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Abstract

The large-time behavior of solutions to the derivative nonlinear Schrodinger equation is established for initial conditions in some
weighted Sobolev spaces under the assumption that the initial conditions do not support solitons. Our approach uses the inverse
scattering setting and the nonlinear steepest descent method of Deift and Zhou as recast by Dieng and McLaughlin.
© 2017 Elsevier Masson SAS. All rights reserved.

Résumé

On établit le comportement au temps long des solutions de I’équation de Schrédinger nonlinéraire avec dérivée dans des espaces
de Sobolev a poids, sous 1’hypothese que les conditions initiales ne supportent pas de solitons. Notre approche utilise I’inverse
scattering et la méthode de la plus grande pente (“steepest descent’) nonlinéaire de Deift et Zhou revisitée par Dieng et McLaughlin.
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1. Introduction

This paper is devoted to the large-time asymptotic behavior of solutions to the Derivative Nonlinear Schrédinger
Equation (DNLS)

iug +ucy =ie(ul’u)y xeR (1.1)

where ¢ = £1. It follows our recent work [ 1] (referred to hereafter as Paper I) where we established global existence
of solutions for initial conditions in weighted Sobolev spaces satisfying some additional spectral constraints. To make
these assumptions more precise, let us first fix ¢ = 1 (since solutions of (1.1) with & = 1 are mapped to solutions

of (1.1) with e = —1 by u +— u(—x,1)). It is convenient to consider a gauge-equivalent form of (1.1). Under the
transformation
X
qgx,t)=u(x,t)exp | —ie / lu(y, 0)?dy |, (1.2)
—00

solutions of (1.1) are mapped into solutions of

) . 9o 1
lCIt+CIxx+ZCIZQX+E|CI|4q=O‘ (1.3)

This equation is sometimes referred to as the Gerjikov—Ivanov equation [2].

It is well-known since the seminal article of Kaup and Newell [3] that the DNLS equation is solvable by the inverse
scattering method. In his doctoral thesis, Lee [4] studied in detail the spectral problem posed by Kaup and Newell,
and the direct and inverse scattering maps for generic Schwartz class data.

In Paper I, we develop a rigorous analysis of the direct and inverse scattering transform for a class of initial
conditions go(x) = ¢(x, ¢ = 0) belonging to the space H>?(R) and obeying additional spectral constraints that rule
out “bright” and algebraic solitons that led us to a global existence result in this setting. Here, H>2(R) denotes the
completion of C;°(R) in the norm

» N\ 172
+1R)

A recent work by Pelinovsky—Shimabukuro [5] addresses these questions in somewhat different spaces. In the present
paper, we give a full description of the large-time behavior of solutions. Before stating our assumptions and results
more precisely, we recall known results concerning the long-time behavior of DNLS solutions. The first results go back
to the work of Hayashi, Naumkin and Uchida [6] where the authors consider a class of one-dimensional nonlinear
Schrodinger equations with general nonlinearities containing first-order derivatives. They prove a global existence
result for smooth initial conditions that are small in some weighted Sobolev spaces, as well as a time-decay rate. Their
analysis gives the existence of asymptotic states and a logarithmic correction to the phase.

In the context of inverse scattering, the first work to provide explicit formulas (i.e., depending only on initial
conditions) for large-time asymptotics of solutions is due to Zakharov and Manakov [7] in the context of the NLS
equation. In this setting, the inverse scattering map and the reconstruction of the solution (potential) is formulated
through an oscillatory Riemann Hilbert problem (RHP). The latter (in our case, Problem 1.1) consists of an oriented
contour specifying the discontinuities of a piecewise analytic function, and jump matrices relating their limits from
above and below. The solution to the original PDE is recovered from the asymptotics of solutions to the RHP (for our
case, see the reconstruction formula (1.9)).

The now well-known steepest descent method of Deift and Zhou [8] provides a systematic method to reduce the
original RHP to a canonical model RHP whose solution is calculated in terms of parabolic cylinder functions. This
reduction is done through a sequence of transformations whose effects do not change the large-time behavior of the
recovered solution at leading order. In this way, one obtains the asymptotic behavior of the solution in terms of the
spectral data (thus in terms of the initial conditions) with a degree of precision that is not currently obtainable through
direct PDE methods. This approach has been applied to a number of integrable systems including mKdV [9,8] and
defocusing NLS [10].

||u||H2,2(R) = <H(1 + |x|2)u
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A formal analysis of general oscillatory RHP with Schwartz class scattering data is presented in Varzugin [11].
More recently, Do [12] developed a version of the Deift-Zhou steepest descent method that emphasizes real-variable
methods and extends to a much larger class of RHPs. A key step in the nonlinear steepest descent method consists
in deforming the contour associated to the RHP in a way adapted to the structure of the phase function that defines
the oscillatory dependence on parameters (for our case, see (1.7) for the jump matrix, (1.8) for the phase function,
and Fig. 4.1 for the deformation). When the entries of the jump matrix are not analytic, they must be approximated
by rational functions so that the deformation can be carried out, and the error in the recovered solution due to the
approximation must be estimated.

Dieng and McLaughlin [13] proposed a variant of Deift-Zhou method combining steepest descent and 3-problem
asymptotics. This approach allows a certain amount of non-analyticity in the RHP reductions, leading to a d-problem
to be solved in some sectors of the complex plane where analyticity of the jump matrix (and hence the solution to the
RHP) fails. The new d-problem can be recast into an integral equation and solved by Neumann series. These ideas
were implemented by Miller and McLaughlin [14] to the study of asymptotic stability of orthogonal polynomials. In
the context of NLS with soliton solutions, they were successfully applied to prove asymptotic stability of N-soliton
solutions to defocusing NLS [15] and address the soliton resolution problem for focusing NLS [16].

In this paper, we adapt this analysis to the DNLS equation for initial conditions excluding solitons, building on our
Paper I where we proved the Lipschitz continuity of the direct and inverse scattering map from H?>2(R) to itself. The
presence of solitons will be addressed in a forthcoming article.

To describe our approach, we recall that (1.3) generates an isospectral flow for the problem

d

EW:—i§203\IJ+§Q(x)\IJ+P(x)lI/ (1.4)

(.0 g _if=lgoF 0 )
Q(")‘<q<x> 0 > Pm‘z( 0 lqwP)

If g € L'(R) N L%(R), equation (1.4) admits bounded solutions for { € ¥ where
Y= [g“ e(C:Im({z)=O}.

For ¢ € ¥ and ¢ € L'(R) N L?(R), there exist unique solutions W* of (1.4), obeying the respective asymptotic
conditions

lim wi(x,;)ei“z"b((l) ?>

x— %00

and there is a matrix T (¢), the transition matrix, with W (x, ¢) = W™ (x, £)T(¢). The functions W= are called Jost
functions. The matrix 7T (¢) takes the form

_(a©©) b
Tw_(b(@) Ez(z)) (1.5

where a, b, a, b obey the determinant relation
a(¢)a(g) —b(@)be) =1
and the symmetry relations (see Paper I, eq. (1.20))
a(-)=a@), b(=)=-b@), a@)=a@), b@)=bQ). (1.6)

In order to rule out algebraic and bright solitons, we assume that gg is so chosen that a(¢) is nonvanishing on X
(which rules out algebraic solitons) and admits a zero-free analytic continuation to Im({z) < 0 (which rules out bright
solitons).
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Fig. 1.1. The Contours ¥ and R.

As shown in Section 1.2 of Paper I, the scattering data and Jost solutions, which are naturally functions of ¢ € X,
may be transformed to functions on R, with consequent simplifications of the direct and inverse scattering problems.
Even functions f on ¥ define functions g on the real line R via g(¢%) = f(¢) and the map ¢ — ¢ maps the contour
¥ onto the contour R. This fact, together with the symmetry relations (1.6), implies that, letting z = ¢2, the functions

p(2) =C7'b(&)/ar), pz)=ch(C)/aQ)

are defined on the real line, and, under an appropriate change of variable (see Section 1.2 of Paper I), the Jost solutions
may be regarded as functions of z = ¢2. The functions p and /5 are called the scattering data for qq.

Fig. 1.1 displays the contours ¥ and R with their orientation as well as the sectors Q* = {¢ € C : + Im(¢?) > 0}
and C* ={z € C : 4 Im(z) > 0}. The map ¢ — ¢ preserves the orientations shown there.

We note the important identity

a@a@)=10—zlp@H ' =0 -zlp@PH 7", z=¢2

Hence, 1 —z|p(z)|*> > ¢ > 0 if |a(¢)] is bounded from above. The latter is true when in particular g € H 22(R) (see
Propositions 3.1 and 3.2 of Paper I).

In Paper I, we showed that the maps go — p and go — p are Lipschitz continuous from the soliton-free H22(R)
potentials gg into H>?(R). We assume that the Cauchy data are soliton-free, thus only the reflection coefficient p is
needed for the reconstruction of the solution.

The scattering data p and p are not independent; as showed in Section 6 of Paper I (see the remarks at the beginning
of Section 6 and Lemma 6.14), 5 can be recovered from p by solving a scalar RHP. We proved in turn that, given
p corresponding to the Cauchy data g (x, 0), we may recover the solution g(x, t) of (1.3) through RHPs. There are
two versions of the RHP, one to recover the solution for x > 0 and one for x < 0. For example, the following RHP
provides the reconstruction formula when x > 0.

Problem 1.1. Given p € H>2(R) with 1 — z|p(z)|? > 0 for all z € R, find a row vector-valued function N(z; x, ) on
C\ R with the following properties:

1. N(z; x,t) = (1,0) + O(1/z) as |z] = oo,
2. N(z;, x, t) is analytic for z € C \ R with continuous boundary values

Ni(z;x,1) =limN(z L ie; x,1),
el0

3. The jump relation N4 (z; x, ) = N_(z; x, 1) V(2) holds, where
1—zlp@*  p)e"?
V()= , (1.7)
—z,o(z)e_z”g 1

and the real phase function 6 is given by
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X
9(Z;x,t)=—<z?+2z2). (1.8)
From the solution of Problem 1.1, we recover
qg(x,t) = lim 2izN2(z; x, 1) (1.9)
7—> 00
for x > 0, where the limit is taken in C \ R along any direction not tangent to R.

Remark 1.2. The jump matrix (1.7) satisfies V € L°°(R) and det V (z) = 1. It follows from a standard result in RHP
theory (see, for example, [10, Theorem 2.10]) that Problem 1.1 may have at most one solution.

Remark 1.3. The symmetry reduction from the contour X to the contour R significantly simplifies the analysis of the
RHP because in this setting, the phase factor 6 has only one stationary point (instead of two as is the case in [17]).
The reason why we seek a row vector-valued solution rather than a matrix-valued solution is that the matrix-valued
solution is not properly normalized; see Paper I, Section 1.2 for further discussion.

The central results of this paper are the following theorems that give the long-time behavior of the solutions g of
(1.3) and u of (1.1) respectively.

Theorem 1.4. Suppose that gy € H>*(R) is a soliton-free potential. In particular, its reflection coefficient p €
H?*?(R) and ¢ = inf,cRr (1 -zl p(z)|2) > 0. Denote by & = —x /4t the stationary phase point of the phase function
(1.8).
(i) Ast — 400,
Lal(g)e—ix(g) log(8n+ix?/(41) 4 () (t—3/4) x>0

t
q(x, 1)~ { ) (1.10)
i (E)e—iK®) ogBN+iX2 /G L 0 (1-3/4) x <0
7 2(8) (=)

(i) Ast — —o0,

1 az@)em(s)1og(—8:)+ix2/(4z) +(9((—t)3/4), x>0

q(x,t)~ lt (©) og(_814122 4 " (1.11)
ik og(—8t)+ix t _
T ®e +0((=n*%), x<o.
Here

1

K@) ==5— log(1 —zlp(2)1%). (1.12)
T

k(&)

lor (€)1 = Joa (8) > = (1.13)

2%
Fort >0,
arg o) (§) = % +arg D(ik (£)) +arg p(£)

¢
1
+1 / togls — &l dlog (1~ s1p(s))
4

argan(§) =arga(§) —

while for t <0,
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arg o) (8) = —% — argT(ik (§)) + arg p (&)

1 o
+—flog|s—s|dlog(1 ~slp®)).
T
&
argann (§) = argay (§) + .

In (1.10) and (1.11), the implied constants in the remainder terms depend only on ||p|| 22w, and ¢ > 0.
As a consequence, we get the long-time behavior of the solution u to the original DNLS equation (1.1).

Theorem 1.5. Suppose that ug € H 22(R) and let

d0(x) = o () exp | —i / o P dy

Let p be the reflection coefficient associated to qo by the direct scattering map and «k defined by (1.12). Assume also
that ¢ = inf,cp (1 - z|p(z)|2) > 0. Denote by &€ = —x /4t the stationary phase point of the phase function (1.8) and
fix & #0. Then:

(1) Ast — 400,
(e @ e i ) | O (34, x>0
u(x,t) ~ \{; "
ﬁ"“‘(é)e*"”@ log®N+x*/4N 1 O (r-31), x <0

(i) Ast — —o0,

1 . .2
—054(5)6”6(%-) log(—8¢)+ix“/(4t) + Of ((_0—3/4) x>0
A/ —t

u(x,n)~1 v, ' - (1.15)
\/___ta:;(%-)em(é)log(—&)ﬂx /(4t)+(9§ ((—Z‘)_3/4) x <0
Here,
oz (£)* = |aa (§)* = %) (1.16)
Fort >0,
x . 2
arga3(§) =arga(§) — %fwds (1.17)
&
1 Oo1 1-— 2
argoy(§) = argan(§) — ;/wd& (1.18)
&
while for t <0,
3
1 log(1 — 2
argos (§) = argen (§) — — f M“ (1.19)
Ll (1 —slp()»)
0 J—
argars () = argan(§) — — / %d& (1.20)

—00
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Theorem 1.5 is a direct consequence of Theorem 1.4 and Proposition 8.1.

Remark 1.6. Here we examine the continuity of our asymptotic formulas for g (x, ¢) at x = 0 by computing left- and
right-hand limits as x — 0 for the two cases in (1.10). A similar analysis can be made for the two cases in (1.11).
First, notice that the Gamma function has the property that

b4 b4
li rix)=——, 1 I'ix)=—.
x_1)r{)1Jr arg'(ix) > x_l)IBli arg'(ix) 5
Recalling that

1
c(®) =—5-log(1-&lp©)F).
g
we see that k (§) < 0 for & < 0 while k(&) > 0 for & > 0. Since § = —x/4t, forx > 0 and r > 0, £ < 0, and therefore
T
li @ =—,
m, arg (I'(ix (£))) 5
while for x <0 and ¢ > 0, & < 0 and therefore

lim arg (N(ik (§))) = ——-
x—0 2

This observation, and the fact that arg 1 (§) and arg o> (§) differ by 7, shows that the asymptotic formulas for g (x, t)
in (1.10) agree in the respective limits x — 0~ and x — 0. A similar argument shows that the asymptotic formulas
for g(x,t) whent <0 and x — 0" and x — 0~ also agree.

Remark 1.7. In contrast to Theorem 1.4, the remainder estimates in Theorem 1.5 depend on & as well as on ||p|| 2.2
and ¢ > 0. This dependence arises from Proposition 8.1. The error estimate is well-behaved for |£| > 1 but poorly
behaved as |§] — 0.

Remark 1.8. Although we do not make any explicit “small data” assumption, we are have so far been unable to
construct large initial data satisfying our hypotheses.

Kitaev and Vartanian [17] as well as more recently Xu and Fan [18], considered the same problem for Schwartz
class initial data in the soliton-free sector and obtain in the asymptotic formula (1.10) an error term of order (logt)/¢.
Our results apply to a larger class of initial data and, thanks to the d-approach, arguably entail a simpler proof than
earlier studies of the problem.

The proof of Theorem 1.4 addresses separately the four cases x < 0, t — $00. Indeed, to reconstruct the solution
q(x,t), we need to solve two different RHPs, one for x > 0 and one for x < 0. The sign of ¢ is important in the phase
factors of the entries of the jump matrix V of (1.7). Depending on the sign of ¢, one performs different factorizations
of the jump matrix V in order to have the correct exponential decay on the deformed contour. Finally, a large-time
estimate of the phase factor exp (—i ff wolay, 1) |2dy) of (1.2) in terms of the scattering data, obtained in Section 8§,
is needed to obtain Theorem 1.5.

As discussed earlier, the proof of Theorem 1.4, following [16,13], consists of several steps corresponding to trans-
formations of the initial RHP 1.1 implemented successively. For sake of clarity, we present in Section 2 a summary
of the analysis of the various steps in each of the four cases, x < 0, t — Fo00 and we show how the RHPs and the
respective factorizations are modified to take into account the signs of x and 7. In the next Sections (Sections 3 to 7),
we provide the details of each step in one case x > 0, t — oo as follows.

The first step, carried out in Section 3, is the conjugation of the row vector N with a scalar function 6 (z) that solves
the scalar model RHP Problem 3.1 (see equation (3.1)). This operation is standard when performing the factorization
of the jump matrix (3.3) as a product of a lower triangular and upper triangular matrix. The phase factors '’ have
to be placed so that they have the correct exponential decay when the contour deformation described in Section 4 is
carried out. The conjugation with §(z) allows us to remove the diagonal matrix (1 — z|p(z) 12)*! that would otherwise
appear in between the two terms of one of the factorizations (in the case of (3.3) it would be for z < &).

The second step (Section 4) is a deformation of contour from R to a new contour =@ defined in (4.1) (see
Fig. 4.1), in such a way that the exponential factors e*/! have strong decay (in time) along the rays of the contour.
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The solution has no jump along the real axis (this is important because there is no decay of the phase for large z € R).
This transformation induces some ‘small’ deviation from analyticity in the sectors €21 U 23 U Q4 U Qg, and leads to a
mixed 9-RHP-problem, Problem 4.3, for a new row-vector valued function denoted N® . This is where the approach
of Dieng—McLaughlin [13] differs from the steepest descent of [10] which in contrast only deals with piecewise
analytic solutions. In the approach of [10], the contour deformation is carried out by approximating the entries of the
jump matrix by rational functions which admit a direct, analytic continuation.

The third step (Section 5) is a ‘factorization” of N in the form N©® = N®NPC where NPC is solution of a model
RHP, Problem 5.2, and N® a solution of a 5—problem, Problem 6.1.

The fourth step is the derivation of the explicit solution of the RHP for NPC by parabolic cylinder functions (Sec-
tion 5); this procedure is standard but we give the key steps for the reader’s convenience.

The fifth step is the solution of the d-problem for N® using integral equation methods. The 9 problem may be
written as an integral equation (equation (6.2)) whose integral operator has small norm at large times (see equation
(6.5)) allowing the use of Neumann series (Section 6).

At each step of the analysis, one needs to estimate how the reductions modify the long-time asymptotics of the
solution and carefully keep track of the dependency of the constants (as functions of the stationary phase point £).

The sixth step, carried out in Section 7, consists in regrouping the transformations to find the behavior of the
solution of DNLS for x > 0 as t — 00, using the large-z behavior of the RHP solutions.

Finally, the long-time behavior of the phase factor appearing in (1.2) necessary to obtain Theorem 1.5, is given in
Section 8.

The paper ends with some technical appendices. Appendix A gives the asymptotics of the functions §, and §,
which solve scalar model RHPs and are used in the first step of the reduction. Appendix B outlines the solution of
the appropriate RHP’s for all four cases ¢ > 0, £x > 0. Appendix C records solution formulae important for the
four model RHP’s. Appendix D proves L°°-bounds on the solution to the model RHP. Appendix E contains figures
illustrating how the different jump matrices in the sequence of transformations of RHPs are modified according to the
four cases +¢ > 0, £x > 0.

2. Summary of the proof

As discussed above, the large-time behavior of the solution to DNLS is obtained through a sequence of transfor-
mations of RHP’s. Special attention has to be given to the signs of x and ¢ as slightly different RHP’s are involved
depending on the signs under consideration. In Sections 3 to 7, we present the full calculations of the derivation in one
case x > 0, ¢ > 0. In this Section, we summarize the computations without details in the four cases ¢ > 0, £x > 0
as they are needed to get the final expressions of Theorems 1.4 and 1.5.

The initial normalized RHPs that provide the reconstruction formula for the potential have contour R and phase
function

O(z;x,t)=— (z% ~|—222) .

If x > 0, the initial RHP is

N4 (z;x,1) =N_(z; x, )" M V() (2.1a)
(1 —zlp(2)I? p(z))
Vo(z) = - (2.1b)
—2zp0(2) 1
Nz x,t)=(1,00+ 0O <%) (2.1c)

while if x < 0, the initial RHP is
Ny (z3x, 1) =N_(z; x, e 273V (7) (2.2a)

5 1 p(2)
Vo= __ ) (2.2b)
-2p(z) 1—z|p@)?
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N(z;x,t) = (1,0)—}-0(%) (2.2¢)
where 6(z) = p(z)/A(z) and
A(L) =exp L p.V./ k() ds
i A—s

—00

In both of these cases, the solution ¢ (x, ¢) of (1.2) is recovered from the reconstruction formula
g1 = lim [2iz NGz x.0)1o]. (2.3)

The derivation of the large-time behavior is obtained through several steps. The first steps

(1) Preparation for steepest descent

(2) Contour deformation from R to £ (see Fig. 4.1)
(3) Reduction to a model RHP

(4) Solution to the model RHP

have to be performed successively for each case +¢ > 0, +x > 0 as the calculations, although similar, are specific to
each situation. They are followed by

(5) Analysis of 3 problem
(6) Regrouping of the transformations.

The latter are common to all cases and detailed in Sections 6 and 7 for x > 0, ¢ > 0.
We now summarize steps 1—4.

Step 1: We change variables in the initial RHP using the analytic functions (with branch cut either on the left or
right half-line with endpoint &)

&
8¢(z;€) :=exp if K(_s) ds|, z€eC\ (—o0,¢&] 2.4)
and
)
8, (z; &) :=exp —l/ —ds |, zeC\[§ 00). (2.5)
&
Here

(s) = —% log (1= slo(®)1?) = —ﬁ tog (1= s15()12).

The functions §; and §, are solutions of scalar model RHPs: §; satisfies Problem 3.1 and §, satisfies a similar one with
its branch cut at the right of the endpoint &. Their properties are recalled in Appendix A. In particular, they obey the
bounds

e_”K”oo/z < |3*(Z)‘ < e”"”oo/z

where §* is SEH or 8?1, as easily follows from

§
m( [ £ a) <1t

s—z -

+o0
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By defining

8;03 t>0,x>0

5 t>0,x<0
ND(zx, ) =Nz x, 1) x { ~ ’
(@ ) (@ ) 87 t<0,x>0

8;3 t<0,x<0

(2.6)

we obtain a RHP for N1 with a new jump matrix %0243y (D We give expressions for V(1 for each of the four
cases £¢ > 0, =x > 0in (B.2), (B.6), (B.10), and (B.14) respectively. The new RHP’s are ‘prepar¢d’ for the steepest
descent method in the sense that contours can be deformed so that the exponential functions e’ have maximum
decay in |z — &|.

Step 2: We introduce a new unknown
N® =NDR 2.7)

where R is a piecewise continuous matrix-valued function taking the form shown in Fig. E.1 if # > 0, and in Fig. E.2 if
t < 0. The purpose of the deformation is to remove the jumps along the real axis and introduce jumps on the contours
X1, X2, 23, and X4 corresponding to the model problem. Thus the values of the R; along (—oo, &) and (&€, oo) are
determined by the jump matrix V!, while their values along the X; are determined as follows:

(1) Scattering data are replaced by their values at z = £ (‘freezing coefficients’)
(2) Powers of § are replaced by their asymptotic forms near z = £ (see Appendix A, equations (A.2), (A.3), (A.4),
(A.5)).

The expressions of the matrix R in each of the four cases are given respectively in (B.3), (B.7), (B.11), and (B.15),
noting that the symbols §, §g, and §1 are defined at the beginning of each subsection and have different meanings in
each of them as indicated in (B.1), (B.5), (B.9), and (B.13).

The new unknown N has a jump matrix which is most easily described by introducing the scaled variable

£(z) = +/8ltl(z — §). (2.8)
We then have

) _ é‘ilcada_ e—£{23d03v(§2)(c; E) dx > 0’ > 0’

\%4 . i
é.—z/(adcme;{zadﬂvo(z)(;; £) +x>0,1<0.

(2.9)

In the above expression, the complex powers are defined by choosing the branch of the logarithm with —7 < arg¢ <=
in the cases ¢ > 0, x > 0 and r < 0, x < 0, and the branch of the logarithm with 0 < arg¢ < 27 in the cases ¢ > 0,
x <0and? <0, x > 0. The matrices VO(Z)(C; &) for each of the four cases are shown in Figs. E.3, E.4, E.5, and E.6.

The branch cut for the logarithm is also indicated. Because R is not a holomorphic function, the new unknown N
obeys a mixed d-RHP.

Step 3: Suppose that NP€ solves the pure RHP with jump matrix V®. By factoring
N® — NONPC (2.10)
we see that N® solves the @ problem (in the z-variable)

IN® (z:x, 1) =N (z: x, )W (z; x, 1)
W(z;x,1) =N (£ ) @R) (z; x, HNPC (g3 6) 7!

N<3>=(1,0)+0<1)
Z

which is equivalent to the integral equation



J. Liu et al. / Ann. 1. H. Poincaré — AN 35 (2018) 217-265 227

1 1
N(3)(Z;x,t)=(1,0)+—/—,N(3)(z/;x,t)W(z/,x,t)dz/.
) 72—z
C

It can be shown (see Proposition 6.3) that

1 1
N®(zix,1)=(1,0) + 2N?)(x, 1)+ 0g, <g>
where
‘Nf)(x, z)‘ <4

This estimate shows that the leading asymptotics of ¢ (x, t), as computed from (2.3), will be determined by the solution
NPC of the model Riemann—Hilbert problem.

Step 4: It remains to solve the model RHP for NFC. It has contour Z(()z) (centered at ¢ = 0 in the new variables)
and the solution has the form

NPC(z;6) =NPC(2; )V (3 8)

©) 1
N @&~ 1+ mT +o<z> inC\ x

where V' is given by (2.9). This problem can be solved in a standard way using parabolic cylinder functions (see,
for example, [9,8,19,20]). We factor

D(L; E)P(§)et Bk 15

i . 2.11
(¢ E)P(E)e 88 03¢k 4 <, 2.11)

NPC(;6) = {

The constant matrix P(£) is derived from VOQ) as shown in Fig. E.7; for i =1, 2, 3,4, V; denotes the restriction of

V® to %;. This factorization introduces a new unknown, ®(¢; &), which obeys an RHP with contour R and constant
jump matrix. In case x > 0, we have

D8 =D_(5;6) VO

o _ L—¢lrel* e
—&7E 1 (2.12)

l. , M
g:6) ~e 1 (14 o (e 7))
¢
while for x < 0, we have

DL E) =D _(5;6)VO

1 7
VO _ B
—&Fe 1 —Elie|? (2.13)

: . ©)
B (L 8) ~ ei¢ g ik (1 + ’"T +o(§“)).

Note that the meaning of r¢ or ¢ is different depending on which of the four cases is under consideration (see equations
(B.4), (B.8), (B.12), (B.16)).
The matrix function @ is obtained as a solution of an ODE. Differentiating the jump relation in (2.12) or (2.13)
with respect to ¢, one can show that
dod ic
— +i=03®d =8P, +t>0 2.14
dc i~03 B > (2.14)
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where

i

B=3 [%m“”] (2.15)

or equivalently

Bra=i (m(o))u, par =—i (m(0)>

is unknown at this stage of the calculation. The difference in sign between the > 0 and ¢ < 0 cases comes from the
difference in the prescribed factorization (2.11). The goal is to compute m?) which will determine leading asymptotics
of g(x,1).

The solution of (2.14) is expressed explicitly in terms parabolic cylinder functions, treating 81, and Bz as (un-
known) constants. The solution formulas are given in Appendix C. One then substitutes these solutions into the
appropriate jump relation (2.12) or (2.13) in order to compute 8> and hence, by (2.15), mg) Indeed, one may easily
deduce from the jump relation (2.12) that

21

0 — — _
VZ(I) = —£7 = O, 05 — Dy P (2.16)
for ¢ > 0, and similarly from the jump relation (2.13), that
~ (0 - — _
V2(1) = £ = ), P — Dy P (2.17)

for t < 0. These Wronskians are evaluated for each of the four cases ¢ > 0, £x > 0 in Appendix C, equations (C.7)
and (C.8). Using these results in (2.16) and (2.17), we find

mefmcﬂein/ét
W > 0, x>0
—STe —IlK
P2 = _ ; (2.18)
/2 k)2 im/4
nf_—ee%”" t>0,x<0
—&re ' (—ik)
and
/2 —mk/2,3mi/4
nz_r(.e) ek <0, x>0
—Erg I'(ic
Pro = 2me /2 3mi/A (2.19)
— t<0,x<0
—&re T(ik)
We recall that the values of r¢ and 7 differ from case to case.
We can now deduce the leading asymptotic behavior of g (x, ¢) from the reconstruction formula
(0))
. (m B2
x,t)= lim 2iz 12 _
Gas(x, 1) A c \/W
where we used (2.8) and (2.15). For ¢ > 0 we find
1 ik (8) log(8t]) ,—i %>
(x, 1) = ——a§)e 2BItD p—i g 2.20
Gas(x, 1) NI é) (2.20)
with
1
@ =2 1Bral? (221)
argo (&) = arg B1o F « (§) log(8t]) + x* /4t (2.22)

From (2.21)-(2.22), (2.18), (2.19), and (2.20), we can compute g,s(x, t) in each of the four cases. In Appendix B we
summarize the key formulae leading to gus(x, ).
In the next five sections, we present the details of the proof of Theorem 1.4 in the case x > 0, ¢ > 0.
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3. Preparation for steepest descent

In this section, we provide the detailed analysis of Step 1 (as described in Section 2), for the case x > 0, t > 0. In
order to apply the method of steepest descent, we introduce a new unknown

ND(z;x,1) =N(z; x,1)8(2) ™ (3.1)

where 8(z) = 8¢(z) as defined in (2.4) and solves the scalar RHP Problem 3.1 below. To state the scalar RHP, recall
that the phase function (1.8) satisfies

can@=—(§+M)

and has a single critical point at

X

f=-1.

Problem 3.1. Given £ € R and p € H22(R) with 1 — s|p(s)|*> > 0 for all s € R, find a scalar function §(z) = 8(z; &),
analytic for z € C\ (—o00, £] with the following properties:

1. §(z) > lasz— oo,
2. 8(z) has continuous boundary values §4(z) = lim, o 8(z £ i¢) for z € (—o0, §),
3. &+ obey the jump relation

- (1-zlp@F). ze(—00,&)

8 =
+@ 0—(2), z€ (&, 00)

The following lemma is “standard” (see, for example, [10, Proposition 2.12] or [12, Proposition 6.1 and
Lemma 6.2]). Recall the definition (1.12) of «.

Lemma 3.2. Suppose p € H>>(R) and that k (s) is real for all s € R.

(i) (Existence, Uniqueness) Problem 3.1 has the unique solution

&

1
S(z)=exp| i / k(s)ds |. (3.2)
5§ —
Moreover,
3(2)8(z) =1
holds.

(ii) The function §(z) satisfies the estimate
e MKlloe/2 < |5(7)] < ellklloe/2,

(iii) (Large-z asymptotics) It admits a large-|z| asymptotic expansion

£
5 =1+ / K(s)ds+o<lz).
< Z

(iv) (Asymptotics as z — & along a ray in C\R) Along any ray of the form £ +e!* Rt with0 < ¢ < orw < ¢ < 2,

52 —80®)2 = )| S .6 12— £l loglz — 1.
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The implied constant depends on p through its H>?(R)-norm and is independent of &€ € R. Here 8y(&) = ¢/P&:§)
and

£
ﬁ(z,$)=—K(§)10g(z—é+1)+/

—00

k(s) — x(s)k (&) ds.

§—Z

where y is the characteristic function of the interval (& — 1,&). We choose the branch of the logarithm with
—m <arg(z) <m.

Proof. The proofs of these properties are similar, for example, to proofs given in [10, Section 2]. We provide some
details for the reader’s convenience.
(i) Existence follows from the explicit formula (3.2). Since p is C 1 uniqueness follows from Liouville’s theorem.
(i1) These estimates are obtained from the observation that

&
Re i/ K (s) s SIIKIIOO.
s —2z 2
—00

(iii) and (iv) are proved in Appendix A. O

If N(z: x, 1) solves Problem 1.1 and 8(z) solves Problem 3.1, then the row vector-valued function N (z: x, 1)
defined in (3.1) solves the following RHP.

Problem 3.3. Given p € H>%(R) with 1 — z|p(z)|? > 0 for all z € R, find a row vector-valued function NV (z; x, 1)
on C \ R with the following properties:

1. NO(z; x,1) = (1,0) as |z] = oo,
2. ND(z; x, t) is analytic for z € C \ R with continuous boundary values

N (@ x, 1) = imND (@ +ie; x, 1)
el0
3. The jump relation
Nﬁrl)(z; x.)=NYx,nvh ()
holds, where

VD (2) =8_(2)7V (2)84(2) .

The jump matrix V() is factorized as

1 0 8% p 2it6
_ 2 _
B 5725 s 1 . 1 Z“i' . Z€(—00,§),
vO@ =1\ Tzl (3.3)
1 ,08282”9 1 0
' , z€ (&, 00).
0 1 _Z58726721t9 1

Remark 3.4. The uniqueness of solutions to Problem 3.3 follows from the unique of solutions to the original RHP for
N and the invertibility of the transformation N — N,
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Fig. 4.1. Deformation from R to X @,

4. Deformation to a mixed 3-Riemann-Hilbert problem
We now seek to deform Problem 3.3 by exploiting the method of Dieng and McLaughlin [13] and Borghese,
Jenkins and McLaughlin [16]. The phase function (1.8) has a single critical point at £ = —x /4¢. The new contour
2@ =5 U Uz U, (4.1)

is shown in Fig. 4.1 and consists of oriented half-lines £ 4+ ¢/ R* where ¢ = /4,37 /4, 57 /4, T /4.
In order to deform the contour R to the contour @, we introduce a new unknown N® obtained from N(U as

N® (z) = N(l)(Z)R(Z) ).

We choose R to remove the jump on the real axis and provide analytic jump matrices with the correct decay
properties on the contour £®. We have

-1
NP =NPRY =NV ORY =N (R?) v IR
so the jump matrix will be the identity matrix on R provided
R)TIVORY =1

where Rg ) are the boundary values of RP(z) as +Im(z) J 0. On the other hand, the function et ig exponentially
increasing on X and X3, and decreasing on X, and X4, while the reverse is true of e~2"% Hence, we choose R? as
shown in Fig. E.1, where, letting

n(z; €)= (z — §)*®), 4.2)
the functions Rj, R3, R4, and Rg satisfy
2p(2)872, z € (§,00)
Ri=1 4.3)
EpE)So(E) 2n(z: €)%, ze X
83 (2)p(2)
P R € (=00, ) s
‘ _Sn@E e
1—E£p@EP ?
zmﬁz
Ry ] T=ab@F ¢ (7o0.5) “s)
5@ E 0@
1—Elp@®)2
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0(2)8(2)* z € (§,00)
Re(2) = (4.6)

p(E)80(E)n(z:€)2, ze€3y

The idea is to construct R;(z) in €2; to have the prescribed boundary values and AR; (z) small in the sector. This will
allow us to reformulate Problem 3.3 as a mixed RHP-9 problem. We will show how to remove the RHP component
through an explicit model problem and then formulate a @ problem for which the large-time contribution to the
asymptotics of g(x, t) is negligible. Note that the values of R;(z) on the contours X; localize the scattering data to
the stationary phase point &. This localization corresponds to the localization of the weights in the steepest descent
method [10]. The latter requires a delicate analysis of modified Beals—Coifman resolvents that is greatly simplified in
the current approach.

The following lemma and its proof are almost identical to [16, Lemma 4.1] or [13, Proposition 2.1]. It is useful in
the estimates of the contribution of the solution of the d-problem for large time (Section 6). To state it, we introduce
the factors
— p(2)
p1(2) = 2p(2), p3(2) —2p@F

zp(2)
1—zlp@)*

that appear in (4.3)—(4.6).

pa(z) = — P6(2) = p(2),

Lemma 4.1. Suppose p € H>2(R). There exist functions R; on Q;, i = 1,3, 4, 6 satisfying (4.3)~(4.6), so that

(Ip}(Re)| —loglz —&l), z€Qi, lz—§I=<1

R ()] S
el {(|P,{(Re(z))+lz—5|l)’ 2€Q, =8> 1,

where the implied constants are uniform in &€ € R and p in a fixed bounded subset of H>*(R) with 1 —z|p(z)|*> > ¢ > 0
for a fixed constant c.

Remark 4.2. By adjusting numerical constants, we can rewrite the estimate on dR; for |z — &| > 1 as

[9R;| S Ipi(Re()| + (1 + 1z — &1 712,

Proof. We give the construction for R;. Define fj(z) on €1 by
f1@) = p1E)8; 2 Em(z: §)7%8(2)°

and let
Ri(2) = (/1@ + [P1(Re(2)) — f1(2)] cos2¢) 8(z) 2

where ¢ = arg(z — &). It is easy to see that R; as constructed has the boundary values (4.3). Writing z — & = re'? we
have

- 1/9 0 L p(o i 0
== —+i— == —+-—].
2 \ ox ay 2 or radg

We therefore have
ie'?

lz — &l

. 1
OR1(2) = 5P (Rez) cos 24 8(2)7 2 —[p1Rez) — fi()]8(x) 2 sin2¢.

It follows from Lemma 3.2(iv) that

|pi(Rez)| —loglz —§&], [z—&|=<1L,

1
|Pi(ReZ)|+H, lz—§1>1,

where the implied constants depend on inf,cr (1 — 2|0 (z) 12) and | p|| 22 The remaining constructions are similar. O

0R) )] 5,
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1 —Rgeiw 1 0
0 1 —R1 6_“'9 1

Fig. 4.2. Jump Matrices V® for N@ .

The unknown N® satisfies a mixed 3-RHP. We first compute the jumps of N® along the contour £ with the
given orientation, remembering that N1 is analytic there so that the jumps are determined entirely by the change of
variables. Diagrammatically, the jump matrices are as in Fig. 4.2. Away from £ we have

IN® = NO® <R<2>> 5RO _ NOFRO (4.7)

where the last step follows by triangularity.

Problem 4.3. Given p € H 2.2(R) with 1 — z|,0(z)|2 > 0 for all z € R, find a row vector-valued function N®(z; x, 1)
on C \ R with the following properties:

1. N@(z;x,t) > (1,0) as |z] = oo in C\ P,

2. N®(z: x, 1) is continuous for z € C \ ¥ @ with continuous boundary values NE_LZ) (z; x,1) (where £ is defined by
the orientation in Fig. 4.1),

The jump relation Nf) (z;x,t)= N(f) (z; x, t)V(z) (z) holds, where 4% (z) is given in Fig. 4.2,

4. The equation

et

IN® = N@®gr®
holds in C \ =@, where

0 0 0 (3R3)e%1?
_ . , 2€ Q) , 2€ Q3
(@R)e~21% 0 0 0

IR® = 0 0 0 (@Rg)e*"
_ ) , 2€y , 2€ Q6
(@Ry)e %17 0 0 0

0 otherwise.
5. The model Riemann—Hilbert problem

The next step is to extract from N a contribution that is a pure RHP. We write
N® — NONPC

and we request that N has no jump. Thus we look for NP solution of the model RHP 5.1 below with the jump
matrix VPC = V@ Unlike the previous RHP’s, we seek a matrix-valued solution.

In the following RHPs (Problems 5.1, 5.2, 5.3), & is fixed, and we assume that 1 — E|lp(£)]*> > 0. Thisis a spectral
condition, automatically satisfied if & > O (i.e. if x and ¢ have the same sign), but imposed on the spectral data p, to
address the cases where x and ¢ have opposite signs.
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Problem 5.1. Find a 2 x 2 matrix-valued function NFC(z; &), analytic on C \ =, with the following properties:
1. NPC(z;6) > I as |z] > oo in C\ =P, where I is the 2 x 2 identity matrix,

2. NPC(z;: &) is analytic for z € C\ > @ with continuous boundary values NI;C on 3@,
3. The jump relation N]ic(z; £) = NFPC(z; £) VPC(2) holds on =@, where

VPC() =v@(y).

Now set
t(2) =81z —§) (5.1)
and
re = p(g)age—%lc(g)log «/§e4it§2‘ (5.2)

Under the change of variables (5.1), the phase ¢ identifies to e~¢*/2¢/**/4  The factor e~'¢*/2 will be later impor-
tant in the identification of parabolic cylinder functions.
abuse of notation, set £(2);8) = Z; &) where ¢ 1s given J5.1). We can then recast Problem 5.1 as
By ab f i NPC(¢(z); £) = NPC(z; &) wh is given by (5.1). Wi h Problem 5.1
follows.

Problem 5.2. Find a 2 x 2 matrix-valued function N°C(¢ (z); £), analytic on C \ @, with the following properties:

1. NPC(¢(z); &) = I as |z] = oo in C\ =@, where [ is the 2 x 2 identity matrix,
2. NPC(§ (z); &) is analytic for z € C \ > @ with continuous boundary values Nl:_LC on @,
3. The jump relation NE€(¢(2); &) = NP (£ (2); §) VFC(£(2); £) holds on £, where

1 0
zZ € X1,
—grp 2@
e §2i;c($)e—i§2/2
1 —&lre|? , 1€,
0 1
Ve () 6) =
§@2)5)= 1 0
= )
—&7¢ §—2ik(s)ei{2/2 1l Z € &3,
1 —&|rg|?
1 re g2iKE)e=it?)2
, zZ € X4.
0 1

It is possible to further reduce the RHP for NPC(z; &) to a model RHP whose 2 x 2 matrix solution is piecewise
analytic in the upper and lower complex plane. In each half-plane, the entries of the matrix satisfy ODEs that are
obtained from analyticity properties as well as the large-¢ behavior. The solutions of the ODE:s are explicitly calculated
in terms of parabolic cylinder functions. This transformation is standard and has been performed for NLS and mKdV
(see, for example, [9,8,19,20]). Let

NPC(£18) = D(¢: £)P(§)et o3¢ ik, (5.3)

where
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1 0 T T

- , 7€ 1—&lrel? |, z€ 93,
Erg 1 0 1

1 0
I re
PE) = &7 , zeQu, < ) z € Qs, (5.4

—_— 0 1

1—Elre|?
1 0

( ), z € Q2o U Qs.

0 1

By construction, the matrix ® is continuous along the rays of £, Let us set up the RHP it satisfies and compute its
jumps along the real axis. We have along the real axis

D= d_ (P eia3{2/4§.7ilc(é)<r3>_ (efiogf2/4§.i/c($)agfpfl)+' (5.5)
Due to the branch cut of the logarithmic function along R™, we have along the negative real axis,

(¢~ ©03) (K ®03) | = 2@y _ Glog(1—Elre Mo
while along the positive real axis,

(¢ Om) (O =1

This implies that the matrix & has the same (constant) jump matrix along the negative and positive real axis:

. 2
VO (1 Slrel” e ) . (5.6)
—E7¢ 1

Note that the matrix V° is similar to the jump matrix VD of the original RHP 1.1 (see (1.7)). The effect of our
sequence of transformations is that, in the large ¢ limit, the entries have been replaced by their localized version at the
stationary phase point &.

The 2 x 2 matrix ® satisfies the following model RHP.

Problem 5.3. Find a 2 x 2 matrix-valued function ®(z; &), analytic on C \ R, with the following properties:

1. ®(; &) ~ e 1870371k a5 2] = 00 in C \ R.
2. ®(¢; &) is analytic for z € C \ R with continuous boundary values @4 on R.
3. The jump relation along the real axis is

D(g;E)=d_(g;6)VO. (5.7)

To solve this problem, we need to be more precise about the behavior of ®(z) as { — oco. We write the large-¢
behavior of ® in the form

m° ; o2
d(¢) ~ (1 + ?> ¢RIt/ s 0. (5.8)
At this step of the calculation, m°
matrix ¢ along the real axis.
We now compute the solution ® in terms of parabolic cylinder functions by deriving differential equations for the
entries of @ and exploiting the required asymptotics.

is unknown. It will be determined later when enforcing the jump conditions of the

Lemma 5.4. The entries of ® obey the differential equations
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2 i
®y" + (% — B12B21 +§> P11 =0 (5.9
S AV
21"+ i B12B21 — 3 Dy =0 (5.10)
2 i
@ + (% — B12pB21 +5> P =0 (5.11)
v (8 i _
D" + ) B12B821 5 D=0 (5.12)

The proof of this lemma is given in Appendix C, Section C.1.

The next step is to complement the ODEs with additional conditions taking into account the conditions at infinity
as well as the jump conditions of ®. This will determine ® uniquely and will identify the coefficients 81>, B21.

The parabolic cylinder equation is

~+<_f+a+l> _o (5.13)
Y 4 2)7 T '
The parabolic cylinder functions D,(z), D,(—z), D_,—1(iz), D_,—1(—iz) all satisfy (5.13) and are entire for any
value a.

The large-z behavior of D, (z) is given by the following formulas.'

3
Zae—z2/4 , larg(z)| < Tﬂ
. /27.[ . o 5 T S5t
Da(@)~ e Mo g et let g <an@) < G119
Zae—z2/4 v 2n e—ianz—a—lezz/4 —STJT < arg(z) < —%.

['(—a) ’

Proposition 5.5. The unique solution to Problem 5.3 is given by

3 . e%(’(_i) .
e T D (ge ) (—ik) D1 (Ce™Til%)
®(g;8) = 3 (i (5.15)
— 7 (k+i) ) .
e Bi2 ik i1 (g™ D (e
forIm(¢) > 0 and
eIAD; (2T _ K Fwhp (et
CCGO=| Gy L P (5.16)
EgI(K'H)DiK_](Ce?”'/“) e—3ITK/4D_iK(é-63in/4)

ifIm(¢) <O.

Proof. We set v = 812621. For @11, we introduce the new variable {; = ¢ e 37/ and equation (5.9) becomes

y S,
Q1"+ _Z+w+§ @1, =0.

In the upper half plane, 0 < Arg ¢ < &, thus —37/4 < Arg {1 < /4. Choosing v = k (by comparing (5.8) and (5.14))
and identifying the large-¢ behavior gives

1 Writing D (z) = U—4—1/2(2) (see http://dimf.nist.gov/12.1), these formulae follow from http://dlmf.nist.gov/12.9.E1 and http://dImf.nist.gov/
12.9.E3.


http://dlmf.nist.gov/12.1
http://dlmf.nist.gov/12.9.E1
http://dlmf.nist.gov/12.9.E3
http://dlmf.nist.gov/12.9.E3
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o) = T Dy (e Y, et (5.17)
Using equation (C.3), we calculate
1 3 3 i 3
By =gt (a;(DiK@e FI) + 5 Dic(ge 3”’“)) : (5.18)

We proceed in the same way for &5 and ®»;. In term of §; = e~ 7/4

, SN L DR
@22+ _Z_lv+§ @22—0.

To correctly match the large-¢ behavior ®75(¢) ~ ;TiRelt 2/ 4 we choose the solution

¢, equation (5.12) is

Dn()=e® D_j(e ™) cecCt. (5.19)
Finally, using equation (C.4)
1
P1p(f) = ——e* (a;w i (e /Ay — “p (e -”’/“>) (5.20)
B21 2

We repeat this calculation to compute ®(¢) in the lower complex plane.
Let &, = g“e’”/“. In terms of ¢, @17 satisfies

oo (8]
nt _Z_’_lv_’_i ®1=0. (5.21)

For —m < Arg ¢ <0, =37 /4 < Arg ({2) < 7 /4, thus we choose to identify ®11 to a multiple of D;, (£2). We find that
for; e C™

®11(2) = e T Dy (€7/42).

Similarly,
1 = . j )
P2 () = get" (a; (Di (ge™*) + %D,-Ko:e’”/“)) (5.22)
12
We now turn to @5, and ®1;. To match the large-¢ behavior ®22(¢) ~ ;‘i" eigz/ 4 we choose to identify @5, as
D) =e D i () (5.23)
and
1
Dpp(0) = B —w (8; (Dix (¢&3™%) — D (¢ 3’”/4)) (5.24)
21

Using (5.17), (5.18), (5.19), and (5.20) together with the identity
z
D, () + 5 Da(@) =aDa-12), (5.25)

we can now write ®(¢; &) for Im(¢) > 0 in the form (5.15). Similarly, it follows from (5.21), (5.22), (5.23), and (5.24)
that ®(¢; &) is given by (5.16) for Im(¢) < 0. O

We now impose the jump conditions to find the coefficients 81> and B,1. We will later use this computation of 81>
to compute the asymptotic behavior of g (x, 7).

Lemma 5.6. Suppose that p € H>?(R) with inf,er (1 — z|p(z)|?) > 0. Then:

1
paf =5 =5zl (1-g10@P) (5.26)
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and
1 &
arg B1o = % — k log(8¢t) + 4té§2 +arg(T"(ix)) +argp (&) + - / log|s —&|dlog(1l — slo()]?). (5.27)

—00

Remark 5.7. Note that the amplitude (5.26) has a removable discontinuity at £ = 0 as

log (1 — £lp(®)P) P©F +& [0/ ©p® + pE)0 )]
lim =— lim —
-0 3 £—0 1—£lp®))?
=—|p0)*.

The proof of this lemma is given in Appendix C, Section C.2.
6. The d-problem

We now define the row vector-valued matrix
N®(z;x,1) = NP (z; x, HONFC(z; £) 71, 6.1)

It is clear that NPC needs to be an invertible matrix-valued function in order to carry out this reduction. An argument
similar to that given in [16] shows that N® satisfies a pure 9-problem; we will use this fact to prove that N® is close
to (1,0) as t — oo with an explicit rate of decay.

Since NPC(z; £) is holomorphic in C \ £®, we may compute

IN® (2 x, 1) = INP (z; x, HNPC(z; £) 7!
=N@(z; x,1) TRP (2)NFC(z; )~ (by (4.7))
=NO(z1x, )N (; ©) RPN (z:6)"'  (by (6.1)
=N®(z;x,)W(z; x,1)
where
W (z:x, 1) =N"C(z: £) IR (NP (z: 6) 7.

We thus arrive at the following pure d-problem.

Problem 6.1. Given x, 7 € Rand p € H**(R) with 1 —z|p(z)|> > 0 forall z € R, find a continuous, row vector-valued
function N®(z; x, 1) on C with the following properties:

1. N®(z;x,1) — (1,0) as |z] — oo,
2. IN®(z:x, ) =NO(z; x, HW(z; x, ).

We can recast this problem as a Fredholm-type integral equation using the solid Cauchy transform

1 1
(Pf)(2) = ~ / L r@yame
T 2 z2—¢

where dm denotes Lebesgue measure on C. The following lemma is standard.
Lemma 6.2. A continuous, bounded row vector-valued function N® (z; x, t) solves Problem 6.1 if and only if

@ v 1 L 6, .
N (@0 = (1,0) + — :N (& x, OW(C: x, 1) dm(2). (6.2)
C
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Using the formulation (6.2), we will prove:

Proposition 6.3. Suppose that p € H*%(R) and ¢ := inf,er (1 — z|p(z)|2) > 0 strictly. Then, for sufficiently large
times t > 0, there exists a unique solution N (z; x, t) for Problem 6.1 with the property that

1 1
N (zx,0)=1+ —N§3)(x, ) + o s <—> (6.3)
Z T \z
for z=1io with 0 — +400. Here
‘Nf) (x, t)‘ < 734 (6.4)

where the implied constant in (6.4) is independent of &€ and t and uniform for p in a bounded subset of H>*(R) with
inf.er(1 — z|p(2)|?) = ¢ > 0 for a fixed ¢ > 0.

Remark 6.4. The remainder estimate in (6.3) need not be (and is not) uniform in & and #; what matters for the proof
of Theorem 1.4 is that the implied constant in the estimate (6.4) for N?) (x, t) is independent of £ and ¢.

Proof of Proposition 6.3, given Lemmas 6.5-6.9. Asin [16] and [13], we first show that, for large times, the integral
operator Ky defined by

1 1
(wa)(z)Z—/—f(C)W(C)dm(Z)
n(c z—¢

(suppressing the parameters x and ¢) obeys the estimate
KWl oo poe S04 (6.5)

where the implied constants depend only on ||p|| z22 and ¢ := inf,cr (1 —zlp(2) |2) and, in particular, are independent
of & and 7. This is the object of Lemma 6.7. It shows in particular that the solution formula

N® =1 - Kw)~'(1,0) (6.6)

makes sense and defines an L solution of (6.2) bounded uniformly in £ € R and p in a bounded subset of H 22(R)
with ¢ > 0.

We then prove that the solution N (z; x, 7) has a large-z asymptotic expansion of the form (6.3) where z — oo
along the positive imaginary axis (Lemma 6.8). Note that, for such z, we can bound |z — | below by a constant times
|z| + |¢|. The remainder need not be bounded uniformly in &. Finally, we prove estimate (6.4) where the constants are
uniform in £ and in p belonging to a bounded subset of H>2(R) with inf (1 — z|,0(z)|2) bounded below by a strictly
positive fixed constant (Lemma 6.9). O

Estimates (6.3), (6.4), and (6.5) rest on the bounds stated in the next four lemmas.

Lemma 6.5. Let z = (u + &) + iv. We have
(Ip}(Re(2))| —log|z — &) e Srlulivl, lz—&l<1,

1
(|p;(R€(Z))|+m e*8t|v||u|7 lz — &> 1,

where all implied constants are uniform in £ e R and t > 1.

TR 6)| < 6.7)

Proof. Estimate (6.7) follows from Lemma 4.1 and Remark 4.2. The quantities p;(Rez) are all bounded uniformly
for p in a bounded subset of H>2(R) and inf,cr (1 - le(z)lz) >c>0forafixede. O
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Lemma 6.6.
HNPC(';@HOO = 6.8)
HI\IPC(';"’%Y1 Hoo Sl 6.9)

Again, all implied constants are uniformin £ e Rand t > 1.
The proof of this Lemma is given in Appendix D.

Lemma 6.7. Suppose that p € H 22(R)and c: inf,cr ( 1— z|,0(z)|2) > 0 strictly. Then, the estimate (6.5) holds, where
the implied constants depend on || p|| g2.2 and c.

Proof. To prove (6.5), first note that

IKw flloo = ”f”oo/ = IW(C)Idm(;“) (6.10)

so that we need only estimate the right-hand integral. We will prove the estimate in the region z € £2; since estimates
for 23, Q4, and Q¢ are similar. In the region €21, we may estimate

W)= [N || [aR e

Setting z=«a +if and ¢ = (u + &) + iv, the region € corresponds to v > 0, u > v. We then have from (6.7), (6.8),
and (6.9) that

/—|W(;>|dm<;><11+12+13

where

o0 o0 1
://|Z_§||p’1(u)|e_8t“”dudv
0

v

11

i f

0O v

o0 00 . |
I3=f/ e 3 dy dv.
J lz—=¢l11+1¢ — &
v

We recall from [16, proof of Proposition C.1] the bound

—Sluv du dv

1 7.[1/2

P = e
|Z_§| LZ(U,OO) |U_ﬂ| /

where { =u + & +iv and z = « + i (our parameterization of ¢ differs slightly from theirs). Using this bound and
Schwarz’s inequality on the u-integration we may bound /1 by constants times

oo
1
1l [ e v
0

(see for example [ 16, proof of Proposition C.1] for the estimate). For I, we remark that | log(u? +v?)| < 1+ |log(u?)]
and that 1 + |log(u?)| is square-integrable on [0, 1]. We can then argue as before to conclude that I < t~1/4. Finally,
the inequality
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1 1
<
I1+1¢—& " 1+4u

shows that we can bound /3 in a similar way. It now follows that

L\ w@ldme) <
|z — ¢

Q)

which, together with similar estimates for the integrations over 23, €24, and Qg¢, proves (6.5). O
Lemma 6.8. For z = io with o — +00, the expansion (6.3) holds with

NG (x, 1) = %/N<3)({;x,t)W(g‘;x,t)dm(g‘). (6.11)
C

Proof. We write (6.2) as

N<3)(z;x,t)=(1,0)+1N§3>(x,r)+i/LN@)(g;x,t)W(;;x,t)dm(;)
z nzc z—¢

where N?) is given by (6.11). If z =io and ¢ € Q1 U Q3 U Q4 U Qg, it is easy to see that [¢|/|z — ¢| is bounded
above by a fixed constant independent of z, while [IN®)(¢; x, 1)| < 1 by the remarks following (6.6). If we can show
that f(C [W(¢; x,t)|dm(¢) is finite, it will follow from the Dominated Convergence Theorem that

lim LN“)(g;x,t)W(;;x,t)dm(;“)=0

o—oo ) jo—¢

which implies the required asymptotic estimate. We will estimate the integral / [W(¢)|dm(¢) since the other
Q
estimates are similar. We have

Q={u+&v):v>0,v=<u<oo}.

Using (6.7), (6.8), and (6.9), we may then estimate

‘/W@mﬁMMO§h+h+h
Q)

where

(e ol e]
I1=//|p/1(§+u)}e_8’””dudv
0

v

1 1
/ ‘log(uz + vZ)‘e—S’“v dudv
0O v

I

e 8 du dv.

oo o0
1
L= -
V1+u? +0?
0 v
To estimate /1, we use the Schwarz inequality on the u-integration to obtain

o
1 1 g2 r'(1/4)
h= il g [ 7z o= il g
0
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Similarly, since log(u? 4 v?) < log(2u?) for v < u < 1, we may similarly bound

r'1/4)

2 —_—
b= HIOg(Zu ) L2(0,1) 83/4¢3/4°

Finally, to estimate I3, we note that 1 + w?+v2>1+u?and (14+u®) "2 e LZRY), so we may similarly conclude
that

r'(1/4)
) 85747374

These estimates together show that

< |a+u)2

/ W x.0)dm(g) < 6.12)
Q)

and that the implied constant depends only on ||p||z22. In particular, the integral (6.12) is bounded uniformly as
t—o00. O

The estimate (6.12) is also strong enough to prove (6.4).

Lemma 6.9. The estimate (6.4) holds with constants uniform in p in a bounded subset of H*2*(R) and
inf,cr (1 — z|p(z)|2) > 0 strictly.

Proof. From the representation formula (6.11), Lemma 6.7, and the remarks following, we have
3
N )<x,r>\5/|W(c;x,t>|dm<c).
C

—3/4

In the proof of Lemma 6.8, we bounded this integral by ¢ modulo constants with the required uniformities. O

7. Large-time asymptotics

‘We now use estimates on the RHPs to compute g (x, #) via the reconstruction formula (1.9) in the case x > 0, and
t — 4o00. Working through the various changes of variables, we have

N(z; x,1) = N (z; x, ONPC(z; - )RP (2) 7 18(2) (7.1)

Recalling (1.9), we need to compute the coefficient of z~! in the large-z expansion for N(z; x, 1).

Lemma 7.1. For z =io and 0 — +00, the asymptotic relations

1 1
N(ZQXJ)=(1:0)+ENI(XJ)‘FO(E) (7.2)
NPC(zix, ) =1+ %Nfc(x, H+o (%) (7.3)

hold. Moreover,

Ny (x, 1)) 15 = (lec(x, t))12 +O (t_3/4) (7.4)

and the implied constants are uniform in & and t > 0.

Proof. By Lemma 3.2(iii), the expansion

175 0
s =g V)41 s)+o(?) @5)
1
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holds, with the remainder in (7.5) uniform in p in a bounded subset of H>2. The form of the asymptotic expansion
(7.3) follows by construction, while (7.2) follows from (7.1), (7.3), the fact that R® = I in Q5, and (7.5).

To prove (7.4), we notice that the diagonal matrix in (7.5) does not affect the 12-component of N. Hence, for
z=io,

. _ e 1 pC 1
NGxn=— (Nen)  +- (N (x,t)>12+0<2>

and result now follows from (6.4). O
We now evaluate the leading asymptotic term using large-z asymptotics of the model RHP.
Proposition 7.2. The function
q(x,t)=2i lim zNja(z; x, 1) (7.6)
7—>00
takes the form
q(x, 1) = qas(x, 1) + O (t_3/4)
where qu5(x, t) is given by (1.10) and the remainder is uniform in & € R.

Proof. By Lemma 7.1 and (7.6),

212m( )

Gas(x,1) = lim
72— 00

Recalling that m12 = —iB12, with B2 given in (5.26)—(5.27) of Lemma 5.6, and that z and ¢ are related through (5.1),
we get

_2zBi2
av( t) =
Gas'%s z—>oo «/—(Z —£)
1 . L,
= — (g)e*m(é) log 8t+ix?/(4t)
i
where
1
T 2%
and
| &
T
arga (§) = 7 +arg'(ix) +argp(§) + - / log|s — &|dlog(1 —s|p(s)[?). O

Theorem 1.4 in the case x > 0, ¢ > 0 is an immediate consequence of Proposition 7.2. We discuss the remaining
three cases in Appendix B.

8. Gauge transformation

Given initial data uq for (1.1), we define gauge-transformed initial data for (1.3)

qo(x) =uo(x)exp | —i / luo(y)[* dy

and the associated scattering data p for go. From these scattering data, we compute the solution to (1.3), and thus
obtain the solution to the Cauchy problem for (1.1) with Cauchy data u( by the inverse gauge transformation
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u(x,r) =q(x,r)exp i/lq(y»t)lzdy : 8.1

—00

To find the large-time behavior for u(x, t) purely in terms of spectral data, it suffices to evaluate large-time asymptotics
for the expression

X
exp i/|q(y,t)|2dy
—o0

We will prove:

Proposition 8.1. Suppose that gy € H>*(R) and that q(x,t) solves the Cauchy problem (1.3) with initial data qo.
Let p be the right-hand scattering data associated to qo and fix € = —x/(4t) with & # 0. We have the asymptotic
formulae:

(i) Fort >0,

r i T log(1— 2 1
exp(i / |q(y,t)|2dy)=exp(—;—/Mds)—i-(’)g <$>

—00 E

(i) Similarly, fort <0,

X &
i [ log(l — 2 1
exp(i/|q(y,t)|2dy)=exp(—;—/Mds)—i—@g <$>

8.1. Beals—Coifman solutions

Our analysis uses the Beals—Coifman solutions discussed in Paper I, Section 4. We recall a few key facts and refer
the reader to Sections 1.2 and 4 of that paper for further details. Our Beals—Coifman solutions also depend on ¢ since
the potential g (x, ¢) and its scattering data evolve in time.

In the ¢ variables, the Beals—Coifman solutions M,(¢; x,t) and M, (¢; x, t)2 are 2 x 2 matrix-valued functions
defined for ¢ € C\ X, are analytic in ¢ and have the respective spatial normalizations

. 1 0 . 1 0
x_llrfooMr(Lx,t):(O 1>, xl}rllooMz(é,x,t)=(0 1>. (8.2)

The functions M, (¢; x, 1)e~*8%03 and M, €; x, e~i¥8%03 solve (1.4).

By exploiting the symmetry reduction described in Section 1.2 of Paper I, we can form Beals—Coifman solutions
Ne¢(z; x,t) and N,(z; x,t) with the same respective spatial normalizations but analytic for z € C \ R. The function
N(z; x, t) that solves Problem 1.1 (the “right” Riemann—Hilbert problem) is the first row of N, (z; x, t). Analogously,
the first row of Ny(z; x, t) solves the corresponding “left” Riemann—Hilbert problem.

If ¢ =0, (1.4) becomes dV¥/dx = P(x)W¥ and we can use the normalizations (8.2) to compute

X
i
M5 (0; x, 1), = exp —E/Iq(y)lzdy (8.3)
+oo

and

2 The ordering of the variables for the Beals—Coifman solutions as defined in Paper I has been changed to be consistent with the notations of the
present paper.
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X
i
M7 (0 x, 1) = exp —Eflq(y)l2dy . (8.4)

—0o0

According to Proposition 2.9, Proposition 5.7 and equation (2.13) of Paper I, if N, is the solution to the RHP
Problem 5.2 of Paper I, then Mli1 ©O;x,1), = Nﬁ (0; x, t),. Following a similar argument, we have Mli1 O;x,0) =
N 1i1 (0; x, t)¢. One can also directly read off from (6.1) and (6.2) of Paper I that

N (03 x,0), = N[ (0;x, 1), , NiL(O;x, 1) = Ny (05 x, 1),

We conclude that

X
Ni5 (03 0, =exp | 3 / g (1) dy (8.5)
—+o0
. X
+. _ ! 2
N{7(0:x,t)g =exp —Eflq(y,t)l dy |. (8.6)
—00

As we will see, we can also compute the large-£ asymptotics of N 1i1 O; x,1)¢ and Nﬁ (0; x, 1), since these func-
tions are the first entry in the respective solutions of the “left” and “right” Riemann—Hilbert problems for N(z; x, )
evaluated at z = 0. We will obtain asymptotic formulas in terms of scattering data alone which prove Proposition 8.1.

8.2. A weak Plancherel identity
The following lemma that can be seen as a weak version of a nonlinear Plancherel identity.

Lemma 8.2. Suppose that qo € H>*(R) and let p be the scattering data. Then, the identity

+oo o0
i [ log(1— 2
exp (i [ laoPdy) =exo (= 2 e (L= slp ) 4.

holds.

Proof. The proof consists in computing the scattering coefficient a(0) (defined in (1.5)) in two ways using the con-
struction of left and right Beals—Coifman solutions My, M,, at { =0 and t =0.
First, it follows from Lemma 5.6 of Paper I and the identity o (¢?) = a(¢) that, for z € C \ R,

log(1—Alp(M)[*) di
a(z) =exp /——

A—2z 2mi
R

Since p € H>2(R), the function log(1 — Alp(0)[?) has a first-order zero at A =0, so that «(0) = lim,_, ¢ ;ec- @(2) is
given by

_ 2
2(0) — exp /log(l Mp@IP) di

A 2mi
R

(although these identities are proved in Section 5 of Paper I for p € S(R), their proof readily extends to p € H>2(R)).
On the other hand, from eq. (4.20) of Paper I, we have

a(0)= lim (M;0;x,0).

It follows from (8.3) that
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. +o00
. _ i
lim (M{;(0;x,0)), =exp | = / lg(»)|*dy
X——00 2
—00

This concludes the proof of the lemma. O

Remark 8.3. When x < 0 we reconstruct g (x, ¢) using the left RHP, which, as shown in Proposition 6.2 of Paper I,
gives a Lipschitz continuous map from soliton-free H>? scattering data to H>?(—o00, a) for any fixed a € R. When
we use the right RHP to recover ¢ for x > 0, the reconstruction map is only continuous into H>2(a, 00) (see Propo-
sition 6.1 of Paper I) but need not be stable as x — —oo. In this case, the gauge transformation (8.1) is still valid for
the following reason:

x +00 +00
exp (i [ larnPdy)=exo (i [ larnPdy =i [ latr.niay) (8.7)

+00 +00
=exp (i [ lmoPar)exe (=i [ lanPay)

“+o00

i log(l — 2 [
:exp(—;— / wds)expG / Iq(y,t)lzdy).
—00 +00

The first term of (8.7) only depends on the initial data and the second term is stable.
8.3. Proof of Proposition 8.1

Proof. The proof is a consequence of (8.13), (8.15), (8.19) and (8.17) below. It suffices to evaluate Nﬁ 0; x,1) for
large ¢ from the spectral data via the RHP. We compute an asymptotic expression for the first row of N*(0; x, f) using
the solution formula

N(zix, 1) =Nz x, ONC (2 (2): £ )RP () 187 (2: ) (8.8)
using equations (2.6), (2.7), (2.10) of Section 2, where (see (2.4) and (2.5) for the definitions of §; and §,)

8¢(z; €) t>0,x>0
6r(2; 8) t>0,x<0

8z 8) = 8.9
GO s@e ! 1<0,x>0 59
Se(z:6)7" 1<0,x<0
and the respective formulas
lim; 0 ;eq N(z;x,2) t>0,x>0
N(O: x.1) = lim;0,;e0,N(z;x,1) t>0,x <0 (8.10)

lim; 0 ;eq; N(z; x,1) t<0,x>0
lim;0.e0s N(z; x,1) <0, x <0.
Let us examine each right-hand factor of (8.8) in turn. Since
N (2,0 = (1,00 +0 (174),

we need to consider only the last three factors.
Since NPC(z; x, 1) is continuous at z = 0 (if £ # 0), we may evaluate

JE?)NPC“(Z); £) =NFPC(/8]1]&; &)

1 0
~(o 1)+o

()
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We show that, in each case of (8.10), lim;_,¢ R@ (z; x, t)_1 is the identity matrix when the limit is taken in the
prescribed sector.

t >0, x > 0: The function R{(z) is continuous near z =0 and R;(0) =0 (Fig. E.1 and equation (B.3)).
t >0, x < 0: The function R4(z) is continuous near z = 0 and R4(0) = 0 (Fig. E.1 and equation (B.7)).
t <0, x > 0: The function R3(z) is continuous near z = 0 and R3(0) =0 (Fig. E.2 and equation (B.11)).
t <0, x < 0: The function R¢(z) is continuous near z = 0 and R¢(0) = 0 (Fig. E.2 and equation (B.15)).

Finally, we evaluate lim,_, §(z, &) for the appropriate choice of §.

t>0,x>0: £ <0and z=0 lies to the right of the branch cut (Fig. E.3).
t>0,x <0: & >0and z=0 lies to the left of the branch cut (Fig. E.4).
t <0,x>0:§>0and z=0 lies to the left of the branch cut (Fig. E.5).
t <0,x <0: ¢ <0and z=0 lies to the right of the branch cut (Fig. E.6).

[ ]
[ ]
[ ]
[ ]
In all cases, 6 is continuous at z =0 and lim, . 6(z; £)7° = Bﬁ(O; £)73. Finally we arrive at

N(O; x, 1) = (8°(0; £), 0) + O (f‘/z) 8.11)

where 8% is given by (8.9). We now use (8.6) and (8.5) together with (8.11) to prove Proposition 8.1 in four cases.
In the following, we assume £ is fixed, thus letting x and ¢ to infinity.

The case ¢ > 0, x > 0: We solve the right RHP (see (2.1) and the summary in Appendix B.1). Using (8.11), we
have

1
N} (0; x, 1), = 80(0) + O (—)

N
On the other hand,
&
log(1 —s|p(s)*) ds
8Z(Z)=3XP —_—————
s—2z 2mi
o
Hence,
xs1 1 2 d
§(0)= lim exp /M_S
7z—0, zeC* s—2z 27
o0
&
/IOg(l—SIp(S)IZ) ds
=exp _
) 21
o0
and
[ log(1 — slp()P) d 1
og(l —slp(s K
NT(0:x,1), = —_— O | — ). 8.12
1105 x, 1), =exp / s i + S(«/?) ( )

o0

Using (8.3) and (8.12) we conclude that

i 3
. log(1 — ’) d !

exp(_%/lq(y,t>|2dY):exp</Mﬁ)+O§ <$>
+00 -

which leads to
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X +oo
log(1 — 5 d 1
exp(i / |q(y,t)|2dy>=exp(—i / Mf)-}-@g (ﬁ) (8.13)

The case r > 0, x < 0: We use the left-hand RHP (see (2.2) and the summary in Appendix B.2). From (8.11) we
conclude that

N3O 6,100 =5,0) + O (7172)

—00 S

Now
T log(1 %) d
8,(0)= lim exp _/M_S.
70, 2€Q4 s —z 2mi
5
o0
/log<1—s|p<s>|2) ds
=exp| - | ——m—MMM™ —
s 2mi
3
This gives
[ log(1 =slp()1?) d I
_ og(l —s|p(s s
N;(0; x, = - — O: |l — . 8.14
1105 x, )¢ =exp / S i (ﬁ) ( )
&
We deduce from (8.14) and (8.4) that
[ [ log(1 = slo(») ) d 1
; 24v) = _; [ o8 = SIpIT) 4§ -
exp(l / gy, )| dy)_exp( zf - n)+05<\/?>' (8.15)
—00 s

The case t < 0, x > 0: We use the asymptotic formulas for the right-hand RHP (2.1) of Appendix B.3. From (8.11)
we conclude that

N 2,00, = 8,07 + 0 (17172).

Now
T log(1 2y 4
s 2mi
i
This gives
[ log(1 —slp(s)1?) d I
. _ og(l =slp(s)|9) ds 1
N (0: x. 1), = exp /—s — +Og<ﬁ>. (8.16)
;
From (8.16) and (8.3), we get
[ [ log(1 —slp®)?) d I
i 2\ og(l —slp(s)|9) ds 1
exp (=5 [ lanPdy) =exp ([ EEIEOD zm)wé(ﬁ)
oo £

which leads to

. £
log(1 — 2 d 1
exp<if|q(y,t)|2dy)=exp(—i/Mf)ﬂ% (7?) (8.17)

—0o0 —00
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The case r < 0, x < 0: Using the asymptotic formula for the left-hand RHP of Appendix B.4 and (8.11) we have

NGO x,00 =0, + 0 (17112)

From
1 (1—slp(s)?) d
_ 0 —s|p(s K
5,(0)~" = exp —/—g : —
—00
we have
£
_ log(1 —s|p(s)|?) ds 1
N5 (0: x. 1) = exp _/gf“)'% +0; ($> (8.18)
—0Q
Finally from (8.18) and (8.4),
x £
~ [ log(1=s|p(s)|?) ds 1
exp(/ |q(y,t)|2dy>=exp<—z f %;)+Og ($> a (8.19)
—00 —0o0
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Appendix A. Solutions to model scalar RHPs

A.l. Large-z asymptotics

Since k € H>%(R), it follows that s« (s) € L' (R) and we may expand

3 ¢ &
/"(S) ds:-lf K(s)ds—l/ Y (s)ds (A1)
e §—Z Z—oo Z—oo S —Z

£
=_1 / K(S)dS+O<i2>,
Z Z

where the implied constant is uniform in z with —7 4+ ¢ < arg(z — &) < — ¢ for a fixed ¢ > 0. Using (A.1) in (2.4)
we conclude that

£
i 1
Se(x) ~1— - / k(s)ds+ O (—2> ,
b4 z
—00
and, by a similar argument
o

8r(Z)N1+£/K(S)dS+O<i2>.
Zé Z
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A.2. Asymptotics near the stationary phase point

The following asymptotic relations for 8¢, &, 6, ! and 8;1 are used to compute leading asymptotics near the
critical point £ and determine the model RHPs. Define complex powers of (z — &) using the appropriate branch of the
logarithm (—7 < arg(¢ — &) < 7 for 8!, and 0 < arg(¢ — &) < 2 for 8F1). As z — £ in the respective domains of
55 and 5,,

8:0) = boe(z = £)*®| S —Iz — £ log |z — & (A2)
8,(¢) = Sor (z — &) ®)| S —lz — £[log |z — €| (A3)
8- (0) " =85, (2 — )T < —|z — £|log|z — & (A4)
6:0) ™" = 85 e = &) ®| S Iz £l logle 1, (A5)

where the implied constants depend on ||k || ;22 and a fixed & > 0. The constants are uniform in z with —7 + ¢ <
arg(z — &) <m — ¢ (for SZE]) ore <arg(z — &) <2m — ¢ (for S,il).

The constants o, and 8¢, are defined as follows. Let x_ be the characteristic function of (§ — 1, &), and let x4 be
the characteristic function of (£, & + 1). Then:

&
So¢ = exp i/K(S)—X—(S)K(é)dS ’
s—§
Sor = €™ exp —i/K(s) _SX_Jr;S)K(é) ds

3

These asymptotics are easily deduced from the integral formulas (2.4) and (2.5). We illustrate the ideas for §;; these
computations are standard but we include them for the reader’s convenience.
Using (2.4), we compute, for z € C \ (—o0, &],

§ £
8¢(z) = exp i/ “@) 4 -exp i/wds
— p—
£-1 oo

=(z— S)iK(S)eiﬁ(Z;S)

where

3
ﬁ(z;s)z—x<s>1og(z—s+1>+/

—00

K(8) = x5 @) -

§—2Z
We will show that B(z, £) is continuous at z =& and we set §o¢(§) = exp(iB(&, £)). We wish to prove that

5@ —80&)E — 27| S 6 —lz — &llog]z — & (A.6)

as z — & for z — £ =re'? with —7 < ¢ < 7 and implied constants independent of & € R. To do this, it suffices to
show that

[B& +re®:6) = B&: )] .9 —rlogr

where the implied constants have the same uniformity. But



J. Liu et al. / Ann. 1. H. Poincaré — AN 35 (2018) 217-265 251

BE +re'?;5) — (5;€) =k (&) log(1 +re'?) A7
E 1 1
N / < _ ) (K(s) = X () (®)) ds
s—z s—§&

&

1 1

=/( - )(K(s)—x@)) ds+ 0 (r)
s—z s—§&

where the implied constants in O (r) depend on ||k ||, and are independent of & € R. The first right-hand integral in
the last line of (A.7) may be written

&
; 1 Kk(s) — k(&)
. I 1]
I(r;&)=re /S—S—rei¢ " ds
£—1
; 1
— P /
=re /m/{ (E)ds
£—1

& s
: 1 feG=yx"(dy
+re’¢/ - d
s—&—rei? s—&

N
£-1
=0(r:§) + L(r; §)

By explicit computation,
L0 &) = reii (€) <log(—rei¢) ~log(—1 — ref‘P)) < _rlogr (A.8)

with constants depending on « through |’ | ~ and otherwise independent of &. On the other hand, since |s — y|/|s —
£| <1 we may estimate

£
" 1
LG 8)l <r |« ||2f et %
£—1

The right-hand integral is easily seen to equal

—cot¢

1
——dpu
Vi +1
which is O (logr) as r |, 0 with constants depending on ¢. These constants are boundedif e <¢p <m —gor —7 +¢ <
¢ < —e for some fixed ¢ > 0. For such ¢ we have
1 (r; ) S p,p —rlogr (A9)

with constants independent of £ € R and depending on p through ||pl| y2.2 since | pll y2.2 controls HK’ ! H2
Since || p|| ;2.2 also controls ||« ||, and ”/c/”oo, we conclude from (A.7), (A.8), and (A.9) that (A.6) holds.

1
—y—cot¢

Appendix B. Four model RHPs

We summarize the key formulas leading to g,s(x, #). We will write « for «(£) when it appears in formulas. We
denote by 7(z; &) or simply 7 the function

n(¢;§) =k—§).
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Thus 5% is shorthand for (z — £)*<©) etc. We will make use of the identities

.
I'z)=T@®@, i) ~ ksinh(mk)

as well as

K _Elp®)P =1 — 1)

in the computations. Recall that the symbols 8, §p, and 6+ are defined at the beginning of each subsection and have
different meanings in each of them as indicated in (B.1), (B.5), (B.9), and (B.13).

B.1. Thecaset >0, x >0

To prepare the initial RHP for steepest descent we set NV = N(Se_‘n. Throughout this subsection,
8=23¢, 6+=(8e)x, J0o=730¢- (B.1)

From (2.1) we get a new RHP for N with jump matrix V) where

2
1 0 &P Q2it0
5225 ' 1—z|p? . z€(=00,8)
) _;E—ZItQ 1 0 1
v\ TT e (B.2)
1 ,08262“6 1 0
. z € (§,00)

0 1 _Zﬁ3—26—21t0 1

N is then ready for steepest descent. We reduce to a mixed 3-RHP in the new variable N® = N(D'R where R is
a piecewise continuous matrix-valued as shown in Fig. E.1. Here

Ril(e.00) =2P(0)3(2) 2 Rilz, =§pE)8; 12"
Rs| p(2)8% (2) | P ()55 n2ix
31(— =——0T5 3 = """
0T T 2lp@P? SR EHRGE 83
— 2 —s2 (B.3)
Rul zp(2)6_ Ral 59(5)50 U_ziK
4l(- =T sy =—7T—(
0T 2P B I—Ep@P
Rslg.00) = P(2)8(2)? Rels, = p(§)3or™"
The resulting unknown N® satisfies a mixed 3-RHP with jump matrix V® defined on the oriented contours of
2
PP
3

As discussed above we reduce to a model RHP with contour £ and jump matrix (2.9) where Vo(z) is shown in
Fig. E.3 and

re = p(E)a(Z)e—ﬂxe—Zik 1og(m)e4iz52 (B.4)

Using (2.18), (2.21), (2.22), and (B.4), we conclude that

2_ <&
le(§)]° = 2%
arga(é)z%+argl‘(i/<)+argp(§)
&

1
+;/log|s—5|dlog(1—s|p(s)|2).

—00
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B.2. The caset >0, x <0

To prepare for steepest descent we set N(1) = Ng, °*. Throughout this subsection,
8=46, 6+=(8)+, do=dor. (B.5)
The new RHP for NV has jump matrix V1 where

1 0 1 ,58262”9
_ . , z€(—00,8)
_Z58—26—21t0 1 0 1
P _ L | 0 (B.6)

——-5€

1 —z|p|? =2 , z2€(§,00)
0 ) —2péy o200 ]

1 —z|p)?

N is then ready for steepest descent. As before we reduce to a mixed 9-RHP problem n the new variable N® =
N(R, where R is the piecewise continuous matrix-valued function as shown in Fig. E.1. We have the following
formulas for Ry, R3, R4, and Rg:

L N Rilg, = SPE%°
e =T 0 T gl
R3l(—oo.6) = —(2)8+ () Rslz, = —p()dn"" (B.7)
Ral(—ooty = —2(2)8-() 2 Relz, = —€5(§)8 0"
5(2) o &) it
Rel(g.00) = W&(Z)2 Rsls, = Wﬁé i

The new unknown N® satisfies a mixed 9-RHP in N® with jump matrix V® on 52).
Following the procedure outlined at the beginning of this section we arrive at a model RHP with contour 2(()2) and
jump matrix (2.9) where VO(Z) is shown in Fig. E.4 and

Fe = p(E)0Ze 2 (E) log VBT Airg? (B.8)
= ,5(5)@2"” exp | —2i / ) 7 XES) () _s i(;)K ©) ds e_ZiK(g)log “/564”52
£
From (2.18), (2.21), (2.22), and (B.8), we conclude that
2k
le (&) = 2%

3 .
arga(§) = —— - +arg['(ik) +arg p(§)

X £

+— / log(& — 5)dlog(1 —s|p(s)[*).

B.3. The caset <0, x >0
In what follows we will set ¢’ = —t so that |[t| =¢’ and
x
00 =— (=25 +2).

To prepare the initial RHP for steepest descent we take N() = N&7*. Throughout this subsection
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_ -1 _ (s-1 _ o1
=6 se=(57") . =6 (B.9)
The resulting RHP for NV has jump matrix V(1 where
1 ,0826_2”/0 1 0
, z€(—00,§)
0 1 _ZﬁeZtt [ 1
viD(z) = 2 B.10
() 1 0 P82 i (B.10)
_ 2
—55=2 1—zlpl , 2€(5,00)
— " 1 0 1
1 —z|p|

We write N = N@R where the piecewise continuous matrix-valued function R is shown in Fig. E.2, and the

functions R; are described as follows:

p(2)8+(2)*
1—zlp@)?
R3|(—oe) = 2p(2)81(2) 7
Ral(—oo.6) = P(2)3-(2)°
~2p(2)5-(2)*
1—zlp(2))?

Ril(g,00) = —

Rol(g,00) =

P&
Rily, =———220
e = e en”
R — _8—2 *21.}(
3|5, Ep(é)zoz_n B.11)
Ralx, = p(€)83n**
R | — _g@862 —2ik
T T e @)

The function N® obeys a mixed 3-RHP with jump matrix V' that we describe below.
Following the standard procedure we arrive at a model RHP with contour 282) and jump matrix (2.9) where Vo(z)
is shown in Fig. E.5 and

re = p(§)5, 2eXN ) loa VB o —4ir'E? (B.12)

o]

=@ > enp (21 [
&

K(s) — X(;)K(g) ds | p2ix (@ 108 VBT —aire?.
P

From (2.19), (2.21), and (2.22), and (B.12), we conclude that

k(&)

2_
la(§)]" = 2%

3 .
arga(§) = 7 argI"(ik) + arg p(§)

1
- ;/logu—wlog(l —slp)?).
&

B.4. The caset <0, x <0

To prepare for steepest descent we set N = N(Sf. Throughout this subsection,

s§=87", 8= e, s0=28y. (B.13)

The resulting RHP for N" has jump matrix v where
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p(2) 52 p—2it'0 1 0
1—zIp@)I? ~ —x . ze(—00,
V= 1—z[p(2)|? (B.14)
1 0\ [1 p(z)d2e2re
. y , z € (§,00)
—zp(z)87 220 ] 0 1

We can now deform to a mixed 3-RHP by passing to N = N)R where R is the piecewise continuous matrix-valued
function shown in Fig. E.2, and the functions R; have the boundary values:

Rilg.00) = —F(2)84(2)° Rilz, = —pE)dn*"
720(2) D) Ep(E) 2 _2ig
= =—""_§
Ralcoor =7 —zlp@P Rolza =1 G (B.15)
_ p®@ 2 . p®) 2 ik .
Relcootr =T 5002 Rl = g 5P "
Rol(e.00) = —25(28(2) Rels, = —£p(E)8, 0"

The new unknown N satisfies a mixed 3-RHP with jump matrix V@ on éz) )
Following the procedure outlined at the beginning of the section we atrive at a model RHP with contour 282) and
jump matrix (2.9), where VO(Z) is shown in Fig. E.6 and

Fe = p(£)03, €2 (@) log VBI (—dir's? (B.16)
From (2.19), (2.21), (2.22), and (B.16), we conclude that

0!
(&))" = 2%

arga(§) = — 7 —arg [ (i) +arg p (§)
1 o0
+ ;/Iogm—smlog(l —sloe)P).
&

Appendix C. Formulae and Wronskian for parabolic cylinder functions

For sake of completeness, we provide in this appendix details of proofs of various results used in Section 5 about
parabolic cylinder functions.

C.1. Proof of Lemma 5.4

Differentiating (5.7) with respect to ¢, we obtain
(d(I> vk @) (d(b i ) v©
— 4+ =io =|—+ zio .
ac T20%) =G TR

We know that det V(@ = 1, thus det &, = det ®_ and det ® is analytic in the whole complex plane. It is equal
to one at infinity, thus by Liouville theorem, det ® = 1. It follows that (®)~! exists and is bounded. The matrix

[OJEEY/
(— + §o3§d>>d>_l has no jump along the real line and is therefore an entire function of ¢. Let us compute its

behavior at infinity. Returning to (5.3), we have that
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i _ dNFC pCiko3 PCr—1
I AT (— NPCIET3) C.1
(d§+263) it C)( ) (C.1)
" % [03’NPC] (NPC)~1

The first term in the right-hand side of (C.1) tends to 0 as { — oo, while the second term behaves like O(1/¢). For
the last term in the right-hand side of (C.1), we use that

pC m©®

Defining
0 lm(lg)
B= [(73 N(])] 0
—lmél) 0

Equivalently, S12 =i m(lg) and B2 = —zm21 Again applying Liouville’s theorem, the 2 x 2 matrix & satisfies the
ODE:

dd i¢

L 2 5md=8D C2

ac T2 Re=F (C2)

where S is an off-diagonal matrix.

The system (C.2) decouples into two first-order systems for (O, ®1) and (P12, P2),
ddn .
T 1P = PP
s 1 (C.3)

dc 18P = PP

and

@ lico = B1r®
az Fi¢ @2 12%22

dds)y B li;cb P (C4)
ac 2o 21912

Combining the above equations, one obtains that the entries of ® satisfy (5.9)—(5.12).

C.2. Proof of Lemma 5.6

We know that 812821 =« (§) and
=&l re
—&rg 1 ) .
Combining (5.17), (5.18), (5.21), and (5.22), we obtain
—§Te = ‘Dl_lq’;l - q>2—1c1>ﬁ

@) 'o,=vO®= (

= e%KDiK<ef”/4;>ie‘3T”“ (a; (Dic(ge™7/) + %Dm@e*"”“))

e <3§(DiK(C€i”/4)) + iﬁDik<cef”/4>) e FE Dy (g
B2 2

K

_e L in/4 . _3in/4
= W (Dice™0), Dic(ge™ 1Y)

\/2ne_%ei”/4
© Bl(—ik)
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where we have used the Wronskian (C.6) in the last equality. It follows from the above computations that
V2me T/ 2mi/4

—&re I'(—ik)
From the identities

P2 =

r@=r@), ITP?=

Kk sinh i
we see that
e~TK/2 2 ke ¥ sinh i 1
|ﬂ12|2=‘ﬂ | = =« (1-e™)
§re I'(ix) £2|re|? £2|re|?
Recalling that

1 2
€§) =—5—1log (1-£lp(©)P)
we compute

L= e =¢lp@)?

so that (5.26) holds.
On the other hand, since £ <0

4
arg B1o = 7 taere+ arg(T'(ix)).
Substituting the definition of r¢ given in (5.2)

argry = arg p(£) +arg 85 — i (&) log(8t) + 41£2.
We also have, by integration by parts

H
53(6) =exp [ 2i / K<s>—x(§>:«(s> s
=
&
=exp —2i/10g|s—§|d/c(s)
¢
l
=exp [ = [ togls — gldtogt —s1o(o)P)

thus (5.27) holds.
C.3. Wronskians

We record the solution formulae for ® (¢, £) arising in the factorization of the model RHP in each of the four cases
4+t > 0, £x > 0; see Step 4 of Section 2 and especially (2.11) for the set-up; see also (2.14) and the comments fol-
lowing for the solution method. These formulae together with the Wronskian identity for parabolic cylinder functions,
allow the evaluations of (2.16) and (2.17) that in turn provide S5 in terms of frozen-coefficient scattering data.

We give explicit formulae for the solutions of the equations (2.14) with asymptotic behavior

; _ M
B(g; &) ~ eFEC O ik (1 + mT +o <§‘1)> .

We denote by D,(z) the usual parabolic cylinder function, i.e., the solution to (5.13) with asymptotics prescribed in
(5.14). The identity (5.25) is easily be derived from the relation
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Ua,z) = D_a_%(z) (C.5)

(see [21, §12.1]3) and [21, 12.8.2].* We also record the Wronskian identity

V2m

W(Da(@), Da(=2) = £ =5 (C.6)

which is a consequence of (C.5) and [21,eq. (12.2.11 )].> We use this identity to compute 817 (see proof of Lemma 5.6).

For the + case of (2.14), taking —m < arg¢ < m corresponding to ¢ > 0, x > 0, the solution ®(¢; &) is given by
expressions (5.15) and (5.16) of Proposition 5.5.

For the + case of (2.14), taking 0 < arg ¢ < 2 corresponding to ¢ > 0, x < 0, the solution ®(¢; &) is given by

3 3im iK b . i
D) eI D e )
K 3 3i ! e c,
—e A EID (g ) e D_j(e7m4r)
B2 .
K i —IK e . Swi
e Dy (e T 7;——6%*K*”114K41(§efff)
ik _1 : Ini . 5 Smi cet”
e D (ge ) e Doj(te™ )
B2
For the — case of (2.14), taking 0 < arg¢ < 2w corresponding to ¢t < 0, x > 0, the solution ®(¢; &) is
b4 i iK 3 . i
eFD (g™ H) e FOTIp e )
—IlK T (e—i) _mi _3nk _3mi
ed D_j—1(Ce™ %) e 4 Dj(Cem %)
B12 .
g i K biq . i
D (e ) ¢ T )
—IK 5 . ! 7 Tmi teC.
——eF CTID ey (ce7Y) e~ Dj(e” 5 ¢)
B2
Finally, for the — case of (2.14), taking —m < arg¢ < 7 corresponding to t < 0, x < 0, the solution ®(¢; &) is
Tk i | K s . i
eFD_j(ge ) ;—9_37(K+')Di/<—1(§€_37)
. , 21 _ ;eC™,
—IK m._; _mi =3k _3mi
—34(K I)D—i/(—l(ge T) e 4 Dij(¢e™ %)
P12 .
3wk 3mi IK = . i
e D_je(te) ﬂ—e?("“)qu({eT)
. o P , reC
TIK 37 (e 3mi K i
Ee 4 D_j—1(e #) ed Di(te?)
1

From these formulae and the identities (5.25) and (C.6), we can compute (cf. (2.16)—(2.17))

Le—nl{/Zeni/4 V21

t>0,x>0
N S I'(—ik
Q) Py — Py @), = '3112 . «(/271) 7
T/ 2pim/A_Y T 2w o 0, x<0
B2 I'(—ik)

and

3 http://dImf.nist.gov/12.1.
4 http://dImf.nist.gov/12.8.E2.
5 http://dlmf.nist.gov/12.2.E11.
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1 o—TK/23im /4 _Vzne?ﬂ, t<0,x>0
- R I'(ik
Q) Py — Dy @, = '3112 «/(Zn) .
e~ TK/23mif4 N 2T t<0,x<0
B12 [ (ix)

Appendix D. L°°-bounds for the model RHP

We prove the bounds (6.8) and (6.9). It suffices to prove (6.8) since the bound (6.9) follows from (6.8) and the fact
that NPC(z; &) takes values in SL(2, C). Together with explicit estimates on the parabolic cylinder functions D,(¢),
following a similar discussion in [22, §3.1.1, Lemma 3.5].

Lemma D.1. Let c¢; and c; be strictly positive constants, and suppose that p € H 2.2(R) with p with || pllg22 < ci,
inf,cr (1 — z|p(2)|?) = c2. Then, the estimate

N6 51
holds, where the implied constant depend only on c| and c;.

Proof. We give the bound for the region €21 since estimates for the other regions are similar. Using (5.3), (5.4), (5.15),
(5.16) and writing

p1&) =rg/(1 —&lrg ),

we have that, for ¢ with 0 < arg(¢) < 7 /4, the entries N;; of NPC are given by
N11(g:§) = &5 g D_y (g
Ni2(8:8) = p1 (5)6ﬁczC_i"e”"/4D_i,<(Ce_i”/4)

+ Le—3m/4e—3ni/4(ik)e§g2§—ix DiK_l(ge—3ni/4)

B2i
Nt (55 8) = e™ /e i)™ ¢ Dy (ce T

1 e _
N»n(g;8) = Epl(S)ezgzCil"e?"ef’”/“(—i/c)D—iK—l({e*’”“)

+ ef3m</4eig2§fn< DiK(é.ef3in/4)'
Since
D (ce™ /4y ~ e—m/4§—me§;2’ Di (Ce™3/4) ~ o3TK/4 582

it is clear that NPC(¢; €) — [ as £ — oo in Q4. To prove the uniform L°-estimate, we need a quantitative version of
the asymptotics. We claim that, uniformly in a, in compacts of C and z with |z] > 1 and | arg(z)| < 37 /4, the estimate

lAap, (z)‘ <1 D.1)

holds. The uniform L*°-estimate will follow from the boundedness of «, the fact that

P2
et ‘ <1 for ¢ € 1, and the
estimates

[eTH e D eI $1

|4 e Dy (e

A

i

e_zgzé“_i'( D_j—1(ze™ /%

A

i

‘e_zczﬁ_iKDixfl (ge™3mi/%)

A

which are a consequence of (D.1).
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To complete the proof, we recall from [22] the proof of (D.1). The parabolic cylinder function D,(z) can be
expressed in terms of the Whittaker function Wy, (z) [23] (see Lemma D.2 below) via the formula

Da() =240 Wy 0 (@212) (D2)

7=

while, for |arg(z)| < 37 /2, the Whittaker function admits the integral representation

. réG-ara-91
Wiia 71/4(Z)=€_Z/22%+7 1- (21 3 ( a2)_+R(a’Z) (D.3)
e I'GG-=5rE%5 <
where
+ioo—%
R(a.2) 1 [ #roreess-Hree-Sa (D.4)
a,z)= z —+ 5= M(=¢—= .
rG-9re9 J 2 2 2
—ico—3
The computations in [22, proof of Lemma 3.5] show that
3 -3/2
R(a,2)| S 2|7 (E” - |arg(z)|) , (D.5)

where the implied constant depends only on ¢1 and ¢3, if @ = £ik or a = xix — 1. This estimate, (D.2), (D.3), and
(D.5) imply (D.1). O

Lemma D.2. The integral representation (D.3) holds.

Proof. We begin with the following representation formula [21, (13.16.1 D1°:

| Hioo

e 2%
Wi () = 2mi /

—ioo

FE+p+0DrG—p+0r(—k—1 _,
2 dt
PG +u—0rG—pn—k

where the contour separates the poles of F(% + 4+ t)l"(% — p +t) from those of I'(—k — ¢), and |arg(z)| < 37w /2.
Thus, taking k = % + 5 and u = _41_1’ we obtain

+ioo
L / rd+oré+or-¢-1-n

—Tdt
1 Z
r=9HrG-1%)

W

34540 =
—i00

We wish to set t =¢ — (}T + %) If @ = +ik this contour shift can be made without picking up contributions from

poles. We recover

+ioco

1 1 ,a
e QZZI-Fj 1 a 1 a —
Vet tO= i F o T / F(C—§>F<E+C—§)F(—§)z dg

ioco
We can now obtain a large-z expansion by shifting the contour to the right. We will pick up poles at { =0, 1, ---
depending on how far we shift. It is easy to compute the residues of the integrand at { = 0 and ¢ = 1 using the

facts that I'(—=¢) =T (1 —¢)/(—=¢) =T2 —¢)/(—=¢(1 — ¢)). Note that the residues get multiplied by —1 in the
computations since we shift the contour to the right. We then obtain

6 http://dlmf.nist.gov/13.16.E11.
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1 1,a
Weit-1@= : 2;;:+2
5 (1_ ra-9reg-9i
=G -9 z
+ioo+%
—m F(@—%)F(%—i—{—%)l"(—;)z_{dg“
—ico+3

A trivial change of variable gives (D.4). O

Appendix E. Figures

)

Fig. E.2. The Matrix R® for t <0, x > 0 (note that 1’ = —¢).
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22 E1

1 _ e 1 0
1= frel?
0 1 —&re 1

—r<arg((—¢& <

23 E4

Yo Xy
1 0
1 7
0 1 G
1 — €] ]?

0<arg(C—¢) <2m

13
1 0 Te
- 1 — |7 |?
—&re 1 0 1
X3 Xy

Fig. E.4. The Jump Matrix V0<2) fort >0, x <O.
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22 21
1 0 1 "¢
1—¢Jrel?
—€rg 1 0 1
0<arg(¢—¢&) <2m
1 re 1 0
¢
0 1 —— 1
1—Elrel?
P I
Fig. E.5. The Jump Matrix VO(Z) fort <0, x >0.
b2 2
1 0
1 Te
,Lﬂ 1 0 1
1 — €]

—r<arg((—¢&) <7

3
T 1 0
1 — ]rel? -
0 1 —F 1

X3
Fig. E.6. The Jump Matrix V0<2) fort <0,x <O.
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Fig. E.7. The Matrix P in terms of the Jump Matrix Vo(z), where V; = VO(Z) Is;-
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