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Abstract

We prove global C0-2_estimates for harmonic maps from Finsler manifolds into regular balls of Riemannian target manifolds
generalizing results of Giaquinta, Hildebrandt, and Hildebrandt, Jost and Widman from Riemannian to Finsler domains. As con-
sequences we obtain a Liouville theorem for entire harmonic maps on simple Finsler manifolds, and an existence theorem for
harmonic maps from Finsler manifolds into regular balls of a Riemannian target.
© 2007 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous démontrons des C%-estimations globales pour des applications harmoniques des variétés de Finsler dans des boules
régulieres des variétés riemanniennes en généralisant des résultats de Giaquinta, Hildebrandt et de Hildebrandt, Jost et Widman
pour des domaines de Riemann, & des domaines de Finsler. En conséquence nous obtenons un théoréme de Liouville pour des
applications harmoniques enticres sur des variétés de Finsler simples, et un théoréme d’existence pour des applications harmoniques
des variétés de Finsler dans des boules régulieres d’une variété riemannienne.
© 2007 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let .#Z™ be an m-dimensional oriented smooth manifold and x : £2 — R™ a local chart on an open subset £2 C
# which introduces local coordinates (x!,...,x™) = (x%), a =1, ..., m. We denote by T.# = UxE//l T..# the
tangent bundle consisting of points (x, y), x € .#, y € Ty.# . These points can be identified on 71 (£2) C T.# by
bundle coordinates (x*, y*),« =1, ...,m,where w : T.# — .#, 7w (x,y) := x, is the natural projection of T.# onto
the base manifold .#, and where y = y* % |x € T2 . Whenever possible, we will not distinguish between the point
(x, y) and its coordinate representation (x*, y*). Moreover, we employ Einstein’s summation convention: Repeated
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Greek indices are automatically summed from 1 to m. We will also frequently use the abbreviations fy« = ;—f

th 9
_ _f
fyo(yﬂ = 3ya0yB° etc.

A Finsler structure F on ./ is a function F:T.# — [0, co) with the following properties: F € C*®°(T.# \ 0),
where T . \ 0:={(x,y) € T.#,y # 0} denotes the slit tangent bundle;

F(x,ty)=tF(x,y) forall (x,y)eT.#, t>0; (H)

and the fundamental tensor gug(x, y) := (%Fz)yayﬂ (x, y) is positive definite for all (x, y) € T.# \ 0. The pair (#, F)
is called a Finsler manifold.

An explicit fundamental example is given by the Minkowski space (R™, F'), where F = F(y) does not depend on
x € R™. A manifold (#, F) is called locally Minkowskian, if for every x € ./ there is a local neighborhood £2 of
x such that F = F(y) on T £2. Moreover, any Riemannian manifold (.#, g) with Riemannian metric g is a Finsler

manifold with F(x, y) := /8 (x)y*y#. A Finsler manifold (.#, F) with

F(x,y) = /8ap(X)y*YP +bs (x)y7, |Ibll :=/g*Pbubp <1, (1.1)

is called a Randers space.

In the present paper we study harmonic mappings U : (A, F) — (4", h) from a Finsler manifold (.#, F) into
an n-dimensional Riemannian target manifold .4 with metric 2 and with 3.4" = (. What does it mean for U to
be harmonic? While it is common knowledge how to measure the differential dU of U in the Riemannian target by
means of the metric /, it is not at all obvious how to integrate the most evident choice of energy density e(U)(x, y) :=

% g (x,y) g;; %h ij (u) over the Finsler manifold. Here, u is the local representation of U with respect to coordinates

@Y, a=1,...,m,on . #,and u'),i=1,...,n,on .4 hij are the coefficients of the Riemannian metric 4, and
(g“ﬁ ) denotes the inverse matrix of (gqg). In fact, the fundamental tensor gog does not establish a well-defined
Riemannian metric on .# since it depends not only on x € .# but also on y € Ty.# . In other words, on each tangent
space Ty .# , x € .# ,one has a whole m-dimensional continuum of possible choices of inner products formally written
as gap(x,y)dx® ® dxP for y € T,. \ {0}.

We are going to describe in Section 2 how to overcome this conceptual problem by incorporating the “refer-
ence directions” (x, [y]) := {(x, ty): t > 0} as base points for larger vector bundles sitting over the sphere bundle
S = {(x,[y]): (x,y) € T.# \ {0}}. The resulting general integration formula (Proposition 2.2) yields in partic-
ular the integral energy E(U) whose critical points are harmonic mappings. It turns out that for scalar mappings
E(U) is proportional to the Rayleigh quotients studied by Bao, Lackey [1] in connection with eigenvalue problems
on Finsler manifolds. For mappings into Riemannian manifolds E(U) coincides with Mo’s variant [23] of energy.
Mo established a formula for the first variation of the energy, and proved among other things that the identity map
from a locally Minkowskian manifold to the same manifold with a flat Riemannian metric is harmonic. Shen and
Zhang [29] generalized Mo’s work to Finsler target manifolds, derived the first and second variation formulae, proved
non-existence of non-constant stable harmonic maps between Finsler manifolds, and provided with the identity map
an example of a harmonic map defined on a flat Riemannian manifold with a Finsler target thus reversing Mo’s setting.

In contrast to these investigations focused on geometric properties of harmonic maps whose existence and smooth-
ness is generally assumed, Tachikawa [31] has studied the variational problem for harmonic maps into Finsler spaces,
starting from Centore’s [4] formula for the energy density, which can be regarded as a special case of Jost’s [18-20]
general setting of harmonic maps between metric spaces. In particular, Tachikawa [31] has shown a partial regularity
result for energy minimizing and therefore harmonic maps from R™ into a Finsler target manifold for m = 3, 4. More
recently, Souza, Spruck, and Tenenblat [30] proved Bernstein theorems and the removability of singularities for mini-
mal graphs in particular Randers spaces (cf. (1.1) above) if ||b|| < 1/+/3, since then the underlying partial differential
equation can be shown to be of mean curvature type studied intensively by L. Simon and many others. For b > 1/+/3
the equation ceases to be elliptic, and there are minimal cones singular at their vertex.

Here we address the basic question: Do harmonic maps with a Finslerian domain exist, and under what circum-
stances? To answer this question in the affirmative we draw from earlier results by Giaquinta, Hildebrandt, Jost, Kaul
and Widman, in particular [9,14,12], on harmonic maps between Riemannian manifolds with image contained in so-
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called regular balls.! A geodesic ball #; (Q) :={P € 4 dist(P, Q) < L} on .4 with center Q € .# and radius
L > 0 is called regular, if it does not intersect the cut-locus of Q and if L < ﬁ, where
x :=max{0, sup K_y} (1.2)
BL(Q)
is an upper bound on the sectional curvature K 4 of 4" within %y (Q). It is well-known that on simply connected
manifolds .4 with K_4 < 0 all geodesic balls are regular, and that for .4 := §" all geodesic balls contained in an
open hemisphere are regular. If .4 is compact, connected, and oriented with an even dimension n and 0 < K _4 < «,

then all geodesic balls of radius L < %= are regular, whereas for simply connected manifolds of arbitrary dimension

2k
with sectional curvature pinched between /4 and « any geodesic ball with radius less than
[11, pp. 229, 230, 254].
Introducing also the lower curvature bound

 :=min{0, @i&fg) K.y}, (1.3)

T

2V

is regular; see e.g.

we can state our results on weakly harmonic maps, i.e. on bounded W'-2-solutions of the Euler-Lagrange equation of
the energy E (U) (for a detailed definition see Section 3).

Theorem 1.1 (Interior CY%_estimate). Let (LA™, F) be a Finsler manifold, and let (A", h) be a complete Rieman-
nian manifold with 0.4 = (. Suppose that x :§2 — By is a local coordinate chart of .# which maps §2 onto the
open ball Byg = B4q(0) := {x € R™: |x| < 4d}, and suppose that the components of the Finsler metric gyp(x,y)
satisfy

MEP < gap(x, E*EP < pjg)? (1.4)

forallE e R™ and all (x,y) € T2\ 0= Bgg x R™\ {0} with constants 0 < A < i < +00. Moreover, let 81 (Q) C N
be a regular ball. Finally, assume that U : M — N is a weakly harmonic map with U (82) C B (Q). Let u denote the
local representation of U with respect to x and a normal coordinate chart around Q. Then U is Holder continuous,
and we have the estimate

) —u @)l _

Holy, g, u = <cad™® (1.5)

X,yeBy lx — y|*
with constants 0 < @ < 1 and C > 0 depending only on m, A, u, L, w and k, but not on d > 0. Here, w and k are the
bounds on the sectional curvature of A on B (Q) from (1.2) and (1.3), respectively.

Letting d — oo in (1.5) we immediately obtain the following Liouville theorem for harmonic maps from simple
Finsler manifolds generalizing [14, Thm. 1]. Here, a Finsler manifold (.#, F) is called simple if there exists a global
coordinate chart x :.#Z — R™ for which the Finsler metric satisfies condition (1.4) for all £ e R™, (x,y) € T.Z \
{0} = R™ x R™\ {0}, with constants 0 < A < pu < +00.

Theorem 1.2 (Liouville Theorem). Suppose that (# , F) is a simple Finsler manifold and that (A, h) is a complete
Riemannian manifold with 9.4~ = (). Furthermore, suppose that %1 (Q) is a regular ball in A . Then any harmonic
map U : M — N with U(M) C BL(Q) is constant.

Extending the Holder estimates to the boundary, and combining them with well-known gradient estimates and
linear theory we obtain

Theorem 1.3 (Global C?*%-estimates). Let (LA™, F) be a compact Finsler manifold, ® : M — B1(Q) C N of
class C*%, B (Q) a regular ball in the Riemannian target manifold (A", h), 3.4/ = @. Then there is a constant C

1 Using Jost’s method [21] to prove Holder regularity of generalized harmonic mappings, Eells and Fuglede later considered weakly harmonic
maps from Riemannian polyhedra into Riemannian manifolds [5-8]. A Finsler manifold, however, does not fall into the category of Riemannian
polyhedra.
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depending only on k, o, m,n, A, i, &, and @ such that ||U||c2.« gy . 4y < C for all harmonic maps U : M — N with
U(A) C BL(Q)and Uly.w = Plo.u-

Theorem 1.3 together with a uniqueness theorem modeled after the corresponding result of Jiager and Kaul [16]
can be employed to prove the existence of harmonic maps with boundary data contained in a regular ball by virtue of
the Leray—Schauder-degree theory:

Corollary 1.4. If for a given mapping ® € CY* (3.4, N) there is a point Q € N such that ® (.4 is contained in
a regular ball about Q in N, then there exists a harmonic mapping U : M — N with image U(.#) contained in
that regular ball, and with U |y_z = ®.

b/

This result is optimal in the sense that the less restrictive inequality L < 57= in the definition of a regular ball

admits an example of a boundary map @ : 9(.#Z"™) — A" := §" with @ (0.4) C BL(Q), L = ﬁ, n=m >7,and
# a Riemannian manifold, such that @ cannot be extended to a harmonic map of int(.#) into .4"; see [15, Sec. 2].

The proof of Theorem 1.1, which will be carried out in detail in Section 3, consists of a local energy estimate and a
subtle iteration procedure based on the observation that |u|? is a subsolution of an appropriate linear elliptic equation.
We learnt about this approach from M. Pingen’s work [26,27], who utilized ideas of Caffarelli [3] and M. Meier [22]
to study not only harmonic maps between Riemannian manifolds, but also parabolic systems and singular elliptic
systems. With this elegant method we can completely avoid the use of mollified Green’s functions in contrast to [9],
or [5,6].

In Section 4 we sketch the ideas how to extend the Holder estimates to the boundary. For the gradient estimate we
refer to the Campanato method described in [9, Sec. 7], again avoiding any arguments based on Green’s functions.
Once having established these estimates, the higher order estimates in Theorem 1.3 follow from standard linear theory,
see e.g. [10]. Finally, Corollary 1.4 can be proved in the same way as the corresponding existence theorem in [12].
Therefore, details will be left to the reader. In addition, more detailed but straightforward computations regarding the
transformation behavior of several geometric quantities introduced in Section 2 were suppressed here to shorten the
presentation; they can be found in the extended preprint version [32] of this article.

2. Basic concepts from Finsler geometry and preliminary results
Fundamental tensor and Cartan tensor

Properties (i)—(iii) of the Finsler structure F presented in the introduction imply that F(x,-): Tx.Z — [0, 00)
defines a Minkowski norm on each tangent space Ty .# , x € .# . Moreover, from the homogeneity relation (H) together
with Euler’s Theorem on homogeneous functions we infer gq(x, y)y* v =(FF yayp + Fye Fyﬁ)y yP = F2(x, y) for
all (x, y) € T.# \ 0, which in particular implies F(x, y) > 0 for all (x,y) € T,/// \ 0. The coefficients of the Cartan

tensor are given by Agpy(x,y) == %%‘gv"f (x,y) = I(F ) yayByr - The Cartan tensor measures the deviation of a

Finsler structure from a Riemannian one in the following sense: The Finsler structure is Riemannian, i.e., F(x, y)2 =
8ap(x) y*yP . if and only if the coefficients of the Cartan tensor vanish. The following transformation laws for the
fundamental tensor and the Cartan tensor under coordinate changes ¥” = ¥”(x',...,x™), p=1,...,m, on .# can
easily be deduced (see [32, Lemma 2.1]):

_— 9x? 9xP 4 i 9x? 9xP axv
§pa = E?)Tl’ﬁgaﬁ an par = AFP 99 %"

—- Ay, (2.1)

respectively.
The Sasaki metric

Let 7*T.# be the pull-back of T.# and likewise, 7*T*.# be the pull-back of the co-tangent bundle T*.#
under 7. That is, e.g., one works with the bundle 7*T . := U, ,)er.s\0 Tx-# with fibers given by (w*T ) x,y) =

2 We follow here the convention used in [2].
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Tr(x,y)# = Ty M for all (x,y) € T.# \ 0. The vector bundles 7*T.# and w*T*.# have two globally defined
sections, namely the distinguished section

o9

12 = — = — 2.2
(x, y) =€ (x, y) ox@ T Flx.y) anc (2.2)
and the Hilbert form
oF
W= wu(x,y)dx" ;= —(x, y)dx*. (2.3)
ay*

(Here, with a slight abuse of notation, % and dx* are regarded as sections of 7*T.# and nw*T*.#, respectively.)
The homogeneity condition (H) implies that £ and w are naturally dual to each other, i.e., @(£) = 1, and one obtains
(see [32, p. 9])

gap(r, P =1, g (x,y)wgwp =1, (2.4)
where (g*#) denotes the inverse matrix of (gap)- The introduction of the formal Christoffel symbols
1 ag Igop  98p
o ao pPo (o 0
_ — 2.5
Yoo = 38 < oxh + axP  0x° @5

and the coefficients Ng of a non-linear connection on 7./ \ 0, the so-called Ehresmann connection, defined by
1
ng = ngﬁK — %Kyggﬁpﬁc (2.6)

gives rise to the following local sections of T(T.# \ 0) and T*(T .# \ 0):

8 . 9 o d o . o o B
It is easily checked that { sﬁa , a } and {dx*, ‘S) } form local bases for the tangent bundle and co-tangent bundle of
T \ 0, respectively, which are naturally dual to each other. The reason to introduce these new bases is their nice
behavior under coordinate transformations as stated in the following lemma; for the straightforward but tedious proof
we refer to [32, Appendix].

Lemma 2.1. Let 37 = %P (x1, ..., x™), p=1,...,m, be alocal coordinate change on ./ and let 3P = g%y“ be the
induced coordinate change on T 4. Then
8 ax% 8 d ax% 9 axP ax?
o= % Lo D g =T, s = sy @.7)
6xP  9xP 6x* ayP  oxP 9x“ ox% ox%

As an important consequence we deduce from (2.1) and (2.7) that
8y* 8y”
F(x y) F(x,y)
defines a Riemannian metric on 7. \ 0, the so-called Sasaki metric. It induces a splitting of T(T.# \ 0) into
horizontal subspaces spanned by {8%} and vertical subspaces spanned by {F aia}, respectively. By a straightforward
computation (see Appendix of [32]) one deduces that with respect to this splitting F' is horizontally constant, i.e.,
SF
Sx%

G = gop(x, y)dx® ® dxP + gop(x, y)

2.8)

The sphere bundle S.#

We continue with some remarks on scaling invariance. Denote by S.Z = {(x, [y ) (x,y) € T.# \ 0O} the sphere
bundle which consists of the rays (x, [v]) := {(x, ty): t > 0}. Since the objects ga,g, , G, etc. are invariant under the
scaling (x, y) — (x,ty), t > 0, they naturally make sense on S.# . To be more premse consider the indicatrix bundle
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I:={(x,y)eT.#\0: F(x,y)=1}.1 is a hypersurface of 7. \ 0 which can be identified with S,/// via the diffeo-
morphism ¢: S.4 — I, u(x, [y]) = (x, T ))) Also note that [ carries an orientation, since v := y* = is a globally

defined unit normal vector field along /. Indeed, by (2.4), v has unit length: G(v, v) = gagy*y° 8)—(3V, )= 857 (3)0 )=
8ap 7 —8"‘8'8 = 1 Furthermore, since F is horizontally constant by (2.8), the differential of F is given by

dF = 5F 7 dx“ —I— FgTﬂ'S}— = W(Sy , and therefore, for any tangent vector X = xo S s T Y Fo5 on T4\ 0 we

find dF(X) = gi FY“, which then leads to d(log F)(X) = M = gup(x, y)> Y* =G(v, X). In particular, if X
is tangent to [ at (x,y) € [, ie., X = %(0) for some smooth curve c:(—¢, &) — [ with ¢(0) = (x, y), we obtain
G, X)=d(logF)(X) = [‘f—t(log F)(c(t))|r=0 = 0, where we have used in the last equation that F =1 on 1.

Hence, we can think of S.#Z C T.# \ O as being an oriented (2m — 1)-dimensional submanifold of T.# \ 0 to
which the above objects pull back. In particular, the Sasaki metric induces a Riemannian metric Gg_; with a volume
form dVs 4 on S . dVs_ 4 will be of particular importance in the definition of harmonic mappings from Finsler
manifolds.

Orthonormal frames

For later purposes let us write down some of the preceding formulas in orthonormal frames: Let {e, } be an oriented
local g-orthonormal frame for w*T.# (i.e. g(es, ez) = 85¢), such that e, = £ is the distinguished section defined
in (2.2). Let {w°} be the dual frame for 7*T*.# such that ™ = w is the Hilbert form (2.3). Then we have local

_

expansions of the form e, = u$ dia and w® = v dx®. Since e,, = £ and 0" = w we find uf, = £% = 7 and vy = Fya.

Also note the relations u vy = 8,3, and udv ﬂ = 8“ ugufgaﬁ (x,y) =6,7. Hence,

det(vg) = +,/det(gap) (x, y), (2.9)

where the positive sign is due to the specific orientation of the frame. We can now introduce local G-orthonormal
bases {é,, émo ) for T(T .4 \ 0) and {@°, @™t} for T*(T.# \ 0) which are dual to each other:

8 . d
eg—uga ~  Cmto =Ug FW o=1,...,m, (2.10)
and
o o o m—+o U(Sya
o’ =vy, dx”, o :va?, o=1,...,m. (2.11)

In these frames, the Sasaki metric takes the form G = §570° @ ®* + 857" 17 ® ™17 and its volume form on
T.# \ 0 is given by

dVrgpo =" A A" AT AL A 0™, (2.12)

Since F is horizontally constant by (2.8), and v} Fy , one easily verifies the relation w®” = d(log F). Thus, @*"
vanishes on the indicatrix bundle I, which means that é;,, is a unit normal to / and é1, ..., €,,—1 are tangential. Note
that €;,, coincides with the above defined normal vector field v. In particular, we may specify the orientation of I such
that {é1, ..., éa,_1} is positively oriented. It follows that d Vs s is given by dVs g =o' A--- A A@™ TV Ao A
@?"~1 In other words, d Vs_4 can be obtained by plugging v into the last slot of dVr_z\0, i.€.,

dVs.y (X1, ..., Xom—1) =dVr gpo(X1, ..., Xom—1,V) (2.13)
for all vector fields X1, ..., Xo,,—1 tangential to S.Z C T.# \ 0.

The volume dVs_y4 in local coordinates

For local computations, in particular for the derivation of the Euler-Lagrange equations for weakly harmonic
mappings, we need to derive an expression for the volume element d Vy_ in local coordinates.
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Let x : 2 — R” be a local coordinate chart of .# with coordinates (x', ..., x™). We consider the mapping @ : £2 x
Sm=l s [ cT.#\0with ®(x,0) := (x, #y)), where

0
y=y(x,0):= y"‘(e)a—a , (2.14)
X X
and y® are Cartesian coordinates of § € S" !, i.e.,
=('O).....y" ). (2.15)
Let (91, e 9’”_1) be local coordinates for S”~!. Then we compute
B 0 1 oF 0
do| — )= — y— ., a=1,....,m, (2.16)
dxo axe  F2oxa’ ayP
and
9 1oy 1 9F ay” 9
do|— === - = —=2_# — A=1,...,m—1. 2.17
(39A> (F 964~ F2ayr aeAy ayP " @17)

Here note carefully that, on the left-hand side, P a and A are con51dered as tangent vectors to §2 and S~ ! with

respect to (x®) and (94), respectively, whereas on the rlght-hand side Bx_"‘ and 37 are tangent vectors of 7.4
associated with the bundle coordinates (x , %)

Also notice that n4 := (aeA ey aeA) and 7, : (yl(G), ..., y"™(9)) are nothing but the realizations of —— aof‘ and 0
as vectors in R™. In particular we may without loss of generality assume that {ny, ..., n,,} forms a positively oriented
basis of R"™. We recall that the normal of the indicatrix bundle at @ (x, ) = (x, %) is given by

o
d
F(x,y)dy*
Combining (2.16), (2.17) and (2.18) we obtain:
av. do 9 do 9
ey — ), —],...,v
TAN0 axe 964
_av 9 1 9y? 9 y o
= T‘%\O ...,axa,...,FagAayﬁ,...,Fayy .
From (2.12), (2.9), and (2.10) we infer the relation
dVr_golex,e = det(gaﬁ(x, y)) dx'" A Adx™ A (Syl A ASY™,
since F(®(x,0)) =1 forall x € £2, 0 € "~ '. Hence, we find
d 0 det(gotﬁ(x )
av. condol—),...,do| —),...,v )| =+—————"/det
T“”\‘)( (8x°‘) (80A) ”) Flx.y)" (715
with o4p := ZZLI gé—f, % =n4 - np. Note that the sign is due to the specific orientation of {11, ..., n,}. We recall

from (2.13) that d V_y is obtained by plugging v into the last slot of d Vr_x\o. Hence we arrive at

0 a d 0
oF e T e T | = @ o dP = ).
stj/( aa T gA” ) dVS//l( d <8x“) .d <89A>’ )

0 il det(gap(x,y))
—dV ,dd cd® ), v = 2 T e
”‘\°< (a ) <89A> ”) Fr,yyn V408
Thatis @*d Vs gy = L8880 /qerioag)dx' A---Adx™ AdO'A - AdO™ . Finally, observe that v/det(o15) d0' A

F(x,y)"
.- AdO™1 is the standard volume form do on $™!. Thus we have shown: Q*dVs 4 = %&ny» dx' A -

dx"™ Ado on £ x S™ 1.

EVAN
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Let us summarize this as follows:

Proposition 2.2. Let x : 2 — R™ be a local coordinate chart of #, and let f:S# C T .# \0— R be an integrable
function with support in 7 =1 (§2). Then we have

y det(gap(x, y))
/f(x WAVs gy = /([ < F(x,y)) Far )" da)dx.

§m=1

Here, do is the standard volume form on Sl dx =dx' A+ Adx™, and y=y(x,80) for (x,0) € 2 x sm=1 g
defined in (2.14), (2.15).

The Riemannian case — an example

Let oy, ..., a, > 0 be positive real numbers. As a consequence of the identity (for a derivation see e.g. [32, p. 16])

a] .. .c{m
. (@307 + - +a202)m/?

do (0) = vol(s™1), (2.19)

we ﬁnd fsm 1 ( det(gaﬂ(x

8o ﬂ(x)gagﬁ)m/Z
Finsler structure is Riemannian, i.e., F2 (x,y) = gap(x)y* yﬂ, then we have the relation

r(sm 3 /f(x)st//l /f(x)\/mdx—/f(x)dv,ﬂ (2.20)

for all integrable functions f :.# — R with support in £2 and trivial extension to S.Z .

do(0) = vol(§S™~ 1) for any positive definite symmetric matrix (gqg(x)). Hence, if the

3. Interior regularity of harmonic mappings
The energy functional

LetU : . #4™ — A" be a smooth mapping from the m-dimensional Finsler manifold (.#, F) into an n-dimensional
Riemannian manifold (.4, k). Following [23,29], we define an energy density e(U) : S.# — [0, oo) as follows:

1 du' du’
e(U)(x, = — g (x, y)— ——h;: (u). 3.1
W) (x, y]) 78 ( y)axa 51P ij (W) (3.1
Here, u is the local representation of U with respect to coordinates (x®) and (1) on .# and .4, respectively, and
h;;j are the coefficients of the Riemannian target metric 4. Moreover, we extend our summation convention: Repeated

Latin indices are automatically summed from 1 to n. The energy E(U) is then given by

1
S

Here, integration is with respect to the Sasaki metric on S.# . We also need the localized energies E (U) := E(U|$2)
for the restriction of U to an open subset §2 C .#. In particular, for mappings between Riemannian manifolds
the above definition of energy coincides with the usual one by virtue of our observation (2.20), ie., E(U) =

L g ) B hi ) dV .
As in the Riemannian case, U € Wloc (2, /)N L®(£2,.4) is said to be weakly harmonic on 2 € .# if the first

variation of Eg, vanishes at U, i.e., js |8=0E9(U8) =0 for all variations U, of U of the form U, = exp; (eV +o0(¢)),
where V is a smooth vector field along U with compact support in §2. Here, exp denotes the exponential map on
(A, h). We say that U is (weakly) harmonic on .#, if it is (weakly) harmonic on £2 for all 2 € .# .



H. von der Mosel, S. Winklmann / Ann. 1. H. Poincaré — AN 26 (2009) 39-57 47
The weak Euler—Lagrange equation

Let x:£2 — R™ be a local coordinate chart of .# and put D := x(§2). In view of the preceding discussion,
in particular (3.1), (3.2) and Proposition 2.2, the energy E is locally given by the quadratic functional E@(U) =

3 [ S°P (x) 44 842 hij(u) dx, where

det(gqp(x,y))

1
sob :7/ @By, y)——22P 7 g,
=Sty | &Y T 4
sm—1

and the weak Euler—Lagrange equation of E reads as

u' 3¢
off — ! of
/S (525 dx—/ﬂ,-(u)s ()
D D

u' ou’

l
axe 9xp ¥ (3.3)

for all ¢ € CZ°(D,R"). Here, Fllj denote the Christoffel symbols of the Riemannian metric /. Suppose now that the
coefficients gyg of the Finsler metric satisfy condition (1.4) Then the following structure conditions hold for Eq. (3.3):

Mel€? < 8% (x)EuEp < j14€|? forall€ e R™ and x € D (3.4)

with A, := A" 17172 and py o= A1
Jacobi field estimates

According to Jost [17], any two points P;, P, of a regular ball %} (Q) can be connected by a geodesic completely
contained in %y (Q). This geodesic is shortest among all curves joining P; and P, within % (Q). Moreover, it
contains no pair of conjugate points. In particular, around each point P € % (Q) one may introduce a normal coor-
dinate chart v : %, (Q) — R". Denote by (v') = ', ..., v") the corresponding coordinates. Then P has coordinates
(0,...,0) and, if P’ € %1 (Q) has coordinates v, then dist(P, P') = |v| < Z=. Moreover, the following estimates

N/
hold for the metric and the Christoffel symbols; see e.g. [15, Section 5]:
{8ij — aw(lvl)hij }e' ¢! < ThW' e < {81 — ac(lv)hij )¢, (3.5)
be() g < hij)ge? < (vl)igl? (3.6)

for all ¢ € R". Here, the functions a, and b, are defined as follows:

t/octg(t /o) ifo >0,0<r <X,
as(t) = . Vo
t/—octgh(ty/—o) ifo <0,0<1 <00,
and
Si“f’jf’ ifo>0,0<r <2,
b” (t) = sinh(ty/—0) ifo<00<
ﬁ 1Mo <0,0K7<00.

As a consequence of (3.5) and (3.6) we obtain for every positive semi-definite matrix (§%F) e R™*™ and for every
matrix (p},) € R

S pl,ply — au(1v1) S pl, phhij (v) < T} ) S pl, ply < % ply ply — aic(1v1) S ply phij (v), (3.7)

b (1v1)S* p ply < S pl pyhij (v) < b5, (Iv1)S* pl, . (3.8)



48 H. von der Mosel, S. Winklmann / Ann. 1. H. Poincaré — AN 26 (2009) 39-57

Moreover, if we use normal coordinates centered around Q, then by (3.6) in connection with our assumption L < ﬁ
we can estimate the distance of two points Py, P, € %1 (Q) with coordinates py, p2 by3
b (L)|p1 — p2| < dist(P1, P2) < by (L) p1 — p2l. (3.9
Subsolutions of elliptic equations and a local energy estimate
Let ¢ : A1 (Q) — R” be a normal coordinate chart around some point P € %y (Q). We denote by v = (v!, ..., v")

1

the representation of U with respectto ¥ and x,i.e., v:=1% oU o x ' and we abbreviate 9, = 8% The weak Euler—

Lagrange equation then takes the form

/ {8 (x)3v'8p¢" — f'(v)¢'}dx =0 forall p € C2°(Bsa, R"), (3.10)
Bya
and hence by approximation for all ¢ € W01’2(34d, R™) N L>®(Bsg, R™). Here we have set f!(v) := FllJ (v) 8% (x) x
Oy viaﬁvj. Denoting E(v) = sep (x)aaviaﬁvjh,-j (v) and P(v) = S (x)d, vlaﬁ vt — fl(v)v! we infer from (3.7)
ac([v)E(v) < P(v). (3.11)

Lemma 3.1 (Subsolution & local energy estimate). * Let v be the representation of U with respect to normal coordi-
nates around P € %1 (Q). Then

() (Subsolution) If |v| < 2”7 on a domain G C Bag C R™ then 3, (S (x)dg|v|*) =0 on G.

(i) (Local energy estimate) If |v| < L on Bag(xg) C By then
R / E(v)dx < C[M*(4R) — M*(R)], (3.12)
Br(x0)

where M(r) :=supp () [v], 0 <r < 4R. Here, the constant C depends only onm, A, i, k and L.
Proof. (i) Using ¢ =vn, n € C°(G), n >0, as a test-function in (3.10) we obtain:

1 off 2
—3 S (x)0yv|“dgndx = | P(v)ndx. (3.13)
G G
Since a, (|v]) = ax (ﬁ’?) =0 on G we infer from (3.11) that P(v) > 0 on G. This gives the desired result.

(i) By virtue of part (i) the function z := M 2(4R) — |v|2 > 0 is a supersolution of the linear elliptic operator
dg (S"‘/S dy) in G := B4gr(x0). Hence Moser’s weak Harnack inequality [24, Thm. 3], [10, Thm. 8.18] implies the
existence of a constant C1 = C1(m, Ay, (4) such that

1
— / zdx < Ci(m, Ay, (by) inf z. (3.14)
R Bg(x0)

By (x0)

Letw e W(}’Z(B4R (xp)) be a solution of

off 1 1,2
S dupdpwdx = =7 XBoxco)9dx Yo € Wy~ (Bar(x0)). (3.15)

Bypr(x0) Bypr(x0)

3 For the right inequality compare the length of the geodesic connecting Py, P, with the length of the image of the straight line under exp using
(3.6) in the Riemannian length functional together with b, (|v]) < by, (L). For the left inequality connect Py and P, by a minimizing geodesic and
use by (|v]) = b (L).

4 In the Euclidean context part (i) of this lemma is due to M. Meier [22, p. 5], for part (ii) compare with [9, Proof of Prop. 1].
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Then one has w # 0, and according to [10, Thm. 8.1] the estimate infp,,(x,) W = infy g, (xo) (Min{w, 0}) = 0. There-
fore, by the weak Harnack inequality, there is a constant Co = C(m, A, [44) such that

1
0<— / wdx < Ca(m, Ay, sy) inf w. (3.16)
R™ BR(x0)
By (x0)

To estimate the left-hand side from below we choose ¢ := w in (3.15) and obtain from (3.4)
1
A f |Vw|2dx<F / wdx. (3.17)

Byg(x0) Bag(x0)

On the other hand, we infer from (3.15) and (3.4) by means of Holder’s inequality

1 1.2
o / @ dx < VW 2208, on IV 1208y (o)) TOT all @ € Wy (Bar (x0)),

B (x0)

which together with (3.17) yields for any non-negative ¢ € WO1 ’2(B4 Rr(X0))

2
1 1 Asllell
1 / wdx > L (Bar (x0)) (3.18)

R™ Rm+2
Bag (x0) M*”V¢”L2(34R(Xo))

To estimate the right-hand side we choose ¢ to be the function’

1
o) = - [(4R? — lx —xol’] € Wy (Bar(x0)), (3.19)

which leads to an explicit lower bound for the left-hand side of (3.16) depending only on m, A, (4, but not on R.
Hence, we find a constant C3 = C3(m, Ay, (+) such that

0<Cy3<w in Bgr(xgp). (3.20)

On the other hand, a quantitative version of Stampacchia’s maximum principle (see [13, Lemma 2.1]) yields a constant
Cyq = C4q(m, Ay, y) such that

0<w<Cy in Bag(xg). (3.21)

Inserting ¢ := wz € WOI’Z(B4R (xp)) as a test-function in (3.15) leads to

/ S 320 (w?)dx < / S 3,205 (w?) dx + f 28 28, wdgw dx
(.4
Byr (x0) Byr(x0) Byr(x0)

2
= F / wzdx, (3.22)
Bag(x0)

where we used ellipticity (3.4) and the fact that z > 0 to obtain the inequality on the left. On the other hand, using

(3.13) together with (3.11) and the fact that a,(|v]) > a,(L) > “K(zf) =0, we obtain 0 < fB R(XO)E(v)ndx <

Zakl ) fB S ﬂaazaﬁndx for any n € W0 (B4R (x0)) N L*®°(B4g(x0)). Applying this to n := w? in combination

with (3. 20) (3 22), (3.21), and (3.14) we arrive at

5 The specific function ¢ in (3.19) solves the equation Ag = —1 on B4g(xg) thus maximizing the quotient [ f]z/IIVin2 among functions f
defined on By (xg) with zero boundary data. This is related to the classical problem of rorsional rigidity of isotropic beams; see [28, Ch. 5], [25].
Note, however, that the L!-norm in the quotient in (3.18) is taken over the smaller ball By (xq).
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c3 / E(w)dx < / E()w?dx < / S 3,205 (w?) dx
(3.20)

2a, (L)
BR(x0) Bag (x0) Bag (x0)
1 / Cy /
< — wzdx < ——— zdx
3.22) ax(L)R? 321) ac(L)R?
Bar(xg) Bar(x0)
CiC4R™2  CiC4R™ 2

S Ty = M?4R) — M*(R)].
oy @) Bebo . ae(L) [M*@ER) - M*(B)]. O

As a starting point for our iteration argument we will use (cf. [22, p. 5])

Lemma 3.2. Let G C R™ be a domain in R™ and suppose that w € WL2(Bag(x0) N G) is a weak solution of
3o (S (x)dgw) = 0 in Bag(xo) N G, where the coefficients S € L>(Bag(x0) N G) satisfy r|€|> < S (x)&4&p <
wx|&|% for all € € R™, x € Bag(xo) N G with constants 0 < Ay < iy < +00.

() If G = Bagr(xo) C R™ then supg, ) w < (1 — 80)supp, ,(xp) W + SofBR(XO)wdx with a constant 8y € (0, 1)
depending only on m, ,, and piy.

(i) If L™ (Br(x) \ G) = y L™ (Bg(x0)) for some constant y > 0, then SUP gL (xo)nG W < (1 —30) Supg, . (x)ng W +
80 SUP g, (xo)naG W With a constant 8o € (0, 1) depending only on m, Ly, [Lx, and y.

Proof. (i) We can assume that w % 0, and apply Moser’s weak Harnack inequality [10, Thm. 8.18] to the non-
negative supersolution v :=supg, . () W — w of the elliptic operator dy (5P dg) in B4g(xp) to obtain a constant C =
C(m, Ay, 15) > 0, such that

1 1
— f vdx < — / vdx <C inf v< (C+l)1nfv

R™ R™ Bg(x0) BR(x0)
Br(xo) B (x0)
for I, := Z™(B1(0)), which implies
L™ (B
W[ sup w — ][ wdx] <(C+1w)| sup w— sup w],
R Byg (x0) Bag(x0) BR(x0)

B (x0)

and therefore SUPBL(xg) W < SUPR, 4 (xp) W — Ln(C + lm)’l[sume(xo) w — fBR(xo)wdx]. Set §o = So(m, Ay, y) 1=

In(C+1x)"1 € (0, 1).
(i1) Moser’s weak Harnack inequality [10, Thm. 8.26] applied to the non-negative supersolution

vi= sup w—w
Byg (x0)NG

yields

Lm ( sup w— sup w)dx+ f inf{v, inf v}dx

R Bir()NG  Big(x0)NIG Byg(x0)N0G

By (xo)\G B (x0)NG
<C inf v=C( sup w— sup w)<(C+yly)( sup w— sup w).
Br(xo)NG B4r(x0))NG Br(x0)NG Bar (x0)NG Br(x0)NG

The second term on the left-hand side is non-negative and the first is bounded from below by y/,, (supg, . (xp)nG W —
SUP B, & (x0) NG w), which gives the desired result for §y := y1,,(C + ylm)’1 e€(0,1). O

Iteration procedure

As before suppose that Bsg(xg) C Bag. Choose J € N so large that

(N
LA+J~ )<2f (3.23)
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and set

1
= (0.1 3.4
¢=7xy €O (3.24)

with a constant K = K (w, L) > 1 yet to be specified. Define / to be the smallest integer such that (1 — 60)l < &2 for
8o as in Lemma 3.2, and put s := 4,

Claim 1. If v is the representation of U with respect to normal coordinates around P in B (Q) with |v| < L, then
there exists ig = iog(L, J, w, k,m, A, ) € N such that
lv— gyl*dx < L%*s™  for Ry=4""R, (3.25)
By (x0)

where Vg, := f By (xo)V dX.

Proof. We have 0 < C5 = Cs(m, A, u, L, k) := A*b,%(L) < )L*b,%(|v|), and therefore by (3.4), (3.8), and part (ii) of
Lemma 3.1 applied to By, (x0) C Bar(x0), ri :=47'R,i €N,

Cs / IVv|?dx < /A*b§(|v|)|w|2dx< /b,%(|v|)S“ﬂ8avi85vidx
3.4)

By, (x0) By, (x0) By, (x0)
< / S v dgv7 hyj (v) dx
(33)
By, (x0)

< COmy by, Ly )r! 2 [M2 4ry) — M ()], (3.26)
(3.12)

which implies by the Poincaré inequality

][ v — |2 dx < C[M*(4ry) — M*(ry)] = C[M2(4£1> - Mz(g)].

By, (x0)

Choosing the integer p := [ﬁ%] + 1 we find igp € {1, ..., p} such that

p
()l en-wis
i=1

< M2(R) = ( sup |v|)2 < L.
Br(x0)

. I _ 2
Thus our choice of p implies JCBRO(XO)IU — DRy2dx < % < L2e*s™ for Ry:=r;y. O

Fork=0,1,...,J let Ry =s*Ro and P, = epr(éﬁRO), i.e., Px € 1 (Q) corresponds to kiig,/J under normal
coordinates around Q, and let v be the representation of U with respect to normal coordinates around Py. Finally,
let Lo:=Land Ly:=(§ +1 - 5L <Lfork=1,...,J.

Claim 2. We have |v(k)| < L in Bg (xo) fork=0,1,...,J.

Proof. Clearly, the claim holds for k = 0 and we suppose now that it has been shown up to k — 1, k > 1. Then we
estimate on Bg,_, (xp)

[w®| = dist(U o x 71, Pp) <dist(U o x 71, Pey) + dist(Pi_1, Pr)
=%V dist(Pe_1, P) < Ly +J'L<A+JHL. (3.27)
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In particular we have |[v®| < ﬁ by (3.23). Thus we can apply part (i) of Lemma 3.1 and obtain

3 (S (1)3g1v %) =0 in Bg,_, (x0).

Applying Lemma 3.2 [-times to w := [v®|? yields

1
sup P <A —=80) sup PP+ ][ v®dx,

Bsg,_, (x0) Br,_, (x0) i 5
k—1

41

where 7; :=6p(1 — 80_)l_i > ( satisfies Zle i=1—(1=28p".
For R* € {Ry_1/4':i=1,...,1} with

.....

B+ (x0) Bp,_; (x0)
we can deduce by our choice of / the estimate

sup v®PP<e? sup PP+ [1- (1 -60)] ][ [v®2 dx

Bgp,_ (x0) Bpy_, (x0) Broe (x0)

<e? sup PP +[1-€2(1-50)] ][ [ ® | dx

Bpgy_; (x0) Broe (x0)
<262 sup PP+ -¢?) ][ [v® % dx. (3.28)
Bg,_, (x0)
Bprx(x0)

Observe that by (3.9)
[ ®| = dist(U o x ™', Pr) <dist(U o x ™!, Py) + dist(Py, Py)
k k
=dist(U o x ™', Py) + (1 ~ —>|ﬁR0| < bo(L)|u — iigy| + (1 - —)L,
J (3.9) J
which by virtue of Young’s inequality leads to

k 2
WO <1+ )b (L) u—iig,|* + (1 +52)<1 — 7) L2 (3.29)

If we use (3.27) to estimate the first term in (3.28), and (3.29) for the second term in (3.28), then we obtain in
combination with (3.25) applied to v :=u

k 2
sup VPP = sup |v(’<)|2<282L2(1+J—1)2+(1—84)[1——] L?
B (x0) By _; (x0) J
1—¢* _
+82<8—4>bz)(L) ][ lu — iig,|? dx

B+ (x0)

k 2
< 22221+ 77H? 4+ —54)[1 ——} L? 4+ (1 —ehe?b? (L)L?
(3.25) J

£ 12
< L2|:882 + [1 — 7} + azbfu(L)}, (3.30)
where we also used that by s/ Ry < ss* 'Ry =sR;_1 < R* <Ry

- 2 1 = 2
| — iRy dxgsm—J lu — iRy |“dx.

Bgx(xp) BRO (x0)
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Hence, if we specify K :=4/2 + W, we arrive at

2
k
sup [v®P? < L2{ [ZKE +1-— —} - 4K£[1 - 7] —4K%e? 4862 + 82bi(L)}

Bg, (x0)
2
<2K8+1——) = L.
(3.24)

This proves Claim 2. 0O

In particular we obtain the estimate
dist(U, Py) = [v*| < 7 inBg, (x0) = By 4-ig g (x0),

where s = s(L, J,w,m, A, u), and io = io(L, J, w, k,m, A, ). In view of (3.9) this leads to the following estimate
for the oscillation of u:

_1 2L
sup dist(Uox™ ', Py) <

-1 ¢ 2
bi(L) g, (x) be(L)J

OSCBy, (x0) U 05CB, (xo) U 0 X

g -
(3.9) b (L)

Since Ry =s/4"0R =4—71=0 R — 0 as J — oo we can conclude that U is continuous.

Proof of Theorem 1.1. In view of tfje precgding discussion there exists an integer i1 = i1 (m, A, i, ®, k, L) such that
for all balls B4g(xg) C Bsg and for R := 471 R we have

L
0SCB - (x) U < ——. 3.31
Bt U S = (3.31)
Let u’ be the representation of U with respect to normal coordinates around U o x ~!(xo), and define

o' (p):= sup [u'|>, 0<p<R.
By (x0)

Using (3.9) and (3.31) we find on B, (xg) forall 0 < p < R

lu'| = dist(U o x ! on_l(xo)) b (L) |u — u(x0)| < be (L) 056 U <by(L) osc u < L. (3.32)
x0) Bi(xo) (3.31)

Thus (3.26) in the proof of Claim 1 for v := u’ and with r; replaced by p/4 yields

,02_’" / |Vu| dx <C(@m, , u, L, K)[a) (p) — (%)} 0<p<R. (3.33)

By /4(x0)

Next, let P € %1 (Q) be the point which corresponds to i,/4 under expy, and let v be the representation of U with
respect to normal coordinates around P. Then, again by (3.9) and (3.31)

| =dist(U o x ', P) < bo(L)|u— ity <bo(L) osc u < L < (3.34)
(3.9)

T
B,(x0) (331) 2k’

which by iterated application of Lemma 3.2 implies for ¢ > 0 and s := 47! wherel =1 (m, Ay, 4, €) is the smallest
integer with (1 — 80)! < &2 (89 = 8o(m, Axpts) as in Lemma 3.2) the estimate

sup |v[> <2¢% sup |v>+ (1 —¢&?) ][ lv|? dx (3.35)
By (x0) By (x0) B, (x0)

for some p* € [sp, p/4], 0 < p < R (compare with the proof of Claim 2 above). Using (3.34) and the Poincaré

inequality one can show
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][ |v|2dx(3<34)bfo(L) ][ lu —itpal*dx <s7"b2 (L) ][ lu — it pal* dx

B (x0) B (x0) Bpa(xo)

< COm, hs sy 8,0, L)p*™ / |Vul*dx,

Bp4(x0)
since s = s(¢, 8p). Thus by (3.35) for 0 < p < <R,
2 2 2 2—m 2
sup |v|”<2e” sup |v|”+ C(m, Ay, s, &, 0, L)p / [Vul|“dx. (3.36)
Bsp (x0) Bp(x())

By a(xo0)
With |u| < L, (3.4) and (3.8) one has
Aeb2 (L) | Vul* < S% (x)dqu' dpul hij (u) < b (L) Vul?

for all x € Bg(xo). Replacing u by u’ (also with |u’| < L by (3.32)) one obtains the analogous estimate for |Vu'|? and
thus by the invariance of the energy density e(U) (see (3.1)) under change of coordinates

b2 (L) faxbi (L)

Viu'2 < |Vu)? < B /)2,
u*bi(L)| I“ < |\/\*b,%(L)| |

Together with (3.33) this can be used in (3.36) to infer

sup [v* <2&% sup [v]* + C(m, As, s, &, 0, &, L) [0/ (0) — @ (5p) ]
BS/)(XO) Bp(XO)

since s < 1/4. We note that (3.9), (3.34), and (3.32) also imply

b (L) .
vl < bo(L)|u —iip/a] <2bu(L) sup |u—u(xo)| < - sup [u'| in B, (xo),
(3.34) B, (x0) (3.9 bK(L) B, (x0)
because |u’| = dist(U o x 1, U o x "1(x9)), and
p - ba)(L) .
/| < bo(L)|u—u(xo)| <2bu(L) sup |u—iiys] <2 sup |v| in By (xo),
(3.32) By, (x0) b (L) By (x0)

since |v| = dist(U o X_l ,€Xpy it/4). Therefore from (3.35)
' (sp) < Clic, , L)e?0 (p) + C(m, hs, 1, 8, 0, 16, L) [0 (0) — ' (sp)],

which becomes o’ (sp) < 8w’ (p) with § = (C + %)(C‘ + D~ < 1, if we choose ¢ := /(2C(x, w, L)~!. A standard
iteration lemma [10, Lemma 8.23] then gives the growth estimate o’(0) < C(p/ R)2w/(R) for 0 < o < R, and
according to (3.32) we have

JVo'(p) €< C(o, L) osc u<2C' (k, w, L)\ o' (p),
(3.32)

hence

o\ o P\ (AR ol 0\
osc u <2C| = osc u<C'|— — osc u<LC’|— 0SC U
By (x0) R/ Bi(xo) 4R R ) Br(xo) 4R/ Brxo)
witha =a(m, A, u, L, w,k)and C”" = C"(m, A, u, L, w, ). A standard covering argument now leads to the estimate

Holy, p,u < C with C depending on m, A, u, L, w, k and also on d, and from this the desired estimate (1.5) follows
by a simple scaling argument. 0O
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4. Boundary estimates

Let U:.# — ./ be a harmonic mapping which maps a coordinate neighborhood §2 C A of apoint P € 0.4
into a regular ball %1 (Q) C ./, and let x : 2 — Xsg be a coordinate chart that maps £2 homeomorphically onto the
closure of the set

Ysp = {x—(x x™ eR™: |x'| <5R,0 < x™ <5R}
with
x4 N2)=2% ={x="0eR" x| <5R}.
For xo € X% set Sg(x0) := Bg(xp) N {x™ > 0} and S%(x¢) := Bg(x0) N T.
The a priori estimate for the Holder semi-norm up to the boundary follows by combining the interior estimate

(1.5) with the following oscillation estimate, Theorem 4.1, near the boundary to obtain the global oscillation estimate
OSCE B, (y) ¥ < Cp? forany y € Yg,where C=C(\, u, L, w,k,Uly z,m)andy =y (A, u, Lk, Uly_n) € (0, 1).

Here, as in Theorem 4.1, u = (u', ..., u") denotes the normal coordinate representation of U centered at Q. Setting
o(t) :=osc $0(xp) U WE formulate
1

Theorem 4.1. If 6 (R) < L /b, (L) and if

2L + by (L)o (R) < % 4.1)

then there is R* = R*(A, u, L, w, k, m) € (0, R] such that for all p € (0, R*]
B
0
osc u<Cl||— osc u+o(/pR) |, 4.2
Sp(x0) |:<R*> Sr(x0) e )i| *+2)
where C =C(A, i, L,w,k,m) and B = B\, u,m) € (0, 1).

Proof. Setting M, (t) := Sup 50 dist(U o x 1, expo ) forn € To/ =R", and M, = M, (R), we obtain for xg € Elg
with & :=u(xg) by (3.9)

Mg <by(L) sup |u(x)—u(xp)| <bu(L)o(R) <L < T 4.3)
x€8% (x0) 2k
Thus we can choose J € N so large that
2L+ Me ol (4.4)

which is possible by assumption (4.1). We set Lo := L, and Ly := J + Mg, for 1 <k < J, where &, := (k/J)§. We
claim that for normal coordinates v® of U centered at Py, := eXpy &, one has

. R
lw®| < Ly in S, (xo) for Ry := R (4.5)
Here, [ is the smallest integer such that
! L?
1-8) < ———, 4.6
( 0) 2L 1 E)2 (4.6)

where § is the constant in part (ii) of Lemma 3.2. We prove this claim by induction. (4.5) is valid for k = 0. Assuming

(4.5) for all indices less or equal to kK — 1 we estimate
—(k—1
Mg, | < Mg + dist(Pe—1, Py) < Mg + 7(‘, )L. (4.7)

Our induction hypothesis, on the other hand, implies for x € Sg,_, (xo)

L
[v® ()| < dist(U o x 7' (x), Pee1) +dist(Pe—1, Po) < Lk_1+7. (4.8)
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In addition, we have by definition of L and &, (4.7), and (4.4)

L+|&|+L I LY S VR
R A e R

L L T
S L+—124k+J—Gk—=-1D|4+M:<2L+3—+M: < —,
@7 J [ ]+ J S i
which, together with (4.8) and [v® (x)| < dist(U o x ~'(x), Q) +dist(Q, Px) < L + |&| leads to [v® (x)| <27 '[L +
|| + Li—1 + L/J] < /(24/k) for all x € Sg,_, (x0). Thus, by part (i) of Lemma 3.1, [v®) |2 is a subsolution of the

elliptic operator 9, (8P 0g) on Sg,_, (x0). Applying part (ii) of Lemma 3.2 [-times we obtain by our choice (4.6)

-1
sup WP <A -89 sup P+ So(1—80) T sup P

SRy (x0) Sk (%0) i=0 §%,, (x0)
4 1271
l 2 g2 L’ 2
<(1—80) (L + 1)+ [1—(1—80) M < 73+ M,

which implies w® (x)] < %—}—Mgk = Ly forall x € Sg, (x0), thus proving our claim (4.5). Specifically, WD <L/ T+
M; (4<3)(1 + 1/J)L(4<4)n/(2ﬁ) in Sg,(xo), and so |v(J)|2 is a subsolution in Sg, (xg) according to Lemma 3.1.

Part (i) of Lemma 3.2 then implies for m(t) := supy, () dist(U o x~ !, P;) the estimate

R
m*(p) < (1 — 80)m*(4p) + 8oMZ (4p) forall 0 < p < TJ'

Iterating as in [10, Lemma 8.23] we obtain m(p) < K[(%)ﬁm(R) + M:(/pR*)] for R* :==R*(A, u, L, w,k,m) 1=
R and constants K and 8 € (0, 1) depending only on m, A, and . This together with (4.3) proves (4.2). O
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