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Abstract

Motivated by Carleman’s proof of the isoperimetric inequality in the plane, we study the problem of finding a metric with zero
scalar curvature maximizing the isoperimetric ratio among all zero scalar curvature metrics in a fixed conformal class on a compact
manifold with boundary. We derive a criterion for the existence and make a related conjecture.
© 2007 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Among the many proofs of two dimensional isoperimetric inequalities, the one due to Carleman [3] is particularly
interesting. Indeed by an application of Riemann mapping theorem we only need to show

1 2
e?dx < —|( [ e*do (1.1)
4
D

s1
for every harmonic function u on D. Here D is the unit disk in the plane. Carleman deduced (1.1) by showing

2 1 2
/|f| dx<5</|f|d9>
D sl

for every holomorphic function f on D. Along this line, in [8] Jacobs showed that for every bounded open subset £2
of R? with smooth boundary, there exists a positive constant cg such that for every holomorphic function f on £2,

2
/|f|2dx<cg</|f|ds> .
22 082

Moreover when 2 is not simply connected, the best constant c; > # and it is achieved by some particular holomor-
phic function f. Here we formulate a higher dimensional generalization of these statements.
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Assume n > 3, (M", g) is a smooth compact Riemannian manifold with nonempty boundary X = d M, we write
the isoperimetric ratio

1
|M|»
||
Here | M| is the volume of M with respect to g and | Y| is the area of X'. Let [g] = {p%g: p e C®(M), p > 0} be the
conformal class of g. The set

(M, 8) =

(1.2)

{8 € [g]: the scalar curvature R = 0}

is nonempty if and only if the first eigenvalue of the conformal Laplacian operator Ly = — % A + R with respect
to Dirichlet boundary condition, A1 (L) is strictly positive (see Section 2).
Assume A1(Lg) > 0, we denote

Om.g =sup{I(M, §): § € [g] with R =0}. (1.3)

Standard technique from harmonic analysis gives us @y , < 0o (see Proposition 2.1). But is &y , achieved? In
another word, can we find a conformal metric with zero scalar curvature maximizing the isoperimetric ratio?
It follows from [7, Theorem 1.1] or Theorem 3.1 that

1

— 1 J—
_— n(n—1)
OF, gon =1 (B1,gr) =n"""Taw, "7,

here wy, is the volume of the unit ball in R" and grn is the Euclidean metric on R". This just says that O, ,  is
achieved by the standard metric. In general we have the following

Theorem 1.1. Assume n > 3, (M", g) is a smooth compact Riemannian manifold with nonempty boundary and
A(Lg) >0, then

1
I
- -1
n T, b — 9= <Oy, <00.

Bi,grn
If in addition O3, P Oum.,g, then Oy ¢ is achieved by some conformal metrics with zero scalar curvature.

The problem illustrates very similar behavior as the Yamabe problem of finding constant scalar curvature metrics in
a fixed conformal class (cf. [9]) and its boundary versions (cf. [4,5]). On the other hand, it has more nonlocal features
(e.g. the Euler—Lagrange equation is a nonlinear integral equation) than the two well studied problems. In analogy
with the solution of the Yamabe problem, we make the following conjecture.

Conjecture 1.1. Assume n > 3, (M", g) is a smooth compact Riemannian manifold with nonempty boundary and
A(Lg) > 0. If (M, g) is not conformally diffeomorphic to (B, grn), then Oy ¢ > @El,gw‘

In Section 2 below, we will describe some basics related to the above problem and reformulate it as a maximization
problem for harmonic extensions. We will also discuss some elementary estimates of the Poisson kernels and show
Ouy,g is always finite. In Section 3 we will show 81_31, g is achieved by the standard metric itself and deduce some
corollaries. This is a consequence of [7, Theorem 1.1]. However the approach we present here is different and of
independent interest. In Section 4 we will prove the regularity of the solutions to the Euler-Lagrange equations of the
maximization problem for harmonic extensions. In Section 5 we derive some asymptotic expansion formulas for the
standard Poisson kernel and the Poisson kernel for the conformal Laplacian operators. These expansion formulas will
be useful in the future study of Conjecture 1.1. In Section 6, we will derive the concentration compactness principle
for the maximization problem and this will be used in the last section to deduce Theorem 1.1.

2. Some preparations

Assume n > 3, (M", g) is a smooth compact Riemannian manifold with boundary > = d M. The conformal Lapla-
cian operator is given by
4(n—1)

L,=——A+R.
8 n—2 +
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It satisfies the transformation law
n+2
L 4 9= p 2 Le(pp) for p, g € C(M), p > 0.
pn2g
Let

4(n—1)
Eg(so,w):/[ﬁw-vvaRW]du, Eg(p) = Eg(9, ),
M

here du is the measure generated by g, then it follows from the transformation law that
Ep%g(¢)=Eg(p<p) for p,p € C*(M), p>0, ¢|x =0. (2.1

Let A1(L,) be the first eigenvalue of L, with respect to the Dirichlet boundary condition, then

E
M(Lg) = inf %.
perl 0\©0) [y 9 dig
Assume p € C*°(M), p > 0. It follows from (2.1) that A1(Lg) < O implies A;(L 4 ) < 0. On the other hand,
pn=2g
if Aj(Lg) =0, then A1(L 4 ) > (maxyy p)_ﬁkl(Lg). Hence the sign of the first eigenvalue of the conformal

Laplacian operator does not depend on the choice of particular metric in a conformal class. This sign is useful because
of the following fact: A1(Lg) > 0 if and only if we may find a scalar flat metric in the conformal class of g. The only
thing we need to verify is we can find a scalar flat conformal metric when A1(Lg) > 0. To see this we may solve the
Dirichlet problem

Lep=0 onM,
plz=1
We claim p > 0 on M. To see this, we let ¢ be the first eigenfunction of Lg with ¢ >0 on M\ X and ¢|x = 0. Let
w = 2, then
(p?

4n—1) 8m—1) Vg
- Aw — — - Vw+Aw=0 onM\X.
n—2 n—2 ¢
Since w(x) — oo as x — X, it follows from strong maximum principle that w > 0 on M\ X, hence p > 0 on M.
n+2
Notethat R 4 = p‘ﬁ Lgp =0, we find the needed metric.

n—2

Assume A1(Lg) > 0, the Green’s function G, of L satisfies
{ (L)xGpr(x,y)=38y, onM,
Gr(x,y)=0 forx e X.
The Poisson kernel of Ly is given by
4n—1) oG (x,y)
n—2 dyv

Pr(x,§) =—

y=¢

here v is the unit outer normal direction. The solution of
Leu=0 onM,
ulg=f

is given by

M(X)=(PLf)(X)=/PL(x,E)f($)dS(E),
z
here d S is the measure generated by g on X. If p is a positive smooth function, then we have the following transfor-
mation laws,
G 4 (x,y)=w, 4 (%E)=M,
Lpn2g p(xX)p(y) Lpr2g p(xX)p(&)i=2
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and

P 4 f=p'PL(pf).
L’pn—Zg

4
If g € [g] has zero scalar curvature, then g = u=2 g for some positive smooth function u on M with Lgu = 0. Let
f=ul|s,thenu = Py f and

2
LA

~ Ln=—2(M
(M, 3) = .

Hence

L feC®(X), f>0}

n
L”T(M) 2(n—

=sup{?: feL 4—21)(2), f;éO}

2(n—
n—

2
1) P
(X)), 1] 2m-1 =1}] ° (2.2)
L n=2 (%)

= |Su P n . el
[sop{ 1Ll o o

The second equality above follows from the fact Py is positive and an approximation procedure.

It follows easily from the definition of @y, ¢ (see (1.3)) that @y, depends only on [g]. As a consequence we may
choose the background metric g with zero scalar curvature. Under this assumption the conformal Laplacian operator
reduces to the constant multiple of the Laplacian operator. To continue we will need some estimates of the Poisson
kernels.

2.1. Basic estimates for Poisson kernel and harmonic extensions

Let us fix some notations. Throughout this subsection, we always assume n > 2, (M", g) is a smooth compact
Riemannian manifold with boundary ¥ = dM. For convenience we fix a smooth compact Riemannian manifold
without boundary, (M, g) such that (M, g) is a smooth domain in M, g). Denote d as the distance on M generated
by g and dx as the distance on X~ (when X is not connected and &1, &, € X' lie in different components, we set
dx (&1, &) equal to the maximal diameter of all the components of X'). We write t = ¢(x) =d(x, X) for x € M.
Assume o > 0 is small enough such that V = {x € M: t(x) <280} is a tubular neighborhood of X and for £, € ¥
with d(&, ¢) < 280, we have dx (§,¢) <2d(&,¢). For x € V, let m(x) € X' be the unique nearest point on X' to x. For
8 >0, we write Ms = {x € M: t(x) <38}. Forx € M, § > 0, we use Bs(x) to denote the ball with center at x, radius &
in (M, g).

The Green’s function of the Laplace operator satisfies

—A;G(x,y)=8, onM,
G(x,y)=0 forx e X.

Note that G(x1, x3) = G(xp, x1) for x,x, € M.

e The solution of

—Au=h onM,
uly =0
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is given by

u(x) = / G (x, () du(y).
M
The solution of
{ —Au=0 onM,
ulg=f

is given by

o) z_/ 0G(x,y)
)

p (&) dS(E).
vV =&

y_
Here v is the unit outer normal direction on X'. In particular the Poisson kernel is given by

G (x, y)

Px.§) = ——"
}

y=§
If

—Au=h onM,

uly =0,

then g—fj(é) =— fM P(x,&)h(x)du(x). In the future we will denote

(Th)(f)Z/P(x,é)h(X)dM(X)

M

Hence g—"‘) =—Th.

For f defined on X', we write

(Pf)(X)=fP(x,§)f($)dS(€)-

)

Pf is the harmonic extension of f.

Lemma 2.1. For 0 < § < 8, denote X5 ={x € M: d(x, X) =8}. If u € C*°(M) is a nonnegative harmonic function,
then

/ungc(M,g)/udS.
)

Xs

Proof. Denote v as the unit outer normal direction. Since §¢ is small, for 0 < § < 8¢, the map s : X' — X5 given by

Vs(§) = expg (—8v(§)) is a diffeomorphism and fz5 udS = fz uoys - JysdS. Hence

d u dJy,

L uwas= | Las - ds

as ] " / ar 0T / uos -~
Xs Xs Pl

<C(M,g)/u01/fa‘fwd5
X

=c(M, g)/udS.

Xs
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Here we have used the equation | 55 % d S = 0 which follows from the divergence theorem and the fact « is harmonic.

It follows that fzaudsgc(M, g) [xudS. O

To avoid confusion we emphasize that the constants c(M, g)’s are different in different formulas. This convention
applies throughout the article. We will need the following classical estimate for Poisson kernels.

Lemma 2.2. The Poisson kernel P(x, &) satisfies
t(x)
[1(0)? +dz (T (x), §)*]2

0< P(x,8) <c(M,g)
forx e Ms, and & € X.

Proof. It follows from Lemma 2.1 and an approximation procedure that for 0 < § < do,

/P(xyé)dM(X) <c(M, g)é.
M;
Since P(x, &) is nonnegative, harmonic in x and P (x, &) = 0 for x € X'\{£}, it follows from the elliptic estimates of

harmonic function that we only need to consider the case ¢ (x) +dx (7w (x), §) is small. Let 1 (x) +dx (7 (x), &) = 6. If
t(x) > %, by mean value inequality

M, M’
Pee) < UL [ poiedue < SO
B (x)
;
<eM,g) -

[1(x)? +ds (T (x), )42
Assume 1 (x) < %, then d (7w (x), &) > 37—8 By the gradient estimate of harmonic functions we know

c(M, 8) c(M., g)
|VP(5 $)|L°°(Bz(5/7(ﬂ(x))ﬂM) X W / P(ya E)dﬂ()’) < sn

B3s/7(m(x))NM

s

hence P(x,§) < c(M, g)téif). The lemma follows. O

As an application of Lemma 2.2 we may derive the following inequality for harmonic extensions. Recall if X is a
measure space, p > 0 and u is a measurable function on X, then
1
[l p )= supt||u| > t|P.
wX) t>0

Here ||u| > t| is the measure of the set {|u| > t}.

Proposition 2.1. The harmonic extension operator P satisfies

|Pfl 2 <cM,IfIp1(s)
Ly (M)
and

P n <c(M, g,
|f|L%(M) c(M, g, p)flLr(x)

forl < p < oo.

Proof. We only need to prove the weak type estimate. The strong estimate follows from Marcinkiewicz interpolation
theorem [11, p. 197] and the basic fact |Pf|ro) < | f|Lo(x). To prove the weak type estimate we may assume
S =0and |f]1(5) = 1. It follows from Lemma 2.2 that

c(M,g)

t(x)"il '

0<(Pfx) <
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For 6o = 60(M, g) > 0 small, it follows from Lemma 2.1 that

f P(x,8)du(x) <c(M,g)d foré e X and0 <3§ <.
M
Hence for § € (0, 8y),

/(Pf)(x)du(x):/ dS(E)[f(E)/P(x,S)dM(X)}
M; X M;
<c(M, g)d.

For A > ¢(M, g), we have
IPf >l =|{xeM: t(x) <c(M,g)h "1, (Pf)(x) > A}]

1
<3 / (PF)(x) due(x)

M 1

c(M,g)r n—1

<c(M, g)r " T,

N

The proposition follows. O

For 1 < p < o0, if we write
= P np N LP 2 = 1 2
cM.g.p =S PSI o f € LP(E) 1S ILrm) = 1, (2.3)

then ¢y ¢, p < 00. In view of (2.2), when the background metric g has zero scalar curvature,
=
Opmg= Clltl/l_,g,””*zl) < o0. (2.4)

In the future we will also need the following compactness property.

Corollary 2.1. For 1 < p < oo, 1 < g < 22, the operator P : LP(X) — L9(M) is compact.

n—1’
Proof. Firstassume 1 < p <oo.If f; € LP(X) such that | f;|zr(x) < 1, it follows from Lemma 2.2 that

c(M,g)
t( x)"—l
Using elliptic estimates of harmonic functions we know after passing to a subsequence we may find a u € C*°(M\X)
such that Pf; — u in C2° (M\ X). For § > 0 small, we have

loc
n—1

|Pfi — Pfjlraan < |Pfi — Pfileaommy) + | Pfi — PfilLamy)

1
<|Pfi— PfjlLaommy) + 1P fi — Pfjl o |Mgsla
Ln=1(Ms)

n—1

1_n-1
<I|Pfi — PfilLagmms) +c(M, g, p)|Ms|a 7.

[(Pfi)(x)| < forx e M\ X.

Hence

1_n-1
lim sup |Pfi — Pfilraquy <c(M,g, p)|Msla .
i,j—>o00
Letting § — 0T, we see Pf; is a Cauchy sequence in L4(M). In another word, P : L?(X) — L4(M) is compact.
When p = 1, the argument is similar. We only need to observe that forany 1 <¢g <¢ < %5, P: LY(Z)— Li(M)
is bounded. O

Let h be a function on M, recall (Th)(§) = f y P, &)h(x)du(x). We have the following dual statement to
Proposition 2.1.
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Proposition 2.2. For 1 < p <n and h € LP (M),

ITh| w-np <c(M,g,plhlLrm).
L= (%)

Proof. We may prove the inequality by a duality argument. Indeed for any nonnegative functions 2 on M and f on X,
we have

O</(Th)(é)f(é)dS(E)=/dS(S)/P(x,E)h(x)f(f;“)du(x)
X M

X

T

= /(Pf)(x)h(x)du(x) SIPfI e |hlLem)
L7-T (M)
M

<cM, g, p)lhlLranlfl a-vp
Lnp—1) (x)

the proposition follows. One may also prove the inequality directly. Indeed it follows from Lemma 2.2 that

|P(-, E)|L#’M(M) <c(M,g) <ooforé e X Hence T: LY (M) — L*°(X) is a bounded linear map. On the other

hand for h € LY (M),

/|(Th)(§)|dS(§)</ dS(E)/P(x,§)|h(X)|dM(X)=/|h(X)|dM(X)-
X X M M

Hence T : L'(M) — L'(X) is also bounded. The proposition follows from the Marcinkiewicz interpolation theorem.
Finally we point out for 1 < p < n, we may solve

—Au=h onM,
uly =0

and (Th)(&) = —g—l’f(“g‘). By the L? theory we know lulw2.p o < (M, g, DA Lr ). 1t follows from boundary trace
embedding theorem [1, p. 164] that

ou
av

(—Dp <C(M18,P)|”|W2-P(M) <c(M, g, p)lhlLe - O

I Th| @-1p
L L =P (X)

n—p (Z‘)

2.2. Miscellaneous
Later on we will need the following Hausdorff—Young type inequality to estimate some nonmajor terms.

Lemma 2.3. Let X and Y be measure spaces, 1 < p,qo,q1,¥ <00, p<r, qo <r and

1 1
L@

P q
Assume K is defined on X X Y such that

1 1
(/|K(x,y)|q°dx>q0 <A, (f|1<(x,y)|q1 dy>ql <A.
X Y

For a function f defined on Y, we let (Kf)(x) = fy K(x,y)f(y)dy, then

IKfliroo <Al flery.

+ 1.

Proof. Without losing of generality we may assume K > 0 and f > 0, then
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KW= [ Kien? 10 K T 507 dy

Y

1 =490 r=p
< (/K(x,y)qu(y)”dy) (/K(x,yﬂ' dy) " (/f(y)”dy> ’
Y Y Y

( f K(x,wa(y)"dy)r.
Y

Here we have used the Holder’s inequality and the fact % +

= 1. Hence

1 1
q17/(r—qo) + pr/(r—p)

(K@) < AD0[fI750 / K (e )™ f () dy.

Integrating both sides, we get the needed inequality. O

3. Sharp inequalities on the unit ball

2 - 1 e
% Zg 2ty = 1(B1, grr) =n" T, D (see (2.3), (2.4)).
=2

The aim of this section is to show @z =
1,8Rn

2(n—1)
Theorem 3.1. Assume n > 3, then for every f € L n=2 (8B;‘),

n=2

|Pf| 2 <n~ 2D Ua) U] 2 .
(B1) L n=2 (3By)

Here Pf is the harmonic extension of f, w, is the volume of the unit ball in R". Equality holds if and only if
fE) =c(l+ A& ;)_# for some constant ¢, { € 0B and 0 < A < 1.

Note that this theorem is a consequence of [7, Theorem 1.1] (see the discussions before [7, Theorem 1.1]). Below
we will present a different argument which has its own interest. Before discussing the approach, we describe some
corollaries of the theorem. Note that in Proposition 2.1 the strong inequality is not true for p = 1. Instead we have the
following

Corollary 3.1. Assume n > 3, thenfor fe LOO(BBI’),

| Pf| g” wn

L T (BY) |e |L1(aB.)

Moreover equality holds if and only if f is constant.

Proof. If u is a harmonic function, then Ae* = e*|Vu|%. Hence e* is subharmonic and not harmonic except when u
is a constant function. It follows from Theorem 3.1 that

ezgl;j)Pf on < }P(eZ{L"—:zl)f)

2n

Ln=2(By) Ln=2(By)
2n(n 1) f
<n 21 1)a) |ez(" 1) | 201 .
L n=2 (331)
Hence
Pf -1 “un|.f
e _n_ <n e .
| LT (B Wp | |L1(831)

n—2 _n=2_
If equality holds, then eZo-n Pl = P(e2(" 2 ) and e2-D P tmust be a harmonic function, hence P f is equal to

constantand sois f. O
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Corollary 3.2. Assume n > 3, then for % <p<oo, feLP(BY),
l

1
fann’l(B> <n rw, | flLr@sy)

Equality holds if and only if f is constant.

Proof. Denote r = W/(n*l) > 1. If u is a harmonic function on Bj, then |u|" is a subharmonic function and it is
not harmonic except when u is a constant function. If f € L”(dBy), then by Theorem 3.1,

<[P(/1)

)
2n_ <n ~2D ')a) D) ||f| | 2(n 1)
Ln=2(By) 2 (3B )

[IPfI" |

2(3)

Hence

_1
n l’a)
| fan T(By) < n |f|Lp(3Bl)

If equality holds then | Pf|" = P (| f|"). In particular | Pf|" is a harmonic function and hence Pf is a constant function,
sois f. O

[Pfl np_
Ln=1(Bp)

2(71 1) °1)
[f1Lp@oBy)

Remark 3.1. For 1 < p <
fe(§) =1+ &8,

[Pfel Lo _5 2 — 1
L P NS P
| felLr @B 2n(n—Dm+2)\ n—2

Hence 1 is not a local maximizer. It remains an interesting question to calculate
sup{|Pf| m  : feLP@By),|flLros) =1}
Ln—1 (By)

for these p’s.

, 1 is still a critical point for the functional , but calculation shows for

The new approach to Theorem 3.1 needs an interesting Kazdan—Warner type condition. To formulate the condition,
we introduce the weighted isoperimetric ratio.

Assume n > 2, (M", g) is a smooth compact Riemannian manifold with boundary ¥ = 9dM. Let K be a positive
smooth function on ¥, then we write the weighted isoperimetric ratio

(M) |
([ K dS)iT

Here du is the measure associated with g and dS i 1s the measure on X. If n > 3 and (M", g) satisfies A{(L,) > 0, for

IM,g,K)=

g € [g] with zero scalar curvature, we write g = u = g,uly = f, then
2n_ 1

(fM(PLf)”*2 d,u)"

(JxK

The Euler—Lagrange equation of this functional reads as

IM,g,K)=

/ PLx,§)(PLF)(0)E du(x) = const-K (§) f ()72

M

Lemma 3.1 (Kazdan—Warner type condition). Assume n > 3, (M", g) is a smooth compact Riemannian manifold with
boundary and A1 (Lg) > 0, K and f are positive smooth functions on X' such that

/ PLOE)(PLA@) T dux) = K (§) f(£)72

M
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Let X be a conformal vector field on M (note X must be tangent to %), then

2(n—1)
/XK-f 2 dS =0.
X

Proof. Denote u = Pp f. Let ¢; be the smooth 1-parameter group generated by X, then

d
= 1(M, ¢} (w2 g), K) =0.
Ui=o
On the other hand,
d s d s I(M,ui2g,K) [ XK - f 52 dS
T I(M,¢,*(umg),K)=E I(M,um2g,Ko¢_;)= ,n—lg, = 20-D)
=0 1=0 [s Kf 2 dS
2(n—1)
This implies [ XK - f »2 dS=0. O

Corollary 3.3. Assume n > 3, K and f are positive smooth functions on d B such that

/P(x,é)(Pf)(X)% dx =K E) (&),

B

then [, (VK (§). V&) f(€)

2(n—
n—

> dSE) =0for 1 <i<n.

This is because V§; is the restriction to d By of a conformal vector field on (E 1, &Rn).

We will also need some rearrangement inequality on d By which was proven in [2]. We say a function f on 9B
is radially symmetric if f(£) is a function of &,. Let f be a measurable function on d By, then the symmetric rear-
rangement of f is a radial decreasing function f* which has the same distribution as f. The following rearrangement
inequality was proven in [2, Theorem 2]. Namely, if K is a nondecreasing bounded function on [—1, 1], then for all
f.geL'(@By),

/ FESMKE - dSE) dS() < / FHE)8 MK E - ) dSE) dS).

3By x9B 3By xdB,

It follows that if K is a bounded nonnegative nondecreasing function on [—1, 1], f is nonnegative function on 9 B
and

(K * f)(&)= / K& -mfOdSm,
dB;
then for 1 < p <00, |[K * flrr@s) < IK * f*|Lr@s)-
Recall the Poisson kernel on (B, grr) is given by
1— |x|?
nowylx — &

ForO<r <1, & ¢ €0By,

P(x,8) =

1—r2

nop(r2+1—2r -£)2
Hence for 1 < p <ocoand f >0,

P(r¢,8) =

1 1
-1 —1
|Pf|€p(31)=/|Kr*f|1L)p(aB|)rn dr<f|Kr*f*|lL]p(331)rn dr:|Pf*|IZp(B|)'
0 0
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It follows that |Pf|rr(p,) < |Pf*|LrB))-

Proof of Theorem 3.1. For p > 2(" 21 ) we consider the variational problem

P n : felLP(B)), p =1t. 3.1
sup(| f'anfz(Bl) b (0B, | flLrs) =1} (3.1

By Corollary 2.1 the operator P:L?(dB;) — anT"2 (B1) is compact, hence the supreme is achieved at some f}, > 0
Replacing fp by f, we may assume f), is radial symmetric and decreasing. After scaling f), satisfies

f[’(é‘)p_1 Z/P(X,S)(pr)(x)% dx.
B

Standard bootstrap using Propositions 2.1 and 2.2 shows f, € C*°(dB1) and f), > 0. Rewrite the equation as

[ Peexpr i dx= g5 e
By

It follows from Corollary 3.3 that

/ (V£ 6)P 5 V) [, (6) 7 dS(E) =
3By
We may write g,(r) = f,(0,...,0,sinr, cosr) for 0 <r < 7. Then the equality becomes
T
/g;,(r)gl,,(r)f“1 sin'rdr=0
0

Since g/, <0 and g, > 0, we get g}, = 0 and hence f), = const. This implies

n—2
T
[Pf] < [flLr@aB))-
2B (g, )
Let p — 2;"__21), we get the needed inequality. At last we may apply [7, Theorem 1.2] to identify all the functions

which achieves the equality. 0O
4. Regularity of solutions to some nonlinear integral equations

Assume 1 < p < oo.If f € LP(X) is a maximizer for the variational problem
cMgp =sup{IPf| . fELV(ED),|flrcm) =1},

then we may assume f > 0, moreover after suitable scaling it satisfies the nonlinear integral equation

fEP = / P, E)(PS) ()T dpu(x).
M

This section is aiming at proving all these solutions are in fact smooth.

Proposition 4.1. Assume n > 2, (M", g) is a smooth compact Riemannian manifold with boundary ¥ = oM. If
1< p<oo, feLP(X) isnonnegative, not identically zero and it satisfies

f@)f"l=fP<x,s><Pf>(x)%‘ldu(x>,
M
then f € C®(X).
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n(pg+1)

Proof. Let pg = p L, fo&) = FEP!, up(x) = (Pf)(x), then 0 < py < 00, fo € LT (), ug € L~V (M) and

uo(x) = / P, E) fo®)PdSE).,  fol€) = / P(x, )0 () 0% dpu(x).

) M

Let (M, g) be the same as in Section 2.1. Given &) € X, by choosing a local coordinate ¢ : U (&9) — {x € R": |x| < 2}
with ¢ (&9) =0 and ¢ (U (&) N M) = {x e R": |x| < 2, x, > 0}, we may identify U (§y) with {x € R": |x| < 2}. For
0 < R < 1, we write

B+ {xe]R" |x|<Rx,,>0}
Br=By'={seR"": |g| <R}
and

uR(x) = / P(x. ) fol)™ dS(),

I\ Bg

pot+n
fr®) = / PGr, E)uo () ™70 dpu(x).

M\B}

Thenug € C*({x e R": |x| < R, x,, = 0}), fr € C®°(Bg). To prove the regularity of f, we discuss two cases.
Case4.1.0 < py < n”j

Ppotn

> 1. Fix a number r such that
(n=1)po

In this case, we have

+n
1§r<po— and r > —,

(n—"Dpo Do
then

po+n 1/r
oV < [ / P (x, &)ug(x)™=Dro dM(X)] + frEV".
By

Hence using Lemma 2.2 we have

up(x) = / P(x, &) o) fo&)/" dS(E) + up(x)

Br

_ po+n —r L/r
< / P(x.8) fo&)P [ / P(y. §)uo(y) ™0 uo(y)rdu(y)} dS(E) + vR(x)

i
Br By

<c(M, g, p,r)f 0 x’%)n/zfo(é)”"_’_

Xn
—E2+

potn 1/r
[/ 1y’ —EI2+y e uo(y) ™10 uo(y)’dy} d& +vR(x)

here dx and d£¢ means the standard Lebesgue measure and

vR(x) = / P, E) fo(&)P ™ fR@E)V dSE) + ur(x).

Br
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n(pg+1) 7':("0“),1
We have vg € L@=00 (BE)N Lo """ (BY U B ). Let
. n(po+1) _ (po+ Dr
po+n—(n—1por’ por—1°
-1 _ 1
Then%+"T=;and
r 1__potn
n(po+1)/((n—=Dpo) a n(po+1)
For '(’,fp"l';;g <qg < (n_"l()’(’g%, we have 3 + 617 > % It follows from [7, Proposition 5.2] that when R is small

enough, u()IB;;/4 e L1 (B;M). This implies

potn
fo®) = f P e, £)uo(x) 0% duu(x) + frya(®)

+
BR/4
_potn

<c(M, g, q)luol ;"q(;’i’ |+ SR/

n(po+n)
(n=1)po

n(po+1) - n(po+n)

when g > (n—D(po—r— ~ (=Dpo

. Such a choice of g is possible since . In particular, we see folpg5 €

potn
L*°(Bg/g). Since & is arbitrary, we see fo € L°(X) and hence ug € L°°(M). Observing that fo = T (u, =broy
here T is defined in Section 2.1, it follows from L” theory [6, Chapter 9] and the Sobolev embedding theorem that
fo € C¥(X) for 0 < o < 1. In particular, fp(§) > O for any & € X'. This implies ug € CP (M) for some 0 < B <1
[6, Chapter 8]. It follows from Schauder theory [6, Chapter 6] that fy € C'#(X). Iterating this procedure we see
foeC®(X)andsois f.

Case 4.2. .5 < po < 00.

In this case, we fix a number r such that

n—1
1<r<py and r}ﬂ,
po+n

then

1/r
wo()” < [/P(x,é)fo(é)”"dS(é)] +ug(o)”.
Bgr

Hence

po+n _ I/r
fo(é)é/P(x E)ug(x)@=Dro " l[/P(x,;“)fo(?)”“_’fo(;“)’a’S(C)] dp(x) + gr(&)
B Br

potn -1

<c(M.g. p.r) il uo(x) ™07 "
B s 8, D> (|x/_%_|2+x2)n/2 0
n
.

R
1/r
X[/ (IX’—CI);”+xz)"/2fO(f)pO_rfo(C)rdi} dx + gr (&),

here
potn

gr(€) = f P E)uo() ™8 " up) du(x) + fr(E).

+
By
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We have gg € LPTY(Br) N LY (Bg) for any g < co. Let

loc

_pot1 b n(po + Dr
po—r’ (po+n)r —(n—1po’
then “— + ;=1L por+1 + ~ = p0+1 € (0, 1).Forany pp+1 < g < oo, it follows from [7, Propos1t10n5 3] that when R

is small enough, we have fo € L7(Bg/4). Since & is arbitrary, we see fp € L9(X) and hence up € L (”‘”1’0 (M). Using
the equations of fy and ug, we see fo € L°°(X) and ug € L°°(M). The arguments in Case 4.1 tellus f € C*°(X). O

5. An asymptotic expansion formula of the Poisson kernel

Later on we will need more accurate information about the Poisson kernel than Lemma 2.2. For that purpose we
need an asymptotic expansion formula for this kernel.

Assume n > 2, (M", g) is a smooth compact Riemannian manifold with boundary ¥ = dM, § > 0 is a small
number such that Ms = {x € M: d(x, X) < §} is a tubular neighborhood of X' and 7 : Ms — X denotes the near-
est point projection. For £ € X, choose a normal coordinate for X at &, namely tq,...,7,—1. Let Cs = {x € Mjy:
dy (m(x), &) < 8}. For § small, we have a coordinate near & for M as

¢:Cs— By ' x[0,8]:x > (t(m(x)), 1(x)).
It is usually called the Fermi coordinate at £. We will identify Cs with Eg_l x [0, 8] through ¢. Denote r = |x| and

0=n-

Theorem 5.1. Under the above set up, we may find a; € C*°(S'~ Y with a,IBSn 1=0for0<i<n—1anda
Vv e CH1=¢(M) (for all & > 0) such that

n—1
e Z,iai @)+ ¥ (x) forx nearO.

n i=0

P(x,0) =

Here wy, is the volume of the unit ball in R". Moreover ay(0) =6, = and ay is determined by

—Agi1a; = —H(0) —nH(0)02 + 2n(n +2)h;;(0)6;0,0% on Si—l,
al'as{';‘ =0.

Here i, j runs from 1 to n — 1, h;;j is the second fundamental form with respect to inner normal direction and H is the
mean curvature.

To derive the asymptotic formula, we note that g = g;; dx; ® dx; + dx, ® dx,. We will use i, j, k, [ etc. to denote
indices running from 1 to n — 1. Calculation shows

1
8ij = 8ij = 2hij(O)xn = 2 (Rx)ikji (O)xixs — 2hij  (0)xixn + (= Rinjn(0) + hix (0 (0))x2 +O(r3);  (5.1)

iy 1
8" =38ij +2h;;(0)x, + 3 (R2)ikj1O)xex + 2hij 1 0)xexn + (Rinjn(0) + 3hik ()R 1 (0))x7 +O(r);  (5.2)

and
VG =1—-H(©0)x, — é(Rc;),-j (0)xixj — H; (0)x;x, + %(H(O)Z — |h(0)|2 — Renn(0))x2 +0(r?). (5.3)
Note that
1
Ag _—a Go; ——3,(vGa,
u==b (g7~ Gdju) + 7e (vGayu)
_g1311u+3nnu+%8( VJG)d; u+j68 (VG )dyu.
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This and (5.2), (5.3) imply that for« e R and b € COO(STI),
Ag(r*b()) = r* ?[Agi1b() + a(er +n — 2)b(0)] + O(r* ™).
Let ag(6) = 6,, then using (5.2), (5.3) we get
Ag(r'"ag(®)) = r " [~ H(0) — nH (0)67 + 2n(n + 2)h;;(0)6;6,67] + O(r " *1).
Assume for 1 <k <n — 1, we have found a; € C°°(Si_1), vanishing on asi—l for 0 <i <k — 1 with

k—1
Ag (rl_” Zai(B)r’) =" 0) + 0(FF M),

i=0

then may solve the Dirichlet problem

—Agiag + (k= 1)(n — k — Dag(®) =by_1(6) on ",
ak|asi—l e O.

This is possible because (k — 1)(n —k — 1) > 0. Then
k .
Ag (rl_” Zai (0)r‘> =0(r* ™) = r* () + O (1),
i=0
Hence by induction we may find a; for 0 <i < n — 1 such that
n—1 -
Ag (rl_” Zai(é’)r’> = O(r_l).
i=0

Fix a n € C*°(R") such that n(x) =1 for |x| < % and n(x) =0 for |x| > %. Letu = ni,, n-ri" Zl'-'z_ol a; (0)r, then
Agu=0(r_1).We solve

—Agr=Agu on M,
Vlom =0
to find ¥ € W2"~¢(M) for all ¢ > 0. In particular, ¥ € Cc1=¢(M) for all & > 0 and the Poisson kernel P (x,0) =

2 - -1 -
w7 Y 0 ai (O + ().
An almost identical argument gives us similar results for the Poisson kernel of the conformal Laplacian operator.

Proposition 5.1. Under the same set up as in Theorem 5.1. If n > 3 and 11 (Lg) > 0, we may find a; € C°°(Sf’[1) with
ailygn1=0for0<i<n—1landay € Ch1=¢(M) (for all & > 0) such that
+

Pp(x,0) =

) n—1 )
pl-n Zrlai(9)+¢(x) for x near 0.

nn i=0
Moreover ay(0) = 6,, and a; is determined by

~Agirar = —H(0) — nH(0)82 + 2n(n + 2)h;;(0)6;6;6 on %",
ai |8S171 = 0.

6. A criterion for the existence of maximizers

We first recall some notations from [7]. For x € R” , £ € R"~!, the Poisson kernel of the upper half space is

Px.£) = — al
X, §)=— .
nay (Ix — &2+ x2)1/2
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Here x = (x',x,). For a function f defined on R"™!, (Pf)(x) = fp1 P(x,6)f(E)dE. For 1 < p < oo,
| f|Ln I(R") \Cnvﬂ|f|Ll’(Rn—l), here

cnp =SUp{IPfI o i f €LPRYD, If |1y = 1},

Theorem 6.1. Assume n > 2, (M",g) is a smooth compact Riemannian manifold with boundary X = 0M,
1 < p < oco. Denote

CM.g.p= Sup{IPfIL%(M): FeLP(D), | flLrs) =1}

Then cp.g.p 2 Cn,p. Any maximizer of the problem must be smooth and either strictly positive or strictly negative.
Strictly positive maximizers satisfy the equation

/P(x,sfo)(x)%‘ldu(x)—cMg,,f(sV’ !
M

Moreover if cpp. g, p > Cn,p, then cy g, p is achieved. Indeed any maximizing sequence has a convergent subsequence
in LP(X).

We use the same notations as in Section 2.1. An ingredient in proving Theorem 6.1 is the following e-version
inequality.

Lemma 6.1. Assume n > 2, (M", g) is a smooth compact Riemannian manifold with boundary ¥ = 0M, 1 < p < oo.
Then for any € > 0 small, there exists a § =5(M, g, p, €) > 0 such that for every f € LP(X),

|Pf|L%(M5) <(enp +OIflLr(s).
To prove the lemma, we will need the following estimates.

Lemma 6.2. Assume 0 <a<n—1,1 < p < oo, then

‘/ () 4S(E)

<cM, g, o, p)|flLr(x).

d(x, &) L’:xl(M)
z
Proof. We may assume & > 0. For & > 0 small enough, welet go = (1 —¢),q1 = 1+ = —£+, then %—i— T @ np/a +1.
The needed inequality follows from Lemma 2.3. O
Corollary 6.1. Assume n € Lip(X), 1 < p < o0, then
lnom - Pf—Pnf)| m <cM, g, p)IVenle )| flir(s)-
Ln Z(MSO)
Proof. It follows from Lemma 2.2 that
In(x () (Pf)(x) — P(nf)x)| = ‘ /(n(ﬂ(X)) —n(€)P(x,8) f(§)dS(§)
xz
| &)l
<c(M, g)|Vsn|Le —L57 _4S(E).
0.9 slimcs) | e s ©
x
Then the conclusion follows from Lemma 6.2. O
Corollary 6.2. Let K (x,£) = 1(x) o r for x € My, and £ € 2, (Kf)(x) = [5 K(x,£) f(£)dS(),

””" [t (x)2+dz (7 (x),£)?]
1 < p < oo, then

Pf—Kf| » <c(M, g, (5.
|Pf flL%(MaO) cM, g, p)IfILr(z)
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This follows from Theorem 5.1 and Lemma 6.2.

Proof of Lemma 6 1. Without losing of generality we may assume f > 0. For §; > 0 small, we may find #; €
C®(X,R)for 1 <i<msuchthat 0 <m; <1, ) 7" mi =1, nl/p € C*(X,R) and for each i, there exists a point
& € X such that nl(é) =0for & € X withdyx(§,&) > 6. For 0 < § < 61, we denote

Cis={xeMs: ds(n(x),&) <8}

Then
A =D o - (PN
LT (My) | LAy LA=T (M)
m
p 1/p '
Z|n10n (Pf) |Ln I(C 5) Z|nl e Pf‘L"npl(CnS)

i=1 i=1

On the other hand, using Corollary 6.1 we see
n'” <|[P(" 1),
I/p
<Pl
<|P" 1),

1(Cis)

+}n1/”on Pf—P(n'"f)

np_
Ln=1(C;s)

1
Cis|
Lt 2(C )| 1,8|

L%(Ci,a)
+|n/Porm-Pf—pPm""f)|

1
+c(M,g,p, 808" | flLr(x).

Similarly, by Corollary 6.2 we have

PO 1) ey (o <K 0)

1
n, M’ , 6@
Ln=T(C;5) alr +c(M, g, p)d™ | flLrx)

Ln=1(C;s)

1 1
< p(l +£1)|ni/pf|”(2) +c(M, g, p)dm|flLr(s).
Here ¢ =¢1(M, g, p, &1) is a small number which tends to O when §; tends to 0. Hence
m
1PfI” )<Z[cn p(L+en|n’? £l +c(M, g p. 5087 | flLrs)]”

Ln=T(Mjs i

m
< chpt4 2007 [ mifds e g p. 508 11 s
i=1 5
< 6 p(1+ ) |f|L,,(2)+C(M g D, €)d /n|f|Lp();)
Cn p(l +e)? |f|LP(2)

if we first fix §1 = 81 (M, g, p, €) small enough and then 6 = §(M, g, p, €) small enough. This implies |Pf| p
cnp(1+)flerxy). O

<
n=1(Ms)

Next we prove the following concentration compactness lemma (compare with [10, Lemma 2.1] and [7, Proposi-
tion 3.1]).

Proposition 6.1 (Concentration compactness lemma). Assume n > 2, (M", g) is a smooth compact Riemannian man-
ifold with boundary ¥ =0M, 1 < p < oo, fi € LP(X) such that f; — f in LP(X). After passing to a subsequence
assume

1fiIPdS —o inM(Z), |PfiliTdu—v in M(M).

Here M(X) is the space of all Radon measures on X. Then we have
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* Vpnzs = |Pf|n = du. Moreover for every Borel set E C X, v(E) "l’ < ey, pa(E)P
o There exists a countable set ofpomts {j € X such that v = |Pf|" o du + Z v, 0 = |fIPdS + Zj 0jd¢;,

n—1

here 0; =0 ({¢;}) and vj"” < cn’poj .

Proof. Without losing of generality we may assume |f;|zr(x) < 1. Since [(Pf)(x)| < c(M, g, p)t(x) T for
x € M\ X, it follows from the elliptic estimates of harmonic functions that Pf; — Pf in C°.(M\X). In partlcu—

loc
lar, vipnx = |Pf|nT]1 du. For ¢ > 0 small, it follows from Lemma 6.1 and Corollary 6.1 that for ¢ € C*°(X) and
& > 0 small enough,

lpor - Pfil mw  <[P@f)] » +|pom - Pfi — P(pfi)

=T (My)

np_
Ln=1(Ms)

I(M)
1
< (en,p +OofilLr(zy +c(M, g, p)8™7 |[Vsp|re(x).

Leti — o0 we see

n—1 1
. - ? 1
(/lfﬂl"—‘ dv) é(cn,p+8)(/|§0|pd0> +c(M, g, p)8™|Veplre(s).
b X

Let § — 0T and then ¢ — 0T, we get

np % %
(fmﬁ dv) < cn,p( / |<p|”do>
) )

A limit process shows for every nonnegative Borel function /2 on X,

wo O\ ,
([o50)" <ol ).
X X

In particular, for every Borel set E C X', v(E ) "I' < ep,po (E) ’ . Based on this inequality we may proceed as in the
proof of [7, Proposition 3.1] to get the second conclusion. O

Now we are ready to derive Theorem 6.1.

Proof of Theorem 6.1. First we want to show cy 4 p > cu,p is always true. To see this we may fix a point
&y € X, choose a normal coordinate for X' at &y, namely 7y, ..., 7,—1. For § > 0 small, we denote Cs = {x € My:
dx (7w (x), &) < 8}, then we have a natural coordinate near &y for M as

¢:Cs— By x[0,8]:x > (t(7(x)), 1(x)).

We will identify Cs with l_i’g_l x [0, §] through ¢. On Cs we have the Euclidean metric gy = Zf': 1 dx; @dx;. If
f e LP(X)\{0} and f vanishes outside E; ~! then it follows from Corollary 6.2 that

1 -
np M,g, p)ér .
fan f (Cos f| - +C( g, P87 | flLr(x)

Let f(&) = f(&) for |§] <8 and f (&) =0 for || > 8,& € R"™!, and u be the harmonic extension of f to R” , then

n l+eD|Kf| =
u Ianl(C < (1 +¢gp) f|L%(ca,g>

_ 1 -
<A +e)|Pfl +c(M, g, p)s?|flLr(x)-
Ln=T(Cs.g)

Here s1 =&1(M, g, p,8) and &1 — 0T as § — 0". Hence
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|Pf| |Pf|

'(M) Ln— 1(C8 g)
/
| flLr(s) IfILp(Bgfl’g)

CM.g.p 2

1ol T(Cs.80)
(1+81) |f|Lp(3"1 0)

1
—c(M, g, p)r.

Assume f € LP(R*~1)\{0} and f = 0 outside a ball, u is the harmonic extension of f to R’ , then for & > 0 small
n—1 n—1 -
enough, we write f.(§) =&~ 7 f(%) and ue(x) =& 7 u(3).Let f = f; on B(’;_l and 0 on Z\Bgl_l, then we get

Ug
1| lL”l(Cs,go)

1
—c(M,g,p)sr.
(1+81) |f8|Lp(B’l 1 )

Mgp/

Lete — 01 then § — 0T, we see

el 22
CMgp>—.
lf |LP(R"*1)
By approximation we know the inequality remains true for all f € L?(R"~1)\{0} and this implies ¢y e.p = Cnp-

If f is a maximizer, then it is clear that f will be either nonnegative or nonpositive. Assume f > 0, then it satisfies
the Euler-Lagrange equation

fP(x,@(Pf)(x)%‘ldu(x)—cMg,,f(sV’ !
M

It follows from Proposition 4.1 that f must be smooth and hence it is strictly positive.

Assume cp,g,p > Cn, p- Let f; € LP(X) be a sequence of functions with | f;|z»(x) = 1 and |Pﬁ|LnTp|(M) — CM,g,p-

After passing to a subsequence we may assume f; — f in LP(X), |fi|l?dS — o in M(X) and |Pfi|n"Tp1 du—vin

M(M). It follows from Proposition 6.1 that we may find a countable set of points {; € X' such that v = | Pf| T d w+
n—1

Zj vjdg; and o > | f|PdS + Zj 0j8;;. Here oy =o({¢j}) and v," < cn poj. In particular 1 =0 (X) > Ifli,,(x) +

Zj oj. We claim v; =0 for all j. If this is not the case, then

np

e np

n—1 n—1 n—1

cM’g,p:v(M)=|Pf| p +E v; < cMgp|f|Lp(2)+E Vj.
j

Lnfl(
Hence
4 4 n 4 .
Mg.p S Mg pl L P(E)*‘Z” <l plf1in + et 20
i
P .
< Chtgp W 1Ln(m) + Cligp 205
i
This implies 1 < |f|i,,(2) +Y_;0j, a contradiction. Since v; =0 for all j, we see |Pf| =cp.g,p- Hence

Ln—1(M)
| fler(xzy) = 1. This implies f; — f in LP(X). That is every maximizing sequence has a convergent subsequence in
LP(X) and cp g, p is achieved. O

7. Proof of the Theorem 1.1

In this section we finish the proof of Theorem 1.1. Without losing of generality we may assume R = 0. It follows
from Theorems 3.1, 6.1 and [7, Theorem 1.1] that
2 2 N
P Cn_22(n—l) =n """ =03
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On the other hand, if @y , > @El apn? then ¢ Mg, 20D > €, 20D It follows from Theorem 6.1 that we may find a
b i) i) n72 9 n—

f € C(2) with f > 0 such that | f] 2u-p
L n—
R=0and I(M,3) = O ,.

4
=1 and n-1) = | P n .Let g = (Pf)n—2g, then clearl
- an Cp1,g, 20=D) | f|anTz(M) et g = (Pf)n—2g, then clearly
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