Available online at www.sciencedirect.com

ScienceDirect

ANNALES
DE LINSTITUT
HENRI
POINCARE

ANALYSE
NON LINEAIRE

ELSEVIER Ann. L. H. Poincaré — AN 26 (2009) 59-80

www.elsevier.com/locate/anihpc

Asymptotic analysis, in a thin multidomain, of minimizing maps
with values in S?

Antonio Gaudiello ?, Rejeb Hadiji >*

& DAEIMI, Universita degli Studi di Cassino, via G. Di Biasio 43, 03043 Cassino (FR), Italia
Y Université Paris-Est, Laboratoire d "Analyse et de Mathématiques Appliquées, CNRS UMR 8050, UFR des Sciences et Technologie,
61, Avenue du Général de Gaulle, Bdt. P3, 4e étage, 94010 Créteil Cedex, France

Received 29 January 2007; received in revised form 14 June 2007; accepted 21 June 2007
Available online 17 October 2007

Abstract

We consider a thin multidomain of R3 consisting of two vertical cylinders, one placed upon the other: the first one with given
height and small cross section, the second one with small thickness and given cross section. The first part of this paper is devoted
to analyze, in this thin multidomain, a “static Landau-Lifshitz equation”, when the volumes of the two cylinders vanish. We derive
the limit problem, which decomposes into two uncoupled problems, well posed on the limit cylinders (with dimensions 1 and 2,
respectively). We precise how the limit problem depends on limit of the ratio between the volumes of the two cylinders. In the
second part of this paper, we study the asymptotic behavior of the two limit problems, when the exterior limit fields increase. We
show that in some cases, contrary to the initial problem, the energies of the limit problems diverge and we find the order of these
energies.
© 2007 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous considérons un multi-domaine mince de R3 se composant de deux cylindres verticaux, superposés I’un sur 1’autre : le
premier possede une taille donnée et une petite section transversale, le second a une petite épaisseur et une section transversale
donnée. La premiere partie de cet article est consacrée a analyser, dans ce multi-domaine, une équation stationnaire de type Landau—
Lifshitz, quand les volumes des deux cylindres tendent vers 0. Nous montrons que le probleme limite, se décompose en deux
probeémes découplés, bien posés sur le domaine limite. Ensuite, nous précisons comment le probleme limite dépend de la limite du
rapport des volumes des deux cylindres. Dans la deuxieme partie de cet article, nous étudions le comportement asymptotique des
deux problémes limites, quand les champs extérieurs limites augmentent. Nous prouvons que dans certains cas, contrairement au
probléme initial, les énergies des problemes limites divergent et nous précisons 1’ordre de ces énergies.
© 2007 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

This paper is devoted to an asymptotic analysis, in a thin multidomain of R3, of minimizing maps with values in
§2. Precisely, let £2, C R, n € N, be a thin multidomain consisting of two vertical cylinders, one placed upon the
other: the first one with constant height 1 and small cross section r,®, the second one with small thickness %, and
constant cross section ®, where r, and h, are two small parameters converging to zero (see Fig. 1). By denoting
HY(D, % ={ve H(D,R?), |v] =1 ae. in D} for an open subset D C RY (N =1, 2, 3), we consider the following
minimization problem:

. 2
min /[lDV(xl,xz,x3>| — 2V (x1, %2, %3) Fp (x1, %2, x3) | d (x1, X2, x3): 'V € H' (825, $7) ¢, (1.1)
'Ql‘l

where F, € L?(£2,, R3). Problem (1.1) describes the classical 3d system for the static isotropic Heisenberg model
(see [25]), where V is the spin-density with finite magnitude and F}, an external magnetic field. The Euler system
associated to problem (1.1) is

AV 4+ |DV*V + F, — (V, F,)V =0,

which is equivalent to the time independent spin equation of motion (see [19]). The time dependent spin equation of
motion was first derived by Landau and Lifshitz (see [22]) and it plays a fundamental role in the understanding of
nonequilibrium magnetism. See [17] and [19] about links between harmonic maps and the Landau-Lifshitz equation
of the spin chain.

The first part of our paper is devoted to study the asymptotic behavior of problem (1.1), when r, — 0 and h,, — O,
asn — +oo (see Section 2). After having reformulated the problem on a fixed domain through appropriate rescaling of
the kind proposed by P.G. Ciarlet and P. Destuynder in [5] and having imposed appropriate convergence assumptions
on the rescaled exterior fields, we derive the limit problem which depends on the limit of the ratio between the volumes
of the two cylinders (see Subsection 2.1). More precisely, if these two volumes vanish with same rate, i.e. i, =~ r,%, the
limit problem decomposes into two uncoupled problems, well posed on the limit cylinders, with dimensions 1 and 2,
respectively:

Y

Fig. 1.
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1 1
min{|@|/|w/(X3)|2dX3—2[(/f“(xl,xz,X3)d(x1,x2))w(X3)dX3: we H'(10,1[, S2)}, (1.2)
0 0

(]

0
min{f\D;(m,xz>\2d(x1,xz) —2/(/fb<x1,xz,x3>dx3>¢<x1,xz>d(x1,x2): Ce H1<@,S2>}, (1.3)
e —1

]

where £ and f” are the L?-weak limits of the rescaled exterior fields in the upper cylinder and in the lower cylinder,
respectively (see (2.5) and (2.10) in Section 2); and w’ stands for the derivative of w. If h,, < r,%, the limit problem
reduces to problem (1.2). If ,, > r,f, the limit problem reduces to Problem (1.3). In all cases, strong convergences in
H'-norm are obtained for the rescaled minimizers.

The proofs of these results make use of the main ideas of I'-convergence method introduced by E. De Giorgi
(see [9]) and they develop in several steps: a priori estimates, construction of the recovery sequence, density results
and Ls.c arguments (see Subsection 2.2). The main difficulty with respect to [10], where the asymptotic behavior of
the Laplacian is studied when h, ~ rﬁ, arises from the fact that the set of the admissible vector valued functions of
problem (1.1) is not a convex set, due to the constraint |V ((x1, x2, x3))| = 1. This difficulty is overcome by working
with a projection from R3 into §2 = {(x1, x2, x3) € R3: |(x1, x2,x3)| = 1}, introduced in [3] (see also [1]), and by
using the Sard’s Lemma. Moreover, point out that the cases h,;, < r,% and h, > r,% are not treated in [10].

Remark that it is not necessary that the two cylinders are scaled to the same one or that the first cylinder has
height 1. In fact, the results do not essentially change if one assumes £2,, = (r,©0, x [0, I[) U (®p x ]—hy,, 0]), with
04, 0" CR?,0' € @ and € 10, +o0l.

In the second part of this paper (see Section 3), we consider the following problem:

min{ /[|DV<x1,x2,x3)|2 + AV (1, 22, x3) = Fu(x1, %2, x3) P ] d (31, %2, x3): V € H' (2, sz)}, (1.4)
QI‘l

where F,:$2, — R3 is a measurable function such that | F,,((x1, x2,x3))| = 1 a.e. in £2, and A > 0. Remark that
problem (1.4) reduces to problem (1.1), up to the additive constant: 2|2, |A. Consequently, for A fixed, by passing to
the limit as n — 400, one obtains limit problems (1.2) and (1.3), up to the additive constant: 2|@|X. If we assume
that | f¢| =1, f“ is independent of (x1, x2), | f?| =1 and f? is independent of x3, then the limit problems can be
rewritten as follows:

1
min{|(~)|/[|w’(x3)|2+A|w(x3) — f4x3)] ] dxs: w e H'(10, 1, 52)}, (1.5)
0
min{ /[|D;(x1,x2)|2+,\y;(x1,x2) — P x| ]d e, x0): ¢ € Hl(@),s%}. (1.6)
®

Note that, since smooth maps are dense in H'(®, §?) and in H' (10, 1[, §?) (see [3]), the infimum in (1.5) (resp. (1.6))
does not change if we replace HY(©, 5% (resp. H! o, 11, 52)) by c! (e, $2) (resp. c! (o, 11, Sz)). This property
does not hold true for initial Problem (1.4) (for instance, see [18]).

The second part of the paper is devoted to study the asymptotic behavior of problems (1.5) and (1.6), as . — 400,
that is when the exterior limit field increases. The interesting cases occur when £ ¢ H'(]0, 1)) or f? ¢ H'(©),

otherwise the asymptotic analysis is trivial. We examine some cases (see Subsection 3.1). For instance, if F,, = ﬁ in

(1.4), one obtains (1.5) and (1.6) with /¢ = (0, 0, 1) and fb = |(x1—1xz)\(x1’ x3, 0), respectively (see (2.10) in Section 2).
Remark that f” ¢ H'(©), although \;_I € Hll)c (R3, 5%). In this case, energy (1.6) diverges, as A — -+00. By adapting
some results proved by F. Bethuel, H. Brezis and F. Hélein in [2], we show that w logA + ¢ is an upper bound
of energy (1.6), for A large enough. It provides that every sequence of minimizers of problem (1.6) converges to

|(x|—1xz)|(x1’x2’ 0) strongly in Lz((H)), as A — +o00. Moreover, with a technique introduced in [26] in the case of
the Ginzburg—Landau energy, we prove that liminf,_, ;o f@ Men(x1, x2) — fb(xl,xz)lzd(xl, X3) < 400, where ¢,
solves (1.6). This result allows us to obtain, by an integration by parts, the existence of a diverging sequence {Aj}ren
for which corresponding energy (1.6) is bounded from below by 7 log A; — c.
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By choosing F, (x1, x2, x3) = m(xl, X2, x3 —y), with y €]0, 1[, in (1.4), one obtains (1.5) and (1.6) with

f%x3) = (0,0, Iﬁ:;}:l) and f?(x1,x2) = m@l, X2, —y), respectively (see (2.10) in Section 2). Remark that
F, € HILC(R3, $?), fP e H (O, §2), but f* ¢ H'(]0, 1]). In this case, by using suitable test functions, we derive the
upper bound |©[2+/27+/A of energy (1.5). It provides that every sequence of minimizers of problem (1.5) converges

to (0, 0, IQ:;I) strongly in Lz(]O, 1)), as A — +o00. Moreover, by virtue of an auxiliary scalar problem, we obtain the

lower bounds |®|(2 — &)~/ of energy (1.5), for A > A,. The proofs of this results will be developed in Subsection 3.2.

For the study of thin structures and multi-structures we refer to [4,6,8,20,21,23,27] and the references quoted
therein. For a thin multi-structure as considered in this paper, we refer to [10-14] and [16]. Precisely, the model,
described in [10] and [11] through its integral energy, and in [12] through the related constitutive equations, is a
quasilinear Neumann second order scalar problem. A fourth order problem is examined in [16]. The case of the
linearized elasticity system in R3 is studied in [14]. The spectrum of a Laplacian Problem is considered in [15].

For n fixed, problem (1.4) is studied in [7] and in [18]. The authors show that any minimizer of (1.4) is regular if
A is small enough; while, if X is large and F,, is not a strong limit of smooth maps in H 1 (£2,, S2) (for instance, this
is the case when F,(x) = ‘f—l), then any minimizer of (1.4) possesses singularities. In this case, a minimizer of (1.4)

X—X0
[x—xo]

tends to F,, weakly in H!, as X tends to +00.

is of the type: R( ), where R is a rotation, near each singularity xg. It is also shown that any minimizer for (1.4)

2. First part: derivation of the limit model

In the sequel, x = (x1, x3, x3) = (x, x3) denotes the generic point of R3 and, D, and D, stand for the gradient
with respect to the first 2 variables x1, xo and for the derivative with respect to the last variable x3, respectively.

Let ® C R? be a bounded open connected set with smooth boundary such that the origin in R?, denoted by 0,
belongs to @, and {r,},eN, {hs}nen C 10, 1[ be two sequences such that

limh, =0 = limr,. 2.1)
n n

Foreveryn e N, let 27 =r,0 x [0, 1], .Q,’l’ =06 x|—h,,0[and 2, = 2] U .Q,’j (see Fig. 1).
Foreveryn e N, let F;, € L?(£2,,R?) and

Ju:V e H (2,,5%) — /\DV(x)yzdx—2/V(x)Fn(x)dx. (2.2)
2 2

By applying the Direct Method of Calculus of Variations, for every n € N there exists a solution U, € H'(£2,, §?) of
the following problem:

Ju(Uy) =min{J,(V): V € H'(2,, 59} (2.3)

As itis usual (see [5]), problem (2.3) can be reformulated on a fixed domain through an appropriate rescaling which
maps §2, into 2 = & x ]—1, 1[. Namely, for every n € N by setting

u (x',x3) = Un(rpx’, x3),  (x',x3) ae.in 29=0 x 0, 1[,
Uy (x) = W 3y U ) b 1 (2.4)
o(x x3) =U,(x', hpx3), (x',x3)ae.in 2°=6 x]-1,0][,
f ( ) {fna(x/’x3)=Fn(rnx/7x3)a (‘x/7x3) a.c. in QaZ@ X]O?l[v (2 5)
X) = .
! fP( x3) = Fy(x' hax3),  (x/,x3) ae.in 20 =6 x ]-1,0],
Vo = {0, v%) e H' (2%, 8% x H'(2°,5%): v*(x',0) = v’ (r,x’, 0), for x'ae. in O}, (2.6)
1 2
jn:U:(Ua,Ub)EVn—> /‘<_Dx,vu’Dx3va> —ZU“fodx
'n
Qll
, 2.7)

— 2vbfnb dx,

— D, v’, —D,.v
+rr%~/.‘< ! hy 7
_Qb
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it results that u,, € V,, solves the following problem:
Jn(uy) = min{jn(v): v e Vn}. (2.8)

Remark that we have also multiplied the rescaled functional by 1/r2.
To study the asymptotic behavior of problem (2.8), as n — 400, assume that

h
lim — = ¢ € [0, +-00], (2.9)
n r2

n

and
I‘? N fa Weakly in LZ(Qa, R:;)’ fnb — fb Weakly in Lz(Qb, R3) (210)

Moreover, set

1 1
j* weH'(10,1[, §*) — |@|/|w’(x3)|2dx3 —2/w(x3)(ff“(x’,x3)dx/> dxs, (2.11)
0 0 [C)
0
j’ reHY (O, 5% — /|D§(x’)|2dx’—2/§(x’)</fb(x’,xg)dxg,) dx’, (2.12)
e e -1

where w’ stands for the derivative of w.
2.1. Convergence results when n — 400

The main result of this section, describing the asymptotic behavior of problem (2.8) when ¢ € ]0, o0, is the
following one:

Theorem 2.1. For every n € N, let u, = (u3, uﬁ) be a solution of problem (2.6)—(2.8), under assumptions (2.1), (2.9)
with g € 10, +o0[ and (2.10).

Then, there exist an increasing sequence of positive integer number {n;}icn, u® € {w € H'(£2¢, §?): w is indepen-
dent of x'} ~ H! o, 11, Sy and u® e {¢e H'(£2%, §%): ¢ is independent of x3} =~ H'(©, 5% (u® and u® depending
on the selected subsequence) such that

”Zi — u  strongly in H'(£2%, §%), “Z,- —ub strongly in H'(2°, 52, (2.13)

as i — +00, and u®, u® solve the following problems:

J* ) = min{ j*(w): we H'(10, 1[, $?)}, (2.14)
jP @y =min{j"©): ¢ e H' (0, 57}, (2.15)
respectively, with j* and j° defined in (2.11) and (2.12), respectively. Moreover,
1 1
—Dyuy, — 0 strongly in Lz(.Q“, Ré), h_DX3“Z — 0 strongly in Lz(.Qh, R3), (2.16)
T'n n

as n — +o00. Furthermore, the energies converge in the sense that

lim ji () = j () + qj° ). (2.17)

If g =0, the following result holds true:

Theorem 2.2. For every n € N, let u,, = (u?, u®) be a solution of problem (2.6)—(2.8), under assumptions (2.1), (2.9)

n>"n
with g =0 and (2.10).
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Then, there exist an increasing sequence of positive integer number {n;}ien and u® € {w € HY(£29,8%): wis
independent of x'} >~ H Lo, 1, §%) (u” depending on the selected subsequence) such that
ul —u®  stronglyin H' (2%, 5%, (2.18)

as i — 400, and u® solves problem (2.14). Moreover,

1
—Dyul — 0 strongly in L*(£2°,R%),
T'n

h
“ub -0 strongly in H' (2%, R?), (2.19)
I'n

1
———Dyu,

hyry

as n — +o0. Furthermore, the energies converge in the sense that

— 0 strongly in Lz(.Qb, R3),

lim j, (u,) = j*W®). (2.20)
n
If g = +o0, the following result holds true:

Theorem 2.3. For every n € N, let u, = (u%, uz) be a solution of problem (2.6)—(2.8), under assumptions (2.1), (2.9)
with ¢ = 400 and (2.10).

Then, there exist an increasing sequence of positive integer number {n;}icN and ub e {¢ e Hl(.Qb, S2): ¢ is
independent of x3} ~ H Lo, S2) (ub depending on the selected subsequence) such that

ub —u® strongly in H'(2°, %), (2.21)
as i — +o0o, and u® solves problem (2.15). Moreover,
1
hn

T'n

Vhy
1
——Dyuj — 0 strongly in H'(29, R,

Vhy

as n — +o00. Furthermore, the energies converge in the sense that

DXSMﬁ — 0 strongly in Lz(.Qb, R3),

ul — 0 strongly in H' (24, R?), (2.22)

2
linm<;—"jn (un)) = jPwb). (2.23)

As regard as the asymptotic behavior of original problem (2.3), as n — 400, from the rescaling (2.4)—(2.5) and
Theorems 2.1, 2.2 and 2.3, the result below follows immediately.

Corollary 2.4. For every n € N, let U, be a solution of problem (2.3), under assumptions (2.1) and (2.10) with { f,, }nen
defined by (2.5), and let q be given by (2.9).

Then, there exist an increasing sequence of positive integer number {n;}icn, u® € {w € H' (24, $?): w is indepen-
dent of x'} ~ H'(0,1[, $%) and u® € {ce HY(£2?%,5%): ¢ is independent of x3} ~ HY(©, 5%) (u® and u® depending
on the selected subsequence) such that

(1) ifq €10, +-o0f,

i r2

1
lim<— f Un. — u®P + Dy Uy, > + | Dy Un, — Dx3u”|2dx> -0, (2.24)
OX10,1]
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1
lim<— / |U,,l.—ub|2+|Der,,l.—Dx/ub|2+|Dx3Un,.|2dx>=O, (2.25)
1 .
" &x1 01
(U,
tim P je ity 1 g
n rl‘l
(2) ifg=0,
1
lim( — f |Un, —u“|2+|Dx,Un,,|2+|DMU,,,.—Dmuaﬁdx):o, (2.26)
i rs. ) .
" OX10,11
(1
lim{ — / |Un|2+|Dfon|2+|DX3Un|2dx>=o,
" Ox1 hy0
Jn(U,
lim "(2”)=j“(u“);
n rl’l
(3) if g = +o0,

n

1
lim<h— / |Un|2+|Dx/U,,|2+IDX3Un|2dx>:O,

rn®x]0,1[

1
lim(h— \Up; — ub)? 4+ Dy Uy, — Dyotl®)? 41Dy Uy, |2dx> =0, (2.27)
l .

" 0 X1 01

Jo(U,

fim 2. ”)=jb(ub);
no h

n

and u® and u® solve problems (2.14) and (2.15), respectively.

Remark 2.5. If problem (2.14) (resp. (2.15)) admits a unique solution, then the first convergence in (2.13) and con-
vergence (2.18), (2.24) and (2.26) (resp. the second convergence in (2.13) and convergences (2.21), (2.25) and (2.27))
hold true for the whole sequence.

2.2. Proof of Theorems 2.1, 2.2 and 2.3

Proof of Theorem 2.1. The proof of Theorem 2.1 will be performed in several steps. In the sequel, |Al;, i = 2,3,
denotes the R!-Lebesgue measure of a measurable set A C RE.

1) A priori estimates. Being ((0,0, 1), (0,0, 1)) € V,, for every n € N, by virtue of (2.9) with ¢ € [0, +o0o[ and
(2.10), there exists a constant ¢, independent of 7, such that

h
) < —2/(0, 0, 1) f¢ dx — 222 /(o, 0.1)fPdx<c, VneN. (2.28)
Ty
24 Qb

Consequently, by taking into account that g € ]0, +o0[, |u,| = 1 a.e. in £2 for every n € N and (2.10), there exist
an increasing sequence of positive integer number {n;};cn, u? € H(£2¢4, 5?) independent of x’, ub e H'(22°, 5%)
independent of x3, £* € L2(£2%, R%) and £” € L?(£2”, R3) such that

ul —u®  weaklyin H'(£2%, 5%, ub —u®  weaklyin H'(22", %), (2.29)
1 1

r—Dx/uZi — €% weakly in L2(£2%,R%), h—Dx3uZl, — &b weakly in L2(22°, RY), (2.30)
n; nj

as i — +00, Remark that u® € H'(]0, 1[, %) and u®? € H!(©, 5?).
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2) Recovery sequence. Let (w, ¢) € C'([0, 1], $?) x C1(®, §?) such that and w(0) = ¢(0'). This step is devoted to
prove the existence of a sequence {v, },eN, With v, € V,,, such that

lim jis (vn) = j (w) +¢j° ). 2.31)
For every n € N, set
w('x?))s ifx:(-x/sx3)e@ X]rnal[a
gn(x) ={ w2 + ¢ (rx)2 2, ifx = (x',x3) € @ x [0, 74], (2.32)
c(x), if x = (x', x3) € 2°.

Remark that, for every n € N, 8nloxiommi € Cl(® x 10, r,[). Moreover, assumption (2.9) with g € ]0, +oo[ and, in
particular, the transmission condition w(0) = ¢ (0') provide (for the proof, see (4.11) and (4.12) in [11]) that

2
dx =0. (2.33)

. 1
lim / ‘<_Dx’gn(x), Dx3gn(x)>
n rl’l

(©x10,rn[)

Of course, g¢ € H'(22%), g2 € H'(22%), and g%(x',0) = g2(r,x’,0) for x" ae. in O; but |g,(x)| < 1 for every
x € ® x 0, ry[. Then, g, is not an admissible test function for problem (2.6)—(2.8). To overcome this difficulty, for
yeB 1 0)={x eR3: |x| < %}, introduce the function

YO =)+ vV =y +x —y2Ad — |y

(x —y) e S?
lx — y|?

my:x € B\ {y} > y+

projecting x € B1(0) \ {y} = {x e R3: |x| < 1}\ {y} on S? along the direction x — y (see [3] and [1]). It is easily seen
that

Ty (x)=x, VxeS? (2.34)
and there exists a constant ¢ > O such that
Dm0 < o Wy € By(0), Ve BIO)\ ). (2.35)
-y

The idea is to choose y € B 1 (0) opportunely, and to define v, =y o g,. To do that, one has to be careful that the
set {x: g,(x) =y} is “sufficiently small”.

By setting G = UneN{y € B%(O): dx € ® x 10, ry[ with g,(x) = y and rank((Dg,)(x)) < 3}, Sard’s Lemma
assures that meas(G) = 0. Moreover, for every n € N and for every y € B% (0)\ G, the set G,y = {x € @ x [0, ry[:
gn(x) = y} has dimension 0 (see [24], ch. 13, par. 14). Consequently, for every n € N and for every y € B 1 O\ G,
the function 7y o (gn o G"’y) is well defined and, by virtue of (2.35) there exists a constant ¢ > 0 such that

2
dxdy

‘ (%Dxf(ny (80). Dy (80 ) )>

B% (0)\G (©x]0,ry, [)\Gn,y

2
2l (1
< / / [(D7y (80 ()] ‘(V—Dx/gnu),z)mgn(x)) dxdy
n
B O\G (©x10.52D\Gny
1 1 2
<c N2 Dy gn(x), DX3gn(x) dxdy
lgn(x) =yl
B} O\G (©x10.52D\Gny
e | [ e <‘ 0 o) o
—XGu )T '8n (X gn(x xdy
lgn (x) — y|? e e

B1 (O\G (©x]0,r4])

N
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1 1
s / ( / mdy)‘<al)x/g"(x)vDx3gn(x))

(©x10,ruD B% (ON\G

2
dx

1 1 2
<c / ( f Wd2> <r_Dx/gn(x),Dx3gn(x)> dx
(©x10,r[) B% (0) "
1 1 :
=c / Wdz / (r—Dx/gn(X),nggn(X)> dx, VneN,
Z n

B3 (0) (©x]0,rx[)
2

where || B3 (0) |z|72dz < +00. Consequently, there exist a constant C > 0 and a sequence {y, },en C B 1 (0) \ G such
2

that
1 2
(200 (0n0). Do ) )|
n
(@X]Oyrn[)\cn,yn
1 2
<C / ‘(—Dx/gn(x), DX3gn(x)> dx, VneN,
(©x]0,rn[) "
from which, by virtue of (2.33), it follows that
2

dx =0. (2.36)

1
in [ (ot @) Dot (@)
(® X]Oﬂrn[)\Gn.yn "

Finally, for every n € N set v, = my, o (gn| G ). Then, by virtue of (2.32) and (2.34), it results that

w(x3), ifx=x"x3) €0 xry, 1[,
v (x) = { Ty, (w(’”n)f—j + C(an/)%), ifx=(x",x3) € (@ x[0,r,])\ Gny,, (2.37)
c(x, if x = (x', x3) € 2°.

At first, remark that v} € Hl(.Qb, SZ). Indeed, vi Hl(@ X 1, 11, SZ). Moreover, since v;; € LZ(@ x 10, r, 1, S2)
and Dvj € (L2(® x 10, r,D)? (see (2.36)), it results that Vo e HY(® x 10, r,[, §%). Furthermore, since Ve e C((O x
[0,7.]) \ G y,) and G, y, has dimension 0, the trace of vf‘,‘(_)x]o_m[ on ® x {r,} is equal to w(r,). Consequently,
these properties provide that v € H 1(2%, 8%). On the other hand, it is evident that vﬁ e H' (2%, 5%), and vi(x',0) =
vﬁ (rpx’, 0) for x’ a.e. in @. In conclusion, for every n € N, v, € V,,. Now, it remains to prove that {v,},cN satisfies
(2.31).

By virtue of (2.37), it results that

j,,(v,,):/(|(Dx3w)|2—2wf,f)dx— / (|(Dyyw)| = 2wf?) dx

24 O x]0,r,[

| 2
N / H(r—Dx’(T[,Vn 0 gn). Dy (my, ogn)) —2(my, og")f"a] “
(® X]O,rn[)\G’Lyn !
h 2
2 [0 242 -
n
b

On the other side, convergence (2.10) provides that

lirrln/wf,fdxszf“dx, lir{rlfcffdxzfgfbdx, (2.39)
24 b Qb

Qﬂ
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lim / (|(Dysw) |2 —2wf)dx =0, lim / (7ry, 0 &) f*dx =0. (2.40)
n n v
O x]0,ru( (©x10,rnD\Gn,y,
Then, by passing to the limit, as n diverges, in (2.38) and by taking into account (2.39), (2.40), (2.36) and (2.9)
with g € ]0, +o0[, one obtains that
. 2 2 . .
lim j, (vn) = f(|(DX3w)| —2uwf*)dx +q f(|(Dx/;>| =20f%)dx = j () +4j(©).
4 Qb

3) Density result. Let (w, ¢) € C! ([9, 11, $%) x C1(®, §2). This step is devoted to prove the existence of a sequence
{(wr, &) Yken € CL([0, 11, §2) x C1(O, §%), with wy (0) = £ (0) for every k € N, such that

(we, &) — (w, &) strongly in H' (10, 1[, $%) x H'(©, §?).
For every k € N, set
Or = w0 + (1 — @r)¢,
where ¢ is the solution of the following problem:

min{ / | Do) dx': g € C3(BL(O)), ¢k =1in B (0), 0< r < 1},
k
B (0)
k

with B%(O’) ={x"eR% x| < %} and B%(O/) ={x'eR% |x| < klz}. Remark that (for instance, see (3.4) in [11])
k

lim / | D6, (x| dx’

B (0O\B 1 (0)
k K2

<2h}gn(||D§||%oo<@> By )], + (|w @] + ¢ lz=(0)* / |Dgok(x’)|2dx/>=o. (241)

Bi\B
k K2

Since 6 : ® c R? — R3 isa C! function, it results that | UkeN 0k (®)]3 =0. Consequently, now it is easier than in
the previous step to apply the projection 7, for obtaining S 2_value functions. Indeed, for every k € N and for every
ye B1(0)\ UkeN 0k (©), the function 7y o O € Ccl(®, §?) and, by virtue of (2.35), there exists a constant ¢ > 0 such

2
that

f / |D(y (B x))) [ da'dy

B (0\Ugen 6(®) B1(0O\B 1_(0)
2 k k2

1
¢ / —d / |D6; (x| dx’,  VkeN.

B3(0) B (0O\B 1 (0)
k K2

Consequently, by taking into account (2.41), there exists a subsequence, still denoted by {k}, and

ye B\ Jo®)
keN
such that
lim f | D (5 (6 (x))) | dx’ = 0. (2.42)

B (0O\B 1 (0)
k 2
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Now, for every k € N set wx = w and {x = 7y o 6. Then, it is evident that {(wk, {i)}ken C cl([o, 11, $?) x
Ccl(®, §?), with £ (0') = wi(0), and wy — w strongly in H'(©, $%). Moreover, it results that ¢ — ¢ strongly in
H'(©®, 5%). In fact, by taking into account that (see (2.34))

w(0), ifx' e B%(O),
k
() =1 @O () + (1 =@ NE), ifx" € B1(0)\ By ),  VkeN, (2.43)
Z(x"), ifx' € ®\ B%(O’),

and (2.42), it results that
lilzn/ ok — ¢ dx’ = li{n / }(ny ob) — g‘}zdx’ =0,
] B (0)
3
and

li]{n/ | D&y — DC|2dx/:1i]£n< / |D(7‘ry o06) — D;|2dx/+ / |D§|2dx/)
©]

B (0O\B 1 (0) B (0"
k K2 K2

<lim( 2 f |D(7‘ryon)|2dx,+3||D§||%oo(@)

B (0O\B 1 (0)
k K2

B%(O’)b) =0.

4) Conclusion. By using a L.s.c. argument, from (2.9) with g € ]0, +oo[, (2.10), (2.29) and (2.30) it follows that

f|§a|2dx+j“(u“)+q<jb(ub)+/|§b|2dx> < liminf j,, (up,). (2.44)
13
4a Qb

On the other hand, by virtue of step 2, for every (w, ¢) € C1([0, 1], §%) x C1(®, §%) with w(0) = £(0'), there
exists a sequence {v, },eN, With v, € V,,, such that
lim-supjni (un;) < lim-supjni (vn;) = li}gnjn(vn) = j%w) + qu(é). (2.45)
1 l

Then, by combining (2.44) with (2.45), one obtains that
/ 917 dx + 4 (u®) +q(jb<u”> + / |sb|2dx) < liminf ji, (n,)
13
4 Qb

<Timsup ji, () < j*(w) + 4" (), (2.46)
1
for every (w, ¢) € C'([0, 1], §?) x C!(©®, 5?) such that w(0) = ¢ (0').
Step 3 provides that inequality (2.46) holds true for every (w, {) € Ccl([0, 1], $?) x CY(®, $%). Moreover, since
Cl([0, 11, $2) x CL(O, §?) is dense in H1(]0, 1[, $?) x HY(©®, §?) (see [3]), inequality (2.46) holds true also for
every (w, ¢) € H'(10, 1[, §%) x H'(®, §?). Consequently, it results that

£=0, &=0, (2.47)
u® and u® solve problems (2.14) and (2.15), respectively, and
B i, (utn,) = @) + ¢ @), (248)

Really, convergence (2.48) holds true for the whole sequence (so (2.17) is proved), since j*(u?) and jb (ub) are
independent of the selected subsequence, being the minimum of problems (2.14) and (2.15), respectively.

Finally, by combining (2.9) with ¢ € ]0, +o0l, (2.10), (2.29), (2.30) and (2.47) with (2.48), and by using the
Rellich-Kondrachov compact embedding theorem and the uniform convexity of the space L2, it is easy to see that
convergences (2.29) and (2.30) occur in the strong sense, i.e. (2.13) and (2.16). O
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Proof of Theorem 2.2. A priori estimates (2.28) hold true also if ¢ = 0 in (2.9). Consequently, by taking into account
thatg =0, |u,| =1 a.e. in §2 for every n € N and (2.10), there exist an increasing sequence of positive integer number
{ni}ien, u® € Hl(£22,5%) independent of x’, £4 € L2(£29,R%) and z? € L2(£2?,R3) such that convergence (2.19)
holds true, and

ul —u®  weaklyin H'(2%, 5%, (2.49)
1

r—Dx/uZl_ — g% weakly in L?(22%, R®), (2.50)
.

i

u? —~ 7% weakly in L2(22°, R?), (2.51)

! D

as i — 400. Remark that u® € H'(]0, 1[, §%).
By using a L.s.c. argument, from (2.10), (2.49), (2.50) and (2.51) it follows that

2 2h,

2
— 2 ”n,fn, dx)

r?

/IS ?dx + j* (u”)+[lz 2 dx
—2ul o dx+/‘ i,

<11m1nf</‘< Dyruy, Dmuz.)
T vV n,rnl

< liminf j,; (ug;). (2.52)
1

On the other hand, for every w € cl(o, 11, §?) the sequence {v,},en, defined by vii = w and vﬁ = w(0), belongs
to V,, and satisfies
limsup jy, (up;) < limsup jp, (vy,) = lim ji, (v,) = j(w). (2.53)
i i n
By combining (2.52) with (2.53), and by taking into account that cl(o, 11, 52) is dense in H'! o, 11, $2) (see [3)),
one obtains that £ = 0, z” = 0, that u® solves problem (2.14), and the convergence of the energies (2.20). One
achieves the proof of Theorem 2.2, by arguing as in the last part of the proof of Theorem 2.1. O

Proof of Theorem 2.3. Being ((0, 0, 1), (0,0, 1)) € V,, for every n € N, by virtue of (2.9) with ¢ = +00 and (2.10),
there exists a constant ¢, independent of 7, such that

2 2

T . Ty a b
h—],,(u,,) < . 20,0, 1) f dx — [ 2(0,0,1)f,/dx <c, VneN. (2.54)
n n

24 Qb
Consequently, by taking into account that ¢ = 400, |u,| =1 a.e. in §2 for every n € N and (2.10), there exist an
increasing sequence of positive integer number {n;};enN, ub e HY(2%, §2) independent of x3, gb e L2(2% R3) and
7% € L2(£2%, R®) such that convergence (2.22) holds true, and

Lo z* weakly in H'(£2%, R®) (2.55)

m X' %n ’ ’ .

uﬁi —ub strongly in H' (2%, 5%), (2.56)

7Dy b —~ & weakly in L*(2",R?), (2.57)
n;

i

as i — +o00. Remark that u® € H(©, §2).
By using a L.s.c. argument, from (2.10), (2.56), (2.57) and (2.55) it follows that

f 9P dx + ) + f P12 dx
a b
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b

22 Dy.u
/‘\/7 n, - hnn adx'i‘/‘( ’u . n)‘ _zun,fbdx)

r2,
< 1im_inf<hi Jn: (un,.)). (2.58)
1

ni

hm inf <

On the other hand, for every ¢ € C'(®, §?), such that ¢ is constant in a neighbourhood of 0, the sequence {v, },en,
defined by v¢ = ¢£(0') and vﬁ = ¢, belongs to V,, (for n sufficiently large) and satisfies

r},Ql', r2 7'2 b
lim sup _ljn,- (“n,-) < lim sup ]n, (Un ) )= 111’11 _]n () | =J7 (). (2.59)
i hni hnl hn,

Obviously, step 3 of the proof of Theorem 2.1 is independent of g € [0, +oc]. Moreover, a careful reading of this
step (in particular, see (2.43)) shows that the space {¢ € C 1(®, §?): ¢ is constant in a neighbourhood of 0’} is dense
in C1(©, §?) with respect to the H L_norm. Consequently, by combining (2.58) with (2.59), it results that

2

r..
f|z“|2dx+j”(ub)+f|s”|2dx<1imiinf<hijn,-(um)>
foll $2b :

2
<1 ri . 1)) 1 T 2
Slimsup{ == jn; (n;) | < J7(0), ¥V € CHO, 5T

i n;

from which, by taking into account that C'([0, 1], $2) is dense in H'(]0, 1[, %) (see [3]), one obtains that z¢ = 0,
£b =0, that u” solves problem (2.15), and the convergence of the energies (2.23). One achieves the proof of Theorem
2.3, by arguing as in the last part of the proof of Theorem 2.1. O

3. Second part: analysis of the limit model

For every n € N and A € [0, 4+00[, consider the following problem:
Jos: Ve H (2,,8%) — /|DV(x)|2dx +A/|V(x) — Fu(0)[*dx, 3.1)
25 2,
where F,: 2, — S? is a measurable function.
Remark that J, ; has the same minimum points of the functional:

Jay:V e H (2,,8%) — f|DV(x)|2dx—2,\/V(x)Fn(x)dx,

'Q)l Qn

since J,, ;. (V) = j,,,;L(V) + 21|82, for every V € Hl(SZn, Sz). Consequently, after a rescaling as in Section 2, by
passing to the limit as n — 400, one obtains all the results of Subsection 2.1 with

1 1
jf(w):|@|f|w/(x3)|2dx3—2)\/w(x3)</f“(x/,x3)dx/) dxs +210], YweH'(10,1[,5%), (3.2)
0 0

@]
0
jf(;):/[Dg(x’)|2dx/—u/;(x’)</fh(x’,xg)dx3> dx' +21|0|, V¢eH'(©,5?), (3.3)
<) 2] -1

where f¢ and f? are given by (2.10), and w’ stands for the derivative of w. Remark that, since | £ (x)| = 1 a.e. in £2¢
and | f,f’ (x)| =1 ae. in £2° for every n € N, weak convergences in (2.10) are always satisfied for a subsequence.

If | f%(x)] =1 ae. in 29, f* is independent of x’, | f2(x)] =1 ae. in 2% and f? is independent of x3, then
functionals (3.2) an (3.3) can be rewritten as follows:
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1
e w) = |@|/|w’(x3)|2+x|w(x3) — ()| dxs, Ywe H'(10,11, ), (3.4)
0
@)= /!Df(x’>|2 +Ae@) = P Pax’, Yo e HY(©, 8. (3.5)
°]
In the sequel, w; and ¢ denote solutions of the following problems:
1
& w;) =min{|@|/|w’(x3)|2+/\yw(x3) — 93| dxs: we H'(10, 11, 52)}, (3.6)
0
it =min{ /|Dg(x’)|2 +Ale(x) - fb(x’)|2dx’: ceHY (O, 52)}, (3.7)
®
respectively.

This section is devoted to study the asymptotic behavior, as A — 400, of problem (3.6) and problem (3.7). Remark
that, if A = 0, the solutions of problem (3.6) and problem (3.7) are the constants of S 2,

3.1. Convergence results when A — 400

If %€ H'(]0,1[, §%), from (3.6) it follows that
1
2 2
|| (u))‘)/”(Lz(]O,l[))S + )"”wk - fu”%Lz(]O,l[))3 < /|(fa)/(-x3)| d-x3v VA € ]09 +OO[,
0

((wy)" and (f*)’ stand for the derivative of w; and f“, respectively) which provides that
wy, — f* weakly in #'(]0, 1[, §?),

for any diverging sequence of positive numbers {A,},cN. Moreover, by using a l.s.c. argument, it results that
2 e 2 C
el L2q0,10) S |@|11H‘Llnf” ()| L200,1D)? S hmllnffi (w3,)

. . . . 2
<timsup ji, (w,) <limsup jf (F) = 101 (7Y [F120,1py
L

L

for any diverging sequence of positive numbers {A,},cN, from which it follows that

. . 2
AETOO ) = 101 (FY| (L2(10,1D)*"

Similarly, if f* € H'(©, §%), one has that
o, — f° weaklyin H'(©, §?),
for any diverging sequence of positive numbers {A,},cn, and

. b _ b2
Jm 560 = 1D 2@y

Then, interesting situations occur when ¢ ¢ H 1qo, 1)), or f b ¢ H L®).
At first, consider the case: f” = |x—1/|(x’, 0). Remark that ﬁ(x’, 0) ¢ H'(®) (although % € H!

R3, §2)). Conse-
[x] loc R,
quently, it results that

lim j2(&) = +oo. (3.8)
A——+00

In fact, by arguing by contradiction, if (3.8) does not hold true, then there exists ¢ € ]0, 400 and a diverging sequence
of positive numbers {1x}xen such that j){’k (&) < c for every k. Consequently, £, — fbweakly in H'(©, §%), which
is false, since f” ¢ H'(©).

On the other hand, the following a priori estimates hold true (the proof will be performed in Subsection 3.2):
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Proposition 3.1. For every A € [0, +00], let &), be a solution of problem (3.7) with fh = (%, 0).
Then, there exist c1 and A1 € 10, +00[ such that

@) <mlogh+cr, Vi€l +ool. (3.9)
Moreover, there exist a diverging sequence of positive numbers {Ay}xeN and c2, c3 € 10, +00[ such that

/chk(x/)—f”(x/)lzdx’éi—i, Vk €N, (3.10)

e

mloghr —c3 < j;{’k (&), fork e Nlarge enough. (3.11)

Remark 3.2. If one can prove estimate (3.10) for A large enough, the proof of Proposition 3.1 shows that also estimate
(3.11) holds true for A large enough.

Proposition 3.1 immediately provides the following convergence result:

Corollary 3.3. For every A € [0, 400, let &), be a solution of problem (3.7) with fb = (é—:l, 0).
Then, it results that

o, — fb strongly in L*(©, $?),

for any diverging sequence of positive numbers {\,},eN.
There exists a diverging sequence of positive numbers {Ay}ren and c € 10, +o00[ such that

/|§Ak(x/) - fb(x/)|2dx/ < Ai Vk e N,
k
e
and
b
'])»k(;)‘k)

lim ——=nm
k—+o0o log Ak

Obviously, {5, }.en does not converge weakly in HY(©, §?), since f’ = (%, 0)¢ H'(O).

One obtains the same results, if fb = |(xl—otl—x2—/3)|(x1 — o, x2 — B,0), where (¢, B) is a fixed point in ©.
Consider, now, the case: f¢ = (0,0, Iﬁ—:;‘), where y is a fixed number in ]0, 1[. Obviously, f¢ ¢ Hl(]O, 1D

(remark that f¢ € HL0, 1, §%) if y €{0, 1}, and w;, = (0,0, 1) if y =0, wy = (0,0, —1) if y = 1). Consequently,
it results that

lim ji(w;) = +o0. (3.12)
A—>—+00

In fact, by arguing by contradiction, if (3.12) does not hold true, then there exists ¢ € ]0, +oo[ and a diverging sequence
of positive numbers {A;}ren such that jfk (wy,) < c for every k. Consequently, w;, — f“weakly in H'(0, 1[, $%),
which is false, since f¢ ¢ Hl(]O, 1D.

When f¢ = (0,0, %), the following a priori estimates hold true (the proof will be performed in Subsec-
tion 3.2):

Proposition 3.4. For every X € [0, 400, let w), be a solution of problem (3.6) with f¢ = (0, 0, @:Z‘) andy €10, 1[.
Then, it results that

Ji(wy) < |@|2v2nﬁ, VA €10, +ool. (3.13)
Moreover, for every € € 10, 2[ there exists L, € 10, +00[ such that
|@|(2—8)«/X§jf(wk), VA € A, +00l. (3.14)

Estimate (3.13) immediately provides the following convergence result:
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Corollary 3.5. For every X € [0, +00[, let w), be a solution of problem (3.6) with f = (0, 0, %) and y €10, 1[.
Then, it results that )
wy, — f* strongly in Lz(]O, 1[, Sz),

for any diverging sequence of positive numbers {\,},enN.

Obviously, {w;, };en does not converge weakly in H'(]0, 1[, $?), since f = (0,0, éi:;‘) ¢ H'(]0, 1[). By mak-
ing use of estimate (3.13) and by arguing as in the proof of estimate (3.10) it is easy to prove the following result:

Proposition 3.6. For every ) € [0, +ool, let w;_be a solution of problem (3.6) with ¢ = (0, 0, %) and y €10, 1.
There exist a diverging sequence of positive numbers { i }xen and c € 10, +00[ such that

c

, VkeN.
Ak

1
f lwa, (63) — £GP des <
0

This subsection ends by showing some situations when the considered cases:

— 1
fo= (0,0, u) fr= (i —a.x2 — B.0),
X3 — vl |(x1 — o, x2 — B)I

appear in the limit problem.
In the sequel, (o, B) denotes a fixed point in R? and y in R.
For instance, by choosing in (3.1)
1

Fu(x1,x2,x3) = (x1 —rpa, xp —rpB,x3 — ),
|(x1 _rna,XZ_rnﬂax?) _V)l

convergence (2.10) gives

X3 =Y

|x3 — ¥
Remark that F,, € H (R, §?), f4¢ H'(10,1) & y €10, 1, f° ¢ H'(©) & y =0.

By choosing in (3.1)

1
fa(-x3): (ana )’ fb(xlv-xz):i(xlvx27_y)'

[(x1,x2, —Y)I

1
Fp(x1,x2,x3) = —a,x2 — B, x3 —hpy),
n (X1, X2, x3) 01— — Boxs —hn]/)|(XI a,xy — B,x3—huy)

convergence (2.10) gives
fa(x3)=;(—0h —B. x3), fb(X1,X2)=;(X1
|(—et, =B, x3)| |(x1 — o, x2 — B)
Remark that F,, € H!

o B, 8%), f4e H'(10,1[, $%), f* ¢ H'(©) & (o, B) € O.
By choosing in (3.1)

—a,x2— B,0).

1
Fu(x1,x2,x3) = (x1 —rpa, x2 —1u B, X3 — hypy),
[(x1 — o, X2 — 1B, X3 — hyy)|

convergence (2.10) gives

1
fix3)=(0,0,1),  fPx1,x) = ———(x1,x2,0).
|(x1. x2)]

Remark that F,, € H' (R3,5?), f¢* e H'(10, 1[, $?), f* ¢ H'(©).

loc
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3.2. Proof of Proposition 3.1 and Proposition 3.4

Proof of Proposition 3.1. To obtain estimate (3.9), for r, A € ]0, +o0[ introduce the functionals:
; / 2 2
jb,c e HY(C(0), %) — / DG+ Ale @) — oo P ax,

Cr(01)

and denote with £, , a solution of the following problem:
J2 (G =min{j? () ¢ € H'(Cr(0), 5%), ¢ = £ on 9C,(0)},

where C,(0') = {x’ e R%: |x'| < r}.

By arguing as in Lemma III.1 of [2], it is easy to prove that

1
PG Srlogh+2mlogr + i (€11), Vr €10, 400l VA . (3.15)

Let 7 € ]0, +00[ be such that ® C C7(0'). Then, by virtue of (3.15), it results that
. 1
@) <3 p(6.p) Smlogh+ 2 logF + 1 (611, YA =,

which provides estimate (3.9) with 1| = r‘% and ¢; = 2w logr + jfl(é’l,l).
The next step is devoted to prove that

iiminf/k]g(x') — PP dx’ < +o0. (3.16)
©®

The proof of (3.16) makes use of a technique introduced in [26] in the case of the Ginzburg—Landau energy.
Since, for A > A, it results

@) = 2@ = i@ = i @),

one derives that the function A € ]0, +o00[ — jf (&) € 10, o0l is increasing, and therefore derivable a.e. in ]0, 4+-o00[,
and that

JL@) = i@ A’(c;) — P
A—A > A—A
B = i@ N @) = @)
A—A - A—A

. VAel0,+oo[, VA € A, +o00l, (3.17)

. YAe]0,+oo[, VA € A, +oo. (3.18)
Consequently, by passing to the limit in (3.17) with A — AT and in (3.18) with A — A~ one obtains that

d])h(é‘)\) /|é. (x ) fb(x)| dx for A a.e. in ]0, 4+-o0[,
ie.

A
@) =)+ / ( / |¢u(x)) — fb(x’)lzdx’) dp, Vi el0,+ool. (3.19)
1 )

To prove (3.16), by arguing by contradiction, assume that

AliT /,\|g(x/) —fb(x’)|2dx’=+oo.
®
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Consequently, there exists Ap € ]1, +o00[ such that

,\/|§A(x/) — PP dx >+ 1, VA€ lhg, +ool.
2)
By combining (3.9) with (3.19) and (3.20), one obtains
A
mlogh+ci = il (&) = jl @) + /( /’QL(X/) _ fb(x’)Ide’) du
)

1
Al

A
1
=j{’(;1)+f(/|;ﬂ<x/)—f"(x/)ﬁdx’) du+/;(ful;‘u(X’)—f”(X’)lzdx/> du
1 e A

1 e
> (&) + (r + D(logh —loght), VA€ Jmax{ir, Az}, 400,
which gives

T >+ 1.

(3.20)

So estimate (3.16) holds true. In particular, (3.16) provides the existence of a constant ¢, € ]0, +o0o[ and of a diverging

sequence of positive numbers {A;}rcn satisfying (3.10).
The next step is devoted to prove estimate (3.11).
Let 7 €10, 1[ be such that C;(0") C ®. Then, it results that

@)= f DG, ([P dx’

Cr(0H\C(0)
2
= f ID(fP() + 6, () = fo D) |7’
Cr(0H\C,(0)
> / DN dx’ +2 f DD (5, () — fP(x))) dx’,
Cr(0H\C(0) Ci(0O\Cr(0)

Vr €]0,7[, Vk e N.

(3.21)

Consequently, by integrating by parts the last integral in (3.21) and by recalling that f? = (%, 0), it follows that

2 2
dx' +2) / ((Qk)a(X’) - x—“)Dx—a'vdx’

X1/ x|

/
ib > Dx_
‘])\k (C)»k) = |x,|

Ci (0H\Cr(0) a:li?(C;(O’)\Cr(O’))

2

X,
-2y / ((Gr)ax) — fof(x/))Aﬁ dx', Vrel0,7l, VkeN,

X

*=les NG ()

where v denotes the exterior unit normal to Cz(0') \ C,(0), and &3, = ((Ea) 1. (§,)25 (§3,)3)-
On the other hand, it is evident that

[ o

Ci(0O\Cr(0) Ci (0O\Cr(0)

2

1 1

dx' = / dx' =2m(logF +log~ ), Vrelo,r7[,
x| r

and

2
X, X ~
2y, (@M)Ax’)—ﬁ)Dﬁ»dx’:o, Vr € 10,7, Vk €N,
*=ly(c; 0N\ Cr )

(3.22)

(3.23)

(3.24)
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since D |X‘”‘ v=00n3(Cz(0")\ C,(0)).
In what concerns the last integral in (3.22), by recalling that A %% = f‘l3 and by applying the Holder inequality, it

results that
2

‘2 / 3 (@at) = fLG6H) AL '

x| ’|
CHONG, (0) *=!

1 1

2 1 2

<2( / |§Ak(x’)—fb(x/)|2dx’> ( / I ’) , Vrelo,7[, VkeN.
X

Cr(0O\C(0) Cr(0O\Cr(0")

Consequently, by taking into account estimate (3.10) and that

. I
1 2 1 1)\?
dx’' Z«/; —= +— gﬁ’ Vrel0,7[, VkeN,
7272 r

|x/|4
Cr0O\C,(0)
it follows that
2
2/ 1 3
2 — fb dx'| < —, Vrelo,7[, Vk eN. 3.25
‘ / D (@) = f26)A |/| Ty el (3.25)

CrONC () @=!
Finally, by combining (3.22) with (3.23), (3.24) and (3.25), one derives that

) 1 . 2/l -
jfk(gk)>2nlog;+2nlogr— ey Vr €10,7[, Vk €N,

from which, by choosing r = 1/+4/Ax with k € N large enough, one obtains (3.11) with ¢3 = —27x logr + 2. /comr. O
Proof of Proposition 3.4. To prove estimate (3.13), for every ¢ € ]0, +o0[ introduce the function:

z:x3 €10, 1[ > (t,0,x3 —y) € 2.

1
V2 + (x3—y)?
Since z; € H(]0, 1[, $2), from (3.6) it follows that
1

Jiw) < |@|/|(Zt) (x3) | dX3+|@IM—/
0

2
2 (x3) — (0 0, =Y )' dx,
IX3—V|

vt €10, +oo[, VA €10, o0l (3.26)

where (z;)’ stands for the derivative of z;.
An easy computation shows that

1 1 1

NI S R B R S
/|(Zt) ()C3)| dx3 = (t2+(x3_y)2)2 dx3 = IZO/(1+(@)2)2 dx

0
71/
1 11 y
== / +y2)2 dy = t§|:—l+y2 +arctany:|_Z
V
11 t(1— t 1 -
= ;E(tz _i a _7/])/)2 + 2 ~|i/y2 +arctan< p )/) +arctan<%>>.
Consequently, since

tgrg+|:§<t2 +(1—y)? + 12+ 2 + arctan ; + arctan - =3
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dJ1 t(l—y) ty l—vy 4
E[§<t2+(1—y)2+r2+y2Hman ro) ey
2 2
2(1-) 2y
TT@EA— @y 0 Elhet

it results that

and

1

/|(zt)’(X3)!2dX3 < %;, vz €10, 4-o0l. (3.27)

On the other hand, an easy computation shows that

1 1
1 X3 — 2 2 X3 —
- (00220 ) fan=2 -2 [_tozr
to " xs =y i to Vs —y)2+12

= %(1 +2t —\/t2+y2—\/t2+(1 —y)?), Vrel0,+ool.

Consequently, since

2
im | £ _ 22 2 —2) | =
t£%1+|:t(l+2t JR+v e +a-y )}

and

%[%(1+2t—\/ﬂ+y2—\/ﬂ+(l —y)2)]

__3< _L)_g<(1_ )_&><0 Vvt €10, +oo[
— e\ e2) T2 T T araye) T o

it results that

1
1 _
—/Zt(x3)_< 3 J/>
to " a3 =yl

By combining (3.26) with (3.27) and (3.28), it follows that

2

dx3 <4, Vte]l0,+ool. (3.28)

1
Ji(wy) < |@|<%; +4M), vVt €10, o0, YA €]0, +o0[,

from which, by choosing ¢ = /7 /+/8A, one obtains estimate (3.13).
To prove estimate (3.14), at first remark that

X3 —Yy
lx3 —y

2
v(x3) — | ‘ dx3: ve H'(]0, 1[,R)},

1 1
Jr(wy) = |(9|min{ /‘v/(xa)fzdm -H»f
0 0

VA €10, +o0ol. (3.29)
For every XA € ]0, +oo[, the last minimum is attained in the solution v, € C 1 (10, 1[) of the following problem:

{vx_m?wzy in10. 10\ )

[x3—y|’

v (0) =0 =) (1),
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that is in
—Q=YIVh_a—vVi _ .
T @ eV — in 10, y1,
v (x3) = (3.30)
eV e ADVE o YR YR R :
i, Ot T oYL iy L

By combining (3.29) with (3.30), it follows that

2

Y| dxs: ve H'(10, 11 R)

X3 —
v(x3) — ————
|x3 — vl

1 1
i) > ©mind [0 dxa+3
0 0

14 e 200 +DVE 4 o=2Q-y)Vi _ o4V _ o=2(1=y)Vi _ o=2yVi

=|0| 2VA, VA €10, +ool,

(e—Z«/X — 12
from which, since
1 4+ e 20DV 4 =2Q-9Vi _ o=4Vh _ g=2(1=y)Vi _ g=2yVi

I -1,
A o0 (e 2V —1)2

one obtains estimate (3.14). O
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