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Abstract

We examine the regularity of weak solutions of quasi-geostrophic (QG) type equations with supercritical (o < 1/2) dissipation
(—A)“. This study is motivated by a recent work of Caffarelli and Vasseur, in which they study the global regularity issue for
the critical (¢ = 1/2) QG equation [L. Caffarelli, A. Vasseur, Drift diffusion equations with fractional diffusion and the quasi-
geostrophic equation, arXiv: math.AP/0608447, 2006]. Their approach successively increases the regularity levels of Leray—Hopf
weak solutions: from L2 to L, from L™ to Holder (C‘s, 6 > 0), and from Holder to classical solutions. In the supercritical case,
Leray—Hopf weak solutions can still be shown to be L, but it does not appear that their approach can be easily extended to
establish the Holder continuity of L solutions. In order for their approach to work, we require the velocity to be in the Holder
space cl-2 Higher regularity starting from C% with § > 1 — 2a can be established through Besov space techniques and will
be presented elsewhere [P. Constantin, J. Wu, Regularity of Holder continuous solutions of the supercritical quasi-geostrophic
equation, Ann. Inst. H. Poincaré Anal. Non Linéaire, in press].
© 2007 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
This paper studies the regularity of Leray—Hopf weak solutions of the dissipative QG equation of the form

(1.1)

00 +u-Vo+rk(—A)*0=0, xeR",tr>0,
u=R@®), V-u=0, xeR"t>0,

where 6 = 0(x, t) is a scalar function, ¥ > 0 and « > 0 are parameters, and R is a standard singular integral operator.
The fractional Laplace operator (—A)“ is defined through the Fourier transform

“ANa 20 7Y n
(=A)*fE) =117 f(§), &eR"
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(1.1) generalizes the 2D dissipative QG equation (see [6,8,12,17] and the references therein). The main mathematical
question concerning the 2-D dissipative QG equation is whether or not it has a global in time smooth solution for any
prescribed smooth initial data. In the subcritical case o > % the dissipative QG equation has been shown to possess
a unique global smooth solution for every sufficiently smooth initial data (see [9,18]). In contrast, when o < %, the
question of global existence is still open. Recently this problem has attracted a significant amount of research [2—
7,11,13-16,19-24]. In Constantin, Cérdoba and Wu [7], we proved in the critical case (o = %) the global existence
and uniqueness of classical solutions corresponding to any initial data with L°°-norm comparable to or less than the
diffusion coefficient . In a recent work [15], Kiselev, Nazarov and Volberg proved that smooth global solutions persist
for any C*° periodic initial data [7], for the critical QG equation. Also recently, Caffarelli and Vasseur [2] proved the
global regularity of the Leray—Hopf weak solutions to the critical QG equation in the whole space.

We focus our attention on the supercritical case o < % Our study is motivated by the work of Caffarelli and Vasseur
in the critical case. Roughly speaking, the Caffarelli—Vasseur approach consists of three main steps. The first step
shows that a Leray—Hopf weak solution emanating from an initial data 6y € L? is actually in L>°(R" x (0, 00)). The
second step proves that the L°°-solution is C? -regular, for some y > 0. For this purpose, they represent the diffusion
operator A = (—A)!/2 as the normal derivative of the harmonic extension L from C$°(R") to CJ°(R" x R*) and
then exploit a version of De Giorgi’s isoperimetric inequality to prove the Holder continuity. The third step improves
the Holder continuity to C!+#, the regularity level of classical solutions.

We examine the approach of Caffarelli and Vasseur to see if it can be extended to the super-critical case. The
first step of their approach can be modified to suit the supercritical case: any Leray—Hopf weak solution can still be
shown to be L™ for any x € R” and ¢ > 0 (see Theorem 2.1). Corresponding to their third step, we can show that
any weak solution already in the Holder class C® with 8§ > 1 — 2, is actually a global classical solution. This result
is established by representing the Holder space functions in terms of the Littlewood—Paley decomposition and using
Besov space techniques. We will present this result in a separate paper [10]. We do not know if any solution in Holder
space CV with arbitrary y > 0 is smooth, and therefore there exists a significant potential obstacle to the program:
even if all Leray—Hopf solutions are C?, y > 0, it may still be the case that only those solutions for which y > 1 — 2«
are actually smooth. If this would be true, then the critical case would be a fortuitous one, (1 — 2« = 0). If, however,
all Leray—Hopf solutions are smooth, then providing a proof of this fact would require a new idea.

The most challenging part is how to establish the Holder continuity of the L°°-solutions. It does not appear that
the approach of Caffarelli and Vasseur can be easily extended to the supercritical case. In the critical case, Caffarelli
and Vasseur lifted 6 from R” to a harmonic function 6* in the upper-half space R” x R™ with boundary data on R”"

being 6. The fractional derivative (—A)%G is then expressed as the normal derivative of 6* on the boundary R” and
the H'-norm of 6* is then bounded by the natural energy of 6. Taking the advantage of the nice properties of harmonic
functions, they were able to obtain a diminishing oscillation result for 6* in a box near the origin. More precisely, if
6* satisfying |6*| < 2 in the box, then 6* satisfies in a smaller box centered at the origin

sup@* —inf@* <4 — 1*

for some A* > 0. The proof of this result relies on a local energy inequality, an isoperimetric inequality of De Giorgi
and two lengthy technical lemmas. Examining the proof reveals that A* depends on the BMO-norm of the velocity u.
To show the Holder continuity at a point, they zoom in at this point by considering a sequence of functions 6;" and uy
with (6k, uy) satisfying the critical QG equation. This process is carried out through the natural scaling invariance that
(@ (ux, ut), u(ux, put)) solves the critical QG equation if (6, u) does so. Applying the diminishing oscillation result
to this sequence leads to the Holder continuity of 6*. An important point is that the BMO-norm of uy is preserved in
this scaling process.

In the supercritical case, the diminishing oscillation result can still be established by following the idea of Caf-
farelli and Vasseur (see Theorem 3.1). However, the scaling invariance is now represented by 1>*~10 (ux, 1>%t) and
w2y (ux, n2*r) and the BMO-norm deteriorates every time the solution is rescaled. This is where the approach of
Caffarelli and Vasseur stops working for the supercritical case. If we make the assumption that u € C'=2%, then the
scaling process preserves this norm and we can still establish the Holder continuity of . This observation is presented
in Theorem 4.1.
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2. From L2 to L™

In this section, we show that any Leray—Hopf weak solution of (1.1) is actually in L for ¢ > 0. More precisely,
we have the following theorem.
Theorem 2.1. Let 6y € L>(R") and let 0 be a corresponding Leray—Hopf weak solution of (1.1). That is, 6 satisfies
0 € L=([0, 00), L*(R™)) N L([0, 00); H*(R™)). 2.1)
Then, for any t > 0,
160ll 2

o .

sup|f(x,1)| < C
Rl‘l

As a special consequence,

6ol 2

<C—
t da

Jut, 1) HBMO(]R")

foranyt > 0.

This theorem can be proved by following the approach of Caffarelli and Vasseur [2]. For the sake of completeness,
it is provided in Appendix A.

3. The diminishing oscillation result

This section presents the diminishing oscillation result. We first recall a theorem of Caffarelli and Silvestre [1]. It
states that if L(8) solves the following initial and boundary value problem

V- (zPVL©) =0, (x,z) eR" x (0, 00), (3.1)
L©®)(x,0)=6(x), xeR", '
then
(—A)%0 = lim (—z"L(9),), (3.2)
z—0
where b = 1 — 2. Furthermore, the boundary-value problem (3.1) can be solved through a Poisson formula
L(O)(x,2) =P(x,2) %0 = / P(x —y,2)0(y)dy,
]Rn
where the Poisson kernel
L0 22
Px,2)=Cop——————55 = Cno————555- (3.3)
(x> + 1z 2 (x> + 12132

For notational convenience, we shall write
0*(x,z,0) =L(0(-. 1)) (x, 2).
The following notation will be used throughout the rest of the sections:
f+=max(0, f), B,=[-rr]"cR", Q,=B,x[0,r]CR" x{t >0}
and

B*=B, x[0,r]CR" xR", QF=[-rr]"x[0,r] x[0,r] CR" x R" x {¢ >0}.

Theorem 3.1. Let 6 be a weak solution to (1.1) satisfying

0 € L=([0, 00), L*(R™)) N L*([0, 00); H*(R™))
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with u satisfying (3.8) below. Assume
6*| <2 in Qf.

Then there exists a 1* > 0 such that
supf* —inf0* <4 — A", (3.4)
o; 07

The proof of this theorem relies on three propositions stated below and will be provided in Appendix A. It can
be seen from the proofs of this theorem and related propositions that A* may depend on |ju|| o in the fashion
AF~ exp(—||u||'zﬂ) for some constant m.

The first proposition derives a local energy inequality which bounds the L?-norm of the gradient of 6* in terms of
the local L?-norms of 6 and 6*.
Proposition 3.2. Let 0 < t] < tp < 00. Let 0 be a solution of (1.1) satisfying
0 € L=([1, nl; L*R™) N L*([11, 2]; H*(R™)).
Assume the velocity u satisfies
u e L®([t1, n]; La (RM). (3.5)
Then, for any cutoff function 1 compactly supported in B withr > 0,

// b|V(n9+)| dxdzdt+/(n9+) (tr, x)dx < /(179+) (t1,x)dx

t1 B By
+ C // |Vn|9+ dxdt—l—// |Vn|9 dxdzdt (3.6)
1 B, n Bt

where

Cr= 1l oo gyt L% ey 3.7
If, instead of (3.5), we assume

ue LOO([tl, nl; Cl_za(Rn)) and /u(x, )dx =0, (3.8)

B,

then the same local energy inequality (3.6) holds with Cy in (3.7) replaced by

Cr=|u ||LDC([I1’12];C1720((R}1)). 3.9

The following proposition establishes the diminishing oscillation for * under the condition that the local L?-norms
of 6 and 6* are small.
Proposition 3.3. Let 0 be a solution of the supercritical QG equation (1.1) satisfying
6 € L*([0, 00); L*) N L*([0, 00); H®).
Assume that u satisfies the condition in (3.8) and
0* <2 in B} x[—4,0].

There exist € > 0 and A > 0 such that if

0 0
//(ei)zzbdxdzds+//(9+)2dxds<eo, (3.10)

—4B; —4By
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then
0+ <2—A onB;x[-1,0] (3.11)

The proof is obtained by following Caffarelli and Vasseur and will be presented in Appendix A. The following
proposition supplies a condition that guarantees the smallness of the local L>-norms of 6 and 6*.

Proposition 3.4. Let 6 be a Leray—Hopf weak solution to the supercritical equation (1.1) with u satisfying (3.8).
Assume that

0*<2 inQ}

and

104w
S

(.20 €0 0" <0}, >

where |Q} | denotes the weighted measure of Q) with respect to P dx dzdt. For every €| > 0, there exists a constant
81 > 0 such that if

[{(x.z.0) € Q4: 0<6*(x,z.1) < 1}|, <1,
then

/eidxder/(ei)zz”dxdzdt <Cef.

0 o7

The proof of this proposition involves a weighted version of De Giorgi’s isoperimetric inequality. More details will
be given in Appendix A. The isoperimetric inequality with no weight was given in Caffarelli and Vasseur [2].

Lemma 3.5. Let B, =[—r,r]" CR" and B} = B, x [0,r]. Let b€ [0,1) and let p > (1 +b)/(1 — b). Let f be a
Sfunction defined in B} such that

,
KE//zb|Vf|2dzdx<oo.
B, 0

Let

A={(x,2) € Bf: f(x,2) <0},

B={(x,z) € B}: f(x,2)>1},

C={(x,20€B50< f(x,2) <1} (3.12)
and let | Alw, |Blw and |C|y, be the weighted measure of A, B and C with respect to z” dx dz, respectively. Then

1 _ptl _1 1
LBl < CrHH 20000 e ) K

where C is a constant independent of r.

Proof. We scale the z-variable by

- 1 L
Z=_Zb-i-l or Z:((b_‘_l)z)lﬂrl'

When (x,z) € B, x [0,r], (x,2Z) € B, x [0, 7] with ¥ = ﬁ. For notational convenience, we write £, = B, x [0, 7].
Define

g(x,2) = f(x,z) for(x,z) € B, x[0,r].
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Let
= {(-x’z) e Br X [Oa F] g(-x’z) g 0}
and B and C be similarly defined. Therefore,

Al lBl, E//Z[fdxldzlzgdxzdm
S//(f(X1,11)—f(xz,zz))z’l’dm dz1 75 dxydzs

Z//(g(xl,fl) —g(x2,22))dx1dZ1 dxadZ;
AB
=//(g(i1) —g(32))dy1d5n, (3.13)
AB
where y; = (x1,71) and y» = (x2,72). This integral now involves no weight and can be handled similarly as in
Caffarelli and Vasseur [2].

Vg (y1 + ¥2)I .-
[ Al Blw < C[ WX{;I+§2)65} dy1dy;

—C// Ve xes oly~ —d5

ErEr+{32}

=Crf}Vg(i)\X{y€C“} dy, (3.14)
E,

where x denotes the characteristic function. By the definition of g,

0
Vg(x,2) =(Vig, 0:8) = (fo, 3zf8—§> = (Vefi 0 f 270,

By substituting back to the z-variable and letting y = (x, z), we have

,
AbalBla < €7 [ [ e/ IVer P+ o P dzd

1/2 1/2
c;»(/ (|vxf|2z2"+(azf)2)z"dzdx> (/ x{yec}zbdzdx> .

* *
Br r

By Holder’s inequality,

b 1/p p+1 1-1/p
/X{yec}z_ dzdx < (/z dzdx> ([/ dzdx>
B*

r

+1 1
_ |C|h/p r(n+1——§7lb)(1—l—)).
Therefore,

1
1+im+1-2t -1 7 ok
|Aly |Bly < C 2055 e gy

This completes the proof of this lemma. O
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4. Holder continuity under the condition u € C1~2¢
This section proves the following theorem.

Theorem 4.1. Let 6 be a solution of (1.1) satisfying
0 € L™([0, 00), L*(R™)) N L([0, 00); H*(R™)).
Let ty > 0. Assume that
6 € L(R" x [t9, 00))
and
u € L®([to, 00); C'72* (R™M)).
Then 0 is in C*(R" x [tg, 00)) for some § > 0.

Proof. Fix x € R" and 7 € [1g, 00). We show 6 is C? at (x, 1). Define

Fo(y,s) =0(x +y+xo(s), 1 +5),
where x((s) is the solution to

. 1
Xo(s) = Bl f ulx+y, t+s)dy,

xo(s)+By
x0(0) =0.

165

Note that xo(s) is uniquely defined from the classical Cauchy—Lipschitz theorem. Since 6 is bounded in R" x [#, 00),

we can define

9*

0= -
sup o Fy— infg: Fy 2

uo(y,s) =u(x +y+xo(s), t +5) — %o(s),

_ 4 <F6‘ - sup o FS‘ + ianj F(;>

where Fé“(y, z,8) = L(Fyp(-, 8))(y, z). Trivially, |9_6‘| < 2 and thus |0_0| < 2. To verify that (@0, ug) solves the super-

critical QG equation (1.1), it suffices to show that (Fp, ug) solves (1.1). In fact,

s Fo+ uo - VyFo = Xo(s) - V<0 + 9,0 + (u — Zo(s)) - V6
=00 +u- Vo =—A}0=—A}F.

In addition, for any s > 0,

”MO(NS)Hcl—za = ||u('st+s)”cl—2a and fMO(y’s)dy :O

By

Let u > 0 and set for every integer k > 0

Fe(y,s) = u* ' Fioy (my + 12 xe(s), u*s),

*

k= -
sup o Ff — inf s Fy 2

o - 1 2a
xk(S)—m / ug—1(uy, u=s)dy,

Ba+p2x(s)
xx(0) =0,
ur(y, s) = >

o

gt (y + 12 xi(s), 1)

_ MZO{*I

_ 4 < . suszFk*+ianjF,j>
kK~ ,

o

X (s).
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By the construction, |9_k| < 2and

||I/[k(', S) ||C172ot = l’Lza_l ||I/lk_] (M : +M2aa Mzas) ||C172oz
< ||uk—1('v I’L2as) Hclfﬁx
< ”MO('s Mzaks) ||C172a
= [+ 12
Furthermore,
/uk(y, s)dy =0.
By

We show inductively that (Ok, ux) solves (1.1). Assume that (x_1, ug—;) solves (1.1), we show that (8, ug) solves
(1.1). It suffices to show that (Fg, ux) solves (1.1). By construction, we have

95 Fr +uk - VyFy = '8 (s) - VFy + ' g Feoy + 1 (ure1 — %(9)) - Ve
= (35 Feet + ug—1 - VFi1)
=yl p g
=—AYFy.
For every k, we apply the diminishing oscillation result (Theorem 3.1). There exists a A* such that

supé,f — in*fe_,zk <4 — A%
o7 1

A* is independent of k since ||ug || -1-2 obeys a uniform bound in k. According to the construction of 0%, we have

_ _ 4
sup; —inf6; = - (supF,;k —ian,f).
o] = O ©  supgy F —info; B\ o 0f
Therefore,

sup I’ —inf Fi/ < <1 — —) (suka —1ank).
0; o 4/ %05 0;

By the construction of Fi, we have

sup  F{(ns)— inf F{(ys)
(r:5)€0; ey

Hoosup B (my + 1 xi(s), *s) —  inf F;f_l(uy+u2"‘xk(s),u2"‘s))-

— MZC{— )
(.5)€0; (y,8)€Qj

For notational convenience, we have omitted the z-variable. It is easy to see from the construction of x; that

o 2 2 2ak

|2k ()| < Jur—1Cop®8) | oo < JJur—1Co 1 aS)“cl—Zoc < uC 4+ S)Hcl—Zow 4.1)
For 0 < s < 1, we can choose > 0 sufficiently small such that

|y + 1) <4p+Cp < 1. 4.2)
We then have
sup  FEy ey + w2 xe(s), 12%s) — inf  FE (4 12 x(s), n*s)
(r,$)€0Qj (v,$)€Qj

< sup FY (y,s) — inf*F,f_l(y,s).
(y.5)€0} (v.5)eQ]
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Consequently,

)\’*
sup Fj' —inf F' < ,uzo‘_l <1 — —> (sup Ff - ian,f_1>.
ot 07 4 /N or o
By iteration, for any k > 0,
A\
sup Fj' —inf F' < ,u(zo‘_l)k<l — —> (sup Fy — ian{)k). 4.3)
0 0] 47 Yoy 9i
By construction,
Fo(y,s) =0(x +y+xo(s), 1 +5),
Fr(y,s) = u %0 (x + pby + 12T (o) 4+ 2 2001 (u%s)
oo 2 (D) +xo(us), 1 4 12*s).

To deduce the Holder continuity of 6 in x, we set s = 0. Then (4.3) implies

. "
sup w2 Ko (x + uby, 1) — inf R0 (x + uky, 1) < Cu(z"‘_”"<1 - —> :
4 1

YEB| 4
or
A\ K
sup 0(x + Xy, 1) — inf Q(x—l—uky,t)gC(l——) ) (4.4)
yeB; YEB] 4

To see the Holder continuity from this inequality, we choose § > 0 such that

*

1— = < ul.
T <K

Then, for any |y| > 0, we choose k such that

=24\ PN e
——1) < 1-=) < )
( 5 ) IyI> or ( 4> (wIy1)
It then follows from (4.4) that
sup O(x + by, 1) — inf O(x + uky.1) < C(uklyl)’.
yeB; yeB
For general 0 < s < 1 and y € By, we have, according to (4.1),

re = g (s) + X1 (U28) + -+ u 2 (e

g Cﬂza+k_1ls|(1 +M2a_l + ... +M(2a_1)k)
(=200 (D)

20+k—2 200(k—1) 2aks)

§) + xo(u

2atkr)—11—

= Clslu e

Without loss of generality, we can assume that i |y| > |s|?**. Then we can pick up § > 0 satisfying
*

1__ 2a8
g K

and suitable k such that

sup O+ byt +p® sy —  inf 0+ by 4, 04 p2Ks)
(y,s)eB; x[0,1] (y,5)€B; x[0,1]

< C(uhyl)” +C(u2Hs1)’

That is, 6 is Holder continuous at (x, ¢). This completes the proof. O
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Appendix A

The appendix contains the proofs of several theorems and propositions presented in the previous sections. These
proofs are obtained by following the ideas of Caffarelli and Vasseur [2]. They are attached here for the sake of
completeness.

Proof of Theorem 2.1. We first remark that (2.1) implies that 6 satisfies the level set energy inequality. That is, for
every A > 0, 6, = (6 — 1) satisfies

15)
/Qf(x,tz)dx+2//|A“0A|2dxdt </9§(x,t1)dx (A1)

I

for any 0 < #; < t» < 0o. This can be verified by using an inequality of A. Cérdoba and D. Cérdoba [11] for fractional
derivatives, namely

F(O)(=A)"0 = (—A)* f(6)

for any convex function f. Applying this inequality with
fO)=(0—21)4,

we have
305 +u - VO, + A*0; <0.

Multiplying this equation by 65, then leads to (A.1). Let k > 0 be an integer and let A = Cx = M (1 — 27%) for some
M to be determined. It then follows from (A.1) that

6= (6 — Co)+-
satisfies
8;/9,3(x,t)dx+/|A“9k|2dx <O0. (A2)

Fix any 79 > 0. Let t = fo(1 — 2. Consider the quantity Uk,

12>t

o0
Uy = sup/Q,f(x,z)dx+2//|A“9k|2dxdt.
173

Now let s € [#x—1, tx]. We have from (A.2) that for any s < ¢,

t
f@,?(x,t)dx+2/f|A“9k|2dxdzg/e,f(x,s)dx
s

which implies that

o
sup/(a,?(x,t)dx</e,§(x,s)dx, 2//|A“0k|2dxdt</0kz(x,s)dx
N

1>t

Since s € (tx—1, tx), we add up these inequalities to get

U gz/e,f(x,s)dx.
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Taking the mean in s over [#;_1, #x], we get

2k+l
//Qk (x,t)dxdt. (A.3)

k-1

By Sobolev embedding and Riesz interpolation,

o *® 1—o
1001y oresen < C( w0 [0 cwonan) ([ [1a%0iPavar)
12t

-1 R"
where
lzl—a=z+(l__>(l_0) or o= 2o , q=2+4—a, (A4)
q 2 2 2 n+2«a n
Therefore,

o0 2/q
Uk1>C< //|9k1|qudt> .

th—1
By the definition of 6k, 6 > 0. When 6; > 0,
Or_1 =06+ M2k > M27*

and thus we have

M

where x denotes the characteristic function. It then follows from (A.3) that

2k+1

//Qk(x X6, >0y dx dt
2k+l

//Qk l(x I)X{9A>0}dxdt

Sk+1+(g—2)k
<—_//|9k71|qudl

2k9k71 9-2
X((x,0): 6>0} S ,

toMd—2
Tk—1
< (g—Dkyra/2
Somi2? U (A5)
Since g > 2, we rewrite (A.5) as
2
Vi < VI3, (A.6)
where
2k y, 2(q — 1
Vi = k ithy = 294D _ ¢

;2/ @=2) pr29(-v9-2)/(g-2) q-2
Since Up < ||u0|| 72 < 00, we can choose sufficiently large M such that Vy < 1 and (A.6) then implies Vx — 0 as
k — oco. Consequently, we conclude that for each fixed #p > 0 and M sufficiently large, Uy — 0 as k — oco. That is,
6 < M. Applying this process to —6 yields a lower bound.

The scaling invariance

0 (x, 1) = p** 10 (px, p*1)
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of (1.1) allows us to deduce the following explicit bound

lluoll 2
J6¢. D] - < tn/(4oI;) :

This concludes the proof of Theorem 2.1. O
Proof of Proposition 3.2. Multiplying the first equation in (3.1) by UZG_T_ and integrating over R"” x (0, co) leads to

o
:// N0V - (z°Ve*)dx dz

0 R”

=//(v.(nzejzbve*)—wnzej)-z”ve*)dxdz.
0 R»

Since n has compact support on B and
lin%)(—zbaze*) = (—A)%0 = A%,
>

we have

o0
O=/n29+A2“9dx—// 2" @nVnot - VO* +1*Ver - vo*)dxdz

R)l OR}I
" X 2| V(no; )| dxdz + 2 \Vn201)* dx dz.
R® 0 R" 0 R"

Multiplying both sides of the QG equation (1.1) by 7%6., we get

62 62
—/n20+/\2°‘0dx=8,/n27+dx—/V(n2)ou7+dx.

Rll Rn Rl‘l
Combining these two equations, we get

o0 o0
62 2
[[#1vaenPavaz o [ 2% ax= [ [ronpoparaz+ [vor)utax.

OR" R" OR" R"
Integrating with respect to ¢ over [¢1, 1], we get

I 00 0o

/// 2Ivmen| dxdzdt—i—/ 2 +(z2 x)dx—/ 2 +(r1 x)dx+///z |Vn12(61)* dx dz
n OR” R® nh OR"
+ /f nVn-uf2 dxdt|. (A7)
tl Rn
We now bound the last term. By the inequalities of Holder and Young,
1 2
‘ / NV - uby dx| < 00 lleo [1Vnluby | g < €lind o + - [IViuos [, (A8)

where € > 0 is small, and ¢ and ¢’ satisfies
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By the Gagliardo—Nirenberg inequality,

196113 < Cllnbs 13 = C / 00 A% 00, dx.
R}‘l

Furthermore, since L(nfy) and nf} have the same trace nf; on the boundary z = 0, we apply the Trace Theorem to
obtain

oo
/n9+A2“n9+dx://zb|V(L(n9+))|2dxdz

R” OR"
oo
< /zh|V(n9fﬁ)|2dxdz. (A.9)
ORH
Therefore,
o
1612, < c// |V o) dx dz. (A10)
OR”

Noticing that 1/q’ = 1/2 + «a/n, the second term in (A.8) can be bounded by
2 2
1016 0 < lul2 e 190164 ] 5

(3.6) is thus obtained. If we further know that u satisfies (3.8), then

il e = ( /
B.

4

1 a 0
u(x,t)—m/u(y,t)dy’ dx) < Cllullcr-2«.
By

This completes the proof of Proposition 3.2. O

Proof of Theorem 3.1. It suffices to show that if

{20 € Qf: 9*<0}|w>%IQZIw, (A.11)
then there exists a A* > 0 such that

0" <2—1" in Qj. (A.12)

Otherwise, we have

1

{020 € 04 =07 <O}, > 5104
which implies

—0*<2—21" or 0*>=-241" inQj.
Thus, in either case,

sup O — inff <4 — 1",

07 1
We now show (A.12) under (A.11). Fix €p as in (3.10). Choose 61 and €] as in Proposition 3.4 with C e‘l" = ¢p. Let
K be the integer

1O |w
Ky = 1. A.13

* [251 + (A.13)
For k < K4, define
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00 =9,
O =2(0k—1 — 1).
It is easy to see that 6 = 2% — 2) + 2. Note that for every k, 0y verifies (1.1), and
Ok <2 in Qu,
_ 1
(G20 € Q3 6 <O}, > 51051
Assume that for all k < K, [{(x,z,1) € Q}: 0 < 6_12‘ < 1}|y = 81. Then, for every &,
k.20 8 <O}, = ez 67y < 1), > {00 Gy <0}, +5
Hence,
{2,000 0%, <O}|, = K481+ |{(x,2,0: 6 <O}|, =10} ]w-
That is, 9_1*(+ < 0 almost everywhere, which means
2K+ 0% —=2)4+2<0 or 0*<2—27K+H

(3.4) is then verified by taking 0 < A* < 27 K++1,
Otherwise, there exists 0 < kg < K such that

[{(x,2,0): 0< 6 <1}], <61

Applying Propositions 3.3 and 3.4, we get 9_k0+1 < 2 — A which means
0<2—2"ko+tD) <2 27K+ in Q.

Consider the function f3 satisfying
V-(’Vf3)=0 in B3,
f3 =2 on the sides of cube except for z =0,
f=2-2"%+inf(x, 1) onz=0.

By the maximum principle, f3 <2 —A* in B} and
0% (x,z,1) < f3(x,z,1) <2—2* in Q7.

This completes the proof of Theorem 3.1. O

Proof of Proposition 3.3. We start with the definition of two barrier functions f; and f,. Here f; satisfies
V- (’Vfi)=0 in B},
fi=2 on the sides of Bj{ except for z =0, (A.14)
f1=0 for z=0.
By the maximum principle, for some A > 0,
fi(x,z2) <2—41 onBj.
The function f; satisfies
V-V =0 in [0, 00) x [0, 11,
f200,2) =2, 0<z<1, (A.15)
f(x,0)= fo(x,1) =0, 0<x <oo.
By separating variables, we can explicitly solve (A.15) and find that
| fo(x, 2)| < CePor
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for some constants C > 0 and g > 0.
It can be verified that there exist 0 < 6 < 1 and M > 1 such that for every k > 0,

Lo PG D2
5k —k— 2 L
nCe (28) <)\.2 m \

1
CouM~ ¢ I mm=2) < M=% k> 120

)"2—]( 2

where P(x, z) denotes the Poisson kernel defined in (3.3) and Cy j is the constant in (A.24).
(3.11) is established through an inductive procedure, which resembles a local version of the proof for Theorem 2.1.
Let &k be an integer and set

Cr=2-214+275),  G=0-Cos+ (A.16)
and let n; = n(x) be a cutoff function such that
XB, o1 SIS X8, and |Vl <C2¥ (A.17)

where x denotes the characteristic function. Set

Ax = / // PV (6 )| dxdzdt+  sup /(nkek)z dx. (A.18)
—1-2-kOR" (-1-275.01g,
The goal to prove that
Ar <M, (A.19)
nka is supported in 0 < z < sk. (A.20)

(3.11) then follows as a consequence of (A.19).
We first verify (A.19) for 0 < k < 12n and (A.20) for k = 0. Let

Te=—1-27"% and se[Ti_1, Tp).
Applying (3.6) with t; = s and t, = ¢, we obtain

f/ b|V(n9+)| dxdzdt+/(n0+) (t,x)dx

s B}

/(n0+) (s,x)dx + Cy /f |V17|9+ dxdt+// |V77|0 dxdzdt

S By SB*

Taking sup,¢7, o for both sides and letting s = T on the left gives

0
//z”\wnej)|2dxdzdz+ sup /(n9+) (t,x)dx

te[Ty, 0]
TkBZ

0

</(n9+)2(s,x)dx+C1 //(|Vn|9+)2dxdt—i—//zb(IanG_T_)zdxdzdt
By S By S B}
0

/(n9+) (s,x)dx + Cy f/ |Vn|9+ dxdt+ /fzb(IVUIQi)zdxdzdt.

Ti—1B4 Ty—1B}

Taking the mean of this inequality in s over [T;_1, Tx] yields
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0
// b|V(n9+)| dxdzdt+ sup /(n9+) (t, x)dx

te[ Ty, 0]
Ty B}

Ty 0
<2k//(n9+)2(s,x)dxds+c1 f/(|Vn|9+)2dxdt+ //zb(wmejg)zdxdzdr. (A.21)

Ti—1By Ti—1B4 Ty—1B}

Letting n = nx(x)¢r(z) with ¢ supported on [0, 8] and using the assumption (3.10), we then verify (A.19) for
0 < k < 12n if € satisfies

C2 (1 4 Cp)eo < M2,
We now show (A.20) for k = 0. By the maximum principle,
0" < (O+1p,) * P(-,2) + f1(x,2)
in B} x (0, 00). By construction, the function on the right-hand side satisfies
V- (2"V(O11B) * P@) + fi(x,2)) =

and has boundary data greater than or equal to the corresponding ones for 6*. To obtain an upper bound for 6*, we
first notice that f1(x, z) <2 — 4A. In addition,

|| (O+1B,) * P(-, 2) ||L°°({x€B4 Z>1})

Here we used [|04 1,2 < C /€0, which can be deduced from (3.10) through a simple argument. Choose €y small
enough to get

0*<2—-21 forz> <0and x € By.
Therefore,

0y =(0"—(2-24), <0 forz>1,1<0andx € Bs.
Hence, 196 is supported in 0 < <80=1.

Now, assuming that (A.19) and (A.20) are verified at k, we show they are also true at k + 1. In the process, we will
also show for each k,

M6 < [0mbk) % P (@) ] (A.22)
in the set Bk = By« x [0, 8K]. First we control 67 in L_?,f by a function f satisfying
V.- (’Vf)=0

by considering the contributions on the boundaries. No contributions come from z = 8 thanks to the induction prop-
erty on k. The contribution from z = 0 can be controlled by ni6; * P (-, z) since it has the same boundary data as 6,
on By ,-«-1. On each of the other sides, the contribution can be controlled by

P+ 2785, 2/8%) + fo (i — x7) /8%, 2/8%),
where x* =1+ 2% and x~ = —x*. Recall that f> satisfies V - (z°V f») = 0 and is no less than 2 on the sides xl.+
and x; . By the maximum principle,

n

0 < [l —xT)/8%,2/8%) + fa((=xi +x7) /8%, 2/8%) ] + () * P(-. 2).
i=1
We know that, for any x € By, 5,

S [ +xt) /85, 2/88) + fo((i —x7) /8%, 2/8%)] < nCe P/ < jok=2,
i=1
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Therefore,

O < () * P(2) + 227472
Consequently,

O < 6F =227 < (mbr) * P(2) —227572) .
Since, for z = 8K+,

M
|(k6k) % P (. 2)| < Ak PCL D) 12 < W”P(" D <2752,
we obtain
M+105,, <O onz=38""

Let k > 12n + 1. Assuming that (A.19) is true for k — 3, k — 2 and k — 1, we show

1+n+1172ot
A < CokAp_3 ,
where
4
2+ stk
Cok=——5—""
)\'n+172a

Since 76} has the same boundary condition at z =0 as (n6.)",

o o0
//wa(n@i”zdxﬁ)//Zb|V(n9+)*|2dxdz=/|A°‘(T}9+)|2dx.
0 R OR" R

Letting 7 = n (x) and integrating with respect to ¢ over [—1 — 2%, 0], we obtain

0 &k 0
/ //z”\V(nkej)\zdxdzdz> / /\A“(ne+)\2dxdz.
—1-2-k0Rn _1—2—kRn

According to the definition of Ay in (A.18),

0
2
Ap—3 > / /|Aa(7lk—39k—3)| dxdt.
—1—2—k+3Rn

By the Gagliardo—Nirenberg inequality

Ap_3 > C||77k730k*3”iq([_1_2—k+3’0]an)y
where ¢ is defined in (A.4), namely

q=2+—.

n
It then follows from (A.22) that
2

Im=36; 2 lIze < [ PG D] L lme—36k-311Z0-
Therefore,

A3 > Cline=38{_lI74 + Cllmk—36k—3lIZq

> C (=161 170 + lm—16c-11174)-

The second inequality above follows from the simple fact that

Or—3 =61 and nr_3 = nr_1.

175

(A.23)

(A.24)
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Letting n = ni(x) in (A.21) yields
A < C2K(Cy +2)(fn,§_19k2dx +/n,3_l(e,j)2dxdz>.

The same trick as in the proof of Theorem 2.1 can then be played here. If 6; > 0, then 6;_1 > 2% and thus

240, 1\ 172 240 \47?
X{9k>0}<< and  xqpr-0) < > .

A A
Then,

_ I+ g
CZ(‘] Dk q C2( n+1-2a 1++ 1++
2 n+1-2a __ n+1-"2a
A A = Cox A, T

Ak < Ta—2 k3T T e k-3 3
An+I—2a

This completes the proof of Proposition 3.3. O

Proof of Proposition 3.4. It suffices to show

/(9 — D3 dxdt + /(e* — D3’ dxdzdt < Céf.
01 o
From the fundamental local energy inequality (3.6), we have

0

//Weﬂzzbdxdzdtgc.
—4B;

Take €] <« 1 and set
4f£)4f3j( |VO1|zb dx dzdt

€1

We further write

I = {; €[—4,0]: / VO 1*(t)zP dx dz < K}.
B}

It follows from the Chebyshev inequality that

=401\ 0| <5 (A25)
For all ¢ € 11, the De Giorgi inequality in Lemma 3.5 gives

Lo

|A(t)|w|B(t)|w < C|C(t) 3}17 Ki’

where A, B and C are defined in (3.12) with r = 4. Set

1 1 1
sr=a" N = re[-4,00 [co)]7 <e 7).
Again by the Chebyshev inequality,
H(x,z,0): 0 <0* <1}y 81 ) €l
—4,0]1\ Ib| < < <er < —. A.26
(=4, 01\ 1o g Sarh S9<3 (A.26)

1 1
Now, set I = I1 N I>. According to (A.25) and (A.26),
€1 €

€]
=40\ <+ =7
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In addition, if € I satisfying [A(t)|, > }. then

1
35 1
Clewl K2 1yl
5o, < TAm, S

Therefore,
1,1
/(ej)z(t)zbdxdz<4 / 2 dxdz <4(1Bl, +ICly) < 16Ce2 4.
B} BuC

Let

2(1+b 2-2 1 1 1
(+)= *nd PRI

Pr="_% p a2

Then 1 — (% + ﬁ)béh > 0 and by Holder’s inequality,

/Gi(t)dx < /(max@i(x,z))zdx

By By

4
<2/[ |0*110,0% | dz dx

B4 0

4
b b —(ly 1
22//”' 16%12%10.6%|2~ 27 dzdx
B4 0
4 1 4 14
—(

wof(forre) (s (]

By 0
1 1

2} 2
<C</z”|9*|!’1 dxdz) (/zb|V9*|2dxdz>

By By
1
1 b ’ p1
<CK:2 /z |0*|“dx dz
B}
1 141 1
<cetaine = Cey

where, thanks to (A.28),
1 . 1\ 1 1 0
v=|-+—-)]——-=->0.
2 a)p1 2
The next major part proves that | A(¢)|,, > % for every t € I N[—1, 0]. Since

107w
2—7

[{(x.z.0): 6% <0}, 5

there exists a 7o < —1 such that | A(#p) |, > }T' Thus, for this ),

/€+(to)2dx < Ce}.
B}

1,1 4
2t ppba dZ)

177

(A.27)

(A.28)

L
1

dx

(A.29)
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Using the local energy inequality (3.6), we have for all ¢ > g,

/ei(t)dx </9§(z0)dx+0(r—to).

By By
L
Fort — 1ty <6* = 64C,wehave
/Hz(t)dx < —
+ ~
B;

Since §* does not depend on €1, we can assume that €] < §*. By
Z
03 (x,z,1) <O4p(x, 1)+ / 9,07 dz,
0

we have

z 2
22O (x,z,0) <2202 (x, 1) + 2z”<f 9.0% dz)
0
Z

<2707 (x, 1) + 2z/zh|V9*|2dZ.
0

Fort —ty<8* telandz <€},
2

2
€]
f/zb(ei)zdxdng et 4“‘]92(x dx + et //z |VO*|2dx dz

0 By By 0 By

1
2
—€7.

1
4 1+C61\4

6
By Chebyshev inequality,

NI

{(x,2): 2 <ef,x € By, 05 (1) 21}, <

2p(

Since |C(1) ]y < thls gives

2 2P(1+ ) 2
1 .

1
|A®)| —€ 5

1
> 612 — —€
w 4
Combining this bound with (A.27) leads to
|B(t)|,, <4C /e
In turn, this bound leads to
2 (1+1 ) 1
lA®)|, = 1-|B0)], —|c®)], >1-4C/e1 — € >
Hence, for every ¢ € [y, tg + §*] N I, we have |A(t)]y > %. On [fy + %, to + &*], there is #; € I. The reason is that
[—4.01\I| < § and |[to+ 5. 10+ 81| = & > §.

This process allows us to construct an increasing sequence t,, 0 > t,, >t + " such that A |y > gonlt, t+
8*]N I. Since §* is independent of ¢,, we have

1
[A®], > 7 forteln(=1,0].
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According to (A.27), this gives

I+l e
|B(1)|,, <4Ce; < g forteln[=1,0].

Therefore,

{20 0" 21}, =[{(x.z.0: 1€ IN[=1,01,0* > 1}|  +[{(x.2.0: 1 €[-1,0]\ I, 6* > 1}|
€1 €1

62

w=|

N

B €1.

Since (0* — 1), <1,

/ P O* - 1Didxdzdr <e. (A.30)
Qi
For fixed x and ¢,

Z

O(x,t) —0()*(x,z,1) = —/310* dz.

0
Thus,
Z 2
26— <20 @) 1))+ / IVO*| dz
0
Z
<2 (0%(2) - 1)2++zfz”|v9*|2dz.

0
Taking the average in z over [0, \/€1], we get

, , VA Ve
€l (9—1)1<ﬁ/zb(e*—l)idz+¢e_1/z"lve*|2dz.
0 0

Integrating with respect to (x, ¢t) € By x [0, 1] and invoking (A.30) lead to

/(9 —Didxds<Cef. O
01
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