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Abstract

This article proves the existence of solutions to a model of incompressible miscible displacement through a porous medium, with
zero molecular diffusion and modelling wells by spatial measures. We obtain the solution by passing to the limit on problems in-
dexed by vanishing molecular diffusion coefficients. The proof employs cutoff functions to excise the supports of the measures and
the discontinuities in the permeability tensor, thus enabling compensated compactness arguments used by Y. Amirat and A. Ziani
for the analysis of the problem with L2 wells (Amirat and Ziani, 2004 [1]). We give a novel treatment of the diffusion—dispersion
term, which requires delicate use of the Aubin—Simon lemma to ensure the strong convergence of the pressure gradient, owing to
the troublesome lower-order terms introduced by the localisation procedure.

Crown Copyright © 2017 Published by Elsevier Masson SAS. All rights reserved.
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1. Introduction
1.1. The miscible displacement problem

We study the single-phase, miscible displacement of one incompressible fluid by another through a porous medium,
as occurs in enhanced oil recovery processes. Neglecting gravity, the model reads [10,18]
K(x)
u(xs t) = _7Vp(xv t)
ple(x, 1) » (1) eQx(0,7), (1.1a)
divu(x,0)=(¢" —¢")(x.1)

®(x)dc(x, 1) —div(D(x, u(x, ))Ve —cu)(x, 1) + (¢Fo)(x, 1) = (@' &) (x, 1),  (x,1) e x (0, T), (1.1b)
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subject to the no-flow boundary conditions

u(x,r) - n=0, (x,t)edRx(0,7T),and (1.1¢)
D(x,u(x,t))Ve(x,t)-n=0, (x,t)edx(0,7), (1.1d)
the initial condition
c(x,0)=co(x), x€€, (1.1e)
and a normalisation condition to eliminate arbitrary constants in the solution p of the elliptic equation (1.1a):
/p(x,t)dx:O forallt € (0, 7). (1.1f)
Q

The unknowns of the system are the pressure p and Darcy velocity u of the fluid mixture, and the concentration ¢
of one of the components in the fluid mixture. The reservoir is represented by €2, a bounded connected open subset
of R?, d =2 or 3, and the recovery process occurs over the time interval (0, T'). The reservoir-dependent quantities
of porosity and absolute permeability are ® and K, respectively. We denote by ¢! and ¢” the sums of injection well
source terms and production well sink terms (henceforth collectively referred to as source terms), respectively, and
write ¢ for the concentration of the injected fluid.

The coefficient D in (1.1b) is the diffusion—dispersion tensor, derived by Peaceman [17] as

D(x,u) = @(x)(dml + |u|(d1E(u) +d, (- E(u)))), (1.1g)

where

u;u;
E(u) = 5 (1.1h)
|u] 1<i,j<d

is the projection in the direction of flow. The constants d,,, d; and d; are the molecular diffusion coefficient and the
longitudinal and transverse mechanical dispersion coefficients, respectively. After Koval [16] (see also [5,20]), the
concentration-dependent viscosity w of the fluid mixture often assumes the form

—4
,u(c):,u,(O)(l—i—(MlM— 1)c) for ¢ € [0, 1], (1.1i)
where the mobility ratio M := % > 1. Finally, the boundary condition (1.1c) enforces a compatibility condition
upon the source terms:
/ql(x,t)dxzfqp(x,t)dx forall t € (0, T). (1.1j)
Q Q

1.2. Principal contributions

Our main result, Theorem 2.2, is the existence of weak solutions to (1.1) when d,,, = 0 and ¢ I'and q P are modelled
spatially as bounded, nonnegative Radon measures on €2. Indeed, the novelty of this article is the presence of both
these features simultaneously; Amirat and Ziani [ 1] analyse the system as d,, — 0 with ¢!, ¢g¥ € L>(0, T; L*(Q)),
and our previous work [9] establishes existence for d,, > 0 and measure source terms. Fabrie and Gallouét [11]
assume that the diffusion—dispersion tensor is uniformly bounded to address the latter scenario. The first existence
result for (1.1) as written above is due to Feng [12], focussing mostly on the two-dimensional problem with sources
in L>(0, T; L>(R2)). The subsequent analysis of Chen and Ewing [5] is valid for very general boundary conditions in
three dimensions, but assumes d,, > 0 and regular source terms. Uniqueness is known for “strong” solutions [12], but
appears to be open for weak solutions even with d,,, > 0 fixed [1,5,12].

We prove Theorem 2.2 by passing to the limit as d,, — 0 on a sequence of problems with measure source terms
defined in Section 3. In further contrast to Amirat—Ziani who take ® = 1 and K continuous, we only assume that
the porosity is bounded, and we allow for discontinuous permeabilities of the kind that one expects in practice [6].
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Working in such a low-regularity environment leads to the challenge of identifying the limits of the nonlinear terms
— % Vpand D(-,u)Vc as d,, — 0. For this task we use smooth cutoff functions — first appearing in Section 4.1 —
to excise both the supports of the measures and the discontinuities in K, thereby localising the problem to where the
data is smooth enough for us to employ a compensated compactness-type lemma (Lemma B.1).

This localisation procedure nonetheless introduces problems of its own in the form of lower-order terms that inhibit
a straightforward proof of strong convergence of the pressure gradients, as is the case for L? sources. We handle these
lower-order terms by exploiting the uniqueness of the solution to the elliptic problem in combination with careful use
of the Aubin—Simon compactness lemma to first prove strong convergence of the pressure itself in Section 4.4.

Strong convergence of the pressure gradients (and then the Darcy velocities) is crucial for our treatment of the
diffusion—dispersion term D (-, u)Vc in Section 4.5, which we believe is also novel. In particular, we fill a gap in the
work of Amirat—Ziani by giving meaning to V¢ in the limit as d,, — 0. When the molecular diffusion is neglected, the
concentration gradient is only well-defined as a function in non-stagnant zones of the reservoir; that is, where u # 0.
We introduce a new notion in Section 2.2 that resolves this difficulty.

1.3. Why vanishing molecular diffusion and singular wells?

The interest in studying (1.1) with d,, = 0 is twofold. In practice, the mechanical dispersion coefficients will be at
least an order of magnitude larger than d,,, so the effects of molecular diffusion are negligible compared to those of
mechanical dispersion [2,19,24]. Moreover, in practical simulations of (1.1) the mesh size is such that the effects of
molecular diffusion are dominated by numerical diffusion, so d,, is often neglected from the simulation [20,21].

Scale differences motivate the decision to model g/ and ¢ as measures. The diameter of typical reservoir
(~ 103 m) is several orders of magnitude larger than that of a typical wellbore (~ 10~! m). At field scale the wells are
thus effectively point (resp. line) sources in two (resp. three) dimensional models.

2. Assumptions and main result
2.1. Assumptions on the data

We make the following assumptions on the data:

T e R’jr and €2 is a bounded, connected, open subset of ]Rd, d <3, (2.12)
la
with a Lipschitz continuous boundary.

Writing ®k for the closure of the set of discontinuities of K, we assume that Ok has zero Lebesgue measure (in
practice, Dk is contained in a finite union of hypersurfaces). Write S;(R) for the set of d x d symmetric matrices.
The permeability satisfies

K: Q — S4(R) is locally Lipschitz continuous on 2 \ ®k, and 3k, > 0 such that,

fora.e. x € Q and for all £ € RY, k,|&|> < K(x)€ - & <k '|£|%. (&1b)
The porosity @ is such that
® e L°°(Q) and there exists ¢, > 0 such that for a.e. x € Q, ¢ < P(x) < ¢*_1. (2.1¢)
Particularly important to our analysis are the assumptions on the viscosity:
w € C%([0, 11; (0, 00)) is such that u” > 0 and (1/u)” > 0. 2.10)

We write pt, and p* for the minimum and maximum of u, respectively.

This implies the strict convexity of © and 1/u. Note that the form (1.11) satisfies (2.1d). By setting d,,, =0 in (1.1g),
we introduce the mechanical dispersion tensor

D,(x,u) = @(x)lul(dzE(u) +d,(I— E(u))), 2.1¢)

and note that it satisfies
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D, :Q x R — S4(R) is a Carathéodory function such that for a.e. x € Q and for all £, & € R,

Do(x, )% -§ = g min(d), dp)|¢ 1€ and [Do(x, 05| < ¢, max(ds, dp)|¢ |I€]. e
The injected and initial concentration are such that
¢ e L®(0,T; C(RQ)) satisfies 0 < é(x, 1) < 1 forae. (x,1) € Q x (0, T), (2.1g)
co € L () satisfies 0 < co(x) < 1 fora.e. x € Q. (2.1h)
The source terms are such that
g' =av and ¢* = bv, where
a,be L>(0, T; C(RQ)) are nonnegative on Q x (0, T), @10

Ve M (Q)NWH(Q)) forall £ > 2,

and supp (v) has zero Lebesgue measure.

Here M4 (2) is the set of bounded nonnegative Radon measures on 2. The compatibility condition imposed by (1.1c)
becomes

/a(x,t)dv(x) =/b(x,t)dv(x) vVt e (0, 7). (2.1j)

Q Q

Remark 2.1. We impose the condition v € (W!(£2))’ for all £ > 2 in order to employ a sharp uniqueness result for
the elliptic equation with measure data. This uniqueness result — which compensates for the absence of estimates on
9, p — is instrumental to establishing the strong convergence of the pressure. This (W!¢(Q))’ regularity is satisfied by
all measures in two dimensions, and by all measures that can reasonably be used to model wells in three dimensions;
see [11].

For a topological vector space X (€2) of functions on €2, we write (X (€2))’ for its topological dual. When writing the
duality pairing (-, -) (x(@)y, x (@), We omit the spaces if they are clear from the context. When z € (1, 00) is a Lebesgue

exponent, we write 7/ = z%l for its conjugate. We denote by W) () those elements of W%(£2) whose integral over
2 vanishes. For k € R and g : 2 — R, we denote by {g = k} the level set {x € Q| g(x) = k}; similarly for sublevel
sets {g < k}, {g < k} and superlevel sets {g > k}, {g > k}. When a constant appears in an estimate we track only its
relevant dependencies. In particular, we do not indicate dependencies with respect to ¢y, dj, d;, T, 2, ks, b, ™ o1 C,
as these quantities remain constant throughout the paper. When stating that a certain constant depends only on some
quantity X, it is implicitly understood that this dependency is nondecreasing.

Before detailing our results, we must first introduce a new concept that is key to our notion of solution when
dm =0.

2.2. The concentration gradient in the absence of molecular diffusion
Consider d,,, = ¢ > 0. Write (p;, ug, c;) for the corresponding solution to (1.1) (the existence of which we dis-

cuss shortly), and D, (-, u;) the corresponding diffusion—dispersion tensor. A straightforward computation using the
definition (1.1g) shows that

T T T
//Da(-,ug)Vc5~chzs/[|Vc£|2+min<d1,dt)[/|ug||m|2.
0 Q 0 @ 0 Q

Thus, in order to obtain estimates on V¢, as € — 0, it seems necessary to first restrict attention to regions where
|[ug| > n > 0. This leads to the following definition, which we use in the treatment of the diffusion—dispersion term to
give meaning to V¢ in the limit as d,, — 0.
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Definition 2.1. Let f,v e L?(0, T; L>(R)), with v > 0. We say that f has a {v > 0}-gradient if

e there are sequences (f;)s~0 in L2(0, T; H'()) and (v,)e=0 in L'(€2 x (0, T)) such that as ¢ — 0,

fo— f weakly in L2(0, T; L*(Q)),

ve > v a.e.onQx(0,7);

e there is a sequence (7;);cn in R with ; — 0% as i — oo such that for every i € N, meas({v = n;}) =0, and for
some function y,, € L2(0, T; L2 ()%,

L, =0 Vfe = xn, weakly in L2(0, T; L2(Q)7) as & — 0.

We then denote Vjysy,) f = xn, the {v > n;}-gradient of f and define the {v > O}-gradient of f as the function
Viwsoy f satisfying

Viosyyf on{v>mn} VieN,
0 on {v =0}.

V{v>0}f =
Appendix A establishes some important properties that this construction satisfies.
Remark 2.2. If f is a regular function then Vj,~0y f =V f on {v > 0}.
2.3. Main result

The principal contribution of this article is the following existence result.

Theorem 2.2. Under Hypotheses (2.1), there exists a weak solution (p,u,c) to (1.1) with d,, =0 in the following
sense:

ceL®(Q2x(0,T)),0<c(x,t)<1 forae (x,1)eQx(0,T),

2.2a)
ce L0, T; LI(SZ, V), 0<c(x,t) <1 forv-ae x e, forae te(0,T), (
®d,ce L20,T; W(Q))) Vs> 2d, (2.2b)
®c e C(0,T]; (W (R)), @c(-,0) =Dy in (W (Q)) Vs > 2d, (2.2¢)
¢ has a {|u| > 0}-gradient, and
) d 2d (2.2d)
D, w)Vjus0jc € L7(0, T; L' (2)) Vr < a1
d
peL®0,T; W*l’q(Q)), ueL>®0,T; L9 Vg < T (2.2¢)
T T
/(d>8,c(-, 1), o, t))ydr + //Do(x, u(x, 1)) Viju>oyc(x, 1) - Vo(x, 1) dx dt
0 0 Q
T T
- / / c(x,Hu(x,r) - Ve(x,t)dxdr + / / c(x,p(x,t)b(x,t)dv(x)dr (2.21)
0 Q 0 Q

s>2d

T
=//é(x,t)q)(x,t)a(x,t)dv(x)dt Yo € U L20,T; Wh5(Q)),
0 Q
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K(x)

N EN)

Vp(x, 1),
T T (2.2g)
— / f u(x, 1) Vi (x, t)dxdr = / / (a—b)(x,HY(x,)dv(x)dr V€ U L0, T; whi(Q)).
0 Q 0 Q q>d
To reiterate, the duality product in the first term of (2.2f) is between Wbs(€) and its dual.
Remark 2.3. Following Remark 2.2, if ¢ is regular then Vj,~0jc can be replaced with V¢ in (2.2f).

3. Approximate problems and associated estimates

We obtain the solution (p, u, ¢) to (2.2) by passing to the limit on approximate problems defined below. Let ¢ > 0.
Replace the molecular diffusion coefficient d,, in (1.1g) with ¢ to obtain a family of diffusion—dispersion tensors:

D, (x,u) := CD(x)(sI—i— |u|(d,E(u) +d,(I— E(u)))). 3.1)
Then for almost every x € Q, forall £, ¢ € R4,

D:(x, 0)E - £ > (e + min(dy, d)IC)IE, (3.2)

ID. (x, O)| < ¢; ' (e + max(dy, dy)I¢)). (3.3)

Moreover, writing Dé/ 2 for the square-root of D, (which is well-defined since D, is positive-definite), one can show
that

IDL2(, o) < ¢7 /(e + max(dy, di) |2 )2 (3.4)

In order to define our approximate problems, we need access to the solution when the source terms are regular and
the molecular diffusion is fixed. To this end, replace D by D, in (1.1) and fix both ¢ and v, € L%(Q) (where n € N
will vary in subsequent notions of solution). Then Feng [12] and Chen and Ewing [5] show that there exists a weak
solution (p?,u}, c}) to (1.1) satisfying
e L}0,T; H'(Q), 0<c'(x,t)<1 forae. (x,1)eQ2x(0,T),

®dcp € L3O, T3 (W),

®cl € C([0, T (W), (-, 0) = Peg in (WH(Q)),

D, (-, u})Ve} € L0, T: LY (@),

preL™0,T; H (Q), uleL®0,T;L*Q)%),

(p7,ul, ¢ satisfies (2.2f) for all ¢ € L2(0, T; WH4(Q))

with D, and Vjjy|>0jc replaced by D, and V], respectively,
(pr,u}, c}) satisfies (2.2¢g) for all ¥ € L0, T; HY(Q)).

(3.5)

Keeping D, (with ¢ fixed), consider now v € M (R2). Our previous work [9] shows that for every ¢ > 0, there exists
a solution (p,, u,, c,.) to (1.1) in the following sense:

¢, e L2(0,T; H'(RQ)), 0<c,(x,1)<1 forae. (x,1)eQx (0,7),

(3.62)
c, € L0, T; LI(Q, V), 0=<c,(x,t) <1 forv-ae. xeQ, forae.te(0,7),
dd,c, € L*(0, T; (WS (R))) Vs> 2d, (3.6b)
dc, € C([0, T]; (WHS(R))), @c,(-,0) = dcy in (WH(Q)) Vs > 2d, (3.6¢)
2d
D.(-,u,)Ve, € L2(0,T; L' ()% Vr < —— (3.6d)

2d -1’
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d
Pe €LXO.T: W), u, e LXO.T: L@ Vg < (3.6¢)
(p,,u,, c,) satisfies (2.2f) with D, and V{jy|~0jc replaced by D, and Vc,, respectively, (3.6f)
(p,,u,, c,) satisfies (2.2g). (3.6g2)

Remark 3.1. Standard arguments show that the integral relation in (3.6g) is equivalent to

—/ug(x,t) VY (x) dx =/(a —b)(x. Y (x)dv(x), forae.re(0,7), Yy e | W (). (3.7)
Q

Q g>d

We are now ready to define precisely the approximate problems that we work with in the subsequent analysis. The
following two definitions provide the details.

Definition 3.1 (Solution-by-truncation to (3.5)). Assume (2.1). Fix v, € L%(), ¢ > 0 and take k € N. Define the
truncated tensor, for (x, ) € Q x RY, by

Di(x, ) =D, (x,min(lé‘l,k)%). (3.8)

Then a solution-by-truncation to (3.5) is a triple (p},ul,c?) that satisfies (3.5) and such that, for some solution
n,k

(pg’*k up”, c?’k) to (3.5) with D, replaced by D’;, along a subsequence as k — 00,
p;’*k — py strongly in L0, T; HY(Q)),
ug’k — uj strongly in L2(0,T; L*(£2)4), and (3.9
¢k c"ae. on Q2 x (0, T) and weakly in L2(0, T; H'(2)).

Remark 3.2. Our previous work [9, Section 3.3] establishes the existence of a solution-by-truncation to (3.5). The
interest in considering v, € L?(Q) and a truncated (and therefore bounded) diffusion—dispersion tensor is twofold.
It enables us to consider test functions ¢ € L2(0, T; H'(RQ)) for the concentration equation, so that ¢ = cZ’k is an
admissible test function. The concentration equation then shows that CI>8th'k e L2(0, T; (H ().

Definition 3.2 (Solution-by-approximation to (3.6)). Assume (2.1). A solution-by-approximation to (3.6) is a
triple (p,,u,,c,) satisfying (3.6) and such that there exists (v,),en C L3(R), (an)neny C L%°(0,T; C(R)) and
(p?,ul, c}nen, with

e v, >0,v, > vin (C(R)) N(WH(Q)) weak-* as n — oo (for all £ > 2), and for all 5 > 0 there exists N € N
such that if n > N, supp (v,,) C supp (v) + B(0, n),

e a, >0, (ay)nen is bounded in L0, T; C(Y)) and a, — a a.e. on 2 x (0, T) as n — 00,

e (v, ay, b) satisfy the compatibility condition (2.1j),

o (p?,ul,cy) is asolution-by-truncation to (3.5) with (v, a) replaced by (v, a,),

and, along a sequence as n — oo,
p — p, strongly in L2(0, T; W4 (Q)) for all ¢ < ddj,

u, — u, strongly in L2(0, T; L1(2)?) for all q < ddTl’ and 3.10)
¢! — c, ae.onQ x (0, T) and weakly in L2(0, T; H'(Q)).
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Table 1

Notions of solution to (1.1).

Data Solution

DK e =dy >0, v, € L2(Q) (K uk ik
k — oo

e=dy>0,v, € L2(Q) solution-by-truncation (py, ug, c)
n— 0o

e=dm >0,veM(Q) solution-by-approximation (p,, u,, c,)
e—>0

dm =0,ve M4L(Q) solution (p, u, ¢) to (2.2)

Remark 3.3. The existence of a solution-by-approximation to (3.6) is known [9, Section 4.3]. Fabrie—Gallouét [11,
Section 5] establish the existence of an approximation (v, a,) of (v, a) that satisfies the requirements of Defini-
tion 3.2.

Table 1 helps to visualise the relationship between these notions of solution to (1.1). Access to the solution
(p’;’k, ug"k, cg"k) of the truncated problem is only required for Lemma 4.2 and the first step of Lemma 4.3. The
rest of the analysis is largely conducted on the solution-by-approximation (p,, u,, c,).

We now recall the estimates necessary for our subsequent analysis. Taking cg"k as a test function in its own equation
[9, Eq. (3.8)] (see Remark 3.2) gives a bound on D’g(~, ug"k)ch"k . ch"k in L(Q x (0, T)) that is independent of k,
n and ¢. Passing to the limit as k — oo and then as n — oo (in that order) gives
Ci, (3.11)

&

HD;/Z(-,uS)vC

L2(0,T;L2(Q)4) = ”Dg(’ ug)vcg ’ VCS ”LI(QX(O,T)) =

where C; does not depend on ¢. It is well-known [3.4,11] that for all g € [1, ddj) there exists a constant C» not
depending on ¢ such that

<(C < (Cs. (3.12)

| P | L0, T; W4 () and ||u, | L®(0,T; L4 (2)4)

Estimates (3.4) and (3.12) give a bound on |Di/2(-, u,)| in L>°(0, T; L*(2)) for all s < 2d/(d — 1). Combined with

(3.11), the decomposition D, (-,u,)Vc, = Dé/z(-, us)Di/2(~, u,)Vc, and Holder’s inequality, this shows that for all

r< %, there exists a constant C3 not depending on ¢ such that

IDeCow) Ve, | 1207 r ) < Co- (3.13)
Applying the coercivity (3.2) to (3.11) gives

<C|?¢;"* min(d, d)~12. (3.14)

fllL2,1;L2(2)9) —

H|u8|1/2Vc

As for (3.13), from estimates (3.12) and (3.14), for every r € [1, Zj—ﬂl) we obtain the existence of a constant C4 not
depending on ¢ such that

|||ug|vcg ||L2(0,T;L’(Q)d) = C4~ (315)
Finally, from (3.6f) and the previous estimates, for every s > 2d there is a constant Cs not depending on & such that
”q)atca ||L2(O’T;(WI.I(Q))/) <Cs. (3.16)

Remark 3.4. Using the regularity result of Monier and Gallouét [ 13] and the fact that v € (W1-¢(Q))’ for all £ > 2, as
in Fabrie—Gallouét [11] we see that (3.12) holds for any ¢ < 2. In order to demonstrate that this additional regularity
is required in only a few places, we retain (3.12) and all subsequent estimates with g <d/(d — 1).

By using the Stampacchia formulation of the solution to linear elliptic equations with measures [23], we previously
analysed [9] the model (1.1) for dj,, > 0. This Stampacchia formulation provides the uniqueness of the solution to
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linear elliptic equations with measure data, without the additional (WEEQ)Y regularity assumption. However, it is
unclear if our reasoning below could be adapted to this formulation, rather than the (more natural) (4.24).

4. Proof of Theorem 2.2
4.1. Improving local elliptic regularity

Multiplying the elliptic equation (1.1a) by an appropriately chosen cutoff function 6 excises the singularities caused
by the measure sources and localises the problem to regions where the absolute permeability K is regular. Our next
lemma follows an analogous procedure to Amirat—Ziani by rewriting the pressure equation in a form that yields higher

local regularity of the solution.

Lemma 4.1. Assume (2.1). For ¢ > 0, let (p,,u,, c,) be a solution-by-approximation to (3.6). Let 6 € C2°(2) be such
that supp (6) N (Dk Usupp (v)) =@ and take r < 2511 depending on 6 and r but not on &, such

that
”9]’8 ”LOO(O T:H\(Q) < Cg, w
16: ] 1207 w2r gy < Coo 4.2)
Hells ” LQ(O)T; Wl‘r(Q)d) = Cﬁ. (43)

Proof. Step 1: proof of (4.1).

Consider (3.7) with a and v replaced by a, and v,. For almost every ¢ € (0, T'), the local elliptic estimates in [7,
Theorem 2] show that p? satisfies (4.1) with a bound not depending on n or €. Passing to the limit as n — oo shows
that (4.1) holds.

Step 2: derivation of localised equation.

Take 6 satisfying the hypotheses of the lemma, and consider (1.1a) with p, u and ¢ replaced by p,, u, and c,,
respectively. Multiplying the first equation by 6 gives, in the sense of distributions,

fu, =—0

K
V(p,) + p,—— V6.

\V4 —
Pe nic,)

K
n(c,) (e,
Multiplying the second equation by 6 yields

&

div(fu,) —u, - VO =06(a — b)v.

The property of supp (v) and the choice of § show that v = 0, so the right-hand side of the previous equality vanishes.
Combining these expressions using standard computations that are justified (in the sense of distributions) by the
regularity (4.1), then simplifying where appropriate using the definition of u, leads to

—div (KV(6p,)) = —p, div (KV0) + 6 (c,)u, - Ve, + 2u(c,)u, - VO. (4.4)

In order to apply Grisvard’s estimates we require that the diffusion matrix belongs to the class C%!(Q2; S;(R)). Note
that each term in (4.4) contains 6, so that both sides vanish outside the support of 6. We may therefore replace K
in (4.4) by a uniformly coercive Lipschitz tensor K that agrees with K on supp () whilst retaining equality. Take
p € CX(2) with 0 < p <1 and such that supp (8) C @ C supp (p) C 2 \ Dk, where w is an open set such that p =1
on w. Define

K:=pK+(1-pL (4.5)

Then K € C* 1(Q; S;(R)) and satlsﬁes K=K on supp (6), K = I outside supp (,0) Furthermore, for almost every
x € Q and for all £ € R? we have K(x)E £ > min(1, k) |£|%. Replacing K with K in the first two terms of (4.4), we
are lead to the following localised pressure equation:

—div (KV(@p,)) = —p, div (KVO) + 64/ (c,)u, - Ve, + 2u(c,)u, - V6. (4.6)
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Step 3: proof of local estimates.

The equation (4.6) is satisfied on 2 x (0, T'), but due to the compact support of 6, it also holds on B x (0, T),
where B is ball containing 2 and all functions are extended by O outside €2. Estimates (3.12) and (3.15) then show
that for every 1 <r < 2d/(2d — 1) the right-hand side of (4.6) is bounded in L2(0,T:; L" () uniformly in &. Then
(4.2) follows from Grisvard [14, Eq. (2.3.3.1)] and from the fact that 6p,(-,t) € H(} (B) for almost every ¢ € (0, T).

For (4.3), write K= (lzi,-),-,,-zl,m,d. Observing the summation convention, the i-th component of fu, is

0
(Bu,); = —mkijax‘,- Pe-

By the regularity properties (3.6a) and (3.6¢) of p, and c,, we can write, in the sense of distributions,
W (c,)
n(ce)

0 - 0 -
) (u,);0x,c, — Iu(_cg)(ax[kij)(axj- De) — M(—cg)kijaxlxj De
=TT+ T+ T3+ 14

Thanks to (3.12), both T} and T3 are bounded in L*°(0, T; L9(S2)) for every g < %. For every r < %, estimate
term 73 in L2(0, T; L" (S2)) using (3.15). For Ty, use (4.2). O

I;ij
0y (Ou,); = (35,0) | — Ox; P | — 0

4.2. Extraction of converging sequences

From (3.6a) the sequence (c,)¢~0 is bounded in L°°(2 x (0, T')), so that up to a subsequence
c,—~c InL®(Qx(0,T)) weak-%x, O0<c<lae inQx(0,7T), 4.7
which proves the first part of (2.2a); the second part follows at the end of Section 4.5. Estimate (3.12) implies the
existence of extracted subsequences such that

d
p.—p inL>®0,T; W*l’q(Q)) weak-x V1 <g < T 1 and 4.8)

d
u, —u in L®(0, T; LY(Q)?) weak-x V1 <g < T (4.9)
which proves (2.2e). The porosity is independent of time, so for every s > 2d, (3.16) provides an estimate in
LZ(O, T; (W]’S(Q))’) of the sequence (9;(Pc,))s>0, from which we conclude that

®oic, =~ Po;c weakly in L20,T; (Ws(Q)Y) forall s > 2d, (4.10)

thus proving (2.2b). Furthermore, (®c,).~0 is bounded in L* (2 x (0, T')), and L*°(2) is compactly embedded in
(WLs(Q)) (since WH5(Q) is compactly and densely embedded in LY (Q)). A classical compactness lemma due to
Simon [22] therefore ensures that, up to a subsequence, ®c, — ®c in C([0, T']; (WEs(Q))) for all s > 2d, which
proves (2.2¢).

4.3. Passing to the limit in the pressure equation

The proof that (p,u, c) satisfies the elliptic equation (2.2g) will be complete by passing to the limit in (3.6g),
provided that we identify u. For this we follow the ideas of Amirat—Ziani [1, Lemma 2.4], who rely on a variant of the
compensated compactness phenomenon due to Kazhikhov [15]. Our proof necessarily departs from that of Amirat—
Ziani due to our use of the cutoff functions 8. We also correct an error in their estimate of the term corresponding to
our 9;u(c,). They claim this sequence is bounded L? in time, when in fact it is only L' (for both regular and measure
source terms). This necessitates our use of the BV (0, T') spaces and a compensated compactness result adapted to this
regularity, Lemma B.1 in the appendix.

Lemma 4.2. Assume (2.1) and for ¢ > 0, let (p,,u,,c,) be a solution-by-approximation to (3.6). Assume that
(4.7)—(4.9) hold. Then for almost every (x,t) € Q x (0, T),
K(x)

u(x,t):—mVp(x,t). (411)
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Proof. By the assumptions (2.1d) on u, there exists 1z, HE L*®(Q x (0, T)) such that s < Mo < u* and, up to a
subsequence,

1
unlc,)

1
mn(c,) =~ and — —  in L*®®(Q x (0, T)) weak-x. 4.12)
123

Step 1: BV estimates.

Take € C2°(2). To apply Lemma B.1, we must estimate the sequences (fQ DPu(c,(x, )Y(x) dx) and

e>0
( fQ mw(x) dx) 0 in the space BV (0, T). We first obtain these estimates on the solution to the truncated
e £>

problem from Definition 3.1, and then deduce the corresponding estimates on (p,, u,, c,).

Replace v and a by v, and a, from Definition 3.2. Let (p™k, uk, ¢k) be the solution to the corresponding

truncated problem, that is with D, _replaced by D’g, defined by (3.8).
Take y € Cc([0, 11), Y € C*(R2) and choose ¢ = y’(cg"k))tp as a test function in [9, Eq. (3.8)]. Then for almost
every t € (0, T') we have

(@B N0, Y (D OW) gy + / DY (e, ul K (e, )V (e, 1) - VI (¥ (e, ) (0)] dx
Q

- / ¢ e, UK (a1 - VI (e e )9 ()] dx + / (e, 1)y (e, D) b Cx, v (x) d

Q Q

= f ¢(x, t)y/(c?’k(x, )Y (x)a, (x, t)v,(x) dx. (4.13)

Q

Since ®o;cf* € L*(0, T; (H'(R))) and y/(c¥) € L*(0, T; H'(Q)), the product ®9;c*y’(ci*) is well-defined as
an element of L'(0, T; (C*(R2))’). Reasoning by density of smooth functions, we also see that

¥ (Dy () = Dy (cF)d,c™*  in L10, T; (C®(Q))). (4.14)

Introducing ¢ (s) = [, q¥"(q) dg, write
Mgk Ly [)/(c?’k)w] _ I:ug,k ) ch,k] (kg I:ug,k . VI//] eyl (k)
=l V) + [k vp] (et @) - ceh).

The equation (3.7) on ug"k then shows that

— / MR e, (e, 1) - VI (R (e, 1) (x0)]dx
Q

_ f £ (e, 1)) (an — b (r, DY (¥ (1) e
Q

— [ [t vweo] (et ny et o - et ) d.

Q
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Substituted alongside (4.14) in (4.13), this gives

(3 (@Y () 0N (cx@y.cx@

+ / Y (K e, )DE (e, u K (x, 1) Ve K (x, 1) - Vi (x) da
Q

+ / [D’;(x, ke, ) Ve K (x, 1) - vk (x, t)] Y *(x, 1) (x) dx
Q

+/§(62""(x,t))(an = b)(x, Y (x)vp (x) dx
2 (4.15)
= [ [on - vueo] (et oy et - o) ax
Q
+ [ ey @ @b v 0 dx
Q

=/é(x,t)y’(CZ’k(x,t))Iﬂ(X)an(x,t)vn(x)dx-

Q

All the integral terms can be bounded in the LY(0, T) norm by using 0 < cg"k <1 and the estimates (3.11), (3.12) and
(3.13) for (p*, u*, ¢™*) (and Dy replaced by D), with constants that do not depend on k, n or ¢. This gives

[@r@eapme) o [@re@themwal e

Q BV(0,T) Q L10,1)
where C7 may depend on v and y, but not on k, n or ¢. Letting k — oo, cg"k — ¢} almost-everywhere and so
|fQ Dy (cf)(x, -)w(x)d)c|BV(0 = C7. By the convergence (3.10) of ¢} to c,, we infer a uniform-in-¢ estimate in

BV(0,T) of [, ®y(c,)(x, ) (x)dx. Finally, set y = or i to see that

f ® () e, (x, NP (x) dx and / ﬂl//(x)dx are bounded in BV (0, T). (4.16)
& o M(Cg(x’ ))
e>0 e>0

Step 2: passing to the limit on j1(c,)u,.

For g € [1, %), the sequence (u(c,)u,)e=0 is bounded in L°°(0, T; L1(Q2)%), so there exists xu € L0, T;

L7(2)?) such that, up to a subsequence,

wlc)u, = pu  in L*°(0, T; L4 (Q)d) weak-x for all ¢ < %. “4.17)

The estimates (4.3) and (4.16) and the weak convergences (4.9) and (4.12) enable us to apply Lemma B.1 with p =2,
a =r (for a fixed r <2d/(2d — 1)), oy = components of fu, and Bz = Pu(c,), to see that

0Pu(c,)u, = 0dpu inD'(Q2 x (0, T)).

Combined with (4.17) multiplied by 6®, this shows that 6 dpu = 6 dru almost-everywhere. This holds for any
0 € C2°(2) with supp (9) N Dk = . By the freedom of 6 and since & is uniformly positive, so we conclude that
nu = nu almost-everywhere and hence

n(e)u, —mu in L0, T; L9(2)?) weak-* for all ¢ < %.
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Note that by (4.8), u(c,)u, = —KVp, —~ —KVpin L*(0, T; L¢ (2)4) weak-x for all q <d/(d—1). Thus for almost
every (x,1) € 2 x (0,7),
K(x)
a(x, 1)
Step 3: identifying the limit of u,.
We seek to identify the limit of

u(x,t)=— Vp(x,t). (4.18)

®ou, = —bo Vv p,. (4.19)

n(ce)
Apply Lemma B.1 to the right-hand side, with p =2, a = r (for a fixed r < 2d/(2d — 1)), ¢, = components of

—6KVp, and B, = u%)' The estimates (4.2) and (4.16) and the convergences (4.8) and (4.12) once again show that

the assumptions of Lemma B.1 are satisfied. We then pass to the limit on both sides of (4.19) to obtain

~

K K
Pu=—-PH—-Vp=—-d0—Vp.
n ©

Again using the freedom of 6 and the strict positivity of ®, for almost every (x, ) € Q2 x (0, T),
K(x)
p(x, 1)
Comparing (4.18) and (4.20), for almost every (x,7) € 2 x (0, T),

u(x,t)=— Vp(x,t). (4.20)

(pw) (x, 1) = (pw)(x, 1).

To conclude the proof of (4.11), argue exactly as in Amirat—Ziani [1, Lemma 2.4]. O
4.4. Strong convergence of the Darcy velocity

The strong convergence of the Darcy velocity is necessary to handle the convergence of the diffusion—dispersion
term, detailed in Section 4.5. Strong convergence of (u,).~0 begins with strong convergence of (Vp,)¢~0. When the
source terms belong to L>(0, T; L%(£2)), the key to proving the latter is to use D, — P as a test function in its own
equation (see [1, Lemma 2.5]). In the non-variational setting of measure source terms, this is no longer possible as
D, — p does not have the required regularity. We first need to excise the support of the measure using localisation
functions 0. While doing so, we create lower order terms in the right-hand side whose convergence needs to be
assessed. This is the purpose of the following lemma, which establishes the strong convergence of (p,)¢~0. Due to
the lack of estimates on the time derivative of (p,)s~0, this result is not straightforward and requires careful use
of the Aubin—Simon compactness lemma, alongside a uniqueness result for elliptic equations with source terms in
M(Q) N (W) for all £ > 2.

Lemma 4.3. Assume (2.1). For € > 0, let (p,,u,, c,) be a solution-by-approximation to (3.6). Assume that (4.7)—(4.9)
hold along a subsequence. Then along the same subsequence,

pe — p strongly in L*(0, T; L9(2)) for all a < oo and all q < %, 4.21)
and for any 6 € CZ°(S2) such that supp (6) N (Dk U supp (v)) =9,
Op, — Op strongly in L¢(0, T; L23(R)) for all a < oo. 4.22)
Proof. Step 1: almost-everywhere convergence of 1/u(c,).
Our aim is to apply an Aubin—Simon lemma to 1/ (c,). We can only estimate the time derivative of this function

when multiplied by the porosity ®. To eliminate this factor, we use a similar trick as in our previous work [9, Sec-
tion 3.3]. Let 8 € (1, oo) and set %W”(Q) ={veL¥Q): dve WH¥(Q)}, with norm ”v”éw'ﬁ(g) = [[Dvllyrs(q)-

By the Rellich theorem, % W14(€) is compactly and densely embedded in L (2). It follows that LY(Q)is compactly
embedded in (W' (Q))".
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Take (p%, w'¥, ¢¥) as in the proof of Lemma 4.2 and fix s > 2d. The family (p*, w¥, k)" %N satisties esti-

mates (3.11)—(3.13), with constants not depending on n, k or €. Used in (4.15) applied to y = 1/u, these estimates give
a uniform bound on & (®/u (%)) in L(0, T; (W'*())) and therefore in L' (0, T; (W'*(Q))’ + (& W ())).

Now (qn/u(cg’k))’;fOEN is bounded in L (€2 x (0, 7)) and therefore in L' (0, T; LY (22)), with L* (Q) compactly
embedded in (éWl"S(Q))’. Classical Aubin—Simon lemmas show that A = {@/u(cg"k) 1 &> 0; n,k e N} is rela-
tively compact in the space LYo, T; (% W14(Q))). Write A for the (compact) closure of A in this space.

By compactness of A, the limit in D'(2 x (0, T)) of any sequence in A also belongs to A. As k — oo and
n — oo (in that order), we know that cg"k — ¢, almost-everywhere on Q x (0, 7). Hence <I>/;L(c;”k) - ®/ulc,)
almost-everywhere on € x (0, T'), and thus in D’(2 x (0, T)) since these functions are uniformly bounded in L™ (2 x
(0,T)). As a consequence, (P/u(c,))s>0 1S a sequence in A and thus, up to a subsequence, converges strongly in
LYo, r; (% W14(Q))). By (4.12), the limit of this sequence must be ® /. Extracting another subsequence, we can
therefore assert that, as ¢ — 0, for almost every ¢ € (0, T), o

)
—>
I'L(Cg(st)) E(v t)

The definition of %W”(Q) shows that, for all Z € L*°(R2), ||<I>Z||(%W1,5(Q)), = | ZIl w1 (q)y- Then, along a subse-
quence as € — 0, for almost every t € (0, T')

1 1
—
:u’(cg(ft)) E(? t)

Step 2: proof of (4.21).

From here on, we work with the subsequence along which (4.23) holds and explicitly denote any other extraction
of a subsequence. Let A be the set of ¢ € (0, T) such that (4.23) holds, and A; be the set of ¢ € (0, T) such that,
for all ¢ <2, (p.(-,1))e>0 is bounded in W,,l’q(Q) (see Remark 3.4). Take functions (6;) ;>3 in CZ°(2) such that
supp (6;) N (Vg Usupp(v)) =0,0=<6; <1 and 6; — 1 almost-everywhere on 2 as j — oo. Apply Lemma B.2 to
Ojpg)e>0 and E = Wz”(Q) (see (4.2)), and let A; be the set of ¢ € (0, T) that satisfy the conclusion of the lemma.
The complement of A =N ;eNA; has a zero measure.

Fix t € A. Owing to (2.11), as in [11, Step 3, proof of Theorem 2.1] we see that (a(-, 1) — b(-, 1))y € (WHH(Q))’
for all £ > 2. Hence by [11, Proposition 3.2], there is a unique solution to —div(%VP(t)) = (a(-,t) — b(-,1))v with

zero average and homogeneous Neumann conditions in the sense

/

strongly in (% WI*S(Q)>

strongly in (W1-4(2))’, for all § € (1, 00). (4.23)

P(.1)e (| W9 (R) and Vi € C¥(R),
q<2

K(x)
VP(x,t)-VI/f(x)dx:/(a—b)(x,t)lﬂ(x)dv(x).
Q . 0) Q

(4.24)

Note that the formulation in Fabrie-Gallouét [11] is written for ¥ € | J wL2(Q) which, by density, is equivalent
to the formulation above.

We first prove that, up to a subsequence (depending on ¢), p.(t) — P(t) strongly in L9(2) for all ¢ < 2. By

z>d

choice of 1 € A, there exists a subsequence (p,,(f))¢/>0 that converges weakly W,,1 “1(Q) for all ¢ <2 — and strongly
in the corresponding L9 (§2) spaces — toward some function P. Recalling the conclusion of Lemma B.2, we can also
assume that this subsequence satisfies

(0P (-, 1))e=0 is bounded in W27 () for all r < 574+ and all j € N,

which shows that, for every j €N, 6;p_,(-,1) = ;P in W27 (Q) forall r < %. Substitute ¥ € C*(R2) into (3.7).
Defining K; by (4.5), with p = p; associated with 6}, this gives (dropping the explicit mention of the x variable)

K
Q/(a — b)()¢ dv =! vag,(t) -V dx
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1 ~ K

=l 1+ 1y 0. (4.25)
The tensor IN(]- is Lipschitz continuous and, as ¢’ — 0, 0iVp, (t) =~ 0;VP in WL (Q) for all r < 2% . Hence, the
convergence (4.23) (which holds since t € A) gives
1 ~ K
lim I 1_/—Q-K-VP‘dex=/—V7?-V1//dx—J-, (4.26)
e w7 () !
Q

where

Ji= —K 1—-6,))VP.V
f‘/um(_’) Vv
Jn

Fix g0 € (1’ %) Since (p,,(t))¢=0 is bounded in W90 (Q) and P € W!9(Q), we find Cg not depending on j or
& such that
e j2l + 11 = Cs [1=6;] 4, -

Plugged into (4.25), this gives

/(a(t)—b(t))tﬂdv—/%VP Vi dx
Q

<|lej1— /va Vyrdx —Jj ||+ Cs | 1—6; 4.27)

Q)

) "

Since ¢g(, < oo, the properties of §; show that ”1 —0; || — 0 as j — oo. Then thanks to (4.26), taking the

L10(Q
superior limit as ¢’ — 0 and then the limit as j — oo of (4.2§))shows that P satisfies (4.24).

We infer that P = P(¢) and thus that the limit of (p,(¢))¢'>0 does not depend on the chosen subsequence. In
other words, the whole sequence (p,())¢~0 converges in L9(2) to P(t), for almost every ¢ € (0, T'). By the bound
in L*°(0, T; L9(S2)) on (p,)e>0 given by (3.12), the dominated convergence theorem shows that p, — P strongly in
L0, T; L91(R2)) for all a < co. The convergence (4.8) imposes P = p and the proof of (4.21) is complete.

Step 3: proof of (4.22).

This follows from the previous convergence by a simple interpolation technique. Let 7 € (0, 1) be such that 1=
% + lz_f, where 2* > 2 is a Sobolev exponent (that is, such that H'(Q) — Lz*(Q)). Fix a < oo and take A € (a, 00)

such that é =2+ % Then
Hel’s 0Pl Lao,:12(0)) = ”9178 QPHLA(O T;L\(Q)) Hé)ps 91’” L®(0,T;L2*(Q))

< 10lloo || Pe — pHLA(O T:L1(Q)) |op. —6p “LOO(O T:12%(Q) *

The second term in the right-hand side converges to 0 by (4.21), and the third term is bounded by (4.1), which,
combined with (4.8), proves in particular that p € L*°(0, T; H 1 (). O

The next lemma highlights an almost-everywhere convergence property of (c,)¢~0 that is critical for obtaining
strong convergence of (Vp,)s>0.

Lemma 4.4. Assume (2.1) and for ¢ > 0, let (p,,u,,c,) be a solution-by-approximation to (3.6). Assume that
(4.7)—(4.9) hold along a subsequence. Then, up to another subsequence,

c,—~>c aeon{(x,t)ex(0,T) : [u(x,1)| #0}. (4.28)
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Proof. By Assumption (2.1d) on p, m := 2mingg, 13 1" is strictly positive. Lagrange’s Remainder Theorem therefore
gives u(c,) — u(c) — (¢, —cyp'(c) = m(c, — )% Multiplying by |u| > 0 and integrating yields

T

T
/ / (1o (e )uCx, D] = pleCr, D) ulx, 1)) dedr — / / (c, — ), D (c(x, N)uCx, )| dx di
0 Q

Q 0
T

zm//(cs(x,t)—c(x,t))2|u(x,t)|dxdt.
0 Q

By (4.7) and (4.12), since |u| € LYQ x (0, T)), we pass to the limit in the left-hand side to obtain

T T

//(ﬁ(x,t)m(x, )| — ule(x, t))|ulx, t)]) dxdr > mlimsup/ /(ce(x,t) —c(x, t))2|u(x,t)|dx dr.
e—0

0 Q 0 Q

Thanks to (4.11) and (4.18) we have tu = u(c)u. Taking the norms, we see that left-hand side vanishes. This shows
that (c, — ¢)*lu| = 0in L'(Q x (0, T)), and therefore almost-everywhere on € x (0, T) up to a subsequence. [

Remark 4.1. The main purpose of this almost-everywhere convergence of (c,)s~¢ is to prove the convergence of
(uy)e>0.

Lemma 4.4 is no longer valid if w is constant. However, in that case, the system is decoupled: the pressure does not
depend on the concentration (and then does not even depend on ¢), and there are no difficulties with the convergence
of u, as it does not depend on &.

Lemma 4.5. Assume (2.1). For € > 0, let (p,, u,, c.) be a solution-by-approximation to (3.6). Assume that (4.7)—(4.9)
hold along a subsequence. Then along the same subsequence,

Vp, — Vp strongly in L¢(0, T} L2()?) forall a < oo and all g < ddTl' (4.29)

Proof. Step 1: strong convergence of localised functions.
Let p € C2°(2) such that supp (p) N (Dk U supp (v)) =¥ and p > 0. We want to prove that as € — 0,

VPV p, — /pVp strongly in L*(0, T; L*(2)%). (4.30)

Let ¢ € L0, T;: wh4(Q)) for some q > d, and take py as a test function in the equation (3.6g) satisfied by u,.
Since supp (p) N supp (v) = 0, the source terms disappear and we find that

T
//us(x,t)-V(plﬂ)(x,t)dxdt:O. 431
0 Q

Let U be an open set in €2 such that supp (p) C U and UnN(@® kU supp (v)) = @. Let 8 € C2°(2) be such that
6 =1 on U and supp (9) N (D U supp (v)) = ¥. Applying (4.1), we see that u, € L%(0,T; L>(U)) and De— D€
L?(0,T; H'(U)). Taking a sequence (/) jen C L'(0, T; W'9(R)) for some g > d and such that ¥; — p, — p in
L%(0, T; H'(U)), we pass to the limit in (4.31) to see that this relation still holds with D, — p instead of . Expanding,
we obtain

T T
—//,o(x)ug(x, 1)-V(p,—p)(x,t)dxds =//(p8(x, 1) —px,H))u(x, 1) Vp(x)dxdr.
0 Q 0 Q

By the choice of 6 above, this can be written as
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T
/p(X)u (x,1)-V(p, — P)(x,t)dxdt=//(9(X)pg(x,t)—9(X)p(x,t))9(X)ug(x,l)~VP(X)dxdl

Q 0 Q
=G nge - 9p||L2(0,T;L2(Q)) ’ (4.32)

O\ﬂ

where the existence of Co (not depending on ¢) is ensured by (4.1), which shows that (fu,)s~0 is bounded in

L2(0, T; L%($2)4). Now use the definition of u, =— (C ) Vp,, estimate (4.32) and the properties of 0 to write

2
_i ||\//_)V(Ps -p) ”LZ((),T;LZ(Q)‘I)

T

f/p() RO 9y, — )00 - Vp, — P, D dxds
plcg(x,1))

f / PO, (X, 1) - V(p, — p)x, N dx di

// () ))Vp(x,t)~V(ps—p)(x,t)dxdt

<Gy H9Ps - 6’P”Lz(o T;L%(Q))

/ / o= B 6V (p, — p) .1 dr (4.33)

By (4.28), u(c,) — ,u(c) almost-everywhere on {|u| # 0} = {|V p| # 0}. Hence, by the dominated convergence
theorem and (4.1), (u(c )OVp)g>0 converges strongly in L2(0 T; LZ(Q)d) Using (4.1) and (4.8) we also have

OV p, — OV p weakly in L%(0, T; L*>(2)?). Hence, the last term in (4.33) tends to 0 as & — 0. Taking the supe-
rior limit of this estimate and using (4.22) shows that (4.30) holds.

Step 2: conclusion.

Since (4.30) is satisfied for all nonnegative p € CZ°(S2) whose support does not intersect the closed set
Dk Usupp (v), and since this set has a zero Lebesgue measure, up to a subsequence we can assume that Vp, — Vp
almost-everywhere on €2 x (0, 7). The convergence (4.29) then follows from the Vitali theorem and the bound (3.12)
on (Vp,)e=0in L>(0, T; L)) forallg <d/(d—1). O

The strong convergence of the Darcy velocity and of (c,u,).~0 is then straightforward.

Lemma 4.6. Assume (2.1). For ¢ > 0, let (p,, u,, c,) be a solution-by-approximation of (3.6). Assume that (4.7)—(4.9)
hold along a subsequence. Then along the same subsequence,

u, —u stronglyin L9(0,T; L4 (2)?) for all a < 0o and all g < ddj. 4.34)

Proof. The almost-everywhere convergence (4.28) of ¢, gives u(c,)u — p(c)u almost-everywhere on 2 x (0, T').
Since u € L4(0, T; L9(2)%) for all a < oo and g < d/(d — 1), this convergence also holds in L4(0, T; L1()%) by
dominated convergence. Thanks to (4.11) and (4.29), letting ¢ — 0 gives

M ||ug —u La(0,T;L4()%) = H/’L(C‘g)ug - I’L(Cg)u

= |-KVp, —n

La(0,T;L1()%)
(co)u || La(0,T;L4()7)
= I=KVp — p(ull a7, 10()e) =0. O
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Corollary 4.7. Assume (2.1). For ¢ > 0, let (p,,u,,c.) be a solution-by-approximation of (3.6). Assume that
(4.7)—(4.9) hold along a subsequence. Then along the same subsequence,

cu, — cu stronglyin L4(0, T; LY (2)?) for all a < oo and all q < %.

Proof. Write c,u, — cu=c,(u, —u) + (¢, — c)u. Owing to (4.34) and 0 < ¢, < 1, the first term tends to O in
L0, T; L1($2)%) as e — 0. For the second term, use (4.28) and the fact that u € L4(0, T; L4(2)4). O

4.5. Passing to the limit in the concentration equation

The proof that (p, u, c¢) satisfies (2.2d) and (2.2f) follows from the next two lemmas, which address the regularity
and convergence of the diffusion—dispersion term.

Lemma 4.8. Assume (2.1) and for ¢ > 0, let (p,,u,,c,) be a solution-by-approximation to (3.6). Assume that
(4.7)—(4.9) hold along a subsequence. Then the function c defined by (4.7) has a {|u| > 0}-gradient and

Do (-, w)Vju=opc € L2(0, T3 L™ () for all r < 5245 (4.35)

Proof. From (4.34) and the partial converse to the dominated convergence theorem, up to a subsequence u, — u
almost everywhere on Q x (0, T). Let (n;);ey be a sequence in R with n; — 0" as i — oo and such that for every
i € N, meas({|u] = n;}) = 0 (existence of such a sequence is guaranteed by Lemma A.1). On the set {|u,| > 7;} we
have

D, (x,u,)Ve, - Ve, > min(d), d;)uni| Ve, |.
Since (D¢ (-, u,)Ve, - Vc,)e=0 is bounded in L1(0, T; L1(2)) (see (3.11)), it follows that
(L{ju,|>n}VCe)e=0 is bounded in L*(0, T; L?(22)¢) for all i € N.

After performing a diagonal extraction upon the index i, we infer the existence of x;, € L2(0, T; Lz(Q)d) such that,
up to a subsequence not depending on i,

Lju, >} Ve, = xn weakly in L2(0, T; L2(Q)9). (4.36)

The hypotheses of Definition 2.1 are therefore satisfied and so ¢ has a {|u| > 0}-gradient.
To prove (4.35), we begin by using the same splitting trick as in our previous work [9, Section 4.3] by writing

i 71De 0 Ve, = DY) (L 1 DY u) Ve, ) (437)

and applying Lemma B.4 once to each term in the right-hand side product. By (4.34) with a = ¢ = 1 and the estimate
(3.4) on Dé/2, Lemma B.3 yields

D!/2(-,u,) - DY2(,w) strongly in L%(0, T; L?(2)4*9). (4.38)

Since (Dé/z(-, u,)Vc,)e~0 is bounded in L2(0, T; L2(£2)%) (see (3.11)), the weak convergence (4.36) enables us to
apply Lemma B.4 withr; =rp =sp =sp =2 and a = b = 2, to w, = components of Di/2(~, u,) and v, = components
of 1y, |>n;} Vc,. This gives

Lju, 1201 D: 2 up) Ve, = D2 (ow gy, =Dy/? (. W Vijupsy ¢ weakly in L2(0, T3 L2 (@)9).

This weak convergence and (4.38) enable us to re-use Lemma B.4 with w, = components of Dé/ 2(-, u.) and v, =
components of 1{|ug|>m}D;/2('7 u,)Vc,. Owing to the decomposition (4.37), the bound (3.13) then shows that, for any

2d
F'<i2q-1>

Lju, =) De () Ve, = Do(, u) Vg piye  weakly in L2(0, T; L7 (2)%). (4.39)
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In particular, this shows that

”DO(" u)v{|u|>m}c|| LQ(O,T;L’(Q)d) = ”1{\u|>17,~}Do('7 u)v{|u\>0}cu LZ(O,T;L’(Q)”’) = C3-

Now 1{ju|>y;} = 1{ju)>0} almost-everywhere as i — oo, so by the Fatou lemma (applied twice),

T T
2 . 2
/||Do(-,u(~,t))V{\u|>0}c(~,t)| Lrgyd 9t 5flg_lglogf||1uu|>m}1)o(wu(vt))V{\u|>0}C('vf)| Lr(eye At
0 0
T
.. 2
=< hzrgggf/‘ ”1{\u|>)7,'}DO('a u(" t))v{‘ll|>0}c('a I)‘ Lr(Q)d dr =< C3‘ d
0

Lemma 4.9. Assume (2.1) and for ¢ > 0 let (p,,u,,c,) be a solution-by-approximation to (3.6). Assume that
(4.7)—(4.9) hold along a subsequence. Then along the same subsequence,

D, (-, u,)Ve, = Do (-, 0)Viu=0jc  weakly in L*(0, T; L™ (Q)9) for all r < 574 (4.40)

Proof. Let ¢ € L2(0, T; L” (Q)%) and i € N. Write

T
f/Dg(x,us(x,t))Vca(x,t)~l//(x,t)dxdt
0 Q

T
://1{|us|>,,i}De(x,u€(x,t))ch(x,t)~1ﬁ(x,t)dxdt
0

Q

T
+f/1{|u£|5,7i}Dg(x,ug(x,t))Vcs(x,t)'llf(x,t)dxdt
0 Q
=T, 8)+T»(,e), (4.41)

and

T
//Do(x,u(x,t))v{‘ubo}c(x,t) -Y(x,t)dxdr
0

Q

T
=//1{|u\>n,-}Do(x,u(x,f))V{|u|>0}C(X,t)"P(X,f)dde
0 Q

T
+//1{0<\u|§n,-}Do(x,U(X,l))V{|u|>0}C(x,f)"lf(xyl)dXdl
0 @

=L1()+ Lo(i). (4.42)

Using (4.39) we obtain lim,_,¢ 71 (i, €) = L1(i). For T»(i, ¢), use the estimate (3.11) on Dé/z(-, u,) Ve, and the esti-

mate (3.4) on D;/ 2 to obtain
T
|T2(i,e)|5//1{,u5|§,,i}|D;/2(x,ug(x,r))vCS(x,t)-D;/2(x,u5(x,t))w(x,r)|dxdr
0 Q

&

< D¢ uve

[0 DY, )9

L20,T;L2(@)%) L2(0,T;L2()%)
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—-1/2
< C1¢x / (¢ + max(d, dz)’?i)l/z ||¢||L2(0,T;L2(Q)d) .
This shows that

lim limsup 7> (i, &) = 0.
=70 ¢—0

For L»(i), use (4.35) and write
T
[L2(i)] f//1{0<|u\§m}|Do(xvu)v{lu\>0}c'¢|dXdl
0 Q

=< ||Do(o, u)V{|u|>0}c” L2(0,T;L" (2)9) H 1{0<|u\§m}7/f || LZ(O,T;L’/ (@)
< Cs [Nocpizn ¥ | 20 71 @yey = 0 asi = oo

Then

T T
‘//Dg(x,us(x,t))ch(x,t)~w(x,t)dxdt—//Do(x,u(x,t))V{|u|>0}c(x,t)-1/l(x,t)dxdt
0 Q 0 Q

=T, &) + Ta(i, &) — (L1() + L2(D))]
=T, &) — L1 + T2, )| + [L2()].

Then taking (in this order) the limit superior as ¢ — 0 and the limit as i — oo, we conclude that as ¢ — 0
T T
[ [peauovein penaca— [ Do) Vioewn v, o
0 Q 0 Q

The proof of Theorem 2.2 is now easy to complete. Equation (4.10), Corollary 4.7 and Lemma 4.9 enable us to
take the limit of (3.6f), thus proving (2.2f). To prove the last two parts of (2.2a), that is, ¢ € L*°(0, T’; L! (22, v)) and
0 <c(x,t) <1 for v-almost-every x € Q and for almost-every ¢ € (0, T'), follow exactly the same argument as that
employed by Fabrie—Gallouét [11, Lemma 5.1].

Remark 4.2. Note that we can use exactly the same method as in Lemmas 4.8 and 4.9 to show that
D!/2(-,u,)Ve, — DY2(-, u)Viju=0)c weakly in L?(0, T; L*(22)%), and

u, - Ve, = u - Vjjy>o0yc weakly in L2(0,T; L"()) forall r < %.

The latter is particularly relevant in the nonconservative formulation of (1.1b), in which a term of that form appears.
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Appendix A. Properties of the concentration gradient
The results in this appendix attest to the consistency of Definition 2.1. Lemmas A.1 and A.2 give the necessary

background for Proposition A.3, which makes precise the dependence of the {v > 0}-gradient (Definition 2.1) on the
sequences necessary to define it.
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Lemma A.1. Let (2, X, i) be a o -finite measure space and f : Q2 — R be measurable. For almost every k € R,

n{f =k} =0. (A.D)

Proof. We use the Fubini—Tonelli theorem to measure the graph G = {(x, f(x)) : x € Q} of f in Q x R. Denote by XA
the Lebesgue measure on R. For a given k € R, the slice G of G at k in the first directionis Gy = {x € Q2 : f(x) =k}.
For a fixed x € €, the slice G* of G at x in the second direction is G* = { f(x)}. By Fubini—Tonelli, we therefore
have

/M({x €Q: f(x)=khdrk) =/k({f(X)})dM(X)-

R Q

Since A({f(x)}) = 0 for all x € €2, this shows that leL({x € Q: f(x) =k})dr(k) =0 and the conclusion fol-
lows. O

Lemma A.2. Let (2, X, ) be a o-finite measure space and for every € > 0 let f, : @ — R be measurable. Suppose
there is a measurable function f :Q — R such that f. — f almost-everywhere as ¢ — 0. Then for every k € R
satisfying (A.1),

1{f8>k} — 1{f>k} a.e.ase— 0.
Proof. Take k such that A ={x € 2 : f(x) =k} is null, and let B be the null set {x € Q : fo(x) A~ f(x)}. If x ¢

A U B we have either f(x) > k or f(x) < k. In each respective case, for ¢ sufficiently small, f;(x) > k (respectively
fe(x) <k)and thus 1{sopy =1{y5p. O

Proposition A.3. Let f,v € L>(0, T; L>(Q)) be such that f has a {v > 0}-gradient in the sense of Definition 2.1.
Then

(1) The {v > 0}-gradient is independent of the choice of sequence (1;)ieN-
(i) Vsnyf=0o0n{v=<n;}
(iii) The {v > 0}-gradient is independent of the choice of sequence (V¢)g=0.

Proof. Fix the sequences (f:)e>0, (Ve)e>0 in Definition 2.1 and let (n;);en and (¢;)ien be two sequences of real
numbers such that for every i € N,

meas({v = 7;}) = meas({v = ;}) =0.

Let xy;, xg € L%(0,T; LZ(Q)d) be such that as ¢ — 0,
Ly,=n1Vfe = xn weakly in L2(0, T; L2(Q)%), and
1w, >3V fe = x;  weakly in L%0,T; L*(Q)%).

It suffices to show that for any i € N, x;, = x; on {v > n;} N {v > ¢;}. Without loss of generality, assume that n; > ¢;
sothat {v > n;} N{v > ¢} ={v > n;}. We have

Lo >ny Ve = Loesni ey V fe- (A2)

Thanks to Lemma A.2, as € — 0,

L=y Ve = Xn, weakly in L2(0, T; L*()%),
T, >y = Lwsn a.e.on 2 x (0,7), and (A3)
L.=c) Ve = Xz weakly in L2(0, T; L*()%).

Passing to the weak limit in L%(0, T; L>(£2)?) on (A.2) shows that on {v > n;}, Xni = Xg In L2(0, T; L%(2)4), which
proves (i).
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For (ii), we have

L, > Ve = V=i f weakly in L2(0, T; L*(2)%), and (A4)
L, =0t = L=} in L2(0, T; L*(2)).
Then
L, =01V fe = Lo Lwe =0y Ve = L= Vi=ni) f in D'(Q x (0, T)). (A.5)

Comparing (A.4) and (A.5), we see that Viysp,} f = Liysy;} Viusn;) f In D' (2 % (0, T)), which shows that Vi, f =0
on {v < n;}.

For (iii), fix the sequence (f:)e~0 and let (vy)s=0 and (v¢).~0 be two sequences in L2(0, T; L*(2)) such that as
e > 0, v; = v and v, — v, both almost-everywhere © x (0, T). Let ; > 0 be such that meas({v = n;}) =0 and
suppose that there are functions x;,, X, € L%(0, T; L*(£2)?) such that, as ¢ — 0,

Ljy,=nVfe = xy weakly in L2(0, T; L2(2)%), and
Lig>nyVfe =X, weaklyin L2(0, T; L2(Q)%).
Observe that by Lemma A.2,
Mvesny — Yoesm) Ve = Yoo <ny Qo =0y V fe) — Lve<ny M0y V fe)
— Ly X — Lo} X, Weakly in L2(0, T; L2(Q)7) as € — 0.

By (ii), the last term vanishes, which shows that x,. = Xni in L%(0, T LZ(Q)d). O
Appendix B. Convergence lemmas

A similar result to the following appeared in Kazhikhov [15] with stronger assumptions. Here we give a proof of
this “compensated compactness” lemma by following the ideas in the proof of Droniou—Eymard [8, Theorem 5.4].

Theorem B.1. For ¢ € C°(Q2) and y € LY(€2 x (0, 7)), define F;,// e L'(0,T) by F;,// (1) = fQ y(x, )Y (x)dx. Let
a,p e (1,00) and (as)s=0 and (B:)s=0 be sequences such that

(ae)e=0 is bounded in LP (0, T; WH4()),

ae — o weakly in L (0, T; L*(2)),

Be — B weakly in LP' (0, T; L% ()) and

Vi € C2°(Q). (FY)eso is bounded in BV (0, T).
Then up to a subsequence,

aeBe — af in D' (2 x (0, T)).

Proof. Let
T

AW, Z)://W(x,t)Z(x,t)dxdt.
Q

0
We prove that for every ¢ € C2°(2 x (0, T)),

Alaeg, Be) > Alad, B). (B.1)

In this proof, C denotes a generic constant that does not depend on ¢.



J. Droniou, K.S. Talbot / Ann. 1. H. Poincaré — AN 35 (2018) 1-25 23

Step 1: reduction to tensorial functions.
Consider a covering (C,f)gzl m of Q in cubes of length §. For g € L? (Rd), define

.....

Rsg = Z(meas(ce)/g(ﬂdx)lca,

where 1 denotes the characteristic function. In what follows, take g € WJ’”(Q). Using Jensen’s inequality, a linear
change of variable, and a standard inequality for functions in W(}’a(Q) (extended by 0 outside €2),

1Rsg = gllLe@ =€ sup lgl+2) = glles) = Collgllyrag,
z€(—4,9)

The sequence of functions (z¢).~0 is bounded in L? (0, T'; Wol’“ (£2)), the zero boundary condition coming from the
support of ¢. Hence

| Rs (@) — (@)l Lr(0.7:L2(2)) < C8.

By the weak convergence of (o¢)¢~0, this estimate also holds with «, replaced by «. Using the boundedness of (8:)¢=0
in L? (0, T; L* (2)) and the Holder inequality,

|Aeed, Be) — Alag, B)| < C6 + | A(Rs (e ), Be) — A(Rs (), B)I. (B.2)
For a fixed §, assume that we can prove that
A(Rs(ae), Be) = A(Rs(ag), B) ase— 0. (B.3)

Then taking the limit superior as ¢ — 0 and then the limit as § — 0 of (B.2) would show that (B.1) holds.
Step 2: reduction to smooth functions.
By construction of Rs, we have

M
Rs(@ed)(x,0) =) Ece(lep(x),  with &ei(1) =

=1

(C‘S) /ag(x o (x,t)dx.

Hence by the bilinearity of A, (B.3) follows if we can establish that
A ®1cp, Pe) > A ® 12, ) ase — 0, (B.4)

where

Ee(t)— )/a(x N (x,1)dx.

<65
Let ¥y € C°(2). Using the bounds on (c;)¢~0 and (B¢)e~0 we have

A(Es,l & lC? ’ 138) - A(Es,é ® 1,07 ,35)

=i -

L4(Q)

where C may depend on £ and §, but not on €. A similar estimate holds with & and g instead of & ; and B,. Since
||1C2§ — Y|l a(@) can be made arbitrarily small by an appropriate choice of yr, we see that (B.4) holds provided that,

for any ¥ € C°(Q2),
-A(sg,é Y, Be) — -A(EZ ®Y,B) ase—0.

Step 3: conclusion.
We have

Aeeew v = [Eorf o
0
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The weak convergence of (8;).~0 ensures that Fgﬁ — F;f in D’(0, T). Since (Fﬁwg)»o is bounded in BV (0, T), this

convergence also holds in Lp/(O, T). On the other side, the weak convergence of («¢)¢~0 shows that & , — &, weakly
in L?(0, T). Hence as € — 0,

T T
Aeeewv.po = [Erf i - [e0F Od=AEoy.p. ©
0 0

Lemma B.2. Let E be a Banach space, T > 0, and (f)meN be a bounded sequence in LY0,T; E). Then for almost
everyt € (0, T), there exists a subsequence (fi, )keN such that ( f, (t))ken is bounded in E.

Proof. Let Z be the set of ¢ € (0, T') such that no subsequence exists along which || f; (¢)|| g is bounded. Then for
every t € Z, || fn(t)||p = oc. Using Fatou’s lemma and denoting by M a bound of ( f;;;)men in LY(0,T; E) gives

meas(Z) x (00) = /lirgioréfllfm(t)llE dr

V4
T T
< /liminfllfm(t)llg dr < nminf/ | fu®ll de < M.
m—0Q m—00
0 0

This shows that meas(Z) =0. O
The following two lemmas are proved in [9].

Lemma B.3. Let Q be a bounded subset of R, d € N, and for ¢ > 0 let Hy : Q@ x R — R be a Carathéodory function
such that

o there exist positive constants Cyg, y such that for a.e. x € Q,
|He(x,8) < Cro(1+ §") V& €RY, Ve > 0;
e there is a Carathéodory function H : Q x R? — R such that for a.e. x € Q,

H:(x,-)— H(x,-) uniformly on compact sets as ¢ — Q.

If p, g € [max(1, ), 00) and (ug)e=0 C LP(0, T; L1(Q)%) is a sequence with uy — u in LP(0, T; L4(Q)%) as ¢ — 0,
then He(-,ug) — H(-,u) in LP/Y (0, T; LYY (Q)) as ¢ — 0.

Lemma B.4. Let Q2 be a bounded, open subset ofRd and fore >0, let w, : Q2 x (0, T) > Randv, : 2x(0,T) > R
be such that as € — 0,

we — w  strongly in L' (0, T; L1 (2)), and
ve = v weaklyin L™(0, T; L*2(2)),

where ry, 1y, 81,82 > 1 are such that 1/r1 + 1/rp <1 and 1/s1+ 1/s2 < 1. Suppose also that the sequence (WgVg)e>0
is bounded in L°(0, T; L?(S2)), where a, b € (1, 00). Then wyve — wv weakly in L%(0, T; L?(2)).
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