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Abstract
Using the heat flow as a deformation, a Morse theory for the solutions of the nonlinear elliptic equation:
—Au—du=ar)ul? u—a_ )P u+ hix, u)

in a bounded domain £2 ¢ RY with the Dirichlet boundary condition is established, where a+ > 0, supp(a—) N supp(a+) = @,
supp(at) #¥,1 <gq <2* — 1 and p > 1. Various existence and multiplicity results of solutions are presented.
© 2007 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

1. Introduction

We study the nonlinear elliptic equations with indefinite nonlinearities. Arising from differential geometry and
biology, the problem has been received much attention in recent years, see [1-5,8,9,16—-18,21,22,24,26].

One of the modelling problems can be stated as follows: Let £2 be a bounded domain in R with smooth boundary,
we study the existence and multiplicity of positive, negative and sign-changing solutions of the following elliptic
boundary value problem:

—Au=ru+a,()ul? u—a_)|u”'u+h(x,u) ins2,
=0 onds, (1.1)

where a4 : 2 — R are continuous functions and / : $2 x R — Ris a C! function, and X is a real parameter. We assume

(A1) a+>0,2,N2_ =0 and 2, # 0, where 2+ = supp(a+),
(A2) 1<g<2*—1=8+ p>1,
(A3) there exists a constant C > 0 such that

lh(x, )| <C(1+5]), &eR.

The case 1 < p < g <2* — 1 has been studied by many of the previous papers, while the case 1 < g < p and
q < 2* — 1 by [5], but only for positive solutions.
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The paper is a continuation of our previous paper [16]. The simple decomposition lemma in [16], on which the
computation of the critical groups at infinity of the associated functional I (see below) relies, plays an important role
in dealing with this kind of indefinite nonlinearities.

In [14], the first author observed that there are several advantages if we use the heat flow for Eq. (1.1) to establish
the Morse theory for isolated critical points, i.e., instead of the gradient flow:

o) =v(t) — (—A) (v +ar )T v —a— ()P v + h(x, v)
for the associated functional of (1.1):
1 _
I(u) = /[5(|vu|2 —pu?) — “+—(x)|u|q+1 + “—(x)|u|f’+1 — H(x, u):| dx,

qg+1 p+1
Q

where H(x,u) = f(;’ h(x,s)ds,in R x HO1 (£2), the following heat semi-flow:

dut, x) =(A+MDv+ar@? v—a_@P v+ hx,v), @, x)eRTx2
inRT x C(% (£2) is considered. The heat semi-flow is the L? gradient flow of I and can be used as deformation of the
level sets of I as the gradient flow.

The disadvantage of this method, to our knowledge, is that a more restrictive exponent on the nonlinear term
|u|‘1’1u is needed, i.e., ¢ < p]“ < 2* — 1, where pT is defined in Section 3. But one of the advantages of the heat
semi-flow is the positive invariance of the cones + P, where pP= {ue Cé (£2) | u(x) >0, x € £2}. This was observed
in [1] and plays an important role in the existence of sign-changing solutions of (1.1).

Recall the case of definite nonlinearity, i.e., a_— = 0, 24 = £2, if there is a positive invariant set D for the gradient
flow, then one can estimate the number of solutions inside and outside of D, separately. Few abstract critical point
theorems can be applied in the study of multiple solutions, see [13]. In this paper, we shall extend these results to fit
the indefinite nonlinearity by the above two ingredients. Our main purpose is to develop the above tools in dealing

with the multiple solution problems for indefinite nonlinearities. The main results are stated in Section 5, among other
things, the following theorem will be proved:

Theorem. Under the assumption (Al), (A2'), (A3), (A4) and (A6), to Eq. (0.1);, there exists y* > 0 such that
Vy > y* 3—00 < A_(y) <A1 < Ay(y) such that:

(1) For 0 < X < A_(y), there exist at least one positive, one negative and one sign-changing solutions.

(2) For A_(y) < A < Ay, there exist at least three positive, three negative and one sign-changing solutions.
(3) For A1 < A < Ay (y), there exist at least two positive, two negative and one sign-changing solutions.
(4) For Ay < X < A4 (y), there exist at least two positive, two negative and three sign-changing solutions.

Results in [1,4,5,16,22] are extended.
2. A decomposition lemma and the critical groups at infinity

We extend the decomposition lemma in [16] to the problem (1.1). The main difference is that the exponent p may

be greater than 2* — 1. For Eq. (1.1), the associated functional is defined on the Banach space E = HO1 £2)N Lf;_+1 (£2),
where

L) = {u €D (2) ‘ /a,(x)|u(x)|”+‘ dx < oo}.
2

Thus E # H(} (2)if 2_#@and p>2*—1,and E = H(; (£2) if p < 2* — 1 by the embedding theorem. The norm
on E is defined by Jlul = (| Vull3 + ||u||ip+l)2.

The space is the closed subspace
E={@ui,u2) € H} (2) x LET'(2) | uy = us)

of HO1 (£2) x LZ_H (£2), and both HO1 (£2) and LZ:H (£2) are reflexive, according to Pettis Theorem, we have



K.-C. Chang, M.-Y. Jiang / Ann. I. H. Poincaré — AN 26 (2009) 139-158 141

Lemma 2.1. The Banach space E is reflexive.

The following decomposition lemma was proved in [16] if p < 2* — 1. Let
Ei=H) (2002 )nL T (@oU)
and

Er={ue Hy(20U2:) | Au(x) =0Vx € 20}.

Theorem 2.2.
E=E| ® E;.

Proof. (1) Vu € E, let

_Jux), xe_,
vix) = {u(x)—wo(x), x €2
and

_ wo(x), x € 82,
w(x) = {u(x), X € 24,

where wy € H'(£29) is given by

wo(x) =0, X €020Nas2_,

{ Awy =0, x € 0,
wo(x) =u(x), xe€d2pNa2+.

Thenve E; and w € E>, and u = v + w.

(2) The decomposition is unique, i.e.,ifu =v+w=0forve Ej and w € E>, thenv=w =0.

Indeed we have v(x) =u(x) =0 Vx € £2_ and w(x) =u(x) =0 Vx € £24, then wo|p, = 0, hence wy = 0 by the
maximum principle, and v =w = 0.

(3) Define the mapping 7 :u — (v, w) from E to E| @ E. It is linear and bounded. Moreover, it is also surjective.
Indeed, for (v, w) € E| @ E3, let

v(x), xef2_,
u(x) = {v(x)+w(x), x € £,
w(x), x ey,

then u € E and 7w (u) = (v, w). Therefore E is isomorphic to E1 @& E> by Banach Theorem. O

Again, the spaces E1 and E, are decomposable. Indeed, let

E3z= v3eE1‘/Vv3-V¢dx:O, v¢eH(}(QO)UH(}(9_)}
2

and

Ey= v4eE2‘/Vv4-V¢dx=O, v¢eHg(sz+)}.
2

It is easy to verify that
E = (H}(@2)n LIt (@) @ HY (20) @ E3
and

E; = H)(224) @ Eg.
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These decompositions were used in [16] in the computation of the critical groups of I at infinity. In order to compute
these groups, we follow the method in Section 4 of [16], by introducing a family of functionals I;, s € [0, 1], as
follows:

1
I;(u) = 3 /[|Vv|2 +2sVv-Vw + |Vw|2 —)»(v2 +2sv-w+ wz)]dx
Q

— /|:a+—_|(_xl)|w|qul - a_—_i(_xl)lvlerl +sH(x, v+ w):| dx
q p

for (v, w) € E1 x Ej.
We note that 71 (v, w) = I (v + w) = I (u) and that Iy(v, w) = J_(v) + J+(w) is of separable variables, where

_ 1 2 Loy, =)
J_(v) —/|:2(|Vv| A7) + S [v] :|dx
2

and

_ ! 22y A0
J+(w)—/|:2(|Vw| Aw ) | |w| dx.
Q

We shall compute the critical groups of I at infinity via those of 1. One can easily figure out the critical groups for J4
and so does for 1. Thus it remains to show that the critical groups for I are invariant along s € [0, 1].

Definition 2.3. Let C be a constant. A sequence {uy} = {(vr, wx)} C E1 D E» is said a weak Palais—Smale sequence
for I, if

L(ve, we) <C and || 1] (vg, wy) |

g« =O(llurll£) = o(llvkll &, + llwll£,)-
Obviously, a Palais—Smale sequence is a weak Palais—Smale sequence.

Lemma 2.4. Assume (A1), (A2),

(A3) h(x,&)=0(|&]) as |&| = +oo uniformly in x,
(Ad) A ¢ o (820).

Then any weak Palais—Smale sequence for I is bounded in E.

Proof. From the definition
L(ve, wp) <C  and || ] (g, wp) |

o = 0(lvell e, + lwills ),

we have
1
I (v we) = 5 /(lekI2 +25Vop - Vg + [ Vg = 2.(0F + 250k - wie + wy)) dx
2
_ /(a+_<x>|wk|q+1 LAt H G +wk>) dx<C
q+1 p+1
and

(I;(vk, w), (Vg, wk)> = /(IVvkl2 + 25V - Vwy + |Vw/<|2 — )L(v,% + 25V - wi + u),%)) dx
Q
— / (@ Q) wel T = a- ) [we P+ sh(x, v + wi) (o + wy)) dx
Q

2 2
=o(llvel3, + lwill,)-
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These imply
L /a+<x>|wk|q+1dx— L /af(x>|vk|f’+1dx<c+o(||vk||2E+||wk||2E).
2 g+1 2 p+1 ! 2
2 2

Now let n € C*°(£2) satisfy

(x) = 1, xef_,
)= 0, .XE.Q+,

again, we have

(I o, i), (ue, nwp)) = /[Vvk -V (ur) + sV (nur) - Vwg + sV (qwg) - Vog + Vg - V(qwy) | dx
2

+/a_(x)|vk|f’+‘ dx +O(Jlul12)
2
= o(lluxll ) Inull & = o(lluxllz)-
The first integral on the right-hand side of (2.2) equals

1
/I:EVU]% -Vn+ 17|Vvk|2 +snVuy - Vwki| dx

1
+/[anvk -Vwg +sVn - V(vgwy) + EVw,% -Vn+ anwk|2j| dx

2 1
= /[(1 — ) (IVor|* + [Vwel?) + 5|V (v +wo) | |ndx — 5 /(Ivkl2 + |wl? + 2svewg) Andx.
2 2
Substituting (2.3) into (2.2) it follows

/a—(x)|vk|p+ldx < O(lluell3) + o(llullz).-
2
Combining (2.4) with (2.1) we get

[ @l dx < €+ O(hunlB) + o).
Q
The assumption I (vg, wi) < C and (2.5) imply

1
5 /(|wk|2 +25Vug - Vg + [V |?) dx +fa_(x)|vk|p+l dx < C +O(|lugll3) + o(lluell%).-
Q Q
However, there is a constant C; such that

f(|Vv|2 +25Vv - Vu + [Vw[*)dx > (1 —s)/(|Vv|2 + | Vw|?) dx +s/ [Vul? dx
2 2 2
> Cl/(|Vv|2+ |Vw|?) dx.
2
Inserting (2.7) into (2.6) we have

/(IVvk|2 - Vux ) dx +/cu(x>|vk|f’+l dx < C +O(lug ) + o(llux 12).
2 2
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Therefore
lugll% < C(1+ uxl3) (2.9

for some constant C.
In view of (2.9), it remains to prove that ||vg |2 + ||wkl|2 is bounded. This is proved by contradiction. Suppose not,
we have a weak Palais—Smale sequence {(vg, wi)} satisfying [|vg|l2 + ||wk]l2 = +00 as k — oo. Define

- U Vg Wy

uy=——", Vpg=—"—"""T—"H-"", Wy=—"—"",
llvell2 + lwkll2 lvell2 + llwell2 lvell2 + llwkll2

(2.8) implies that {vy}, {wg}, and {iix} are bounded. By Lemma 2.1, E is reflexive, so we may assume, after a subse-
quence that

U — vg, Wi — wo, Ux—~ug weaklyin HO1 (£2)
and
Uy — vg, Wg— wo, Ug—>ug strongly in LZ(.Q)

with ug = vg + wo. Then ug # 0 as ||voll2 + l|lwoll2 = 1. Setting z; = 9y I (v, wi) and ¢ = > we have

g
vk ll2+lwiell2)

(2, @) = /(|v5k|2 — A0F)dx +s /(Vﬁk Vg — SAT - W) dx
2 2
-1 ~
+ (lvkll2 + llwell2)” fa—(x)lvkl”“dXvLO(l)-
2

Therefore

—1 -
(ol + lwklla)” fa_<x>|vk|P+1 dx<C
2

and

/a_(x)|ﬁk|p+1 dx — 0
2

by p > 1 and ||vg]l2 + [lwk |2 = +o0. It follows from ¥ — vy that

/af(x)|v0|p+ldx§ lim | a_(x)|5]" =0
Q k— 00

and then supp(vg) C 2.
Similarly, we have

/a+(X)|w0|q+ldx =0
2

Wi

and supp(wg) C S_Zo by computing (9, Is (vi, wi), B

). Hence wo = 0 provided by Awg =0 in 29 and
then supp(uo) C 2o.
Let us choose ¢ € H(} (£20) as an element in E, then we have
1

([, wp), ¢) = [ (V- Vo —Aind)dx +5 | (Vi - Vo — Ailegp) dx
vk ll2 + llwgll2
2 2

= /(Vﬁk -V — Aiipp)dx + s /(Vﬁ}k -V — A wgp)dx =o(1).
2 2
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Thus

f (Vuo - Vo — ruop)dx =0 Ve € Hl (£20)
2

by w; — 0. According to the assumption A ¢ o (£2¢), ug =0 in £29 and ug =0 in E. This is a contradiction. O

Lemma 2.5. Under the assumption of Lemma 2.4, every weak Palais—Smale sequence of I; contains a convergent
subsequence in E.

Proof. (1) Let {uz} = {(vk, wx)} be a weak Palais—Smale sequence of I; for some s € [0, 1]. According to Lemma 2.4,
{ug} is bounded in E.
(2) Applying Lemma 2.1, there is a u™ € E such that u;y — u* in E. After a subsequence we have

up(x) = u*(x) ae.in 2
and
up — u* in L?(2) and in L7 (£2).
(3) By the definition of weak Palais—Smale sequence, we have
(5 i) = L™, ug — u*) = o(llugll ) lux — u*ll g +o(1) = o(1) (2.10)
provided by the boundedness of {ux} in E. On the other hand, there holds

<Is/(uk) — I ("), ug — u*) = |uy — u*||§ +/a_(|uk|1’*1uk — |u*|l’*1u*)(uk —u™)dx +o(1), 2.11)

Q
where

lull? = /(le|2 +2sVv - Vw + [Vw|?) dx
2

is an equivalent norm of | u|| Hl = ( f o |Vu|2dx)l/ 2 by (2.7). From an elementary inequality, there is a constant C
such that

C/a,|uk —u* Pt dx < /a,(|uk|p_1uk - |u*|p_1u*)(uk —u)dx. (2.12)
19 9]
Combining (2.10)—(2.12) we get uy — u*in E. 0O

As a consequence of Lemmas 2.4 and 2.5 we have
Corollary 2.6. Under the assumptions of Lemma 2.5, the functional 1 satisfies the Palais—Smale condition on E.
The proofs of Lemmas 2.4 and 2.5 also yield (see Proposition 3.3 in [16]).

Theorem 2.7. Under the assumptions of (Al), (A2), (A3") and (A4), there are constants A and § > 0 such that
Vs € [0, 1],
1@l g = 8llulle  if I(u) < A.
Using the deformation /; we have the following theorem on the critical groups at infinity, its proof is referred to
Theorem 4.1 in [16].
Theorem 2.8. Under the assumptions of (A1), (A2), (A3") and (A4), all critical groups of I at infinity are trividl, i.e.,
Ci(l,00):=H,(E,I1°)={0}, %=0,1,2,...

fora < A, where A is the constant in Theorem 2.7 and 1* ={u € E | I (u) < a}.
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Also one defines

1 ay(x) a_(x)
Ly (u) =f[5(|w|2 —aul) — ;Tww“ + ﬁw’“ — He(x, u)} dx,
22

where uy = max{z%u, 0}, Hy (x, &) is the primitive of Ay (x, £) and
h(x,&), +£&2=>0,
hi(x,@:{ (08, *s

0, otherwise.
We have the following facts for /.:
() I+ (w) = I(u) if £u > 0;
(2) Let K and K4 be the critical sets of I and I, respectively, then K4+ = K N (£ P), where P = {u € H& (£2) |
u(x) >0ae. x € 2}.
As we proved in [16], the following theorem holds.

Theorem 2.9. Under the assumptions of (Al), (A2), (A3') and (A4), the critical groups of 1+ at infinity are well
defined and trivial, i.e.,

Co(le,00) =10}, *=0,1,2,....

Remark 2.10. In the following sections we shall consider the functional on the space Cé (£2) rather than the space E.
Let I = I|C(§(§) and I+ = Ii|c(§(§)' It is well known [25] that

Hy(Cy(2), 1) = Ho(E, I*) ={0}, %=0,1,2,...,
and

Ho(C}($2),1%) = Hy(E, I£) ={0}, *=0,1,2,....

This means that the critical groups at infinity for both / and I are trivial.
Remark 2.11. The results in this section hold if the term ||~ u is replaced by g(u) satisfying:

g lg) < CA+[ul?)uek,
(g2) there are constants 6 > 2 and R > 0 such that

gwu=>60Gw) >0, |ul>R
where G(u) = [, g(s)ds.

3. The heat flow

LetT >0and 27 =(0,T) x 2 and ¢ € C(l)(ﬁ), in this section we study the L° a priori estimate for the solution
v e C'(R27) of the nonlinear heat equation:
dut, x) =(A+MDv+ar@f v —a @ P v+ hx,v), (1,x) e’
v(t,x)=0, (,x)el0,T)x0d82,
v(0,x) =¢(x), x€8£, (3.1)

and explain how the heat flow can be used in Morse theory for the associated functional. It is well known that the
solution v may blow up at finite time. However, if one adds a finite energy condition, the blow up phenomena can be
ruled out, see Ackermann, Bartsch, Kaplicky and Quittner [1], Cazenave and Lions [11], Chang [14], Giga [19] and
Quittner [27]. For technical reasons we assume

+o00, n=1,
7, n=2,
(A2) q<pi=118 n=3,

92 —4n+16/n(n—1)

Gn_dy? , n>3
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and p > 1. We shall prove

Theorem 3.1. Assume (Al), (A2") and (A3). If v is a solution of (3.1) which blows up at a finite time T, then
I(v(t,")) > —ococast— T —0.

Theorem 3.2. Assume (A1), (A2") and

(A3) h(x,&)=o0(|&]) as |&| — oo uniformly in x,
(Ad) X ¢ 0 (820),

where 20 = 2 \ (24 U 2_) and o (§20) is the spectrum of —A on $2¢ with Dirichlet boundary condition. If v is a
global solution of (3.1) satisfying 1 (v(t, -)) = —Cq for some constant Cy, then the w-limit set w(¢) # @ and contains
critical points of 1.

Combining Theorems 3.1 and 3.2 we have

Theorem 3.3. Assume (Al), (A_2’ ), (A3") and (A4), the Morse theory for isolated critical points of the functional 1
holds in the Banach space C(l) (82). The Morse theory is related to the order preserving parabolic semi-flow.

In the remaining of this section we give details of the proofs.

Lemma 3.4. Ifv e C'(27) is a solution of (3.1) and if I (v(t, -)) > —Cq Vt € [0, T] for some constant Cy, then there
is a constant Ct (¢, Co) depending only on ¢ and Cq such that

[v@. )|, < Cr¢. Co).

Proof. It follows from the Holder inequality that

t

Hv(t, ) — d)”2 = /st(s, )ds
0 2

T 172
< Tl/z(/HBSv(s, -)||§ds>

0

1/2
<[T(1@®) —1(v(T,))]
provided by

T T
d
/Hasv(s, y|3ds =— /E v(t, ) di = 1(¢) — I (v(T, -)).
0 0

Now the conclusion follows easily. O
Lemma 3.5. Under the assumptions of (Al), (A2), (A3") and (A4), if v € cl2Tyisa global solution of (3.1) and if
I (v(t,-)) = —Cq Vt € [0, 400) for some constant Cy, then there is a constant Cy such that
lo@. )], <Ci. 1€[0,00).
Proof. We prove it by contradiction. Suppose not, there exists a sequence {f;} such that ||v(#, -)||2 = k. According to

Lemma 3.4, #; — +00 and we may assume ;41 — fx > 1. By Lemma 2.4, a contradiction follows if we can construct
a weak Palais—Smale sequence of [ close to {v(f, -)}.
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(1) Claim: 3n > 0 such that

k
v, )|, = 3 Viel—mnul

Indeed, Vs < 1

[Jots. 23— ot ) 3] =2

173
// voyv(t, x)dx dt
s

i " 12
<2 [1ut e f oo )

S s

178
< (1(9) + Co) + / v, ) ||§dt.

From the Gronwall inequality

[vte. )3 < (Juts. )3+ €1)e™™, s <,

where C1 = I (¢) + Co. Thus we can find an n > 0 satisfying

v, )|, = g telty—n,nland k> 1.

(2) Claim: 3sy € [tx — 1, tx] such that

/|8,v(sk,x)|2dx < @.

2

This is due to the fact:
+0o0

//|8,v(t,x)|2dxdt<1(¢)+C0~

0 Q2
(3) Now let uy = v(sg, -), then
I(up) =1 (v(sk, ) < 1)
and V¢ € E,

(1 i), v)| = '/81U(Sk,x)1/f dx
22

) 12
< </|3,v(sk,x)| dx) V112
2

1/2

<n V2 (1) + Co) IV g

That is,

17 )| o <072 (1) + Co)'* = 0(lluxllz) = o(lluxl ).

Therefore, {u} is a weak Palais—Smale sequence and is bounded by Lemma 2.4. This is a contradiction. O

Having Lemmas 3.4 and 3.5, now we can prove the main estimate.
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Lemma 3.6. Let J = [0, T. Assume (A1), (A2") and (A3), if v € C! (ﬁ) is a solution of (3.1) satisfying
v, 9], <Cs tel0,T],
where T is either finite or infinite, then ||v(t, -)||co is bounded on J.
Proof. We estimate ||v(t, -)|| s in various subdomains of §2 separately.
(1) For € > 0, let £2 ¢ be the e-neighborhood of §24 in £2. Since 2. N 2_ =0, there exists € > 0 such that

.Q+ cN§2_ =0, then 0§24 ¢\ 082 C £20 and (0824 \082)N .Q+ = (). We fix € from now on and ¥ (¢g, xo) € £27 and
VR > 0, denote Qg (to, x0) = (1o — R*, to + R3) x Bg(xo). Now v satisfies

ov=Av+Iv+h(x,v), (t,x)e€l0,T]x 2.

In case Qg (9, xo) C 21, according to Moser’s iteration on the local boundedness of the weak solution v on £2,
see [23], there exist Ry and C > O such that VR € (0, Rg], there holds:

C , 172
sup |v(t,x)|<(W / |v(t,x)| dxdt> +C.

0 R (t9,x0)
groso QR (t0,x0)
In case xg € 9§2 N £2¢ and tp > 0 we also have

C 5 1/2
sup |v(t,x)| < (—2 / |v(t,x)| dxdt) +C.
0 g (t0,x0)N2T R+
2 ORr (to,x0)NLT

If T is finite, one fixes R > 0, then [RTZ, T] x (0824 ¢ \ 952) is covered by finitely many, say M, cylinders in the
. 2
family {Q & (f0. x0)[(f0. x0) € [, T] x (382+.¢ \ 92)}. Thus

1/2
sup |v(t,x)|<M|:(Rn+2 /|v(t x| dxdt) —i—C}. (3.2)

(B2 T1x(9924.6\02)

If T = 400, applying the same arguments to the domains [k — 1,k + 1] x £29, k=2,3, ..., we get

C 5 1/2
sup |v(t,x)| <M|:(n—+2 / |v(t,x)| dxdt) +C:|.
[k—1,k+11x (324.c\0£2) R
Or(t0.x0)N2T

The number M and all constants are independent of k, so we have
C 5 172
sup lu(t, x)| gM[(W / lu(t, x)| dxdt) +C}. 3.3)
2 ,
[B% +00)x (8021.6\012) Or(lom)N2T
According to the assumption:
v, 9], <Cs tel0,T],

the right-hand sides of (3.2) and (3.3) are bounded by M[C + ( € _y1/2C,], and then v is bounded on [RTZ, T] x

Rn+2
(0824, \982).
(2) By a standard argument of the variation of constant formula, we have
sup  |v(t, x)| < Cysup|p(x)|. (3.4)
0, 821x 2 2

Combining (3.4) with the estimates in the last step we obtain
v, 0| < Coy (1x) €T X (88246 \ 992), (3.5)

where C; is a constant depending on C;.
(3) Let us consider Eq. (3.1) on the subdomain £2 \ £2+ ¢:
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1t x) = (A + vy —a_ @i |Pop +hlx, o), Y(,x) €T x (2\ 24.0),
vi(t, x)=v(t,x), V({t,x)eJ x(024+.\08),
vi(t,x)=0, V({t,x)el x (8(2 N (m»,
v1(0,x) =¢((x), Vxe2\ 2+,
By the uniqueness,
v(t,x)=v1(t,x), V({t,x)eJ x(£2)\ 2+.).
We apply the weak maximum principle due to De Giorgi’s iteration [23], it follows

lvllLerx(2\24.0) = V1L x(@\24.0) < C3 (3.6)

for a constant depending on Ca, ¢, A, h and C}.
(4) Finally, we consider Eq. (3.1) on the subdomain $2 :

dva(t, x) = (A + My +ar ()9 s + h(x,v2), V(. x)€J X 24,
va(t,x) =v(t,x), V(t.x)eJ X (321.\08),

va(t,x) =0, V(t,x)eJ x(02N024),

12(0,x) =¢((x), Vxe24..

Since g < p’f is assumed, after the iteration estimate due to Quittner, see [1], and (3.6), we have

lvllLeerxs2s) = lv2llLex2y) < Ca. 3.7

In summary we have proved the boundedness of sup;.; [[v(, )|leo. O

Proof of Theorem 3.1. This follows from Lemmas 3.4 and 3.6. In fact, if I (v(z, -)) > —C for some constant Co > 0,
then |Jv(z, -)||2 < C7. By Lemma 3.6, ||v(¢, )|l is bounded on [0, T']. This contradicts with the assumption that 7 is
the blow up time. 0O

Proof of Theorem 3.2. Let v be the global solution of (3.1). After Lemma 3.6 we have |[v(¢, -)||co < C2 Vz. Then
by a standard argument, see [10], Theorem 9.4.2, w(¢) # @ and Vu € w(¢), it is a critical poir£ of I with I(u) =
lim;— 400 I (V(2, -)) = —Cp. According to the regularity theory, the topology can be taken on C(]) (£2). O

Proof of Theorem 3.3. Assume now that the functional I has only isolated critical points. If the global orbit O (¢) =
{v(t,-) | t € RT} exists and satisfies I (v(z,-)) > —Co, again_by Lemma 3.6 and Theorem 9.4.2 in [10], the limit set
(¢) must be a singleton. Moreover, the limit exists in Cé (£2) topology. O

The heat flow v(z, ¢) with initial value ¢ is used to replace the pseudo-gradient flow. In order to establish the
Morse theory for the isolated critical points, it is sufficient to prove the following deformation lemma via the heat
flow: Let K be the critical setof I, a < d,if KN i‘l(a, dl]=@andif K, = KN ! (a) is isolated, then [“isa strong
deformation retract of 2, where [ = I lc 1(@)

Indeed, Vo € I~ (a, d], let Ty > 0 be the maximal existence time of v(z, ¢), and let O(¢) = {v(z, ¢) | t € [0, T)}

be its orbit. Let 7 be the arriving time of the orbit O(¢) at the level I~ (a). According to Theorems 3.1 and 3.2,

ty > 0 is either finite, 1y < T if [(w (¢)) <a,orty =+oc and w(P) € I~!(a). In both cases, we can rescale the time
variable as follows: Let

(@) — 1 (v(t,9))

_ . VYoella,dl].
@) —a pel (a,d]

T=1(t)=

Then we have
7(0) =0, ~
t(+o0)=1 ifw(p) el (a),
T(+o0) > 1 if I(w(¢)) <a.
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Let z(7) be the inverse function of 7(¢) and

n(e ¢)={v(t(r),¢) if (r,x) € [0, 1] x [~ '(a, d],
’ ¢ if (t,¢) €[0,1] x I,.

Observing the relation

(v(t ?)) = /|a,v(t ¢)| dx <0, Vt<Ty,

the flow v(z, @) is transversal to each level set 1 (c) forall c € (a,d] and ¢ € ! (a,d].
A standard argument in [11] and [14] can be applied to verify that n is the desired strong deformation retract. Since
n is a rescaling of the heat semi-flow which is order preserving, so is 7.

Remark 3.7. Without the requirements of the strong order preserving and of the C(l) (£2) topology, the Morse theory
for the isolated critical points of the functional I holds on the space E = Hg £2)N ngl (22) forg <2* —1.

This is due to the Palais—Smale condition on E, see Corollary 2.6.

Remark 3.8. Theorems 3.1-3.2 hold for the solutions of the following heat flow:

du(t, x) = (A + 1) +ar()|velfvg —a () |vel”og +ha(x,v),  (1,x) e 27,
v(t,x)=0, (,x)€l0,T)x 082,
v(0,x)=¢(x), xe2. (3.8)

These flows preserve the cones P and —P, respectively.
4. Critical points theorems

In this section, for u, u € C (£2) with u < i, the order interval [u, u] is defined to be the set {u € C 2)] u(x) <
u(x) <i(x) Vx € 2}.

Theorem 4.1. Let the assumptions (A1), (A2), (A3’) and (A4) be satisfied. Suppose that Eq. (1.1) has two pairs of
sub- and super-solutions v; < v;, i = 1,2, satisfying v{ < vz and [v{, V11N [v,, V2] =0. Then (1.1) has at least a
solutionu € [v, 02]\ (v, V1] U [v,, 02]), which is a mountain pass point ofI~ if there are only finite many critical
points of T on [v, 521\ ([, 111U [0, 2]).

Proof. We only work on the ordered interval [v , v2], which is a bounded set in the L°°-norm, so we can use the
modified gradient flow of I:

n=n—(—=A+kD™ (An+arnl?'n—a_nlP""n+h(x,n) +kn), k>0 large

as a deformation for the functional 7. All intervals [vy,02], [vy, V1] and [v,, v2] are positively invariant w.r.t. the
modified gradient flow. This can be proved as in the definite nonlinearity case. Let S; be the critical set of I located
in the intervals [v;, v;],i =1,2,and § = S U Sy, then [v;, v;] and [v{, v2] are isolated neighborhoods of §; and S,
([v;,v:],9), and ([v, V2], ¥) are the index pairs of S; and S, respectively, i =1, 2. All intervals [v, v2], [v,, V2],
[v, v2] are contractible, hence we have

Ci(l,5) =Cu(I,8) =8,0G, x=0,1,2,...,

where Cy (I, S), *=0,1,2, ..., are the critical groups for isolated critical set S, G is the coefficient group of homol-
ogy, see [15]. Following the Morse relation, there must be a critical point u € [v, v2] \ ([v, vl] Ulv,, v2]) with
C1(I,u) # 0 provided by the finiteness of the critical points. Thus u is a mountain pass point of I. O
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Remark 4.2. Without assuming the finiteness of critical points, a minimax proof can be found in [22] (proof of
Theorem 1.3).

In the study of sign-changing solutions of definitely nonlinear problem, i.e, a_ = 0, we have combined the infor-
mation of critical groups at infinity and the positive invariance of the positive and negative cones under the flow to
obtain an abstract critical point theorem in [13], see also [7]. Now we are going to use the heat flow, which preserves
the positive and negative cones in Cé (£2), and the results in Section 2 on the critical groups at infinity to get a similar
result with indefinite nonlinearities.

With the aid of the functionals 74+ and the heat flow for the functionals I;, we can prove the following theorem.
Let P = P NC}(£2).

Theorem 4.3. Under the assumptions (A1), (A2), (A3') and (A4), ifu <0 <uisa lzair of sub and s~uper—s0~luti0ns

of (1.1), then there exist at least 3 distinct solutions uy,uq of (1.1) such thatuy € =P\ D andug ¢ PU(—P)U D,

where D = [u, u].

Proof. (1) Let K be the critical set of I and K= be that of /%, then K* = +P N K. We know by the excision that
H (P UIL I$) = H(£P, £PNIY), *=0,1,2,.... 4.1)

In the following we choose a < A, which is defined in Theorem 2.7 and min{/ () | u € D} > a. We claimif 1 < q <
pi‘, then

Ho(C)($2), I) = H(£PUIL, I¢) =0, %=0,1,2,.... (4.2)

We follow the argument in [6] (proof of Theorem 3.2) to prove (4.2). We only consider the functional f+. Letv(z, ¢) be
the solution of (3.8). By the strong maximum principle for sub- and super-solutions we know that O is in the interior
of D (see Section 3.2 in [20]). According to the strong maximum principle of the heat equation and Remark 3.8,
using the fact that O is in the interior of D, V¢ € Cé (£2), 3t (¢p) > 0 such that v(t(¢), @) € int(15 UubuU fi). Thus

there is a neighborhood Uy of ¢ in Cg(ﬁ) such that v(t(¢), V) € int(13 UuDU fi) for all s € Uy. Consider the
covering {Ug|¢ € C(])(ﬁ)} of COI(S_Z), we take a locally finite partition of unity (7;) je; subordinating to {Uy}, then
supp(rj) C U, for some ¢;. Let

T:Cy(2)— [0.400), T(®)=Y 7;(@)(¢;)
J

and
n:[0,11x Cy(82) = Co(2),  n(s, $) = v(sT($), ).
Since PUD U fi is positively invariant w.r.t. the heat flow, n(s, PUDU fi) CcPUDU fi for s € [0, 1]. Moreover,
n(1,CH(£2)) C PUD U I{. Now, let n = Nio,11x(Bupue)- then
m:[0,11x (PUDUIY)— PUDUI“
is a homotopy between the identity and (1, -). Hence
m(l, ) Hy(PUDUI{) - H(PUDUIY)
is an isomorphism. This implies that
i Hy(PUDUIY) > Hy(C§(82))
is injective, and that
m(1, s Hy(Cy(2)) > Hy(PUDUIY)

is surjective, where i : P U D U ffﬁ — C(l) (£2) is the inclusion map. Therefore
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H(PUDUIY)=H,(Cy(2))=0, *=1,2,...,
Hy(PUDUI{)=G

since Hy(PUD U I~J“r) # 0 and Ho(Cé (£2)) = G. This proves that i, is an isomorphism and
H(PUDUIY) = H(C)(2)) =8.:0G, *=1,2,.... 4.3)

Since both P and Q are closed and convex, PNDisa strong deformation retract of D, i.e., there is a continuous
map r:[0, 1] x D — P N D such that

r(s,u) =u, uef’ﬂD,
r(O,u)=u, ueb,
r(l,uye PND, ueD.
It follows from min{f(u)lu € D} > a that the map 7 : [0, 1] x (PUDU fi) —~PUDU f_ﬁ given by

~ _[r(s,u) ifueD,
r(“‘”")_[ ifug¢D

is a strong deformation retract, which induces an isomorphism
i H(PUIY)=H,(PUDUIY).
By (4.3) we have
H(PUI%) =6.0G, %=0,1,2,..., (4.4)

and that i, : H*(l5 U fi) — H*(Cé(ﬁ)) is also an isomorphism.
Consider the following commutative diagram:

H(I%) ——H(PUIY)——=H(PUI, [$)—H_1(I9) —H_1(PUI})——
H(I$) — H(C}(2)) — H(C} (), [¢) —— H_1(I¢) — H;_1(C{(2)) —>

all vertical maps i, : H*(INJ“F) — H*(fi) and i, : H*(13U1~fﬁ) — H*(Cé(ﬁ)), x=0, 1, ..., areinduced by the inclusion,
and are isomorphisms, the rows are exact, so by the Five Lemma, Theorem 2.9 and Remark 2.10, (4.2) holds.

(2) There exists ug € K such that uq ¢ PU (—}3) U D.

If K C PU(—P)UD, then by the same argument as above we have

H(C)($2), ") = H,(PU(—=P)UDUI, [*) =0. (4.5)
On the other hand, by +PN ij’t =+P NI, and min{I (u)|u € D} > a, after excision we obtain
H(PU(-P)UDUI* [*)=H,(PU(-P)UD,I“N(PU(-P)))
=~ H,(PU(-P)UD,(I¢£NP)U(-PNI%)). (4.6)
We see from (4.1), (4.2) and the exact sequence of homology for the pairs (£P,£PN ii) that
H(£PNI{)=8,0G, *=0,1,2,..., 4.7

since i? is contractible. The set P U (—P) U D is also contractible provided by the convexity of +P, Dand 0 €
P N (—=P)N D. Applying the exact sequence to the pair (P U (=P)U D, (I{ N P)U (=P N1%)) and (4.7) we get

H(PU(-P)UDUI* [*)=H,(PU(-P)UD, (I{NP)U(-PNI))
~8,1G, *=0,1,2,...,

which contradicts with (4.5). The existence of uy € K such that ug ¢ P U (=P) U D follows.
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(3) There exist u+ € +p \ D. ; 5
It follows from the contractibility of P U D and P, the exact sequence and (4.7) that

H(PUD,PNI¢)=H,(P,PNI)=0, %=0,1,2,.... (4.8)
Both 2 U D and D are contractible and positively invariant sets of the heat flow, we have

Co(I,KND)=8,0G, %=0,1,2,.... 4.9)
The~refore, Kn (}3 \ D) # (J by (4.8), (4.9) and the Morse relation, i.e., Ju; € K N (}3 \ D). Similarly, Ju_ € K N
(=P\D). O

Remark 4.4. One can show that both # and u_ are mountain pass points of I if the number of positive and negative
solutions of (1.1) is finite.

Indeed, we have
H(PU(=P)UD,(PNI*)U(=PNI*)=H,(PU(-P),(PU(-P))\({0})
=68,,1G, *=0,1,2,.... (4.10)

From (4.10) and the Morse relation on the invariant set P U (—P) U D, we have

mi :ZrankCl(f,ui) =2
+

and at least one of rank C (I, u+) > 0. Therefore
rank C; (1, us) =1

and x4 are mountain pass points of I, see [12].
This conclusion holds even without the finiteness assumption. It can be proved by the minimax argument in the
invariant set P U (—P) U D, see the proof of Theorem 1.3 in [22].

5. Multiple solutions

Applying the previous results, now we turn to study the multiplicity of solutions of Eq. (1.1).
Combining Theorems 2.8 and 2.9 we have

Theorem 5.1. Under the assumptions (A1), (A2), (A3"), (A4) and (A5) A ¢ o (£2), Eq. (1.1) has three nonzero solu-
tions, among them, one is positive, one is negative if A < A1, and has a nonzero solution if . > A1. Moreover, if the
number of positive and negative solutions is finite, then there is a sign-changing solution of (1.1).

Proof. The proof has been given in [16] (Proof of Theorem 5.1) we repeat it here for the convenience.
(1) First we note from (A5) for all cases, # = 0 is an isolated critical point of I (u) with
C.(1,0) = 8,1, G

where iy = in<x dim(—A — A;). According to Theorem 2.8, H,(E, I*) = {0} * =0, 1, 2,..., hence by the Morse
relation, see [12], there must be a nonzero solution of (1.1). In case A < A, igp = 0 and 0O is a local minimizer. The
existence of a positive (and a negative) solution follows from the mountain pass theorem for 7 (and /_, respectively).
And the existence of the third solutions follows from the Morse relation and Theorem 2.8.

(2) Next, with the finiteness assumption of the positive and negative solutions, let {uf}l1 and {u;}’f’ be the sets of
positive and negative solutions, respectively. We assume that there is no sign-changing solution. Let

Xt () =) (=1 rank Cp (11, u™)
and

X (ui) = Z(—l)k rank Cr (1, ui).
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It is known that x (u™) = x4 (u™). According to the Morse relations for I, I_, I and Theorems 2.8-2.9, we have

1
X+ 0 + D xr ) =0, (5.1)
1
X0+ x-;)=0 (5.2)
1
and
1 m
xO) 4D x@H+Y xw;)=0. (5.3)
1 1

It was proved in [16] that x4 (0) = x_(0). Thus from (5.1)-(5.3) we get
x(0) = x—(0) + x+(0) =2x-(0).

It is known from the previous paragraph (1) that x (0) is odd, while the right-hand side of the above equality is even.
This contradiction concludes the existence of a sign-changing solution of (1.1). O

In order to emphasize the role of the nonlinear terms a4 |u|? 'u and a_|u|?~'u in the modelling equation, we
assume further

o(ar(x)|ul®) as|u|— 0 uniformlyin x € 24,

(A6) h(x,u):{o xe2

where o = max{p, g}. We study two cases:

D p <gq or p=gq with f_Q (ay — a_)¢>1p+1dx < 0, where ¢ is the first eigenfunction —A.
an p>gq.

Case 1. According to [4], A4 > A such that (1.1) admits a positive solution for A € (A1, A4+), but no positive
solutions for A > A4. By the same reason, 31_ > A; such that (1.1) admits a negative solution for A € (A1, A_), but
no negative solutions for A > A_.

Theorem 5.2. Under the assumptions (Al), (A2"), (A3'), (A4) and (A6) in Case (I).

(D) If vg <A <Ay and ) ¢ 0(82), then Eq. (1.1) has at least two positive, two negative and three sign-changing
solutions.
(2) If M1 <A < Ay <Ay, then Eq. (1.1) has at least two positive, two negative and one sign-changing solutions.

Proof. We only prove the first statement. The second one can be proved similarly.

(i) By the assumption A < A < A4, there are two pairs of sub- and super-solutions: v | < v <0 < v, < vz, where
V] = —€¢) and v, = €¢; for small €. Applying Theorem 4.1, for small €, we have a positive solution uir € vy, v2],
a negative solution u¢ €[v, v1] and ug €lvy, 021\ ([vq, v1]U[v,, v2]). Since € > 0 can be chosen arbitrary small,
all solutions 0 #u € [v, v2] \ ([vy, V1] U [v,, v2]) must be sign-changing. If the number of solutions of (1.1) in
[vq, v2] is finite, then we can assume Cy ([, ug) = 04,1G, by Theorem 4.1. But we know C (7, 0) =0, hence uf) #0,
i.e., ug is sign-changing.

Moreover, by the assumption A ¢ o (£2), ind(/’, 0) = %1 and we conclude that there exists one more sign-changing
solution uy in [v, v2] by computing the degree on the invariant set [v |, v2]. Indeed, if ug is the only sign-changing
solution of (1.1), then

deg(1’,[v}.02],0) =deg(I’,[v,, ¥1],0) +deg(I’, [v,, 2], 0) + ind(Z’, 0) + ind(I’, u).
This is impossible because

deg(l/, (v, 172],0) :deg(l’, (v, 171],0) :deg(l’, [v,, 152],0) =1
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provided by the contractibility of [v, v2], [v;, ¥;], i = 1,2, and ind(Z’, ug) =—1.

In summary there are one positive, one negative and two sign-changing solutions in the interval D =[v, v2].

(i1) Now applying Theorem 4.3 to the set [ v {, v2], we conclude that, outside D, (1.1) has a positive, a negative and
a sign-changing solutions.

Combing (i) and (ii), the proof is completed. O

Remark 5.3. One can analyze various cases in more details and count the number of solutions by the previous method.
The results extend those in [16], where only the case A < A| was studied, and in [1], where p = ¢ was assumed.
Case II. We add a parameter y > 0 to Eq. (1.1) as follows:
—Au=u~+ay)ul? u—ya_ )|’ u+ hix,u) (1.1);,

and let 1, ,, be the associated functional. We assume (A6). Following the argument in [5], (1.1);,, possesses a positive
super-solution #, as y > 0 large and a positive sub-solution u ,,, which can be arbitrarily small for A > 11 —€,€ >0
small. Indeed, let w, be the unique solution of

Y

—Aw:)_\w—ya_wp, x €S2,
w(x) >0, x € $2,
w(x) =0, x€of2

where A € (A, 1(£20 U £2;)), then 3y; = y; (1) such that for y >y, i, = Wy, is a positive super-solution. And u, is
the positive solution bifurcating from (0, A1). By the assumption (A6) and g < p, the branch of solutions of (A(«), uy)
with A(0) = A1 and uy = ¢y + o(e) is on the left side of (0, A1) locally, i.e., A(e) < A1 as o > 0 small. Moreover,
by simple computation, see [5],

Duy@,) < Dyy(,) <0 asi =i,
and
Diy(,) < hyy,) +elu,|® ashelr—e ]
for € > 0 small. Therefore,
I;L,y(gy) <0 ase>Osmalland A > A1 — €.
Define
yo(A) = inf{y > 0] (1.1), , admits a solution u > 0 and I , (1) < 0}.

Following the proof of [5] Lemma 5.4, we have yp(1) > 0 such that for A € [A1, 11(£20 U £24)), and that (1.1);_ )
admits a positive solution.
Let

y*=inf{yo(A) | 1 > A1} = yo(h1) > 0.
In [5], Alama and Tarantello defined, for y > y*,

A4 (y) =sup{i > 0] (l.1); , admits a positive solution}
and

A_(y) =inf{A | (1.1);_, admits a solution u with 0 < u < u(x) a.e.},

where u, is a positive solution of (1.1);, (5),,, and proved that: —00 < A_(y) <A1 <Ay (y) <A1(£20U £24) in
Lemma 5.9. Moreover, there exists a pairs of positive sub- and super-solutions (u v uy) for A € A_(y), A+ (¥)).
Now we use these facts to prove

Theorem 5.4. Under the assumption (Al), (A2"), (A3'), (A4) and (A6), to Eq. (1.1);,,, there exist y* > 0 and
—00 < A_(y) <A1 < Ay (y) such thatVy > y*,
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(1) For 0 <X < A_(y), there exist at least one positive, one negative and one sign-changing solutions.

(2) For A_(y) < A < A1, there exist at least three positive, three negative and one sign-changing solutions.
(3) For Ay < X < Ay (y), there exist at least two positive, two negative and one sign-changing solutions.
(4) For Ay < A < Ay (y), there exist at least two positive, two negative and three sign-changing solutions.

Proof. Case (1) follows directly from Theorem 5.1.

Case (2): Let (gy, uy) (and (v, vy)) be pairs of positive (negative) sub- and super-solutions of (1.1); ,, respec-
tively. Besides, (—ed@1, €¢1) is also a pair of sub- and super-solutions. According to Theorem 4.1, there exist positive
solutions u)l, €lu,, uy]and u)z, €[0,uy ]\ [u,,, iy ], negative solutions v)l, €lv,,vy] and v)z, €lv,.01\[v,, vyl
Moreover, we apply Theorem 4.3to D :=[v " iy, ], there exist one positive solution ui, )3/
one sign-changing solution v, all are outside D.

Case (3): It is similar to Case (2), but there exist only one positive and one negative solutions inside D.

Case (4): Similar to the first paragraph of the proof of Theorem 5.2, there exist one positive, one negative and
two sign-changing solutions in D. Again, there are one positive, one negative and one sign-changing solutions out-
side D. O

one negative solution v;, and

Remark 5.5. The remaining two cases are as follows:

Case (5): A = A_(y), there are at least two positive, two negative and one sign-changing solutions, see [5], Theo-
rems 4.1 and 4.2.

Case (6): L = A4 (y), there are at least one positive and one negative solutions, see [5].

Remark 5.6. We also have some information on the type of solutions from the point of view of critical points.

Case (1): Both positive and negative solutions are mountain pass points.

Case (2): Among the three positive (negative, respectively) solutions, one is a local minimizer, and two are moun-
tain pass points.

Case (3): Among the two positive (negative, respectively) solutions, one is a local minimizer, the other is a mountain
pass point.

Case (4): The same situation occurs as in Case (3). Moreover, at least one of the sign-changing solutions is a
mountain pass point.

Remark 5.7. The positive solutions for Eq. (1.1), , have been obtained in [5].

Remark 5.8. As in [16], under the assumptions of theorems in this section, if we assume further that 4 is odd in u,
then there is a sequence of solutions {u} of (1.1) such that ||ug|lcc = +00 as k — +o0.
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