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Abstract

We consider immersed hypersurfaces in euclidB4m! which are stable with respect to an elliptic parametric functional
of the form F(X) = [, F(N)du. We prove a pointwise curvature estimate provided that5 andF is sufficiently close to
the area integrand. This extends the pointwise curvature estimates of Schoen, Simon and Yau [Acta Math. 134 (1975) 275] for
stable minimal hypersurfaces &' *1 and of Simon [Math. Z. 154 (1977) 265] for minimizers &t Our result follows from
an integral curvature estimate and a generalized Simons inequality that were established recently [Calc. Var. Partial Differential
Equations (2004), DOI: 10.1007/S00526-004-0306-5], together with a Moser type iteration argument.
© 2005 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
Résumé

Nous considérons des hypersurfaces dans I'espace euditiithqui sont stables par rapport & une fonctionnelle paramé-
trique elliptique de la formé (X) = [, F(N) du. Nous démontrons une estimation ponctuelle de la courbure sous I'hypothese
n < 5 et F est suffisamment proche de I'intégrande aire. Ce résultat étend I'estimation ponctuelle de la courbure obtenue par
Schoen, Simon et Yau [Acta Math. 134 (1975) 275] pour les hypersurfaces minimales stabfesldzt par Simon [Math. Z.
154 (1977) 265] pour les minimiseurs fie Une estimation intégrale de la courbure, une inégalité de Simons généralisée, établie
récemment dans [Calc. Var. Partial Differential Equations (2004), DOI : 10.1007/S00526-004-0306-5], ainsi qu'un argument
itératif de type Moser nous permet d’obtenir cette estimation ponctuelle.
© 2005 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

MSC:53C42; 49Q10; 35360

1. Introduction

If u is a solution of the two-dimensional minimal surface equation defined over theBgick) := {x € R?:
|x — xo| < R}, then the principal curvaturas, x> of the corresponding graph can be estimated by
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(k2 + K2)(x )<£
1 2 0) X R2

with a universal constard. This is the well-known curvature estimate of Heinz [11] which appears as a quantitative
version of Bernstein’s celebrated theorem [1]. In fact, by let#ing> co one deduces that every entire solution of
the minimal surface equation & has to be an affine linear function.

There are several important extensions and variants of these results, see e.g. [7] and [10]. In particular, Schoel
[18] has proved an analogue of Heinz’s estimate for stable minimal surfad&'s and again this estimate implies
a Bernstein result.

In higher dimensions Schoen, Simon and Yau [19] have obtained an integral curvature estimate for stable mini-
mal hypersurfaces immersed in a Riemannian manifétd®, and in the particular case whekéis the euclidean
R"*+1 this estimate leads to a pointwise curvature estimate up®. Improvements for < 6 have been made by
Simon [21] and Schoen, Simon [20] using regularity theory for minimal hypersurfaces and methods from geometric
measure theory, respectively.

In this paper we consider immersed hypersurfaes/” — R”*+1 with GauR mappingv and induced surface
measurq: which are stable with respect to a parametric functional of the form

F(X)= / F(N)dpu.
M
The integrandF is of classC>® (R"*1\ {0}) and satisfies the homogeneity condition
F(tz)=tF(z) forallzeS", t>0. 1)

Moreover, throughout the papéris assumed to belliptic, i.e.
2

02F S
F. =\ 50938 7
22(2) (azaazﬂ (Z)>a,ﬁ=ly-~~’”+l ) )

is a positive definite endomorphism for alE S”, or equivalently

. 32F /3z%0zP)(z) VeV A
MF) = inf ( /92702 z)(z) >0
zes", Vezh\{0} V]

2
Clearly, 7 generalizes the area functional

AX) = / du
M

which is obtained in cas&(z) = A(z) := |z| is thearea integrand
In a previous paper [25] we have shown that an integral curvature estimakedtable hypersurfaces can be
proved, whenevef is sufficiently close to the area functional. To be precise, define the norm

2\ 1/2
Gl = sup( > ) )

zesn 1<k
for an arbitrary integrands € C®°(R"*1 \ {0}). It was proven in [25, Theorem 1.1] that given> 2 and
p € (4,44 /8/n), there exists a constastn, p) > 0 with the property that ifF is an elliptic integrand satis-
fying |F — Allc« < 8 and if X is an F-stable hypersurface, then the integral curvature estimate

G
(@

fISI”w”duéc(n,p,F)/|V¢|Pdu 3)
M M
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holds for all nonnegative testfunctiopss C2°(M). Here,|S| stands for the length of the Weingarten operator, i.e.
[S|2 = Klz +---+ K,f, wherexs, ..., k, denote the principal curvatures &f
In this paper we wish to discuss a pointwise curvature estimaté-gtable hypersurfaces. To this end, define

Sx(n) := Sup{(S(n, prid<p<4+4,/8/n,p> n}
for 2<n < 5. Moreover, let us use the notation
Bgr(xg) := {x eM: r(x) < R}, R >0,
whenever : M — R is a Lipschitz function with-(xg) = 0 and|Vr| < 1 u-a.e.. Our main result is the following:

Theorem 1.1. Let2 < n < 5 and let F be an elliptic integrand satisfyinFF — A| -4 < 8.(n). SUppOSEX is a
stable hypersurface for the parametric functional

F(X)= / F(N)dp.
M
If Bgr(xo) € M for some pointkg € M and radiusR > 0, and if u(Bg(x0)) < K R", then we have
sup ISP < C(n, F,K,0)
By g (x0) R?
forall 0 € (0,1).

(4)

In particular, if we choose (x) = d(x, xg), then we obtain the curvature estimate on the usual open balls
Byr(xp), and lettingR — oo we infer the Bernstein result [25]:

Corollary 1.2. Let2 < n < 5and letF be an elliptic integrand withl F — A|| -4 < 8,(n). Suppose is a complete
connectedF'-stable hypersurface that satisfies the growth condition

1(Br(x0)) < KR"

for some poinkg € M and some sequende— oo. ThenX (M) is a hyperplane.

Observe thatin casé = A is the areaintegrand, Theorem 1.1 yields the pointwise curvature estimate of Schoen,
Simon and Yau [19, Theorem 3], witk*+1 as the ambient manifold.

Moreover, we remark that curvature estimates and Bernstein type results for two-dimensional parametric func-
tionals have been obtained by Jenkins [12], White [23,24], Lin [13], Sauvigny [17], Frohlich [8,9], Rawer [16]
and Clarenz [2]. All these results are strictly two-dimensional. Simon [22] has obtained a pointwise estimate for
minimizersof F up to dimensiom < 6 provided that| F — A|| -3 is sufficiently small. It is unknown, whether our
results can be improved to hold uprtc< 6.

The paper is organized as follows. In Section 2 we recall some preliminary results taken from [25], including a
generalized Simons inequality and an equivalent form of the integral curvature estimate. In Section 3 we then use
these results to establish afi-estimate for the curvature. Here, we proceed similarly as in Dierkes [5,6], where a
class ofsingular parametric functionals of the type

5a(X)=/|Xn+1|°‘dM, a>0,
M

is considered. Finally, in Section 4 we use thé-estimate together with a Moser type iteration argument to
prove (4).
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2. Preiminaries

In this section we recall some preliminary results from [25] concerning the geometry of parametric functionals.
Let X : M" — R"*1 be a smooth immersion of asdimensional oriented manifold without boundary into
euclidearR"*1, Let N : M — S" stand for the corresponding Gaul mapping and denotethg induced measure
with respect to the pull back of the euclidean metric. Consider the parametric functional

F(X)= f F(N)du
M
with an elliptic integrandr e C>°(R"+1\ {0}) satisfying the homogeneity condition (1) and the ellipticity condi-
tion (2). We say thak is F-stationaryif
d
SF(X,9)i= —F(X+2gN)| _ =0
de e=0

for all ¢ € C°(M) and we say thak is F-stable, if in addition

d2
2 —
°F (X, @) := dezf(X +8<pN)L:O >0

forall o € C°(M).

In order to give a geometric description Bfstationary hypersurfaces, we need to recall the notioFi-afiean
curvatureas introduced by Rawer [16] and Clarenz [2]: l4gt be the symmetric, positive definite endomorphism-
field given by

Ap:=dX Yo F,.(N)odX,

and letS := —dX~1 o dN denote the Weingarten operator. Then
SFi=AfoS

is called F-Weingarten operatoand
Hp :=tr(Sp)

is the F-mean curvature ok. Now, according to [16] and [2] the first variation &fis given by

SF(X, )= —/deu-
M

Hence X is F-stationary if and only if its-mean curvature vanishes. Moreover, forfesstationary hypersurface
the second variation is given by

82F (X, p) = / (8(AFVg, Vo) — tr(ArS?)e?) du,
M
whereVg denotes the gradient gfwith respect tqz. ConsequentlyX is F-stable if and only ifHr = 0 and

f tr(Ar52)¢? du < f ¢(ArVe, Vo) du (5)
M M

for all ¢ € C2°(M). For further details see also [3] and [4]. Also note thaf ifs the area integrand, thety = id
and so the definitions coincide with their classical analogues.
Now, as in [25], let us introduce as an additional geometric quantity the abstract metric

gr(v,w) = g(AEl(v), w), (v,weTM)
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which can be seen as anrdimensional analogue of Sauvigny’'s [17] weighted first fundamental form. In
[25, Propositions 2.2 and 2.3] we have shown the estimates

c(B)IS| < ISrlr < C(F)IS], (6)

c(F)IVh| < |Vh|p < C(F)|Vh| (7)
and

c(F)du<dur <C(F)du (8)

for suitable positive constant$F) andC (F), whereVy, |T|r andu r denote the gradient af, the length of the
tensorT and the measure, all taken with respect o In particular, these estimates imply the equivalence of the
integral curvature estimate (3) to an estimate of the form

f|SF|’,’i~so”dw<C(n,p, F)fﬁw’;dw 9)
M M

for all nonnegative functiong € C°(M).
Now, it was shown in [25, Proposition 2.5] that the stability inequality (5) implies

/ 1SFI2¢?dur < C(F) / Vol dur (10)
M M

for all ¢ € C°(M), whereC(F) is a positive constant that tends to 1|85 — A| -2 — 0. Moreover, we have
shown that any-stationary hypersurfack satisfies the generalized Simons inequality

%Anspﬁv > (%) <1+ §>|V|SF|F|2F — (%) +Cn, 9>s(F>) NiF; (11)
for all & > 0 andn € (0, 1] with a nonnegative constantF) that tends to 0 a$F — A| -4+ — O, cp. [25, Theo-
rem 4.2]. Here, of course\ r denotes the Laplace-Beltrami operator with respegt:to

Using (10) and (11), we have shown thatpfe (4,4 + /8/n) and if F is an elliptic integrand satisfying
|F — Allca < 8(n, p), then (9), and hence (3), holds for aRystable hypersurfack.

In the next section, we do use the generalized Simons inequality (11) and the integral curvature estimate (9) to
establish an.”-estimate for the curvatureSg|r. To accomplish this, we will need the following version of the
Michael-Simon Sobolev inequality [14]:

Lemma 2.1. Let F be an elliptic integrand and leX : M — R"*! be an immersed hypersurface lIK p < n,
then we have

n—
p

P o Pre P L opP !
|h|*=P dup <C(n,p, F) (1R1P1SF 1 4+ IVhI%) dur (12)
M M

forall h e C°(M).

Proof. From [14] we infer

wo N\ 7
(/mw du) <C(n,p>(/(|h|P|H|P+|Vh|P)du> :
M M

so the obvious inequalityH |? < n|S|? together with (6), (7) and (8) gives the desired resuit
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3. LP-estimate

Let 2< n <5, let F be an elliptic integrand satisfyingF — A4 < 8,(n), and letX : M — R**1 pe an
F-stable hypersurface. Suppose tifatxg) € M with u(B1(xp)) < K. The main result of this section is the
following L”-estimate:

Proposition 3.1. Let f := |SF|’;, p > 1, and lety € C°(M) be a nonnegative testfunction wikbppn) C B; (xo),
0 <t < 1. Define

=12, ifn=2

Then we have
Y 2.2 219,12
</(fn)2"dmr> <Cp°‘/f n dMF+C/f [Vnl%dur, (13)
M M M

whereC =C(n, F,K,7) anda =a(n, F) > 1.

Proof. Puth := fn in the Sobolev inequality (12). By approximation, this choicé @$ valid and ifn > 3, then
we obtain
n—2

(/(fn)f—"z dw) " <cm.F) /(Wﬂ%nz + 29012 + £2n2ISF12) dur.
M M

On the other hand, it = 2, then we have

2—r

¥ 2r — r r
</(fn)22f dw) <C(n,r, F)(/(IV(fn)IF + 1" ISk IF) dm)
M M

for all r € (1, 2), and by virtue of Holder’s inequality together with sUppC B1(xo) andur(B1(x0)) < C(F)K,
see (8), we infer

/(W(fn)l} + 0" |SFI) dur < C(r, F, K)(/W(fn)\i dw) i
M

M
5
+C(r, F, K)( / f2n2|SF|2quF> :
M
hence
(/(fm% dw) <Cn,r F,K) f(ﬁfr‘}nz + fAVHIE + f2%ISFIF) dir.
M M

Choose = %‘, S0 thatZ’Tr = 2. Then we have shown

1
( f (fm* dw) "<, F.K) f (IVF120% + F2Vnl% + f2n2ISF|%) dur (14)
M M
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with

g = { L5, ifn>3,
2, if n=2.
We now use the generalized Simons inequality to estimate the first integral on the right hand side as follows:

Lemma3.2. We have

/ ¥ 2n? dur < Catn, F)p / P28 dyur + 4 / F2 V(2 dur. (15)
M M M

Proof of Lemma 3.2. We have
1 2 2p-2,= 2p—1
EAF|SF|Fp=P(2P_1)|SF|Fp IVISFIFI%erISFIF” Ar|SFlF

2p—2 = 1 2p—2
=2p(p—D)ISF|? |V|SF|F|2F+5p|SF|F" AF|SF|%

in a weak sense, and applying the generalized Simons inequality (11) we obtain

1 2 2p—2,= 1-p 2 2p—2,=
5AF|SF|FP>p(p—1>|SF|F” IVISFIFIZ 4+ p{p—1+ Tl | G ISFIZ~“IVISFIFI%

1 2p+2
— S F P
p(A(F) +C(n,0)e( )>|SF|F
forall & > 0 andn € (0, 1]. Choosep(n) andd(n) so small that

1-—19n 2
— {1+-)>1
(1+0>< + n)
Then we infer
1 2 2p—2,= 1 2p+2
SARISEI = pAISEIY TAVISEIFG — p( == + C (. 0)e(F) )ISFI T
2 MF)
whence
1 _
SAFf2 2>V f1f = Can, F)pISFIF f2
We now multiply this inequality by? and integrate by parts. This gives

/ T/ dur < —2 / oV fndu + Cap / F2n?1p 12 dur
M M M

and in view of Young’s inequality
_ _ 1_ _
210V fIrIVale < SIV S0 + 27219017
the desired estimate follows.O

Combining (14) and (15) we obtain
1
2 K 2 2 2 25,2
(/(fn) dw) < Cy(n, F, K)p/f n°ISFl%dur + Cs(n, F, K)/f IVnlE dur. (16)
M M

M
We now employ the integral curvature estimate to estimate the first integral on the right-hand side.
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Lemma 3.3. We have
1
1
f F?1Sp1% dur < Cey ( / (fm dw) y / AP dur 17)
M M

forall y > 0, whereCe = Cs(n, F, K, ) ands =s(n, F) > 1.

Proof of Lemma 3.3. We need the following interpolation inequality from [10, p. 145]

1 s
ab < yad® +y s1bs51
fora,b >0,y > 0 ands > 1. Lettinga = |S¢|% andb = 1, we obtain

[f2n2|SF|F duir < / £2r2Sp 12 Oy 4y / £2r dur
for arbitraryy > 0 ands > 1. Applying the Holder inequality W|tH: + , =1 and noticing that sugp) C B; (xo),

it follows that

1
q ’ 1
/ f2n2|SF|%duF<y( / (fn)z"duF> ( / 1S5 [2 dw) i / PP dpr.
M M

_ |

(18)

M B (x0)
We now choosg in the following way: According to the definition & (n) there exists a number=1¢(F) €

4,4+ /8/n) with t > n, such thal| F — A||-+ < (n, t). Choose

L ifn>3,
s=1"
L ifn=2.
Then, clearlys = s(n, F) > 1. Moreover, on account of

{g, ifn >3,
9= 2 ifn=2

we have
2sq' =t. (19)
Now, lety be the cut-off function defined by

p(x) = d)(r(x) — T), xeM,
1-1
where® e C1(R) is a nonincreasing function wit# (y) = 1 for y <0, @(y) =
all y e R. Thengp =1 in B;(xg), ¢ =0 in M \ B1(xp) and using (7) we see that

2C(F)
IVolr < C(F)|Ve| < 1—
ur-a.e.. Also note thap is compactly supported iM subject toB1(xg) € M. Hence, we can apply in the

integral curvature estimate (9) with exponesind together with (19) andr (B1(x0)) < C(F)K this leads to
2C(F)>

/ |SF|Fq dur < /|SF|F<.0 dur <C(n, F,1) / Vol dur < Cn, F, K)( 1=
B1(x0)

Ofory>1and|®'(y)| <2 for

B (x0)
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Thus, we have

|

B (xo)
and inserting this into (18) gives the desired result

According to (16) and (17) we now have

1 1
(/(fn)zq dMF>1 < C7(n, F, K, r)m/(/(fn)zq d,U«F)q
M M
+C4p7/_~‘%1/fznzduFJrCs/fzﬁnI% dirp
M M

for all y > 0, and choosing := ﬁ we finally arrive at

1

q 1 1 _
( / (fm dw) <2CpM 20 / F2n2dug + 2 / P2 dur
M M M
<Cp* / fAtdur +C / FAVnlE dur,
M M

wherea = a(n, F) := ;=3 > 1 andC = C(n, F, K, 7). This completes the proof of the’-estimate. O

4. Proof of the curvature estimate

Before we turn to the proof of Theorem 1.1, let us make sure that it suffices to establish the curvature estimate
(4)forR=1.
Indeed, suppose that satisfies the assumptions of Theorem 1.1. We then consider the hypersurface

- ~ 1
X:M—RY X.= EX.

On account of
~ d ~ ~ 1
SF(X,p)=—F(X +¢epN) =—3F(X,Rp)=0
de e=0 R

and
2% ~ 1o ~
FF (X, )= ﬁcs F(X,Rp) >0
for all g € C°(M), we see thak is F-stable as well. Moreover, if denotes thabstract distance functioof X,
i.e. the Lipschitz function withr (xg) = 0 and|Vr| < 1 u-a.e., then
1
F:M—>R, F:=—=r
R
defines an abstract distance function oand for the corresponding balls we have

By (xo) := {x € M: 7(x) <6} = Byr(x0)
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for all & > 0. In particular, we see thﬁl(xo) € M and since the measure scales wiflR’l we obtain

1
1 (Ba(x0)) = —M(BR (x0)) <

Assume now, that the curvature estimate (4) holdsifes 1. Then we can apply it t& and obtain

sup |SIZ < C(n, F.K.6)
B (xo)

for all 6 € (0, 1). Moreover, since the principal curvatures scale wittwe have
1517 = %S5
and therefore

IS8 ¢, F.K.6)
sup IS|5 = SUp —5 <
By r (x0) By (x0)

with the same constauit. Hence, the curvature estimate (4) holds for every 0.

Proof of Theorem 1.1. According to the discussion above we only have to consider the Rasd, so let us
assume thak : M — R"*1 is F-stable,B1(xg) € M and u(B1(xg)) < K. It is our goal to prove the following
estimate

sup |SF|F Cn,F,K,0) (20)
By (x0)

for all 6 € (0, 1) since this will imply the desired curvature estimate

sup [S2<C(n, F,K,0)
Be (x0)

in view of (6).
To establish (20), lef := 32, 7 := 1+9 and letp’, p be radii satisfying
O<p <p<h<t<1 (21)

and
, 1

przp=50=0. (22)

Define a cut-off functiom by
A
n(x) = <1><r(x)—f)>, xeEM,
p—p

whered is to be chosen as in the proof of Lemma 3.3. Then we haxel in B,/ (xp), n =01in M \ B, (xo) and
2C(F)
p—p
ur-a.e.. Inserting) into the L7 -estimate (13) we infer

1 2
</f2qd,uF>q<C1p“ / fzduF+C1<iC_(I;,)) /fzdup,

B,/ (x0) B, (xo) B, (x0)

IVnlF <

whereC1=C1(n, F, K, t) anda = «a(n, F) > 1. Sincep > 1 and5-——=~ > 1 it follows that

Z(p p)
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¢ Ca(n,F.K.0)
q 2(n,
( / fzquF) <———5—p" / f2dur
(o —p"
Bp/ (x0) Bp (x0)

with Cp = %‘9)2 +4C1C(F)2. Now, letu := |Sp|2. Then we havef2 = |Sp|? = u? and f2 = u4P, and
therefore

Hence, abbreviating

I(a,t)::(/ u’dup>

By (x0)

~l=

we obtain

1(p'.qp) < Cgpf’(p I8 Pl(p p) (23)

for all p > 1 andp’, p satisfying (21) and (22).
From here we intend to employ a well-known iteration scheme originally due to Moser [15]. Let
o :=0+2%6-0),
1

Pk = P41 = Pk — (k=)
and

pk:=¢"po with po>1
fork=0,1,2,.... Then we infer from (23)

l o
I(prr1, prr1) = (o qpe) < Co* pi* (o — pp) - ”kl(pk Pr)
1 i ok k+1 a
:CZPkp q17k417k (9 9) Pkl(pk i) < 3 Pokl(pk Do),

whereCs = C3(n, F, K, 0) := max(4Ca(6 — 6)~2, 4¢%), and iterating this inequality yields
k i+l k o

Jj=0 p; Jj=07p
I(pr+1, k1) < C “'p " 1(po, po).

Jj+1l 2
Now we haveZ] Op po(q —sGD ande —0" 7})0@ 1?2 Consequently,

‘12

po(q*l) po(q Polg—D)
C, Do

I(pr+1, Pi+1) < 1 (po, po) (24)

fork=0,1,2,...with C4 = Cs(n, F, K, 0) := maxCs, 1). Now we need the following simple lemma:
Lemma4.1. We have

sup u < liminf I (og, pi).
Bg (x0) k=00
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Proof of Lemma4.1. Givene > 0, there exists a set, C By (xg) with ur(A,) > 0 and

uz Supu—e¢

By (x0)
in A;. Hence,
1 1
Pk Pk 1
I(pr, pr) = ( / uP* dw) > (/u”k dw) > ( sup u _5)(,U~F(As)) 7,
By (x0)
B,ok(XO) Ag
and lettingk — oo we obtain
liminf I (ox, pr) > sup u —e.
ko0 Bg (x0)
The assertion now follows as— 0. O
We now apply Lemma 4.1 to (24) and find
<q21> =y <qil>2 70T "_10
sup u < C,%" p”” I(po, po) =C,°*"" pg™* ( / upodw) :
Ba (x0)
B; (x0)

Here, po > 1 can be arbitrarily chosen. In particular, lettipg— 1 we obtain
sup [} < Cotn. . K.0) [ 151 dur,
By (xo)
Bj (x0)
2

102
whereCs := C,;*™"

Finally, using a sunable cut-off function in a similar fashion as we did before, we infer
/ ISFIFdMF C(F.K.0)
Bj(xo0)
from our stability inequality (10). Hence, we have

sup |SF|F Ce(n, F,K,0)
Ba (x0)

which is the desired estimate (20), and this completes the proof of Theoremri.1.
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