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Abstract

In this paper we establish nonoccurrence of the Lavrentiev phenomenon for two classes of nonconvex variational problems.
For the first class of integrands we show the existence of a minimizing sequence of Lipschitzian functions while for the second
class we establish that an infimum on the full admissible class is equal to the infimum on a set of Lipschitzian functions with
the same Lipschitzian constant.
© 2005 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
Résumé

Dans cet article nous démontrons que le phénomene de Lavrentiev pour deux classes de problemes variationnels non convexe
ne peut avoir lieu. Nous montrons, pour la premiéere classe d'intégrands, I'existence d'une suite minimisante de fonctions
lipschtziennes, alors que pour la seconde classe, nous démontrons qu’un infimum sur toute la classe admissible est égale ¢
I'infimum sur un ensemble de fonctions lipschtziennes, avec la méme constante de Lipschtiz.
© 2005 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
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1. Introduction

The Lavrentiev phenomenon in the calculus of variations was discovered in 1926 by M. Lavrentiev in [9]. There
it was shown that it is possible for the variational integral of a two-point Lagrange problem, which is sequentially
weakly lower semicontinuous on the admissible class of absolutely continuous functions, to possess an infimum
on the dense subclass 6t admissible functions that is strictly greater than its minimum value on the admissible
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class. Since this seminal work the Lavrentiev phenomenon is of great interest. See, for instance, [1-4,6—-8,10-12
and the references mentioned there. Mania [11] simplified the original example of Lavrentiev. Ball and Mizel
[3,4] demonstrated that the Lavrentiev phenomenon can occur with fully regular integrands. Nonoccurrence of the
Lavrentiev phenomenon was studied in [1,2,7,8,10,12]. Clarke and Vinter [7] showed that the Lavrentiev phenom-
enon cannot occur when a variational integragitd, x, «) is independent of. Sychev and Mizel [12] considered
a class of integrandg(z, x, u) which are convex with respect to the last variable. For this class of integrands they
established that the Lavrentiev phenomenon does not occur. In this paper we establish nonoccurrence of Lavren
tiev phenomenon for two classes of nonconvex nonautonomous variational problems with intefrands).
For the first class of integrands we show the existence of a minimizing sequence of Lipschitzian functions while
for the second class we establish that an infimum on the full admissible class is equal to the infimum on a set of
Lipschitzian functions with the same Lipschitzian constant.

Assume thatX, | - ||) is a Banach space. Letoo < 11 < 72 < 00. Denote blevl(rl, 12; X) the set of all
functionsx : [t1, 2] — X for which there exists a Bochner integrable functiarzi, 2] — X such that

t

x(t) =x(11) + / u(s)ds, e (ry, 0]

1

(see, e.g., [B]). It is known that if € Wh(rq, 72; X), then this equation defines a unique Bochner integrable
functionu which is called the derivative of and is denoted by’.

We denote by mes2) the Lebesgue measure of a Lebesgue measurahi2 sek?.

Let a, b € R? satisfya < b. Suppose thaif :[a,b] x X x X — R! is a continuous function such that the
following assumptions hold:

(A1) f(t,x,u)>¢(||u||) forall (#,x,u) €[a,b] x X x X, (1.2)
whereg : [0, 00) — [0, 00) is an increasing function such that
lim ¢(t)/t = o0; (1.2)
11— o0
(A2) for eachM, € > 0 there exist", § > 0 such that
|f(t,x1,u) — [t x2,u)| <emax{ f(t,x1,u), f(t,x2,u)} (1.3)
for eachr € [a, b], eachu € X satisfying|lu| > I' and eachx, x» € X satisfying
lxs —x2ll <8,  lxall, lx2ll < M; (1.4)

(A3) for eachM, € > 0O there exist$ > 0 such that
| £t x1,y1) — f(t.x2, y2)| < €
for eachr € [a, b] and eachyy, x2, y1, y2 € X satisfying
Il lyill <M, i=12,
and

llxe = xall, [lyr = yall < 8.
Remark 1.1. If X =R", then (A3) follows from the continuity of .

Let z1, zo € X. Denote byB the set of all functions € Wl1(a, b; X) such thaw(a) = z1, v(b) = zo. Denote
by B, the set of al € B for which there isM,, > 0 such that

[v'@®)| < M, foralmost every € [a, b]. (1.5)



A.J. Zaslavski / Ann. I. H. Poincaré — AN 22 (2005) 579-596 581

Clearly for eachy € B the functionf (¢, v(t), v'(¢)), t € [a, b], is measurable. We consider the variational problem

b
I(v):= / f(t,v@), V(1) dr - min,  veB, (1.6)

and establish the following result.

Theorem 1.1.
inf{[(v): vE B} = inf{I(v): vE BL}.

Theorem 1.1 is proved in Section 3.
It is not difficult to see that the following propositions hold.

Propsotion 1.1. Let¢ : [0, o0) — [0, 00) be an increasing function such tHah; _, o ¢ () /t =00, g:[a,b] x X —
R! be a continuous function such that
g(t,u) > (llull) forall (r,u) € [a,b] x X

and leth : [a, b] x X — [0, 00) be a continuous function. Assume thatfct g, i the following property holds

(A4) For eachM, € > O there exist$ > 0 such that
|6(1.x1) — £, x2)| <€
for eachr € [a, b] and eachxq, x2 € X satisfying
Ixill<M, i=12, llx1 —x2fl < 8.

Then(A1)—(A3) hold with the function

f@t, x,u)y=h(t,x)+g(t,u), (@, x,u)ela,b]xX x X.
Propsotion 1.2. Let¢ : [0, 00) — [0, 00) be an increasing function such thah; , o, ¢ (¢)/t =00, g:[a,b] x X —
R* be a continuous function such that

gt,u) = ¢(llull) forall (r,u) €la,b] x X
and leth: [a, b] x X — [0, 00) be a continuous function such that

inf{a(t,x): (t,x) €a,b] x X} >0.
Assume thatA4) holds withé = g, k. Then the functionf (z, x, u) = g(¢,u)h(t,x), (t,x,u) € [a,b] x X x X
satisfieAl)—(A3).
Corollary 1.1. Let X =R", ¢:[0,00) — [0, 00) be an increasing function such that

t[)ngoqb(t)/t =09,
g:la, b] x X — R be a continuous function such that

gt,u) = ¢(llull) forall (r,u) €[a,b] x X, 1.7)
leth:[a,b] x X — [0, 00) be a continuous function such that

inf{A(t,x): (t,x) €[a,b] x X} >0 (1.8)
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and let

f, x,u)y=gt,u)h(t,x), (t,x,u)ela,b]lxX xX. (1.9
Then

inf{I(v): ve B} =inf{I(v): veB.}. (1.10)

It should be mentioned that there are many examples of integrands of the form (1.9) for which the Lavren-
tiev phenomenon occurs. Corollary 1.1 shows that if such integrands satisfy inequalities (1.7) and (1.8), then the
Lavrentiev phenomenon does not occur.

Now we present out second main result.

Leta, b € R, a < b. Suppose thaf : [a, b] x X x X — R is a continuous function which satisfies the following
assumptions:

(B1) There is an increasing functign: [0, co) — [0, co) such that
ft,x,u)> ¢(||u||) forall (t,x,u) €la,b] x X x X, (1.11)
[Iim o)/t =o0. (1.12)
—00

(B2) For eachM > 0 there exist positive numbess L and an integrable nonnegative scalar functin(z),
t € [a, b], such that for eache [a, b], eachu € X and eaclxs, x2 € X satisfying

lxll, llxall < M, X1 —x2l <6
the following inequality holds
| f @, x1,u) — £t x2,0)| < llxx — x2| L(f (2, x1, ) + ¥y (1)),

(B3) ForeachV > 0thereisL > 0 such thatfor eache [a, b] and each, x2, u1, up € X satisfying||x; ||, ||lu; |l <
M,i=1,2, the following inequality holds:

| f (6, x1,u1) = f (&, x2,u2)| < L(|lx1 — x2ll + lua — uz]]).
Remark 1.2. It is not difficult to see that if (B2) holds with eaaly, bounded, thery satisfies (A1)—(A3).

For eacht1, z> € X denote byA(z1, z2) the set of alik € WhL(a, b; X) such thatx(a) = z1, x(b) = z».
For eachx € A set

b
I(x)= f f(t,x@),x'@))dr. (1.13)

The next theorem is our second main result.
Theorem 1.2. Let M > 0. Then there exist& > 0 such that for each, z» € X satisfying|z1|, |lz2]| < M and
eachx(-) € A(z1, z2) the following assertion holds:

If medt € [a, b]: ||x'(¢)|| > K} > 0, then there exists € A(z1, z2) such that/ (y) < I(x) and|y’(¢)|| < K for
almost every € [a, b].
Remark 1.3. (B3) implies thatf is bounded on any bounded subsef@fb] x X x X.

It is not difficult to see that the following proposition holds.
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Propsotion 1.3. Let¢ : [0, 00) — [0, o) be an increasing function such tHah, . o ¢ (¢)/t =00, g:[a,b] x X —
R be a continuous function such that
gt,u) = ¢(llull) forall (r,u) €la,b] x X
and leth:[a, b] x X — [0, 00) be a continuous function such that
inf{a(z,x): (t,x) €[a,b] x X} > 0.

Assume that fof = g, i the following property holds
For eachM > O there isL > 0 such that for each € [a, b] and eachx1, x2, u1, u2 € X satisfying||x; ||, llu; |l <
M,i=1,2, the following inequality holds

|&(t, x1) — &(1, x2)| < Llx1 — x2|.
Then(B1)—(B3)hold with the function
f@t,x,u)=h(t,x)g(t,u), (& x,u)ela,b]xX x X.

For eachy, z2 € X set
U(z1.z2) =inf{I (x): x € A(z1.22)}. (1.14)

It is easy to see thdf (z1, z2) is finite for eaclrq, z2 € X.

The paper is organized as follows. Section 2 contains auxiliary results for Theorem 1.1 which is proved in
Section 3. In Section 4 we discuss some properties of integrands which satisfy assumptions (A1)—(A3). Our second
main result (Theorem 1.2) is proved in Section 6. Section 5 contains auxiliary results for Theorem 1.2.

2. Auxiliary results

Set
Mo=inf{I(v): veB}. (2.1)

Clearly My is a finite number.

Lemma 2.1. There exists a numbe¥/; > 0 such that for each € 5 satisfying/ (v) < Mp + 2 the following
inequality holds:

[v)| <My forallt €a,b]. (2.2)

Proof. Relation (1.2) implies that there ig > 1 such that

¢@) =t forallt > co. (2.3)
Assume thav € B satisfies

I(v) < Mg+ 2. (2.4)
Lett € (a, b] and

Er={tela,t]: |V ()] = o}, Ep=[a, 1]\ E1. (2.5)
By (2.5) and the definition oB
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v(a)—}—[v/(t)dt

a

<zl + / '] e + / v ()]
Ep E;

lv@] =

<Jo@]+ [ vl

< ||zll+comesE2)+f [v @) dr
E1

< lzall +colb —a) + / v ()] d. 2.6)
Ey
We estimatefEl lv'(¢) || dz. It follows from (2.5), (2.3) and (1.1) that for alle E;
[v®l <o(JvO) < £t v@), v (®)).
Together with (1.1), (1.6), (2.5) and (2.4) this inequality implies that
/ [v' @] dr < / F(t v,V (@) de < 1(v) < Mo+ 2.
Eq Eq
Combined with (2.6) this inequality implies that
[v@) | < llzall 4 cob — a) + Mo + 2.
Thus the inequality (2.2) holds with
M1 = |z1| + co(b — a) + Mo+ 2.
Lemma 2.1 is proved. O

Lemma2.2. Lete, M > 0. Then there exisf’, § > 0 such that

|f(t,x1,u) — ft, x2,0)| <emin{ f(t, x1,u), f(t,x2,u)} (2.7)
for eacht € [a, b], eachu € X satisfying|lu|| > I and eachxs, x € X satisfying
llxall, llx2ll < M, X1 —x2ll < 4. (2.8)

Proof. Choose a numbey € (0, 1) such that

eo(1— 60)_1 <e. (2.9
By (A2) there existl", § > 0 such that
| £t x1,u) = f(t,x2,u)| < eomax{ f(t, x1,u), f(t,x2,u)} (2.10)

for eachr € [a, b], eachu € X satisfying|u|| > I and eaclx, x2 € X satisfying (2.8).

Assume that € [a, b], u € X satisfy|u| > I' andxy, xp € X satisfy (2.8). Then (2.10) is true. We show that
(2.7) holds.

We may assume without loss of generality that

f(t, x2,u) > f(t, x1,u). (2.11)
In view of (2.10) and (2.11)

[t xo,u) — f(t,x1,u) <eof(t,x2,u)
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and
fx,u) < ftx2u) < (L—e0) " f (2, x1, ). (2.12)
Combined with (2.10), (2.11) and (2.9) the inequality (2.12) implies that
| £t x1,0) = f (1, %2, w)| < €0 f (¢, %2, u) < eo(1 = €0) £ (1, x1, 1)
<ef(t,x1,u)=c¢ min{f(t, x1,u), f(t,x2, u)}.

This completes the proof of Lemma 2.20

3. Proof of Theorem 1.1

Set
M0=inf{1(v): veB}. (3.2)

Clearly Mg is a finite number. Let € (0,1). In order to prove the theorem it is sufficient to show that for each
v € B satisfyingl (v) < Mg + 1 there isu € By, such thatl (u) < I(v) + €.
By Lemma 2.1 there i3/1 > 0 such that

lv)| <M1, tela,bl (3.2)

for all v € B satisfying! (v) < Mp + 2.
Choose a positive numbeg such that

8ep(Mp+4) <e (3.3)
and a positive numbery such that

yw<1l and 8p(Mo+2)<b—a. (3.4)
Relation (1.2) implies that there ¢ > 1 such that

o)/t =y, forallr > N. (3.5)

In view of Lemma 2.2 there are

s0€ (0,1), No> N (3.6)
such that for eache [a, b], eachy € X satisfying||y|| > No and each1, x2 € X satisfying

lxall, lloe2ll < M1+ 2, llx1 — x2ll < o (3.7

the following inequality holds:

| f(t,x1.y) — ft,x2,9)| < eomin{ £ (¢, x1. ¥), f(t.x2, )} (3.8)
By (A3) there exists

81 € (0, 8o) (3.9)
such that

| £(t, 0, y1) — f(t, %2, y2)| < (Bb—a + 1)) e (3.10)

for eachr € [a, b] and eachxy, x2, y1, y2 € X satisfying

xall, lx2ll < M1+ 2, lyill, ly2ll < No+1, X1 — x2ll, lyr — yall < é1. (3.11)
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It follows from (A3) that we can choose

Mz > sup{f(t,y,0): t €[a,b], y € X and|y|| < M1+ 1}. (3.12)
Choose a positive numbei such that

891 (Mo + M1+ 4) < & min{l, b — a}. (3.13)
By (1.2) there is a numbe¥; such that

Ni>No+Ma+4 and ¢()/t>y; L forallr> Ny (3.14)

Assume that
veB and I(v)<Mo+?2. (3.15)

It follows from (3.15) and the choice @1 that the inequality (3.2) holds. Set
E1={tela,bl: |v'(©)| = N1},

) (3.16)
Ex={tela,b]: [V(®)| <No},  Ez=l[a,b]\ (E1U Ep).
(3.16), (3.14), (1.1), (1.6) and (3.15) imply that
H [ < [lvold< [ns(uona
Eq Eq Eq
< )/1/ f(ev@), V(1) dr < y1l (v) < y1(Mo + 2). (3.17)
Eq
Set
ho= / v' (1) dr. (3.18)

E1
By (3.17) and (3.18)
Aol < y1(Mo + 2). (3.19)
Now we estimate még#5). It follows from (3.16), the choice aV (see (3.5)), (3.6), (1.1), (1.6) and (3.15) that

megE1 U E3) < Nyt / [v'()] dr < yoNg* / o(|v'®])dr
E1UE3 E1UE3

<yoNgt / F(tv@),v'(®) dr < NG (v) < yol (v) < yo(Mo + 2).
E1UE3

Combined with (3.16) and (3.4) this inequality implies that

mesEz) > b —a—yo(Mo+2) > (3/4)(b—a). (3.20)
Define a measurable functign [a, b] — X by

Et)=0, tekEn, E()=1'(t), t€Es,

E(1) = (1) + (MesE2) ‘ho, 1€ Ea.
Clearly the functiort is Bochner integrable. It follows from (3.16), (3.21), (3.18) and (3.15) that

(3.21)
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b
/S(t)dtz/5(t)dt+/5(t)dt+/S(t)dtzfg(t)dt+/$(t)dt
a Eq E> E3 E; E3

=/v’(t)dt+ho+/v/(t)dt, (3.22)
Ep E3
3 b
Z/v’(r)dt:/v’(t)dtzzz—zl.
i=1j g

Define a function:: [a, b] — X by
u(r)=/§(t)dt+m, T € [a, b]. (3.23)
0

In view of (3.23), (3.22), (3.21) and (3.16)c B;..
Now we show that

Ju) —v@)| <81 forallt € a,bl. (3.24)
Lets € (a, b]. By (3.15), (3.23), (3.16), (3.21), (3.17) and (3.19)

N

/[v/(t) —&@n)]dr

a

<H / [v'() —&@)]dr +H / [v()—&m]de +H / [v'(t) — £(0)] dr

[a,s1NE1 la,s]NE2 [a,sINE3

[v@) —ut] =

< [ v dr-+ ol < 2o+ 2
E;

Thus for eachy € [a, b]

[v(s) — u(®)|| < 2n(Mo+2). (3.25)
Combined with (3.13) this inequality implies (3.24). It follows from (3.24), (3.2), (3.9) and (3.6) that

Ju)| <My1+1 forallt €la,bl. (3.26)
We estimatd (1) — I (v). In view of (1.6) and (3.16)

3
I(u) —1(v) =Z/[f(r,u(z),u/(r)) — f(t,v@®),v' ()] dt. (3.27)
i=1j,

By (3.23), (3.21), (3.26) and (3.12) for almost every E1

Ftu@),u' @)= f(t,u@®), @) = f(t,u(),0) < Ma. (3.28)

(1.1), (3.16), (3.14) and (3.13) imply that for almost every E1
Ftv@, V@) = ¢(|v'®)]) = N> Mo+ 4
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Combined with (3.28) this inequality implies that
/[f(t,u(r),u’(t)) — f(t,v(@®),v'®))]de <0. (3.29)
E;
Lett € E2 andv'(¢), u’(¢) exist. It follows from (3.16) that
[v' )] < No. (3.30)
(3.23) and (3.21) imply that
W (1) = £(t) = v' (1) + (MesE2) ho.
Together with (3.19), (3.20) and (3.13) this equality implies that

_ )
|/ @) = v'(0) | = (MeKE2) " liholl < y1(Mo +2)2(b—a) ™ < Zl (3.31)

(3.31), (3.30), (3.9) and (3.6) imply that

Ju' )] < No+1. (3.32)
By (3.2), (3.26), (3.30) (3.32), (3.31), (3.24) and the choicé,diee (3.10), (3.11))

| £ (6, v@), ') = £(t,u(@), ' )| < (BB —a+ 1) e

Since this inequality holds for almost everg E2 we obtain that

'/[f(t,u(z),u’(t))—f(t,u(t),u’(t))]dt < g. (3.33)
E>

Letr € Es andu’(r) andv’(z) exist. By (3.16) and (3.14)
[v'@®)] = No. (3.34)

In view of (3.23) and (3.21)
|f (@), ') — f(tu@),u' @) = |f (£, v@), V') — f(t.u@),v'®)].

It follows from this equality, (3.2), (3.26), (3.24), (3.9), (3.34) and the choick ol (see (3.6)—(3.8)) that
|f (2. 0@, 0" (1) — £t u(@), u' )| < eof (1. v(D). V' (1))

By this inequality which holds for almost every E3, (3.15) and (3.3)

/[f(z,u(t),u’(t)) — f(t,v(@), v @))] dr </eof(t,v(t),v/(t))dt<eoI(v) <eo(Mo+2) <§.

E3 E3

Combined with (3.29), (3.33) and (3.27) this inequality implies th@t) — 7 (v) < €/2. This completes the proof
of Theorem 1.1. O

4. Properties of integrandswhich satisfy (A1)—(A3)

Let (X, | - ||) be a Banach space and teth € R! be such that < b.
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Propsotion 4.1. Assume thag : [a, b] x X x X — Rl is a continuous functior{A1)—(A3) hold with f = g and
h:la,b] x X x X — [0, 00) is a continuous function such thga3) holds with f = h and for each bounded subset
D Cla,b] x X

lim [h(t,x,u)/g(t, x,u)] =0 uniformly for (s, x) € D. (4.1)

lufl—o00
Then(A1)—(A3) hold with f = g + K.
Proof. Clearly (A1) and (A3) hold withf = g + h. We show that (A2) holds witlf = g + A.
Let M, e > 0. By Lemma 2.2 there exigl, § > 0 such that for eache [a, b] and eaclx1, x2, u € X satisfying
lull = To, llxall, lxe2ll < M, flxa —x2ll <6 (4.2)

the following inequality holds:

|g(t, x1,u) — g(1, x2,u)| < (¢/8)min{g(r, x1,u), g(t, x2,u)}. (4.3)
In view of (4.1) there is
I'>1Ip (4.4)

such that for eache [a, b] and eachx, u € X satisfying

Ixll <M, lull = I (4.5)
the following inequality holds:

h(t, x,u) < (¢/8)g(t, x, u). (4.6)
Assume now that € [a, b] andx1, x2, u € X satisfy

lxall, Ix2ll < M, llxa —x2ll <8, ull > T (4.7)

By (4.7), (4.4) and the choice dfy, § the inequality (4.3) holds. It follows from (4.7) and the choicelv{see
(4.4)—(4.6)) that

h(t,x;j,u) < (/8)g(t,xj,u), i=172. (4.8)

(4.3) implies that
|(g +h)(t, x2,u) — (g + h)(t, x1,u)| < |g(t, x1,u) — g(t,x2,u)| + |h(t, X1, 1) — h(t, x2,u)|
< (¢/8) min{g(t,xl, u), g(t, x2, u)} + |h(t,x1, u) — h(t, x2, u)|. (4.9)

We may assume without loss of generality that

h(t,x2,u) > h(t,x1,u). (4.10)
In view of (4.10), (4.9) and (4.8)

(g + h)(t, x2,u) — (g +h)(t, x1,u)| < (e/8)g(t, x2,u) + h(t, x2,u) < (€/8)g(t, x2,u) + (¢/8)g (1, x2, u).
Hence (A2) holds withf = g + k. This completes the proof of Proposition 4.10

It is easy to see that jf: [a, b] x X x X — Rl is a continuous function, (A1)—(A3) hold witfi= g and > 0,
then (A1)—(A3) hold withf = Ag.

Propsotion 4.2. Let g1, g2:[a,b] x X x X — R! be a continuous function such théA1)—(A3) hold with
f = g1, g2- Then(A1l)—(A3) hold with f = g1 + g2.
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Proof. Clearly (Al) and (A3) hold withf = g1 + g». Let us show that (A2) holds witlf = g1 + g».

Lete, M > 0. By Lemma 2.2 there arE, § > 0 such that for eache [a, b], eachu € X satisfying|u| > I"

and each, x» € X satisfying
lxall, llx2ll < M, llx1—x2l <4
we have
|gi (¢, x1,u) — g (¢, x2, )| < emin{g; (1, x1,u), g2(t, x2, W)}, i =1,2.
Letr €la,bl,ue X, |lull > I', x1, x2 € X satisfy (4.11). Then (4.12) holds and

|(g1+ 82)(t, x1,u) — (81 + 2)(t, x2, u)| < €ga(t, x1,u) + €ga(t, x1, u).
Hence (A2) holds withf = g1 + g». This completes the proof of Proposition 4.2

5. Auxiliary resultsfor Theorem 1.2

For eachry, z2 € X set
Ul(z1,22) = inf{I(x): x € A(z1, 22)}.

It is easy to see thdf (z1, z2) is finite for eachyy, z2 € X.

Lemmabs.1. Let M > 0. Then there isY; > 0 such that

U(z1,z2) < M1 for eachzi, z2 € X satisfying||z1]l, [|lz2|l < M.

Proof. Set

M1 :Sup{f(s,z, u). s €la,bl, z,u e X and||z||, lu|| < 2M(1+ (b — a)_l)}(b —a).

By Remark 1.3 is finite. Assume that;, z> € X and
lzall, llz2ll < M.
Definex € A(z1, z2) by
x)=u+t—-a)b—a)z2—z), tela,bl
Clearly
lx()| <M forallzela,b].
It is easy to see that for alle [a, b]
IxO] <®-a)y ez -zl <2MB—a) .
(5.4), (5.5) and (5.1) imply that for alle [a, b]
f(t.x@),x' (1)) <M1/ (b—a).
This inequality implies that
U(z1,z2) <1(x) < Mi.

Lemma 5.1 is proved. O

(4.11)

(4.12)

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)
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Lemma5.2. Let M > 0. Then there is\p > 0 such that for eachy, z» € X satisfying||z1|, ||z2]| < M and each
x € A(z1, z2) satisfyingl (x) < U(z1, z2) + 1 the inequality||x (7)|| < Mo holds for allz € [a, b].
Proof. By Lemma 5.1 there i3/ > 0 such that

U(z1,z2) < My for eachzy, zo € X satisfying||za|, ||z2ll < M. (5.6)

(1.12) implies that there iy > 1 such that

¢@) =t forallt > co. (5.7
Set

Mo=M+ M1+ 1+ co(b —a). (5.8)
Assume thati, z2 € X, x € A(z1, 22),

lzall, lz2ll < M, I(x) <U(z1,22) + 1. (5.9)
In view of (5.9) and the choice dff1 (see (5.6))

U(z1,22) <M1 and I(x) < Mp+1. (5.10)

Lett € (a, b] and set
Ex={tela,1]: |[x¥'@®)]| >c0},  E2=la, 7]\ E1 (5.11)
By (5.11) and (5.9)

[x@)] = |x@ + / Y0 di] < [x@)] + / |/ dr < flzall + / ') e + / )]
a a El E2
<M+c0mes{E2)+f '@ dtg(b—a)co+M+/ |« @) | dz. (5.12)
Eq E1

It follows from (5.11), (5.7), (1.11) and (5.10) that
b
/||x/(;>|| dtg/¢(||x’(t)||)dt<f¢(||x/(t)||)dt<1(x)<M1+1.
Eq Eq a

Combined with (5.12) and (5.8) this implies that
x| <@ —a)co+ M+ M1+ 1= M.

This completes the proof of Lemma 5.20

6. Proof of Theorem 1.2

Let M > 0. By Lemma 5.1 there i87; > 0 such that
U(z1,z2) < My foreachzy, z2 € X satisfying|lz1|, [|z2]l < M. (6.1)
In view of Lemma 5.2 there i8/p > 0 such that for eachy, z2 € X and eachx € A(z1, z2) satisfying

lzall, lz2ll < M, I(x)<U(z1,22) +1 (6.2)
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the following inequality holds:
x| < Mo, 1 €la,bl. (6.3)

By (B2) there areSg, Lo > 0 and an integrable scalar functign(z) > 0, r € [a, b] such that for each € [a, b],
eachu € X and eaclhx1, x; € X satisfying

Ixall, llx2ll < Mo + 4, llx1 — x2|l < do (6.4)
the following inequality holds:

|, x1,u) = £, x2,w)| < llxe — x2ll Lo(f (¢, x1, ) + Yo(0)). (6.5)
Choose a positive numbegg such that

<1l and 8pM1+1) <b—a. (6.6)
(1.12) implies that there i&Kg > 1 such that

o)/t =y, ~ forallr > Ko. (6.7)
Set

Ao=sup{f(t,2,0): t €[a,b], z€ X, ||zl < Mo+ 2}. (6.8)

Remark 1.3 implies that is finite.
It follows from (B3) that there id.1 > 1 such that for eache [a, b] and eachx1, x2, u1, uz € X satisfying

lxalls xezlls luall, luzll < Ko+ Mo+ 2 (6.9)
the following inequality holds:

| £, x1,u1) — f(t,x2,u2)| < La(llx1 — x2]l + lluz — u2ll). (6.10)
Choose a number, € (0,1) such that

2y1(M1 + 2) < (min{1, b — a}) min{1, do/4}, (6.11)

b b -1
y1 < (16L1<b—a+1+fwo(t)dt> + 64+ 16L()(b—a+l+ M1+/1//o(t)dt)> . (6.12)
a a

By (1.12) there is a numbet > 0 such that

K >8A0+ Ko+ 2, (6.13)

o)/t =yt forallr>K. (6.14)
Assume that

z1,22€ X, lzall, llz2ll < M, (6.15)

x € A(z1, 22), (6.16)

meqs €[a,b]: |x' ()| > K} >0. (6.17)

We show that there ig € A(z1, z2) such that/ (1) < I(x) and|u’(¢)|| < K for almost every € [a, b].
We may assume without loss of generality that

I(x) <U(z1,22) + 1. (6.18)
(6.18), (6.1) and (6.15) imply that
I(x) <M1+ 1. (6.19)
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In view of (6.15), (6.16), (6.18) and the choiceMp (see (6.2), (6.3))
|x@®| < Mo, t €la, bl.
Set

Ev={tela,bl: |xX')| =K}, Ex={tela,bl: |x' ()| <Ko}, Ez=l[a,b]\ (E1UEp).

Set

d= / ') dr.

ho:/x’(t) dr.
Eq
It follows from (6.22), (6.21) and (6.17) that
d > 0.
Clearly
lholl < d.
By (6.22), (6.21), (6.14), (1.11) and (6.19)

b

a= [Ivwlar< [ no(lvohar<n [o(lxol)a

E]_ E]_ a
b
< )/1/ [t x(@),x' (1)) dt <y2 (M1 +1).

Now we estimate mé&#>). It follows from (6.21), (6.7), (6.13), (1.11) and (6.19) that
b

mesE1 U E3) < Ky / '] dr < K5 / yoo (') ) df < yoky 2 / o(|x ] dr

E1UE3 E UE3 a
b b
< yo/cb(Hx’(t)ll)dt < yof (e x@®),x' () dt < yo(M1+1).

Together with (6.21) this inequality implies that
mesEz) > b—a—yo(M1+1).
(6.28) and (6.6) imply that
mesEy) > 3(b— a)/4.
Define a measurable functidgn [a, b] — X by
£)=0, teEy, &W)=x'(t), teEs EB)=x'()+ (mes{Ez))*lho, t e Eo.
Clearly¢ is a Bochner integrable function. It follows from (6.30), (6.21), (6.23) and (6.16) that

593

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)
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b 3
/é(t)dt:Z/E(t)dt:/&'(r)dt+/§(t)dt
a E> E3

i=1p,

/x/(t)dt+ho+/x’(t)dt=/x’(z)dtzzz—zl.
E» E3 a

Define a function: : [a, b] — X by
u(t) =121 +/§(t)dt, T € [a,b].

By (6.31)
u € A(z1, 22).
In view of (6.32), (6.30), (6.29) and (6.25) for almost every E>
[x'(0) —u' )] = | x' () — £() | = (mesE2)) kol < 26— a) ™ d.
Combined with (6.26), (6.21) and (6.11) this relation implies that for almost evey»
[’ @] < ¥ O] +20—a)td < |x' )] + 20— a) tya(M1+1) < Ko+ 1.
(6.35), (6.13), (6.21), (6.30) and (6.32) imply that
|u'@)|| <k for almost every € [a, b].

We show that/ (1) < I(x).
Lets € (a, b]. It follows from (6.32), (6.16), (6.21), (6.30), (6.25) and (6.22) that

N

/[x’(z) —u/(1)] dt

N

f [x'(t) — &(n)] dr

J(s) — u)] =

a

< H | ko-so)a

+H / [x'() —&@®)]dr

< [ ¥l di+ ol < 24
Eq
Therefore
Hx(s) - u(s)” <2d foralls €[a,b].
In view of (6.21)
3
I(u) —1(x) =Z/[f(z,u(t),u’(z)) — f(t.x@),x' (1)) dr].
i:lEi
By (6.32), (6.30), (6.37), (6.20), (6.26) and (6.11) for almost every

f(rou@),u'(®) = f(t,u@),0) <sup|{ f(r,2,0): z € X, ||lz|l < Mo+ 2d}
<sup|f(1,2,0): z € X, |zl < Mo+ 2}.

+H / [x' (1) — &@)] dr

[a,sINE1 [a,s]NE2 la,sINE3

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)
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Combined with (6.8) this inequality implies that for almost evegyE1

F(r,u@),u' (1)) < Ao. (6.39)
It follows from (1.11), (6.21), (6.14) and (6.13) that for almost eveeyFE1

f(tx@,x'0) = ¢([x ) =[x O > K > 840.
Together with (6.39) this inequality implies that for almost evegyE;

Ft,x@),x" @) = f(tu@),u' (1)) =3f(t, x(0), x'(1)) /4. (6.40)
(6.40) implies that

3
/[f(t,u(t),u/(t))—f(t,x(t),x/(t))]dt<—Z/f(t,x(t),x/(t))dt. (6.41)
Eq Ep
By (6.20), (6.37), (6.26) and (6.11) for alk [a, b]
lu@®]| < ||x @] + 2d < Mo+ 2y1(M1+ 1) < Mo + 1. (6.42)

It follows from (6.20), (6.42), (6.35), (6.21) and the choicg(see (6.9), (6.10)) that for almost everg E2
|f(t.x(®),x' @) — f(t,u@®),u’®)| < Li(|x@®) —u@®)| + |x'@®) —u'®)]).

Combined with (6.37) and (6.34) this inequality implies that for almost every,
|f(t,x(0), x' ) = f(t,u®),u' )] < L1(2d + 2(b — a)"*d).

Therefore
/ [f(t.x@), x" () = f(t,u@®),u'(1))]dt| < 2dL1(1+ b — a). (6.43)
E;
(6.37), (6.11) and (6.26) imply that for alk [a, b]
|x@) —u@®)| <2d <21 (M1+1) < &/4. (6.44)

By (6.44), (6.42), (6.20), (6.30), the choicedaf Lo, Yo (see (6.4), (6.5), (6.30)) and (6.32) for ak E3

| £ (6,20, 5'®) = f(r.u@),u’O)] = | f (. x@). x"©) = f(t,u@), x'®))]
< [lx@ —u@||Lo(f (1, x(®), x'@®) + o®)).
Together with (6.37) this inequality implies that for almostradl E3
|, x@), X' () = f(t,u@),u’(0))| <2dLo(f (. x(1), x' @) + Yo(1)).
Therefore combining with (6.19) this implies that

/[f(t,x(t),x/(t))—f(t,u(t),u/(t))]dt <2dLO/(f(t,x(t),x’(t))+wo(t)) dr

E3 E3

b
<2dLQ<I(x)+ f wo(t)dt>

b

< ZdLo(Ml +1+ / Yo(t) dt) . (6.45)
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(6.38), (6.41), (6.43) and (6.45) imply that

T(u) —I1(x) < —(3/4)/f (t,x(1), ' (1)) dr + 2d L1(1 + b — a) + 2d Lo M1+1+/1ﬂo(t)dt . (6.46)
1

It follows from (1.11), (6.21) and (6.14) that for alk E;

£t x@, X' 0) = o (X Of) = v M 0]
Combined with (6.22) and (6.12) this inequality implies that

/f t,x(t),x'())d /Hx @] dt =y, td

>d|16L1(b—a+ 1)+ 64+ 1619 b—a—i—l—i—Ml—i—/wo(t)dt

Together with (6.46) this implies thd{u) — I (x) < 0. Theorem 1.2 is proved.O
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