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Abstract

We prove in this article the case of three masses, of an inequality of discrete type (which might have a continuous extension)
which is still a conjecture for any p points in R3. The inequality appears naturally in the derivation of Morse Lemma at infinity for
Yamabe problems with changing signs. We also explain why this inequality might hold in general.
© 2006 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

Résumé

Nous prouvons dans cet article le cas p = 3, d’une inégalité discrete (qui s’étend peut-étre au cas continu) qui est une conjecture
pour p points quelconques de R3. Cette inégalité apparait naturellement dans la démonstration du Lemme de Morse a 1’infini
[A. Bahri, Critical Points at Infinity in Some Variational Problems, Pitman Res. Notes Math. Ser., vol. 182, Longman Scientific &
Technical, Harlow, 1989] pour les problemes de Yamabe avec changement de signe. Nous montrons par la suite pourquoi I’inégalité
devrait &tre vraie en général.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
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1. Introduction

The aim of this note is to prove the case of three masses, of an inequality which is conjectured in [8] and used in
order to establish a Morse lemma at infinity in the changing sign Yamabe problem on $°.

Let A = (a;j) be the p x p matrix, with a;; =0, and a;; = 1/|x; — x|, for 1 <i, j < p. The conjecture reads as
follows:

Conjecture 1. There exists c(p) > 0, such that, for any (x1,...,xp) € R3P, and for any u € R?,
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The inequality might seem somewhat surprising, but it arises in a natural way when one tries to establish a Morse
lemma at infinity for the Yamabe changing-sign problem on S, see [5,8]. We would like to explain briefly in the
introduction how it arises.

Let (S3, ¢) be S? equipped with the standard metric and let J (1) = 1/ /. $ u® dv be the Yamabe functional defined

on X = {u such that f (|V53u|2 + %uz) dv = 1}. Critical points for J are known to exist, in fact infinitely many critical
points are known to exist. Because of the non-compactness of the conformal group, they concentrate and combine to
build asymptotes, see [1-3,6]. The difference of topology at the level set of J induced by these asymptotes has never
been computed. Hence, one can say there is a variational problem where several critical points are known, but the
variational problem is not understood.

Consider a family of solutions @y, . .., @,, one can combine them into Zle i @7 (A (x —a;)) after stereographic
projection on R3. If the a;’s remain in a compact set and the A;’s tend to +0c and if

1/2
8”—1/< +—+AA |a,—a]|2)

tends to zero, then J'(3_F_, «/A; @i (Ai (x — a;))) tends to zero, i.e. Y| /A; @; (A (x — a;)) builds an asymptote.
A good parametrization of a neighborhood of this asymptote is provided by

p p
u= ZOU\/)T[@(M(X —a[)) +v= Za;a); + v,
i=1 i=1

where v is small and satisfies a family of orthogonality conditions [2,5,8].
Expanding J (1), we find

o} [ai)?
p 6 —6
iz [ @

Here P is the principal term in the expansion,

P =Y (@1(a)@;™ — cije);)
i%]

J(u) = (1+P+R+(f,v)+ 0(v,v)).

where @;*° is the value of @; at the north pole (with \/A;@;(A;(x — a;)) concentrated at the south pole) and @; (ch)
are the value of @; at the new concentration point of w; after re-scaling @; to concentration 1. And the reminder term
R reads:

R=o( (@ +a5@)%)e} + ) + 1ol )

Under minimal assumptions of non-degeneracy (i.e.transversallity to their invariance group) of the w;’s, (f, v) +
O, v) 4+ o( |v|§{1) can be extremized. Thus we have derived a new

P
u= Zaiwi +v
i=1
and

J()=J@@)+ Qv,v),
where v is a new small linear parameter standing for v — v (or so).
Then J (u) reads basically as

P 2]‘—63

0= T

where P; and R; behave exactly as P and R, so we drop the subscript 1 in what follows.
The Morse lemma at infinity then reads (it is still a conjecture if no assumption is introduced at this time, see [8]):

14+ P1+Ry),
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Morse lemma at infinity. There exists a change of coordinates in the (a;, A;) spaces, (a;, ;) — (a;, )Ti) such that
J(u) reads as
P 2f
J@) = p—Gf_

where 131/ is Py with the variables a;, A}, A;.

(1 + ).

We now provide a sketch of the proof of this lemma under more assumptions [8]. This will show how our inequality
enters into play.
u contains only the variables A;, ¢;, a;, o;. In order to complete a Morse lemma at infinity, we need to estimate

. a@ ., [  ab
(1 =J (u)- <0)i + —)

30!,' aO{i
G wD = s @ (g ).
i A i
BJ(M) 0w; v
(111) )» 361, ( ) <)\.'8ai + )\iaai>’
(iv) 0J(u) _ ) <8w, av )
30’,‘ d (oF 3Gi

The v derivatives can be easily handled using a trick involving the orthogonality relations satisfied by v.

When we are dealing with positive solutions, the @;’s are equal to the §;’s. In this case, one can easily see that
(1), (ii) and (iii) work together by taking derivatives of P. Indeed w; (d}) and @;*° are constants equal to co > 0. The
Aj-derivatives work together and provide estimates. They do not destroy each other. This basic fact helps in order to
build a pseudo-gradient out of (i)—(iii).

When the positivity assumption is dropped, these estimates are lost and we need large variations in the ‘compact’
variables, which are all the variables besides the A;’s (the a;’s live on $3).

We are then led to estimate dJ (i)/d«; in lieu of 8J (1) /A;da;.

Computing d P/da;, under the assumption that &;; = 1/(,/A;A; |a; — aj|), we find (identifying c?i(d“j) and ;>
for the sake of simplicity)

— a; —daj
- i3y &) ——L
; \/ﬁlaz—ajl3 32 lai —a;|?

The first term can be identified as

while the second term is

o(5m)

i#]

Continuing a thorough and difficult computation, we find that the derivatives of the remainder term R behave as

*|=o( S+ X Vil )
J#l J#l
Actually, the estimate is much better because ¢;; is a factor in d R/da; (a square root of it depends only on i). Work is

under progress to prove that, in this statement, we can take j =i.
On the other hand,

aP 1 ;
- ——sz Z \/WIai—aﬂ—i_o(gij)’

i#j

Ba,
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while

oP  dw;™®
8_0,-_ 12 VAiAj |a,—aj +

Assuming that

we derive:
p

aP| |aP
Ai— |+ |—| = Au|+ 0 3.
; laxi’Jr'aa,-‘ Aul (ZE”>

Combining with the g;’s and these derivatives, we rebuild

; [BA]
u|— (u
8x,-

We want the above term to be much larger than the derivatives of the remainder term in the expansion of J.
Comparing, we reach our inequality.
As in [5], the Morse lemma at infinity is established in [8] when the A;’s satisfy
1 Ai

-<—<c¢
C\)\j\

+ |Aul?.

sup
i

with ¢ a fixed constant. However the expansion is general and we expect this hypothesis to be removed soon. Our
inequality becomes crucial in this process.

This inequality is difficult to establish. We proved for the case of p = 3. Although this seems to be quite limited,
the application is in fact large since it establishes the Morse lemma at infinity for all possible triplet (w7, w2, w3) of
solutions of the Yamabe changing-sign problem on S3. We expect of course this Morse lemma at infinity and the
techniques of [1,4,7] to extend to Yamabe-type problems.

Thus our theorem reads:

Theorem 1. There exists a constant c3 > 0, such that for every (x1,x2, x3) € R? and (u1,u2,u3) € R3,
, | 0A

u| — |u
ax,‘

The remaining part of this paper is devoted to the proof of this theorem.
The proof is completed by carefully examining for the relative positions of the x;’s. We denote

sup
1<i<3

2 u;
+ |Aul” = c3 —_—.
Z |xi —XJ'|2

a=|xp—x31, b=|x1—x3], c=|x1—x2|

Without loss of generality, we can assume a > b > c, therefore 61 > 6, > 03.

We discuss three distinct cases:

Case I, the lengths of a, b and ¢ are comparable, and the three angles 61, 6, and 63 are neither very small nor very
close to 7. In this case, the first term of the left-hand side of the inequality is able to balance the second term, the
proof is quite straightforward;

Case II, c is very small compared with a. In this case, we prove the inequality by looking at the minimization
problem

luz (1 /0% 4 (uz/a®) cos63)| + ujuz/(ab) + uyuz/(ac) + usus/(bc)

Min
W2+ u3)/c® + (U3 + u)/a® + u? + u3) /b

=J(uy,uz,u3);

Case II1, we prove all the remaining cases by carefully balancing the two terms directly.



Y. Xu/Ann. I. H. Poincaré — AN 23 (2006) 629639 633

2. Details of the proof

For p =3,
. | 0A u% u% (X1 — x2,x1 — X3)
u| — |u=2|u1| 7+ = 4+2u2u3 3 3
0x1 |x1 — x2 |x1 — x3] |x1 — x2]° [x1 — x3]

Similarly we have

0A u? u? (xp — x1, X2 — X3)
tu[_}uzzlm Lt g 2 3 3
9x2 lx2 —xi[* |2 — 3] lx2 —x1[°]x3 — x2
;| 0A u% u% (X3 — X1, X3 — X2)
u| — |u=2|us| 7T 4+2u1u2 3 3
9x3 lx3 —xi[* |x3 — x| lx3 —x1[7]x3 — x2f*
and
2 2 2,2 2, .2
|Au|2={ uytuy o uptuy o uptug }
i —x212 w3 —x2f? 0 x —x3)?
uiup ujus uzu3
+z{ " + }
lx3 —x1llxz —x2] - fxo —xillx2 —x3] 0 |xr —x2flxg — x3]
Therefore in order to establish our theorem for p = 3 we need to prove that there exists a constant ¢ such that
2 2
u u (x1 — x2, X1 — X3)
2|uy| 2 2 + 3 7 + 2upu3 3 3
lxr —x2*  |x1 — x3] lx1 — x2[[x1 — x3]
2 2
u u (X2 — x1, X2 — X3)
SUP \ 2|us| L+ S+ 2uyus 3 3
lxo —xi|*  |x2 —x3] |x2 — x1°|x3 — x2|
2 2
uj u; (x3 — x1, X3 — X2)

2|us| +2u

+ U2
Ix3 —xi|* |x3 —xo* Ix3 — x13]x3 — x2 3

2, 2 2, 2 2, 2
{ up +uy uy +uz uy +u3 }

Ixi = x> x3—x22  |xg —x3)?

L { U uiu3 UU3 |
|x3 —x1llx3 —x2|  |x2 —x1llx2 —x3]  [x1 — x2||x1 — x3]
{ Wituy | ustuy o uitug }
X1 —x2l?  x3—x2?  fxg — x3?

forany x; e R, u; e R,i=1,2,3.

Claim 1. We have:

2 2

| uy 4 u3 Py cos 6
ui — — UDUS —F7
4 bt b2c2
|uiusz|sinfy |ujup|sinb Uy U3 uy u3
>s , , lut|l|— + —=cosbq|, |ui||—=cosb; + —= | ¢,
- p{ b? 2 2 b 2 b?

2 2
u u cos o
1 3 2
lual\| & + — +2uuz——
ct gt a?c?

|u1u2| sin02 |u2u3| sin92

: 7wl lut]

I

u N us o L N u3
— + — cosb, —costh + —
2 42 c? a?

= su
= p{ C2
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and

2 2
u u cosf
1 2 3
|M3|\/F + g +2u1u2—a2b2
|uius|sin@3 |upusz|sinbs Uy U
>sup{ ﬁ+a_2C0593

ui )
12 , 2 s us3l s Ju3l b—200803+a—2

Proof of Claim 1. It is easy to see that

2 2 2 2 in2 :

u u cosf u u uz sin“ 6 u u |uz| sin@

2 3 1 2 3 3 1 2 3 3 1

—= 4+ = + 2upuz3—— = —+ —cosb; | + —=——>supy|—= + —cosb|, ———1¢,
\/C4 b4 D22 2 Z SUPY 13 )

and
2 2 2 2 win? :
u u cosd u u us sin” 6 u u |uz| sinf
2 3 1 3 2 5 1 3 2 2 1
—=+ = +2upuz—— = — + —cosl )] +—=——>sup{|— + —cosb|, ————
\/ ct bt b2c? b2 2 R c2 c2

Similarly, we can prove the remaining two inequalities. O

We would like to compare these expressions with
Uiy  UIU3  UU3 u%—i—u% u% +M% u%—}-u%
+ and 7+ 7 T+ 7
ab ac bc c a b

Case I: the lengths of a, b and c satisfy b + ¢ —a > a/100. Now we look at the case that b 4+ ¢ —a > a/100. It is
easy to see that

|uius|sin6 2/ ulus z_azcz(l—coszé?g)_azc2 ! (a4 b% —c?)?
b2 ac ) b* bt 4a2b?

_Fat+btola+b—c)a+c—b)(b+c—a)
- 4p6 '

Since b + ¢ — a > a/100 and we assumed that a > b > ¢, the above quantity is bounded below.
Similarly we have

<|u1u2| sin92>2/<u1u2>2 _ a?*(1—cos’tr)  a’b? (1 (@®+c?— b2)2>

c? ab ct c* 4a%c?
_ba+b+c)a+b—c)a+c—b)(b+c—a)
N 4¢b

and

|uius|sin 63 2/ uius z_azcz(l—coszé?g)_azc2 1 (a4 b% —c?)?
b2 ac ) b* bt 4a2b?

la+b+co)a+b—c)a+c—b)(b+c—a)
B 4p° '
They are bounded from below. We proved the theorem in this case.

Case II: c is very small compared with a. Now let us look at the case that ¢ = o(a). Since we already prove the
inequality for the case that b+ ¢ —a > a /100, we assume now b + ¢ —a < a/100. Therefore c is very small compared
with both a and b.

We consider the minimization problem

. uz(ui/b? + (uz/a®) cos03)| + uiuz/(ab) + uyus/(ac) + usus/(bc)
min 2, .2 2, .2 2. 2 = J(uy,uz2,u3). ()
(1 12,u3) R (uy +u3)/c? + (u5 +u3)/a® + (uy +u3)/b?
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We consider it as two minimization problems separately,

uz(u1/b? + (ua/a?) cos03) +uyuz/(ab) + uyuz/(ac) + ususz/(bc)

min  Jy(uy, uz, u3) =

(ut.u.u3)€R3 W2 +u3)/c + 3 +ud)/a® + W? +ud)/b?
and
min TGy, g, k3) = —u3(u1/b? + (uz/a?) c0s03) + wiua/(ab) + wius/(ac) + uzus/ (be)
(u1,uz,u3)eR3 T W? 4+ u3)/c? + (u3 + uz)/a + U} + uz)/b2
Let
ur U Wiy U3z UU3
N = — 4+ —= 0 ,
MS(b2 + a? €08 3)’ + ab + ac + bc
up  u Wiy ujU3  UU3
Ni=us( 8+ 22 coso :
! u3(b2 gz 3) T T ae e
Ui up uiuz uius uzu3
No=—u3 (b2 00593> s + o + e
and

D=

u%—i—u% u%—i—u% u%—}—u%

c? + a? + pr

The minima of J, J; and J> exist on the unit sphere since they are homogeneous. We want to prove that the
minimum of J(u), 6 = N/D > max(N1/D, N»/D) > —1/2, therefore the inequality holds.

At the critical points of J; we have

8J1 _ D(u3/b® +uz/(ab) +uz/(ac)) — N2ui (1/b* + 1/c*)

ouy o D? =0
3J1 _ D((u3/a®)cosOs +ui/(ab) + uz/(bc)) — N2up(1/a® +1/c?) 0
duy D? ’
9J1 _ D(uyi /b + (uz/a*) cosO3 +uy/(ac) +uz/(bc)) — N2uz(1/a® + 1/b?) 0
us - D? T
We must have
_29<L + l) i i + i
b2 2 ab b2 ac
det L —29<i—|—i> ic0593+i =0
ab a? 2 a? bc ’
11 1 1 11
ﬁ—i—a a—2c0s93+a 20( b2)

otherwise the only critical point of Ji(u1, uz, u3) would be (0, 0, 0), which is contradictory with the fact that we are
looking for the critical points of Jj (u1, uz, u3) on the unit ball.
Let us look at the coefficients of 1/c*,

(1 1 o1
—(29)< b2)+ 9( b2> F(0).

We must have F(6) = 0 at the critical points of Jq(u1, u2, u3), since 1 /c4 is the dominant term of the determinant of
the linear system. Therefore the minimum of Jy(u1, u2, u3) is either 6 =0 or —1/2.
Similarly, at the critical points of J(u1, uz, u3) we have

dJr  D(—uz/b*>+usr/(ab) +uz/(ac)) — N2ui(1/b* + 1/c%)
dur D2 -
dJr  D(—(u3/a®) cosOs +ui/(ab) +uz/(bc)) — N2us(1/a* +1/c?)
dur D2 -

)
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i@_1x—mﬂﬂ—onm%am@+uumo+uyw@)—ngam2+1m%

us D?
We must have
(het) L B
b2 2 ab b2 ac
det L —29(i+i> —i00593+ i =0.
ab a? 2 a? bc
1 1 1 1 1 1
—ﬁﬁ‘x —a—200893+ﬁ —29<a—2+b—2)

The coefficients of 1/¢* is

4wﬁcg+i>+wcl+i>=@wy
a b2 a’? b2

We must have F>(0) = 0 at critical points, since 1/ ¢* is the dominant term. Therefore the minimum of J, is either
6 =0o0r—1/2.

If J(iy,us,43) = —1/2, then Jy (i1, 2, u3) = —1/2 and Jo(iy, w2, 43) = —1/2 must be O at the same time.
Therefore we have
1 4 1 1 1 n 1
b 2 ab b2 ac

and

1 n 1 1 o: + 1 1 n 1
—— 4+ — ——cos — — 4+ =
b2 ac a? T he a? b2
up | up
u3=0 and 7 + a—260s93 =0.
Therefore
—(b/az) cos 63
(1/A) (1 + (b*/a®) cos? 63) + 1 /a2 + (1/a%) cos? 65
Since ¢ = o(a), J (i1, 2, 3) is very close to 0. Thus J (u1, up, u3) can never reach —1/2.
We proved the theorem in this case.
Case III: all the remaining cases. The only case left is the case that c/a > y and b 4+ ¢ —a < a/100, here y is a
fixed small number. In this case, the lengths of a, b and ¢ are comparable.
Since in this case sin? O =1—B*+c*— 512)2/(21%)2 is very close to 0, and a is the largest side of the triangle,
we know that 6; is very close to 7. On the other hand, sinf6, =1 — (a2 +c2— 172)2/(2ac)2 and sin? 3 =1—
(b* + a® — ¢®)?/(2ab)? are also very small, therefore 6> and 63 are very close to 0. Thus we have

J (@, 2, 43) =

2 2

u u cos b uu uu

2 3 1 1u2 _uiu3
lurly | =5 + = + 2uu3 > -y ,

ct bt 22 7| 2 b2

2 2

u u cos o uju Ul

1 3 p) U2 _Uzu3
|M2| — 4+ —= +2uquj > s

ct at a2c? 7| ¢2 a? i
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and

2 2

u cos 63
—+ + —i +2uiu
a

a2

uiu3 | _uou3
b? L)

|us]

)

here y is almost 1.
Subcase i: uruz < 0. If uouz < 0, then we have

utiy U3\ _ luius] n _ Juqus)

2 b? c? pr
and either

uiuy - _upuz |  |uquz| J7Ibt2143|

2 a? c? a?
or

uiuz | _upuz| |M1u3|+_luzu3|

2 TV | T T YT

Comparing with ujus/(ab) +uius/(ac) + urus/(bc), since the lengths of a, b and ¢ are comparable in this case,
we can find a constant ¢ such that

Uiy  _Uju3
-V
c? b2

uiun _uau3
2 TV 3
C a

_|_

>
b? v a2 ' 7 ab ac bc

iUz _uou3 C~1(“1“2_'_“1143_{_u2143>

We proved the theorem in this subcase.
Subcase ii: uouz > 0 and ujuouz < 0. If u1, ur and u3 are all negative, the theorem is trivial. Therefore we need
only to consider the case that u1 < 0 and u», u3 > 0. We need to prove that there exist 8 such that
c2 V2 TV

max{ }
up  uj3 2 Uy U3 2 Uy  un 2
+l—+—) +|—F+=) +|{—+—
c a c b b a
2 2 2 2 2 2
29(u1 +u5 +u2—|—u3 +u1+u3).
c? a? b2

ujus _uu3 uiuz _uzu3 uiu3 _uzus

14
c? a?

’ )

The inequality is true if either (u1/c + uz/a)* > 7 (u1/c)* or (u1/b + uz/a)®* > 7 (u1/c)* holds, here 7 is a fixed
small constant. Hence we only need to explore the case when £(—y — Duj <uz < £(y — Duy and 3 (=y — Dup <
Uy < %()7 — Duj. Since we assume u#1 < 0 and u», u3 > 0, this can never happen.

Subcase iii: upuz > 0 and ujuouz > 0. If u, uy and u3 are all positive, the theorem is trivial. Therefore we need
only to consider the case that u1 > 0 and u», u3 < 0.

The theorem holds if either (u/c + u3z/a)? > y(u1/c)? or (u1/b + ur/a)? >y (u1/c)?, here y is a small fixed
constant. Therefore we only need to explore the case when £(—y — Du <uz < ¢(y — Duy and 3(=y — Duy <
Uy < %(y — Du;. Under this condition,

uiuy  UU3 a 1 ()/—1)2 5 1 all, 1 al ,
~|— — 1= - - ~N|— = —— = — 1 - — .
c? + a? b(y )c2 + bc “ bc b2 " bc c "
Since b + ¢ —a < a/100, we have a/c > 200/101.
Therefore
Uiy U3 2
2 + ) 2> 0uj.

Since upu3 > 0 and the length of a, b and ¢ are comparable, the u% and u% terms have been taken care of.
Thus we established the theorem, i.e. the inequality in the case of three masses.
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3. Heuristic argument for general p

After providing a clear proof for p = 3, we present here a heuristic argument which shows why such an inequality
should hold. We believe that this inequality should give rise to a continuous (maybe well-known) inequality after
proper continuation.

We want to show in this section that condition (H) on the eigenvalues of A implies the theorem. Unfortunately, at
this moment we do know how to prove this condition on the eigenvalues. p is an eigenvalue of A. The condition on p
reads,

(H) Assume p =0, then Vp #0.

We show then why the inequality might be true if (H) holds. We consider it in two cases, the first case when the
distance between all the points x;’s are comparable, and the case that some of the distances are very small, and some
are huge.

Case 1. The distance between all the points x;’s is comparable, i.e. there exists a constant C such that,

1 Xi —X;

1 hi-xl

C lxr — x5
Then either all eigenvalues are greater than 6, which is fixed; or there exists some eigenvalue p very small, then thanks
to condition (H), Vo # 0 in this case.

Case 1(a). All eigenvalues are greater than 6. It is easy to see for all u,

|Aul| = 0ul.
The inequality follows.
Case 1(b). There exists some eigenvalue p very small. Assume u is the unit eigenvector corresponding to p, then
d0A ou a ou

0
tu—w —(IMAM) —ZIMA— —,0—2,0[14— .
ox/ | lox! ox] | ox ox;]

Since 'uu = 1, we have ’uau/axij = 0. Therefore,

0
—.p‘ >6; > 0.
8xi]

lu—.u

Bxij

The inequality follows if only one eigenvalue is small.

Case 2. Some of the |x; — x;|/|x; — x5| can become very large or very small.

Assume x;---x; are very close to xq, i.e. [x; — x1| < &, and the remaining points Xi41,...,Xx; are such that
& < |xj — x1| < 1. The matrix A reads

(&%)

For the upper matrix B, since the distance between any two points of x, ..., x; is very small, each element of B is
greater than 1/¢; But each element of C is between 1 and 1/¢, since 1 < |x; — x| < 1/e. If we scale A such that the
largest element is 1, then all the elements of C become very small. Thus we can think A as the direct sum of the two
sub-matrices B and D. We can prove the inequality using induction then.
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