~ Wy (Dyy — 1) ™" f @) P < WIS I1LF 17 2 (5.9)
X X X

sup / (D — nl2) ™ Wy RwWo (D — nlo) ™ f ()P d e < CIO“WI2, 1 £112,. (5.10)
X X X

Above, o > 3/2 and W, is either of the potentials Wy, Wj. Similar estimates were shown in [29, Section VIII], but
we provide the details here for completeness. Note that
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_ 114+ b

_ 1 _ a2 2\—1 x

(D — )™ =1 -0y — o) < —a, M_1)'

Thus, setting i = ~/k2 + 1, the operator (D,, — j1I>)~! is represented as a linear combination of operators with the
following kernels:

oEiklx| eEkX T 1

e sgn(x), — p

Clearly, for the purposes of showing (5.8), (5.9), (5.10), it is enough to consider the operator with kernel eIl sgn(x).
For the proof of (5.8), we have by Plancherel’s
® 2

. kdk
sup ‘ / R son(x — y) f(y) dy
8

k2 +1

xeR
NG

oo

[ Fiky > 0 f +iky 2 2
<2sup [ A] [ e r@ay| +| [ 0 poas| §ae<anfid.
XERﬁ e J
Similarly, for (5.9) we have (by Minkowski’s)

2

¥ . k dk
sup / ' / eER I son(x — yY)WH)[Ro(V 1 +k2) £1(y) dy N
NG

2
dk

5/'/IW(y)I‘[Ro(\/l+k2)f](y)‘dy
NG

12 2

< /IW(y)I /I[Ro(v1+k2)f](y)|2dk dy
8

o
2
< W%, supf RO/ T+ KD 10| dke = CIWIZ, I1£12.
u
NG
This shows (5.9). Finally, for (5.10), we estimate

2
dk

sup / ‘ / eF = sen(x — y)W() RwIWRo £1(y) dy
NS

<IPWOI3, / 1) Rw () LY WORo T+ k) F10)117 dk

N
N 2
< IOP WL IRWI 2y 2 ) sup / RO/ T+KD) 10| dk
37 -3y
NS

< CIYPWOINf 17
In the last estimate, we have used the estimates from Proposition 4.14 which are uniform for large A (for large values
of the spectral parameter A > V38), Rw : L%(R) — L2_3 (R).

Proof of (5.6). The statement for low frequencies follows from the following result:
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Lemma 5.3. Let Co(R) be the space of continuous, compactly supported functions. Define A : Co(R) - C(R x R)
by

ui—)Au(x,A)=X(A)/G(x,y,iA,a))u(y)dy. 5.11)
R

Then A extends to a continuous operator L2(R) » L (R, L%\(R)), and moreover there is C < 0o such that

loc

sup(x) = | Aux, )l 2 < C llull 2. (5.12)
X

Proof. Letu € Lz(R, (C4). Without loss of generality, we assume that suppu C R, so that in (4.43) we have y > 0.

The case x > 0. We use the expression (4.43) for G(x, y, i A, w); expressing in (4.43) the Jost solutions g; in terms
of f; and F j» we see that it suffices to check that the expressions

/G(i(x —E COf (Mu(y) dy, /G)(y — 0)F; Off )u(y) dy, /G)(x — W OF; ()u(y) dy,
0 0 0

(5.13)

with j, k =1, 2, are bounded in L? as functions of A, with an appropriate bound on the growth with x. Above, we
omitted the weight y (A) present in (5.11); this weight will become important when we will integrate by parts.

In (5.13) and in the rest of the proof, the Jost solutions are evaluated at A =i A and w, which we usually do not
indicate explicitly to shorten the notations. The first two terms in (5.13) are analyzed similarly; the more difficult
being the second one, so we focus on it.

e Assume that f (y, i A, w) is exponentially decaying, so that

fr(y,iA, @) ~ e, y> 1,

with « >~O (cf. (4.12)).
When F(x, i A, w) remains bounded or grows linearly in x for x > 1,

OO~ o0 C
/Fj(x)f’,i(y)u(y) dy| < cix) /|fk<y)||u<y)|dy <) 10O ull = S22 ju).
0 0 \/K_k

Note that /ck_l/z is L2 in A near the thresholds A = £(1 £+ ).

When f‘j (x, i A, w) is exponentially growing, by Lemma 4.15, we have |Fj (x)] < C(A, w){x)ef* for x >0, and
moreover we only need to consider terms with «; < «y due to our construction of G in Proposition 4.14 (the term
F2(x)ff(y) is absent in the expansion of G(x, y) over f;(x)f} (y), F; ()} (y), and f; (x)F}(y)), and with C(A, ®)
locally bounded in A and w, with limsup,_, 4, C(A, ) < C(w) < o0o. Then, again,

oo oo

0/ Oy — OF; (OF () dy| < C(x) f K1 R u(y)| dy < % ull.

e Assume that f (v, i A, w) ~ ek is oscillating:

Atol>1, &AM w0)=V(A+w)?2—1>0. (5.14)

(According to the construction of the Green function, since f; is oscillating, we only need to consider the terms in
(5.13) with F;(x) also oscillating: &; > 0.) In this case, the integration in spatial variables becomes possible after

integrating by parts with the aid of the operator L, = l.(y+z)8 A; we only give a sketch, substituting the Jost solutions
i&Eix —i&ix
el —e J

by their asymptotic behavior fi (x) ~ €5 and F j(x) ~ e IEx 4 i (cf. (4.38)). Then the integration by parts
yields '
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/ x(A)dA / IF; ()1t (Qu () ()u(y) dydz

R RxR

= / x(A)dA f IF; 0P L3 (F@u@t; (u() ) dy dz

R RxR
Clu)lu(z)| dy dz Wi, A, o) flul)?
< (x)? AdA/ <C 2/ AdA=L— 5.15
= %) /X( ) T I A ) (5 — ang? o x) ] 6-15)
R RxR R
Above,
102 &1
i(x, A, =C 1, oaEil, 5.16
pir A )= Cmax (1 bellag . o) (5.16)

is the bound on the contribution of d, during the integration by parts (the last term in (5.16) is the contribution from
the derivative falling onto d&; during the second integration by parts). In the last inequality in (5.15), we used the
Schur test. Due to (5.14), one has

Axow
g

hence, (5.16) can be continued as follows:

C(A)?
0R&j] < —5—:

J

SINT

I%E;
uj(x,A,a))szaX(l, 1x110A ] ||8:§J||2) §Cmax(1, ?—>)
J J

It follows that
wi A Cl)

[0aékl  — &(A, )
is locally integrable in A € supp x (and such that |A + | > 1), and moreover (x)> f(x)2%X(A)dA is
bounded uniformly in x. The factor (x)2 under the integral comes from the bound |f‘ i (x, A, w)| < C(x) which remains
valid uniformly in &; > 0 when &; — 0+ (cf. Lemma 4.15). This leads to (5.12).

Let us analyze the last term in (5.13). When Fx (y) is oscillating, we use the same consideration as above, in the
case when f;(y) was oscillating. Let us consider the situation when Fy(y) is exponentially growing as y — 4-00.
Since this growth is compensated by the decay of ®(x — y)f;(x) due to the choice of Bj;(A,w) in (4.44) (as we
mentioned above, the construction of G is such that we only need to treat terms with ki < «;), it suffices to consider

the terms © (x — y)f; (x)I:“z (y) which are bounded by O (x — y)(x)e ™ i*le< V| with Kkj > ki. We have:

(x) / O(x — y)e il My (y)| dy < C(x) /|u(y>|dy < Cx) 2 |ull,
0

which immediately leads to (5.12).

The case x < 0. This case is in fact much simpler. In this case, from (4.43), we only need to consider the contribution
from Z?,k:l g; ()T 1 £ (v); we need to prove that the expressions

f g )T jfg (Mu(y) dy,
Ry
with j, k =1, 2, are L?-bounded in A, for A € supp x. Since g j (x) are bounded for x < 0, the proof follows the lines

of our argument for the case x > 0, except that we do not need to worry whether the decay of f;(x) compensates the
growth g;(x) since the latter terms are bounded for x < 0. This finishes the proof. O
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This completes the proof of Proposition 5.1. O
Next, we state and prove the estimate for the “free” Dirac operator, which is reminiscent of Proposition 5.1. As we
have pointed out before, Proposition 5.1 does not hold for D,,, unless one adds a derivative correction that takes care

of the low frequency component of f.

Lemma 5.4. We have the following estimate for the evolution of the “free” Dirac operator:

sup | e < 1Mfll 2. (5.17)
X

|| / TP, )dill < CIIMFI Ly 2. (5.18)

where M = /(V)/|V| or more precisely A//I(\g(.f;) = “Ef)z'“g(s). In addition, by a simple duality argument, there is
also

I / MOF (@, Y dill e < CIMF o (5.19)

Proof. Clearly, (5.18) is just a dual to (5.17), so we concentrate on (5.17). Due to the block-diagonal structure of D,,,,
the problem iu; = D,,u reduces to the following linear system:

idh = Dyh,  hl=o=h",
which in the components of /2 € C? takes the following form:

i10;h1 =h1 + 0chy,
i0;hy = —0xh1 — hy,
) =h,  hy0)=h)

It follows that &1, ko both satisfy the Klein—-Gordon equation 9,412 — dxxh12 + h1,2 = 0 with the corresponding
initial data. Thus, (5.17) reduces to

suplle™) fll 2 < CIMF 2,
x
where (/V)\g(é‘ )= \/@ g(&). Changing the variables k = sgn(& )m and using Plancherel’s theorem, we have:
”eit(V)f”i’Z:/)/eitmf(é)eiéxd§‘2dt
=/) / ”“f(\/r)e'x/ﬁ— K ‘ dt

lk|>1
2 _ 2 Zd 1 2
=/ If(VK )I K /If($)||$\/| +§ — |Mf I -

lk|>1

Note that it becomes clear in the proof that the term [|e/!(V) £| L2 is actually a constant in x. Thus, adding weights
(as in Proposition 5.1) would not have salvaged a statement in Proposition 5.1, if we insist on having || f]|;2 on the
right hand side. One indeed needs to have instead || M f||;2 as we have established above. '

Next, we present an estimate for the retarded term in the Duhamel representation, in the spirit of Proposition 5.1.

Lemma 5.5. Let w € §2. There exists C < o0 so that

sup (x ||f ~TILP @) F (e ) drl g < CIF Il gy, 13- (5.20)
0
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Proof. It is well-known that these type of estimates are essentially dual estimates to the one presented in Proposi-
tion 5.1. In fact, recall that from Proposition 5.1,

o0
I / e P(@)F(z.)drll 2 < ClIF 1), 2
0

Thus, if one deals with the related quantity fooo e~ (—DJL P.(w)F(z,-)dt, we have, by virtue of Proposition 5.1 and
its dual estimate,

o o
)~ f e TOIP (@) F(r, ) dTll oo 2 = Il (x) P I / e P()F(z, ) dt| o2
0 0

o0
<c| / e P(@)F(z, ) dell 2 < CIFl ) 12
0

However, as one observes quickly, we have to deal with fot in the retarded term in the Duhamel representation, instead
of fooo in our previous consideration. This is a non-trivial issue, which has been resolved in the literature, see [24,
Lemma 11] and [29, Lemma 2]. In short, these results allows one to write for F (¢, x) = g1(t)g2(x),

t 0 oo
U, - =2/e<’*’)JLPC(w)F(r, ydt + / —/ eI p (W) F(t,)dx,
0 —00 0

U, x) = AL ([RILGA) + Ry (iA)] g2) (x) dA.

(0,¢]
i
2w
—00
Since we have already shown the estimates for the term fooo ... (and the estimates for fi) oo - - - are similar), it remains
to show the appropriate estimates for U. By the Plancherel theorem in the ¢-variable,

10 gy, 2 = |07 181 IRFLGA) + Ry ()2l 2

L

. + .
< <
= Cllgllng\ [S\l;% ||RJL(ZA)||L:1,)—)L303||g2||(L:|§)X = C||gl||L[2||g2||(L;)x-

All in all, we have shown the required estimate (5.20) for the case F = g1(¢)g2(x). Note however that the domain
space (Lé) thz may be embedded in the bigger space (.#3) thz, where .3 is the space of Borel measures with the
weight (x)3. By the Krein-Milman theorem, elements of this space may be represented as weak* limits of linear
combinations of Dirac masses of the form §(x — a)g(¢). Thus, to show bounds of the form 7 : (.#3), Lt2 — Y for
any linear operator 7 and Banach space Y, it suffices to prove such an estimate for elements F = g>(x)g(¢), with
g> € M3, g1 € L* as we have done above. 0O

5.2. Further linear estimates for '3

We will now state and derive the Strichartz estimates.

Definition 5.6. We say that a pair (g, ) is Strichartz-admissible (for the Dirac equation in one spatial dimension), if

2 1 1
q=2, r>=2, —+-==.
qg 1~ 2
Equivalently, the admissible set is a triangle in the (é, %) plane, with endpoints corresponding to (g, r) = (4, oo0) and
(q.1) = (00,2).
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In view of the representation of the Strichartz-admissible set as a triangle in the (l, %) coordinates, we will state
the estimates only at the vertices, with the estimates in the interior of the triangle obtained by interpolation.

Next, before we can state our Strichartz type estimates, we need a variant of the well-known Christ—Kiselev lemma,
an abstract result which allows one to pass between estimates for dual operators and retarded terms in the Duhamel
representation. We state a version which is due to Smith and Sogge [32].

Lemma 5.7. Let X, Y be Banach spaces and K : LP(R; X) — L1(R,Y) be a bounded linear operator such that
Kf@)= ffooo K(t,s)f(s)ds. Then the operator

t
Ry = / K(t.9)f(s)ds (521)
0

is bounded from LP (R; X) to LY (R, Y), provided that p < q. Moreover, there is C), ; > 0 such that
||]€||LP(R;X)»L‘/(]R,Y) S CpgliKllLr@®:x)>La®R,Y)-

Lemma 5.8. Let (q, r) be a Strichartz-admissible pair. Then, for any € > 0 and s > 0, there is Cc < 00 so that

|eTEPe@) f || 1 oo < ClLF Nl gve (5.22)
e Pe(@) £ oo gy < ClLF s, (5.23)
o0
JL
H / e P@FE | S Wl (5.24)
—0o0

<IFll;141- 5.25
L?OH}ﬂL;’L;_” ”Lerl ( )

H /t eI p () F(r, .)(
0

Proof. We start with the estimates (5.22) and (5.23). Let us note that we can easily upgrade (5.22) to add derivatives
on the evolution. An interpolation between these two estimates then yields (cf. (5.27) below for the free Dirac case):

le " Pe(@) fllpgwer < CAFIipittie (5.26)

for s > 0 and for all Strichartz-admissible pairs (g, 7).

The proof of (5.25) is based on an application of the dual to (5.26) and Lemma 5.7. Thus, it remains to show (5.22)
and (5.25). The approach follows what has become standard in recent years: we employ the available results for the
“free” Dirac operator, in addition to the weighted decay estimates that we have proved in the previous section, namely
Proposition 5.1 and Lemma 5.5. In fact, we follow closely the approach in [29, Lemma 4].

Let us recall first the estimates for the free Dirac operator. Let us prove the Strichartz estimates for e
form (5.22), (5.23), (5.25). The corresponding linear equations

i0:hy =h1 + 0yha, i0thy = —0yh1 — hy
reduce to the Klein—Gordon equation for each component /1, k7, as we have shown in the proof of Lemma 5.4. Thus,
the “free” Dirac estimates follow from the respective estimates for the Klein—-Gordon equation, which can be found
in the recent work of Nakamura—Ozawa, [26, Lemma 2.1] (where one takes § = 1, A = 3/2, n = 1). These estimates
read as follows: for every € > 0,

—itD,
I Fllgwer < Cl I gy e (527)

D in the

These are of course the variants of the estimates (5.22) and (5.23); the estimate (5.25) holds in a similar manner for
the free Dirac case. One important improvement of (5.27), which is implicit in [26],% concerns the low frequency
component of f. Namely, for the particular case ¢ =4, r = 0o, we have:

3 This is the estimate (2.15) in [26], which holds with the homogeneous Besov spaces version.
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le™ P fll apo0 < Celllx ™ fll e (5.28)

Let us now consider JL = J(Lo + W), with a potential W of Schwartz class. We may write the perturbed evolution
in terms of the free evolution as follows:
1
e f=eloyry / e=Io ywesIL £ g
0

We now have to deal with the two endpoint cases of Strichartz pairs: (g, r) = (4, 00) and (g, r) = (00, 2). We only
present the first case, the second being similar. To that end, let W(x) = V1 (x) Va(x), with Vi (x) = e~92() and Vo(x) =
ed2W(x), with

8o = inf 8, = inf V1 —w?>0 (5.29)
wes2 wes2

so that V,(x) is also exponentially decaying (cf. (3.8)). For f € H %+5, we have:
13
e Pe@) fll 200 < 1€ 1l 00 + / =gV V26 Po(w) f ds

4
0 LyLy

t
< Cell £l yrse + / =gV Vo Pe() f ds
0 LiL®
We now use the Christ—Kiselev lemma (Lemma 5.7) with K (¢, 5) = e@=WLoJV, : L2Hit€ — [*L®. Following
(5.21),
t
Rivae TP f1= [ Mgy vae P f ds.
0

According to Lemma 5.7, we have

t
”/e(t—s)JLkolVzesJLPC(w)fds”L;‘Lio=||I€[V2eSJLPc((U)f]||L;‘L§°
0

<C|K Vo'V Po(w 3, .
YIS | SOV I

tzH % e,

From the interpolation between the cases s = 0 and s = 1, the decay and smoothness properties of V, and the weighted

decay estimate from Proposition 5.1, we conclude that || Vo L P(w) £ L2Hs < C|l fl us, and we arrive at the estimate
X

tJL <
IV2e e Pe@)f1 y, 31e S CUFIL g

It remains to obtain the appropriate estimate for ||/C|| . o We have again by the Strichartz estimates for

2q it LiL
the free Dirac evolution (more precisely, the version of (5.28)):

9] o8]
|| / TIOIVIG s, ) dsll e = lle T / e MOIVIG (s, ) dsl a0
—00 —00
oo
<Cllo N [ a6, dsle
—00

From Lemma 5.4 (and more precisely from (5.18)), we have
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o
119 1> / e MOFVIG (s, ) dsllme < CIOL*MIIVIG T 11 e

—00

Note that in the low frequencies, |9, |3/*M ~ |8,|'/# is not singular anymore, while in the high frequencies one has
|9y |3/4M ~ |0, 3/4. Thus, with V; in the Besov space B2l’l, we have

110: P4 MIVIGOT Ly e < CIVAll Ll Gz prasose.

With that, Lemma 5.8 is proved in full. O

Our next lemma is another essential component of the fixed point arguments to be presented in Section 6. Namely,
it connects the Strichartz estimates to the weighted decay estimates.

Lemma 5.9. There is C < oo such that

t
||/e(t7t)JLPc(w)F(7—', ) dt”L?"HxlﬂLfL?f = C[”F”(L;)thz + ||axF||(L§)XL%]’ (5.30)
0
t
sup(x) | / TP (@) F () dTll 2 < CIF g2 (5.31)
" :
0

Proof. For the proof of (5.30), by Lemma 5.7, we may consider the Duhamel’s operator in the form ffooo ..., instead
of the retarded term with fé ... in the Duhamel representation. By (5.22) and (5.23),

e ¢]

H /e(’_T)JLPC(a))F(r, -)dr‘

—00

LPHINL}L®

o0
P (o) / eI (e, -)dr‘
LPHINLALS®

—00

HI

X

o0
< H /e—fJLPC(w)F(r, ~)dr‘
—00

To prove (5.30), we need to estimate two terms: one with a derivative and one without a derivative. The term without
a derivative is dealt with by Proposition 5.1:

o
—tJL
H /e L p () F(r, .)dzHL%ganu(Lé)erz. (5.32)

—00

For the term || ffooo A [e "L P.(w)F(z, ')]dT”L}C’ we are facing a difficulty since e~ ™ #£ e~ 73, . Nevertheless,
due to the fact that L=D,, — wls + W, we use the Li estimate (5.32) to derive

o0 oo
H / oufe P F () Jdz | | <] / (L—B+wls— W) P@F ()| |
% X % X
= C{”LF”(Lé)XL[Z + (1 + ol + ”W”L?CO)”F”(Lg)XL[Z}- (5~33)

Taking into account the specific form of JL, it follows from (5.32) and (5.33) that

e ¢]

—tJL
H / e g1(r)Pc(w)gzdrHHJ < CUF Nz + 10 Fll g 21

—00
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We now turn to proving (5.31) Because of the weak* density of linear combinations {§(t — 79)G(x) : Tp € R, G e
L2(RY} in L} L2, it suffices to prove (5.31) for F(x) = 8(t — 79)G(x). By Proposition 5.1,

> =sup() e TP @) Gl 2
t X

t
sup{x) =3 H f =TI p ()8 (1 — rO)G(x)dr‘
! 0
= sup(x) e P(@) G0N 2 < ClIGI2. O
X

6. Proof of the main theorem

In this section, the constants C may change from one instance to another; they all depend only on §2 and on the
nonlinearity f in (2.3). We analyze the modulation equations (3.31) and the PDE (6.6). Let € > 0 be sufficiently small
and

Yoe'™ = oy + 00, po€Xc(@p), B ER, ool <€
Without loss of generality, we assume that 6y = 0.
Definition 6.1. For fixed N > 10 and T > 0, let
1Zll ey = 1Z1 4100 + 1 Z oy + H (x)—Nz‘ L2 + H x)No,z Lor2’
IFlly, = ingﬂB[“A“L}H; + H (x)"B et ” <x>Na’“B‘ L}L%]’

where LY = L*[0, T] and L§ = L*(R).

Lemma 6.2. There is C < oo such that for each wy € §2 there is €| € (O, dist(wo, 8[2)) such that if w and Z €
H' (R, C* satisfy |w — wo| < €1, H (x)_NZ”Hl < €1 with N > 10 from Definition 6.1, then

(0, INL(R, @))] + [(J9u0, N1 (R, w))| < C(,|Z]?),
where N1 (R, w) is from (3.28), R = P.(wo)R, and Z = P.(wp)R.

Proof. From (3.28), Taylor’s expansion, and Young’s inequality, we see that

Ni =N(@ +p) —N(@) — WR = O(1¢|* " |R|> + |R[*T1). (6.1)

Note that the above makes sense pointwise in x € R since Z € H'(R,C*), and by (3.38) one also has R € H! (R, CH.
By (3.34), this leads to

(@, INu) < Cl IRPY(1+ [uR D) < C 1285 (1+ [uz ]y ). (62)
Let us explain the last inequality. By (3.37) and the triangle inequality,

1ZI = IRI| < |(Pa(@) = Pa(@o)Rl,  x €R;
multiplying the above by |R| + |Z| and coupling the result with L, we have

1. 1Z1%) = (W, [RIP)] < Cleo — wol (W, [RI(IR| + 1 Z]) < 2Clw — wol (W, [R* +1ZI%),

with some C > 0. It follows that if |w — wo| is sufficiently small, then

1
5 1Z1%) < (W, IR1*) < 2(u, | Z ).

Since || (x)_NZ” g1 S €1, we have ||uZ||H1 < C; therefore, the inequality (6.2) finishes the proof. O

Applying the projection P.(wq) to equation (3.27), we obtain:
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WZ —JL(wo)Z + (y (1) + o (1) — ) Pe(w0)J Z

= Pe(@0)(J(W(@) = W(@0) R — 7JO — @300, + IN1). (6.3)
We denote
a(t) =y () + (1) — wo (6.4)
and
Fo(t) = J(W(w) — W(w))R — yJO — 0300, + INi; (6.5)
then (6.3) takes the form
0 Z —JL(w0)Z + a()JZ = Pc(wo) Fo + a(D)[J, Pe(wo)lZ. (6.6)

We assume that there exist 7 > 0 and Cy > 1 depending on wg such that the solution (w(¢), y (¢), Z(¢)) to the modu-
lation equations (3.31) and the PDE (6.6) exists on [0, 7] and

||Cb||L1[0,T] + ”y”L‘[O,T] < Coe, ||Z||XT < Cpe. (6.7)

Lemma 6.3. Assume that (6.7) holds. If € > 0 is sufficiently small, then the estimates (6.7) can be improved as follows:

lollpipo,r1 + 1711077 S € 1Z]l oy <e. (6.8)

Proof. By (3.31), the invertibility of A(¢) (cf. Lemma 3.7), and the bounds from Lemma 6.2, we conclude that

P+ 1ol < Clu, |ZO)P),
hence, for small enough € > 0,
T
) . 2 13, 2 2 2
16111001+ 1710y =€ [1ZOP dr = |wPz| | <clzI}, =ccie <e 6.9)
X t
0

we used the bound on || Z|| x, from (6.7). This proves the first estimate in (6.8).
With (6.9), we also have

o = woll 0,71 < Il 11,7y < C 1213, < CCE3 <. (6.10)

It follows from (6.6) with the initial data (3.36), (6.10), and from Lemma A.1 below that if € > 0 is sufficiently small,
then

1 Z1l 2, SC[IIZ(O)IIHI + IIFIIyT], F (1) := Pe(wo) Fo(t) + ()], Pc(wo)]Z(1). (6.11)
From the definition (6.5) of Fy, we see that
| Fo— JIN1lly, < C[ llw —wollLeero, 71 1211y + 17 lpoepo, 77 + @l Log0,7) ] (6.12)

We used the bound || Ry, < C || Z| x, which follows from (3.38). Noting that [J, P.(wo)] is localized in space and
recalling that a(¢) = y (t) + w(t) — wp, we also have

| Pe(wo) (Fo — IN1) +a(t)[J, Pe(wo) Z]lly,

< C[(ll)? Ilzeot0,77 + llw = @oll oo, 7)) 1 Z W ey + 17 lzoop0, 77 + Nl 2op0, 71 ] (6.13)
By Lemma 6.2,
oI+ 1y O < CIZOI}, <ClIZI%, <CChe* <6, 0=<1<T, (6.14)

as long as € > 0 is sufficiently small. Applying (6.14) and (6.10) in (6.13), we conclude that there is C < oo such that

1P (@0) (Fo — IN1) + a()[J, Pe(w)]Zlly, <CIZI%, - (6.15)
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By (3.38) and (6.1), using Young’s inequality, we see that
Ni = O(p* R + 1R =019 MZP + 121 4wl — w0 (W, [R])?).
Then, it follows from (3.37) and (6.10) that

Ny, = c( lohzp | +izP] |+ cnzig, ). (6.16)
T

Yr
On the other hand, from the definitions of [|-|| x;, , [|-ly), (cf. Definition 6.1), we observe that

o112

S, SC| @ e izp|

+c‘

e HC M adioP Nz < ciziy, scizik, . 61

Similarly, we have

2k+1 2k+1 2k 2k

hizet], s clizit],, sclazivazmz] < cizimm 121,

We note that ||Z||L§>oHJ < IZ|| x, ; since k > 2, we arrive at
2/k 1-2/k

1Z1l 2k g0 = IIZIIL;‘Lgo 121 oo o0 = C I Z11 ey -
Therefore,

izt = ezt (6.18)

T

In summary, it follows from (6.15), (6.16), (6.17), and (6.18) that there is C < oo such that
1P (@0) Fo + a (1), Pe(w)]Zlly, <ClIZI%, -
From this and (6.11), we infer that if € > 0 is sufficiently small, then we have
1ZNl xp < CUZC, Ol g1 + IIZII%(T] < C[l+Cole? <e. (6.19)

This proves the second estimate in (6.8), completing the proof of the lemma. O

From Lemma 6.3 and the local existence theory [28], it follows that there exists unique global solution to equa-
tion (2.9),

)e—i(fo’ w(s) ds+y(t))’ >0,

Y (x, 1) = (¢ (x) + p(x,1)
with @, y, and Z = P.(w) ([Eﬁg ]) satisfying the estimates
Il + 17l0@,, <6 1Zlx, <e.
From this, we infer that there exist wso, Yoo € R such that
lim w(t) = Weo, lim Y () = Yoo, lim | Z(t)] 1 = 0.
11— 00 — 00 t—00 X

The last relation is due to ||Z||L7tLoO < IZ|| ., - Due to (3.38) and (6.10), assuming that € > 0 is sufficiently small, we
also have

lim ||o()| Lo = 0.
—>00 X

This completes the proof of the main theorem.
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Appendix A. Estimates for the linear perturbed equation

This subsection proves the estimate (6.11) on Z. We recall that X.(wy) is defined in (3.20), J, and L are defined in
(3.3). Also, we denote X = Xy, Y = Yr, where X7 and Vr are defined in Definition 6.1 for some T € (0, oo]. The
main result is the following lemma:

Lemma A.1. Fix wg € §2 and assume that the Assumption 2.4 holds. Let Z(t) € X.(wo) be a solution to the equation

0 Z —JL(w)Z+a®)JZ=F, te(,T),
Z(0)=Zy e X (wp).

Then there exist co > 0 and C < o0 independent on T such that if ||| Loo(0,1)) < co, we have
1Zlle = C[IZOl 1 +1FIly |

Proof. It follows from our linear estimates in Section 5 that Lemma A.1 holds when o = 0. The proof therefore is
a perturbative argument. We base our argument on [27, Appendix B], which originates in [5]. In the perturbation
argument, instead of using the free operator as in [5,27], we shall make use of the operator

H, 0 .
LU=|:O” Hvi|’ with H, :=D,, —wo+V,,

where V,, is a fixed matrix-valued potential which is sufficiently small and decays exponentially, and such that the
point spectrum o4 (H,) of H, is empty and there is no resonance at thresholds A = £m — wp. The advantage of using
L, is that it has stronger decay estimates (A.6) which essentially follow from [21, Theorem 3.7].

We now denote W, = L(wg) — L,, the exponentially decaying matrix potential; thus,

L(wo) =L, + W,.
For fixed » > 0 and for P;(wo) :=1d — P.(wg), we consider the auxiliary equation

0V — JL(w0) Pe(w0)V + x Py (w0) ¥V + aJ Pe(wo) ¥V = F, v (0) =Z(0). (A.1)
We note that Z = P.(wo) WV, therefore it suffices to prove the estimate for W. Let us denote

t
B(t) = / a(s)ds, Ut) =PI, W(r)=U(t)d.
0

Then it follows from (A.1) that

3P+ U N (—=JL(wp) + % Pi(w))UD =G, G:=U'"F4+a®)U ' JPsy(wp)U®.
Since J commutes with L,,, we obtain

3@ — JL,® = —U""(W — JL(wo) Ps(wo) + x Py (wo))UP + G. (A.2)
Now, we choose V> a smooth, exponentially decaying, invertible matrix potential such that the matrix

Vi=(W —JLP;+xPy)V,"

is also smooth and exponentially decaying. Then, note that ®(0) = W (0), and L, commutes with J. Therefore, apply-
ing U () to both sides of equation (A.2), we infer that
1
() =U()e M w(0) +/e*“*s)JLv[U(t)U”(s)vl VoW (s) — U(t)G(s)]ds

0
t

= Une T w(0) + f I Y OUT ()| (Vi = @I Palwo) V5 V2w = F(s)|ds. (A3)
0
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On the other hand, it follows from [29, Section VIII] that
19l < CLIWO I+ IFlly + V2l 20 + el o 1 PaWly |

Note that || Pz W |y < C || V]| x. Therefore, if |||l 10 is sufficiently small, we obtain

19l < CL IOl + I Flly + V212 | (A4)
Next, we need to control ||Vo W || L2H]" ‘We denote

t

Tof (1) = Vs / MG (U (5)V) f (-, 5) ds.
0

From Lemma A.2 below, we see that the mapping I — Tj : L,ZHX1 — L,ZHXl is invertible and there exists C < oo such
that |(7 = To)~'| .2

12 = C. By (A.3), we see that
t
(I — To)Va¥ = VoU (e v w(0) — v, f eI U ($)[F(s) + a()IJ PV (s)] ds. (A.5)
0

Therefore, using again the linear estimates from [29], we obtain:

t

v [ U 0UT GF©) +aw I o1 ds

—tJL,
V2l < [Vov@e v ,

0 L7
= C[I9 Ol + IFly + Il Wy |

From this and (A.4), we see that there is ¢p > 0 sufficiently small such that if ||a|| <~ < co, then one has ||¥|| y <
C[ 1@ O 41 + I FIl y]. Since Z = P, (wo)W, this completes the proof of the lemma. O

Lemma A.2. Fork =0, 1, themap I — Ty : L%Hf > L%Hf is invertible and therefore there exists C < oo such that

—1
(I —To) <
H L?Hk—L? HFK

Proof. First, note that it follows from the linear estimates in [29, Section VIII] that Tj is well-defined as an operator
from L2H* to L2 H¥, with k =0, 1. We now let
t
Tif 0 =Va [V fs)ds
0
It follows from our linear estimates in Section 5 that Tj is also well-defined from L?H to L? H. Also, note that
t
(T —To) f = VZ/e_(’_S)JL“ (lef““)dT —_ 1)v1f(-, 5)ds.
0
By [21, Theorem 3.7], we have

He*fJLv <C, ), o =5/

L2512,

From this, we further infer that |L,e™ £, < Co(1)73/?|L, Flig2-Since | fll gy ~ I fllg2 + 1Ly fll 2, we see
that
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eI < C, (1), o>5/2, k=0, 1. (A.6)

Hk—H* —

Using (A.6) and the fact that

Al a@adr 1‘ <min(l, flall e~ —s5)),
we obtain:

—(t— s 1/4 —
Ve (t—s)JL, I:e.]j; a(r)dr _ l]vlf('ys)dsHHk <C ”a”L/oo ([ —S) 5/4 ”f(,s)”Hk .

Thus, if ||| is sufficiently small, we see that

1/4
1Ty = Toll 2ge 2px < C el < 1.

Therefore, it suffices to prove that I — T is invertible. The lemma then follows exactly as in [27, Lemma B.2] by
using the linear estimates on e ~J4(®0) from Section 5. O
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