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Abstract
The present paper is concerned with the parabolic—parabolic Keller—Segel system
8m=div<qu"'l —qu) , t>0,xeQ,
orv=Av—av+u, t>0,xeQ,
(u,v)(0) = (up,v0) =0, xe2,

with degenerate critical diffusion ¢ = g« := (N — 2)/N in space dimension N > 3, the underlying domain €2 being either = RV
or the open ball 2 = B (0) of RV with suitable boundary conditions. It has remained open whether there exist solutions blowing up
in finite time, the existence of such solutions being known for the parabolic—elliptic reduction with the second equation replaced by
0= Av — v+ u. Assuming that N = 3,4 and o > 0, we prove that radially symmetric solutions with negative initial energy blow
up in finite time in Q = RN and in Q@ = B r(0) under mixed Neumann—Dirichlet boundary conditions. Moreover, if 2 = Bg(0)
and Neumann boundary conditions are imposed on both u and v, we show the existence of a positive constant C depending only
on N, €2, and the mass of ug such that radially symmetric solutions blow up in finite time if the initial energy does not exceed —C.
The criterion for finite time blowup is satisfied by a large class of initial data.

© 2015 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

This paper is concerned with the generalized parabolic—parabolic Keller—Segel system

du = div (vuq“ —qu) L 1>0.x€Q., (1.1)

* Corresponding author.
E-mail addresses: laurenco@math.univ-toulouse.fr (P. Laurengot), mizoguti @u-gakugei.ac.jp (N. Mizoguchi).

http://dx.doi.org/10.1016/j.anihpc.2015.11.002
0294-1449/© 2015 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.anihpc.2015.11.002
http://www.elsevier.com/locate/anihpc
mailto:laurenco@math.univ-toulouse.fr
mailto:mizoguti@u-gakugei.ac.jp
http://dx.doi.org/10.1016/j.anihpc.2015.11.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.anihpc.2015.11.002&domain=pdf

198 P. Laurengot, N. Mizoguchi / Ann. I. H. Poincaré — AN 34 (2017) 197-220

thv=Av—av+u, t>0,xe, (1.2)
(u,v)(0) = (uo,v0) =0, xeQ, (1.3)

where 7 is a positive constant, and ¢ and & are non-negative parameters. When € is a bounded domain of R", the
system (1.1)—(1.3) is supplemented with either Neumann boundary conditions

uitl =3,v=0, >0, xecdf, (1.4)
or mixed Neumann-Dirichlet boundary conditions
uit! —udv=v=0, t>0, xcaQ. (1.5)

A salient feature of non-negative solutions to (1.1)—(1.3) satisfying the boundary conditions (1.4) or (1.5) or a suitable
decay condition at spatial infinity is the conservation of mass of u# throughout time evolution, that is,

lu@llr = lluollt  fort € (0, Tmax) , (1.6)

where Tiax is the maximal existence time of the solution and || - ||, denotes the L”-norm for p € [1, co]. It is sim-
ply obtained by integrating (1.1) over the domain and using Green’s formula, the boundary terms vanishing as a
consequence of the boundary behavior. Another noteworthy property of (1.1)—(1.3) is that the energy F[u, v] given

by
witt v a
Flu,v] := + > +§v —uv ) dx, (1.7)
Q

q

is a Liapunov functional, the term u9+! /¢ being replaced by u Inu when g = 0.

The system (1.1)—(1.3) with ¢ = 0 and N = 2 supplemented with Neumann boundary conditions (1.4) in a bounded
domain was originally derived by Keller and Segel [17] as a model of aggregation of cells moving towards higher con-
centration gradients of a chemical substance generated by the cells. From a mathematical viewpoint, the aggregation
of cells is defined as the blowup of ||u () ||« in finite time, that is,

limsup ||u(t)||coc = 00 for some finite Tmax € (0, 00) .
t— Tmax

Since it was too difficult to treat the blowup issue in the parabolic—parabolic system, a simplified version with 7 =0
was introduced. Its generalized form reads

9,1 = div (wq“ —qu) L 1>0.xeQ, (1.8)
O=Av—av+u, t>0,xe, (1.9)
UO0)=up>0, xeQ. (1.10)

supplemented with the boundary conditions (1.4) or (1.5) when €2 is a bounded domain of RV The system (1.8)—(1.10)
is now a parabolic—elliptic system and can actually be reduced to a single nonlocal parabolic equation by expressing
v in terms of u with the help of the Green function associated to the Laplace operator. This particular feature marks
a serious difference between the “parabolic—parabolic” and “parabolic—elliptic” versions of the Keller—Segel system
from a mathematical point of view.

These two systems have attracted considerable interest since they not only reproduce qualitatively some observed
biological phenomena such as the aggregation of cells (also referred to as chemotactic collapse in the literature)
but also display a wide variety of dynamical behaviors. Indeed, it is by now well-known that, when N > 2, there
is a critical value g, := (N — 2)/N of the parameter ¢ which separates two different behaviors: when g > ¢, the
diffusion term div (qu“) dominates the attractive drift term —div (¢ Vv) and the initial value problems (1.1)—(1.3)
and (1.8)—(1.10) are globally well-posed for a large class of integrable and non-negative initial data. When ¢ < ¢,
the dynamics is rather governed by the attractive drift term leading to unbounded solutions, the diffusion term still
allowing for the existence of global solutions for sufficiently small initial data. The critical case ¢ = ¢, offers an
interesting novelty as a new parameter, the mass | ugl|; of the initial condition, comes into play: there is a threshold
value M.(N) of this parameter (with M.(2) = 87) below which solutions exist globally and above which finite time
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blowup is expected to occur, at least for some initial conditions, a proof being only available for the parabolic—elliptic
reduction (1.8)—(1.10) until recently. We refer to [2,13,25,24] and the references therein for a more complete and
accurate description of the available results.

For the parabolic—parabolic system (1.1)—(1.3), the global existence issue can be handled in more or less the same
way as (1.8)—(1.10), see [3,5,9,14,16,19,22,26] and the references therein, though some peculiar phenomenon might
occur when ¢ =0 and N =2 [1]. The occurrence of finite time blowup turns out to be much more difficult, which
contrasts markedly with the parabolic—elliptic system (1.8)—(1.10). In particular, no valuable information seem to be

provided directly by the time evolution of the second moment [ |x — xo|%u(t, x)dx around some point xo €  of u

for the parabolic—parabolic system. It also does not seem to be p%ssible to reduce (1.1)—(1.3) to a single equation even
in the radially symmetric case. These two approaches being at the heart of the blowup results for the parabolic—elliptic
system (1.8)—(1.10), only a few blowup results are therefore available for the parabolic—parabolic system (1.1)—(1.3).
Solutions blowing up in finite time have been constructed in the non-critical case g < g, = (N —2)/N for N > 2
[7,8,27], see also [4,6] for N = 1 with different diffusion coefficients.

In the present paper, we focus on the parabolic—parabolic system (1.1)—(1.3) in the critical case ¢ = g, = (N —
2)/N and first recall that it gives rise to a more complex dynamics, even for the simplified parabolic—elliptic system
(1.8)—(1.10). More generally, peculiar phenomena generated by the critical relation between the equation and the
dimension appear in a variety of partial differential equations, and it is shared the common belief that criticality brings
various difficulties to mathematical treatment.

For many years, the only known solution to (1.1)—(1.3) blowing up in finite time in the critical case ¢ = g, was a
particular radially symmetric solution with ||ug|[; > 87 constructed in [12] for ¢ = 0 and N = 2, which was based on
their previous result for the corresponding parabolic—elliptic system [11]. Though of great interest, this result is not
fully satisfactory. According to the biological experiments that motivated the modeling by Keller and Segel [17] and
the mathematical results already known for the simplified system (1.8)—(1.10), finite time blowup is expected to occur
for a large class of initial data for the full system (1.1)—(1.3) with g =0 and N = 2. A positive answer to this issue has
been recently provided in [20,21] where it is shown that there is a large class of radially symmetric initial data such
that the corresponding solutions to (1.1)—(1.3) blow up in finite time. Roughly speaking, the proof relies on a detailed
study of the time evolution of the energy F[u, v] defined in (1.7). The main difference between the non-critical case
q < g« handled in [7,8,27] and the critical case g = g, considered in [20,21] is that it suffices to estimate the negative
term of the energy in the former while the interplay between the positive and the negative contributions in the energy
have to be taken into account in the latter. Let us finally mention that a completely different approach is used in [23]
to identify the blowup profile of radially symmetric blowing up solutions to (1.1)~(1.3) in R? with g =0 and N =2
but the result is restricted to initial data having a mass slightly above the critical mass M (2) = 2.

The purpose of this paper is to study the blowup issue for the generalized parabolic—parabolic Keller—Segel system
(1.1)—(1.3) in the critical case ¢ = g, = (N — 2)/N in higher space dimensions N > 3 which has not been considered
yet as far as we know. Then ¢ = g, > 0 and the degeneracy of the diffusion term seems to prevent the use of the
approach developed in [11,12] to construct a solution blowing up in finite time since it relies on the linearization
of the system. In the present paper, we instead use the energy F[u, v] defined by (1.7) as done in [20,21]. Since the
energy has a different form for ¢ = g, and N > 3 and the way to evaluate it in [20,21] was based on properties peculiar
to g =0 and N =2 a different approach is required in our situation. In fact, when N = 2, the regularity of the second
component v of a solution (u, v) to (1.1)—(1.3) which is derived from (1.2) and the boundedness of |lu|; is much
better than that in N > 3. Indeed it follows from standard parabolic regularity theory that forany 1 < p <2 and s > 0
there exist constants C1 = C1(p, |luoll1, llvoll1) > 0, C2 = Ca(s, |luoll1, llvoll1) > O such that

lvllwir <Ci and  |lv@)|ls <C2  for 0 <t < Tax-
Moreover in the radial case, for each « > 0 there exists C3 = C3(k, |luo|l1, l|voll1) > O such that
v(t,r) <Csr ™ forr=|x|>0and 0 <t < Tpax.

This higher regularity is of great advantage in the process of evaluating the energy F[u, v] as it allows one to easily
dominate terms including v except || Vv||2. When N > 3, lack of adequate regularity of v prevents us from bounding
terms related to v as seen in our proof in the subsequent sections. We have not completely cleared the difficulty because
we assume N = 3,4. One would need further devices to overcome the restriction of spatial dimension. Differently
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from the case of non-critical degeneracy of diffusion [8], the effect of less regularity is serious in the delicate estimates
in the critical case that we treat in this paper. Furthermore the following identity was essentially used to estimate the
energy in [20,21]:

r r

rPult,ry=2U(t,r) — %Uz(t, r) + / pu(t, p)V(t, p)dp — / pu(t, p)F(t, p)dp
0 0
[ 2/ 8ru(ta p) _ / )d
+\O/\IO u(t’p) <m ”(t»p)arv(tap) p
forr > 0and 0 <t < Tyax, Where
Ult,r) :=/pu(t,p)dp, Vi, r) :=/pv(1,p)dp, F(t,r) :=—/p3zv(t,p)dp
0 0 0

for r > 0 and 0 < t < Tphax. The important value ro = ro(¢) of r is such that U (¢, ro) = 4, which means that the mass
of u in the ball B,,(0) equals the threshold value 87 between finite time blowup and global existence of solutions.
As is easily seen the first two terms in the right-hand side vanish at » = ry and turn out to be negative for r > ry.
This fact was very useful not only to evaluate the energy but also to show that, if the energy is initially negative, then
the solution blows up in finite time. However, it seems difficult to derive a similar identity in the case of degenerate
diffusion. Therefore we must take a different way from the method in [20,21].

More specifically, we assume throughout this paper that

N -2
N

N>3, g=¢g,= e, 1), =1, a>0, (1.11D)
and, in order to handle simultaneously the case of the whole space RY and the case of the ball Bg (0), we set
Qg :=Br(0) for Re (0,00) and Qoo :=RN.

Let R € (0, oo] and (ug, vo) be non-negative and radially symmetric functions satisfying

up € L'(Qg; (1 + 1x[Hdx) N LITH(QR), wvoe WH(Qr)NH (Qp), (1.12)
as well as
up € L2 (QR) , Vug+1eL2(QR), vo € WHe(Qp) . (1.13)

The conditions (1.12) and (1.13), that are imposed in [14—16], are likely to be too strong for the local existence of
a weak solution. However we assume them here for simplicity since our main interest is the finite time blowup and
not finding optimal conditions on the initial data guaranteeing the local existence of weak solutions. Let us emphasize
here that the proof of the finite time blowup given below only requires the regularity (1.12) on (uq, vg). Consider a
radially symmetric weak solution (u, v) to (1.1)—(1.3) supplemented with the boundary conditions (1.4) or (1.5) if
R < 00 and let Tipax be its maximal existence time, see Definition 2.1. Assume further that (u, v) satisfies the energy
inequality

d
E]:[M(I)’ v(O)]+ Dlu@),v®)] <0, 1€[0, Thax) , (1.14)
where r := |x],
R
g+1 3,02 2
Flu, v] ::/(u + 19, v] +av——uv) N lar (1.15)
q 2 2
0

and
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R
1
Dlu, v] :=/(u'&8ruq—8,v
q
0

2
+ |a,v|2> PNlar >0, (1.16)

The main result of this paper then reads:

Theorem 1.1. Let N =3,4, g =1—2/N, and R € (0, 00]. Let Ly be the class of pairs (ug, vo) of non-negative and
radially symmetric functions satisfying (1.12) and (1.13). There is a non-negative constant Cqy depending only on N,
o, and R such that, if (ug, vo) € Lg satisfies

Fluo, vol < —Colluo|? (1.17)

then a corresponding radially symmetric weak solution (u, v) to the parabolic—parabolic system (1.1)—(1.3) supple-
mented with (1.4) or (1.5) if R < 0o blows up in finite time. Furthermore, if R = 00 or R < 0o and the boundary
conditions are the mixed Neumann—Dirichlet ones (1.5), then one can take Co =0 in (1.17).

When R = oo, the outcome of Theorem 1.1 combined with the analysis performed in [3] confirms the thresh-
old phenomenon already alluded to previously. Indeed, according to [2, Proposition 3.4], there is a critical mass
M. = M.(N) > 0 depending only on N such that F[ug, vg] > O for all non-negative and radially symmetric initial
data (ug, vo) satisfying (1.12) as well as |[ug||; < M, and there is a global weak solution to (1.1)—(1.3) emanating from
(1o, vo) by [3, Theorem 1]. On the opposite, there are non-negative and radially symmetric initial data (g, vg) satis-
fying (1.12) as well as |lug|l1 > M. and Flug, vo] < 0 and Theorem 1.1 guarantees that a weak solution to (1.1)—(1.3)
emanating from (uq, vo) blows up in finite time.

That there are indeed initial data to which Theorem 1.1 applies is guaranteed by the next result.

Theorem 1.2. Let N =3,4, g =1 —2/N, R € (0,00], and M > M.(N). Then there exist (ug,vy) € Ig with
lugllh = M and & > 0 such that if (uo, vo) € Ig satisfies ||(uo, vo) — (ug, Vo)l La+1 (@p)xwi2(g) < € then a corre-
sponding radially symmetric weak solution to (1.1)—(1.3) supplemented with (1.4) or (1.5) if R < 0o blows up in finite
time. Furthermore the class of initial data for which a corresponding radially symmetric weak solution to (1.1)—(1.3)
supplemented with (1.4) or (1.5) if R < 0o blows up in finite time is dense in g with respect to the weaker topology
of LP(Qr) x Who (Qr) withO < p<land1 <o <N/(N —1).

Remark 1.3. Theorems 1.1 and 1.2 are likely to be valid also for o« = 0. It is actually rather clear that the proof given
below readily extends to « = 0 when R < oo and (1.1)—(1.3) is supplemented with the Neumann—Dirichlet boundary
conditions (1.5). In the other cases, handling the case « = 0 seems to require some technical adaptations to remedy
the lack of coercivity of the Laplace operator.

The main ingredient in the proof of Theorem 1.1 is to prove that, if a solution (u, v) exists globally in time, then
t — Flu(t), v(t)] is bounded below in (0, c0). Once the boundedness of the energy is shown, we combine it with the
evolution of the second moment when R = oo to complete the proof of Theorem 1.1 while Lemma 2.5 plays a crucial
role through a combination with the boundedness of the energy when R < co. In the next section, we first state the
existence of a weak solution to (1.1)—(1.3) along with its properties, see Section 2.1. We next derive in Section 2.2 a
differential inequality for —F[u, v] which reads

d
7 (STl = € (= Flu, v 22N —

see Proposition 2.3, and eventually leads to the boundedness of the energy for global solutions since 2N —2 > 2N —
3 > 0. When R = oo, the analysis of the evolution of the second moment is performed in Section 3.1 where we also
prove Theorem 1.1. We also give a different approach without using the second moment. The proof of Theorem 1.1
for R < oo is next given in Section 3.3. The last section is devoted to the proof of Theorem 1.2 and we collect some
useful properties of the Bessel potentials in the appendix.
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2. Free energy and its dissipation
2.1. Weak solutions
We first recall the definition of a weak solution.

Definition 2.1. Let R € (0, co] and (uq, vg) be non-negative initial conditions satisfying (1.12) and (1.13) and let
T > 0. A weak solution to (1.1)—(1.3) (supplemented with the boundary conditions (1.4) or (1.5) when R < 00) is a
couple (u, v) of non-negative functions such that

(u,v) € C([0, T]; L9 (Qr) x H'(QR)) . u?™' € L*(0.T; H'(QR)) .
and (u, v)(0) = (ug, vg), which satisfies (1.1)—(1.2) (as well as either (1.4) or (1.5) when R < o0) in a weak sense and

the energy inequality (1.14).

The existence of a local weak solution to (1.1)—(1.3) with homogeneous Neumann boundary conditions (1.4) in a
ball is shown in [16, Theorem 1.1]. A similar result does not seem to be available for (1.1)-(1.3) in RY or in the ball
with the mixed Neumann-Dirichlet boundary conditions but can nevertheless be proved by adapting arguments from
[2,14,16,26]. Summarizing, one has the following existence result:

Proposition 2.2. Let R € (0, oo] and (ug, vg) be non-negative initial conditions satisfying (1.12) and (1.13). There
are Tmax € (0, 00] and a couple (u, v) of non-negative functions defined on [0, Tmax) X Qg such that (u, v) is a weak
solution to (1.1)—(1.3) (supplemented with the boundary conditions (1.4) or (1.5) when R < o0) on [0, T] in the sense
of Definition 2.1 for all T < Timax. Moreover, it satisfies the alternative:

either Thax =00 or Thax <00 with  lim |u(t)|eo =00 .

max

In addition, (u(t), v(t)) are radially symmetric for all t € (0, Tmax) if (1o, vo) are radially symmetric.

From now on, we fix R € (0, 0o], a pair of non-negative radially symmetric initial conditions (ug, vo) satisfying
(1.12) and (1.13), and a non-negative radially symmetric weak solution (u, v) to (1.1)—(1.3) (supplemented with the
boundary conditions (1.4) or (1.5) when R < c0) given by Proposition 2.2. We assume in addition that

Fluo, vol <0 2.1
and recall that

lu@lly =M :=lluolli , ¢ €[0, Tmax) (2.2)
while (1.14), (2.1), and the non-negativity of D guarantee that

Flu(®), v()] < Flug,vol <0, 7 €0, Tmax) - (2.3)
2.2. A differential inequality for the free energy

As announced in the introduction, the cornerstone of the proof of Theorem 1.1 is the following differential inequal-
ity for the energy:

Proposition 2.3. Assume that N € {3,4}. There is C1 > 0 depending only on N, M, «, R, and |Vvg|| such that

d
57 (CFlu ) = €1 (= Flu, o) CNT/CN=D g 1 e [0, Thnax) - (2.4)

The proof of Proposition 2.3 requires several steps. We begin with a weighted L*-estimate for v as in [27,
Lemma 3.2].
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Lemma 2.4. Given p € [1, N/(N — 1)), there is C2(p) > 0 depending only on p, N, a, R, |luoll1, llvoll1, and ||Vollp

such that

0<v(t,r)<Cop)r®PM/P >0, 1el0, Tma) - (2.5)
Furthermore,

vl < llvollh + % , 1 €10, Tiax) - (2.6)

Proof. Let (G(t)),>( be the semigroup associated to the operator —A in either Q4 or in Qg, R < 00, supplemented
with either homogeneous Neumann or Dirichlet boundary conditions. Then v is given by the variation-of-constants
formula:

t
v(t) = G(t)voe ™ + / G(t —)Hu(s)e* ™ ds, 1 e[0, Tnay) -
0
On the one hand, since (G (?)),>( is a semigroup of contractions in LY(Q2p), the estimate (2.6) follows from (2.2) as
—at

_ l1—e M
lv@ Il < llvollie ‘”+MT < llvolly + o

On the other hand, if p € [1, N/(N — 1)), we infer from the regularizing properties of the heat semigroup and (2.2)
that

t
IVo@ll, < e IVG@Dvoll, + / IVG(t — )u(s)] e ds
0

t
< e[ Vool + C(p) / (t = )" WD=NEZDICD () 1707 dis

0
t

< Vvl + CPluolh / s U2=N=D/CP) ges g
0
< Vol + Cp ol @.7)

Now, let r € (0, R) and rg € (0, R). Arguing as in [10, Lemma 2.5], it follows from (2.6) that there is r;(¢) €
(ro/2, ro) such that

o ry

N
v(t, r1(0) Z% [ v(t, p) dp < (%) / vt, pN "t dp < C gV
ro/2 ro/2
Consequently,
r R
v(t,r)=v(t, r(t)) + / arv(t, p) dngrO_N-g- / 18, v(z, p)| dp . 2.8)
1 min{r,r/2}

For p =1 we infer from (2.7) and (2.8) that

ven) =€ mintrro/2' Y [ o p1e¥ dp

min{r,ro/2}

<C (rO_N + min{r, r0/2}1_N> ,
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while, for p € (1, N/(N — 1)), we deduce from (2.7), (2.8), and Holder’s inequality that

R 1/p R (p—D/p
v, r) <Cry" + ‘/ 18, 0(, p)I V" dp ‘/ p~ VI ap
in{r,ro/2} in{r,ro/2}
= (g™ + min{r, ro/2)P=N/7)
We have thus shown that, for p € [1, N/(N — 1)), r € (0, R), and ry € (0, R), there holds
w(t,r)<C (rO_N + min{r, ro/2}<P—N>/P> . (2.9)

Now set Ry := min{R/2, 1} and consider r € (0, R). Either r € (0, Ry/2) and we infer from (2.9) with ro = Ry
that

(N=p)/p
v(t,r)<C (%) RYNFTOP=NIP o cpv=Mp < cpr=M/p
0

Or r > Rp/2 and it follows from (2.9) with ry = r that
v(t.r)<C (r*“N“)P*N)/P + 1) rr=Mir < ¢ (RO‘((N“)”‘N)“’ + 1) PN < ¢ p =N/

which completes the proof. O

We next set
fi=—0hv=—Av4+av—u, (2.10)
2g +2
=t 2G,@at02 gy 2.11)
2g+1

so that the dissipation D[u, v] defined in (1.16) reads

1
Dl vl = (If B +1g13) 2.12)

with oy := N|B1(0)|. Moreover, for any r € (0, R] N (0, 0o0), we define F,[u, v] as the contribution of the ball B;(0)
to the energy, namely,

-

g+1 902 2

Frlu, v] :=/ (u —|—| vl +av— —uv) ,oNfld,o. (2.13)
q 2 2

Lemma 2.5. For all ri € (0, R]1 N (0, 00),

" | r
_Frl[“’v]=ﬁ/8ﬁr1\/ dr — ﬁ/ver—l dr — ﬁ/farvrlv dr
0 0 0
B rlfUrN_l d”_i(a v(r 2 rfv g+1
/ 2N —2) " D)= 5 W)
0
arf’ 2 N-1
+m(v(r1)) —ry (D)o . (2.14)

Proof. Owing to the definition (2.10) of f,
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r

r
1
'/‘uer_l dr =/ |:——N_1 Or (rN_larv> +av — f] orV "l ar
r
0

0
r r
:_/va, (erla,v) dr—i—/(avz—fv) NV ar
0 0

r

== Do) +/ [(3rv)2 +av? — fv] N lar.
0
Using the previous identity, —F; [u, v] reads

r r

1 1
—.Fr1 [M, U] = 5 / [(arv)2 +OKU2] FN_I dr — 5/uq+er_l dr
0 0

r
— / fer_1 dr —rfv_lv(rl)arv(rl) .

Using once more (2.10) we realize that
1 N—-1 2 N—-1 N—1 F2N-2
Ear (r Brv) =r ) 8,( Oy v) dv(ev—u—f),

so that

r r

1 2
—/ar[<rN‘18rv) ]rZ‘N dr=/rN3rv(ow—u—f) dr,
0

[\

0

r
——wvoo>+———1/@vﬁ Nt = ZL UO)L___f N1 g

r

0

Replacing /ud,v with (2.11) we obtain

N

ljnam%ﬂ*drz——————wvo)ﬁ L M.
2 ) 2(N —2) YT = !

r

r
N 1
¢ v Nl ar + —N_Z/gﬁrN dr

2(N-2)
0
ry rl
—;/8 uq“rNdr—;'/.fa vrN dr
N-2])" N -2 "
0 0
I"N 2 OH"N 2
= @vr))* + (1)

T2N-2) 2(N —2)

r
—/uarer dr—/farer dr .
0

205

(2.15)
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ry ri

o FN-1
- = dr + —— d
Zq/ v 2/g‘/—r "
0

0

N "

r
1 1
1 zll(rl)q“ﬂL;/uq“rN_1 dr——N_Z/fBrer dr .
0 0

N —
Combining (2.15) and the previous identity gives (2.14). O

In the next step, we estimate the terms involving f in (2.14). To this end, we decompose v as
V=0+7, (2.16)
where, if R = o0,
V:=By*u and 0:=Byx* [, 2.17)
the Bessel kernel 53, being defined by

o0
) x| ds N
BD((X) .=‘/exp{—¥—as W, xeR y (218)
0
and, if R < o0, (¥, D) are the unique solutions to
—AV+av=u in Qp, (2.19)
—AbV+ad=f in Qp, (2.20)

supplemented with homogeneous Neumann or Dirichlet boundary conditions according to whether v satisfies (1.4) or

(1.5).

We now handle separately the contributions from  and 0.

Lemma 2.6. For r; € (0, R]N (0, 0o) there is C3 > 0 depending only on N, M, «, and R such that

r 1/2

/f(N 50 ) N=Tarl<cs(1+r) /f2r3dr ) (2.21)
0

Proof. Introducing w(r) := rN=25(r) for r > 0, we find that

n

N-1
/f<N 28 v+v>r dr—N 2/f8 wr? dr . (2.22)
0

It follows from the definition (2.16) of v that w solves
erlu(r) =—0, ro,w@)) + (N =2)o,w(r) +arw(r), r>0.

We multiply the above identity by rd,w(r) and integrate with respect to r over (0, r1) to obtain
r

N __ﬁ 2 _ 2 2
ud,wr” dr = > @wr) "+ (N =2) | @Qw)'rdr+ao | wo,wr®dr,
0 0 0

r

and thus

r

r2 1
(N—Z)/(Brw)2rdr=fu8rwrN dr+71(a,w(r1))2—a/wa,wr2 dr . (2.23)
0 0
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We now infer from Lemma A.1 (i) and (2.2) that
0<w(r) < Ciollulli =MCo, (2.24)
ro,w()| <85+ (N —2rV 25(r) < (N = DCyollully = (N = )M Cyp . (2.25)
Estimating the right-hand side of (2.23) with the help of (2.2), (2.24), and (2.25) we end up with

(N —2) / @w)>rdr <(N—1)MC, om + (N = 1)>’M?C}y +a(N — )M>C3yr}

<C+r}). (2.26)
We finally infer from (2.22), (2.26), and Holder’s inequality that

. 12 4y
/ @w)’rdr / fridr
0 0

1/2

ri
<C(+n) /f2r3 dr ,
0

ry 1/2

/f T aiaa )N | <
N-2" “N-2

0

as claimed. O

Remark 2.7. Observe that (2.26) implies that r @-w(r)’r belongs to L' (0, r), a property which cannot be
deduced from (2.25). Indeed, the latter only gives r (E)rw(r))2 < C/r which is not integrable near zero.

We now turn to the contribution of ¢ in the same term.

Lemma 2.8. There is C4 > 0 depending only on N, M, «, and R such that

r

/f (—23 b+ v) Nl grl <y ri? (1 +,/r1|1nr1|) 1f12 (2.27)
0
forry € (0, R] in a ball and ry € (0, 00) in the whole space.

Proof. On the one hand, it follows from (A.7) and the Cauchy—Schwarz inequality that

; r| 1/2
. 12 / N2 N+1
dorN dr| < —— d tla
) /f on (rv) r r
0
L/ 1/2
senll| [Far] =crisip,
~/ON o
On the other hand, by (A.6) and the Cauchy—Schwarz inequality,
ry 1/2
/f N=Tgr| < ”f”2 /(ﬁ)er_ldr 5crf/2(1+,/r]|1nr1|) 1f12 .
0

Combining the previous two estimates completes the proof of (2.27). O

Gathering the outcomes of Lemma 2.5, Lemma 2.6, and Lemma 2.8 provides the following estimate on the contri-
bution F,, [u, v] of the ball B, (0), r1 € (0, 1), to the energy.
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Proposition 2.9. Assume that N € {3,4}. There is C5 > 0 depending only on N, M, o, and R such that, for r| €
(0, min{1, R}) and t € [0, Trnax),

—Fn u@, vO1 = Cs [nllgOlz + il FOB+ 1 Ol +r{ 7] .

Proof. Since rq € (0, 1), we infer from (2.2), (2.14), (2.21), (2.27), and the Cauchy—Schwarz inequality that
" 12 /5 1/2

—Frlu, vl < er > /ger_1 dr /urN_l dr
0 0

1/2

r
varm | [ o] e (14 Jalmm) 1713
0

2

T [ 20000 + (V= 2" 0|
N-2 y 2 o N 2
TN v(ry) +m71 v(ry)
12

r
<C|rilglla+rilfI3+ /f2r3dr + V20 (r)?
0

Since 2N /(2N — 1) < N/(N — 1) we infer from Lemma 2.4 that

Y 2ur)? < CRN/@N — 1) i VeV 2 < o7V

Consequently,
" 172
—Fnlu 1 <C | rillgla + il 12 + /f2r3dr N
0

and we complete the proof of Proposition 2.9 after noticing that > = r¥N =14V < yN=1 for r € (0,1) and N €
{3,4}. O

We supplement Proposition 2.9 with an estimate on the contribution of the complement of B, (0), r; €
(0, min{1, R}), to the energy.

Lemma 2.10. There is C¢ > 0 depending only on N, M, o, R, and ||Vvyl|1 such that
—Flu(t), ()] + Fr [u(@), v(®)] < Cor{ (2.28)

forry € (0, R] in a ball and ry € (0, 00) in the whole space and t € [0, Tax)-

Proof. Owing to (2.2) and (2.5) (with p = 1), we find
R R

1 g+1 vul2 2

— / uv—u——ﬂ—a— dxf/uer_ldrfcz(l)/udr

OoN q 2 2
Qr\ By, (0) 1 r

R
< Crll_N/urN_l dr fCMrll_N ,
r

as claimed. O
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Remark 2.11. In contrast to the outcome of Proposition 2.9 note that the right-hand side of (2.28) involves neither f
nor g and is thus not controlled by the dynamics of (1.1)—(1.3). It however vanishes as r| — oo and will actually only
be used when R = oo.

We are now in a position to prove the main result of this section.

Proof of Proposition 2.3. According to (2.3), Proposition 2.9, and Lemma 2.10, there holds
0 < —Flu,v] =—Fp u, vl — Flu, vl + Fr [u, vl
= Cs[rllgla+rlf 3+ 1+ ]+ Corl ™
= C[ri (Igha+1F13) + 1 f 12+~
for all r; € (0, min{1, R}). By Young’s inequality we further obtain
0=—Fluv)=C[n (1+1gB+IF13) + 1/l +r "] rne©D.

Recalling that D[u, v]= (llgll3 + || £113) /on by (2.12) and choosing

_ B —-1/(2N-2) .
=1+ RV 4 g13 +1713) € (0, min{1, R))

in the previous inequality give

B (2N-3)/(2N-2)
0= —Flu, vl = C| (14 RV 4 gl3+1£13)

+ 1112

. _ 1/2
+ (14 R0 4 g3+ 1£1B) ]

<c[1+ 0+, v])<2—N>/<2N—2>] (1 + Dlu, v])CN-3/CN-2)
< C (1 +Dlu, v]) PN-I/CN=D)
We finally combine the above inequality with (1.14) to obtain
d
C (=Flu, v) V=2V <14 Dlu, v] < 14 - (=Flu, vl)

and thereby complete the proof of (2.4). O
For further use we report the following consequence of Proposition 2.3. Recall that F[ug, vo] < 0 by (2.1).

Theorem 2.12. Assume that N € {3,4}. There is C7 > 0 depending only on N, M, o, R, and ||Vvgl|1 such that, if
Tinax = 00,

—Flug, vol < —Flu@),v(®)]<C7, t>0, and /D[u(s), v(s)]ds <C7. (2.29)
0

Proof. Setting C7:=C, @N=3)/CN=2) e assume for contradiction that there is 7o > 0 such that — Flu (o), v(to)] >
C7. Thanks to the differential inequality (2.4), a classical argument entails that t — —F[u(¢), v(¢)] is increasing on
[0, o0) and satisfies —F[u(t), v(¢)] > C7 for all r > #y. Using again (2.4), we realize that, for t > 1o,

% (=FTlu(t), v(t)]) > <C1 ~ . v(toi]) N /(2N_3)> (= Flu(t), v(r)]) PN -2/QN=3)
(=Flu(®), vy PV —2/CN =

(= Flu(to), v(g) N -2/CN=5
> 8o (=Flu(), (O] BN ~2/CN=

1
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for some §p > 0. Since 2N — 2)/(2N — 3) > 1, this implies that —F[u, v] blows up in finite time and contradicts
the assumption Ty, = 00. Recalling (2.3) we have thus shown the first statement in (2.29). Combining it with (1.14)
completes the proof. O

3. Finite time blowup
3.1. Proof of Theorem 1.1: R = 00

The first step is to compute the evolution of the second moment of # given by

o0
1
M (1) ::afu(t,x)|x|2dx=/u(t,r)rN+l dr, tel0, Tma) - (3.1)
RN 0

Lemma 3.1. There is Cg > 0 depending only on N and « such that, for t € [0, Tmax),
o
dM> (N+2)/2
70) <2(N —2)Fluo, vol + Cslldv(®) 2 | ult,r)r dr . (3.2)
0
Proof. As in Section 2 we decompose v as
v=0+4+10
with (9, 0) given by (2.17) since R = co. We infer from (1.1) and Lemma A.2 that
am
aNd—tz(t) =2 / X - (qu+1(t,x) —u(t,x)Vo(t, x) — u(t,x)Vﬁ(t,x)) dx
RN

=2N / u(t, x)4+ dx +2f / u(t,x)x - VBy(x — y)u(t, y) dydx
RN RN RN

+ 2/ u(t,x)x - Vo(t, x) dx

RN

u(t, x)a+1
=2(N —-2) / T dx + f /(x —y)-VBy(x — y)u(t, x)u(t,y) dydx

RN RN RN
oo
+20N/u(t,r)8rﬁ(t,r)rN dr

0

u(t, x)a+1
<2(N — 2)/ —dx— (N — 2)/ /Ba(x —Vu(t, x)u(t,y) dydx
RN 1 RN RN

9]

+20N/u(t,r)8rﬁ(t,r)rN dr .
0

Now, the definitions of v and of the Bessel kernel guarantee that
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—/ /Ba(x—y)u(t,x)u(t,y) dydx:—/u(t,x)f)(t,x) dx

RN RN RN
= / <|Vf)(t,x)|2 Fali X)) — 2u(l,x)f)(t,x)) dx
RN
=20nFlu(r), 5(t)] — 2 f ut,x)? " dx .
a9,
Therefore,
o0
dM, - A N
T(t) <2(N —2)Flu(t),v()] + Z/Lt(t, r)o,o(t, ryr’ dr .
0
We next infer from (A.7) that
o0
%(r) <2(N = 2)F[u(t), 5(1)] + 2C11[[3;vll2 / u(t, ryrN 2 qr
0

We complete the proof with the help of (1.14) and [3, Lemma 4] which guarantee that Flu(¢), v(t)] < Flu(t), v(t)] <
Flug, vg] fort € [0, Trpax). O

We next state a simple consequence of (2.2) and Lemma 3.1 for N € {3, 4}.

Corollary 3.2. There is C9 > 0 depending only on N, M, and o such that, for t € [0, Tmax),

70) < 2F[uo, vol + Colld;v (D)2 M2(r) '™ for N =3, (3.3)
dM,
70) <4F[ug, vol + Colld,v(@)ll2 for N=4. (3.4)

Proof. For N =4, (N +2)/2=3= N — 1 so that

oo o M
/u(r, ryrND2 g = / u(t,ryrN dr = —

ON
0 0

by (2.2) and the differential inequality (3.4) readily follows from (3.2) with C9 := MCs/oy.
For N =3, (N +2)/2 =5/2 and we infer from (2.2) and Holder’s inequality that

0 00 3/4 /0o 1/4
/u(t, r)r(N"rz)/2 dr < /u(t, r)r2 dr /u(t, r)r4 dr
0 0 0

M 3/4
< (—) My()'/*,
ON

which gives the differential inequality (3.3) once combined with (3.2). O

Proof of Theorem 1.1: R = oo. Assume for contradiction that T;,,x = 0o. We infer from (1.14), (1.16), (1.17), and
(2.29) that

t t
V(t):= / ||8,v(s)||% ds < UNfD[u(s), v(s)]ds<C7, t>0. (3.5)
0 0
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Consequently,
o0
t > [|3v())15 € L1(0,00) with /||8tv(s)||%ds <Cy. (3.6)
0

We now handle the cases N =3 and N = 4 separately.
N = 3: We infer from (3.3) and Young’s inequality that

dM, 2/3
T S 2Fluo. vol + 12 vI3M2 +Cllavly”

hence, after integration with respect to time,
t
Ma(1) < My (0)e"® + f (210, vol + Cllarv) 57| " OV as 1 0.
0
Thanks to (3.5), (3.6), and Holder’s inequality, we further obtain

Ma(1) < M»(0)eS + 2F[ug, volt + Ce7V (1)/34%/3
<C [MQ(O) + t2/3] + 2T uo, volt -

Since Fluo, vo] < —Co by (1.17) with Co = 0, it readily follows from the above inequality that M5 (¢) becomes
negative for sufficiently large 7, contradicting the non-negativity of u. We have thus established that Tiy,x < 00 in that
case.

N =4: Lett > 0. A straightforward consequence of (3.4), (3.5), and the Cauchy—Schwarz inequality is
Ma () < Ma(0) + 4F[ug, volt + CoV (1) /1!/2
< M>(0) +/C7Cot "2 + 4 F[up, vyt .

Owing to (1.17) with Cy = 0, the above inequality implies that M, becomes negative in finite time, contradicting the
non-negativity of u. Thus Tpax < 00 and the proof of Theorem 1.1 is complete. 0O

3.2. Alternative proof of Theorem 1.1: R = 00
We next give an alternative proof of Theorem 1.1 in the case R = oo which does not involve the second moment.

Proof of Theorem 1.1: R = oo. Assume for contradiction that 7,,x = 00 and consider ¢ > 0 and r; € (0, 00). We aim
at showing that, owing to the time integrability (2.29) of || 13 and ||g||3 (recall that Dlu, vl = (I fII5 + lgll3) /on).
the energy —7F, [u(t), v(t)] located in B, (0) behaves as a negative power of r; as t — oo. Since this is also true
uniformly with respect to time for the remaining part of the energy according to Lemma 2.10 we will conclude that
the limit of —F[u(t), v(¢)] is bounded by a negative power of r| as t — 00, thereby contradicting the negativity (2.29)
of Flug, vo] since r; > 0 was arbitrarily taken. More specifically, by (2.29), Lemma 2.5, and Lemma 2.10,

—Fluo, vol = —Flu(t), v(1)]
< —Flu@), v(O)] + Fp [u(®), v(®)] — Fr, [u@), v(@®)]

r

r
1
§C6r117N+—N_2/g«/ﬁrN dr—/f(—Nr_zarv—i-v)rN_l dr
0 0

1 _ 2
T 20060 + = 2" 0|

N-2
.

+— “2u(r)? + rVu(r)?

o
2(N —2)
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" 1/2
< CsrllfN +Cligl2 /urN‘H dr +C (rle2 —i—r{v> v(r)?
0

r r
+ /f(harﬁ—}-ﬁ)r’v] dr|+ /f(harf)%-ﬁ)rNI dr
0 0

Using Lemma 2.6, Lemma 2.8, (2.2), and (2.5) (with p = 1) and recalling that N € {3, 4}, we further obtain

—Fluo, vol < Cer{ N +Crillgt) 2+ C (rl_N +r12_N>
12

r
vauem | [rantar| el (14 Jninl) o
0

<C (i 4+ £ 2N Ol + C+rr TP ol

+ ¢ (14 /rlnnl) £ O3 -

Integrating the above inequality with respect to time over (7', T + 1) for some arbitrary 7 > 0, we deduce from (2.12)
and the Cauchy—Schwarz inequality that

T+1 T+1

—Flug.vol =€ (i7" 4™ +37V) 4 Ony f lg@ll2 di +C (1 +rpr* ™" f I @)l dt
T T
T+1
+ Crl3/2 (1 +,/r1|lnr1|> f ||f(t)||% dt
T
T+1 172

<C (rfN + rllfN + rlsz) +C <r1 +(1+ r1)r1(4_N)/2> / Dlu(t), v(t)] dt
T

T+1

+Cr13/2 (1+\/r1|1nr1|) / Dlu(t), v(t)] dt .
T

Owing to (2.29), we may pass to the limit as T — oo in the previous inequality and obtain

—Flug,vol =€ (i 47N 477N .

Since rq is arbitrary in the above inequality, we may let ; — oo to conclude that —F[ug, vo] < 0, which contradicts
(1.17) with Co=0. O

3.3. Proof of Theorem 1.1: R < 00

Proof of Theorem 1.1: R < oo with the mixed boundary conditions (1.5). Assume for contradiction that Ti,x =
00. Choosing r1 = R in Lemma 2.5 and applying Lemma 2.6 and Lemma 2.8 (with r; = R) yield

R R 1/2

—Flu(),v(0] < 1_ 5 / gOVu®yr dr+C3(1+ R) / f@?rdr
0

0

+CR2 (14 /RIRI) 1013
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for t > 0, after noticing that the last two terms in (2.14) vanish due to (1.5). Since —F[ug, vo] < —F[u(t), v(¢)] for
t > 0 according to (2.3), we infer from (2.12), Holder’s inequality and the above estimate that

—Flug, vl <C (‘/D[u(s), v(s$)] + Dlu(s), v(s)]) fors >0.

Integrating the above inequality with respect to s over (¢, t + 1) and using Holder’s inequality give

r+1 /2

—Flug, vl < C / Dlu(s), v(s)] ds + / Dlu(s), v(s)] ds forr >0,
t t

and it readily follows from Theorem 2.12 that the right hand side of the above inequality converges to zero as t — oo.
Consequently, —F[ug, vg] < 0 which contradicts (1.17) with Cyp = 0 and thus implies Tiax < 00. O

Proof of Theorem 1.1: R < oo with the Neumann boundary conditions (1.4). Assume for contradiction that
Tmax = 00. Setting r{ = R in Lemma 2.5 and applying Lemma 2.6 and Lemma 2.8 (with r{ = R), we find

R " 1/2

—Flu@®), v0] = - ]_ 5 / gOvu@)r" dr + C3(1 + R) /f(t)2r3 dr
0

0

N
+ C4R3? (1 +R| 1nR|) £ @13+ %{w, R) +0(t, R)}?

for t > 0, after noticing that the last term in (2.14) vanishes due to (1.4). Recall that ¥ and 0 are the solutions to
(2.19)—(2.20) supplemented with homogeneous Neumann boundary conditions. From Lemma A.1 (for N € {3, 4})
and (2.2),

2
RVi(t, R)* < C3M2R*™N and RMi(t,R)? < C}RY (1 +/|n R|) If@O13  fort>0.

Owing to (2.2), (2.3), the definition (1.16) of D[u, v], and Holder’s and Young’s inequalities, we are led to
aCiyM?* RN

—Fluo, vo] =C (\/D[M(S), v($)] + Dlu(s), v(S)]) t— N3

Arguing as in the previous case with the help of (2.29), we end up with

fors > 0.

— Flug, vol < aCiyM>R* N /(N —2)

which contradicts (1.17) with Cq := aCfOR“_N /(N —2) and again implies Tax < 00. O
4. Existence of blowing-up solutions

In this section, we prove Theorem 1.2 showing the existence of initial data satisfying the criterion given in The-
orem 1.1. The first step towards the proof of Theorem 1.2 is the existence of a couple of functions with negative
energy which requires its first component to have a sufficiently high mass. Recall that, for N > 3, M (N) is the
critical mass associated to (1.8)—(1.10) which guarantees global existence if ||ugll; < M.(N) and possible blowup if
luollt > Mc(N) [2,3].

Lemma 4.1. For each M > M.(N) there is (Upy, Vi) € Loo such that ||Up||1 = M, FOlUp, Vil <0, and both Uy
and Vi have compact support in Q, Where

o0
q+1 1
Folu, v] 1=/(u +—(3rv)2—uv> rNlar
q 2

0
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Proof. According to [2, Proposition 3.5] there is a compactly supported and radially symmetric non-negative function
U e LY(RY) N L®(RV) satisfying
Ule H'®RY), |Ulli=Mc(N), FIU BoxU1=0,
and
div (VU"“ —UV(Boy* U)) —0 inRV.

Introducing V := By = U, we observe that
v 1 1
0=7F°[U,V] =/ <—Uq+1 - E(B,V)2> rNolar
q
0

while it follows from the regularity properties of U, the compactness of its support, and Newton’s formula [18,
Section 9.7] that

N
VeLP@RY), pe(m,oo}, and VV e L>(R"),

but V ¢ L>(RN) for N = 3,4. Thus (U, V) does not belong to Zo, and we need to truncate V. To this end, let
e Cg° (RV) be a radially symmetric cut-off function satisfying 0 < < 1,9 = 1in B{(0), and # =0 in RV \ B»(0),
and define Vi (x) := V(x)¥(x/k) for x € RY and k > 1. We then fix u > 1 such that u := M/M.(N) and observe
that, for k > 1, (uU, uVy) belongs to Z, with ||nU||; = M, both functions have compact supports, and

FoluU, uVil = p* ' FOlU, VI + (uz - /ﬂ“) / B(arV)2 - UV} PNl ar

o0

1

+ ,ﬁ/ [58’(" + Vi), (V — Vi) = U(V — vk)} PNl dr
0

o0
+1
=_Mq (Ml_q _ 1>/Uq+1rN—1 dr
4 0
o0
+ u? L (Ve Voa(V — Vo — UV — Vi) | V14
7 2r( + Vi) o, ( (9] ( | r.
0

Owing to the regularity of U and V, the last term in the right-hand side of the above identity converges to zero as
k — oo, so that there is k,, large enough for which

o0
q+1

fo[,uU,quM]f—Mz (Ml—q — 1)/Uq+1rN—1 dr <0.
q
0

Setting (Upy, Viy) = (U, “Vk,) completes the proof. O

Proof of Theorem 1.2. Fix M > M (N). To simplify notation, we set f = Up; and V = V), and define
U(r)=2"UGr) and V() =AY"2V(r) forre[0,R) andA>0.
Taking A large enough such that the supports of ¢/ and V are included in B; g(0) it is immediate that

R AR 00

/Z/l;\(r)rN_l dr =fu(r)rN—1 dr =/Z/l(r)rN_l ar=2

on
0 0 0
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and
AR AR

1 1
f[uk,vk]zﬂfz/ (—u‘f“ +§(a,V)2—uv)rN‘ dr + %)\N*“/vzr”‘ dr
q

AR

— N2 ]-"O[LI,V]+%/V2rN" dar | . 4.1)
0

Recalling that 7°[I/, V] < 0 by Lemma 4.1 we now choose A, large enough such that
AR

1

— | VN gy < ——F0 u,Vvi,
222 2 e
0
and

AN=2

2
and conclude that F[U, , Vi, ] < —C0||L{,\*||%. Taking (ug, vy) = Uy, Vs,), the continuity of F in LIt (QR) x
H'(Qg) and Theorem 1.1 give the first assertion of Theorem 1.2.
Next,when0 < p <land 1 <o < N/(N — 1), we have

FOlU, V] < —Co M? = —CollUs, |13 <0,

R AR
fux(r)prN_ldr =ANP=D fU(r)PrN—l dr— 0 asi— o0 (4.2)
0 0

and

R
/ (V)" + Vi)V dr
0

AR
=D / @V +277Ve) )N dr — 0 asi— 0. “3)
0

Given (ug, vo) € Zr we put wo , = ug+U, and zo,) = vo + V), and easily deduce from (4.2) and (4.3) that (wo,», z0,1)
converges towards (g, vg) as A — oo in the sense stated in Theorem 1.2. In addition, owing to the non-negativity of
ug, vo, U, and V, we infer from (4.1) that, for A > 1,

R
+1
Flwo.x, z0] < FlU, Vil + qT/uo (ud +ul)rN " ar
0

R
1
+/ (8,VA8,UO+E(8rvo)2> Nlar
0

R
1
+a/(V;vo+§v%> N-1 g,
0

< Flts, Vil + C(ug, vo) + CAN =D lug o U411 |supp @) |~

C
72 vollec VI
AR

<N Ao v+ 2 /ver—l dr 4 Lo v)
0

C
+ - lorvolleollOr Vil +

222 AN-2
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Since FO[U, V] <0 by Lemma 4.1 and the L'-norm of wo, 1s bounded uniformly with respect to A > 1, we readily
check that (wo,, z0,)) satisfies (1.17) for suitably large A > 0 and thereby complete the proof of Theorem 1.2. O
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Appendix A. Bessel potentials
In this last section we collect the results on the Bessel kernels and potentials we have used in the preceding sections.

Lemma A.1. Let N > 3, R € (0, oo], and consider a radially symmetric function h which belongs to LP(2g) for
some p € {1,2}. Let H be the unique radially symmetric solution to

—AH+aH=h in Qp, (A.1)
supplemented with either homogeneous Neumann boundary conditions

oH=0 on 0Qr, (A.2a)
or homogeneous Dirichlet boundary conditions

H=0 on 0Qr, (A.2b)
if R < oo, or given by

H=Bysh (A3)
if R = oo.

G) Ifhe LI(QR), h >0 a.e. in Qp, then there is C1o > 0 depending only on N, R, and o such that, for r > 0,

0< H(r) < Cuollhir*™", (A.4)
|6, H(r)| < Cio 1Al =N (A5)
(i) Ifh e L?(Q2R) then H € H*(QR) and there is C11 > 0 depending only on N, R, and o such that, for r > 0,

Cillnll2 for N=3,
|H(r)| < { Cullhll2 (1+/[Inr])  for N=4, (A.6)
Ciil|hllr4=M/2 for N=>5,
and
19, H(r)| < Ciyllhllar@N/2 (A7)

Proof. (i): We first consider the case R = oo where H is given by (A.3). Since 0 < B, < By and / is non-negative
and radially symmetric, it follows from Newton’s formula [ 18, Section 9.7] that

r o

1 1
0< By xh)(r) < Boxh)(r) = m/h(p)p’v‘l dp + m/h(p)p dp
0

r
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r [e ¢
1 _ 1 _
< s [ 100" ot s [ 1 o
0 r

oy

= oy
We have thus proved (A.4). Next, since A is a non-negative and integrable function, it follows from [ 18, Theorem 6.23]
that H = By, x h is also a non-negative and integrable function with ||H ||; = ||]|; /« and solves

=0, (N0 ) =V - aH)()

Integrating over (0, r) gives
r
oHry=r""" /(aH —m(p)p"tdp, r>0,
0

whence

.
|9, H(r)| < rl—Nf(aH +m)(p)pN " dp <N (@ HIly + Ikl < 20k N
0
We next turn to the case R < oo. Let r € (0, R). Integrating (A.1) over (0, r) gives
, ,
—rN Y H(r) = —a / H(p)pN " dp + / h(p)p" " dp . (A.8)
0 0

Owing to the comparison principle, the non-negativity of 4 implies that of H in Qg and we realize that 9, H(R) <0
for both boundary conditions (A.2a) and (A.2b). It then follows from (A.8) with r = R that

R R
0<a / H(p)p" " dp < / h(p)o" " dp (A.9)
0 0
Combining (A.8) and (A.9) then gives
R
N1a, H()l < fh(p)pN*‘ dp =100
0 on

which proves (A.5). The estimate (A.4) readily follows from (A.5) when H solves (A.1)—(A.2b) as
R

H(r) =—/arH<p) dp .

When H solves (A.1)—(A.2a), the estimate (A.4) is also deduced from (A.5), arguing as in [10, Lemma 2.5], see also
the end of the proof of Lemma 2.4.

(ii): Since i € L2(Qg) and « > 0, classical elliptic regularity ensures that H belongs to H 2(Qpg) and there is a
constant C > 0 depending only on N, R, and « such that || H || 2 < C||]|2. On the one hand, H2(QpR) is continuously
embedded in L>°(Qg) for N = 3 which gives (A.6) for N = 3 while (A.6) for N > 4 follows from [10, Theorem 1.1]
(after noticing that the proof extends to the case R = 00). On the other hand, V H belongs to H'!(Q2g) and we deduce
(A.7) from [10, Theorem 1.1]. O

We next turn to some properties of the gradient of 3, which plays an important role in the computation of the
evolution of the second moment of u in Section 3.1. A similar result can be found in [25, Lemma 2.1].
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Lemma A.2. For x € RN and o > 0, there holds VB, (—x) = —VBy(x) and
x-VBy(x) < —(N —=2)B,(x) . (A.10)

Proof. Differentiating (2.18) gives

o
lx|? ds N
VBQ()C):—/CXP{—K—(XS W}C, x eR™Y
0
so that
o
|x|? x| _ Q-ny2_ ds
x-VBMx):—Z/meXp —K e %y W
0
o

(4ms)N/2

|x|?

— [ expy——— —as; Qas+ N —2)
4s

0

IA

—(N =2)By(x) ,

as claimed. O
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