Available online at www.sciencedirect.com

ANNALES

° ° DE L'INSTITUT
ScienceDirect HENRI

CrossMark POINCARE

» S, ANALYSE
NON LINFAIRE

ELSEVIER Ann. L. H. Poincaré — AN 35 (2018) 161-186

www.elsevier.com/locate/anihpc

3-D axisymmetric subsonic flows with nonzero swirl for the
compressible Euler—Poisson system

Myoungjean Bae ", Shangkun Weng °

& Department of Mathematics, POSTECH, Pohang, Gyungbuk, 37673, Republic of Korea
b Korea Institute for Advanced Study, 85 Hoegiro, Dongdaemun-gu, Seoul 02455, Republic of Korea
¢ School of Mathematics and Statistics, Wuhan University, Wuhan, Hubei Province 430072, China

Received 24 May 2016; received in revised form 9 December 2016; accepted 24 March 2017
Available online 28 March 2017

Abstract

We address the structural stability of 3-D axisymmetric subsonic flows with nonzero swirl for the steady compressible Euler—
Poisson system in a cylinder supplemented with non-small boundary data. A special Helmholtz decomposition of the velocity field
is introduced for 3-D axisymmetric flow with a nonzero swirl (= angular momentum density) component. With the newly intro-
duced decomposition, a quasilinear elliptic system of second order is derived from the elliptic modes in Euler—Poisson system for
subsonic flows. Due to the nonzero swirl, the main difficulties lie in the solvability of a singular elliptic equation which concerns
the angular component of the vorticity in its cylindrical representation, and in analysis of streamlines near the axis r = 0.
© 2017 Elsevier Masson SAS. All rights reserved.
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1. Introduction and main results

The steady Euler—Poisson system

div (pu) =0,

div (pu®u+ pl,) =pVo,
div (p€u+ pu) = pu - VO,
Ax® =p —b(x),

(1.1)
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is a hydrodynamical model of semiconductor devices or plasmas, describing local behaviors of the electron density
p, the macroscopic particle velocity u, and the total energy £ = [u|?/2 + ¢, where e is the internal energy. The first
equation, which is also called as the continuity equation, expresses the conservation of electrons, the second equations
express the conservation of momentum, where pV® is the Coulomb force of electron particles. The third equation
expresses the conservation of energy, and the last Poisson equation expresses the local change of the electric potential
® due to the volumetric charge density. The function b(x) > 0 is the prescribed density of fixed, positively charged
background ions. Physically, by solving the Euler—Poisson equations in predetermined macroscopic device region
with the relevant boundary conditions, we get the electric distribution or electric current in any proper cross sections.
To close the system (1.1), we introduce the equation of state

p=p(p,e)=(y — Dpe, (1.2)

where y > 1 is called the adiabatic constant. In terms of the entropy S, one also has

S
p(p,S) = Aexp (—) o7, (1.3)
Cy
where A and ¢, are positive constants. For more details about the physical background of the semiconductor device
or models, one may refer to [25-27].

Define Bernoulli’s function B by
Juf? p_lu? Ay (S

B=— —=— e 1.4
2 +e+p 2 +y—lexP cv>p (14

Then, the system (1.1) can be rewritten as

div (pu) =0,

div (pu®@u+ pl,) =pV,
div (puBB) = pu- Vo,

Ax® = p — b(x).

(1.5)

The system (1.5) is a hyperbolic—elliptic coupled system, and behaves quite differently in subsonic states (ju| <
V0, p(p, S)) and supersonic states (Ju| > /9, p(p, S)), respectively. The goal of this work is to prove the structural
stability of three dimensional axially symmetric subsonic flows with nonzero swirl (=nonzero angular momentum)
to the system (1.5) in a circular cylinder of finite length without assumptions of small momentum or small flow speed.
The existence and the uniqueness of subsonic flows to Euler—Poisson system were proved in [1,3-6,10,11,26,29,31].
In [10,11], the unique existence of subsonic flows for Euler—Poisson system is proved for small data. Subsonic flows
with small current flux were studied in [1,3,26,31]. The structural stability of subsonic flows for multidimensional
potential flow and two dimensional flow with nonzero vorticity was proved in [4-6], where no smallness of data was
assumed. In [29], the unique existence of three dimensional subsonic flows with nonzero vorticity was proved. It
used the Bernoulli’s law to provide a new formulation of Euler—Poisson equations by reducing the dimension of the
velocity, this idea is originally from [28]. Although the method in [29] works for the 3-D non-isentropic Euler—Poisson
system, there are some smallness requirements on the background solutions.

The new feature of this work is that we construct three dimensional subsonic flows with nonzero vorticity, and
that no smallness of data is required. In [4], it is found that a special structure of potential flow model of Euler—
Poisson system yields the structural stability of multidimensional subsonic solutions without assumption of smallness
of data. This result is extended to the case of two dimensional flow with nonzero vorticity through a two dimensional
Helmholtz decomposition u = V¢ + V14 in [5]. In this paper, we introduce a Helmholtz decomposition for three
dimensional subsonic flows in the form of

u= Ve +curlV with V=he, + ey,

where ¢, h, ¢ are functions of (x, r) for r =, /x% + x32. With using this decomposition, we investigate axisymmetric
subsonic flows with nonzero vorticity. In particular, the function i concerns the swirl (= angular momentum den-
sity). There are many other studies of axially symmetric smooth subsonic solutions to the steady compressible Euler
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equations [2,12,21,30]. To our best knowledge, all the previous studies on the steady axially symmetric flows mostly
concern the case of zero swirl component. We expect not only the result of this work contributes to understand a
stabilizing or in-stabilizing effect of vorticity to three dimensional subsonic flows of Euler—Poisson system, but also
the new Helmholtz decomposition introduced in this work may open a new approach to investigate multidimensional
transonic shock solutions to Euler—Poisson system or even transonic shock solutions to Euler system, which were
previously studied in [7-9,13-15,20,21,23,24] and in the references therein.

In the cylindrical coordinates (x, r, ) satisfying

(x1,x2,x3) = (x,rcosf,rsinb),
for x = (x1, x2, x3) € R?, any function f(x) can be represented as f(x) = f(x,r,8), and a vector-valued function
u(x) can be represented as u(x) = u, (x,r,0)ex +u,(x,r,0) e, +ug(x,r,0)ey, where

e, =(1,0,0), e-=(0,cos0,sinb), eg=(0,—sinh,cosb).

We say that a function f(x) is axially symmetric if its value is independent of 6 and that a vector-valued function
h = (hy, h,, ho) is axially symmetric if each of functions &, (x), h,(x) and hy(x) is axially symmetric.
Assume that the smooth solution (p, u, S, ®) is axially symmetric, i.e.

px)=px,r), Sx)=Skx,r), Px) =&(,r),
u(X)Zux(x,r)ex+ur(xar)er+”9(x’r)e(-?’
then (1.5) can be simplified as

PUr
Ox (puy) + 0y (ou,) + , =0,

P(Ux0x + updp )y + 0 p = p0x P,
2
ou
TQ +0,p=p0, P,
purug

Py Ox + urdr)uy — (1.6)

0 (U 0x + ur0; ) g + =0,

p(ux0y +ur0,)S =0,
AD=p—b,

Hereafter we assume that the function b is axially symmetric. Define

A(x,r):=rug(x,r).
A(x,r) represents the angular momentum density, and it is derived from (1.6) that
p(Ux0x +u,0,)A =0. (L.7)

Fix a constant by > 0. We first compute one dimensional solutions (o, u, p, ®) of (1.5) in N with b = by, up =
uz =&, =0, =0, p >0, and u; > 0. Set E := ®,,. Then (1.5) is reduced to the following ODE system for
(p,u1, S, E)

(pup)' =0,

S’ =0,

B =E (1.8)
E/ =p— bOa

where ' denotes the derivative with respect to x1. Then pu; = Jy and S = Sy for constants Jy > 0 and Sy > 0 to be
determined by the entrance data. Therefore we can further reduce (1.8) to the following ODE system for (p, E):

/ pE

p = -
yAexp(f—g)pV*I_:
E'=p —by.

For a detailed information on various types of solutions to (1.9), one can refer to [23]. In this paper, we are particularly
interested in subsonic solutions.

3

|ON

(1.9)

[N
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(@)
3

Fig. 1. (1) E2 — H(pg) <0, (2) SEZ —H(po)=0. (3) YEZ — H(pp) > 0.

2
‘/0

T
Proposition 1.1. Fix by > 0. Given constants Jy > 0, So > 0, pg > p. := ( ) and E, there exist positive

yAexp(:0)
constants L, pg, pﬁ, and v such that the initial value problem (1.9) with

(0, EY(0) = (po, Eo) (1.10)
has a unique smooth solution (p(x), E(x)) on the interval [0, L] satisfying

S 73
pe<p;=p=p’ and yAexp(—“)pV—l——‘;zvo on [0,L]. (L11)
c P

v

Proof. For fixed constants by > 0, Jo > 0 So > 0, po(> pc) and Eo, let (p, E) be C! solution to (1.9) with initial
condition (1.10). Since the right-hand sides of (1.9) are smooth near (pg, Ep), the initial value problem (1.9)—(1.10)
admits a unique C! solution (p, E) on I, := [0, gg] for some small gy > 0.

Note that (1.9) is a Hamiltonian system in the sense that if (p, E) is a C'-solution to (1.9)—(1.10), then it satisfies

1 1
S E? = H(p) =2 Ej — H(po) (1.12)
for H(p) given by
[Fi—b S, J2
H(p) :/ 0 (yAexp(—())ty_l — —g) dt. (1.13)
t Cy t

pe
By using (1.12), we can draw p E-phase plane (see Fig. 1). Two cases need to be considered separately: (i) by < pc,
(ii) bg > pc. In this proof, we only consider the case of

bo < pe,
as the case of by > p. can be treated similarly.

(Case 1) Assume that Eg > 0. Due to the condition of bg < p., if Eg > 0 then E > 0 and p > pg hold while the
solution (p, E) exists. Solve (1.12) for E, and substitute the result into the first equation in (1.1) to get

/ p\/Z(H(p) — H(po)) + E§ | .
p'= _. . |
yAexp(f—S)l)y—l _ /J)_ri q1(p)

Set Q1(p) := /ﬁ) q1(0) do, then (1.14) can be rewritten as %Q1 (p) =1 so that p(x) is given as a solution to

Q1(p(x))=x foreachx >0.
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It can be directly checked from (1.13) that H'(p) > 0 whenever p > p, and that
So v y 1
H(p)=yAexp| — | p ( %)) + 0(-).
Cy p

Therefore, one can find constants p, € (pg, 00) and C > 1 so that if p > p,, then g1 (p) satisfies

Y
¥2

Y _
<qi(p) <Cp272,

which yields that

finite if 1<y <2 (1.15)

I -
Jim, Q1(p) {oo it y>2.

Therefore, if y > 2, then the initial value problem (1.9)—(1.10) admits the unique solution (p, E) on [0, +00), and if
1 < y < 2, then it admits the unique solution on a finite interval [0, L,) for

L,= lim Qi(p).
p—>00

Due to (1.13) and (1.14), L is given depending on (Jy, So, ¥, po, Eo)- If po > p¢, then Q1(p) increases for p > p,
thus the solution p(x) of (1.14) is given by the implicit relation

Q1(p)=x with p(0)=

(Case 2) Assume that Ey < 0. This case is divided into two cases again: (i) %Eé — H(pg) <0, (ii) %E% — H(pg) = 0.

If lE 2_H (po) < 0, then there exists a unique ppmin > P such that H (pmin) = H (o) — %E% and p > pPmin While

'Omln

2
the solution (p, E) exists. Moreover, pnin satisfies yAexp( ) r=l_ plzo > 89 > 0 for some 6y > 0. While E <0

min
holds, o decreases, and this implies that o’ > %llEOl. This means that there exists L. > 0 such that the initial value

problem (1.9)—(1.10) admits the unique solution (p, E) on [0, L] and (p, E)(L) = (pmin,0). For x > L, E(x) > 0
holds so that we are back to case 1.

Finally, assume that %Eé — H(pp) > 0. Let E, be a solution to

1 2 1 2
EE*ZEEO_H(p0)+H(pc)s E,<0.

Note that H(p.) = 0 by (1.13). In this case, C! solution to (1.9)—(1.10) satisfies E < 0, and the solution with satis-
fying p > p, ceases to exist when (p, E) reaches to (p., E). Fix a small constant o € (0, %). By modifying the
argument of (case 1), we obtain that if (p, E) solves (1.9)—(1.10) then

0

X = / q1(t)dt

px)

for gq1 given by (1.14). Since p decreases in this case, for each o € (0, @), we have

2
/7¢+IJ() yAexp( )ty b Jo dt Ao Ao
< / q1(1) dt = x| p=pe+o E/cn(t)dt < 4o00.
pcto Pc

0ol Eol
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Under the assumption of by < p., we conclude the following:

(i) If Eg>0and 1 < y <2, then there exists L, < +oc such that (1.9)—(1.10) admits a unique C' solution (p, E)

satisfying (1.11) on the interval [0, L,) so that L can be chosen as L = L, — ¢ for any small ¢ > 0. Furthermore,
p tends to co as x — L,—.

(i) If Eg >0 and y > 2, then (1.9)—(1.10) admits a unique C! solution (p, E) satisfying (1.11) on [0, L) for any
L > 0. Furthermore, p tends to 0o as x — o0.

(i) If Eg <O, %Eé — H(pp) <0and I <y <2, statement (i) holds.

(iv) If Eg <0, $E2 — H(po) <0 and y > 2, statement (ii) holds.

(v) If Eg <0Oand %Eé — H(po) > 0, there exists L. < +oo such that (1.9)—(1.10) admits a unique C' solution (p, E)
satisfying (1.11) on the interval [0, L.) so that L can be chosen as L = L. — ¢ for any small ¢ > 0. Furthermore,
ptendsto p. asx — L.—. O

For fixed Eositive constants (bg, Jo, So, po) with pg > p., and a fixed constant Eg (which is not necessarily posi-
tive), let (p, E) be the unique smooth solution to the initial value problem of (1.9) and (1.10) on the interval [0, L].
We fix a three dimensional axially symmetric nozzle of the length L by

Ni={x=(x1,x,x)eR:0<x <L, x%+x§ <1}
The entrance Ty, exit I';, and the wall ", of the nozzle N are defined as
Lo = {0} x {(x2,x3) 1y +x3 < 1), Tz ={L} x {(x2,x3) 13 +x3 < 1),
Ty = (0, L) x {(x2, x3) 1 x5 +x3 =1},
And, we set uj := % and u = (i1, 0,0). We define ®o(x) and ¢p(x) by
X1 X1
d>0(x):/E(t)dt and (po(x)zfﬁl(t)dt for x = (x1,x2,x3) € N. (1.16)
0 0

We call U := (p,u, Sy, ©g) the background solution to (1.5) in N associated with the entrance data (by, Jy, So, po,
Ey). For the background solution, set

I; YA So -1
By:i= 2 + ex (—) r 1.17
T Ty =17 )P (1.17)

The goal of this work is to construct three dimensional solutions with nonzero swirl by perturbing background
solutions.

Before we state the main result, some weighted Holder norms are first introduced: For a bounded connected open
set 2 CR”, let I" be a closed portion of 2. For x,y € €, set

Ox :=inf |x —z| and &y :=min(dy, dy).
zel

Given k e R, o € (0, 1), and m € ZT, define the standard Holder norms by

|DAu(x) — DPu(y)|

lullme:= Y sup|DPu(l, [ulma:= Y  sup 5
0<|Bl<m xeQ W=mx,ye$2,x;éy [x =yl

where D# denotes Bfll -~-8)€f for a multi-index g = (B1,---, By) with B; € Z and |B| = 3 j_, B;. And, define
weighted Holder norms by

k,I" k,0
lulion = > supsy PO phyx)),
0<|8l<m *€<
kr |DPu(x) — DPu(y)|
[Wlagi= D sup  Srettd :

_v|o
\Bl=m X,yEQ, XAy |X }’|
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. k'), (k,I") (k,I")
Nl = Nl + Dnlmaeee Nl o= el 0 % + 10,
C Zi?) (£2) denotes the completion of the set of all smooth functions whose || - ||£,l: ’ Dl: )Q norms are finite.

Problem 1.2 (Main problem). Given functions (b, Sen, Ben, Ven, ®od. Pex), find a solution (p,u, S, ®) € [C'(N) N
C'W)P x [C! N)NcC 2(]\/ )] to the nonlinear system (1.6) with the following boundary conditions

(S, B, A)(0, x2, x3) = (Sen, Bens rven)(r) on I'p, (1.18)
u-e =0 on [y, (1.19)
D(x,r) = Dpy(r) on[pUTly, (1.20)
u-ny, =0p, ®=0 on Iy, (1.21)
p(L,x2,x3) = pex(r)  on I, (1.22)

where n,, is the unit normal vector field on I'y, with being oriented interior to N

Remark 1.3. For simplicity, we prescribe the Dirichlet boundary condition for @ on I'g U I'y, as in (1.20). A physical
condition such as 9, ® = E,;, on I'g can be also considered by a simple adjustment of the argument in this paper.

Remark 1.4. If an axisymmetric vector field V = V,(x,r)e, + V,(x,r)e, + Vo(x,r)eg is C! in R3, then it must
satisfy V- (x, 0) = Vp(x, 0) = 0. From this point of view, we prescribe a compatibility conditions for v, as follows:

Ven (0) = 0. (1.23)

Theorem 1.5.Let U = (p,u, So, ®g) be the background solution in N associated with the entrance data
(bo, Jo, So, po, Eo). Assume that v, satisfies (1.23), and that ®p4 satisfies the compatibility condition
on, Ppa =0, on (ToUT)NTy. (1.24)

Given functions (b, Sen, Bens Vens Pbd, Pex) (), set

w1(b) == [|b = bolla,nN

@2(Sen, Ben, Ven) = |[(Sen, Ben) — (So, BO)||l,a,F0 + ||Uerz||l,a,Foa (1.25)
—1—a,d(Toul’ —a,dT
@3(Ppd. Pex) = |Ppa — Polly o rooirs * )+l pex — pLI o ¥,
and set

0 1= w1(D) + @2(Sen> Ben, Ven) + @3(Ppa, pex)
for pr, = p(p(L), So). Then there exists a constant o1 > 0 depending only on (y, by, Jo, So, po, Eo, L, @) so that if
o <oy, (1.26)

then Problem 1.2 has an axially symmetric solution (p,u, S, ®) satisfying

~ (=, Ty —1—a, Ty
(o, w) = (3. DTN + 1S = Sollan + 19 — @oll§ 7 < Co, (1.27)

for the constant C depending only on (y, by, Jo, So, po, Eo, L, ).
Regarding (Sen, Ben — Ppa, ven) as functions of r € [0, 1], let us set w4(Sen, Ben, Ven, Ppa) as
@4(Sen, Ben, Vens Pbd) := [ (Sens Ben — Pods ven) — (S0, Bo, 0) [l c2. (10, 1)- (1.28)
Then, there exists a constant o» > 0 depending only on (y, by, Jo, So, po, Eo, L, @) such that if
0 + 04(Sen, Ben, Ven, Poa) < 02, (1.29)

then the axially symmetric solution (p,u, S, ®) with satisfying (1.27) is unique.
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Remark 1.6. Since it is assumed in (1.25) that the axisymmetric functions (Sey, Ben, Ven, ®@pd, pex)(r) are C! in Ty,
the compatibility conditions

0y (Sens Ben, Vens Poa, Dex)(0) =0

are naturally imposed.

Unless otherwise specified, we say that a constant C is chosen depending only on the data if C is chosen depending
only on (y, bo, Jo, So, po, Eo, L).

In extending the results from [5] to three dimensional cases, the main difficulty is how to find a plausible Helmholtz
decomposition of the velocity field. Fortunately, in the axisymmetric setting, the decomposition u = Vg + curl V(x)
with V(x) = h(x,r)e, + ¥ (x, r)eg works. With using this representation, (1.5) is decomposed as a weakly coupled
system of second order elliptic equations for (¢, ®, ¥), and transport equations for (S, B, A) for A = rd,h. In this
reformulation, two new difficulties arise. As we shall see in the next section, the equation for i contains a singular
coefficient which blows up to infinity at r = 0. Secondly, due to nonzero swirl, a careful analysis of streamlines is
required near the axis » = 0 in order to solve the three transport equations (S, 3, A).

The rest of the paper is organized as follows. In §2, we introduce a Helmholtz decomposition for axisymmet-
ric velocity fields, then reformulate the Euler—Poisson equations into a quasilinear second order elliptic system for
(¢, @, ¥), and three transport equations for the hyperbolic quantities (S, B, A). In §3, the unique solvability of a
boundary value problem with a linearized elliptic system is discussed. We also prove the unique existence of C! so-
lutions to transport equations. Finally, we implement an iteration to prove Theorem 1.5, the main result of this work,
in §4.

2. Helmholtz decomposition for axisymmetric flow of nonzero swirl

Assume that (o, uy, u,, ug, S, ®) € (C1(N))> x C*(N) is a solution to (1.6) with satisfying p > 0 and u, > 0 in
N'. We define a pseudo-Bernoulli’s function K by

K:=B-a. 2.1)

Then one can directly check that (1.6) is equivalent to the following system:

Ox (puy) + 0r(pu,) + LB =0,

T
2
P(Ux0x + updp)uy — 24 +9,p=p0, P,

7

p(uydx +ur0,)A =0,

(2.2)
P (Uydy +u,0,)K =0,
p(uxdy +u,9,)S =0,
Ad=p—b.
As in [5], we introduce a new representation of the velocity field u. For
VX)) =h(x,r)e, +¥(x,r)eg, p(x) =p(x,r),
set
u(x) = Ve(x) 4 curl V(x) (2.3)
Suppose that he,, ¥eg and ¢ are C? in /. Then a straightforward computation yields
u(x) = <}3r(r1/f) + 3x<0>ex + (=0 + 9rp)er + dxh(x, r)eg, (2.4)

from which we derive that

1 A
Uy = ;3r(r1ﬂ) +0x@, U =—0;¥+0¢, ug= 7 = 0xh. (2.5)
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Remark 2.1. The representation (2.4) is well defined in A up to the axis r = 0if u, = uy = 0 on r = 0. Hereafter, any
continuous vector field W = W,e, + W,e,. + Wyey represented in the cylindrical coordinates is considered to satisfy
W, = Wy = 0 on the axis {r = 0}.

Hereafter we denote the velocity field as

u=q(r, ¢y, Dy, Dy, A), (2.6)

for D = (9y, 9,) where q = (qx, gr, qo) is given by the righthand sides of (2.5).
The vorticity field @(x) = curl u(x) = w,e, + w,e, + wgey is given by

1
wx(x,r)=;3r(rue), wp(x,1r) = —0xug, wo(x,r)=20xuy — OylUy.

For r > 0, we have

divV(x) = %8r(rh), AV(x) = A(he,) + A(Yeg) = <A — riz)her + (A — %)I/Ieg.

Substituting the representations into curl u(x) = curl curl V(x) = VdivV(x) — AV(x), we obtain that

—A(Wef)) = wyey. (27)
And, from (2.1), (2.2) and (2.5), it follows that

wy = Oxlty — OpUy = i[(uxax + up0p)uy — 3r%|ll|2 + ugorugl

_ 1 A (2.8)
for
A S
T(p,S)= —exp(—)py‘l.
c(y —1 Cy

Remark 2.2. Note that if yeg is C? in N, and if wy = 0 on r = 0, the equation (2.7) is well defined.
Since ¢ is assumed to depend only on (x,r) in the cylindrical coordinates, if lim,_ o(A — riz)w(x,r) =

lim, 0+ (1//xx + %8r rv) — rlzt//) (x,r) =0, then the equation —A(Yep) = wgeg can be simply written as

1
—<A—r—2>1ﬁ(x,r)=w9(x,r). 2.9)
The main challenge of this work is to find a solution v to (2.9) with satisfying
1 1 1
lim (A — =)¢(x,r) = lim <Wxx + =0 (r,) — —2w> (x,r)=0 forall xel0,L] (2.10)
r—0+ r r—0+ r r

provided that the compatibility condition stated in Remark 1.6 holds. If the existence of such a solution  is proved,
then ¥ (x, r)eg solves the vector equation (2.7). Details are discussed in Proposition 3.3.

It follows from (1.4) and (2.1) that

1
p=H(S.K+®—3lq(r.v. DV, Dy, M), @2.11)
where
1
H(E 1) = I:uexp <— E)} T 2.12)
vA Cy

Using (2.8) and (2.9), it can be directly checked that (2.2) is equivalent to the following system:



170 M. Bae, S. Weng / Ann. I. H. Poincaré — AN 35 (2018) 161-186

div (H(S, K+®-— %|q(r, v, DYy, Do, A)|2)q(r, v, Dy, Do, A)) =0, (2.13)

AD=H(S, K+ D — %|q(r, v, Dy, D(p,A)|2)—b, (2.14)
A

_AGpeg) = T(p, S;s:i;)a:caipr_zarl\eg, 2.15)

p_(}ar(mm 4 axw) e + (<0 + 3r0)d, | S =0, (2.16)

p_Ga,(rw)Jrax(p)ax+(—axw+ar<p)ar_iczo, @17

p_(%ar(rwwaxw)ax+<—axw+arw>ar_A=o. 2.18)

Next, we derive the corresponding boundary conditions for (¢, ) from (1.18), (1.21) and (1.22). If ¢ = k; for
some constant k1 and ¥, = 0 on I'g, then u given by (2.4) satisfies (1.18) on I'g. Also, if ¢ = k for some constant k;
and dp,¢ =0 on I'y, then (1.21) holds. So we prescribe:

¢ =0, on I, On, 9 =0 on Iy, (2.19)

—0, ¥ (0,r)=0 on Iy and ¥ =0 on I,. (2.20)
At the exit 'y, of nozzle N, we fix a boundary condition for ¥ as

oY (L,r)=0 on I'p. (2.21)
We also require

Y(x,0)=0, Vxel0,L] (2.22)

so that u(x) given by (2.4) satisfies a necessary condition to be a C! axisymmetric vector field in A. See Remark 1.4.
We collect the boundary conditions for (¢, ¥, @, S, K, A) as follows

=0 on Tp and 0Oy,¢=0 on Iy, (2.23)

d=0y; on YUIL, 0p,®=0 on Iy, (2.24)

0x¥(0,r)=0 on Ty, ohY(L,r)=0 on Iy, and Y =0 on Iy, (2.25)

(S, K, A) = (Sen, Ken, rven) on T, (2.26)
S 1

AeXp(—)HV <Salc+q)_ E'q(rv vawv D(va)'z) Zpex on FL' (227)
Cy

Theorem 1.5 will directly follow from the following theorem.

Theorem 2.3. Let o > 0 be defined by (1.25) in Theorem 1.5. Under the same assumptions as Theorem 1.5, there
exists a constant 03 > 0 depending only on the data and o so that if

o <o03, (2.28)
then the boundary value problem (2.13)—(2.18) with (2.22)—(2.27) has an axially symmetric solution (¢, ¥, ®, S, K, A)
satisfying

1. @) — (0. P15 o 1" + 1V esl2an + (5. K. A) = (So. Bo., O)ll1,0.7 < Co, (2.29)

for constant C > 0 depending only on the data and o.
Moreover, there exists a constant o4 > 0 depending only on the data and a such that if

0 + 04(Sens Bens Ven, Ppa) < 04, (2.30)
then the axially symmetric solution (¢, ¥, ®, S, IC, A) with satisfying (2.29) is unique.
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3. Linear boundary value problem associated with (2.13)—(2.18)
3.1. Linearization of (2.13)—(2.18)

To prove Theorem 2.3, we first investigate the unique solvability of a linear boundary value problem associated
with the nonlinear boundary value problem of (2.13)—(2.18) and (2.22)—(2.27). For (¢, n,z) € R3, v=(vi,v2,Vv3),s=
(51, 52,83) € R3, define A = (A1, Az, A3) and B by

Aj(¢,n,z,v,8) = B(,n,2,V,8)V; for j=1,2,3,
B(C,n,z,v,S)=H(C,n+ - %IV+S|2>-

Set Ko = By for By given by (1.17), and denote Vo = (Sg, Ko, @, D¢y, 0). Set

ajj(x) =0y;Ai(Vo), bi(x)=0:A;(Vo) ci(x)=09y;B(Vo), d(x)=203:B(Vo) (3.1)

fori, j =1,2,3. Note that a;;, b;, ¢;, d are functions of x only because V( depends only on x € [0, L].
Lemma 3.1. The coefficients a;;, b;, c;, d defined by (3.1) satisfy the following properties:
(a) The matrix a;j ()c)]l.3 =1 is diagonal and a>>(x) = az3(x) in N, and there exists a constant vy > 0 satisfying

3 1
vz < [aij(x)]i,jzl < v—113 forall xeN, (3.2)

where the constant vi depends only on the data.
(b) Foreachi=1,2,3, we have

b1(x)+c1(x) =0, bjx)=cj(x)=0 forj=2,3 in N. (3.3)
(c) Foreachk € 7., there exists a constant Cy > O depending only on the data and k such that
3
Z laiillk & + (b1l N + letllen) + Idllkn =< Ci. (3.4

i=1

(d) There exists a constant vy > 0 depending only on the data such that

dx)>v, in N. (3.5)

Lemma 2.17 has been proved in [5] so we skip to prove it. But we remark that (3.3) in Lemma 2.17 is essential for
obtaining the well-posedness of the linearized elliptic system (3.8) stated below.
For q(r, ¥, DY, Dp, A) defined by (2.6), set

t(r, ¥, DY, A) :=q(r, ¥, DY, Do, A) — V.
For later use, we further represent t(r, 1, Dy, A) as
tir, ¥, DY, A) =ti(r, ¥, DY) + ta(r, A)

for

1 A
t(r v, DY) = 0r(r)ex — dyver, @, A) = —ey. (3.6)

Then (2.13) and (2.14) can be written as

div (A(S, IC, @, Do, t(r, ¥, Dy, A))) = —div (B(S, IC, , Do, t(r, ¥, D, A)))t(r, ¥, Dy, A)),
AD = B(S, K, ®, Do, t(r, ¥, Dy, A)) — b.

For (&g, ¢p) given by (1.16), set
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(W, ¢) := (P — o, ¢ — o).
Set Ky := By, and denote

U=W,0,%), W:=(SK A, Wo=(5,K0,0), Wen:=(Sen, Ken,7Ven).
Then (W, ¢) satisfy the equations

Ll (\Ij7 ¢) = le F(X’ W - WO? \119 D¢7 t(r’ wv Dwv A))5
LZ(“I’» ¢) = fl (Xv W - WO7 \II7 D(p, t(rv W7 DW; A))v
where L1, Ly, F = (Fy, F», F3) and f] are defined as follows:

Li(W,¢) =320, 0 (aii (X)) + 0, (b1 (1) V),
Ly(W, §) = AW — ¢1(x)0, ¢ — d(x) W,

and

1
Fi(x,0) = —B(Vo+ Q)s; — / D@y pp.9)Ai (Vo +1Q)drt - (11,12, 8)
0

1
— / D ywAi(Vo+1Q) — D(Z,q)A,‘(V())dl -(z,v), 1=1,2,3,
0

1

fitx, Q) = / Digyns.s) BOVO +10)d1 - (1, m2.'8) — (b — bo)
0

1
+/ D vyB(Vo+1Q) — D;vyB(Vo)dt - (z,V)
0

with Q = (1, 1m2,2,V,8) € R3 x (R3)2. We subtract the expression

S 1
Aexp(—O)HV (So, Ko+ ®9 — §|D¢o|2> =p, on I

Cy

from (1.22) to get
op(L,r)=gr, W —Wy, D¢, t(r,y, Dy, A)) on TI'p
with g defined by
K =Ko+ Weq — 51Dp +t(r, ¥, DY, A)|?

1
8(r,K =Ko, D¢, t(r, ¥, DY, A)) = oY)+ PO

=1 yorsl ¥
2 e 2) 7 ()
- (v — Di(L)
for Wpy = ®pg — Pg. From (1.20) and (2.19), we can derive the boundary conditions for ¥ and ¢:

¢=0 on Ty, On, =0 on T,
V=V,; on TI'gUIly, o, ¥=0 on TIy.

Since W is a constant vector, (2.15) can be rewritten as

—A(peg) = o (X, W=Wo, ¥, Do, t(r, ¥, DY, A), 3, (VW — Wp)) €9

3.7)

(3.8)

(3.9)

(3.10)

@3.11)

(3.12)

(3.13)
(3.14)

(3.15)
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for f, defined by
T(B(Vo+ @), So + n1)d-(S — So) — 8- (K — Ko) + r%é%(/\ — Ao)

X, 0,0, (W —-Wy)) = 3.16
fa(x, Q, 9r( 0)) PR pra——— (3.16)
By introducing the vector field
M(S, K, W, Vo, t(r, ¥, DY, A))
1
= H(S.K + @0+ W = 2|Voo + Vo + 1. . DY, A)P) (Voo + Vo + 1 (¥, DY, A)) a.17)
1 1
=H(S, K+ Qo+ V¥ — 5IVe +tr . Dy, A)|2)|:(8x§0 + ;ar(VW))ex + (0rp — 3x1ﬂ)er],
we can rewrite the transport equations (2.16)—(2.18) in the form of
M-VW=0, in N, (3.18)
W@, r) =Wen(r), on [.
Here M = M, e, + M,e, satisfies
Ox(rMy) +0,(rM,) =0 V(x,r)eQ2=1[0,L] x[0,1], M,(x,0)=M,(x,1)=0. (3.19)

Therefore (3.18) can be regarded as transport equations in a two dimensional rectangular domain with the divergence-
free vector field rM.

3.2. Linearized elliptic system for (¥, ¢)

Suppose that F = (Fy, F2, F3)(x,r) € [C(L_O;’I*w)(-/\/')]:;, F1(x,r) € C¥(N) and g(r) € C(l’_o(;’arL)(FL). Consider
the linear system

L\(V, ¢) = divF

N (3.20)
Ly(W,¢) =0
with boundary conditions
¢=0 on Ty, 0On,¢=0 on I'y, oo=g(r) on I (3.21)
U=V, on TpUTIy, on, V=0 on T (3.22)

Lemma 3.2. Suppose that F = (Fi, F2. F3)(x.r) € (C[% 1 (M), B1(x,r) € C*(N) and o(r) € C%, 4 | (TL)
for a € (0, 1). If, in addition, Wpq satisfies the compatibility condition

O, Wpa =0 on (ToUTL)NTy, (3.23)

then the_linear boundary value problem (3.20)—(3.22) has a unique axially symmetric solution (¢, V) = (¢, ¥)(x,r) €
(CH*(N) N CH4(NY))2. Moreover, (¢, W) satisfy the estimate
1@, Wl1aeN < Crlglle.r, + 1Wealltan + 1 Flan + 1E1 e,
—l1—a,Ty —a, 0T —1—a,Ty —a,Ty
1@, WIS ™ < Crlligl &2 + 1Wpally 2™+ 1F I + 181l

where C1 > 0 depends only on the data and a.

(3.24)

Proof. The well-posedness of (3.20)—(3.22) and the estimate (3.24) have been proved in [4, Proposition 4.1]. So we
only prove the axi-symmetric property of the unique solution (¢, ¥) to (3.20)—(3.22).
For any 6 € [0, 27r), define

fe(x) = f(x1,x2c086 — x3sin6, x sinf + x3cosh).

Since a»y = a3z and 832 + 8)%3 is invariant under the rotation group, we have
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Li(¥?, ¢?) = divF(x1, x2 cos@ — x3sin6, xp sinf + x3 cos ) = divF(x),
Lo(W?, %) =1 (x1, x2cos0 — x38in6, xp sinf + x3 cos @) = [ (x),

where we have used the axially symmetric properties of F and [j. Therefore (¢?, W?) is also a solution to
(3.20)—(3.22). By the uniqueness of a solution, we conclude that (¢9, vy = (¢, V), therefore ¢ and W are axially
symmetric. O

3.3. Elliptic equation for  with a singular coefficient

We consider the following boundary value problem for a vector field V : N — R3:

—AV="[0(x,r)ey in N,
V=0 on I'guUTIy, (3.25)
V=0 on I,.

If Frep is C* in NV, then the standard elliptic theory ([16]) yields that (3.25) has a unique solution V : N — R3 which
satisfies the estimate

IVIl2,a.n = Clif2€g o, A7

for a constant C > 0 depending only on L and «. Note that the continuity of F,(x, )eg in N naturally implies that the
function [, (x, r) satisfies the compatibility condition

f>(x,00=0, VxelO0,L]. (3.26)
As discussed in Remark 2.1, we will show that the unique solution V to (3.25) has the form of
V=1y(x,r)ey, (3.27)

where ¥ solves

_<3xx + %8,(r8r) - %2) ¥ =F(x,r) in N,

—0;¥(0,r)=0 on T,

V=0 on T (3.28)
dxr =0 on Iy,

v=0 on N N{r=0}

in the following sense:

(i) Asafunction of (x, r) in a two dimensional rectangle 2 = (0, L) x (0, 1), ¢ is C 2 in Q, and satisfies the equation
and all the boundary conditions of (3.28) pointwisely;

(ii) As a function of x € N, ¥ is not necessarily Cc? up to » =0, but it is a solution to (3.28) in distribution sense,
where we write as (A — r%)iﬂ = 0ux + 18, (rd,) — rlz v

(iii) As a vector field in NV, ey is a classical solution to (3.25).
Proposition 3.3. For a fixed a € (0, 1), suppose that a vector field Fy(x,r)eg : N — R3 is C* in N. Note that the

compatibility condition (3.20) is naturally imposed. Then the linear boundary value problem (3.25) has a unique
solution V : N' — R3 which satisfies the estimate (3.27). Furthermore, V is represented as

Vx) =y (x,r)eg in N, (3.29)
where r solves (3.28) in the sense of (i)—(iii) stated above. Furthermore, \ satisfies the estimate
1¥12.0.2 < C2llf2lla, N (3.30)

for a constant Co > 0 depending only on the data and o, where r is regarded as a function defined in the two
dimensional rectangle 2 = [0, L] x [0, 1]. Note that V is well defined by (3.29) due to the condition ¥ (x,0) =0 for
all x € [0, L].
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Proof. We prove this proposition in two methods.

(Method I) 1. In order to represent V in the form of (3.29), we need to find a solution ¥ to (3.28).
The main idea to solve (3.28) is to rewrite it as a boundary value problem in R’ so that the singular term r% is

removed from the equation for 1. This idea has been used extensively in the study of Navier—Stokes equations, see
[18,22].

Set

E(x.r) = ‘”(’;’r), Fler) = _L(’;”).

We regard £ and f as functions defined in

(3.31)

D:=(0,L) x {y eR*: |y/| <1} C R,

where y = (x, 7, ) € R x RT x §3 represent cylindrical coordinates in R>. By the compatibility condition (3.26), we
have

|f(x, )] < [Baler ™12, (3.32)
Define
F(x,y) =0, F(x,r)y2, F(x,r)y3, F(x,r)ys, F(x,r)ys), V(x,y)eD,

with

r

F(x,r)= ;—4/s3f(x,s)ds,

0
so that f(x,r) =divyF(x, y’) for V(x, y') € D. By using (3.32), one can directly check that F € C* (D) and
IFll, 5 = Clif2ll, 7 (3.33)
A formal computation shows that ¥ solves (3.28) if & solves

Ay€ =divyF(x,y) in D,

~0x6(0,y) =0 on  By:={0} x {y eR*: |y | <1}, (3.34)
§(x,y)=0 on By, :=[0,L]x {y": |y =1}, :
(L, y) =0 on Bp:={L}x{y eR*:|y| <1}.

(3.34) has a unique weak solution § € H (D), and the weak solution satisfies
1§ 111.0.0 < ClIFlle,D < Cll02la.A- (3.35)

The estimate (3.35) is obtained by adjusting Theorem 3.13 of [17]. As in Lemma 3.2, we can prove that £ is axially
symmetric (i.e. £(y) = &(x, |y’|)) by using the special orthogonal group S04 and the uniqueness of a weak solution
to (3.34). Due to the uniqueness of a weak solution to (3.34), £ is axially symmetric i.e. £(y) =& (x, r).

For each constant § € (0, 1), define Ds = {y € D : r > §}. Since f is C* in D away from r = 0, the standard
Schauder estimate ([16]) yields a constant Cs > 0 depending on (8, «) to satisfy

1612005 =< Csllflla, Dy < Csllf2lla - (3.36)

Therefore v = r& satisfies all the boundary conditions in (3.28) and the equation —(A — riz)xp = Fa(x,r) in
N\ {r =0} in the classical sense.

2. Next, we show that ¥ is C? with respect to (x, r) especially up to r = 0. Regarding v as a function of two
variables (x, r) € Q for Q =[0, L] x [0, 1], ¥ solves the following two dimensional linear boundary value problem:

@2+ )y =—3,¢—F <= —(}a, — r%)w - ﬁz) ., in intQ=(0,L) x (0, 1),

—0,v(0,r) =0, ¥ (L, r)=0 vr [0, 1],
Y(x,00=vx,1)=0 Vx € [0, L].

(3.37)
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Since —d,& — [, is C* in 2 due to (3.35), it follows from the maximum principle and Hopf’s lemma that the boundary
value problem (3.37) has a unique classical solution. Furthermore, the standard Schauder estimate indicates that the
classical solution, which is ¥/, is Cc2e up to the boundary of 2. Then we obtain from (3.35) that v satisfies the estimate
(3.30). Note that (3.30) does not mean that ¥ as a function in N is Cc? up to r = 0. In fact, i is not necessarily C%in
N up to r = 0. In the next step, we show that v satisfies (2.10), and that the vector field ey is C2in N uptor =0
so that Remark 2.2 implies that V = yreg is the unique C? solution to (3.25).

3. In this step, ¥ is regarded as a function of the cylindrical coordinates in A. By L’Hospital’s rule, we have

_ 2 _
(1 i)w: . Varlfz Vo TRV Y =8y 1

-9 = -3y (x,0),
" r—0+ r—0+ 2r 2 rW(x )

lim

r—0+ \r r?

taking the limit r — 0+ to the equation — <8xx + %3, (ro,) — :—2) Y = (x, r), we obtain that

—rgl& %aﬁw(x, r)=Fa(x,0) 4829 (x,0)=0 forall x €[0, L],

where the second equality is obtained from (3.26) and the condition ¥ (x, 0) = 0 on [0, L]. This indicates that
32y (x,0)=0.

Then a straight forward computation with using 8,21//(x, 0) = 0 shows that the vector field V = vreg is C? in N with
DiV(x,0,00=0 for k=0,1,2.

By the uniqueness of a C? solution to (3.25), we finally conclude that (3.27) holds.

(Method II) As another approach to prove the proposition, we modify the arguments used in Lemma 2.2 of [19].

1. Let V = Vi(X)e; + Va(x)es + V3(x)e3 be a C? solution to (3.25). Here, each e; for j =1,2,3 denotes the
unit vector in the positive direction of x j-axis for x = (x1,x2,x3) € N. Since e, -e; =0, we have AV, =0 in N,
9y, Vi=00nToUI'L,and Vi =0o0n I'y. And, this implies that V; =0 in N. So it suffices to consider the cylindrical
representation of the vector field Ve, + Vae; in V.

Let T be a one dimensional torus with period 2. As functions of (x, r, 8) € [0, L] x [0, 1] x T(=: Dcy1), we define
Uy(x,r,0):=V-e, = Vo(x,rcos6,rsinf)cost + V3(x,rcosd, rsind) sinf
Up(x,r,0):=V-eg=—Va(x,rcos6,rsinf)sinf + V3(x,rcosd, rsinf)coso.

By the boundary conditions for V in (3.25), (U,, Up) satisfy
oy (U, Up)=0 onTgUTI, Uy, Up) =0 onTy. (3.38)

Due to C>* regularity of V in N, the functions U,, U, and Uy are C>® with respect to the cylindrical variables
(x,r,0) in Dy, and there exists a constant C depending only on (L, ) such that

I(Ur, Up)l12,0,De0 < ClIVI2,0N (3.39)
Furthermore, U, U, and Uy satisfy

1
LU, Ug) == <a§ + 07 + 10, + 507 — r%)U, — 209Uy =0,

| in  int Dey. (3.40)
LUy, Ug) := (33 + 0P+ 10, + 507 — r%)ue + 20U, = —ha(x, 1),

The left-hand sides of the expressions in (3.40) are well-defined for r > 0, and are well defined up to r = 0 by
continuation with taking the limits as r tends to 0+. In taking the limits, note that the fact of ,(x, 0) is also essential.

2. For each n € N, define functions U/, Ue" by

2" —1 2"—1
2wk

1 2nk .
U'(x,r0) ::2—n ZUr(x,r,G—l— o ) , Ujx,r0) ::2—n ZUg(x,r,B—i—z—n) in Dyl
k=0 k=0

Each (U}, U)) satisfies the following properties:
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(i) Since the coefficient of each differential operator is independent of 6, it follows from (3.40) that (U}, Uy') satisfy

(‘C(l:yl’ ‘CEYI)(U:!’ Uén)(x’ r,0)=(0,—F(x,r)) in Dcyl;
(i1) (3.39) yields the estimate

U, U 2.0.0e0 < CIVI2,007 (3.41)
(iii) By definition, each (U}, Uy)) satisfies

Ul (x,r,0) = U (x,r,0 + L)

VOo<j<2"—1,n>1. 3.42
Ug(er)—Ue(xr9+27”) =J= = (G.42)

By (3.41) and Arzeld-Ascoli theorem, there exists a sequence {n;} with limy_, oo nx = 0o such that {(U/*, U,*)}
converges to functions (l~]r, U(;) in C%%/ 2(Dcyl)- By properties (i) and (ii), (U,, 09) satisfy

LY LY, Ug)(x.7.0) = (0, ~B2(x.7))  in Dey, (3.43)
and

2w j
21k

(0,,09)(x,r,9)=(0r,09)< 7, ) VO<j<2™ —1, Vk> 1.

Since (U,, U@) are continuous in 6 € T, we conclude that Urg(x r,0)= Urg(x r,0 4+ 2km) forany 0 <k < 1, i.e.,
Ur, Ug are independent of 6. Then the system (3.43) for (Ur, Ug) is decomposed into two separate elliptic equations:

1 1\ ~ -~
(8)% +0F + ~0r = r—z)(Ur, Ug)(x,r) = (0, =[2(x,r)) in Deyi. (3.44)

3. To simplify notation, set ¥ (x,r) := 09 (x,r) for (x,r) € [0, L] x [0, 1]. Define a vector field W : Dy — R3
by

W(x,r,0)=v(x,r)eg.

Note that i satisfies the estimate ||y ||2.qa, Dey = < C|IVll2.a.N by (3.41). By (3.44), ¥ (x, r) can be represented as

1
Y, r)=r (a,% +97 + —ar) ¥ r) + 20, r)
r
for each r > 0, and the representation is well defined up to r = 0 by taking limit r — 04-. Furthermore, we obtain that

Y(x,0)=0 forall x €[0, L]. (3.45)

By repeating Step 3 of (Method 1), we obtain from (3.44) and (3.45) that Brzl/f(x, 0) = 0 for all x € [0, L]. This
implies that the vector field W = yreg is in fact CZ in A as a vector field of three dimensional Euclidean coordinates.
Furthermore, W solves (3.25). By the uniqueness of a solution to (3.25), we conclude that

V=W inN. O

Remark 3.4. For ¢ in Proposition 3.3, the vector field t; (r, ¥, D) : N' — R> given by (3.6) is a C! axisymmetric
vector field. Furthermore, there exists a constant C > 0 depending only on (L, ) such that

It ¥, DY)l an = CllY 2,02 (3.46)
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3.4. Transport equation with a div-free vector field

Finally, we need to solve a linearized version of the problem (3.18). We regard (3.18) as a problem defined in a two
dimensional rectangular domain 2 = [0, L] x [0, 1].

Proposition 3.5. Suppose that a vector field M(x,r) = (Mx(x,r), M, (x,r)) satisfies

O(rMy) +0,(rM,) =0 V(x,r)eQ2=[0,L] x[0,1], M;(x,0)=M,(x,1) =0, (3.47)
and that M satisfies the estimate
Ml =" < Ko (3.48)

for a constant Ky > 0. In addition, assume that there exists a constant v* > 0 satisfying

M, >v* in Q. (3.49)
Then there exists a constant €y > 0 small depending on (Ko, L) such that if M, satisfies
—a,{r=1
M &= < e (3.50)

then the problem
My 0y + M, 0, ) W(x,r)=0 in 2, W=W,, on T,=02N{x=0} (3.51)
has a unique solution W € C"*(Q) satisfying

”W”l,a,Q =< C*”Wennl,a,ren, (3.52)

where the constant C* depends only on (L, v*, Ky, €9, ).

Proof. Set

-
w(x,r) ::/sMx(x, s)ds in K. (3.53)
0
It follows from (3.47)—(3.49) that w satisfies

o,w =rM, >v*r .
in Q,
oxw(x,r)=—rM,(x,r) (3.54)
oyw=20 on AQL2N{r=0,1},
and

l—afr=1
iy, o= < cko (3.55)

where the constant C depending only on L.

Since d,w(x,0) = d,w(x,1) = 0, we have w(x,0) = w(0,0) and w(x,1) = w(0,1). Also J,w(x,r) =
rM,(x,r) > v*r, then w(x, r) is strictly increasing in r € [0, 1] for each fixed x € [0, L]. This implies that for each
x € [0, L], the closed interval [w(x, 0), w(x, 1)] is simply fixed as [w(0, 0), w(0, 1)]. Therefore, one can uniquely
define a function ¥ : Q — [0, 1] to satisfy

wx,r)=w(,?). (3.56)
Set G(r) := w(0, r). Since G : [0, 1] = [w(0, 0), w(0, 1)] is invertible, the function ¥ is represented as
dx,r) =G ow(x,r). (3.57)

For such a function 9, W given by
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W, r) =Wen (0 (x, 1)) (3.58)
solves (3.51) provided that ¥ is C!in Q. It follows from (3.54) and (3.56) that

D 3 _M ’ M I
Disry® (e, 1) = Cerw(x,r) _ r(=M,, My)(x,r) (3.59)
w0, (x,r)) I, r)M,0,0(x,r))
unless 9 (x, r) = 0. By the method of characteristics, ¥ (x, r) is represented as
X
M,
v(x,r)—r= —/ (—)(s, k(s;x,r))ds, (3.60)
M
0
where (s, k(s; x, r)) solves
ilc(s; X,r)= M, (s,k(s;x,r)) forO<s<x
ds My - (3.61)

Kk(x;x,r)=r.

for each (x,r) € [0, L] x [0, 1]. Note that ¥ (x,r) = «(0; x,r). By (3.60), one can choose €y > 0 small depending
only on (Ko, L) so thatif r > %, then ¥ (x,r) > 41_1 holds, and this implies that

19 11,0,00,L1x11/2,1] < ClIM|l¢, 02 (3.62)
To achieve C1¢ estimate of ¥ (x, r) on [0, L] x [0, 1/2], we differentiate (3.61) with respect to (x, ) to get
g k(s;x,r)=29 (M>(s K(s;x,7))0xk(s;x,7)
dS X k) ) r Mx ) k) ) X ) £ )

i i (530, 7) = ar(%;>(s, (532, 1)K (53 %, 7), (3.63)

(Bxk, Bp6) (x5 x, 1) = (— <%—)(x r), 1).

Then we apply Gronwall’s inequality to obtain that

19 111,0,0,L1x[0,1/2] < ClIIM|l ¢, 2. (3.64)

Finally (3.52) is obtained from combining (3.62) and (3.64) with (3.58). The uniqueness of a solution can be directly
checked by the method of characteristics. O

Remark 3.6. By (3.47) and (3.58), we have

RW(x,0) =W, (9 (x,0))d,9 (x,0) =W, (0)3,9(x,0).

This implies that if W, (0) = 0, then 9,V (x, 0) = 0 for all x € [0, L]. Therefore W is a C I axisymmetric function
in V. From this we conclude that if W,, satisfies the compatibility condition W, (0) = 0, then the problem (3.18)
with the vector field M = M,e, + M, e, satisfying (3.19) has a unique c! axisymmetric solution W € C Le(N) with
satisfying the estimate

W] La N = Cc* Wenl| 1,0, AN N{x=0}>

for the constant C* > 0 depending only on (L, v*, Ko, €9, @).
4. Proof of the main theorems

In this section, we first prove Theorem 2.3, then prove Theorem 1.5.
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4.1. Proof of Theorem 2.3

4.1.1. Step I: Iteration sets
Fix x € (0, 1).
(i) Iteration set for (S, IC, A): For a constant §; > 0 to be determined later, we define
P1) = 7Dpot(fgl) X Pyort(81) 4.1)
for
Poot(81) = {n = (S, K)(x,r) € [C"**(N)I* 1 [|(S = S0. K — Ko) 10, < 81},
Poort(81) :={A =rV(x,r) € C'*PN) : [Vl1a2 <81, V(x,0) =0 forall x € [0, L]}.
(ii) Iteration set for (W, ¢, ¥): For two constants 8, §3 > 0 to be determined later, we define
Z(82,683) := Ipot(CSZ) X Lyort(83) 4.2)
for
Toot(82) 1= {(W. §)(x. 1) € [CT° gy NP WIS 38T + 118115, ) < 82l
Zeont(83) := (¥ (x,7) € C** () : ¥ I, < 83, ¥ (x,0) = (x,0) =0 forall x € [0, L]}.

By an argument similar to Remark 3.4, the following lemma is obtained.

Lemma 4.1. For each (A, ) € Pyort(81) X Zyort(83), let t1 (r, Y, DY) and ta(r, A) be given by (3.6). Then there exists
a constant C > 0 depending only on (L, o) such that

Iti(r, ¥, DY) 1o N = ClIY 200, 10207, Mll1eN = ClIAl«N-

A direct computation with using Lemma 4.1 yields the following result.

Lemma 4.2. For each (1, A) € P(61) and (Y, ¢, ) € L(82, 83), let (F, f1)(x, Q), g(r, K — Ko, D@, t(r, ¥, Dir, A))
and fo(x, Q, 9,1, 9, A) be given by (3.9), (3.10), (3.12) and (3.16), respectively, with Q = (9 —n¢, ¥V, D¢, t(r, ¥, DY,
A)) for ng = (So, Ko). Then there exists a constant &1 > 0 small depending only on the data so that if §1 + 82+ 83 < €1,
then we have

IFII &0 < C @1+ 63+ 82).
1 fillenr < CB1+ 83+ w1 (D) +8),

(—a,0TL) 2 4.3)
gl o1, = C@1+ 83+ w3(Ppa, pex) +67),
I 2llen < Cé1

for w1(b) and w3 (Dpg, pex) given by (1.25), where the estimate constant C depends only on the data and «. In
addition, f; satisfies the compatibility condition

for(x,00=0 forallx €[0,L].

Fix (3, A) € P(81). For each j = 1,2, let FU), fl('/), g and fz('j) be defined as above for the fixed (y, A), and for
a fixed (\I—’(j), ¢>(j), I/I(j)) € Z(872, 83). There exists a constant &3 € (0, e1] depending only on the data and o so that if
81 + 82 + 83 < &3, then we have

1 2
R P e e D el

4.4)
<C (I =¥ @lhag + 61 +8+8) 100, 60) = @2, )] 4 ),
—a, [y 1 2 —a,0l
IFD —FO @0 111 = APl + 180 — @ N2 ws)

=C (I =¥ @ laae+ 61+ 8+l WD,00) - (W@, @)L ),



M. Bae, S. Weng / Ann. 1. H. Poincaré — AN 35 (2018) 161-186 181

and

1 2 —1—a,Ty
15" = £ e < COAYD = ¥ @ + 1D, 60 — (@ @) e (4.6)

for a constant C > 0 depending only on the data and «.

For a fixed (p*, A*) € P(8;), set

0" =" —ng, VU, Vo, t(r, ¥, Dy, A™))
we first solve the following nonlinear boundary value problem for (¥, ¢, ¥):

Li(¥, ¢) =divF(x, 0%)

in N, 4.7)
La(¥, ¢) = fi(x, Q%)

—A(Yeg) = fo(x, 0, 8,(n*, A"))ey in N 4.8)
with boundary conditions (2.20)—(2.22), (3.13), (1.25) and

dep = g(r, K* — Ko, Vo, t(r, ¥, DY, A*)) on T. 4.9)

4.1.2. Step 2: Well-posedness of the nonlinear boundary value problem for (¥, ¢, V)

Lemma 4.3. Let w1 (D), @3(Sen, Bens Ven), @3(Ppa, pex) and o be given by (1.25). Then, there exists a constant o5 > 0
depending on the data and o so that if

o <os, (4.10)
then the boundary value problem (4.7)—(4.8) with boundary conditions (2.20)~(2.22), (3.13), (1.25) and (4.9) has a
unique solution (W, ¢, Vreg) € [C(z’_oi_m,rw)(./\/)]2 x C2*(N,R3) with satisfying
_1_ s w —1=¢,lw
WIS+ 18IS + I1Yeslla.an < Co @.11)

where the constant C depends only on the data and «.

Proof. For a fixed (U, q;, 1}) € Z(5,,683), we set

0% := (n* — g, VU, Vo, t(r, ¥, DY, A*)),

and solve the following associated linear boundary value problem

Li(V.¢) =divF(x, 0%)
Lao(V. ¢) = fi(x, 0%) in N,
—A(Veg) = fo(x, 0%, 3, (n*, A*))e (4.12)
oxp = g(r, K* — Ko, Vo, t(r, ¥, DY, A)) on Ty,
with boundary conditions (2.20)—(2.22), (3.13), (3.14).
By (1.25), Lemma 2.14, Proposition 3.3 and Lemma 4.2, the linear boundary value problem (4.12) has a unique
solution (W, ¢, Yey) € [C(zfi —a,rw)(N)]2 x CE* (N, R?) with satisfying the estimates

—1—a, Ty —l—a,Ty
WIS+ 1015 ™ < Cld + 83+ 83 +0),

¥egllsan <Ci81

for a constant C; > 0 depending only on the data and «.
We choose §3 as

4.13)

83 = 2C181. (4.14)
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Under such a choice of §3, if it holds that
) o 1
aa+2002t +6+—) <=, (4.15)
&2 &2 2

then we have (W, ¢, ¥) € Z(82, §3). We define a mapping " A% by
AP, G0 = (W, ¢, %) foreach (U, , ) € Z(82,83).

where (U, ¢, Vey) € C(zle_a Fw)(./\/)]2 x C2*(N,R3) is the unique axisymmetric solution to (4.12). Then 3(1"*’1\*)

maps Z(82, §3) into itself. We regard Z(8, §3) as a compact and convex subset of [Cl")‘/z(ﬁ)]2 X Cz’“/z(ﬁ). Since
3(1"*’[\*) :Z(82,83) — Z(82, 83) is continuous in [C1*/2(N)]? x C>%/%(Q), the Schauder fixed point theorem implies
that 37" has a fixed point (¥, ¢, %) € Z(82, 83).
Let (¥, M,y Dy and (3@, ¢, @) be two fixed points of 37", Then it follows from Lemma 3.2,
Proposition 3.3, Lemma 4.2 and (4.14) that
D = @lwa <C81(1Y D =P laaa + 18D, ¢0) — (W@ ¢@))5 ),

and
I, M) — W@ 5 7
—1—a, Ty
=G (10 = ¥ P lawe + 61+l WD,00) — (@@, @)L ),

for a constant C, > 0 depending only on the data and «. If it holds that

1
(261 < > (4.16)

then we obtain from the previous two estimates that

—1—a,I'y —1—a.I'y
I, 60y — (W@ g5 T < C361 + v D, M) — (WD, g5 3

for a constant C3 > 0 depending only on the data and «. We conclude that the fixed point is unique provided that

1
C3(81 +82) < > 4.17)

We now make choices of §; and §,. For o5 > 0 to be specified later, we choose (51, §2) as
8 10
= m, = —o05 (4.18)
for the constant C; from (4.13). Then, (4.15) holds whenever ¢ € (0, o5]. Finally, we choose o5 as
1 1
20y 2C5 (14 10C; (1 +2C1))
so that (4.16) and (4.17) hold. The proof is completed. O

01

o5 = C3(1 +2C;) min{ 1, (4.19)

4.1.3. Step 3: Existence of a solution to the problem (2.13)—(2.18) with (2.22)—(2.27)

In the proof of Proposition 4.3, we have shown that there exist constants o5 > 0 and C > 0 depending only on
the data and « so that if o < o3, then for each W* = (y*, A*) € P(81), there exists a unique axisymmetric weak
solution (W, ¢, ) € [CZ%_, 1 | (AD? x [C4T(N) N C24(N) N €24 ()] to (4.7)~(4.8) with boundary conditions
(2.20)—(2.22), (3.13), (1.25) and (4.9). For such functions (W, ¢, V), define a vector field

« 1
MV = H(S* K* + ©g + W — 5190~ ¥, DY, Dgo + Do, AHP)la(r, ¥, DY, Dpo + D, A*), (4.20)

for q and H defined by (2.6) and (2.12), respectively. Here, D denotes D = (9, 9,). By (4.11) and (4.18), M = MWV
satisfies (3.47), and the estimate
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MY — Joeu ) 5= < Co +05) (4.21)

for a constant C > 0 depending only on the data and «, where Jy is the momentum density in x-direction of the
background solution. One can reduce o5 from (4.19) depending only on the data and « so that whenever o < o3, it
follows from Proposition 3.5 and Remark 3.6 that the problem (3.18) with M = M"V" has a unique solution W =
(S, K, A) € [CH*(N)]? with satisfying

W = (S0, Kos O) 1.0t < C3P (@2(Sens Bens ven) + @3(®pa), pex) < C o (4.22)

for a constant C (Tl ) >0 depending only on the data and «.
By (2.27) and (3.58), A is represented as

A(-xa V) = Aen(ﬁ(x’ r)) = 19(-xa r)vﬂl(l?(-xa V)),
where ¥ (x, r) is given by (3.57) associated with M = MW" . Set V as

ﬂ(f’r) Ven (0 (x, 1)), for (x,r)€[0,L] x (0,1],
0, for (x,r)e{(x,0):x€][0,L]}.

Vix,r)=

By Lemma 3.5, we have ﬂ(x 0)=0forall x €[0, L] and ¢, ON = C|MWV llo.n7- By using (1.23) and the repre-
()30 + 8,0 L@ — 2 ven®) "we oet lim, o4 3, V(x, 1) = 92(x, 0)1, (0). From this,

sentation 9,V (x,r) = Lv,, -

it can be directly checked that V € C La (), and
2
WVl <CFo (4.23)
for a constant C (Tz) > 0 depending only on the data and «. For the constant C; from (4.13), we choose o € (0, o5] as

1
o =o0s5min {1, . (4.24)
" (14 2¢;) max{Cy), ¢}
It follows from (4.18), (4.22) and (4.23) that if o < o0g, then we have W € P(51).
For each o € (0, 0g], we define an iteration mapping J : P(61) — P(51) by

IW* =W, (4.25)
where W is the solution to the problem (3.18) with M = M"Y’ From using Lemma 4.3 and the facts that P(§1) x
Z(85.83) is compact in [C /2 (NP} x [C12, 2.1y AT x C2/2(R2) and that the problem (3.18) with M = M"V"

has a unique solution for each W* € P(81), we obtain that 7 : P(8;) — P(81) is continuous in [C"*/2(N)]3. Since
P(81) is convex and compact in [C1-2/2(N)]3, we conclude from Schauder fixed point theorem that 7 has a fixed
point W = (S, K, A) € P(81). For such W, let (¥, ¢, ¥) be the unique fixed point of 3}/\} in Z(8;,63). Let us set
(@, ¢) = (Do, o) + (¥, ). Then, (S, K, A, ®, ¢, ¥) solves the problem (2.13)—(2.18) with (2.22)—(2.27) provided
that o < 0.

4.1.4. Step 4: Uniqueness of a solution to the problem (2.13)—(2.18) with (2.22)—(2.27)
For each j =1, 2, set
UD = (@D Dy )y, WD .= (§D ) AWy,
Let UY, W) (j = 1,2) be two solutions to the problem (2.13)—(2.18) with (2.22)—(2.27), and set
der = [[(¥D =D oD — @)1 o x4+ 1D = ¥ Py a0
dicans := W = WP o nr

Assume that wq = w4(Sen, Ben, Ven, <I>;_,,1) given by (1.28) is finite.
Foreach j =1,2,1et FO, £ £ and g() be given by (3.9), (3.10), (3.12) and (3.16) with

Q= ((8Y) 50, KV = Bo), W, Vo t(r, '), Dy V), AV, 9, W),
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It follows from (3.9), (3.10), (3.12), (3.24) and (4.4) that
1@V — @, W™ — W@y, w6
=C (I =¥ @hag+o (10D =@ WO =¥ o5 +dians) ). '

where the constant C depends only on the data and «. In the following estimates, each estimate constant C may vary
from line to line, but it is regarded to be depending only on the data and « unless otherwise specified.
By (3.31) and (3.35), we have

1 2
1 =P hae <ClsY = A7 e 4.27)

and a straightforward calculation with using (2.29) and (3.16) yields
137 = 52 ey = € (0 (et + digans) + 1, WD = WP o, 2). (4.28)
By Lemma 3.5, we have
WD = (Sen @D, Ban(@D) = 03a (0, 99), 9Py (99))), (4.29)
where /) is given by (3.57) associated with the vector field
M) = (pro £ VoD 4 t(r, y D, Dy D, A<j>)) O

with HO) := H(SUW, KD 4+ & + W) — LVgy + Vo) +t(r, y ), Dy D, AD)[2) for H given by (2.12). Then
we get

IWE =W < Colph = 9P la.. (4.30)
Furthermore it can be directly checked from (3.54) and (3.56) that

19D = 9Pl nr < C(det + dirans)- (4.31)
We differentiate (4.29) with respect to r, then apply (3.62), (3.64) and (4.31) to get

”arW(l) - arw(z)”a,Q <C (w4(Sen7 Bens Vens Pva)(del + dirans) + U||ar19(l) — arﬁ(Z) ”a,Q) .
Finally, straightforward computations with using (2.29), (3.59), (3.63) and Gronwall’s inequality yields that

19, @D — 9 lo. < C(der + dirans)- (4.32)

From the estimates (4.26)—(4.32), it is obtained that

(de1 + dirans) < Cs (0 + @4(Sen, Bens Ven, Pba)) (del + dirans) (4.33)

for a constant C, > 0 depending only on the data and «. For og from (4.24), if

. 4
0 + 04(Sen, Ben, Ven, Ppa) < min{og, —-1},
SC*

then (4.33) implies that UDY, WDy = UD, WD) in N. The proof of Theorem 2.3 is completed by choosing o3

and oy as

: 4
03 = 0g, o4 = min{og, f} O
*
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4.2. Proof of Theorem 1.5

Let o3 be from Theorem 2.3. We choose o from (1.26) as

o1 = 03.

Given (b, Sen, Bens Ven, Pbda, Pex)(r) satisfying (1.26) and (1.23), let X = (¢, ¥, ®, S, K, A) be a solution to the
problem (2.13)—(2.18) with boundary conditions (2.22)—(2.27). By Theorem 2.3, such a solution X exists, and it
satisfies the estimate (2.29). We define u and p by (2.4) and (2.11), respectively. Then (p, u, S, ®) solve Problem 1.2.
We particularly emphasize that Remarks 3.4 and 3.6 imply that the vector field u given by (2.4) is a C! axisymmetric
vector field in V. Therefore, (2.29) implies that (o, u, S, ®) satisfy the estimate (1.27). Furthermore, the choice of
o1 = 03(= o0g) ensures that u, :=u-e, > 0 and p > 0 hold in N.

For each j =1, 2, let (,o(j), ulh), p(f), d>(/)) be a solution to Problem 1.2 with satisfying the estimate (1.27). For

each j = 1,2, we write u) as u) = uij )ex 4+ uﬁj ). e + u(gj )ee, and solve the following linear boundary value

problem:

—A@WDeg) = @,u —0,u)ey (4.34)

with the boundary conditions

3y =0 on THUT,, vP=0 on TI,U{(x,00:0<x<L}. (4.35)

By ngosition 3.3, the boundary value problem (4.34)—(4.35) has a unique axisymmetric solution w(j)eg €
cre W, R3). We define functions go(f) and AW by

X
. . 1 , _ .
oV (x,r) =/u§cj)(y, r)— ;Br(rw(])(y, Mdy, AV (x,r)= ru(g])(x, r) inN. (4.36)
0

By using (4.34), one can directly check that

oD, ) =u,(x,r) + 0,y P (x,r) inN.

For each j =1, 2, we also define

sV =, 10g< p(j). ), KU = l|u(/‘)|2 + —)/p(J) _ _ o) inN.
ApW) 2 (y — DpW)

Then each (), ), &) SO W) ALY solves the problem (2.13)—(2.18) with (2.22)—(2.27). Furthermore, it fol-

lows from (1.27) that each (go(j), w(j), oW s ol A(j)) satisfies the estimate (2.29). Finally, we choose o> from

(1.29) as 0y = o4 for o4 from (2.30) so that Theorem 1.5 implies that =V = =@ Hence (o, uD, p( o)) =

(,0(2), u®, p(z), <I><2)) in V. This completes the proof of Theorem 1.5. O
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