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Abstract

We construct an additive indek on the set of compact “parts” of the skty (I") of “small” H-surfaces (H| < %) that are

spanned into a simple closed polygdhc R3 with N + 3 vertices (v > 1) by a combination of Heinz' and Hildebrandt's
examinations of H-surfaces and Dold’s fixed point theory. We obtain that the indeg@f") is always 1, independent &f
andI". Moreover we compute that ti@ech cohomologﬁ(P) of a partP that minimizes the H-surface functionéf? locally

is non-trivial at most in degrees 0., N — 1 and there even finitely generated, which implies the finiteness of the number
of connected components &f in particular. Finally the index of such an #-minimizing” part reveals to coincide with its
Cech—Euler characteristic, which yields a variant of the mountain-pass-lemma.

© 2005 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

1. Introduction and main result

Let I be some closed piecewise linear Jordan cufve D3 := {x € R?| |x| < 1} with N + 3 vertices (V € N)
(Po, A1, ..., A;; Pi Arya, oo A Pos Ay, ..., AN, 1)

where the three verticeBy, P1, P, and the indices & [ <m < N are fixed. We consider the (Plateau-) class
Ci(I') of surfacesY € H12(B,R3) N CO(B,R3), B := B1(0) C R?, that are spanned intd, i.e. whose boundary
valuesX |,z : St — I' are weakly monotonic mappings with degree equal to 1, satisfying a three-point-condition:

: 21
X|pp(€V6) = Pr, i =k, k=012 )

and that are contained in the closed unit B i.e. 1 Xllcopy < 1. We endowC; (I') with the norm|| - || y12nc0 :=
I+ llcogy + II - | gr2(p)- Moreover we consider the subspatg; (I') C (C7(I"), | - [l yr2nc0) of all “small”

H-surfaces, i.e. classical solutiose C;(I") N C2(B, R3) of the differential equations
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AX =2H(X, AX,) oOnB, 3)

IXu?=1X,1%  (Xu, X,)=0 onB, 4
for some arbitrarily fixedH € (—%, %). We note that Egs. (3) are just the Euler-Lagrange equations of the
“H-surface functional’$¥ : HY2(B, R%) N L>(B, R%) — R, given by

4H
e (x) :=/|VX|2+?(X, Xu A X,) dudv. (5)
B

For some fixed polygo#™ andH € (—%, %) Heinz [7] constructed a map

T — (C’lk(f'), Il - ||H1,2mco)

on a convex, open, bounded sub%et RY (where N + 3 was the number of vertices @), whose following
crucial properties shall be proved in this paper using Heinz’ isoperimetric inequality in [8], his boundary regularity
theorem in [10] combined with an idea of Hildebrandt [12] and the author’s generalizations ([15] resp. [16]) of
Courant’s fundamental ideas in [2,3]:

Reduction theorem.

(i) v and f := &M oy are continuous of.
(i) We have everf =& oy € CH(T, R).
(i) For every sequencig”},cn With dist(z", dT) — O there holds

f@") — o0 forn— co.
(iv) The restriction

Viker  K(f) > Hu (D) (6)
yields ahomeomorphisnbetween the compact sEt( f) of critical points of f and (Hy (I'), || - | y1.2~c0)-

We furthermore define the two following notions in

Definition 1.1. (i) A compact subseP € Hy (I') is termed a part (0F{ (")) if P has an open neighborhobgin
€3, | - | gr2nco) Which satisfies? =U N Hy (IN), i.e. which separateB from the complemerit{y (I") \ P,
and we set

Ky () :={P<Hu(')|Pisapar. (7
(i) An £ -minimizingpartP (# ¥) of Hy (I") is characterized by the two following additional properties:
(1) £9(X)=const(P) VX eP,
(2) there exists an open neighborhdéaf P in (C;(I"), || - || y1.2nc0) Such that
EH(X)>const(P) VX elU.

Now we can state the

Main theorem. To any closed polygoff c D3 and H € (—%, %) one can assign afH-surface) index
T:Kyg(IN—17Z

with the following properties
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() Z(Hy () =1, independent off and I".
(i) Z is additive orK g (I"), i.e. any decompositioR = |_|’]’7=173j e Ky (I') (m > 1) yields

I(P)=) I(P)). (8)

j=1

(i) Moreover theCech cohomolog (P) of an&# -minimizing partP € Hy (I') is non-trivial at most in degrees
0,..., N —1and there even finitely generatefd consists of only finitely many connected components and its
H-surface-index coincides with iGech—Euler-characteristic:

N-1
I(P)= ) _(~1) dimg H'(P,Q) =: X (P, Q). 9

i=0
This theorem immediately implies the following

Corollaries.

() Hu(I) #90.
(i) A variant of themountain-pass-lemmaf:there existn > 2 different€ -minimizing partsP; in Hy (I") with
25.”21)2(73], Q) # 1, then the complemefty (I') \ U’;’zl P; is not empty. This situation is encountered espe-

cially if there existn > 2 homotopy equivaler&!’ -minimizing partsP; in Hy (I). Ifin particular these parts
P; are points, i.e. isolated H-surfaces,, . .., X,, which are local minimizers & in C3), N -l 120 c0)s
then the H-surface-index of the complementary fars Hy (') \ {X1, ..., X, } amounts to

I(P)=1-m<0.

The author would like to point out the similarity of statement (i) of the main theorem to the result of Tromba’s
papers [21] resp. [22], where Tromba constructs a “minimal surface index” which can be assigned to isolated
minimal surfaces spanning a wite € H"%(dB,R") (r > 18, n > 3) that arenon-degeneratén two different
senses depending on the two cases 3 resp.n = 3. The fundamental tool for his “Index formula” of [21,22]
yields the deep Index Theorem of B6hme and himself [1] which guarantees that at least for an open, dense subset
of boundary curve$™ in H"-2(3 B, R") (so-called generic curves) the set(I") of all minimal surfaces spanning
indeed consists of isolated andn-degeneratpoints in the two cases> 3 resp. = 3. One should also compare
our main theorem to Struwe’s achievements in [19], where he develops a complete Morse theory for the description
of M(I'), providedI” c R” (n > 2) is aC®-regular boundary curve that spans only minimal surfaces which are
non-degenerateritical points of the Dirichlet integral, which is guaranteed at least for generic wiresR" for
n > 4 by the Index Theorem [1] of Bhme and Tromba. Finally one should notice the similarity of Corollary (ii)
to Struwe’s resp. Imbusch’s mountain-pass-lemma in [20], p. 51, resp. [14], p. 17, which also does not require the
existence of differenstrict local minimizers of the considered functional (there it is the Dirichlet integral) on the
class of admitted surfaces spanned into the boundary curve.

2. Fundamental propertiesof £ and H-surfaces

For X € H2(B,R%) N L (B, R3) and anyL2-measurable subs@ C B we set

1
D (X) ::§/|VX|2dudv, Fp(X) ::/(x, X, A X,)dudv  and
B/

B’
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4H 1
ER(X) == 2Dp (X) + — Fw(X) for|H| <3, (10)

and we shall use the abbreviatigR$X) := D (X), F(X) := Fp(X) and& (X) := £ (X). At first we have for
X € HY2(B,R3) N L>®(B,R3) with || X|| (5 < 1 due to|X, A X,| < 3|VX|? the estimates

<1— gIHI)ZDB'(X) <EBO < <1+ §|H|)2D3f(X> (11)

on any£2-measurable subs® C B. By these inequalities one obtains as in Lemma 3.4 in [11] the lower semi-
continuity of £ with respect to weak convergencehf-2(B, R3):

Lemma2.1. For a sequencéX ;} ¢ HY?(B,R% NL>(B,R3) with X; — X in HY2(B,R3) and || X ;|| 1(p) < 1
we have
¥ (x) <liminf £7(X ).
j—o0

Analogously one can prove the same statement for the functiphak D + %H]-‘ (for |H| < 1/2). By these
tools one easily infers (see [17], Lemma 2.2)
Lemma2.2. Let{X;} be a sequence iN12(B, R%) N L>®(B, R3) with || X ||~ <1VjeN,
Efxj)— &9 X) and (12)
X;—~X inHY(B,R% forj— oo, (13)
for some surfac& € H1-2(B, R3), then there holds
D(Xj)— D(X) forj— oo.

Now we consider the Dirichlet problem fag and prescribed boundary values= X |3 of a surfaceX e
Ci(I"), i.e. the variational problem of minimizing™ within a given boundary value class

[(Xlppl:={Y e H**(B,R)NL®(B, R} |Y — X € HY2(B,R3), |[Y||18) < 1):

o (Xlog) €M = Min. in[X|y5]. (14)
By [11], Theorem 3.6 resp. 3.7, we have the following existence, uniqueness and regularity result:
Theorem 2.1. For any X € Ci(I") and H € (—3, 3) there exists a unique solutiaki* := X*(X, H) € [X|ys] of

the problemgy (X|33) which additionally belongs t6€%(B, R3) N C?(B, R3) and solves Eq(3) in the classical
sense.

Remark 2.1. Since the unique solutioii* of the problempy (X|55) belongs td X |51 := [X|a5] N CO(B, R%)
we infer€ (X*) = infx,,) E7 <infix|,,y EF < ET(X*), hence infx,, £ = infix,,y EF.

Let i(r) denote the uniquely determined harmonic extensienC%(B, R") N C2(B, R") of prescribed contin-
uous boundary valuese C%(9B, R") with 7l coap) < 1, forn > 1. From [9], Hilfssatz 5, we have the following
boundary estimate for “small” solutions of (3):

Lemma 2.3. Let |H| < 5 be arbitrarily fixed. For surfacest € C%(B,R%) n C%(B,R3) satisfying(3) and
I X1l oz, < 1 there holds

| H | 2V d?y _ |el?y|2
sa—z ay r)ee) = |rE@) +

foranyp € [0,1]and® € [0, 2x], wherer := X|;5.

1-1H|

oo
[X(p€”") - x(€")| < 1-2|H|

|h(r)(p€”) —rE)]  (15)
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We use this boundary estimate to prove the following central compactness result:

Theorem 2.2. A sequencéX} C C;(I") N C2(B, R®) of surfaces which solvE8) and have bounded Dirichlet
integrals, i.eD(X;) < const, Yk € N, is compact inC%(B, R3).

Proof. On account of Hilfssatz 3 in [9] one can estimate the moduli of the gradigvitg;|} on B,(0) C B
uniformly by a constan€ (p, H) for any fixedp € (0, 1), which yields

| Xi(w1) = Xg(w2)| < Cp, H)|w1 — wa| Vk €N, (16)

Vwi, w2 € B,(0). Since theX; satisfyD(X;) < const.,| Xi|lco < 1 and the three-point-condition (2k € N

we obtain by the Courant-Lebesgue lemma and Arzela—Ascoli’s theorem a subsequence of the boundary values
Xilag =: rx (which will be renamedr;}) that converges iC%(3 B, R®) to some continuous function Conse-

quently by the weak maximum principle for harmonic functions we infer for the unique harmonic extehgipns
resp.h(|re|?):

m_a>4h(|rk|2)_h(|r|2)|Zng'X“rklz_|r|2|—>0 and
B
maxh(ry) — h(r)| < f?)rg?ka —r|=0,

B

for k — oo, implying the equicontinuity ofi(r¢)} and{(|rx|%)} on B. Now combining this with Lemma 2.3 we
obtain for a fixedH ¢ (—%, %): for an arbitrarily chosemn > 0 there is aS(%) > 0 such that

|H|
2(1-2|H))
1-

5 i €
+ T 2|H||h(”k)(/oel ) —re€)] < 3 17

|X:(p€7) — X (€)] < n(1re1?) (p€?) — |re(€7))]

if 1 — p < 8(5), uniformly Vk € N. Together with the equicontinuity of th&; on every closed dis8,(0) C B
by (16) and the equicontinuity of the boundary valug®n 9B one finally achieves the equicontinuity pXy}
on B (see the proof of Theorem 2.2 in [17]). Hence|lYllco5) <1 Vk €N Arzela—Ascoli’s theorem yields the
assertion. O

Moreover we will use the following boundary regularity result for H-surfaces and an asymptotic expansion of
the complex gradient,, — iX, about a boundary branch point due to Heinz [10], Satz 3:

Theorem 2.3. Let X € H?(B,R%) N C°%(B, R®) N C?(B, R®) be a solution of(3) and (4) which maps an open,
connected argz C d B weakly monotonically into a regular, open Jordan cuivef classC3.

(i) Then for everywg € y there is aneg > 0 such that
X € CY(Zup.eo R Vv e (0,1)

on the closure of the “circular bigonZ,,, ¢, := Be,(wo) N B.
(ii) If wo € y is a boundary branch point of and|X, | # 0, then one has

(Xu —iXy)(w) = a(w — wo)* + o(jw — wol¥)  for Zyg.eo > w — wo,

for some complex vectare C3\ {0} and a positive integet € N.
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Using this theorem Hildebrandt derived in [12], Satz 3, the following

Corollary 2.1. The boundary values of an H-surfa&ec Hy (I") perform a homeomorphism

X|sp:0B > T.
For surfacest € H12(B, R®) we denote its area by

A(X) :=/|Xu/\Xv|dudv.
B

In (39) we will make use of Heinz’ isoperimetric inequality for “small” H-surfaces, Theorem 3 in [8]:

Theorem 2.4. For an arbitrary “small” H-surface X € Hy (I") there holds

11+h 2
AX) < Emﬁ(r) ) (18)

whereh := |H|[| X || coz) (< 3) and £(I") := length ofI".

3. HeinZ map ¢

In this section we construct Heinz’ map: 7 — (C7(I), || - [ y1.2nc0), Where the sel” C RY is defined as
follows:

Definition 3.1. Let T be the set oiV-tuples
(11, T2,...,IN) =T € (O,ZN)N cRM
which satisfy the following chain of inequalities:
O=vYo<m1< - < <Y1<Tp1<- <Tp <Y2 < Tpy1 <--- < Ty < 2T, (19)

wherel andm are the same fixed indices as in (1).
Obviously7 is a convex, open and bounded subsek 8

Definition 3.2. To eachr € T we assign a sét(r) of surfacesX e Cj(I") which meet the following “Courant-
condition”:

X|op(@9)=A; forj=1,...,N. (20)
At first for any fixedr € T one can easily construct boundary valuggelding 4 (r) € U(t), hence we have
Lemma3.l. U(t) #@B VT eT.
As we requirel” to be a closed polygon one easily verifies the convexity/of) for any t € T, which is a
rather important point.

Now we state a slight generalization of Lemma 1 in [7] which Heinz asserted without proof (see Lemma 3.2 in
[17] for a proof):
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Lemma 3.2. For any two surfacest € H2(B,R%) and Z € C%B, R% n H12(B,R%) and any monotonically
increasing sequence of radif 7 1 there exists in each intervgt? — €, r) + €,], fore, := (1 —r})/2, a subset
R, with £L1(R,)) > €,, such that for an arbitrary sequence of rad,} with &, € R, Vn € N there holds

2
fIZ(En €¥) — Z(€)|| Xy (6, €9)|dp — 0 forn — oo.
0

The following basic integral identity, (1.9) in [7], is proved in [17], Lemma 3.3.

Lemma3.3. Forany X, Z € C%(B, R®) n HY2(B, R3) there holds
Fp,©) (X + Z)— Fp,(0)(X)

1
=3 / (Z, Xy A Xy) dudv+ / (83X +Z, Zy A Zy)dudv + = f (X, Z A (Xy — Zy))ds (21)
r
B/(©0) B/(©0) 9B,(0)

fora.e.r € (0,1).

Combining Lemma 3.2 with the identity (21) Heinz achieved in [7], Lemma 2, the following formula (see also
Lemma 3.4 in [17] for a more detailed proof):

Lemma 3.4. For any two surfaceX 1, X2 € U(t), for an arbitraryr € T, we have:
F(X2) — F(X1)

= 3/()(2 — X1, (XDu A (X1)y)dudv + /(le + X2, (X2 — X1)u A (X2 — X1)y) dudv. (22)
B B

Recalling the convexity of the sel&(r) the above lemma yields the following crucial inequality due to Heinz
[7], Lemma 3 (see also Lemma 3.5 in [17]):

Lemma 3.5. Lett € T be arbitrarily chosen, then for any two surfacks, X, € U/(t) there holds
X1+ X5
2

1 1
S(ET XD+ (X)) - EH( ) > 5 (1= 2H)D(X1 - X2), (23)

Now we are prepared to prove the main result of this section using Theorems 2.1, 2.2 and the above inequality
(see also Lemma 8 in [7]):

Proposition 3.1. For an arbitrary t € T there exists i/ (t) a uniquely determined minimizéf(z) of £7, i.e.
EH(X(v)) = inf £X. 24
(¥ (@)= jnf (24)
FurthermoreX (7) belongs toaC2(B, R3) and solveg3) in the classical sense.

Proof. Existence: Le{X;} C U(r) be a minimizing sequence fé/, i.e.

EH(Xp) — inf EH fork — oo. (25)
U(r)
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Now Theorem 2.1 guarantees the existence of a sequefjgec C°(B,R®) N C2(B, R3) which satisfiesX} e
[(Xrlogl, £ (X)) =infix,),, £ and (3), thugX}} is again a minimizing sequence f6f in /(<) in particular.
By (11) we see

D(X}) <const. VkeN, (26)
which together with| X; [l co ) < 1 implies|| X[l y1.2() < const.Vk € N. Consequently we obtain a subsequence
{X} } with

X; = X* in HY3(B,R®) (27)
for someX* € H1-2(B, R3), which by the theorems of Rellich and Riesz implies the existence of a further subse-
quence (that will be renamed’ }) with

Xi (w) — X*(w) forae.w e B.
On account of (26) Theorem 2.2 finally yields a further subsequence (that will be remm;gjle}zmgain) satisfying

X; — X* inC%B,R3). (28)
Hence, we obtaiiX* € U/ (t). Together with lim}_, €H(X,’jn) =infy ) E£H and the weak lower semicontinuity of

£M by Lemma 2.1 applied to (27) we finally obtai (X*) = infy) £7. Furthermore together with*|; 31" =
[X*|55]1 N CO(B,R3) c U(r) and Remark 2.1 we infer:

Elx*y=inf M < inf &M= inf &M <&M (x™),
U(r) [X*aBY [X*[aB]

thus X* is a solution of the Dirichlet problempy (X*|55). Consequently Theorem 2.1 yields thé&t belongs to
C2(B,R®) and solves (3) in the classical sense.

Uniqueness: Le} and X} be two £ -minimizers ini{(z), i.e. we havee? (X}) = infy ) 7 = EH (X3).
AslU(t) is convex%(X{ + X3) belongs td/(), thusEH((XI + X3)/2) = infy ) " Consequently Lemma 3.5
yields

Z(1-2H)D(X:—X5H < inf M — gl 2L _"2) <,
2( | l) (X3 2) Z/I[(‘L') ( 2

henceD(X — X3) = 0 due to|H| < 3. SinceX; and X’ are continuous o and satisfy the same three-point-
(and even Courant-) condition (2) we prov&{ = X3 on B. O

Now the above proposition suggests the following

Definition 3.3. For an arbitrarily chosen polygafii D3 andH € (-3, 3) we define “Heinz’ map”

Y=y (H):T - (C5(D), || | gr2nco) by ¥ (7) := X (1) (29)
andf:= fI'(H):T - Rby f:=EH oy,

4. Proof of thereduction theorem

On account of the invariance of the functiongl with respect to orientation preserving diffeomorphisms
¢: B = B, the “positive definiteness” &t onCi(I") (11), Lemmas 2.1 and 2.2, Theorem 2.2 and Proposition 3.1
the assertion (i) of the reduction theorem can be proved exactly as Theorem 6.6 in [16] (see also [7], Lemma 10).
Since orientation preserving diffeomorphisms and especially conformal automorphisms of the disc will play a
central role in later sections we add a few observations on such mappings.
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4.1. Inner variations of the disB

Definition 4.1. A family of orientation preserving 3-diffeomorphismsp, := ¢ (-, €): B — B, € € [—¢o, €] (for a
fixed, sufficiently smalkg > 0), are called inner variations & of “medium” type if they are three times continu-
ously differentiable ire on[—eg, €o], i.e.¢ € C3(B x [—e€0, €0, R?) and a perturbation of the identityy = idg.
The set of these variations 8fwill be denoted by .

Remark 4.1. (a) A family ¢ € V possesses a Taylor expansion with respeet th = idz +¢€X + 0(¢) on B, for
€ — 0, wherex := %(f)e le=o is called the generator of the famiy and its remainder of first order can be estimated
by 3111l c2€. B

(b) The inverse familyqb;l} is again a family of inner variations @f of medium type and possesses the Taylor
expansionp_ 1 = idgz — e + 0(e) on B, for e — 0.

Remark 4.2. Now we consider the action of inner variatiofiss V on the setl. Let K € T be compact and
¢ €V arbitrarily chosen. Then there is ag = €o(K, ¢) > 0 such that the familfge }ce[—co,¢q) iNduces a flow
(¢e);: K — T viaarg(-): S = R/(27Z) by:

T=(11,..., ) = (argo P |y 5 (€™, ..., argo gelyp(€™)) =t (¢e): (7). (30)

Next we consider the map:V x T — RY given by A(¢, 1) := %(qbg)ﬁ(r)lg:o. A simple calculation yields

1 i 1 ;
= (Gar @ @),
=0 Iel‘rl IeI‘L’N
where denotes the generator of the famijly.}. Now we fix somer € T. For an arbitraryr = (14, ..., 7y) €
S¥—1 we want to construct & € V such that the paif$, ) is mapped by ontoY". This can easily be carried out

by means of “hill functions’,,, € CSO(IR{Z) (m=1,..., N)with respect to the fixed = (z1, ..., tv) which can
explicitly be given by

d
A, 1) = &(‘ﬁe)ﬁ(f)

F o1/ (r—w—€™m|) _ ™
By () :z{e e for |w efr | <r,
0 forjw — €| >r

form € {1, ..., N}, where we have puty 1 := 71 and require
1

<3|, min o {1e7 -y e -],
2Llie{1,...,N},ke{0,1,2}

Obviously theh,, have the following properties:
B (€7) =8,y form,le{l,...,N}, (31)
hm(€Y)=0 form=1,...,Nandk=0,1,2.

Now we setv := Z"I‘le hwm Yy on B. Then the inner variationg. (w) := w expiev(w)), which we term(z, T')-
variations, induce

(@P)(t)=(t1+€T1,...,tn+€VNy)=T1+eT €T

(for |e]| sufficiently small), which completes the construction.

Remark 4.3. Finally we mention that in general a fami{y.} € V affects the three point{zei‘”k}k:o,lqz; conse-
quently the inner variationX o ¢. of some surfac& e Cy(I") might leave this class. In order to overcome this
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technical difficulty we follow Courant’s idea of [2] to “renorn{®.} by a family of conformal automorphisms
{K.} C Aut(B) which is uniquely determined by its desired property

Ge(€"0) := (pe 0 K)(@V4) =¥+ fork=0,1,2.
Moreover via a straightforward calculation one has to ensure that this renormed fauiilis an element ol
again (see [15], p. 71, for a proof).

4.2. Proof of the points (ii)—(iv) of the reduction theorem

The proof of statement (i) of the reduction theorem is based on the following result (see [17], Lemma 4.4, for
a proof).
Proposition 4.1. Let {¢e}ec[—eq.¢o) D€ @ family inV and X € H12(B, R") some surface, then
D(X o¢e):[—€0,€0] > R

is twice continuously differentiable with respecktand we havéi):

ED(x o) = 1 /a(,\}, — A2+ b+ 22 dudv=: 9D(X, 1), (32)
de ceg 2
B
wherea := |X,,|2 — | X,|? andb := 2(X,, X,) and (ii):
EM (X 0 ¢pe) <EM(X) 4+ 2€dD(X, 1) + €2¢D(X), (33)

where the constant ¢ depends only{a@a} (and {¢>;1}) but not onX.

On account of the inequalities (33) and (11) the following theorem can be proved as Theorem 6.13 in [16], using
the continuity of f, Lemma 6.12 in [16] and Remark 4.1(b) (see also Lemma 11 in [7]).

Theorem 4.1. (i) At every pointr € T there exist all directional derivatives of. (i) Lett € T andY e SV 1
be arbitrarily chosen and consider the corresponding?’)-variations¢. (w) := expliev(w)) (see Remari.2),
then there holds

3
Wf(r) =20D(X (v), —1), (34)
wherei(w) := iwv(w) for w € B.

Now the assertion (ii) of the reduction theorem can be proved as Theorem 6.14 in [16] combining the above
theorem with Lemma 6.12 in [16] (in [7] this statement is asserted in Theorem 1 without proof).

By (11) assertion (iii) of the reduction theorem can be proved as Lemma 6.16 in [16].

Now using f € C1(T) the proof of Theorem 4.1 yields the following counterpart of the statement of Theo-
rem 4.1(ii) (see Corollary 6.15 in [16] for a proof).

Corollary 4.1. Consider some < V which leaves the three poing¥} invariant, its generaton., some fixed
pointt € T and the corresponding vectar := A(¢, t) = %(qﬁe);(r)k:o (see Remark.2). Then
19

ID(X (1), 1) = 57

1
fo)= —E(Vf(r), T). (35)

A combination of this representation of inner variations of the Dirichlet integral with Remark 4.3 and
Lemma 6.18, Proposition 6.19 in [16] yields analogously to Theorem 6.17 in [16] (see also Theorem 2 in [7]):
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Corollary 4.2.1f T € T is a critical point of £, thenX () is conformally parametrized oA, i.e. X (t) satisfieg4).

Now recalling Proposition 3.1 the above corollary just states that the restrictipri@the setk ( f) of critical
points of f maps intoH g ('), i.e.

im@lk(p) CHu). (36)
In order to achieve even
imMWlgp) =Hu() (37)

one needs Lemma 6 in [7] (see also Theorem 4.3 in [17] for a more detailed proof):

Theorem 4.2. If an H-surfaceX belongs to the intersectidi ; (I") N (t) for somer € T, then there holds

EH(x)=inf &1, 38
(X) Z/I{r(\r) (38)

Now let there be given an arbitrary H-surfa&kee H g (I"). Then it must be contained in some cldsér)
for somer € T due to the surjectivity of its boundary values onfo Hence, combining the above theorem
with Proposition 3.1 we expos¥ to be v (t), which means irtyy) > Hy(I"). Furthermore by (32) we see
dD(X, 1) =0Va e C1(B,R?) sinceX is conformally parametrized oA, i.e. sinceX satisfies (4). Consequently
by Theorem 4.1(ii}y must be a critical point of , which implies even ir |k (r)) D Hu (I"). Thus together with
(36) we finally obtain (37). Furthermore Corollary 2.1 implies

Corollary 4.3.
VK K(f)— Hu(I) isinjective
Proof. If we assume the contrary, i.e. that there exist pofmis#£ 12} ¢ K(f) with X(tH) =y (thH = ¢ (z?) =
X (t2), then especially the boundary valuésr )|y z = X (t2)|58 € C°(3 B, R3) would have to coincide. However
in the tuples(z{, ..., 7y) = t* # 12 = (7, ..., 7{) there is at least one different paif # % (e.g.7} < t?), and

due to the weak monotonicity of the boundary valugsl)|;5 = X (2)|55 these would have to be constant on
the open, connected arc between(deub) and exmirjz), in contradiction to Corollary 2.1. O

Moreover combining4(X) = D(X) for any X € Hy (I") with (37), (11) and Heinz’ isoperimetric inequality
(18) we obtain for every critical point € K ( /) the estimate
0< f(r) =& (¥ (1)) < const(|H|, L(I)) =: c. (39)
Together with point (iii) of the reduction theorem this yields
K(f)e fH0,0)eT. (40)
Hence,K (f) reveals to be a compact subseffgfwhich together with the continuity af, (37) and Corollary 4.3

implies assertion (iv) of the reduction theorem.
5. Application of Dold’sfixed point theory and Cech cohomology

In this section we combine the reduction theorem with singular homo[bgyh cohomology [6] and Dold’s
fixed point theory [4] in order to define the H-surface-indexX ;; (I") — Z and derive its asserted properties.
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5.1. Definition of the H-surface indé&x

We define a continuous flow: T x [—tg, to] — T by
¢(r, 1) =t — @)V f(r) (41)

for a sufficiently smally > 0, depending oV f and a cut-off functiom e C?(T, [0,1]) to be defined precisely in
Definition 5.1 below with the property

FHI0, el €y =11, (42)
wherec = c(|H|, L(I")) is the constant from (39). We compute

d
Ef((b(f, t)) = —n(f)(Vf(¢(f, t)), Vf(f)) (43)
Vt € [—tg, 1o] andVt € T. At first we state the following elementary

Lemma 5.1. If there holds|V f| > § for somes > 0 on a compact subset C T, then there exists somé =
t“(K,V f) € (0, to] such that

F(6(e.0) < F2) — ;nmaz < f) (44)

uniformlyVr € K andVr € [0, /*] and

f@@,0) = f(f)+un(f)52 2 f() (45)

uniformlyVz € K andvr € [—t%, 0].

Proof. From|V f| > § > 0 on K, the compactness &, the continuity ofV f and (43) one can easily derive the
existence of somé e (0, 1] (depending orK andV f) such that

—f(¢(r 0) < "5 ro)f

uniformly Vr € K andVvr € [—tIi t*1. Hence, by the fundamental theorem of calculus we obtain:

n()

2

vVt € K andVs € [0, r*] and
0

t
d d
f(¢(r,t))—f(r)=/@f(¢(f, t’))dt’=—/@f(¢(r, t")df |r|@|Vf< )[? > B2
0

t

(r)

Vr e K andvr e [—%,0]. O
From the above inequalities we derive

Coroallary 5.1. There is some* € (0, 1p] such that

¢ 0| 10,7 S H([0, cl) = £71([0,¢]) and

: 46
¢ 0110y =1dy-100)  TEIK(S) )
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for an arbitrary ¢ € [0, *] and analogously
DD 100y S (e, 00)) > f7((c.00)) and
PC D p1((c00n = 11,00 TEIN=0]

for an arbitrary r € [—r*, O].

(47)

Proof. Due to (40) there exists some open g&tsuch thatK (f) € O € f~1([0,c]). On the compact set
£71(0,¢]) \ O we thus have|V f| > §; for somes; > 0 and Lemma 5.1 yields the existence of some
tf € (0, ] such that im¢(',f)|ffl([o,c])\0) c 40, ¢]) Vvt € [O,tlﬁ]. Furthermore due to the compactness
of 0 € f~1([0, ¢]) and the continuity ofvV f there is someg € (0, 10] such that ingg (-, 1)|5) C 710, ¢])

vt € [0, tg]. Hence, the assertion (46) holds fér= min{tf, tzﬁ} and we may simply use a linear homotopy. Anal-
ogously we argue that by (40) there holdsf| > 8> for somes, > 0 on the compact set~1([c, 00)) N suppn).
Thus by Lemma 5.1 there is son‘ﬁee (0, 1o] such that indg (-, DI £-1((c,00))nsuppin)) C (¢, 0)) Vt € [—t§, 0].
On[n = 0] the assertion (47) holds trivialyr € [—1g, f9]. Thus also in (47) we may use a linear homotopy and the
corollary is proved for* := min{r?, t;}. O

Thus by (40), (42) and (46) we obtain the following identity:

K(f) =Fix(¢ (.0 p-1q0,p)) = F (48)
foranyz € (0, t*], where Fix denotes the fixed point set of a continuous selfmap.
Now we compactify the convex open se&= DV by some homeomorphism
@ T\ T 5 SV \ {00}, (49)
whereoco can be chosen as the “North Polgy1 :=(0,...,0,1) € RN*1 and we transport the flogr onto the
SN by setting
¢, 1) :=pod (.o i8SV \ {oo} > SN\ (o0}

Vt € [—t9, fo]. Due to supp(n)e T there holdsp(-,7) = id on some punctured neighborhood aboaton the
SN V|t| < 1. Hence, (oo, 1) := oo Vt € [—t, fg] exposes to be the unique continuous extensiof ohto the
entireS" . Moreover due to point (iii) of the reduction theorem we may extend

fi=fop t:SV\ (oo} > R
to a continuous functiorf : SV — R U {oo} by setting f (co) := co. In particular (47) transforms to
G0 r1eoop (e, 000) = FH((e, 00])  and
€D f1(cvo0) 18 100 TEN(I1=0]) U {00} (50)

for an arbitraryr € [—¢*, 0].
Now we choose some sufficiently small contractible nelghborh(j@d]DN of the “North Pole”oo in SV which
satisfiesV € f 1([e, oo]). Moreover we define

M = max{f(r)|t IS f_l([c, oo]) \ V} (51)
and see firstly due t()f‘l([c, o))\ \°/) # ¥ and (40)M > ¢ and secondly
Y (M, ) cV (52)

just by construction oM, for if there were a point € F~H(M, 00)) \ V, then by (51) we would havé(r) < M
in contradiction tor € f~1((M, oo]).
Now we are prepared for
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Definition 5.1. We define the cut-off function € CQ(T, [0,1])in (41) by

o dist(z, /(M +1,00))) T
M= ist(r, /1M + 1,00))) + dist(z, /210, MT))” ©

thus [n=11=f(0,M]) and [n=01=f"}(M+1,00)).

Due to M > ¢ n satisfies the requirement (42). Moreover by this precise definitiopwé implicitly fix an
interval [—to, 70] for the “maximal duration” of the flowp which consequently only depends ¢gnV f and£(I").
Now let K C T be a compact subset aid€ T some open neighborhood &f in T, then there correspond
via g
KCUET <% KcUeSV\ {oo}.
In the sequeH, () := H,(_, Z) will denote the functor of singular homology with coefficientsZin

Definition 5.2. Let o be a fixed generator dffy (SV) = Z. With respect ta we define the fundamental clasg
aroundk (see [5], p. 202) as the image @inder the following composition:

HySY) 5 Hy(sV, SV \K) S Hy(T,0\K) S Hy(U, U\ K), (53)
o+ iy(0) — ok,
where we used the induced homomorphigmof the inclusioni: (SV,d) — (SV,SV \ K), the excision-

isomorphism ana,.

Remark 5.1. We note that for two open neighborhootis C U2 of K the induced homomorphisi of the
inclusioni: (U1, U1 \ K) < (U2, Uz \ K) take50}< into 0%, hence, we are allowed to drdp in the notation
of og.

Now we fix some € (0, r*] and abbreviate := ¢ (-, t).

Definition 5.3. A compact subseP of F is termed a part of’ if it possesses an open neighborhdddh T with
P=FnNnU.
By (40), (42) and (48) we can choose& [ = 1]. Now we consider the following map of pairs:
idy —gly =1V fly: (U, U\ P)— (RY, RN\ {0}).
Following Dold ([5], p. 203) application off, yields

Definition 5.4. We define the fixed point index @f around a parP C F by
(tV flv)«: Hy(U, U\ P) - Hy(RY, RV \ {0}) = Z

op = Iy, - 00.

Remark 5.2. We note that on account of Remark 5.1 the above definition does not depdiidsimce for two
neighborhood®/; <> U of P we derive fromi, (o}) = 0%:
Lpjy, - 00=(tV flu)«(0p) = (Y fluy)s 0 ix(0p) = (tV flu)+(05) = Ipy, - 00.

Furthermore the homotopy invariance of singular homology guarantees the independgggcérofn the chosen
t € (0, r*].
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Remark 5.3. In Proposition 5.10 of [5], p. 205, the definition of the fixed point index of the set of continuous
functionsg: U — RM, that are defined on open sdtsof RY (M > 1), is uniquely extended to maps which
are defined on open subséfsof an arbitrary topological spaceg, g: U — Y, whereU additionally has to be a
ENR:=Euclidean Neighborhood Retract; i.e. there has to exist an open $ub$&" , an embedding: U — V

and a continuous map: V — U (retraction) such that o i = idy. Now if g¢: U — Y is a continuous map with
compact fixed point set Dold defines its generalized fixed point index by

Iy = [iO(gorl(go,)_l(U))~

In Proposition 5.10 of [5], p. 205, Dold shows that this extension of the fixed point index does not depend on the
choices ofi andr and that all properties of the “special” index remain valid (see [5], p. 206). This generalization
will be valuable for us when we will consider some neighborhbod [n = 1] of a partP C F with P = F N U,

which is a compact ENR and on whighacts as a selfmap (thus herd’is= U), and when we will need the unique
existence of/4),, and its coincidence with the fixed point index as defined in Definition 5.4:

Loy = Ip)y (54)

for some open neighborhod#l of P with W C U (see [5], p. 206, (5.11)).

Proposition 5.1. The parts ofF' and those of{y (I") correspond to each other via:
FoP <P cHu).

Proof. (i) Let P be a (nonempty) part df, theny,(P) is compact, thus especially closed @ (I"), || - [| cony1.2)-
Now we suppose that (P) would not be a part of{y (I"). Then there would have to exist a sequefikg} C
Hu () \ ¥ (P) with

dist(X;, ¥ (P)) - 0 fori — oo. (55)

By the compactness df (6) yields the compactness®fy (I7). Thus there would be a subsequeniGgconverging
to someX € Hy (I") and (55) impliesX € ¥ (P) = ¥ (P). Hence, again by (6) we would obtain:

F\P3y~YX;)—» v YX)eP fork— oo,

which is impossible since the paPtis separated fron# \ P by some open neighborhood.

(i) Now let P be a part of Hy(I'), i.e. there exists an open neighborhoedcC Cj(I") of P with
O NHy(I') =P. By (6) v ~1(P) is compact and due to the continuity ¢fon 7 ¥ ~1(0) is an open neigh-
borhood ofy~1(P) in T. Now by (O \ P) N Hy(I") = ¥ one easily concludes/( 1(0) \ v~1(P)) N F =,
which means thap —1(0) separatesgy ~1(P) from F \ v~ 1(P), i.e. thaty ~1(P) is a part. O

Now the above correspondence, Definition 5.4 and Remark 5.2 suggest

Definition 5.5 (Definition of the H-surface indgxWe define the H-surface index
Z:Ku(I') = Z byI(P):=ly,, (56)
whereU is some open neighborhood of the pBri= v ~1(P) in T satisfyingP = U N F andU & [ = 1].

From the additivity of Dold’s fixed point index (see [5], p. 203 and p. 206) we can immediately derive the
additivity of the H-surface inde¥, just as asserted in (8). Furthermore we rib@) = 0.
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5.2. Proof of the point (i) of the main theorem

Due to (40) we may apply Lemma 5.1 16:= f~1([c, M + 1]), whereM was defined in (51), and obtain the
inequality (45) with some appropriatée (0, to] ands > 0. Iteration of (45) yields

Lemmab5.2. For k e Nwithk > 4=¢ ¢ := %32, there holds

€

F(@* @ —F)) > M Vre fH (e 00),
wheregX (-, —1%)| 1.0 denotes the kth iterate of the selfm@p, —1%)| ;-1(..o)) (S€E(47)).

Proof. We abbreviate® := ¢ (-, _tn)|f—1((c,oo))' For some arbitrarily chosene f~1((c, o0)) we distinguish the
following cases:

Dref e, M), 2)ref HMM+1), 3ref HM+1 ).

For ar satisfying case 3 the assertion is an immediate consequerige=00] = f~1([M + 1,00)). If case 2
holds true forr, then the assertion follows from (45) on account of the possible choice f~1([c, M + 1]) in
Lemma 5.1. In case 1 we app}y to thist and classify® () with respect to the cases 1, 2, 3 and so on. Now it
is impossible to obtaik consecutive times case 1 fbr> M;“, for if we again choos& := f~1([c, M 4+ 1]) in

Lemma 5.1 and notgy = 1] = £ ([0, M]), then an application of (45) to each iterae’)/ (z) € f~1((c, M)),
j=0,...,k—1, finally implies:

F(@HF@) > f)+ke>c+M—c=M,

with € := %82. O

Transferred onto th&" this means together with (52):
=1 1oy 1S H (e 00]) = FTH(M, 00]) C V. (57)

_ Now we consider the reduced homology ladder of the pair1((c, oo]), V) and the mapgr :=
ok, —tﬁ)|f,1((c’oo]) (with coefficients inz):

A (V) = Hp(F2((c, 001) —> Hp(F~2((c, 00]), V) —=> Hypu_a(V)

I ~ ~ I
0 (@) | = b @5, 0 *)

A (V) = Hp(F2((c, 001) —> Hp(F2((c, 00]), V) —=> Hyp_a(V)

Vm € Z. Firstly due toV = DV there holdsH, (V) = 0, exposing the two middle horizontal arrows to be iso-

morphisms, secondly by (50) we obtain for the left vertical ar(@), = idﬁ,,,(f'*l((c,oo]))' and thirdly by (57)

there holds for the right vertical arrow @), = 0 € H,,(f~1((c, >0]), V) Vm € Z. Using the commutativity of
the diagram we gain i('idﬁm(f—l((c,oo]))) =0, hence, together with the universal coefficient formula of singular
homology (see [5], p. 153) in particular:

Hy(F7Y((c,01),Q) =0 VmeZ. (58)

Sincec is a regular value off, £~1([0, ¢]) turns out to be a compact manifold with boundary on account of the
inverse function theorem (see [13], Section 4.1). In particutart ([0, ¢]) is locally compact and locally con-
tractible and consequently a compact ENR on account of a theorem due to Borsuk (see [5], p. 83). Thus by
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F (e, 00]) =SV \ F71([0, ¢]) we derive from (58) and Alexander duality (with coefficients@) (see [5],
p. 301):

AN (F7H(10,€1), Q) = Hima(f (e, 01). Q) =0 Vi €2,

Moreover the universal coefficient formula of singular cohomology yields (see Satz 13.4.8 in [18]): O
HN=1(F7X(0, ¢]), Q) = Homg(Hy—i (f~1([0, c]), Q), Q). Hence, we achieve

Hy-i(f7Y(0,¢1),Q)=0 VieZ,
which implies for the Euler-characteristic:

x(£7H(10, 1)) == x (710, €1). Q) := ) (~1) dimg H; (£ ([0, c]). Q) = 1. (59)

JEZ

Now let us consider sequencEs= {V;} ;<7 of finite dimensional vector spaces ovgr We define the Lefschetz
numberA of a sequences:V — V) :={B;:V; — V;};cz of endomorphisms with iig;) # {0} for only finitely
manyj € Z by A(B) := Zjez(—l)f Spur8;) (compare with [5], p. 208, for a more general definition).

We abbreviat@| ;-1(g,¢)) := ¢ (-, )| -1(j0,¢) fOr some arbitrary € (0, r*]. By (46) @ s-10 ) Yields a selfmap
of the compact ENRf ([0, ¢]) and is homotopic to iyLl([och, thus the Lefschetz numbefr((¢|f_1([0’cj))*)
reduces to the Euler-characteristicf ~1([0, c])). Moreover sincé{y (I") corresponds td € f~1([0, ¢)) via ¢
we infer from the definition off, (54) with W := f~1([0, ¢)) andU := £ ([0, ¢]), Dold’s fixed point theorem
(see [5], p- 209 and p. 212) and (59):

I(HH(F)) - ]¢|f Lo,y — I¢|f 1(10,e]) ((¢|f*1([0,61))*) = X(f_l([o’ C])) =
RecallingZ (¥) = 0 we verify Hy (I") # ¢ as asserted in Corollary (i) of Section 1.

5.3. Proof of point (iii) of the main theorem

At first it should be pointed out that we are going to use two different constructio@edi cohomology in
this subsection (see Section 5.2 in [17]). The more general one Beble-extensiord of singular cohomology
H* from the categoryPOLx of compact polyhedrons and simplicial maps to the cate@a®Px. of compact
Hausdorff spaces and continuous maps, following Eilenberg and Steenrod [6], Chapters IX-X, resp. Dold [5],
pp. 348-366. For compact subséts- R (M > 1) we can also define iGech cohomology groups by the direct
limit lim _ {H*(V)}veo,, k), Where®@, (K) denotes the set of all neighborhoddsf K in RM which is directed
by “inverse inclusion”,i.eV’ >V 1< V' C V for V, V' € @y (K) (see [5], p. 281). Now by the continuity &f on
TOPx (see [6], p. 261) these two notions Géch cohomology groups fortunately coincide (up to isomorphism)
on compact subsefs of RM (see [17], p. 82). Hence, together with the homotopy invariandé oh TOPx (see
[5], p. 363) and its functor properties we achieve

Proposition 5.2. Let P be an arbitrary(nonemptypart of Hg (") and P the corresponding part of (f) via v,
then there holds

Plp: HP) S HP)YZIM{H )}y ), (60)

for coefficients irZ or Q.

Now we are prepared for thgroof of point(iii) of the main theorem.

(a) We consider ag” -minimizing partP (# @) of Hy (I'), i.e. there hold (1) and (2) of Definition 1.1(ii) for
some neighborhood of P in Cj(I") with U{ N'Hy (I') = P. Proposition 5.1 yields thak := v~L(P) is a part of
K (f) and thatU N K (f) = P for U := v ~1(U). Consequently we obtain fgf = £ o y:
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f(t)=b VreP and (61)
f(t)y>b VreU\P. (62)

(62) is verified easily since (2) of Definition 1.1(ii) immediately implig¢) > b on U. Hence, supposing the
existence of a point € U \ P with f(7) = b, by the openness @ r would have to be a local minimizer g¢f, in
particular a critical point off in contradictiontoU N K(f) = P

As U is an open neighborhood of the compact Bet#~ ) we havee := dist(dU, P) > 0. We define ther-
neighborhood of? by P? := {r € U|dist(z, P) < o}, for o € (0, €], and choose open neighborhoddgs V; of P
with V1 € Vo € P€ C U. Moreover we set

ap:=min{f(t) |t € Vo \ Va}. (63)

On accountofp\ V1 C U \ P and (62) we see; > b, which together with (61) anty N K (f) = P implies that
aj is a regular value of |y . Furthermore we define

My, :={t € Vo| f(r) < a1} (64)
and obtain

Lemma 5.3. (i) Ma1 (flvg)™ (b, a)), (i) M,l1 is an open neighborhood at, (iii) Ma1 C Vi, (iv) My, is a
compact manifold with boundary, especially a compact ENR.

Proof. (i) Mal 2 (flve) (b, a1)) is obvious, for the definition oM,,, (61), (62) and the contmwty of imply
that(f|vy)~ l([b ay)) is an open subset a@f,, hence must be contained in the open keM@lI In particular, we
notice thatMa1 |s not empty. Now we suppose thbfla1 C (flve)~ L([b, a1)) would be wrong, then there would
exist a pointr € M,l1 with f(t) = a1, which by (64) would expose to be a local maximizerfof, thus especially a
critical point of f |y, contradicting the fact that; is a regular value of . Now assertion (ii) follows immediately
from (i), ar > b and P = (fly,)~ 1(b). For (iii) we argue similarly as in (52). For a pointe Ma1 \ V1 (63) and
(64) imply f () > a1, in contradiction tor € (f|v,)~*([b, a1)) by (i). In particular, this implies\l,, C V1 € Vo,
which guarantees the compactnesafyf .

Now sincea; is a regular value off|y assertion (iv) follows from the inverse function theorem (see [13],
Section 4.1) together with Borsuk’s theorem (see [5], p. 83).

Since in the above lemma we exposHg, to be a neighborhood a? we can again choose an open neighbor-
hood V> of P with Vo € My, N P¢/2 (c V;) and definay := minm f. By the above reasoning we see> b,
thusasy is a regular value of |;. Consequently we obtain as in the proof of Lemma 5.3 that

My, :=={t € V1| f(r) < a2}

is a compact ENRM‘,2 c V» and thatMa2 (flw) )~L([b, ap)) is an open neighborhood dt = (f|vl)‘1(b).
Hence, inductively we obtain

Corollary 5.2. (i) There exist sequenceg, },cn resp.{M,, }»en consisting of open sets resp. compact ENRs which
are cofinal in@y (P) and satisfy
M, CVy, €M, ,NP/" WneN (65)

(with M, := 7).
(i) {an}nen IS @ monotonically decreasing sequence vaithy, b.

Proof. (i) follows by induction ovem € N, where Lemma 5.3 yields the start of the induction (Wi, := 0)
and the stem — n + 1 works just like the step & 2 by choosing an open neighborhotg of P with V, €
M,,_, N P/ and definingy, := ming— f and thenM,, := (flv, )LD, an)).



R. Jakob / Ann. |. H. Poincaré — AN 22 (2005) 557-578 575

(if) From the above induction we immediately obtaipn> b Vn € N. Now we suppose tha, > a,.+1 would be
wrong for some: € N. Combining the points (i) and (iii) of Lemma 5.3 (in stepwe would obtain that, L=

(f1v, )~ X(b, an)) = (f1v,) " L(Ib, an)), which together withi,, ., = (flv,) 1([b, an+1)) and our hypothe3|s
an < ap+1, would imply:

Mo, = (flv,) "2 (1b, an)) € (flv,) 2 (16 an+1)) = My, s

in contradiction toMan 5 Man+l by (65). Now lett” € V,,_1\ V,,, for n € N, be an arbitrarily chosen sequence
with f(t") =a,. By (65) there holds" € P</®~1 vn € N. Combining this with (61) and the uniform continuity
of f onVp we finally achievea, = f(z") \(b. O

Now we consider some consecutive péy, 3 M,, ,, (2 Vui2). FromU N K (f) = P and the continuity oV f
we derive the existence of sorfg> 0 such thatV f| > §, on M, \ V,+2. Hence, we can apply Lemma 5.1 with

K := M,, \ V,+2 and obtain inequality (44) for somé € (0, 1]
[ n) < fm)— —82 <f(@) VT €My, \ Viy2 (66)

andv: € [0, 3], where we note = 1 on M,, due to (40) and (42) having chosersufficiently large. Analogously
to (46) we obtain

Lemma 5.4. There exists somg < (0, tn] such that
¢C M, Mo, — Mg, ¢, 0)\m,, ~idy, relP and (67)
¢ DMy, Mayy > Mayyys  0CDIu,,,, ~idy,  relP (68)
for some arbitraryr € [0, #,].
Proof. By M,, C V, 3 V,_1, the compactness a#t,, and the continuity oV f, there exists somt};L € (0, r,f]
such that
im(¢ ¢, 0)lm, ) C Va1 V2 €[0,77]. (69)

Analogously one gains the existence of%e (0, t,?] with im(¢ (-, 1)|um, +l) cV, vVt €0, 52] We sett, =

min{7}, 7,2}. Now displacingf ~([0, c]) by M,, (resp.M,,.,), O by V,+2 andK (f) by P in the proof of statement
(46) one achieves the following reasoning: Combination of (66) and (69) yields

¢, 1) € (flv,_y) (b, anl) = Ma, VT € Mg, \ Viy2

andVvr € [0, 7,]. Moreover by the compactness Bfi2 € M,, and the continuity o f there exists ain € (0,1,]
such that (z,t) € M,, VYt € V,42 andVt € [0, ¢, ] still holds which proves the first statement of (67) [Ontl]
We thus can use a linear homotopy in (67). By the constructiop ahdV, 1> € M, , one analogously obtains

the existence of som}jZ € (0, 1,] such that both statements of (68) hold[Onfnz]. Hence, the lemma is proved for
f,:=min{il, 72}, O

n’ n
Similarly to the proof of Lemma 5.2 we now obtain
Lemmab5.5. For k, € Nwith k, > (ay — ant1)/0n, pn := (£,/2)82, there holds

O\ m,,  Ma, — Ma, 1, (70)

where we sep := ¢ (-, 7,,).
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Proof. We distinguish again the cases:dl¢ M,,, .., 2) Tt € My, \ M, ;.

In case 1 (68) immediately yields™ (t) e M,, ,.In case 2 we see by (67) thatr) € M,,, thus we can again
classify¢ (t) with respect to the cases 1 and 2 and so on. Now it is impossible to éhtaimsecutive times case 2,
for due toM,, \ M, ., C M,, \ V.42 an application of (66) to each iteragé (1) € M, \My, 1, j=0,... .k —1,
finally yields:

f(¢k)1 (T)) g f(f) - kn,on <dap — (an - an+1) =dn+1. (71)
Thus due toa,.1 < a, we have especiallyf (¢** (7)) < a,, and by (67) we know that* (1) € M,, =

(flv,_,)"X([b, a,]). Hence, we conclude’ (t) e (f|vn DNk, a)) = Man C V,. Combining this with (71)
we finally achievep*s () € (flv,)"1([b, an41)) = My, ,, C My,,,. O

Similarly to » in Subsection 5.2 we now use the cohomology ladder of the (@&, M,, ,) and the map
oFn = pkn (-, 1)1 (M, an> Ma,1) = (Mg, , Mg, ) with coefficients inZ resp.Q (see [5], p. 151):

HI(M,, )<~ HI(M,,)<~——HI (M4, My,,) <—— HI"Y(M,,.,) <" HI=Y(M,,)

i@k”)* l@k”)* (¢kn)*i <¢"">*l (W)*i

HI (Ma,Hl) <¥l* HI (Ma,,) ~—H/ (Ma,, s ManJrl) & Hjil(Mu,Hl) <¥l* Hjil(Ma,,)

Vj € Z, wherei* is induced by the inclusioh=i"*1: M,, ., — M,,. On account of the homotopies in (67) and
(68) we obtain(gks |Man+1)* = 'dH*<Man+1> and(qbkn M, = 'dH*(Ma,,> for the four exterior vertical arrows and by

(70) im(¢*)* =0e H *(Mg,, Mg, ) for the middle vertical arrow. On the other hand we see together with the
exactness and commutativity of the cohomology ladder directly or by the five leliid,,, M,,.,) =0, hence

i* = (Y HY (M) S HY(M,,,,) (72)
for an arbitrary (sufficiently large chosem) € N, thus without loss of generalityn € N. Now we con-
sider the direct systeniH’/(M,,)},en, Whose morphisms are given by compositions of the isomorphisms

in (72) (™) HI (M) > H/(M,,) for n < m and (i")* = idg=(u,,), and the universal transformation
u = {u,}: {H*(M,,)} — lim_, H*(M,,) (see [5], p. 272-274). Applying Proposition 5.18 in [5], p. 277uto
we easily obtain

wn H* (M) > im H*(M,,) VneN, (73)
—
and sincg M, },en is a cofinal sequence i@y (P) by Corollary 5.2 we conclude together with (60) (see Propo-
sition 5.17 in [5], p. 276):
H/(P)Y=H/(P)=H/(M,,)) VneN, (74)
for an arbitrary;j € Z and coefficients irZ or Q. Now we consider again the compactificatipnT Y AT S —>
SN\ {oo} from (49) and seP := ¢(P). Fora poth € P we denote by : 0 <> P the inclusion and by : P—0Q

the retraction, then we haveﬁg = (roi) =i oF. Hence, the long exa€lech cohomology sequence (see [6],
p. 245) yields for every > N >

= 111(Q) < FI(F) & 11 (P, 0) £2 Y @) & (75)
Combination with (60) and Alexander duality (see [5], p. 301) finally yields:
HI(PY=H/(P, Q)= Hy_;j-1(SY\ P)=0 forj>N>0 (76)
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and coefficients irZ or Q. With regard to the proof of formula (9) below in (c) it is already noted here that
Corollary 6.5 in [5], p. 73, implies

Hj(M,,,7Z)=0 forj>N (77)
sinceA7lan = @(M,,) SN\ {oo} is a neighborhood retract 8. Furthermore Proposition 4.11 in [5], p. 103, guar-
antees that;(M,,, Z) is finitely generate® j € Z becauseV,, is a compact ENR. Together with the universal
coefficient formulas of singular (co-) homology (see [5], p. 153) we obtgia Z:

H/(M,,,Z) = 7" & Tor(H;-1(M,,,Z)) and (78)

Hj(M,,, Q)= H;j(M,,.7) ® Q@ Tor(H; _1(M,,, Z), Q) =Q", (79)
with r; :=rang(H;(M,,, Z)) < oo, since Ex{Z"-1, Z) vanishes and) is torsion-free. Hence, by (74) and (78)

we conclude thatl/ (P, Z) is finitely generated j € Z and non-trivial at most in degregs=0, ..., N — 1 due
to (76). Moreover combining (74), Satz 13.4.8 in [18] and (79) we obtain

HY(P,Q) = H'(M,,, Q) = (Hj(M,,. Q)" =Q"7 VjeZ (80)
with r; # 0 at most forj =0, ..., N — 1 on account of (76) (or (77)).

(b) SinceP = ¢(P) is compactSY \ P must be open ir§", thus especially a neighborhood retractSih.
Now for an arbitrary subset C SN we denote by"(A) the additive group of locally constant functioas A —
Hy (SV) and byZ(A) the number of connected componentsiofA combination of Lemma7.1in [5], p. 78, with
the J-isomorphism (for th&") from Proposition 6.4(b) in [5], p. 72, applied 8’ \ P c SV, i.e.

J:HySY,SV\P)S (¥ \ SV \ P)) =I(P)
(with coefficients inZ), yields the following formula:
Z(P) =rangI"(P)) = rang Hy (SV, SV \ P)). (81)
Now we apply Lefschetz duality (see Proposition 7.2 in [5], p. 292) to the compact sPilg&” | i.e.
__—~o0p:HYP) S Hy(SV,SV\ P)
(with coefficients inZ), and achieve together with (81), (74) and (78)
Z(P) = Z(P) =rang H°(P)) = rang H(M,,, Z)) = ro < 00

for the number of connected componentsrof

Remark 5.4. We shall note that the finiteness of the number of connected components of an arbitratydpag
not follow a priori from its compactness since it is not knowfPifs locally connected.

(c) Furthermore we can proceed as in Subsection 5.2. We abbreviate= ¢ (-, #,)|( ) for the?, > 0 deter-
mined in Lemma 5.4. By (679|uy,, yields a selfmap of the compact E_I\Man. SinceP corresponds taP via
Y and sinceV,,11 is an open neighborhood @t with V.1 N F = P andV,11 © M,, we can derive from the
definition ofZ, (54) with W := V.1 andU := M,,,, Dold’s fixed point theorem (see [5], p. 209 resp. p. 212), the
homotopy in (67), (79), (77) and (80):
N-1

I(P) = Iy, ., =i, = M(@Im,)x) = X (May, @ = D (=1 r; = X (P, Q.
j=0

Now combining the points (i), (ii) and (iii) of the main theorem we immediately obtain Corollary (ii) of Sec-
tion 1.
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