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Abstract

Under certain regularity conditions, we establish quasi-invariance of Gaussian measures on periodic functions under the flow of
cubic fractional nonlinear Schrédinger equations on the one-dimensional torus.
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1. Introduction
1.1. Cubic fractional nonlinear Schrodinger equations

We consider the cubic fractional nonlinear Schrodinger equation (FNLS) on the one-dimensional torus T =
R/2nZ):

i0u 4+ (—32)%u = %|ul?u,

u];=0 = uo,

(1.1)

where u : R x T +—— C is the unknown function. For « > 0, let (—83)"‘ be the Fourier multiplier operator defined by
((—8%)”‘ )" (n):= |n|2°‘ f(n), n € 7, where fdenotes the Fourier transform of f. We say (1.1) is defocusing when
the sign on the nonlinearity is positive and focusing when the sign on the nonlinearity is negative.

The equation FNLS (1.1) arises in various physical settings. When « = 1, the equation (1.1) is the cubic nonlinear
Schrodinger equation (NLS) which appears as a model in the study of nonlinear optics, fluids and plasma physics; see
[40] for a general survey. For « = 2, (1.1) corresponds to the cubic fourth order NLS (4NLS) and has applications to
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the study of solitons in magnetic materials [22,42]. FNLS with non-local dispersion ; < o < 1 arises in continuum
limits of long-range lattice interactions [23]. When « < 5, the equation FNLS (1.1) is no longer dispersive. However,
the cubic nonlinear half-wave equation, corresponding to o= %, emerges in the study of wave turbulence [26,6],
gravitational collapse [12,14] and has been well-studied analytically [17,25,16]. We also refer to [41] for a study of
(1.1) when % <o < % In the following, we focus on studying FNLS (1.1) for o > % where dispersion is present.

The well-posedness theory of (1.1) in the L?-based Sobolev spaces H? (T') crucially depends upon the strength of
the dispersion; namely, if « > 1 or % < a < 1. In[1], Bourgain proved local well-posedness of NLS in LZ(T), which
immediately extends to global well-posedness in L2(T') as a consequence of mass conservation:

M(u)(t)=/|u(l,x)|2dx=M(u)(0) forall f € R. (1.2)
T

A persistence-of-regularity argument then implies global well-posedness of NLS in H? (T') for any ¢ > 0. This result
is sharp in the sense that NLS is ill-posed if o < 0. More precisely, the solution map' ® : ug € H°(T) > u €
C([—T,T]; H°(T)), if it even exists in view of the non-existence of solutions in [20], is discontinuous [27] (see also
[5,37,9,30,24]). In [33, Appendix A], the 4NLS was shown to be globally well-posed in H°(T) for any o > 0. In
Appendix B of this paper, we extend this global well-posedness result to FNLS (1.1) for any oz > 1.

The well-posedness situation for FNLS (1.1) is somewhat less complete in the setting <o < 1. In [8], Cho,
Hwang, Kwon and Lee proved local well-posedness of FNLS (1.1) in H° (T) for o > 5% by a contraction mapping
argument; see also [11]. Following the argument in [33, Appendix A], we can show the solutlon map for FNLS (1.1)
fails to be locally uniformly continuous in H°(T) for any o < 0. Thus we can not construct solutions below L(T)
using a contraction mapping argument. See also [9].

As for global well-posedness, the flow of FNLS (1.1) conserves the energy H (u); that is,

1 o 2 1

Hw®O =3 / ‘(—af)fu(t,x)’ dx £ / (e, x)|* dx = H(u)(0). (1.3)
T T

In the defocusing case, the energy controls the H*-norm and hence energy conservation can be used to globalise (in

time) all solutions with regularity at or above the energy space, that is, for when o > «. This result also holds in the

focusing case, as the H%-norm can be controlled in terms of both the energy and the mass by using the Gagliardo-
Nirenberg inequality

4—1
lull}s SHI(= 95l ollull, (1.4)
for o > 21;- Below the energy space H*(T), global well-posedness of FNLS (1.1) (for both defocusing and focus-

ing nonlinearities) in H° (T) was obtained for o > 10"‘“ [11] by using the high-low frequency decomposition of
Bourgain [4].
In summary, the flow of FNLS (1.1) is well-defined under the following conditions:

Proposition 1.1 (Well-posedness of the cubic FNLS (1.1) in H° (T) [1,8,11,33]).

(1) Let a > 1. Then, the cubic FNLS (1.1) is globally well-posed in H° (T) for o > 0.
(i) Let 1 5 <a < 1. Then, the cubic FNLS (1.1) is locally well-posed in H? (T) for o > 1 . Moreover, the cubic
FNLS (1.1) is globally well-posed for o > 10?;1.

In the following, we make no distinction between the defocusing or focusing nature of (1.1) and henceforth we
assume that (1.1) is defocusing. For future use, we define ®(¢) : ug € H° (T) + u(t) € H° (T) to be the solution map
of FNLS (1.1) (when it exists) at time ¢.

I For clarity of presentation, we neglect to explicitly show the dependence of the solution map & on «. Unless otherwise stated, the precise value
of « will be clear from the context.
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1.2. Main result

Our goal in this paper is to study the transport property of Gaussian measures on periodic functions under the flow

of FNLS (1.1). Given s € R, we define the Gaussian measure s to be the induced probability measure under the
2
map-:

w€EQr—u“(x)= Z %ei”, (1.5)
neZ

where () =1+ |- |2)% and {g,},cz is a sequence of independent standard complex-valued Gaussian random
variables, i.e. Var(g,) = 2, on a probability space (2, F, P). Formally, u, has density

— L2 _ L2 2
dps = 2; e 2 qu =z [T e 30 P ag,.
neZ

A computation shows that the random distribution (1.5) belongs to H*~ b—e (T) and not to H® -3 (T) almost surely. It

follows that the Gaussian measure (g is supported on H*~ b—e (THY\H® -3 (T) for any & > 0. Thus, in order to discuss
the transport property of these measures under the flow of (1.1), Proposition 1.1 restricts us to the range:

1 o
s>max | -,1——=, (1.6)
2 2

which ensures there exist well-defined dynamics within the support of ;. We now state the definition of quasi-
invariant measures: given a measure space (X, (), we say that u is quasi-invariant under a transformation 7 : X — X
if the push-forward measure T,;t = o T~ ! and p are mutually absolutely continuous with respect to each other.

The quasi-invariance of Gaussian measures supported on periodic functions under the flow of 4NLS was recently
studied by Oh and Tzvetkov [33] and Oh, Sosoe and Tzvetkov [31]. See also Remark 1.5 and the recent work [32]
on Schrodinger-type equations. Our main goal is to extend these quasi-invariance results to more general values of
dispersion «. Thus, in this direction we establish the following:

Theorem 1.2. Let s € R and o > % be such that

(i)s>max(%,%—a) ifa>1,or

(i) s > 1t jf L < < 1.

Then, the Gaussian measure (s is quasi-invariant under the flow of the cubic FNLS (1.1). More precisely, given any
measurable set A C HS_%_S (T) satisfying ps(A) =0, we have s (P(—1t)(A)) =0 for every t € R.

Our proof of quasi-invariance of 1 in the case % < a < 1 also holds for any

) 11 10 47
mn|(l, ——a])<s< . (L.7)
6 12
The restriction in Theorem 1.2 (ii) is due to a lack of globally well-defined dynamics within the support of p, for

s satisfying (1.7) (see Proposition 1.1 (ii)). However, our arguments in this paper allow us to recover the following
local-in-time quasi-invariance result:

Theorem 1.3 (Local-in-time quasi-invariance). Let % <o < 1 and s satisfy (1.7). Then, for every R > 0, there exists
T > 0 such that for every measurable

1
A e H 727%(T) : R
- {M ( ) ”u”Hs—%—s(T) < }

satisfying s (A) =0, we have pus(®(—1)(A)) =0 foreveryt € [-T,T].

2 From now on, we drop the factor 27 as it plays no role in our analysis.
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We conclude this subsection with a few remarks.

Remark 1.4. We note that any lowering of the global well-posedness regularity threshold, to say og, for the FNLS (1.1)
as stated in Proposition 1.1 (ii), will immediately imply a corresponding improvement to Theorem 1.2 (ii) and Theo-
rem 1.3. That is, we can ‘upgrade’ from local-in-time quasi-invariance to quasi-invariance as in Theorem 1.2, provided

1 . 11
op——>min(1, — —«a ).
2 6

This should be contrasted with the local-in-time quasi-invariance result in [38, Theorem 1.5] for the focusing quintic
NLS on T. In that setting, a global flow does not exist in view of the presence of finite-time blow-up solutions (see
for example [29]). Thus, it is impossible to remove the ‘local-in-time’ restriction.

Remark 1.5. In the works of Bourgain [3] and Zhidkov [44], it was proven that for each k € N, the NLS has an
invariant weighted Gaussian measure p; which is mutually absolutely continuous with the Gaussian measure [t.
Thus, the invariance of the measures p; imply the quasi-invariance of the Gaussian measures  for each k € N. See
also [34] for further discussion. Theorem 1.2 extends these results to quasi-invariance of Gaussian measures (s under
the flow of NLS to (not necessarily integer) regularities s > %.

1.3. Methodology and discussion

Theorem 1.2 is an addition to a recent program initiated by Tzvetkov [43] based on understanding the role disper-
sion has on the transport properties of Gaussian measures under the flow of nonlinear Hamiltonian PDEs; see also [33,
35,31,32,38,19]. Within the context of abstract Wiener space, the classical work of Ramer [39] (see also [7]) studied
the quasi-invariance of Gaussian measures under general nonlinear transformations. In the setting of d-dimensional
nonlinear Hamiltonian PDEs, Ramer’s result can be interpreted as requiring a (d + ¢)-degree of smoothing on the
nonlinear part of the flow generated by a given PDE [43]. Recently, Tzvetkov [43] introduced a general methodol-
ogy for proving quasi-invariance of Gaussian measures under the flow of nonlinear Hamiltonian PDE which does not
appeal to Ramer’s result. In that paper, Tzvetkov studied the generalised BBM equation and crucially made use of
the explicit smoothing present on the nonlinearity to prove quasi-invariance of Gaussian measures ;. However, in
our case of FNLS (1.1), there is no explicit smoothing on the nonlinearity. To overcome this and reveal the necessary
smoothing, we employ gauge transformations and normal form reductions on (1.1) (see Section 3).

Our proof of Theorem 1.2 and Theorem 1.3 is split into two parts. In the first, we employ the recent argument
in [38] (see Method 3 below) to obtain quasi-invariance for all o > %, for some range of regularities s. We then apply
the argument in [19] (see Method 4 below) to improve upon the previous regularity restriction for o > %. We now
go over the recent developments in the study of quasi-invariance of Gaussian measures under the flow of nonlinear
Hamiltonian PDEs. Note that, in order to rigorously justify the methods below, it is necessary to consider a suitably
truncated version of (1.1) (see for example (3.2) and (3.6)). Furthermore, for the sake of discussion, we restrict to the
one-dimensional case.

e Method 1: (‘Ramer’s argument’) The first method is to directly verify the hypothesis of Ramer’s result [39] on
quasi-invariance of Gaussian measures under general nonlinear transformations. In the one-dimensional context, this
essentially reduces to demonstrating a (1 4 ¢)-degree of smoothing for the nonlinear part of the flow. This approach
was applied in [43,33,32].

‘Energy methods:’

e Method 2: Introduced by Tzvetkov [43], the second method involves both nonlinear PDE techniques and stochastic
analysis. We give an overview of the method here; see also [34]. Let W be the flow of a given PDE. Given a measurable

set A C HS"17¢ (T) satisfying us(A) =0, we aim to show

s (W(1)(A) =2z ! / e~ 21l gy = 0 forall £ € R, (1.8)
O(1)(A)

by obtaining a differential inequality of the form
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d _1
s (WO () = CpP s (WD) (4) ’, (1.9)

where 0 < 8 <1 and p < oo. Then, applying Yudovich’s argument (or a variant of, see [43,35]) to (1.9) implies
(1.8) for small times. The argument can then be iterated to give (1.8) for all times. Thus, matters reduce to obtaining
(1.9). By Liouville’s theorem and the bijectivity of the flow W, we have the following ‘change of variables’ formula
(Lemma 5.6):

s (W(1)(A) = Z; ! /eiéllw(’)“”ilfdu for all t € R.
A

Taking a time derivative, evaluating at a fixed 7o € R and using the group property of the flow, W(z + t9) = W (t)¥(1),
we obtain

d R d 2\ = I @ul,
G| =—szet [ S ) o)

0 W(10)(A)

=C —<||<D(t)(u)I|Hs) {s (W(10) (A} 7. (1.10)
dt =01 L7 ()
Thus, we lead to the following energy estimate (with smoothing):

d 2 0
~ (o) = CQula) el (L1D)

where 8 < 2. Here, we have the freedom to choose the X-norm above provided it captures the regularity of the random
distribution (1.5) almost surely; for example, we may take X = H*~ s—e (T), the Bessel potential space WS’%"’:"’O(T)
or the Fourier-Lebesgue space FL 7% (T) (see (1.18)). On the other hand, we must choose the weaker B-norm
so that it can be controlled in terms of conserved quantities of the given PDE. The inequality (1.9) then follows
from (1.10), (1.11) and estimates on higher moments of Gaussian random variables (see (5.17)). Indeed, the reduction
to time ¢ = 0 in the above analysis allows us to use stochastic tools on the explicit random distribution (1.5).

For the generalised BBM equation, Tzvetkov [43] was able to obtain a suitable energy estimate of the form (1.11).
Unfortunately, for general dispersive PDE such an estimate does not always hold. The key modification is to instead
consider a ‘modified energy’ E of the form

E(u) = ||lu||%s + correction terms

and obtain the following estimate (with smoothing):

d
‘EE(“’(”(””LO < C(lulp) uly- (1.12)

Now, provided we show the measure pg with density
dps =27 e EWay (1.13)

can be normalised into a probability measure, we can repeat the above argument for p; and conclude the quasi-
invariance of p; under the flow W. Finally, we appeal to the mutual absolute continuity of p; and ug to conclude the
quasi-invariance for g under the flow W. To summarise, Method 2 requires two crucial ingredients: (i) a modified
energy estimate of the form (1.12) and (ii) the construction of the weighted Gaussian measure pg in (1.13).

e Method 3: Introduced by Planchon, Tzvetkov and Visciglia [38], where they studied the quasi-invariance of Gaus-
sian measures under the flow of the (super-)quintic NLS on T, the third approach is similar in spirit to Method 2. The
fundamental feature of this method is the use of deterministic growth bounds on the H* ~2=¢_norm of solutions (see

Proposition 4.6), so that the analysis can be restricted to a closed ball Bk C H s=y=e (T). The benefit of this idea over
Method 2 is that we require a softer energy estimate:

d
‘EE(‘P(t)(u))

=C(+ IO ) (1.14)
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for some k > 0. We then use (1.14) and the growth bound on solutions to show, for any A C Bg with us(A) =0, we
have

d

Eﬁs(\p(t)(A)) < C(R, T)*p,(W(1)(A)) forall t €[0,T],

where p; is the measure with density

dps=e E®Way.

Gronwall’s inequality and soft arguments then imply ps(W(7)(A)) = 0 and hence (W (7)(A)) = 0 for every A C Bg.
We then take R — o0 to obtain the quasi-invariance of g under the flow W. Two further differences to Method 2 are:
(i) there is no need to reduce to time ¢ = 0 to access stochastic tools and (ii) we do not need to normalise the measure
ps- Notice that the above argument works even when the flow is only locally-in-time well-defined, which leads to a
local-in-time quasi-invariance result as in Theorem 1.3 (see also [2, p. 28]).

e Method 4: This approach combines aspects of Methods 2 and 3 and was introduced by Gunaratnam, Oh, Tzvetkov
and Weber [19] for handling the cubic nonlinear wave equation (NLW) on T 3. Namely, by arguing locally within

1 . . . . . .
H*~27%(T) and returning the analysis to time ¢ = 0, one needs an even softer energy estimate taking the following
form:

d E
TEWOW)|

< Clul ooy ull (1.15)

for 6 <2 and where the X-norm may be chosen as in Method 2. Analogously to Method 2, we must also construct a
suitable auxiliary probability measure adapted to the modified energy.

In the following, we survey how each of the above methods may be implemented within the context of FNLS (1.1).

In practice, Method 1 is often less applicable than Methods 2, 3 and 4 as it requires a (1 + ¢)-amount of smoothing
on the nonlinear part of the flow. In our situation of FNLS (1.1) with « > 1, we could demonstrate (2o — 1)-degrees
of nonlinear smoothing, provided s > 1. Hence, Method 1 yields quasi-invariance of Gaussian measures jt; under the
flow of (1.1), provided that @ > 1 and s > 1. For FNLS (1.1) with % < a <1,a (1+ ¢e)-degree of nonlinear smoothing
is not expected [13] and thus we do not know at this point if Ramer’s argument can be applied in this case. In addition,
Methods 2, 3 and 4 usually give lower regularity restrictions compared to using Ramer’s argument (e.g. [31]). We
found this to indeed be the case for FNLS (1.1). For this reason, we do not present Method 1 here.

For application to FNLS (1.1), it turns out that Method 3 gives an improved result in terms of regularity over Method
2. Indeed, in terms of the energy estimate itself, the rigidity in the choice of the B-norm in (1.12) leads to far less
flexibility compared to the energy estimate (1.14) in Method 3. In the regime % < o < 1, we established an energy

estimate of the form (1.12) with B = H*(T) and X = H“%’E(T). Thus, energy conservation (1.3) immediately
places the regularity restriction s > o + %, in this use of Method 2. This restriction is unnatural since it goes against
our intuition that greater dispersion gives a lower regularity threshold. In this paper, we use Method 3 which allows
us to remove the restrictions coming from using conservation laws and thus lower the regularity threshold.

We now describe our application of Method 3. The main goals are to establish (i) a suitable modified energy (see
(4.5)) and (ii) a corresponding energy estimate of the form (1.14) (see Proposition 4.1). For this purpose, we apply
gauge transformations to convert (1.1) into a form more amenable to apply the normal form reductions used to define
the modified energy (see Sections 3 and 4). In this approach, the phase function

¢ () = |n1 1% — |2 + |n3** — |n|* (1.16)

naturally arises as the source of dispersion. In order to exploit this for a smoothing benefit, which is required to achieve
(i1), we crucially rely on the following lower bound: for o > %, we have

200—2

lp(@)| 2 |n—nilln — n3lnggy, when n=n;—ny+n;3.

Here, nmax := max(|n1|, |n2|, |n3], |n|). This lower bound first appeared in the setting % <o < 1in [11]. With minor
modifications, its proof extends easily to the case o > 1; see Lemma 2.3 and Appendix A. It can be viewed as a
replacement of the explicit factorisations available for the phase function (1.16) of NLS

qb(ﬁ):n%—n%+n%—n2:—2(n—n1)(n—n3) when n=nj; —ny+ns,
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and 4NLS (see [33, Lemma 3.1]). Following the argument in [38], we obtain quasi-invariance of Gaussian measures
s under the flow of (1.1) for

1
(i) s > 1, when §<(x§1, and (i1) s > sy, for some s, <1, when o > 1. (1.17)

See (4.7) for a precise statement of sy .

Our next goal is to attempt to lower the regularity restriction from Method 3 by using Method 4. This requires us
to construct a suitable weighted Gaussian measure (Subsection 5.2) and establish an effective energy estimate of the
form (1.15). In establishing the energy estimate, we have some freedom in the choice of the X-norm. One choice is
the Holder-Besov norm as used in [19]. Since we work intimately on the Fourier side, we use the Fourier-Lebesgue
X = FL%°°(T)-norm for o < s. Here, given ¢ > 1 and s € R, the Fourier-Lebesgue F L% (T )-norm is defined by:

| fllFrsacT) := ||(n)xf(n)||eq(Z)~ (1.18)

It is easy to check that the random distribution in (1.5) belongs almost surely to FL%°°(T) for any o < s
(Lemma 5.5). Moreover, Holder’s inequality implies the embedding

H=37¢(T) > FL%®(T) (1.19)

for o sufficiently close to s. This fact allows us to further relax the energy estimate we obtained in Method 3 (see
Proposition 5.1). We then follow the argument in [19] to conclude quasi-invariance of Gaussian measures (s under
the flow of FNLS (1.1) for the following regularities:
. 2 11
(i) max (—, — —oz) <s<1, whena >1 and
36 (1.20)

1 5
(ii)g—(x<s§1, when8<oz<1.

Notice that in (1.20), we improve the regularity restriction (1.17) we obtained using Method 3 only when o > %. The
reason for this is that our use of the stronger FL°°°-norm in the energy estimate for Method 4 (Proposition 5.1)
5

yields a regularity gain over the energy estimate in Method 3 (Proposition 4.1) provided « > 2. Furthermore, the

upper bound s < I in (1.20) is necessary for our construction of the weighted Gaussian measure.

Remark 1.6. When o > %, the regularity restriction in Theorem 1.2 (i) achieves the largest range of s > % In par-
ticular, when o = 2, this improves upon the result in [33] of s > %. However, as remarked in [32], this same result
of s > % for 4NLS could be obtained by using Method 1 and an additional novel gauge transformation introduced in
that same paper. For FNLS (1.1) with o > 1 (and large enough), we expect the optimal result s > % could be obtained
by using a finer modified energy arising from an infinite sequence of normal form reductions. See [31] where this
approach led to the optimal result for 4NLS.

Recently, Oh, Tzvetkov and Wang [36] established the invariance of the (Gibbs-type) measure wo under the flow
of the (renormalised) 4NLS; namely, (3.1) for « = 2. Their analysis seems to also extend to the (renormalised)
FNLS (3.1) for some 1 < a < 2. Thus, in the presence of naturally associated invariant measures, quasi-invariance
may persist for some regularities below what (1.6) suggests.

Remark 1.7. In Theorem 1.2 and Theorem 1.3, we studied the quasi-invariance of Gaussian measures under the flow
of FNLS (1.1) for « > % A natural question would be to study the transport property of Gaussian measures under the
flow of FNLS (1.1) with o = % We recall this corresponds to the non-dispersive half-wave equation

0+ |0y lu = |u*u. (1.21)

In this case, we expect the Gaussian measures to not be quasi-invariant under the flow of (1.21). To give some credence
to this, we observe that it was shown in [31] that Gaussian measures [ are not quasi-invariant under the flow of the
dispersionless equation

idu = |ul*u. (1.22)
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Given a solution u to (1.22), the change of variables
u(t,x) —> u(t,x —t)

implies g is not quasi-invariant under the flow of
10u~+ideu= |u|2u

which closely resembles (1.21). The proof of the non quasi-invariance under (1.22) in [31] heavily makes use of the
explicit solution formula

u(t,x) = e_ill"(o’x)lzu(o, x).

Unfortunately, there is no such solution formula for the half-wave equation (1.21). Hence, at this point, we do not know
how to conclude non quasi-invariance of Gaussian measures under the flow of (1.21). It would also be of interest to
consider the transport properties of Gaussian measures under the flow of other dispersionless PDE, such as the cubic
Sz&go equation:

idu =Poo(Jul*u),

where P is the projection onto non-negative frequencies {n : n > 0}. See [15] and the references therein for more
on the cubic Sz&go equation.

Remark 1.8. It would be of interest to study how our approach in this paper may extend to higher order nonlinearities,
say, for the quintic nonlinearity |u|*u. For instance, the relevant phase function is now

2 2 2 2 2 2
[n1|% — |n2|™ + |n3]™ — [nal™ + Ins|™ — [n]™, (1.23)

which is restricted to the hyperplane ny — ny + n3 — ns + n5 = n. When « = 1, there is no factorisation for (1.23).
Therefore, an appropriate analogue of Lemma 2.3 is not clear (and likewise for Lemma 2.2). However, even if such
results were proved, the formulation of the modified energies and the appropriate nonlinear estimates would still have
to be verified. We note that the method in [38] introduces a modified energy functional which is not derivable from
differentiation by parts, and hence their analysis is not based on factorisations of the phase function (1.23).

2. Preliminary estimates

In this section we record some elementary estimates that will be useful in the coming analysis. The first result we
need is the double mean value theorem (DMVT) from [10, Lemma 2.3].

Lemma 2.1 (DMVT). Let &£, 1, » € R and f € C*(R). Then, we have

11
f(S+77+?»)—f(§+77)—f(E+)\)+f($)=l77//f”(§+S)»+t77)dsdt-

0 0

We have the following consequence of DMVT:

Lemma 2.2. Fix s > 1 and let ny, no, n3,n € Z be such that n = ny — np + n3. Then, we have
2s 2 2s 2 252
(n1)™ — (n2)™ + (n3)=" — (W)™ | S I —nylln — n3l(nmax) =7,
where nmax = max(|ny|, |n2l, |n3l|, |n|) and the implicit constant depends only on s.

Proof. This is a simple application of DMVT upon settingn; =& +n+ A, np=&+n,n=E+Aandny3=&. O

The next lemma states a crucial lower bound on the phase function ¢ (77) of (1.16) which we use repeatedly through-

out. It was proved for the case % < a < 1in [11]. Their proof easily extends to the case o > 1; see Appendix A.
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Lemma 2.3. Fix o > % and let ny,ny, n3, n € Z be such that n = ny — ny + n3. Then, we have

lp@)| = In — nilln —n3l (In — ni| + |n — n3| + n])** >

200—2

Z |n —n1||n _n3|nmax

where nmax = max(|ny|, |n2l, |n3l, |n|) and the implicit constant depends only on a.
We next state a useful summing estimate, a proof of which can be found in, for example, [18, Lemma 4.2].
Lemma24.If8 >y >0and 8+ y > 1, then we have
Z 1 < (7] (k1 — k2)
— (n—k))P(n—ka)r ™ (k1 —k2)7

1 ki —k
/ dx<‘Pﬂ(1 2)
R

(x—k)P(x —ka)v "~ (k1 —k2)V

where
i if B> 1,
pplk):= Y o lee k), i =1,
1<|n|<|k| (k)lfﬂ, if B<1.

Finally, we will require the following fact from elementary number theory [21]: Given n € N and any é > 0, there
exists a constant Cs > 0 such that the number of divisors d(n) of n satisfies

d(n) < Csn®. (2.1)
3. Reformulation of FNLS

In this section, we reformulate FNLS (1.1) into a more amenable form for the normal form reductions in the next
section. Given ¢ € R, we consider the gauge transform G, on L?(T) defined by

GilLf1= e f1fTdx g,
where fp f(x)dx = % J f(x)dx. Furthermore, given u € C(R; L*(T)), we define G by
Glul(t) := Gilu(®)].
It is easy to check that G is invertible with inverse
G ul(@) = G [u(®)].
Now, let u € C(R; L%(T)) be a solution to (1.1) and define v by
v(t) = Glul(@).

Then it follows from mass conservation (1.2) that v satisfies
0+ (—02) % = |v|2—2][|v|2dx v. (3.1)
T

Namely, v satisfies (1.1) but with a more favourable nonlinearity. We define ®(¢) : ug € H° (T) — v(t) € H°(T) to
be the solution map of (3.1) (when it exists) at time ¢.
In order to make the following calculations secure, we consider the following truncated equation:

00+ (=) % =Py |P§NU|2—2][|P§NU|2dx P_yv |. (3.2)
T
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Here, P<y is the projection onto frequencies {n : [n| < N} for N € N. We let @ (¢) denote the solution map of (3.2)
at time ¢ (when it exists).

To exploit the dispersive nature of (3.1), we will need another gauge transform. We define the interaction repre-
sentation of v as

w(t) =S(—Nv(1), (3.3)
where S(1) = '’ =37 On the Fourier side, we have’
Bu(t) = MG, ().

Then, the equation (3.1) becomes the following equation for the Fourier coefficients {w,,},cz:

0 Wy =_izeit¢(ﬁ)an1w—n2wn3 +i|wn|2®n7 (3.4)
T'(n)

where the phase function ¢ (r) and the plane I'(n) are given by

¢(@) = ¢(n1,n2,n3,n) = Ini ** = In2|** + 3™ — [n**
and

I'(n) ={(ny,ny,n3) € Z?:n=n; —ny+n3andny,n3 #n}. (3.5
Similarly, the truncated equation (3.2) becomes the following equation for the Fourier coefficients {@,,},c7:

0y =< | =i Y €D Dy Wy, Wiy + i | (3.6)

Iy (n)

where the plane Iy (n) is given by

Ly(n)=Tm) N{(ni,n2,n3):Inj| <N, j=1,2,3}.

From now on, for ease of notation, we will typically ignore the ‘hats’ on the Fourier coefficients.
The following lemma shows that it suffices to prove the quasi-invariance of pt; under the flow of (3.1).

Lemma 3.1. The following is true:
(1) Lets > % Then, for any t € R, the Gaussian measure [ is invariant under the map G,.

(i) Let (X, i) be a measure space and suppose that Ty and T are maps from X to itself such that | is quasi-invariant
under Ty and is quasi-invariant under T,. Then, | is quasi-invariant under the composition T1 o T;.

For a proof of these, see [33, Lemmas 4.4 and 4.5]. We note in the particular case s = 1, (i) follows from the results
in [28].

4. Quasi-invariance for o > %

In this section, we present part of the proof of Theorem 1.2 and Theorem 1.3 by applying the argument in [38]
(Method 3). Namely, we establish quasi-invariance of Gaussian measures (s under the flow of FNLS (1.1) for regular-
ities s given in (1.17). We begin in Subsection 4.1 by deriving a suitable modified energy and obtaining the key energy
estimate of the form (1.14). Then, in Subsection 4.2, we use this energy estimate to conclude the quasi-invariance of

s-

3 For clarity, we will sometimes write f(n) as f;,
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4.1. Energy estimate

Given a smooth solution v to (3.1), let w be as in (3.3). Then from (3.4), we have

L1 = L w2
—||V s = —||w s
dt HY ™y H

=—2Rei Y Y (m)* "M w, Wyyw,, Wy
neZ T'(n)

| S . ith _
=5 Rei Z Y (e w,, Wy w, Wy,
@)

4.1)

where n = (n1, na, n3, n),
L) :={(n1,n2,n3,n) € Z* :n1 —ny +n3 =n and ny, n3 # n}

and

Ys () = (1) — (n2)* + (n3)* — (). (4.2)
The second equality in (4.1) follows by a symmetrisation argument. Indeed, a relabelling of the sum implies
Rei Z(n)zsei’¢(ﬁ)wnlw—mwn3w_n —=Rei Z(ng)zsei"b(ﬁ)’wnlw—mwn}w_n.
D) ()
Using the fact that Reia = —Reia for all a € C, a relabelling also shows
Rei Z(n)zse”q}(ﬁ)wnlw_mwn}w_n = —Rei Z(n])zseim(ﬁ)wnlw_nzwmw_n.
() r'@)

This symmetrization puts us in a position to apply Lemma 2.2 later. Writing

d (1™ _ i
dt \ ip(m) ’

and applying the product rule in reverse, (4.1) implies

d 1 d () o —
E”w(f)”%{s =3 RCE Zﬁe”‘b(”)wnlwnzwmwn
o 4.3)

1 Us®m) i S —
— —Re Z __ezlq&(n)a[ (wnl Wp, Wny Wy)-
27 =@
We now define the modified energy:
Y () emp(ﬁ)

1
Egi(2) =zl —5Re ) o0

2 —
r' @)
=: [z s + Re1(2).
Then, it follows from (4.3) that for any solution w to (3.4), we have

d 1 M) g B
T Eiw)=—2Re) ‘i(—ﬁ”)e B, (wn, Wiy Wy W) (4.4)

()

ZnyZnaZn3in

At first glance it seems like the modified energy (4.5) is non-autonomous in time. However, this time dependence
is only superficial. Writing the modified energy in terms of y := S(¢)z, we have

Eg(y) 1= Es((S(=0)y) = Iyll3s + Re(), (4.5)
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where

1 n)
R;(y) :=—2zRe v Ynlynz)’nzyn (4.6)

27 e

Now, the nonlinear functionals E and Ry are clearly autonomous in time.
We now state the following key energy estimate which is of the form (1.14).

Proposition 4.1. Let (s, @) belong to one of the following regions:

1
@) s> 1, when a>§,
. 2 25 5
(i) max| -, ——a | <s<l1, when o> —, 4.7
3712 4
3— 5
(iif) T“<s§1, when  1<o <.
Then, for sufficiently small € > 0, there exists C > 0 such that
d 6
d—Es(Png(t)) =ClvOlI” . .. (4.8)
t H™2

forall N € N and any solution v to (3.2), uniformly in t € R.

Proof. Using (4.5) and the unitarity of S(¢) on H S_%_S(T), it suffices to prove, that for small ¢ > 0, there exists
C > 0 such that

Es (P<yw(t))

— <C N 4.9
‘dt <ClwoI® (4.9)
for all N € N and any solution w to (3.6), uniformly in 7 € R.

Using (4.5), (3.6) and the symmetry between n] and n3 and between n, and n in (the appropriate version of) (4.4),
we have

d
EEs,t(Pst) =N (w) + Ri(w) + Nz (w) + Ra(w), (4.10)
where
— . Vs g it (m,ny) — N
M (w) := —Rei Z We Z e Wi, Winy Wiy | Wity W3 W 4.11)
Ty () Ty (n1)
. U o 2 T
1(w) := —Rei Z NG (W, |7 Wy Wiy Wiy W, 4.12)
Iy@®)
‘//s n) P10, —itgp(m,np)o—, o T
N> (w) := —Rei Z 50 Wy, Z e Wi Winy Wiy | Wiy Wh,s 4.13)
Cy@) Ty (n2)
(n) _
Ro(w) :=—Rei Y ZS() HOT) 1y, Wiy |* Wiy Wi W (4.14)
Iy ()
Here,

— . 2 2 2 2
¢, ny) = |my|* — [ma|™ + |m3|™ — |nq|*

and

Iy@) :={(n1,na,n3,n) €r'(n) :|njl, In| <N, j=1,2,3}.
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From now on, we will simply write I'(#) instead of ["y (i) as N plays no further role. In the following, we heavily
make use of the Fourier lattice property of H*(T); namely, that the H®-norm depends only on the absolute value of
the Fourier coefficients. In particular, we assume all the Fourier coefficients w, are real and non-negative. Moreover,
as we never make use of the oscillatory factors such as ¢/’?™ | we will neglect explicitly writing them.

Consider the first scenario (i). For s > 1, Lemma 2.3 and Lemma 2.2 imply we have

s @ _
p@I

We first estimate A} (w) by decomposing the sum into two cases depending on which frequency attains 7 m,x.

(Rmax) > 72 (4.15)

o Case 1: npax = |11

From the conditions n = ny — np + n3 and n; = m; — my + m3z we have max(|nz|, |n3l, |n|) 2 |ni| and
max;—i23|m;| 2 |ni], respectively. We assume |ns| 2 |n1| and |m1] 2 |n1]| as the other cases are similar. Hence,
we have

()2 72 < () ™2 (1) 72 () 202 < ()T ()T E (4.16)

Using (4.15), (4.16) and Young’s inequality for the convolution of sequences we have

1

N L1 __
|Nl(w)|,§,z Z(”n”A 2 swmlwmzwm3 <"12>A 2 8wn2wn3wn

L@ \T(n1)
1 1
S—5—¢ S—r5—¢& 2
5 Z<m1> 2 "Wy Winy Winy H (n)’ 27wy, P ”wn”g'll .
L(n1) Py
"
A further application of Young’s inequality gives
s—1—g < s—1—g 2
Z (mp)" 2 Wiy Wiy Wing S 2w, 2 ”wn”grll
[(n1) 22 !
n

By Holder’s inequality and choosing ¢ small enough so that % +e<s— % — &, we have

lwallg < lwll, 1+ S hwll -y
Putting this together we get

6
OIS RIS

which is the desired estimate for NV (w).

o Case 2: npax € {|n2|, |n3l, |nl}

It suffices to assume nmax = |12| as the remaining cases follow analogously as below. Similar to Case 1, we have
max(|ny|, |n3|, |n|) 2 |n2|. If |n1] 2 |n2|, we proceed in exactly the same way as Case 1. If instead |n3| 2 |nz| or
|n| 2 |n2], say the former as both subcases are similar, we use Young’s inequality

1 1
|Nl (w)] 5 Z Z Wiy Wiy Wing <n2>s_§_£wn2 <n3>s_7_8wn3wn

L@@ \I'(n1)

1
2 : S—5—¢&
,S wm1 wmz an3 H <n> 2 wn
L(ny) 1
n

2
ol

A further application of Young’s inequality and Holder’s inequality gives
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3 3
> W | S lwnly S Ml
1_‘(’11) erlz
1

This completes the case nya = |n2| and hence the estimate for NV (w). The estimate for > (w) follows from similar
arguments. Now we estimate R (w).

o Case 1: nyax = |11
As before, max(|nz|, |n3], |n|) 2 |n1|. It suffices to assume |ny| 2 |ny|, as the subcases |n3| 2 |n1| and |n| 2 |nq]
are similar. We have,

—L_o 3 1 _
|R1(UJ)|§§ (nl)é 2 gwnl<nZ>A 2 8wn2wn3wn
()

S Im* =22 wdll gl n)* 3w lgg
Using Holders inequality and then the embedding £7° C Z,% we have
Hny 2wl S I3 wlgg Nl S 107wyl o -
Putting everything together, we have shown
IRiw)| < ||w||j{s_%_g||w||iz.

o Case 2: nmax € {Ina, n3]. |nl}

It suffices to assume ny,x = |n3| as the remaining cases follow analogously as below. As before, max(|n1]|, |n3|, |n]) 2
|nz|. We apply the argument of Case 1 if |ny| 2 |n2|. Instead, if [n3| 2 |n3], the remaining case being similar, Young’s
inequality, the embedding E,% C Z;z and Holder’s inequality yield

3 1 —L1_
|Rl(w)|§ E wnl(nZ)S 2 gan(n3>3 2 swn3wn
()

3 -1 2
S w3 162) ™2~ wa 1 llwal

Slwllallwl?
H27¢
This completes the estimate for R1(w) and the estimate for R (w) is similar. Thus, we have established (4.8) in the
region (i).
We now move onto establishing (4.8) when % < s < 1. This regime is responsible for the regions (ii) and (iii)
in (4.7). As before, we begin with Nj(w). Notice that since s < 1, we can no longer apply Lemma 2.2. We set

o=5— % — ¢ and define W, = (n)° w,. Without loss of generality, we suppose |n|| < |m|. The regularity restriction

of s > % arises from the following estimate:

1
o1 _
E (my)” o Wiy Wiy Wing
[(n1)

2 3
Slwl” yllwllae S lwlige, (4.17)
e H®

where the second inequality holds provided s > % We decompose the sum in Nj(w) into a few cases depending on
which frequency attains 71py.

o Case 1: |n| ~ [n1] > |n2|, [n3]
In this case, it is clear from (1.16) and Lemma 2.3 that

|6 @) Z i ' In = n1 4.18)
and from (4.2) and the mean value theorem,

[y ()| SnZitin —n). (4.19)
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Hence with (4.17), we have

2s—1

n B By W T
RHS of (411) S 3 -3, — D (1) 6 Wiy, Wy Wi
L@ "M (n)7(n1)” 6 (n2)? (n3)”

I'(ny)

. ”w”%{a Wy, Wy Wy
~ Z v o o’
Ly Mmax (n2)°(n3)

where

1 7
v=2a—25s+20 ——=2a— - —2¢>0.
6 6

By the Cauchy-Schwarz inequality, we bound this by

6 ! %
ot ( 2 )

F(ﬁ) max
and we are done, provided we show
Z Y (4.20)
N (n2)% (n3)2 ~

r (ﬁ) max

For § > 0 sufficiently small, we have

1 1 (12) 1+8720 () 14+8=20
I'(m) m nl,%:,m (n1)!12 (na) 140 (n3) 110 (ng)?v—1-9
[nal,n3| < n1|
Thus, provided
2v>1 and 40 4+ 2v > 3, 421)
we have
14820 1+6—20
(n2) (n3) 1 1
(n1)2v7178 ~ <n1>2u+4g,3,35 ~ L

and hence (4.20) follows. The first condition in (4.21) requires o > %, while the last condition requires s > % —a.

o Case 2: |n| ~ |nz2| > |n1|, |n3]
We have

| (7)| = n2e (4.22)

max?
and using (4.17) leads to
RHS of (4.11) < ||w||%mz wnzwn3llvn ’
L) MYy (1) 6 (n3)7

where
v=2a—2s+20=2a—1—2¢>0.

Using Cauchy-Schwarz as in the previous case, we sum over n1, n3 and ny provided

1
2v>1 and 2v+4c7—§>3

and hence s > 1—61 — «a. Notice the first condition above requires « > %.
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e Case 3: |n| ~ |n3| > |n1], |n2|

We have
g Zn2n—n3l  and |y, S ndytin —ns).
Thus
RHS of (4.11) < flwl}, Y —refmdn
P@) Mgy (11)77 6 (12)°
where

v=20—2s+20 =200 —1—-2e>0.

Using Cauchy-Schwarz as in the previous cases, we sum over n1, n, and n3 provided

1
2v>1 and 2U+40’—§>3,

and hence s > % — «. The first condition above requires o > %.

e Case 4: [n1| ~ |n2| > |n3|, |n|
We have

— 200—1 — 2s—1
g Z e In—n3l and Y (@) S iy In —n3|

and we proceed as in Case 1 as long as s > % —aand @ > %.

e Case 5: |n1| ~ |n3| > |n2|, |n|
We have
V> 5,20
| ()] < Mmax»
and hence
Wy, Wiy Wh

Miax (1) (n2)7

RHS of (4.11) < [wll}yr Y
I'(n)

where
1 7
v=2a—2s+20—6=2a—6—28>0.
By Cauchy-Schwarz and summing in n, ny and n; as long as

2v>1 and 2v+4o > 3,

and hence s > % — a. The first condition above is satisfied provided o > %.

e Case 6: |n2| ~ |n3| > |n1], |n|
We have
— 20—1 — 2s—1
o) 2 niey In—nil and [¥s (M| S e 11— 1,

and we proceed as in Case 4 as long as s > 1—61 —aand o > %.

e Case 7: n| ~ |n2| ~ |n3| > |n|

From Lemma 2.3, we have |¢ (77)| > n2%

s and hence

2 = o= =

nes Wy, Wy W

RHSof(4.ll)§||w||i,a§ M
o1

r@) n2% Nmax ® (n)°

Applying Cauchy-Schwarz in n,, n3 and n, we sum provided
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1 1 3
21200 4+30c — = —2s | >2 and 20—2s+30 ——+0 > —,

6 6 2
which requires o + s > 6 L and 20 +s5 > 5 Notice that when o > 6 this latter condition is superseded by the former.
The remaining cases of the form |nj | ~ |nj,| ~ |n ;| > |nj,| with distinct ji € {1,2, 3,4} (n}, :=n) are similar and
are thus omitted.

o Case 8: [n| ~ |n1| ~ [n2] ~ |n3]
We distinguish when « is ‘close too’ or ‘far from’ 1.

o Subcase 8.1: 1 <« < %

By Lemma 2.3, we have

2s 3
n 1 . o
max za_z(n)a ( | | (nj>o-) ( E Wlemlem3>wn2wn3wn

)|n —nilln — n3lnmax

r@ Jj=1 I'(ny)
S FE(:) |n— n1||n —n3lnl.. <r%,:) wmlwmzwm3>w”2d)n3@n,
where
YTrTAm R s et m a2 (4.23)
provided
o+s>2. )

By Cauchy-Schwarz in n, n and n3, followed by summing in n and n3, we get

1
< lwiigye ( i Wm0 )
H (I’l — I’l])(n - f’l3><nmdx F%:) e en,nl,nx
5 ”w”il” ( )v Z wmlwmzwmx
L(ny) ln]
Imposing
1
| (4.25)

4
implies v < 5 so that we can apply Holder’s inequality and then Young’s inequality, with exponents”
1—2v+ ) 1 n 2
2 2 2’

to obtain

3
SHWHHO 2

1-2v+
L)

E Winy Wiy Wiy

[(ny)
2

I
Zr,2—u+

4
S lwll g llwy

Once more with Holder’s inequality, we have

6 —0 2 6
SHwllge ) 7117 5 S llwllge.
(nl—er

provided

4 Here, we use the notation a— (respectively, a+) to denote a — § (respectively, a + §), where 0 < § < 1 is extremely small.
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20
I —v+
Using (4.23), this last condition requires

> 1.

33—«
2
Putting the conditions (4.24), (4.25) and (4.26) together implies we must enforce in this subcase

1 3—« . 9
max| -, —,2—a | <s<min(l,-—-—«,
202 4

where the upper bound is strict if the minimum is % —oa.Nowas o < i, min (1, % — a) = 1 and this implies the range

s >

(4.26)

o
—— <s <1
2

5

e Subcase 8.2: o > 3

Givenn € Z, let
T(n, p) =) N{(n1.n2.n3) € Z* : p=(n—n1)(n —n3) € Z}.
From (2.1) we have, for any § > 0, there exists a Cs > 0 such that
#T(n, p)| < Cslpl’. 4.27)
By Lemma 2.3 and (4.17), we have

NS TE 5 St

n p£0T(n,p) |p|nmax (n)"(n])"_G(112>‘7(113>‘r

Slwlde Y230 )

n pA0T(n.p) |p| Mfmax

_1 __
Z(ml)a 0 Wiy Wiy Wing

I'(n) a3

wnz Wp3 Wh,

where
1 25
v=2(x—2—2s+40—8=2a+25_€_25’

which is positive provided
+ 2 (4.28)
> — .
T

To continue, we follow the argument in [33, Proposition 6.1] and for completeness we detail it here. By Cauchy-
Schwarz, (4.27) and Lemma 2.4, we have

snwn‘}p[Z(Z 2 |p| Ml ”3>2]é

n 2 p#0T(n,p)

5||w||‘;10[2(

i L )T Y i |

|p|1 2y
n P#O I'(n,p) p#0(n,p) max
1
1 2
< ~7 ~2
"w”H”(Zw |n1—nz|125<n1>ZV>
na,n3 n|7én2

6
Slwlige.

where from (4.28) we choose § > 0 small enough so that § < v.
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The required range for s in this subcase is
2 25
max| -, — —o ) <s<l1.
3712
This completes the estimates for Nj(w). The estimate for A (w) follows analogously.
We now move onto bounding R (w). Writing

o ¥ ()|
m(n) == — )
¢ ()| (1n1)37 (n2)° (n3)° (n)°

it suffices to show

D () [y PPy iy W S 10119 (4.29)
()

As above, we divide into a few cases.

e Case 1: |n| ~ |n1| > |na, |n3]

Using (4.18) and (4.19) we have
_ 1
mmn) S ——————,
Nax (12)7 (n3)°

where v = 2o — 25 + 40 = 20 + 25 — 2 — 4¢. By Cauchy-Schwarz in ny, n3 and n and the embedding Z% C ES, we
have
1

) 3 1 2
LHS of (4.29) < ||w||iz<2w,% > W) SHwls,.
n

nyms Timax
where we can sum provided 40 + 2v > 2 which requires s > 1 — %a.
o Case 2: |n| ~ |n3] > |n1], |n2]
Using (4.22), we have
S e )
where v = 2o — 25 + 20 = 20 — 1 — 2¢. By Cauchy-Schwarz in n1, ny and n3 and the embedding Eﬁ C Es, we have

1
1 2
LHS of (4.29)5”&)”22(2&)3 > W) S,
ol Ny (n1)°7 (n2)>°

ny,ny Max
where we can sum provided s > max(%, 2 —2uw).

e Case 3: |n| ~ |na| ~ |n3| ~ |n|
From (1.16), we have
n2s 1 1

m(n) /S max -~ ’
n—ny||ln —n3nmax 1 2 3 — NN — N3N
22 (n1)39 (n2)° (n3)° (n)°  |n — ny|ln — n3|n},

where

v=2a—2—2s+60 >0,

provided s > % - %a. An application of Cauchy-Schwarz then implies

1

1 2
< w|°,.
> |n_n1|2|n_n3|2> <),

ny,n3#n

LHS of (4.29) < [16]13, (Z w?
n
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All remaining cases follow analogously from the methods in either Case 1 or Case 2 above and are thus omitted.
This completes the bound for R ;. Notice the condition from Case 3 supersedes the conditions from Cases 1 and 2.
Furthermore, at least for every o > Z, we have

2 5 1
—> - — —
374 2
and hence we obtain the final conditions on s and « of (4.7).
Finally, this completes the proof of (4.9). O

We also have the following difference estimate for R (v). It will be convenient to view R as a multi-linear func-
tional

1 4 Usm 1y 3y @
R, u @y L TR Z¢() uDuDu®ud.
L)

where R (v, v, v, v) = Ry (v).

Proposition 4.2. Suppose

1
@) s> 1, when oz>§, or
| (4.30)
(i) s > max (2 —«, 5) when oa>1.
Then, for sufficiently small ¢ > Q there exists C > 0 such that
|Ry) = Rs)| < Cllu —vll 1 (ul® _,  +1vl? )
H'"2 HT27¢ H'27°
forallu,v e HS_%_‘C(T).
Proof. By the multi-linearity of R (u), it suffices to show
4
IR (uDY_DI S T 1 e (4.31)

j=1
where o ;=5 — % —&.

We first consider case (i) in (4.30). Using (4.6) and Lemmas 2.3 and 2.2 we have
IR YIS D (a2 ) 12 e )|
D)

Similar to the proof of (4.1), it suffices to consider the following case when npm.x = |n1| and |n3| 2 |n1|. Using Young’s
and Holder’s inequality, we get

4
|Re (Y iDL S ) uidM e 1n2) il e Wy Neeg?llgy < T T a1z
j=1

We now consider case (ii) in (4.30). As it is already contained within the case s > 1 and o > % proved above, we now

bound |RS({u(j)}‘j‘.:1)| when s <1 fora > 1. Given such an s, letc =5 — % — &. We have

IR (YD1 S Y mamlal) a2 1@ |as?), (432)
IND)

where
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3

@) 1
") = g e [l e

Jj=1
As in the proof of Proposition 4.1, we consider a few cases depending on 7yx.

e Case 1: |n| ~ |n1| > |nal, |n3|
In this case, we have

— 20—1 — 25—1
lp ()| 2 nipax 11 — 11 and W) Snpax 11— n1l,
and thus
1
m(n) S

Mhax (12)° (n3)°”
where v =20 — 1 — 2¢ > (. By Cauchy-Schwarz inequality,

1

3 1 4
. 1 _ 2 :
RHS of 432) S [T e (30 s (uff‘))Z) ST
j=1

20
n n
il e max (12)°% (n3)
where we can sum in n, and n3 provided v 4+ 20 > 1, which requires

L3
o s> —.
2

e Case 2: |n| ~ |na| > |ny], |n3]

Here we use |¢p(n)| = nrzrf;x which implies
1

N
S T )

where v = 2o — 1 — 2¢ > 0. We proceed as in Case 1 by using Cauchy-Schwarz and summing in n and n3 with 17,212
absorbing the remaining 7, summation.

It is easy to check that all remaining Cases 3 through 7 as explicated in the proof of Proposition 4.1 follow analo-
gously to the two cases above.

o Case 3: |n| ~ |ni| ~ [n2| ~ |n3]
We can only use the lower bound of Lemma 2.3 and this implies

1

In —nilln —n3lny

m(n) S

max
where v = 2o — 2 — 2s + 40 which is non-negative provided
a+s>2.

Then Cauchy-Schwarz over I'(n) gives

3 1
. ) 1 2
Risor @ <[ ] ””m”%“<z(”’(’4))2 2 min - m|2>

j=l1 neZ ny,n3€

ST 1

J=1

This completes the proof of (4.31). O

Remark 4.3. Since 2 —a < % —oand2—«a < 3%“ for o > 1, the restriction (4.7) for the energy estimate supersedes

(4.30) (i1), which is the condition for the correction term R(u).
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4.2. Proof of Theorem 1.2 (ii)

In this subsection, we follow the argument introduced in [38] to conclude quasi-invariance of Gaussian measures
s for a > % and those s given in Proposition 4.1. In particular, we conclude Theorem 1.2 (ii) and the s > 1 portion
of Theorem 1.3.

We define the following measures:

dp; = Fydp,  and  dpsn = Fy n)dps.
where

Fy(u) = exp (—%Es ) + %||u||%_1s) —exp(—1R,@)) and Fy ()= F(Peyu).
The measure p; y can also be expressed as

dpsn = Z; yexp (=3 Es(Peyu)) du<y x djuy . (4.33)

where duy denotes the Lebesgue measure on C2V+!. The constant Zs_zlv is the normalisation constant associated to
the measure ps ;v Which is given by

1 2
Qb = Z; e P .
In particular, v is the probability measure induced under the map

gn(®) oinx

®E€ Q> uy(x) = Z oL

[n|<N

Likewise, /Lﬁ' 18 the probability measure induced under the map

gn(w) oinx

weQr— uly(x)= Z =y

|n|>N

Note that we do not require F; and Fy y to be integrable with respect to us. Hence pg and pg n are not necessarily
probability measures. However, as the quasi-invariance argument is purely local (see the proof of Theorem 1.2 (i)
below), it suffices to have Fy y € LlloC (us) and with convergence to F. This is the content of the next proposition,
whose proof can be found in [38, Proposition 2.1].

Proposition 4.4. Let s be as in (4.30). Then, for every bounded set A C H® —5-e (T), we have

Jim /|FS,N(M)_FS(M)|dMs(M)=0
A

and in particular

lim [ps,n(A) — ps(A)| =0
N—o00
The next result states important properties of the truncated flow ®y.

Proposition 4.5. Let s be as in Proposition 1.1 be such that the flow ® of FNLS (1.1) is globally well-defined. Then,
the following statements hold:

(1) Forevery R >0and T > O, there exists C(R, T) > 0 such that

@y (1) (Br) C Be(r.1)
forallt €0, T] and for all N € N U {oo}. Here, @, := ® denotes the untruncated flow.
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(i1) Let A C HS ¢ (T) be a compact set and t € R. Then, for every § > 0, there exists Ny € N such that
@) () — PN @) (WlHs <3,
forany u € A and any N > Ny. Furthermore, we have
O(t) (A) C Py (1) (A+ Bs)
forall N > Ny.

We also have the following local-in-time version of Proposition 4.5.

Proposition 4.6. Let s be as in Proposition 1.1 (ii) be such that the flow ® of FNLS (1.1) is only locally well-defined.
Then, the following statements hold:

(1) Then, for every R > 0, there exist T (R) > 0 and C(R) > 0 such that

Dy (1) (Br) C Bery

forallt € [0, T(R)] and for all N € N U {oo}.

(ii) Let AC Bg C H*~ e (T) be a compact set and denote by T (R) > 0 the local existence time of the solution map
@ defined on Bg. Then, for every § > 0, there exists No € N, such that

D)) — Py @) @)as <4,
foranyu e A, N > Ng and t € [0, T(R)]. Furthermore, we have

O(r) (A) C DN (1) (A+ Bs)
forallt €0, T(R)] and for all N > Ny.

The proof of Proposition 4.5 (i) follows from the global well-posedness of FNLS (1.1) when o > 10‘1"2* L, while the

proof of Proposition 4.6 (i) follows by the local existence theory (for short times) when % <a < %. The proof

of Proposition 4.5 (ii) follows from the arguments in [33, Appendix B] using the existence theory in Appendix B, [1]
and [8].

Proof of Theorem 1.2 (i). In the following we fix s and « satisfying the conditions of Propositions 4.1 and 4.2. As

long as the conclusions of these propositions are satisfied, the following general argument due to [38] implies the

quasi-invariance of ug (either globally or locally in time). For clarity, we will only detail the following arguments

in the case when FNLS (1.1) admits a globally well-defined flow @ (see Proposition 1.1). We obtain local-in-time

quasi-invariance from the same arguments by suitably restricting to the local well-posedness lifetime where necessary.
Given ¢ > 0, by the inner regularity of the measure p, it is enough to show that

AC HS_%_E compact and us(A) =0 = pus(®(—1)A) =0. 4.34)

From Proposition 4.2 with u = 0, we have 0 < exp (Rs(v)) < oo for almost all v € A. Hence the implication (4.34) is
equivalent to the following implication:

AC H™7* compact and py(4) =0 = p,(®(—1)A) =0.

As A is compact, there exists R > 0 such that A C Bg. Then, by Proposition 4.5, there exists a constant C(R) > 0
such that

D (1) (B2r) UPN(T) (B2r) C Ber) (4.35)

for all T € [0, ¢]. For a measurable D C Bjg, it follows from (4.33), Liouville’s theorem and the invariance of complex
Gaussians under rotations, that
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d ) Dyl =Lz LE,(P d dut
PN (@N @D = |2y exp (=3 Es(P<yu)) du<y x duy y
DN (7)(D)
_ d
= ZSJ]V/Eexp(—%ES(CD(I)(PSNM)))CZMSN xd,uiN .
D

Using the energy estimate of Proposition 4.1 along with (4.35) we have

iex (=3 Es(D(x)(P <C(R —LEJ(@()(P
77 SP(ma b (0T <vu))| < C(R)exp (—5 Ex(®(7)(P<yu)))

for all T € [0, 7] and for all # € D. Combining the above we have

d
It ps,N (PN (T)(D))
T

_ d
< ZSJ]VC(R)/Eexp(—%ES(CD(r)(PSNu)))dugN x duyy
D

= C(R)ps,n (PN (T)(D)).

From Gronwall’s inequality, we get

ps. N (DN (T)(D)) < eCBT oo N (D) (4.36)

forall N € N and for all T € [0, t]. By Proposition 4.5 (ii), we have

ps (PN (T)(A)) < ps (P (T)(A + Bs))

for any fixed § > 0 and N large enough. Further, from Proposition 4.4 for N large enough, we have

ps (PN (T)(A+ Bs)) < ps,n (PN (T)(A + Bs)) + 6

and so

ps(Pn(T)(A)) < ps, N (PN(T)(A + Bs)) + 6.

Choosing § < R so that A + Bs C Bag and (4.36), can be applied we get
ps (PN (D)(A)) < Ny (A + By) +3.
Using Proposition 4.4 to go from ps, x back to p,, we have
ps (PN (1)(A)) < e P po(A+ Bs) +25. (4.37)
Letting & approach 0 and using regularity properties of the measure g, we finally obtain
ps(@n (D)(A)) = T Tim py(A + By) = ¢“ o, (4) =0
for any t € [0, ¢]. This completes the proof. O

5. Improvement for o > %

In this section, we employ the hybrid argument (Method 4) from [19] in order to lower the regularity threshold we
previously obtained using Method 3. Namely, we complete the proofs of Theorem 1.2 (i) and Theorem 1.3 by proving
the quasi-invariance of Gaussian measures /t; under the flow of FNLS (1.1) for regularities satisfying (1.20).
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5.1. Alternative energy estimate

Our first port of call is to obtain an energy estimate where we place two factors into the Fourier-Lebesgue space
FLo®(T), where o < s. By placing these two factors into this stronger norm, we can lower the regularity restriction;
compare (4.7) and (5.1).

Proposition 5.1. Let o > % and

2 11 <1 5.1)
max 6 o) <s<lI. .

Then, for sufficiently small ¢ > 0, there exists C > 0 such that

d
—E,(P<
‘dt S@nv()|

< CIP<nv(O)[1 %, o [P<nvO)* ), (5.2)
H 2
forany N € N, any solution v to (3.2) and for any 0 < & < &, uniformly in t € R.

Proof. Using (4.5), the estimate (5.2) reduces to proving that for small ¢ > 0, there exists C > 0 such that

d
‘EE‘Y,,(wa(r))L:O

From (4.10), (4.11), (4.12), (4.13) and (4.14), (5.3) further reduces to showing

< CIP=vw Oy PV OI (5.3)

2 2
SN Pvw ) + Y R Pyw(0)

j=1 j=1

< CIP<Nw(O)[%, s ||P§Nw(0)||‘; (5.4)

for all N € N and uniformly in ¢ € R. Recalling the decomposition (4.10), we estimate N; and R, with estimates for
N3 and R, following analogously. In the following, we simply replace w(0) by w. We consider N first. Recall that
in Cases 1 through 7 of the proof of Proposition 4.1 (ii) and (iii), we obtained

Vi) STwll® (5.5)
H 2

for any o > % and for any s satisfying

1>s>max<%,ﬂ—a>. (5.6)
- 36

Then in these cases, we obtain (5.4) by using the embedding (1.19) to put two factors of (5.5) into the required
Fourier-Lebesgue space. Note that we could certainly improve upon the regularity lower bound on s in these cases
by proving (5.4) ‘directly.” However, we find that consideration of the remaining case |n| ~ |n1| ~ |na| ~ |n3| yields
a restriction on s given by (5.1). We now describe this remaining case. To simplify notation, we drop the frequency
projections P<y. Furthermore, we let 0 =5 — % — ¢ and we set w, = (n)°w, and w, = (n)s_g w,. We employ the
argument (and the notation) from subcase 8.2 in the proof of Proposition 4.1. We have

B B B I

" 020y PIImax™ (1) ()77 ()5 ()5

Sl 5 —

7 b0 Ty 1PV max

1
ool
D m1)7 S Wi Wiy Wi
I'(n) 6y

where

19
v=2a+2s—€>0,

provided o + s > %. Then, by Cauchy-Schwarz and the divisor counting lemma (4.27), we bound the above by
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1 2
lwllFo 1wl >N
FLs—800 _ 1-281,, ]28
et = |2 — 2y
1

1 2
4 2
SHwlgo llwls, -0 (Z —WV_“) :

n
Summing this requires v > % which restricts us further to enforcing

n 11
oa+s>—,
6

completing the proof for V.
Now, recall from the proof of Proposition 4.1 that we obtained the estimate

IRi)| S IP<ywl® (5.7)
H 2

5 1.2 1
for s > max (Z — 5, 3> and o > 5 Since

2 11 5 1 . 2 11
max 6 a,4 2a = max 36 o

for any o € R, then we may simply use (1.19) on two factors of (5.7) to obtain (5.4) for R. This completes the proof
of (5.4). DO

5.2. Construction of weighted Gaussian measures

In this section, we construct weighted Gaussian measures which are adapted to the modified energy E(v). Our
attention is only on the low regularity setting % < s <1 and high enough dispersion (« > %), since the results in

Section 4 established quasi-invariance when s > 1 for any o > %
Given r > 0 and N > 1, we first wish to construct the measure

_ _1
dps,N,r(U) = ZS,IIV,rl{HU”LZSr}e 2Rs,N(P§NU)dMS(v)
and then, by taking N — o0, construct the measure
_ _1
dps.r(v) = Z ) p<rje” 20 Vd g (v),
where we recall
Vs (1)
Ry (v)———R > (;( Ty U Do g
I'(n)

and we define

sN(v) ___R Z wS(_n)Unlvnzverm-
T en @(n)

We set
_1 _1
Fr o ) =y o <rje” 28PN and Fr(0) = Lo p e 200

The main result of this subsection is the following proposition which states, not only that the probability measure
Ps,r €Xists, but that we have ‘good’ uniform L? bounds on the density for ps n,, (see (5.8) below). Such higher L?
bounds are crucial for the hybrid argument in [19] (see Lemma 5.5 and Proposition 5.7).

Proposition 5.2. Let r > 0, o > % and max(5 _24"‘, %) < s < 1. Then, given p < 00, there exists C > 0 such that

- L ) s 1EN . ILpug) < Cprsias (5.8)
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uniformly in N € N. Furthermore, there exists Rg(v) € LP (ug) such that

lim Ry y(Pyv) =R) in LP(s) (5.9)
—00
and
lim Fy, () =F.@)  in LP(uy). (5.10)
N—o0

In order to prove Proposition 5.2 by employing the argument in [33, Proposition 6.2], we need the following bound.
Note that we define R oo (v) = Rs(v).

Lemma 5.3. Let o > % and % < s < 1. Then for any

0 2s+1—2a 1
max _— - —
y > ma , 3 "7 s—al,
we have
|R, N P=y)| S IP<nvll 2P0l (5.11)

uniformly in N € N U {oo}. In particular, if « > % we may take y =0 in (5.11).

Proof. Notice that we have a symmetry with respect to the interchange of n; and n3 and the interchange of n, and
n. We split the proof of (5.11) into a few cases with the remaining cases following analogously by exploiting this
symmetry. Below we prove (5.11) for N = oo as it is clear how to adjust the argument when N € N. We write
Uy = (n)Y v,.
e Case 1: |n1| ~ |n| > |n2l, |n3]

In this case, it is clear from Lemma 2.3 that

— 200—1
|¢(n)| Z;nmogx |n - n1|,

and from the mean value theorem,

— 2s5—1
[¥ ()] < nipax. 11— 1.

Hence by Cauchy-Schwarz,

5731 % 2 3
IRy()] S seemiar ) 1 el < vl vl
@) Pmax (n3)
provided
2Qa —2s +2y) > 1 and 200 — 25 + 3y > 1. (5.12)

e Case 2: |np| ~ |n| > |n1], |n3|
Using |¢p(n)| 2 n%nﬂgx and applying Cauchy-Schwarz as in the previous case, we obtain (5.11) provided y satisfies
(5.12).

e Case 3: |nj| ~ |na| ~ |n3]| ~ |n|
On I'(n), we have

— 25—1 — 202
[Vs ()] S In = n3lngay and lp ()| Z [n —n3lln —ni|ng

With y > 0 to be determined, we have

25—1 ~ ~ o~
IR, (0)] < Z Ninax Uny Uny Un3 Un
s ~ —
el — R 282 (n)Y (n3)Y (n)Y
S e Ut
— Uy, Uno Uz U
~~ |I’l —n1|n” n1VnyUny Un

r (ﬁ) max
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where v =2a — 1 — 2s 4+ 3y > 0 provided

< 25 +1— 201)
y>max |0, —— ).
3
By the Cauchy-Schwarz inequality and Lemma 2.4, we have
<)~ 1 ~ 1
< Z U%”% 2 Z ng U,%l 2
~ (n—mnp)t+e (n —n3)!=4(n)

n,ny,n3 na,ny,n

3
S vl vl -

Notice from the condition 2o¢ — 1 — 25 + 2y > 0, that if o« > %, we can take y = 0. This completes the proof. O
We also require the following probabilistic estimate, see [33, Lemma 6.4].

Lemma 54. Let {g,},c7 be independent standard complex-valued Gaussian random variables. Then, there exist
¢, C > 0 such that, for any M > 1, we have

M % s
P[(ng) > K] <e K,
n=1

provided K > cM>.
We now give the proof of Proposition 5.2.

Proof of Proposition 5.2. For o > %, Lemma 5.3 implies we may take y =0 in (5.11) and hence

Lol o <) | Rs N P )| S Lo <) IP<noll 2 ST
at which point, the bound (5.8) follows trivially. We make up the remaining case % <a< % in the following. Given

% < s <1, let y be as in Lemma 5.3 whose precise value will be specified later. On {||v||;> < r}, (5.11) implies

|RsP<psyv)| < CorlP<pyvl3yy < CoMy” r

We have
o
IEr @)1 gy < CP +p / W7 (IR )] = Tog . [[vll 2 < r)di. (5.13)
3
max(e,ezzco’)
We choose M > 0 such that
logh =23 CoMY r*. (5.14)

For j e N, let M; = 2/ My and 0j=Cg2 —& = = CM{M:* for some small ¢ > 0 such that Zj 10j = 2 Then we
have

1 — 2
s (IRs ()] = loga, Nvll 2 <7) < ps(lvll3y = (Cy'r ' log1)3)

o0

1 - 2

<Y us(Py;vllFy = 05(Cy ' r~ log2)3)
j=1

iﬂm(( > len |2)%2L;),

j=1 |n|~M



J. Forlano, W.J. Trenberth / Ann. 1. H. Poincaré — AN 36 (2019) 1987-2025 2015

1 3
i > M}, provided s — y > 1. We used here that 1 > ¢2* €0
implies, from (5.14), Mgr > 1 and hence (Co_lr_1 logA)%/3 ~ ngr4 2 1. Therefore, by Lemma 5.4, we have

14 R 56, S—y—3¢
where L :=(C, 'r log)»)3Uij My M

> j@s—2y-2%e) 2,251
ts(IRs(v)| > log A, ||v||L2<r)S,Ze‘”2 39 (log )33 7

j=1
25
< efc;’(logk) 3 .
Thus, from (5.13), we have
o 2s
| @ gy S Cp+ P / P gy < € < oo,
c

provided %s > y. It is clear that the above arguments also apply to obtain the uniform bound (5.8) when N € N.
Thus we can construct the measure p; - provided we can choose y € R satisfying

02s+1—2a 1+ i 12 1
max | 0, ———, — —a|<y<min|s—=,=s|=5—=.
3 g Ty T3 )T,
As we wish to consider s close to 1, we must impose o > % to rule out the maximum on the left hand side being

:1; +s —a. Now, if s + % —a <0, it is clear we can pick a y > 0. Otherwise, if s + % —a >0, we can choose y > 0
as long as

2s+1 -2« 1
—_— <5 — -,
3 2
which upon rearranging yields the condition max(5_24°‘, %) <s<l1.
As for the L?(us) convergence of Ry y(P<yv) and Fy ,(v), we note that when o > %, we have
|Rs, N P<y (V) — Ry (V)| S ||P>NU||L2||U||iz~ (5.15)
By a slight modification of (5.11), when % <a< %, we also have
|R, NPy () — Ry)| S IP=nvll 20l + 0l 210l 1Pyl g (5.16)

Taking N — oo in (5.15) and (5.16) and noting that s — y > % shows R, v (P<nv) converges almost surely with

respect to s to Rg(v). Then because of the uniform in N bounds

| Rs, N P<nV)ILr () IRsW I Lp(uy) < Cp,s < 0,

which follow from Lemma 5.3, a standard argument using Egoroff’s theorem implies (5.9) (see [33, Proposition 6.2]).

From (5.15) and (5.16), we have almost sure convergence of F,. y(v) to F,(v) with respect to us. Using (5.8),
the above standard argument implies convergence in L”(uy); namely (5.10). This completes the proof of Proposi-
tion5.2. O

The next lemma shows that the two factors lying in F L% for ¢ < s in the modified energy estimate (5.4) have

1
moments indeed contributing a factor of p2. Notice that as a consequence of Proposition 5.2 (namely, Z; v , — Z; ,
as N — 00), Zs_ll\, . is bounded uniformly in N € N.

Lemma 5.5. Given ¢ > 0 and r > 0, there exists C = C(e,r) > 0 such that

[ Yot

forany p>1and N € N.
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Proof. Applying the uniform bound (5.8), the uniform bound on Z;}\,  and Minkowski’s integral inequality, for any

q > é, we have

AN FLscoe | ooy oy < NIAUFLca [ Lo v
_1 1 1
< Z 3 WA Ly WLt Lo,

Sq [ ) ElignllLras ”‘ZZ
L1
SVRVRNER
where we have used the following well-known estimate on higher moments of Gaussian random variables in the last
inequality:
1
lgnllLr@) S P2 (5.17)
forany p>2. O

5.3. Transport of the truncated weighted Gaussian measures

In this subsection, we study how the measures ps x , evolve under the flow of the truncated equation (3.2). We
follow the method of [19] in which we use a ‘change of variables formula’ (see Lemma 5.6) to make the modified en-
ergy E; along the truncated flow appear. Taking a time derivative and using the estimate (5.4) then gives a differential
inequality for the evolution of ps n , under @y (see Proposition 5.7).

Lemma 5.6 (Change of variables formula). Let o > %, s be asin (5.1) and r > 0. Then for any N € N, t € R and

measurable set A C HS_%_S (T), we have

pen (DN DA = 2, / 1ol o 2ry € BNV PNV gy syt (5.18)
A

We omit the proof of Lemma 5.6 as it is identical to those in [19,33,35]. The core ingredients are the invariance of
the Lebesgue measure L y under the truncated flow @y (because of Liouville’s theorem), the invariance of @ in the
L2-norm (mass conservation) and the bijectivity of the flow ®. When o > 1, (5.18) also holds for any measurable
A cC L%(T).

Proposition 5.7. Let o > % and s be as in (5.1). Then, givenr, R > 0 and T > 0, there exists C, g. 7 > 0 such that

d _1
Eps,N‘r(cDN(t)(A)) <C.rT"D {ps,N,r(q)N(t)(A))}l P (5.19)

forany p>2,any N € N, any t € [0, T] and any measurable set A C Bg C H? (T).

Proof. Fix r, R > 0 and T > 0. As a preliminary step, we first note the following key estimate on the growth of the
modified energy E; y: for o and s as in Proposition 5.7, we have

for any p > 2 and for any N € N. This follows from (5.4), Lemma 5.5, the uniform bound (5.8) on Fy ,, the uniform

bound on Zs_]l\, . and Cauchy-Schwarz inequality, since

1,0 Es NPy PN (1) (v))

<Crr'p (5.20)

1=0 Lr (ps.N,r)

1 1

LHS of (5.20) < Z, § N FNr @)l 2, | I115,8: Es.n Py DN O @Dlr=0ll 120 s,

2 4
< Cl1aIPanvI” g PNV | 120,
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4 2
E CR “ ||PSNU|I.FLY7%’OO ” L4P(Ms)
<CR*p.

Now fix a measurable set A C Bg C H?(T) and o € [0, T']. By the semigroup property of ®,(¢) and the change
of variables formula (Lemma 5.6), we have

d
— s, N,r (PN (1)(A))

d
-1 —Rg n(P<
d =ZiNrg; / Lo pznye” oV ENVd g ()

1=l Oy (0)(A)

=1y

o d )
ZZS,IIV,rE Ljop o =re” N P Vd g ()
Oy ()@ (10)(4))
- d
-1 —E; NPy @ n
=ZNry, / Ljof, o zrye” BN N ENOD qy e dpgy

Dy (10)(A)
- 1 W Es NP=n PN (1) ()]i—o e RN PNy (v).
s,N,r {lvll2<r}0r s NIE<NFN =0 Ms
@ (10)(A)

Now recall from Proposition 4.5 (i) that for any ¢ € [0,T] and N € N, there exists C(R,T) > 0 such that
@y (1)(Br) C Bc(r,T)- Note that when the flow @ is only well-defined locally-in-time, we use Proposition 4.5 (i).
Hence, by Holder’s inequality we obtain

t=0

t=0

d
77 Ps:Nr (P (1)(A))

=ty

<Z\, / |00 Eg n Py @ () (@) i=0| Loy, <rje” RN TN d g (v)

@ (t0)(A)

< | U dEsn@an v @) _ (Pa (@n (1) (AN} 7.

LP(ps,N.r)
Applying (5.20) yields (5.19). O

5.4. Proof of Theorem 1.2 (i)

In this section, we apply the argument in [35] to deduce from Proposition 5.7, the quasi-invariance of p; under
the untruncated flow ® (7). In what follows, we fix o > % and consider s satisfying (5.1). We show that for each fixed
R >0,

if us(A)=0,  then s (D(1)(A) =0 (5.21)

for any 7 € [0, T(R)] and for any measurable set A C Bg. This implies local-in-time quasi-invariance of ; under
(1.1) for any

§>——0.

6

When o > 1, (5.21) is true for any t € R. As R is arbitrary, this implies quasi-invariance of p, under the dynamics
of FNLS (1.1). For the rest of this section, we fix R > 0 and o > 1 since the arguments below are easily modified to
imply local-in-time quasi-invariance when % <a<l.

For the first step, we use Proposition 5.7 to show that ps x , is quasi-invariant under @y (¢); see Lemma 5.8. The
proof of Lemma 5.8 follows exactly as in [35, Proposition 5.3].

Lemma 5.8. Given r > 0, there exists 0 < t, g < T such that given € > 0, there exists § > 0 such that if, for a
measurable set A C Bg C H° (T), there exists Ny € N such that
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ps,N,r(A) < )

for any N > Ny, then we have

Ps.N.r (PN ()(A) <e
foranyt €0, t, r] and any N > Nj.

Then a careful argument allows the previous statement to hold when N = oo; that is, we have that ps , is quasi-
invariant under the untruncated flow ®(¢) (Lemma 5.9). The proof of Lemma 5.9 makes use of the approximation
property of the dynamics of FNLS (1.1) as in Proposition 4.5 (ii) and follows the arguments in [35, Lemma 5.5].

Lemma 5.9. Given r > 0, there exists 0 < t, g < T such that given ¢ > 0, there exists § > 0 such that if

ps,r(A) <4,

then we have

Ps.r (PN ()(A)) <&
foranyt €0, t r].

Now, invoking the mutual absolute continuity of ps , and u,, - implies pg , is quasi-invariant under ®(¢). We then
take r — oo (as in [35, Theorem 1.2]) and iterate in time to obtain (5.21) for every ¢t € R, for a fixed R > 0. This
concludes the proof of Theorem 1.2 (i).
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Appendix A. Proof of Lemma 2.3 for « > 1

Setting k =n1 —n and j = n3 — n, it is equivalent to prove
gUi kon) == ln + k> = |n+k+ jI + In+ j 1> — ] Z kI (k] + ] + )2
Since 2 > 2, the function f(x) = |x|>* € C2(R) and satisfies
Fl(x) =2a|x1?2x,  f"(x) =2aQa — 1)|x|>* 2.

We follow a similar argument to the case % < a < 1 in [11]. Without loss of generality we can assume that
max(|j|, |k]) =|j| and j # 0. For any c € R, define f.(x) := |x + ¢|* — |x — ¢|**. Then, we have

g, k,n)=|fjpn+j/2)— finn+k+j/2)I

The mean value theorem implies

g(jokom) 2 ki min | 15 ()],
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where [ is either the interval (n 4+ j/2,n + j/2 + k) or the interval (n + j/2 + k,n + j/2). It suffices to show
1
|£L001 2 el max(lx], |e])** 2 for Je] > = (A1)

To see this, we first suppose |n| < |j|. Then, for any x € I, we have

£} 2 112 2 11K+ 1]+ In )22,

Now suppose || >> |j|. Then x € I implies |x| ~ |n| and hence
min| £75 (01 2 1lln2* 72 2 171K] 4 1] )7

In order to verify (A.1), we may assume that x > 0 as f, is odd and similarly, we assume ¢ > % as fC/ is odd in c. We
have

FLx) = 2alx 4 c** 72 (x +¢) = 2a|x — [P 2 (x — ),
and we consider three cases.

eSubcase 2.1: 0 <x <c¢
Here we have

fc{(-x) :2a [|X +C|20{—1 + |x _ C|20{—1:| 2 C2a—1'

eSubcase 2.2: ¢ < x <2c
We have

fl(x) =2« [(x +o)2e ! (x = C)Zafl:l

:20[6,205—1 |:(f n 1)20171 _ (i B 1)20(1:| Z cZa—l (£>2a72 ch2a—2'
C C C

o Subcase 2.3: x > 2¢
Using the mean value theorem, we have

200—1 200—1
fé(x)zzaxzct—l |:(1 + E) o _ (1 B E) o ] 2)(:20(_]3 ch2ot—2'

X X X

This completes the proof of (A.1).
Appendix B. Well-posedness theory for FNLS with & > 1in L2(T)

In this appendix, we detail the global well-posedness of the Cauchy problem:

{ii)tu+(—3§)°‘u=:|:|u|2u B

ul—o =ug € H*(T),

with « > 1 and for any s > 0. We say u € C([0, T']; H*(T)) is a solution to (B.1) if it satisfies the following integral
(Duhamel) formulation

t

u(t) = S(ug :Fi/S(t — Y u ) Pudt,

0

where S(1) = e~ (=99 The main result is the following:

Proposition B.1. Let s > 0 and o > 1. Then, given ug € H*(T), there exist T = T (|lug||;2) > 0 and a unique solution
ueC(—T,T); H*(T)) to (B.1) with ul;—9 = ug. Furthermore, we have

sup lu(@®)llas < Clluollas-
te[-T,T]
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While the overall arguments presented here are standard, to our knowledge, they have not been fully explicated in
the literature for (B.1) apart from when o = 2, see [33, Appendix A]. We follow the ideas presented in [11], which
considered % < o < 1. The crucial ingredient is the lower bound on the phase function ¢ (1) given in Lemma 2.3.
As the global well-posedness for s > 0 will follow by iterating the local argument using the mass conservation (see
(1.2)), and the local argument is independent of the defocusing or focusing nature of (B.1), we may assume (B.1) is
defocusing (that is, the sign on the nonlinearity in (B.1) is positive).

We will show the well-posedness of the gauged equation

o+ (—02) % = <|v|2 —2/|v|2dx)v, (B.2)
T

in H*(T) for s > 0. This suffices from the fact that given the solution v € C(R; L*>(T)) satisfying v|;—¢ = ug to (B.2),
the function
u(t) =G [w](r) = e~ FI0dxy
is the solution to (B.1) with u|,—9 = ug (see Section 3). We define the non-resonant and resonant operators (respec-
tively) by
N@i vz, v3) =Y ™ Y " 51 (n1)52(n2) 3 (n3) and
neZ I'(n)

R(vi, v2,v3) = — Y _ ™ B ()T ()53 (n),
neZ

(B.3)

where for fixed n € Z, the set I'(n) is the non-resonant hyperplane given in (3.5). We will write A'(v, v, v) = N (v)
and the same for R. Then, the integral formulation of (B.2) becomes

t

v(t) =S(ug —i / St —tHYWN@)({') + R@)@))dt =: A(v) (). (B4
0

Our goal is to prove local well-posedness of (B.2) via a contraction mapping argument for the operator A in
the Fourier-restriction spaces X*?(R x T). We now state some basic properties of the spaces X*?(R x T). Given
s, b € R, we define the space X”’(R x T) via the norm

K 2 -~
1ol sy = 10)° (¢ = 0P B, )l 22 (R 2

where v(t, n) denotes the space-time Fourier transform of v(z, x). Given T > 0, we also define the local-in-time
version X*2([0, T] x T) of X*?(R x T) as

X5([0, T x T) = inf{||vll xsb®xT) © Vlj0.77 =1}

We will denote by X s:band X ST’b the spaces X bR x T) and X*2([0, T] x T), respectively. We have the following
embedding: for any s € R and b > % we have

X3P < ([0, T1; H*(T)). (B.5)

Given any function F on [0, T] x T, we denote by F any extension of F onto R x T.
The following linear estimates hold in X ?b. Their proofs are standard and can be found in, for example, [18].

Lemma B.2. The following are true:

(i) [Homogeneous linear estimate] Given s, b € R, we have
IIS(I)UIIX;b Slvllas, (B.6)

foranyQ <T <1.



J. Forlano, W.J. Trenberth / Ann. 1. H. Poincaré — AN 36 (2019) 1987-2025 2021

(ii) [Nonhomogeneous linear estimate] Lef s € R and —% <b' <0<b<1+Db". Then we have

t
H / S@—YFadr'| ST F (B.7)
T
0

X;
forany O <T < 1.

We now state the crucial nonlinear estimate for the operators of (B.3).

Proposition B.3. Let « > 1 and s > 0. Then for b > % there exists b’ < % sufficiently close to % such that we have

R (v1, v2, v3)l o t [N (v1, vz, U3)|I S S, r{rlng }(llvkﬂxvh l_[ llv; ||x0b) (B.8)
J#k

foranyO0<T < 1.

Proof. We follow the proof in [11, Proposition 5], but since o > 1, the proof here is simpler. Let v; be extensions of
vj, for j = 1,2, 3. Then it suffices to prove

3
IN (@1, D2, 03) | s, + R(D1, D2, 03) || g, S Min <||5k||x~r~b H Iv; ||xo,b>, (B.9)
Jj=1
J#k
since (B.8) follows from (B.9) by taking an infimum over all extensions v; of v;. For simplicity, we write v; as v;.
We begin with the estimate for A/. By Plancherel, we have

Z (n)*V1 (1, n1)02(T2, n2)V3(T3, 13)
ab d‘[ld‘rz

(T —In|=) 1202

T=T71—72+73 ['(n) ttn

IN (v1, v2, v3) | ysp = H

Notice |n| Smax;j—1 2 3|n;| and thus we may suppose, without loss of generality, || < |n1|. We define
fi(z,n) = (n)*(x — [n**)?[91(r,n)| and g;(z,n) = (v — [n|*)°[0;(z,n)| for j=2,3.

Then we see that (B.9) follows if we prove

H Z Sfi(T1,n1)82(12, n2)g3(13, N3)

3
: ﬂ
d‘L’]d'L’z
.[ _ |n|2°‘ b’ i |nj|2°‘

202
T=T71—72+713 T'(n) Lzt (BIO)

||82 2021183 ||L2152 Il f1 ||L222

n

By duality, we have

LHS of (B.10) < sup / Z f1(t1,n1)g2(12, n2)g3(13, n3)h(t, n)
T = 0 (T = InP)?’
Lol g4y —13=0"" "rllj_zgsé?
3 1
X dridndr
]1:[] (Tj —Inj|2)?

Applying Cauchy-Schwarz, we bound this by

1
180 222118201 22e2 1831l 262 I f1ll 202 SUP Mz
n,t

where
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3
1 1
My .= dridr.
S| e || =t

ny—nz+n3=n
ny,n3#n

T=11—T2+13
It is then clear that we have proved the thesis if we show

sup M, . < oo.
n,t

Fixn € Z and v € R. As 2b > 1, integrating in 7 and t; (by using Lemma 2.4 twice) gives

1 1 1
M 5 7 — S VAN
nl_n;nFn (T — 2 (x — |2 — § )% ,,,_,,;m:n (¢ ()2
ny,n3F#En ny,n3#n
The last inequality above follows from the triangle inequality. Recalling that ny, n3 # n, Lemma 2.3 implies |¢ ()| 2 1
and hence by Lemma 2.4, we have

MicS )

np—ny+n3=n
ny,n3#En

1

4" (a—1
(n—n1)2% (1 — n3) 2 nya ™

] 2
<
~ <Z (n— n1>2h’ <n1>2h’(a—1)> <C<oo,

ni

independently of n provided we choose b’ < % such that

20 a > 1.

The above condition is satisfied since « > 1. This completes the proof of (B.9) for the non-resonant operator A/. The
case for the resonant operator R is simpler. Indeed, by Young’s inequality and Holder’s inequality, we have

IR 1. v2. v3) | o < IR, 02, V3)l]si0 = [[ ()" @1 2 D2 B3)(2.1) | 122

3
S ORGICADII § (DI
j=2

3
Sl i@ mig | [T =29 @ m il |
j=2

3 3
~ lvillgso [ [ llvjllxos S Hvillgss [T llvjlixoo.

j=2 j=2

It is clear that the right hand side of (B.8) follows analogously. This completes the proof. O
‘We now prove Proposition B. 1.

Proof of Proposition B.1. Fix « > 1 and let ug € LZ(T). For 0 < T <1, from (B.4), we have

t

AW)(1) = AW)uy (1) = S(Duo — i / St —tYN (@) +R)(')dt'.

0

Now let b’ be given by Proposition B.3 and write b’ = %6 for some small § > 0 and then set b = % + %. Then by
(B.6), (B.7) and (B.8), we have

s 3
IIA(v)IIXg.b S ”u0||L2+T2”v”X(;,b- (B.11)
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Similarly,
5
1A@D = A@Dyos S T2 (U010 + 0200 01 = v2llyos- (B.12)
With R ~ 2|lug||;2, we let Bg be the closed ball of radius R in X %b. It follows by the contraction mapping theorem
using (B.11) and (B.12) and choosing T = T (Jlugl| ;2) > O that A is a contraction over Bg and hence we have a unique

fixed point v € X(}’b.
Now for s > 0, let ug € H*(T). Then by (B.6), (B.7) and (B.8), we obtain

8
5 2
A ys.o S lluoll s + T2 [Vl 0.s V1] s
! S r r (B.13)
5 2
S lluollas + T2 luoll 2 0]l oo

and

5
JA@D =A@l gsr S T2 ol llvr = v2ll oo (B.14)

It is clear from (B.13) and (B.14) that we then obtain a unique solution v € X%b for the same T = T (|luoll;2) > 0.
Continuity of v in time follows from (B.5). This completes the local well-posedness proof. O

We now move onto the proof of the global well-posedness of (1.1) for any o > 1 as stated in Proposition 1.1 (i).

Proof of Proposition 1.1 (i) for « > 1. When s > «, we have for smooth solutions to (B.1) the growth bound
(@)l s < e lluol s,

with C = C(Jlug| 1) This follows from the coercivity of the energy,” the inequality
MeePaell e S Nl el g, (s = @)

and Gronwall’s inequality.

For s = 0, we have the mass conservation ||v(f)] ;2 = |luol|;2 for any ¢t € R, immediately yielding global-in-time
existence. For 0 < s < a, we iterate the mass conservation. The L? local theory (Proposition B.1) implies there is a
Tp depending on [|ugl| ;2 such that

1vll o Slluollz2. (B.15)
0

for, say, b = %+. We have from (B.13) and (B.15), that for any 77 < Ty,
ol yso < Nluollazs + T ol 35 vl ys.b-
I n
Therefore, there is a T>(||ugll;2) < T such that
il gso < lluoll s
Tz
From (B.5), we get the a priori bound

sup Nu(Ollas < lluollas,
1€[0,T2]

which can be iterated to yield

2
KoT
sup [lu@llms Se " lluollas,

tel0,T]

for any T > 0 and any ug € H*(T) with [lugll;» < K. O

5 In the focusing case, one uses the Gagliardo-Nirenberg inequality (1.4), as discussed in the introduction.
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