Available online at www.sciencedirect.com
et ANNALES

DE LINSTITUT
HENRI
POINCARE

ANALYSE
NON LINFAIRE

" ScienceDirect

:x ey
ELSEVIER Ann. L. H. Poincaré — AN 23 (2006) 641-661

www.elsevier.com/locate/anihpc

Partial hyperbolicity for symplectic diffeomorphisms *

Vanderlei Horita®* , Ali Tahzibi®

4 UNESP — Universidade Estadual Paulista, Departamento de Matemdtica, IBILCE, Rua Cristévdo Colombo 2265,
15054-000 S. J. Rio Preto, SP, Brazil
b Departamento de Matemdtica e de Computagdo, ICMC/USP, Av. Trabalhador Sdo Carlense, 400-Cx. Postal 668,
13560-320 Sao Carlos, SP, Brazil

Received 3 December 2004; accepted 7 June 2005
Available online 6 December 2005

Abstract

We prove that every robustly transitive and every stably ergodic symplectic diffeomorphism on a compact manifold admits a
dominated splitting. In fact, these diffeomorphisms are partially hyperbolic.
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1. Introduction

In the 1960’s, one of the main goals in the study of dynamical systems was to characterize the structurally stable
systems and to verify their genericity.

The theory of uniformly hyperbolic systems has introduced a foundation to approach these subjects. Indeed,
uniform hyperbolicity proved to be the key ingredient to characterize structurally stable systems.

We have a good description of uniformly hyperbolic dynamics. The Smale spectral Theorem asserts that the
non-wandering set of a hyperbolic diffeomorphism splits into basic pieces. The dynamic restricted to each piece is
topologically transitive and the transitivity property persists after small perturbations.

Recall a diffeomorphism is transitive if there exists a point x such that its forward orbit is dense. Transitive
systems do not have neither sinks nor source. We say a diffeomorphism is C”-robustly transitive if it belongs to the
C’-interior of the set of transitive diffeomorphisms.
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An interesting question is whether robust transitivity implies hyperbolicity in uniform fashion or not.

It is well known that every C!-robustly transitive diffeomorphism on a closed surface is an Anosov diffeo-
morphism. This is a direct consequence of a C!-generic dichotomy between hyperbolicity and C!-Newhouse
phenomenon (the coexistence of infinitely many sinks and sources in a locally residual subset) proved by Mafié
in [11].

In compact manifolds of dimension greater than two, robust transitivity does not imply uniform hyperbolicity,
see [14,10,4,6,15]. However, all these examples present a weak form of hyperbolicity called dominated splitting.
Let M be a compact manifold and f: M — M a diffeomorphism. A Df-invariant decomposition TM = E @ F of
the tangent bundle of M, is dominated if for every positive integer £ and any x in M,

IDFIE@| - [ DfHF(f )| < it

for some constants C >0and 0 < A < 1.

If for the dominated splitting TM = E @ F at least one of the subbundles is uniformly hyperbolic then f is
called partially hyperbolic.

Diaz, Pujals and Ures in [9] show that every C!-robustly transitive diffeomorphism in a 3-dimensional compact
manifold should be partially hyperbolic. This result cannot be generalized for higher dimension: Bonatti and Viana
present in [6] an example in 4-dimensional compact manifold of a non-partially hyperbolic C!-robustly transitive
diffeomorphism. This example can be extended in any dimension, see [15].

Bonatti, Diaz and Pujals in [5] proved that every C'-robustly transitive diffeomorphism on a n-dimensional
compact manifold, n > 1 admits a dominated splitting. Recently Vivier proved similar results for flows in [16].
She proved that robustly transitive C!-vector fields on a compact manifold do not admit singularity and that robust
transitivity implies the existence of dominated structure.

In this paper we address the problem of the existence of dominated splitting for C!-robustly transitive symplectic
diffeomorphisms. In the symplectic setting dominated splitting implies strong partial hyperbolicity. This fact was
first observed by Maiié, see [12]. A proof is given in [2] for dim M = 4 and in [3] for the general case.

Let (M, w) be a 2N-dimensional symplectic manifold, where w is a non-degenerated symplectic form. We
denote Diff] (M), r > 1, the set of C”-symplectic diffeomorphisms. We say f e Diff] (M) is C"-robustly transi-
tive symplectic diffeomorphism if there exists a neighborhood ¢/ C Diff] (M) of f such that every g € U is also
transitive.

Theorem 1. Every C'-robustly transitive symplectic diffeomorphism on a 2N -dimensional, N > 1, compact man-
ifold is partially hyperbolic.

We emphasize that if f € Diffi) and is C!-robustly transitive symplectic diffeomorphism then just symplectic
nearby diffeomorphism are transitive. So, our theorem is not a consequence of results in [5]. In 4-dimensional
setting, N = 2, Theorem 1 is a consequence of [2].

In the context of volume preserving diffeomorphisms, ergodicity of the Lebesgue measure is a basic feature.
Recall that a diffeomorphism in Diffal) (M) preserves the 2-form @ and consequently the volume form w A - -+ A @
is also preserved. This volume form induces in a natural way a Lebesgue measure defined on M.

The stable ergodicity of symplectic diffeomorphism is defined as follows. A symplectic diffeomorphism f €
Diff2 (M) is C'-stably ergodic if there exists a neighborhood U C Diff} (M) of f such that any g € U N Diff2 (M)
is ergodic.

The theories of stable ergodicity and robust transitivity had very parallel development in last few years. Like as in
the robust transitivity case we know examples of stably ergodic diffeomorphisms with weak form of hyperbolicity.
We propose the reader to see [7] for approaches to prove stable ergodicity in the partially hyperbolic case. However,
there are stably ergodic diffeomorphisms which are not partially hyperbolic, see [15].



V. Horita, A. Tahzibi / Ann. I. H. Poincaré — AN 23 (2006) 641-661 643

A natural question is whether stable ergodicity of volume preserving or even symplectic diffeomorphisms im-
plies the existence of a dominated splitting of the tangent bundle. For the symplectic case we give an affirmative
answer.

Theorem 2. Every C'-stably ergodic symplectic diffeomorphism on a 2N -dimensional, d > 1, compact manifold
is partially hyperbolic.

To prove our theorems we follow the arguments in [5] where they obtain a dichotomy between dominated
splitting and the Newhouse phenomenon. This is done by showing that the lack of dominated splitting leads to
creation of sinks or sources by a convenient perturbation. Of course a symplectic diffeomorphism does not admit
sink or source. The idea in the symplectic case is to make a perturbation and create a totally elliptic periodic point.

In Section 2 we state this dichotomy for symplectic diffeomorphisms in Theorem 2.1.

We use this dichotomy to finish the proof of our main results in Section 3. The idea is to eliminate the possibility
of creation of totally elliptic periodic points for robustly transitive or stably ergodic symplectic diffeomorphisms.
For this purpose in Section 3 we use generating functions for symplectic diffeomorphisms to prove that “stably
ergodic and robustly transitive symplectic diffeomorphisms are C! far from having totally elliptic points”.

To prove the dichotomy for symplectic diffeomorphisms we prove a similar result for linear symplectic systems.
Symplectic linear systems are introduced in Section 4 and some perturbation results are proved there which will be
used in the rest of the paper.

The difficulty to get the dichotomy in the symplectic case is that we have much less space to perform symplectic
perturbations. The perturbations have to preserve the symplectic form w.

In Section 5 we state the precise result of dichotomy for linear symplectic systems and in Sections 6 and 7 we
prove this statements. In these two final sections we prove new results for symplectic linear systems which enable
us to adapt the approach of [5] for symplectic linear systems.

‘We mention that for robustly transitive volume preserving diffeomorphisms the dichotomy as mentioned above
is straightforward from the result in [5]. Arbieto and Matheus [1] use this dichotomy and prove that robustly
transitive conservative diffeomorphisms have dominated splitting. So, the main difficulty in the proof of similar
to our results in the volume preserving case is to show that the robustly transitive conservative diffeomorphisms
cannot have totally elliptic points. They overcome this difficulty with a new “Pasting Lemma” which uses a theorem
of Dacorogna and Moser [8].

2. A dichotomy for symplectic diffeomorphisms

An invariant decomposition TM = E @ F is called £-dominated if for any n > £ and every x in M,

[D"E@] - |Dr1E ()] < 5.

From now on we use the notation E <, F for £-dominated splitting and E < F for dominated splitting without
specifying the strength of the splitting.
It is easy to verify from definition that £-dominated splitting has the following properties:

1. If A C M is an invariant subset that admits an £-dominated splitting then the same is true for the closure of A.
2. If a sequence (f,), of maps admitting an ¢-dominated splitting converges to f in C'-topology then f also
admits an £-dominated splitting.

Theorem 2.1. Let f € Diffi)(M ) be a symplectic diffeomorphism of a 2N -dimensional manifold M. Then there is
£ € N such that,
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(a) either there is a symplectic e-C'-perturbation g of f having a periodic point x of period n € N such that
Dg"(x) =1d,

(b) or for any symplectic diffeomorphism g e-C'-close to f and every periodic saddle x of g the homoclinic class
H (x, g) admits an £-dominated splitting.

To prove this theorem we introduce the concept of symplectic linear systems in Sections 4. Then, in Section 5,
we reduce the proof of Theorem 2.1 to proof a similar result for that symplectic linear systems.

By the following lemma we are able to extend dominated splittings over homoclinic classes to the whole
manifold for a generic symplectic diffeomorphism. Before stating this result let us recall a symplectic version
of Connecting lemma due to Xia in [17].

Theorem 2.2 ((Xia)). Let M be a compact n-dimensional manifold with a symplectic or volume form w. Then there
is a residual subset R, C Diffal)(M ) such that if g € Ry and p € M are such that p is a hyperbolic periodic point
of g, then W5 (p) N W (p) is dense in both W*(p) and W (p).

Using this result we are able to prove the following result.

Lemma 2.3. There is a residual subset R C Diffa])(M ) of diffeomorphisms f such that the non-trivial homoclinic
classes of hyperbolic periodic points of f are dense in M.

Proof. The version of this lemma for conservative diffeomorphisms is given in [5, Lemma 7.8]. We can use the
same arguments adapted for the symplectic case by means of a result of Newhouse and connecting lemma of Xia.

First of all, we recall that for a symplectic diffeomorphism the set of recurrent points is dense in M. Indeed
a symplectic diffeomorphism preserves a Lebesgue measure. Moreover, using C'-Closing lemma of Pugh and
Robinson and the Birkhoff fixed point theorem, Newhouse [13, Corollary 3.2] proved that there is a C ! residual
subset R € Diffj) (M) such that for any g € R the set of hyperbolic periodic points of g is dense in M.

By using Theorem 2.2 we take R =R N'R,. Thus, for any g € R the union of non-trivial homoclinic classes
is dense. This completes the proof of lemma. O

Remark 2.4. Using the above lemma and the continuity of dominated splitting the item (b) of Theorem 2.1 can be
rewritten as follows.

(b1) the manifold M is the union of finitely many invariant (by f) compact sets having a dominated splitting.
We remark that the invariant compact sets mentioned above are A;, i < 2N, where A; is closure of the union of
non-trivial homoclinic classes with an £-dominated splitting £ @ F with dimension i (i.e. dim(E) =i). Of course
for a transitive diffeomorphism the above item is equivalent to have a dominated splitting on the whole manifold.
3. Proof of Theorems 1 and 2

In this section we prove Theorems 1 and 2 using Theorem 2.1.

3.1. Elliptic points vs. robust transitivity

Let us prove that the item (a) of the dichotomy given in Theorem 2.1 does not occur for C'!-robustly transitive
diffeomorphisms.
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Lemma 3.1. If f € Diffclo(M) has a totally elliptic periodic point p of period n (Df"(p) = 1d) then there exists
g€ Diff}u(M) and C'-close to f such that g is not transitive.

Proof. In order to simplify our arguments, let us suppose that p is a fixed point. We use generating functions to
construct g in such a way that g coincide to the identity map in a small neighborhood of p.

Let us introduce generating function as in [17]. We fix a local coordinated system (x1,..., X4, Y1,---, Yd)
in a neighborhood U of p such that p correspond to (0,0) in this coordinate system. Suppose f(x,y) =
(&(x,y),n(x,y)). The fact f is symplectic implies

d d
del’ /\dy,' :ngi /\dm.
i=1 i=1

Moreover, we may suppose that partial derivative d7/dy of n with respect to y is non-singular at every point of U.
This enable us to solve n = n(x, y) to obtain y = y(x, n). Hence, we can define a new system of coordinates
(X1 s Xg,M15-.-,nq). Let y : (x, ¥) = (x, n(x, y)) be the map of change of coordinates.
Since the 1-form
d
=Y &dn + yid;
i=1

is closed, there exists a C2 function S r(x,n), defined on a neighborhood of (0, (0, 0)) such that dSy = c. The
function S is unique up to a constant. Moreover,

aS aS
oF _ y; and -
0x; an;

&.

Conversely, for a real C2-function S(x, n) defined on a neighborhood of (0, (0, 0)) such that the second partial
derivative

328
axon
is non-singular in this neighborhood, we define
BN 0S5
&(x,mM)=—— and yi(x,n)=_——.
an; dx;

Then, solving 7 in terms of x, y we find a symplectic diffeomorphism which maps (x, y) to (&, n).

Observe that in the above construction the generating function of f is C¥*! whenever f is CX. Moreover, given
a C**! generating function we obtain locally a C* symplectic diffeomorphism.

We also have that f is C'-close to g if and only if Spis C 2_close to Se, provided they are defined on the same
domain.

Let p be a C* bump function such that

1 ifzey(B(B/2),
0 ifz¢y(B(B))

where B(r) is the ball of radius r centered in (0, 0) in the (x, y)-coordinates.
Define a C? function given by

Sg:=px,mSia+ (1—p(x,n)Sy.

More important is that, if we take 8 > 0 small enough, S, is C 2closeto S . Indeed, fis C I_close to identity in a
neighborhood of the origin and consequently, Sijg and S are C?-close enough on y (B(f)).

p)=



646 V. Horita, A. Tahzibi / Ann. 1. H. Poincaré — AN 23 (2006) 641-661

Finally, it is easy to see that if Sjg and S are ¢-close on y (B(f)) in the C2-topology then
P, MSia+ (1—pCx,m)Sy

is Ke-close to Sy in the C 2_topology, where K depends on the bump function p and 8.
Letg e Diff:U(M ) be the corresponding symplectic diffeomorphism to S,. As g is Cl-close to f and locally it
is equal to the identity, we conclude that g cannot be transitive and this conclude the proof of the lemma. 0O

The previous lemma proves that a robustly transitive diffeomorphism cannot have a totally elliptic periodic point.
So, if f is robustly transitive as in Theorem 1 then by Remark 2.4 we can conclude that f admits a dominated
splitting. In this way we prove Theorem 1.

3.2. Elliptic point vs. stable ergodicity

In this subsection we prove that any C'-stably ergodic symplectic diffeomorphism admits a dominated splitting.
Let us recall that by C!-stably ergodic diffeomorphism we mean a symplectic C2-diffeomorphism such that all
symplectic C2-diffeomorphisms in a C'-neighborhood are ergodic.

Let f € Diffaz)(M ) be a stably ergodic diffeomorphism and U/ be a C'-neighborhood of f such that any g €
un Diffa% (M) is ergodic. We prove that any diffeomorphism inside R N/ admits an £-dominated splitting where
R is given in Lemma 2.3. Since the £-dominated splitting property is a closed property in C!-topology we obtain
a dominated splitting for f. The proof is by contradiction.

Suppose that there exists f1 € R NU close to f.If f1 does not admit a dominated splitting then, by Theorem 2.1,
there exists g1 € Diffclu(M ) with a totally elliptic periodic point.

We claim that there exists g € Diffaz, (M) and C'-close to g| such that g is not ergodic. This gives a contradiction
with the stable ergodicity of f.

Just to simplify our arguments let us suppose that g; has a totally elliptic fixed point. Using the same technics
used in the previous subsection we construct g € Diff(lv(M ) and C'-close to g in such a way that g, coincides
with the identity map on B(8), for some B > 0. Note that g is just C! and we do not get a contradiction with the
stable ergodicity of f.

However, from a result of Zehnder in [18] there exists g3 € Difff)(M) and C'-close to g2. In order to get a
contradiction, similarly to the previous subsection, let p be a C* bump function such that

5@ 1 ifzey(B(B/3)),
)=
P 0 ifz¢y(B(B/2).

We define
SeCe.m) = A, ))Sia + (1= 5x, ) Ses-

Since gz isa C 2-diffeomorphism we have S, isa C 3_function. Moreover, Sgis C 2_close to S¢;. Therefore, S, is a
generating function for a symplectic diffeomorphism g € Diffaz)(M ) such that g is C'-close to g3 and consequently
Cl-close to f.

By construction, g coincides with the identity map on a neighborhood of zero. Hence g cannot be ergodic. This
gives a contradiction, because we have supposed that f is stably ergodic.

The proof of Theorem 2 is complete.

4. Symplectic linear systems

In this section we introduce the key ingredient in the proof of Theorem 2.1. Following the techniques of Mafié,
we use symplectic linear systems enriched with transition by Bonatti, Diaz, Pujals (see [5, Section 1]) in order
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to prove a dichotomy for linear systems in Proposition 5.3. However, we stress that in our case the symplectic
perturbations we have to perform is much more difficult to realize.

Let ¥ be a topological space and f a homeomorphism defined on ¥. Consider a locally trivial vector bundle £
over X' such that £(x) is a symplectic vector space with anti-symmetric non-degenerated 2-form w. Furthermore,
we require the dim(€(x)) does not depend on x.

We denote by S(X, f, ) the set of maps A:E — £ such that for every x € X' the induced map A(x, ) is a
linear symplectic isomorphism from £(x) — £(f (x)), that is,

o, v) = o(AW), AV)).

Thus, A(x, -) belongs to L, (E(x), E(f(x))).
For each x € £ the Euclidean metric on £(x) and £(f(x)) induces in a natural way a norm on L, (E(x),

GACINE
|B(x, )| =sup{|B(x,v)|, ve&), [v|=1}.

Furthermore, for A € S(X, f, £) we define |A| = sup, 5, |A(x, -)|. Note that, if A belongs to S(X, f, £) its inverse
A~ belongs to S(X, f~!, £). The norm of A € S(X, f,E) is defined by ||A| = sup{|A|, |A~'|}.

Let (X, f, &, A) be a linear symplectic system (or linear symplectic cocycle over f), that is, a 4-tuple where X
is a topological space, f is a homeomorphism of X', £ is an Euclidean bundle over X', A belongs to S(X, f, &)
and ||A|| < oo. We say that (X, f, &, A) is periodic if any p € X is a periodic point of f.

Let (V, w) be a symplectic vector space and W C V a vector subspace of V. Then the symplectic complement
of W is given by

W = {x eV:wkx,w)=0, forall w e W}.

It is easy to see that W is also a vector space and, by definition,

(1) If W C W®, then W is an isotropic subspace.
2) TWNW®=0,then W is a symplectic subspace.
(3) If W =W, then W is Lagrangian subspace.

Let (X, f, £, A) be a diagonalizable periodic linear symplectic system such that £(x) = R?¥ . In what follows,
we indicate by A1(x) < Az(x) < --- < Apn(x) their eigenvalues and we denote by E1(x) < Ex(x) < --- < Ean(x)
their respective eigenspaces.

We know that if A is an eigenvalue of a symplectic transformation then A~! is also an eigenvalue. So, if
Al <Xy <--- < Agy are 2N distinct eigenvalues of a symplectic transformation then A;+ := Ayy_j 41 = kfl.

We say that B = {ey, e, ..., ean} is a symplectic basis for a symplectic vector space (V, w) if B is a basis of V
and
0 forj#i*,
w(ei,ej) = e
1 forj=i*>i.

The fact that w is an anti-symmetric 2-form implies that w (e;*, ¢;) = —1 for i* > i.

Let (X, f,&, A) be a diagonalizable symplectic linear system. Suppose that {e|(p), e2(p),...,ean(p)} is a
symplectic basis of £(p) then {A(e1(p)), A(e2(p)), ..., A(ean(p))} is a symplectic basis of £(f(p)). For sim-
plicity of notations, we omit the dependence on the point of vectors e;.

Lemma 4.1. Let (X, f, &, A) be diagonalizable periodic linear symplectic system with distinct eigenvalues
M <o < Ay and Ey < --- < Ean be the corresponding eigenspaces. There exists a symplectic basis
{e1, ..., ean} constituted by eigenvectors. Moreover, for j #i*, E; ® Ej is an isotropic subspace and E; ® E;+ is
a symplectic subspace.



648 V. Horita, A. Tahzibi / Ann. 1. H. Poincaré — AN 23 (2006) 641-661

Proof. Let n = n(p) be the period of p € X. Let ¢; € E; and e; € E; be eigenvectors of A" with respective
eigenvalues A; and A ;. Then,

a)(A”(ei), A" (e./)) =Airjw(ei, ej).
On the other hand, since A is a linear symplectic system, we have
w(A"(ei), A" (ej)) = w(ei, e}).

Thus, if j # i* then A;A j # 1 and consequently w(e;, e;) = 0. Moreover, as w is non-degenerate we have
w(e;, e;+) # 0. So, normalizing the vectors ¢;, 1 <i < N, we can choose a new basis constituted by eigenvectors
of A, which we still denote by e;, such that w(e;, ejx) =1 forall 1 <i < N.

Other claims in the statement are direct consequence of definitions of symplectic and isotropic subspaces. O

Let E; & Ey be a vector subspace of a diagonalizable symplectic vector space. Any small symplectic perturba-
tion of A|g;ek, is called a symplectic perturbation along E; & Ej. The next lemma asserts that any symplectic
perturbation along E; @ Ej can be realized as the restriction of a symplectic perturbation of A. More precisely,

Lemma 4.2 ((Symplectic realization)). Let (X, f, £, A) be a diagonalizable periodic linear system as above. Given
anye>0and 1 < j <k <2N, every g-symplectic perturbation B of

Alg;oE Ej ® Ex — E; @ Ey
along the orbit of x € X is the restriction of a symplectic e-perturbation A of A such that A|E,v = Alg, for
i#j,k, j* k*.

Proof. If E; @ Ey is a symplectic subspace, that is k = j*, then we define A|EjeaE,-* =B, A|Ei =A,fori#j, j*
and we extend it linearly. In that way, we have ‘

w(A(ej), Alej+)) = w(B(ej), Bej+)) = w(ej, ej+) = 1,
and for i # j, j*, we get

a)(A(ei), A(ej)) = a)(A(ei), aej + ,Bej*) =0.
Moreover, for r, s # j, j*, we have

o(Aes), Ale)) = w(A(es), Aley)) = wles, €p).

Therefore, in this case, A is symplectic.

Now, we suppose k # j*. An important feature we have to take account is the way we extend B to E j+ @ Ej-.
Once we have made it, we define A equal to A when restricted to the others subspace E;, i # j, k, j*, k*. Finally,
we extend linearly this operator to other vectors.

There are constants «, 3, y, § € R such that

B(ej) =aej + Bey,
B(ex) =vyej + dey.

Let us suppose 1 < j < k < N. We construct a symplectic linear system A _in this case. In the other cases are
completely analogous, by changing conveniently the sign of the constant in B bellow. We denote A = «é — By
and we define

E(ew)—ie‘*—le *
J _A] Ak’

~ B o
B(eyr) = e + Ak
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and extend B linearly to E j» @ Ejx.
Then, we define A as follows:

o Alg, =Alg, i ¢ (j.k, j* k"),
i A|EjEBEk=37
L A|Ej*63Ek*=Ba

and extend A linearly.
Note that, if B in E; ® Ey is a rotation then the perturbation B is the same rotation in E j, ® Ej.

To verify that Aisa symplectic linear system, it is enough to show that
w(A(e,), Ales)) = w(er, e5) forany 1 <r,s <2N.

Let us begin by the case when r = j, s = j*:

- - 3
a)(A(ej), A(ej*)) = w(aej + Bex, Zej* — %ek*)

1) )
= aZw(ej,ej*) - ﬂZyw(ek,ek*) - %w(ej, exr) + %w(ek, ej*)
oad By
:Z — Z:l:w(el,ej*)

Similarly, we obtain
w(A(ej»), Ale))) = w(ejx, €}),
w(Aler), Aler)) = w(e. exs),
w(Aler), Aler)) = w(ex=, ex).
If r = j,s =k*, then

w(z&(ej), A(ek*)) = w(aej + Bex, —%ej* + %ek*>

—af ap o? B
= Tw(eja ejx) + Zw(ek, exr) + Zw(ej,ek*) - Zw(ek,ej*)

=0=uw(ej, ex*).
Analogously, we have
o(Aler), Aej)) =0=w(ex, eje).
Hence,
w(A(ejr). Aler) =0=w(ejr, e,
w(z&(ek*), A(ej)) =0=w(er, e)).

The remaining cases are direct consequence of the fact that A(ei) = A(e;) belongs to E;, if i # j, j*, k, k*. This
completes the proof. 0O

The following lemma is used in the next sections.
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Lemma 4.3. Let (X, f,E, A) be a periodic diagonalizable linear system. If Ej (p) € Ei(p) ® Ej(p) is close
to ~E j(p) then there exists a symplectic perturbation p of the identity map such that p(E;(p)) = E;(p) and

p(E;j(p)) =E;(p).

Proof. By Lemma 4.2 it is enough to define p symplectic on E;(p) @ Ej(p) close to the identity map.

Let us suppose E; (p) @ E; (p) is an isotropic subspace (j # i*). Given ¢; € E; and EJ;G Ej, wedefine p(e;) = ¢;
and p(e;) the projection of €; over E; and extend p to E;(p) ® E;(p) linearly. Since E; is close to E}, p is close
to the identity map. Moreover, there exists e; € E; such that ¢; = ae; + Be;, for some constants «, 8. Then

w(plei), p€))) =0=awl(e;, ¢) + Pwl(ei, ej) = w(e;, &)).

On the other hand, Let Ei(p) ® E;j(p) be a symplectic subspace. We take e; € E;, e; € E; such that
w(ei,ej) =1.Let ¢; € E; be close to e; Then, there exists constants r close to zero and s close to 1 such that
ej =re; +se;. Hence, {e;, ¢;} is abasis of E;(p) @ E;(p) and s = w(e;, €;). We define p on this base as follows:

p(ej)=e; and p(e;)=se;.
Therefore,
w(ple),p(e))) =w(wlei, ej)ei, ej) = w(ei, e;)).

So, in both cases p is symplectic perturbation of the identity map. O
4.1. Symplectic transitions

Here we recall an important notion introduced in [5]: the concept of transitions. In this work we are dealing with
the systems which admit transitions. In order to introduce this important notion let us begin with an example, see
[5, Section 1.4]. Suppose P and Q are saddles of the same index linked by transverse intersection of their invariant
manifolds. The existence of a Markov partition shows that for any fixed finite sequence of times there is a periodic
point expending alternately the times of the sequence close to P and Q, respectively. Moreover, the transition time
between a neighborhood of P and a neighborhood of Q can be chosen bounded. This property allow us to scatter
in the whole homoclinic class of P some properties of the periodic points of this class.

Now, we introduce the concept of linear systems with transitions as in [5]. Given a set 4, a word with letters in
A is a finite sequence of elements of 4. The product of the word [a] = [ay, ..., a,] by [b] =[b1, ..., by] is the
word [ay, ...,ap, b1, ..., by]. We say a word is not a power if [a] # [b]* for every word [b] and k > 1.

Let (X, f, &€, A) be a periodic linear system of dimension 2N, that is, all x € X is a periodic point for f with
period n = n(x). We denote M 4 the product A" (x) of A along the orbit of x.

If (¥, f, A) is a periodic symplectic linear system of matrices in SP(2N, R), then for any x € X' we write,

MIa(x) = (A(f" '), ..., A(x)),

where n is period of x. The matrix M4 (x) is the product of the words [M]4 (x).

Definition 4.4 ((Definition 1.6 of [5])). Given & > 0, a periodic linear system (X, f, £, A) admits e-transitions if for
every finite family of points x1, ..., x, = x1 € X there is an orthonormal system of coordinates of the linear bundle
& so that (X, f, £, A) can now be considered as a system of matrices (X, f, A), and for any (i, j) € {1, ..., n}2
there exist k(i, j) € N and a finite word (1] = (ti’], ey tl?(?,j)) of matrices in SP(2N, R), satisfying the following
properties:

(1) Foreverym e N, 1 = (i1,...,ip) €{l,...,n}", and ¢ = (ay, . .., o) € N consider the word

[Wa, )] = [ ] [Mata, )] [ ) [ Ma G, ] [0 ] [Ma )] ™,
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where the word w(i, ) = ((x;;, 1), ..., (x;,, o)) with letters in M x N is not a power. Then there is
x(1, @) € X such that
e The length of [W (1, @)] is the period of x(z, &).
e The word [M]4(x(z,®)) is e-close to [W (1, «v)] and there is an e-symplectic perturbation A of A such that
the word [M] ;(x (1, &) is [W (1, a)].
(2) One can choose x(z, @) such that the distance between the orbit of x(z, ) and any point x;, is bounded by
some function of ox which tends to zero as a goes to infinity.

Given 1, « as above, the word [¢*/] is an e-transition from x j to x;. We call e-transition matrices the matrices
T;,; which are product of the letters composing [¢/]. We say a periodic linear system admits transitions if for any
& > 0 it admits e-transitions.

The following lemma gives an example of linear systems with symplectic transitions. It is a symplectic version
of [5, Lemma 1.9] and its proof, based on the existence of Markov Partitions, is analogous the proof of [5].

Lemma 4.5. Let f be a symplectic diffeomorphism and let P be a hyperbolic saddle of index k (dimension of
its stable manifold). The derivative Df induces a continuous periodic symplectic linear system on the set X of
hyperbolic saddles in the homoclinic class H(P, f) of index k and homoclinically related to P.

Remark 4.6. We have some good properties that we use during the next sections. Consider points x1,...,x, =
x1 € X and e-transitions [¢"/] from x; to x;. Then

(1) for every positive & > 0 and 8 > 0 the word
(IM14 ) [ ] (M4 (x )"

is also an e-transition from x;to x;.
(2) forany i, j and k the word [¢"/][¢/] is an e-transition from x; to x;.

The following lemma whose proof is analogous of [5, Lemma 1.10] states that every periodic symplectic system
with transitions can be approximated by a diagonalizable systems defined on a dense subset of . We emphasize
that this lemma is also true for symplectic case.

Lemma 4.7. Let (X, f,E, A) be a periodic linear symplectic system with transition. Then for any & > 0 there is a
diagonalizable symplectic e-perturbation A of A defined on a dense invariant subset b5} of X.

Remark 4.8. We remark that the diagonalizable system near to A as required in the above lemma is not necessarily
continuous, but it does not matter in the way we apply this lemma.

5. A dichotomy for symplectic linear systems

In this section, we reduce the study of the dynamics of symplectic diffeomorphisms in Theorem 2.1 to a prob-
lem on symplectic linear systems in Proposition 5.3. We split the proof of this proposition in two propositions
(Propositions 5.5 and 5.6) whose proofs is given in Sections 6 and 7, see [5, Section 2.1] for more details.

An important tool to make the interplay between a dichotomy for diffeomorphisms and for linear symplectic
systems is a symplectic version of Franks’ lemma.

Lemma 5.1 ((Symplectic Franks’ lemma)). Let f € Diffi)(M ) and E a finite f-invariant set. Assume that B
is a small symplectic perturbation of Df along E. Then for every neighborhood V of E there is a symplectic



652 V. Horita, A. Tahzibi / Ann. 1. H. Poincaré — AN 23 (2006) 641-661

diffeomorphism g arbitrarily C'-close to f coinciding with f on E and out of V, and such that Dg is equal to B
on E.

Remark 5.2. If the symplectic diffeomorphism in Lemma 5.1 belongs to Diff;)(M ), 1 < r < o0, then the cor-
responding perturbed diffeomorphism can be taken in Diff; (M). That is because the perturbation envolves ex-
ponential function and some bump functions which are C°°. However, it is important to note that the perturbed
diffeomorphism is just C'-close to the initial one.

The following proposition is a result that provides a dichotomy for symplectic linear systems.

Proposition 5.3 ((Main proposition)). For any ¢ > 0, N € N and K > 0 there is £ > 0 such that any continuous pe-
riodic 2N -dimensional linear system (X, f, £, A) bounded by K (i.e. || A|| < K) and having symplectic transitions
satisfies the following,

e cither A admits an £-dominated splitting,
o or there are a symplectic e-perturbation A of A and a point x € X' such that M ;(X) is the identity matrix.

In the proof of this theorem we use the following notions.

Definition 5.4 ((Definition 2.2 of [5])). Let M € GL(N, R) be a linear isomorphism of R such that M has some
complex eigenvalue A, i.e., A € C\ R. We say A has rank (i,i + 1) if there is a M-invariant splitting of R,
F & G @ H, such that:

e cvery eigenvalue o of M|f (resp. M|g) has modulus |o| < |A] (resp. |o| > |A]),
e dim(F)=i—1landdim(H)=N —i—1,
e the plane G is the eigenspace of A.

We say a periodic linear system (X, f, £, A) has a complex eingenvalue of rank (i, i 4 1) if there is x € X' such
that the matrix M4 (x) has a complex eigenvalue of rank (i,i + 1).

We split the proof of Proposition 5.3 into the following two results, which are symplectic version of [5, Propo-
sitions 2.4 and 2.5]:

Proposition 5.5. For every ¢ > 0, N € N and K > 0 there is £ € N satisfying the following property: Let
(X, f, &, A) be a continuous periodic 2N -dimensional linear system with symplectic transitions such that its norm
[|A|l is bounded by K. Assume that there exists i € {1,...,2N — 1} such that every symplectic e-perturbation A
of A has no complex eigenvalues of rank (i,i + 1). Then (X, f,E, A) admits an £-dominated splitting F @ G,
F <y G, with dim(F) =1i.

Proposition 5.6. Let (X, f, &, A) be a periodic linear system with symplectic transitions. Given ¢ > g9 > 0 as-
sume that, for any i € {1,...,2N — 1}, there is a symplectic eo-perturbation of A having a complex eigenvalue
of rank (i,i + 1). Then there are a symplectic e-perturbation A of A and x € X such that M ; is the identity
matrix.

The proof of Proposition 5.5 follows from 2-dimensional arguments of Mafié [11] and higher dimensional argu-
ments of Bonatti, Diaz and Pujals in [5]. However, when we change a symplectic linear system along a subspace
by a symplectic perturbation, it produces an effect along it conjugated symplectic subspace. So, in many time, we
have to deal with 4-dimensional arguments instead of Maifié’s 2-dimensional arguments.
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Although our arguments are based on [5], all perturbations we have to perform are symplectic. For this reason,
we have to be more careful and introduce new techniques.

6. Proof of Proposition 5.5

The main ideas of the proof of Proposition 5.5 is to use the argument of Maiié in 2-dimensional case and
reduction techniques in [5]. In fact, by symplectic nature of our systems, the problem will not be reduced to a
2-dimensional problem. Roughly speaking, the problem will be reduced to a problem in a 4-dimensional subspace.

So, first of all, let us recall the 2-dimensional version of Proposition 5.5.

Proposition 6.1 (Maiié)). Given any K and ¢ > 0 there is £ € N such that for every 2-dimensional linear system
(X, f, &, A), withnorm || A|| bounded by K and such that the matrices M 4 (x) preserve the orientation,

(1) either A admits an £-dominated splitting,
(2) or there are an e-perturbation B of A and x € X such that Mg (x) has a complex (non-real) eigenvalue.

Remark 6.2. If A in the above proposition preserves a non-degenerate form  defined on £ then it is possible to
choose B e-close to A also preserving w. Recall that, in 2-dimensional setting, if det(B) = 1 then B preserves w. In
order to construct such B suppose that det(B) # 1 where B comes from the above proposition, we just substitute
B by B = B / det(E). The fact that the determinant map is continuous and det(A) = 1 implies that B is close
to A.

6.1. Dimension reduction

To generalize Proposition 6.1 to higher dimensions, Bonatti, Diaz and Pujals in [5] introduced dominated split-
tings for quotient space. Here we just recall the definitions, for more details we recommend the reader to see
[5, Section 4].

Let (X, f,&, A) be a linear system and F an invariant subbundle of £ with constant dimension. We denote
by AF the restriction of A to F and by A/F the quotient of A along F' endowed with the metric of orthogonal
complement F1 of F;i.e., given a class [v] we let |[v]| = |v#|.

An important statement proved in [5] is the following.

Lemma 6.3 ((Lemma 4.4 of [5])). For any K > 0 and £ € N, there exists L with the following property: Given any
linear system (X, f,E, A) such that | A|| is bounded by K with an invariant splitting E ® F ® G, one has

(1) E<¢Fand E/F <, G/F = E <, F®G.
(2) F<¢Gand E/F <;G/F=E®F <. G.

Using the previous lemma, the proof of Proposition 5.5 follows from Lemma 6.4 besides a inductive process
completely analogous to that in [5, Lemmas 5.2 and 5.3]. In fact the next lemma is a symplectic version of [5,
Lemma 5.1] and it can be understood as a 2-dimensional version of Proposition 5.5 and in it proof we have to take
account that we are deal with symplectic systems. Therefore, we give a complete proof of this statement. We omit
the inductive argument necessary to the proof of Proposition 5.5, since it is similar to the mentioned work.

Lemma 6.4. Given K > 0 and ¢ > 0 there is £ € N such that for any diagonalizable linear periodic system
(X, f, &, A) of dimension 2N and bounded by K, and any 1 <i < 2N — 1 one has
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o FEither there is an e-perturbation of A having a complex eigenvalue of rank (i,i + 1),
e orforevery j <i<k

Ei/(Ej1®--- @ Er) <¢ Ex1/(Ejr1 @ @ Ep).

Proof. Suppose that | < --- <Ay < Ay41 < -+ < Aoy are the eigenvalues of A. As A is symplectic we have
A= (on—ig) = 1*1_

Fix & > 0 and let £ be the dominance constant in Proposition 6.1. If E;/(Ej4+1 @ -+ ® Ey) <¢ Exy1/(Ej11 @

- @ Ey) we are done. Otherwise, by Proposition 6.1, we perturb the quotient to collapse the eigenvalues A ; and
Ak+ 1. Moreover, by Lemma 4.2, this perturbation of the quotient gives a perturbation A of A having a pair of
eigenvalues A = Ak+1, which are respectively continuation of Aj and Ax41 and preserving the eigenvalues of the
restriction of A toEjr1 DD Ey.

Consider a symplectic isotopy A;,0<t<1,suchthat Ag=A, A| = A and denote A j.r and Agyq, the contin-
uations of A; and Axy; at time ¢. Let us assume that A, < Agy1,, for every 0 <t < 1. We analyze the following
cases:

(1) )"l X )\'l+la
2) A< A,+1 <1,
B) 1< <Xt

Observe that, as this perturbation is symplect1c the eigenvalues k i+ and A(k+ 1 also will collapse So, we get A
having the same eigenvalues Ay, for s & {j, j*, k + 1, (k + 1)*} of A and A =Mt 1s A(k+1)* = A i=. Furthermore,
when we get a complex eigenvalue of rank (i,i + 1), we also get a complex eigenvalue of rank (G + D*, i%).
Hence, the proof of item (2) yields to the proof of item (3).

In order to proof item (1), note that we must have i = N. Itis because A; < 1 and A4 = A;" > 1 are consecutive
eigenvalues of a symplectic system. Moreover, since A is diagonalizable then A and Ay 1 = A}, cannot assume
the value 1. For the proof of this item, we have the following alternatives:

(1.a) ):j = ik_H < An.So, thereexists 0 <7 < 1 suchthat Agy 1, =Ayand A;, < Ay.Hence, A1)« =Ant1 >
1. Therefore, there exists t' < ¢ such that Az = Agk+1)* = 1. Then, we perturb Ay to get a complex
eigenvalue of rank (i,i 4+ 1).

(1.b) Xj = ik+l > An+1. This case is similar to the previous one.

(l.c) Ay < Xj = XH] < An41. Recall that Ay < 1 < Any41. So, there exists ¢ such that either A;, =4+, =1
or Aky1,s = Ak+1)+,; = 1. In both cases we obtain a complex eigenvalue of rank (i,i + 1) after a small
perturbation of A;.

Now, we consider the second case where A; < A;4+1 < 1. Again we take account the following alternatives:

(2.a) ij = Xk—H < Ai. If Ag41 < Ai+1)~ then there exists 0 < ¢ < 1 such that Ay ; = A;. After a small perturbation
of A;, we get a complex eigenvalue of rank (i, i + 1). Otherwise, Agi1 > A(j41)* implies Ax41)* < A;. Then,
there exists 0 < ¢’ < 1 such that either A] " < Ak41)*, = Ai1 (recall that i(kﬂ)* >1D)or Ay, <Ajp =

Ai+1 (there are no reason to A, remains less than A; 4 during all the isotopy). In both cases we perturb
slightly A, to produce a complex eigenvalue of rank (i,7 + 1).

(2.b) )~\j = 5»1(_;,_1 > A1 I A < Ay, let 0 < t’ < 1 be the smallest 7 such that or A; < Ajt = AkDx,e < Aitl
or Ajs=XAit1 < Ak+D#, OF Aj; < Aj = Agkt1)+,- After a small perturbation of A, we get a complex
eigenvalue of rank (i, i + 1). Otherwise, Ag41 > A(i41)« implies A 41y« < A;. Then, there exists 0 < <1
such that either A i1y« 7 <Aj = Aip1 Or Aj p < Agey1)*, = Aiy1. In both cases we perturb slightly A, to
produce a complex eigenvalue of rank (i, + 1).
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2c) A < Xj = Xk+1 < Aigt. If g1 > A41)+ then sz < X;. Then, there exists 0 < ¢’ < 1 such that either
At < Ay = Ai OF Agy1yxr < Aj = A;. In both cases we perturb slightly A, to produce a complex
eigenvalue of rank (i,i + 1). Otherwise, Ax41 < A¢i4+1)+ implies that a small perturbation of A gives us a
complex eigenvalue of rank (7,7 + 1).

This completes the proof. O

End of the proof of Propesition 5.5. Observe that Lemma 6.4 is for diagonalizable systems. But, now we use
Lemma 4.7 to end the proof of Proposition 5.5.

Assume that there are ¢ > 0 and i € {1, ...,2N — 1} such that every e-perturbation of A has no complex eigen-
value of rank (7,7 + 1). Choose a sequence ¢, < £/2 converging to zero. As the system (X, f, A) has transition,
using Lemma 4.7, we get a dense subset X, and diagonalizable ¢, -perturbation B, of A defined on X,,. Then, we
apply Lemma 6.4 for B, : there is an integer L > 0 such that every B,, admits an L-dominated splitting E,, @ F,, with
dim(E,) = i. Finally, as X, are dense and ||B,, — A|| — 0, we conclude that A admits an L-dominated splitting
E @ F withdim(E)=i. O

7. Proof of Proposition 5.6

After getting periodic points with complex eigenvalues with rank (7, i + 1) the idea in the proof of Proposition 5.6
is to use the symplectic transitions to multiply matrices corresponding to different points of X' having complex
eigenvalues of different ranks. Observe that as f is symplectic a periodic point with complex eigenvalue of rank
(i,i +1)isalso of rank ((i + 1)*, i*).

The next proposition is a symplectic version of Lemma 5.4 of [5].

Proposition 7.1. Let (X, f,E, A) be a continuous periodic symplectic linear system with symplectic transitions.
Fix ey > 0 and assume that a symplectic eo-perturbation of A has a complex eigenvalue of rank (i, i + 1) for some
ie{l,...,2N — 1}. Then for every 0 < 1 < &g there is a point p € X' such that for every 1 <i < 2N there is a
symplectic g\ -transition [t'] from p to itself with the following properties:

o There exists a symplectic e-perturbation [M] ;(p) of the word [M]4(p) such that the corresponding matrix

[M];(p) has only real positive eigenvalues with multiplicity 1. Denote by X < -+ < Aoy such eigenvalues
and by E;(p) their respective (1-dimensional) eigenspaces. . .

o There is a symplectic (g9 + &1)-perturbation [t'] of the transition [t'] such that the corresponding matrix T'
satisfies

- TUE () =Ej(p) if j ¢ {i.i + 10", G+ D),
— T'(Ei(p)) = Eix1(p) and T' (Ei11(p)) = Ei(p).
A key tool in the proof of Proposition 7.1 is symplectic transitions constructed in Proposition 7.2. These transi-

tions preserve the dominated splitting corresponding to two different periodic points.
Let p, pi € X such that

Ep)=F1<---< Py,
and
E(p)=E1<---<E@qiyix <+ <Ejit1<--- < Ean,

where F; and E; are 1-dimensional eigenspaces and E; ;11 and E(; )= ;x are 2-dimensional eigenspaces corre-
sponding to the complex eigenvalues. We fix a symplectic basis {f1, ..., fan} for £(p). The eigenvalues corre-
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Fan_12n

w_ MM(To(Fon—1 & Fan))
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s Tio(Fon—2 & Fan) /

Di F 2

Pi

Fig. 1. Constructing a transition whose matrix sends Foy_1 @ Fon to Eay_1 2N

sponding to E; )« ;+ are inverse of the eigenvalues corresponding to E; ;1. We only deal with the case i > N,
that is when E; ;1 appears after £(;11)+ ;+ in the above dominated splitting. The another case is completely similar
to this case.

Proposition 7.2. There exists a symplectic transition [t; o] from p to p; such that its matrix T; o satisfies the
following:

o T o(F))=E; if j#£i,i+1,i*, (i + 1%
o Tio(F;® Fit1) =E; i1, and
o T;o(Fit1)x ® Fix) = Ei11)%,i*.

There is also a symplectic transition [ty ;] from p; to p with a similar properties.
To prove the proposition we state two auxiliary lemmas.

Lemma 7.3. Under the hypotheses of Proposition 7.2, ifi = 2N — 1 there exists a symplectic transition from p to
pi such that its matrix T satisfies the following properties:

o T(FIon1® Fon)=Eon—1po8v and T (F1 @ F2) = E1 5,
o T(F3®---®@Fn2)=E30---® Eany_2.

Proof. Suppose that #; o is an arbitrary transition from p to p;. Let M; and M denote respectively M (p;) and
M 4 (p). After a small symplectic perturbation we may suppose

Ti0(Fon—1 ® FoN) L Ei 2@ E3 D -+ @ Eon—o.
By domination, for n| sufficiently large Ml."1 o T; 0(Fan—1 @ Foy) is close enough to Exn—1 2n. Now by another
small symplectic perturbation S we may send M o T; o(Fan—1 @ Foy) inside Exy—1on. Let Ty = So M o T o.
Now, using again the dominated splitting, there is n; sufficiently large such that T2_1 (E1p):=M"™"o0 Tl_1 (E12)
is close enough to F; @ F>». It is possible to choose vy, v € Ej 2 such that

2N 2N

'on=fi+) ef; and Ty ') =f+) &fj

j=3 j=3
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Indeed, let Vy, :=F1 ® F3 @ --- @ Fon. As dim(Vy,) = 2N — 1 and dim(Tfl(ELz)) = 2 there exists w :=
fitesfs+---+enfon €V, ﬁTl_l(El,z). Since w is close enough to F; @ F» it comes out that g;,i =3, ..., 2N,
are arbitrarily small. So, it is enough to take v; = T>(w). Similarly we get v, satisfying the assertion.

Define a symplectic linear map I as follows.

7, (vy) ifi=1,2,
iy =7 ifi =2N,2N — 1,

fi+eixfon +Eixfon—1 f3<KIKN,

fi—erfon —Eixfon—1 i N <i <2N —2.

Let us check that / is a symplectic transformation. It is enough to verify that w(I( i), I( fi)) = w(f}, fir) for all
1< j,k<2N, j #k. We have the following cases:
(i) Let j =1,2and 3 <k < N. One just prove for j = 1 (the case j = 2 is analogous). We have

2N
o(1(f1), 1(f0)) =w<f1 + D &ifj foten fon +ék*f2N1)

j=3
= (f1, &k fon) + o (e fix, fi) = e — epr = 0= (f1, fo)-
(i) Let j=1,2and N <k <2N — 2. Again we just give the proof for j = 1. We have

N
o(T(f1), I(fo) =w<f1 + Zsjfjv S — e fan —Ek*sz—1)
i=3

= w(f1, =&k fon) + 0 (&r= fix, fi) = =&k + ekx = 0= (f1, f)-

(iii) Let 3 < j, k < 2N — 2. In this case we have
w(i(fj)» i(fk)) =o(fj e fon £Ejx fan—1, fx T ew fon L&k fan—1) = o (f}, fr)-

(iv)Let j=1,2and k =2N — 1,2N. Let us just show this case for the when j =1 and k =2N:
2N

o(I(f0, 1(fon) = w(fl +Y eifi. sz) =o(f1, fan).

i=3

This complete the proof that I is symplectic.
Hence, T :=T, o M;',z ol maps F1 @ F> and Fon—1 @ Fay respectively to Ej 2 and Eon—1 2N .
It remains to prove that

T(F3®---©Fhn2)=E3®---® Ean-2.

Take 2 < j <2N — 1 and assume that T (f;) ¢ E3 @ --- @ Eay—2. So, there is v € E1 3 U Eay_1 2y such that
o(T(fj),v) #0.Let w := T~ (v) € (F) ® F») U (Fany—1 ® Fon). Then,

0=w(fj.w)=o(T(f). TW) = (T (f).v) #0.

which is a contradiction. This completes the proof of the lemma. O

Lemma 7.4. Under the hypotheses of Proposition 7.2, if i <2N — 1 there exists a symplectic transition T from p
to p; with the following properties:

o T(Fony)=Eyy and T (Fy) = Eq,
o T(F®---®In_1)=E,where E=E,®---® Exy_10r E23DE4D---® Ean_3® Eanv_22N-1-
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Proof. Let #; ¢ be an arbitrary symplectic e-transition from p to p;. After a small symplectic perturbation we
may suppose T;0(Fan) ¢ E1 @ E2 @ -+ @ Eay—1. So, by the dominated splitting, for n; sufficiently large M;'" o
T; 0(F2n) is close enough to E;y. Now, by another small symplectic perturbation S we may send Ml.”’ o T;.0(Fan)
inside Ery.Let T) =S o Ml."l o T; 0. Then T1(Fn) = Ean. All perturbations are symplectic, but we do not know
whether T7(F;) = E; or not.

Let {f1,..., fon} be a symplectic basis for £(P) and ey = T1(fon). For any e; € E| we have
o(T;  (ean), Ty (e1)) = w(ean, e1) #0.

So, we conclude that Tl_1 (E1) has a non-null component in the F direction. Now, using the dominated splitting,

for ny sufficiently large we have Tz_l(el) =M"™o0 Tl_l(el) is close enough to f; for some e¢; € E;. More
precisely for some e € E1 we can write:

Tz_l(el) =fiteafrtefs+---+enfon

where f; € F; and &; are small enough whenever n; is sufficiently large.

Now we define a symplectic perturbation of the identity map defined on the basis { f1, f2, ..., fan} as follows:
2N
A+ ef ifi=1,
i=2
I(f) =1 fon ifi =2N,

fiterfon ifl<i<N,
fi—eixfon if N<i<?2N.

Let us verify that 7 is a symplectic transformation. It is enough to verify that w(i(fj), I[(f) = w(fj, fi) for
all 1 < j,k<2N, j# k. We have the following cases:
(i) Let j =1and 1 <k < N. Observe that for k < N we have o ( fi*, fr) = —1. So, we have

2N
(1), I(fo) =w<f1 +Z8ifi, Jk +8k*f21v> = o (f1, &k fan) + o (& frr, fi)
=2
=—gp +ep=0=0w(f1, fi).
(ii) Let j =1, N <k < 2N. Note that for k > N, w(fi+, fi) = 1. Then,
2N

o(I(f), 1(fi) = w(ﬂ + > eifis fi— Ek*fZN) = o (f1, —x fon) + 0 (ex fis fr)
i=2
=g — g = 0=w(f1, fi).

(i) Let 1 < j, k < 2N. In this case we have

o(I(f). I(f)) = o(f; £ e fon. fi £ ere fon) = @ (i, fo)-
@iv)Let j =1,k =2N. Then
2N

o(I(f1), I(fon)) =w<f1 + ZSifi’ fzzv) =w(f1, fan)-

i=2

Hence, T :=T> o Iisa symplectic transition from p to p; with T (Foy) = Eon and T (F1) = E1. Moreover, the
fact that T is symplectic implies that for all 1 < j <2N

o(T(f)), T(fon) =o(T(f), T(f1)) =0.
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This implies that T'(f;) cannot have coordinates in the e; and ey directions. Therefore, T sends the eigenspace
FLe---®&Fhy_1intoE. O

Proof of Proposition 7.2. If i =2N — 1 we apply Lemma 7.3 and then use the method in the proof of Lemma 7.4
inductively to get the transition 7; o.

Otherwise, if i < 2N — 1 we apply Lemma 7.4 successively 2N —i — 1 times to reduce the problem to the above
case. O

Proof of Proposition 7.1. The proof of this proposition follows from the same arguments of [5, Lemma 5.4]. Let
us outline the main steps of the proof and point out how to complete the proof in the symplectic case.

After a small symplectic perturbation we may suppose that M), is diagonalizable for some p € X' and there is
pi € X such that p; has complex eigenvalue of rank (i,i + 1). Let

(1 Ep=F<-<Fy
and
(2) E(p)=Ei < <E@itnrix <+ <Ejjit1 < < Ean.

By Proposition 7.2 we can construct a symplectic transition [£1]:= [70,i1[ti 0] from p to itself whose matrix T!
preserves all subspaces Fj, j #i,i +1,i*, (i + 1)*, F; @ Fi11, and Fi= @ Fi41)~.

Using again Proposition 7.2 and the complex eigenvalues inside E;;y; we can obtain a new transition [7']
such that 7' interchanges F; and F;y. This transition can be constructed exactly as in [5, Lemma 5.7] using
Lemmas 4.3 and 4.2. The unique difference is that to complete the proof in the symplectic case we should prove
that 7' interchanges Fj« and F(i+1)* too.

Given a non-zero vector f(;1) € F(l+1), let f; = Ti (f(,+1)) We show that T (f, ) € F(j+1) for any fix € Fjx.

Since F+ @ F(j41) is preserved by T*, there exists constants r, s € R such that 7" (fix) =rfix +sfi+1)+. Then,

0=w(fie, fi+n) = (T (fi). T'(fi+1)) = 0@ fir + sfi+1y, i) =ro(fir, fi).

The fact that w(fj, f;) # 0 implies r = 0. Therefore Ti( fi*) belongs to F(;11)+. Similarly we can prove that
T'(Fiyn) =Fx. O

End of proof of Proposition 5.6. In Proposition 7.1 we construct transitions [7'] whose action on the finite set
{Fi(p)higj<on of eigenspaces of M ;(p) is the transposition (i, i + 1) which interchanges E;(p) and E;+1(p).
In what follows a combinatorial argument exactly as done in [5] shows that after a small perturbation we ob-
tain a totally elliptic periodic point. We verify that the arguments in their paper works also in the symplectic
case.

Given 0 <k < 2N denote by oy, the cyclic permutation defined by ox (Ej(p)) = Ej4r(p), where the sum i + j
is considered in the cyclic group Z/(2N)Z.

As any permutation is a composition of transpositions, for every 0 < k < 2N there exists an element [Sk] in the
seml group generated by transitions [#'] such that if Sk is the matrix corresponding to the word [Sk] then one has
Sk(Ej(p) = Ejsx(p).

Let [Sk] be the word of matrices corresponding to the perturbation [Sk] in the semi-group generated by the
initials [#/]. As the [t/] are &;-transitions from p to itself, any word in the semi-group generated by the [#/],
in particular the [Sk] is also an &p-transition from p to itself. Let us write [So] = [San] the empty word whose
corresponding matrix is the identity.

By definition of transitions, for any n € N there is a point x,, € X such that the word [M]4 (x,) is &1-close to the
word [W, ] corresponding to the matrix W,, defined by

Wy :=Won_i1no---0Wi,oWo,
where W; ,, := Soy—i o (Ma(p))" o S; o San—iSi.
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We know that for any 7, the matrix §2N_,- o S; acts trivially on the set of spaces {E j(p)}. Let us denote by

o ) the eigenvalues of M ;(p) corresponding to E,
o 1 ; the eigenvalue of §2N—i o E corresponding to the E;(p).
Consequently, for every j and any n € N the space E;(p) is an eigenspace of the matrix
Wini=Sm_io (Mz(p))" o Si 0 Son—i S,

whose corresponding eigenvalue is /Ll-z jA? e

As the transitions are symplectic we have ):,-):,'* =1l and w; ju; j» = 1. It comes out that

[[x=1

i=

and
2N—1 2N—1 -1
o 2 2 |
Ci=[Tui=\T1wip) =ci
i=0 i=0

The word [1717,,] corresponding to the matrix defined as

Wy =Won_1po--0oWy, oWy,

is (g9 + €1)-close toiWn] and so it is an g9 + 2¢1-perturbation of the word [M]4(x). So we conclude that E;(p)
is an eigenspace of W,, with eigenvalue C;.

Observe that C; are not necessarily close to 1. Consider B, matrices having Ej(p) as eigenspaces and (C j)_l/ n
as their eigenvalues. Observe that B, is symplectic too and (B,,)" = W, ! Denote by [M] 4(p) the word obtained

from [M] ;(p) by replacing its first letter A( p) by A( p) o B,. For n large enough this new word is an €1 -perturbation
of [M];(p), so by item (i) of Proposition 7.1 it is also 2¢; -perturbation of [M]4(p). As B, commutes with M ;(p)
we get

(Mz(p)o By)" = ML(p)o W, "

So, the word [Wn] obtained by changing the initial subword [M]’:i (p) of [W,,] by [M]A(p) is (e + 2€1) < €
close to the word [M]4 (x,,) and its corresponding matrix Wn = Wn o VT/,T I —1d. This completes the proof.
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