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Abstract

This paper is concerned with the so-called Derivative Nonlinear Schrodinger equation. This equation is known to have a
two-parameter family of solitary waves solutions. We prove orbital stability of these particular solutions for the whole range
of parameters values by using variational methods.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

Résumé

Cet article concerne 1’équation de Schrodinger Non Linéaire Dérivée. Cette équation possede une famille d’ondes solitaires
dépendantes de deux parametres. Nous prouvons la stabilité orbitale de ces solutions particulieres pour toutes les valeurs des
parametres en utilisant des méthodes variationnelles.
© 2006 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
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1. Introduction and main result

In this paper, we study orbital stability of solitary wave solutions for the derivative nonlinear Schrédinger equation
(DNLS):

10,u + 37u +idx (Jul*u) =0, (t,x) eRx R. (1.1

Eq. (1.1) appears in plasma physics (see, e.g., [14,15]). It is known (see [9] and Section 2 below) that (1.1) has a
two-parameter family of solitary wave solutions of the form:

x—ct
. .C 3. 2
Up,c(t, X) = Pu,c(x — ct) exp lwt+1§(x—ct)—11/ |G, ()| dn ¢, (1.2)
—0oQ
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where (w, ¢) € R2, ¢? < 4w, and

ﬁ c —1/2
bo.c(x) = |:4a) — {cosh(\/4a) —c?x) — 2«/5” , (1.3)

which is a positive solution of

2

3
—a§¢+(w—%)¢+§|¢|2¢—g|¢|4¢=o, xeR. (1.4)

In [9], Guo and Wu show that u,, .(¢) is orbitally stable for DNLS (1.1) if ¢ < 0 and ¢? < 4w. The case ¢ > 0 is not
studied in [9]. The proof in [9] is based on the general theory of Grillakis, Shatah and Strauss [7,8] and the spectral
analysis of linearized operators. In [9], it is remarked that DNLS (1.1) cannot be written in a Hamiltonian form, so
that the abstract theory of Grillakis, Shatah and Strauss [7,8] cannot be applied to (1.1) directly. Instead, the authors
use an alternate stability theorem (see Theorem 2 in [9]), whose proof they omit.

In this paper, we shall prove that u,, .(¢) is orbitally stable for DNLS (1.1) for any (w, ¢) € R? satisfying ¢? < 4w,
using the variational method related to the solitary waves (see Sections 3 and 4) as in Shatah [22] (see also [17]).
We also use gauge transformations to rewrite (1.1) in a Hamiltonian form (see (2.5) below). The spectral analysis of
linearized operators is not needed in our proof.

For later use, let us consider more general equation of the form:

10,1 4 02u 4 ir|u|*dcu + ipu?d, i + alu*u + blul*u =0, (1.5)

where A, i, a, b € R. Recall that the Cauchy problem for (1.5) is locally well-posed in the energy space H!(R).
It is proved by Ozawa [21] (see also [10-12]) that for any ug € H I(R) there exists a unique solution u €
C([0, Tmax[, H'(R)) of (1.5) with initial data u(0) = ug. Moreover, the solution u(s) satisfies three conservation
laws

E®) =Ewmo), Qu®))=Quo), Pu))="P(uo), (1.6)

for all t € [0, Trmax[, Where

S+ w)
E) = ||8x ||2+—Im/|u|2u8 udx——l|u||4 < 7>I|ullg,

96

Q) = —||u||2, P<u>=—51mfaaxudx—%nuui,

and || - || , denotes the L”(IR) norm. For the well-posedness of the Cauchy problem for (1.1) in H*(R) with s < 1, we
refer to [1,24,25].
Here, we give the definition of orbital stability.

Definition 1. Let U = U (z, x) be a solitary wave solution of (1.5). We say that U (¢) is orbitally stable for (1.5) if for
any & > 0 there exists § > 0 such that if ug € H'(R) satisfies ||ug — U(0)|| g1 < 8, then the solution u(t) of (1.5) with
initial data u(0) = u exists globally in time and satisfies

sup inf ||u(t) —U@,-—y) ||H1 <e.
120 (0,y)eR?

Otherwise, U (¢) is said to be orbitally unstable.

Now we state the main result of this paper.

Theorem 1. For any (w, c) € R? satisfying ¢* < 4w, the solitary wave solution Uy (t) given by (1.2) is orbitally
stable for DNLS (1.1).
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Remark 1. Note that v, (¢, x) = ei(“’_cz/ Ht Pw.c(x) is a solitary wave solution of the following nonlinear Schrodinger
equation (NLS):

3
iatv—l—afv—§|v|2v+ﬁ|v|4v=0, (1.7)

and it is known that v, .(¢) is orbitally stable for (1.7) if ¢ < 0, and it is orbitally unstable for (1.7) if ¢ > O (see [18]).
In fact, we have

2Jw+c
2w —c

for any (w, ¢) € R? satisfying ¢2 < 4w (see Section 5). Thus, 3, |Pw.c ||% is positive if ¢ < 0, and it is negative if ¢ > 0.
The orbital stability and instability of v, .(¢) for NLS (1.7) follow from the variation of || ¢, ||§ with respect to @ and
the general theory of Grillakis, Shatah and Strauss [7,8] (see also [5,23,27]). For the case ¢ = 0, the strong instability
of v, (¢) for NLS (1.7) is proved by Weinstein [26]. Moreover, for the case ¢ > 0, we can prove the strong instability
of vy () for NLS (1.7) in the same way as in [20] (see also [2,19]).

| Pw.cll3 =8tan™! (1.8)

Remark 2. On one hand, it is known that if ug € H'(R) satisfies ||lugl3 < [|¢w,0ll3 = 27, then the solution u(t) of
DNLS (1.1) with initial data u(0) = ug exists globally in time (see [11,12,21]). On the other hand, little is known for
the case ||ug ||% > 2. Especially, it is an open problem whether DNLS (1.1) has finite time blowup solutions for large
data. Since [[ue,c(0)[13 = llgw,c |3, it follows from (1.8) that [|ue (0)[15 < 27 if ¢ < 0, and 27 < [|ug, (0)||3 < 47 if
¢ > 0. By Theorem 1, u,, .(¢) is orbitally stable for DNLS (1.1) even if ¢ > 0, which gives some information about
the global existence result for large initial data ||u0||§ >2m.

The plan of this paper is as follows. In Section 2, we state Theorem 3, which gives sufficient conditions for the
orbital stability of a solitary wave of a simplified equation (2.4), and show that the conclusion of Theorem 1 follows
from that of Theorem 3 via a gauge transformation. In Section 3, we give a variational characterization of solitary
wave solutions. In Section 4, we give the proof of Theorem 3 using the variational characterization proved in Section
3 and the arguments in [22] and [17]. Finally, in Section 5, we use elementary computations to verify the conditions
in the hypothesis of Theorem 3.

2. Proof of Theorem 1

In this section, we prove Theorem 1. First, we rewrite DNLS (1.1) in a Hamiltonian form by using a gauge trans-
formation. For v € R, we define G, : H'(R) — H'(R) by

Gv(u)(x)=u(x)exp<vi/ \u(n)\zdn>, ue H (R).

Note that G;! = G_,, and

G, w)(x — y) = Gy(e¥u(- — y))(x) 2.1)
foru e H! (R), x, y, 8 € R. Moreover, there exists C = C(v) > 0 such that
1Gv@) = Gu)]| o < C(1+ Null3y + Iol50) I = vll 22)

for u, v € H'(R). By v(t) = G, (u(t)), Eq. (1.5) is transformed to an equation of the same form with different
coefficients:

i,v + 820 +iA|v[* 00 + 1?0, 0 + alv|*v 4 blv[*v =0, (2.3)

where
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Note that to derive (2.3), we have used the following equality on u

2 — 1 4
Olul” + 0 {2 Im(@d.u) + 5 (1 + wlul*} =0,

which is obtained by a straightforward computation on Eq. (1.5). In particular, by v(¢) = G1/2(u(t)), DNLS (1.1) is
transformed to

id,v + 82v +ilv|?8,v =0. (2.4)
Then, (2.4) can be written in a Hamiltonian form:
v =—iE'(v), (2.5)
where
1 , 1 9.
E(v)=5||8xv||2+ZIm |v|[“vdyvdx. (2.6)
R

Note that E, Q and P are conserved quantities of (2.4), where

Q) = %IIUII%, P(v) = —%Im/ vdcvdx (2.7)
R

(see (1.5) and (1.6)), and that
E'(v)=—0*v—i?ov, Q'()=v, P'(v)=id,v. (2.8)
For a while, we consider Eq. (2.4) instead of (1.1). For (w, ¢) € R?, we define the functional Sw.con H L(R) by
Sw,c(V) =E(W)+wQ()+cP(v)
1 1) c _ 1 _
- 5||8va|% + 5||v||§ — EIm/ vdyvdx + Zlm/ |v]?00y v dx. (2.9)
R R

Let G, be the set of all nontrivial critical points of S, ¢, i.e., ¢ € Gy if and only if p € H L(R) \ {0} satisfies
—02¢ —ilp|?0,9 + wp +icd,p =0, x€eR. (2.10)

By (2.5), (2.8) and (2.9), we see that if ¢ € G, . then e p(x —ct) is a solitary wave solution of (2.4). By the
transformation

¢(x)=¢(X)eXP<—§iX+i/|¢(n)|2dn), (2.11)
Eq. (2.10) is transformed to
—92 +< —é) +11 (B0, + =|¢[? —i| 1“0 =0 R (2.12)
b+ (0= 7 )¢+ 5 Im@ap)d + Slole — lel'e =0, xeR, :

and vice versa. When ¢? < 4w, since @w.c given by (1.3) is a positive solution of (1.4), we have Im(d;w,caxdbwyc) =0
and ¢, . satisfies (2.12). Therefore, ¢, . defined by

c. i ; 2
(Pw,c(x)z(pw,c(x)eXP(Elx T / ’¢wc(n)| dn) (2.13)

satisfies (2.10), i.e., @u.c € Gp.c if ¢ <4w. The following lemma gives a characterization of the set G, ..

Lemma 2. For any (w, c) € R? satisfying ¢* < 4w, we have

Goe = (€700 (- — y): (0,y) eR?}.
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Proof. Since it is trivial that {ew(pw,c(‘ —y): (0,y) € Rz} C Gw.c, we have only to show the converse. Let ¢ € G, .
Then, ¢ € H'(R) \ {0} satisfies (2.10), and ¢ given by (2.11) satisfies (2.12). Let f =Re¢ and g =Im¢. Then, f
and g satisfy Bff = A(¢) f and afg = A(¢)g, where we put

_ 1 - c 2 3 4
Ap) =0 — o+ 7 Im(@dd) + Z|61" — Tlol"

Thus, we have 8, (fd,g — gdx f) =0 for any x € R. Since f, g € H!(R), we see that Im(_<§8x¢) = forg—80 f=0
for any x € R, so that ¢ satisfies (1.4). Therefore, there exists (6, y) € RR? such that ¢ = e‘9¢w,c(~ —y) (see Cazenave
[4, Theorem 8.1.6]). Finally, by (2.11) and (2.13), we conclude the lemma. O
Next, we consider the orbital stability of solitary wave solution
Ve (1, X) =€ @y, o (x — ct) (2.14)

of (2.4). Note that the solitary wave solution u, (¢) of DNLS (1.1) is given by u, () = G_1/2(Vw,c(?)) (see (1.2)).
For (w, ¢) € R? satisfying c? < 4w, we define a function d(w, ¢) by

dw,c)= Sa),c(¢w,c‘)~

Our sufficient condition for orbital stability is stated in terms of the derivatives of d(w, c) as follows.

Theorem 3. Let (wo, co) € R? satisfy c(z) < 4wy. Assume that there exists & € R? such that
(d' (@0, c0), 8) #£0,  {d" (@0, c0)&, &) >0, 2.15)
where (-,-) denotes the inner product on R%. Then the solitary wave solution Vg, co (1) given by (2.14) is orbitally
stable for (2.4).
Note that d'(w, ¢) = (3pd (@, ¢), d.d(w, ¢)), and by S;, .(¢w ) =0 we have
9pd (@, ) = O(@Pu,c) >0, dcd(w,c) = P(@p.c). (2.16)

Since d” (wp, cp) is a 2 x 2 symmetric matrix, if det[d” (wy, cg)] < 0 then d” (wy, cp) has one positive eigenvalue. In
addition, since d’(wo, co) # (0, 0), we see that if det[d” (wp, co)] < O then there exists £ € R? satisfying (2.15). Now,
if Bf}d (wo, cp) > 0, then (2.15) is satisfied by taking & = (1, 0). Therefore, as a corollary of Theorem 3, we have the
following (compare with Theorem 2 in [9]).

Corollary 4. Let (wg, cp) € R2 satisfy c(z) < 4wy. Assume det[d” (wy, co)] < 0 or af)d(a)o, co) > 0. Then the solitary
wave solution vy, ¢, (t) is orbitally stable for (2.4).

Moreover, by elementary computations, we have the following.

Lemma 5. For any (», ¢) € R? satisfying ¢* < 4w, we have

0 (¢u,c) =4tan™ ig%z P(¢w.c) = V4w — 2, (2.17)
det[d"(w,c)] = 1 <0. (2.18)
w

We will prove Theorem 3 and Lemma 5 in Sections 4 and 5, respectively. Now, we prove Theorem 1 using Corollary
4 and Lemma 5.

Proof of Theorem 1. Let (w, ¢) € R2 satisfy 2 < 4. By (2.18) and Corollary 4, the solitary wave solution v, () is
orbitally stable for (2.4). Thus, the orbital stability of the solitary wave solution u,, .(¢) for DNLS (1.1) follows from
the fact uy, o (t) = G-1/2(vw (1)) and the properties (2.1), (2.2) of the gauge transform G,. O
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Remark 3. In [9], for the case ¢ < 0, they show det[d”(w, c)] < 0 to prove the orbital stability of u,, (¢) for
DNLS (1.1). However, for the case ¢ < 0, we have Boz)d(a), ¢) = 0, 0(¢p,c) > 0. By Corollary 4, we do not need
to compute det[d” (w, ¢)] to obtain the orbital stability of u,, -(¢) for the case ¢ < 0. On the other hand, for the case
¢ >0, we have Bz,d (w, ¢) < 0. Therefore, we need to compute det[d” (w, ¢)] to prove the orbital stability for the case
c=>0.

3. Variational characterization

In this section, we give a variational characterization of solitary wave solution v, .(¢) defined by (2.14), which will
be used in the proof of Theorem 3 in the next section.
For (w, ¢) € R? satisfying ¢? < 4w, we consider the following minimization problem:

(@, c) =inf{Sy c(w): u € H' (R)\ {0}, Ko, c(u) =0}, (3.1)
where S, . is defined by (2.9) and

Ko.c(u) = ||axu||§+w||u||§—cIm/aaxudme/|u|2ﬁaxudx. (3.2)
R R
For convenience, we put
Lyc(u)= ||3xu||§ +a)||u||% —cIm/ﬁaxudx, 3.3)
R
N@u) = —Im/ |u|?i@dyu dx. (3.4)
R

Then, we can write

1 1
Sw,c(u) = ELw,C(M) - ZN(M)’ Ko,c() = Le,c(u) — N(u). (3.5)
Let M,, . be the set of all minimizers for (3.1), i.e.,
Mo.e={p € H'R)\{0}: Sp,c(9) = (@, ), Ko,c(9) =0}
Recall that G, . = {p € H'(R) \ {0}: S;)’C((p) =0}, and note that K, (1) = 03 Se,c(Au)|p=1 for u € H'(R). Thus, if
¢ € Gy, then we have K, .(¢) =0.
The main result in this section is as follows.
Proposition 6. Let (v, ¢) € R? satisfy > < 4w. If a sequence {u,} C H'(R) satisfies
Sw,c(n) = p(w,c), Ko, c(un) — 0, (3.6)
then there exist a sequence {y,} C R and v € M, . such that {u, (- — yn)} has a subsequence that converges to v
strongly in H' (R).
To prove Proposition 6, we first prove a simple lemma.

Lemma 7. Let (w, ¢) € R? satisfy ¢* < 4o.

(1) There exists a constant C1 = C(w, ¢) > 0 such that
Lyc(u) = Cillully,, ue H'(R). 3.7)

2) u(w,c)>0.
3) Ifue H'(R) satisfies K -(u) <O, then L, (1) > 4u(w, c).
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Proof. First, we show (1). For @ > 0 and u € H!(R), we have

2 6‘2
+ (a) — —) llul|3. (3.8)

1
Lo ) =1 —a)|[d,ul3+ - ”
2

e — i
adyu — —iu
2

Since ¢? < 4w, taking « € |¢? /4w, 1[, we have (1). Next, we show (2). Let u be any element of H!(R) \ {0} satisfying
Kw,c(u) =0. By (1) and the Sobolev inequality, there exists a constant C, > 0 such that

Cillull?) < Lo )= N@) < Callul/},,.

Since u # 0, we have ||u||i,1 > C1/C3. Thus, by (3.1), (3.5) and (3.7), we see that

1 C?
w(w, c) = Zinf{Lw,C(u): ue H'(R)\ {0}, Kocu)=0}> ﬁ > 0. (3.9)
2
Finally, we show (3). Let u € H'(R) satisfy K, (u) < 0. Then, there exists A; € ]0, 1[ such that K, .(Aju) =
ATLe c(u) — AN (u) = 0. Since u # 0, by (3.9), we have 4/.(w, ¢) < Loy c(Mu) = A3 Ly c(U) < Loy o(u). O

To prove Proposition 6, we use the following compactness lemmas due to Frohlich, Lieb and Loss [6], Lieb [13]
and Brézis and Lieb [3].

Lemma 8. Let {f,} be a bounded sequence in H'(R). Assume that there exists p € 12, oo[ such that

limsup|| /1l » > 0.
n—od
Then, there exist {y,} C R and f € H'(R) \ {0} such that { f,(- — y,)} has a subsequence that converges to f weakly
in H'(R).

For the proof of Lemma 8, see [6] and [13].

Lemma9. Let 2 < p < 0o and {f,} be a bounded sequence in LP (R). Assume that f, — f a.e. in R. Then we have

I fallp =Wl fu = £l = 1L £1l5 — 0.

For the proof of Lemma 9, see [3].
Now, using Lemmas 8 and 9, we prove Proposition 6. Similar arguments can be found in [16] and [19].

Proof of Proposition 6. In what follows, we shall often extract subsequences without mentioning this fact explicitly.

Step 1. By (3.5) and (3.6), we have L, o (uy) =4S, c(Un) — Ky c(Un) = 4p(w, ¢). Thus, by (3.7), we see that {u,}
is bounded in H!(R).

Step 2. We show limsup,,_, o, luslle > O by contradiction. Suppose that lim,_  ll#,|l¢ = 0. Then, by the
Cauchy—Schwarz inequality and the boundedness of {u,} in H L(R), we have |N (up)| < ||u,,||g||8xu||2 — 0. Since
Ko, c(uy) — 0, we have L, -(u,) — 0. Moreover, by Lemma 7(2), we have L, .(u,) = 4u(w,c) > 0. This is a
contradiction.

Step 3. By Steps 1 and 2 and Lemma 8, there exist {y,} C R, a subsequence of {u,(- — y,)} (we denote it by {v,})
and v € H'(R) \ {0} such that v, — v weakly in H'(R).

Step 4. We first note that

i
Ky o(u) = |0 u — Eiu + §|u|2u

2

2 c? AT VR S
2+ @ = 7 Jllullz + Fllully = 7 llulls (3.10)

for any u € H'(R). Since {v,} is bounded in H!(R) and v, — v ae. in R, by Lemma 9, we have ||v,,||£ — vy, —
vllh = llvllh — 0 for 2 < p < 0o. Moreover, if we put

C. 1 2 C. 1 2
wnzaxvn—iw,fl—ilvﬂ Un, w:&xv—§1v+§|v| v,
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then w, — w weakly in L?(R). Thus, we have ||wn||§ — w, — w||§ — ||w||% — 0. Therefore, by (3.10), we have
Kp.c(n) — Ky c(vp —v) — Ky o (v) = 0. 3.11)
Similarly, by (3.8) with ¢?/(4w) < a < 1, we have
Le,c(Un) = Lo,c(Up —v) — Ly c(v) = 0. (3.12)
Step 5. We show K, (v) < 0 by contradiction. Suppose that K, (v) > 0. By (3.6) and (3.11), we have
Ky, c(vn —v) > =Koy c(v) <0,

which shows K, (v, — v) < 0 for large n. By Lemma 7(3), we have L, (v, — v) 2> 4u(w, c) for large n. Since
Ly (vy) = 4p(w, ), by (3.12), we have

Lw,c(v) = nin;O{La),c(vn) - La),c(vn - U)} <0.

Moreover, by Step 3 and Lemma 7(1), we have v # 0 and L, (v) > 0. This is a contradiction. Hence, we have
Kw,c(v) <0.
Step 6. By (3.9), Lemma 7(3) and the weakly lower semicontinuity of L, ., we have

dp(w, c) < Lw,c(v) < liminfLw,c(vn) =4u(w, o).
n—00

Thus, we have L, (v) =4u(w, ¢)(v) and v, — v strongly in H! (R). Moreover, by Step 5, (3.5) and Lemma 7(3),
we have K, .(v) =0 and S, (v) = u(w, ¢), which show v € M,, .. This completes the proof. O

Finally, we prove the following lemma, which gives a characterization of the set M,, ..
Lemma 10. Let (w, ¢) € R? satisfy ¢* < 4w. Then, we have Mp.c = Gp e In particular, we have d(w, ¢) = u(w, c).

Proof. First, we show that M,, . C G, .. Let ¢ € M,, .. Then, there exists a Lagrange multiplier A € R such that
Sy.c(9) =AK,, .(p). Thus, we have

0= Ko,c(®) =S, (9), ) = MK, (), ¢).
By K4 .(9) =0, (3.7) and ¢ # 0, we have

(Ko o(@),9) =2L0y c(9) —4N () = =2L, () < 0.

Thus, we see that A =0 and ¢ € G, ¢, which implies M, ¢ C Gy . We now show the converse. Let ¢ € M,, . Then
¢ € Gy, and by Lemma 2 there exists (0, y) € R? such that o) = e‘egowﬁc(- — ). It follows

Si,e (@) = (@, ©) = Su,c (”Pu,c (- = 1)) = Sw.c(@w.0),
which implies ¢, . € M, .. Finally, we conclude the proof by using Lemma 2. O

4. Proof of Theorem 3

In this section, we prove Theorem 3. The proof is based on the variational characterization of solitary wave solutions
in Section 3 and the arguments in [22] and [17]. Throughout this section, we assume that (w, ¢) € RZ satisfies ¢2 < 4.
We put

Af c={ve H'®)\ {0}: Su.c(v) <d(@,¢), Koc(v) >0},
As.=f{ve HY(R)\ {0}: Sp.c(v) <d(@, ), Kopo(v) < 0},
B ={ve H'®)\ {0} Su.c(v) <d(,c), N) <4d(w,c)},
B, .= {v e H'(R) \ {0}: Sw.c(v) <d(w,c), N(v) > 4d(w, c)},

where S, ., Ko and N are defined by (2.9), (3.2) and (3.4), respectively, and note that d(w,c) = u(w,c) by
Lemma 10.
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Lemma 11. Let (w, ¢) € R? satisfy 2 < 4.

(1) The sets A} . and A . are invariant under the flow of (2.4), i.e., if ug belongs to A} . (resp. Ay ), then the
solution u(t) of (2.4) with u(0) = ug belongs to .A;C (resp. A, ) as long as u(t) exists.
() A =B} .and A, . =B .

Proof. (1) Let ug € Ajg, . and T« be the maximal existence time of the solution u(t) of (2.4) with u(0) = ug. By
ug # 0 and the conservation laws (1.6), we have u(r) # 0 for r € [0, Tinax[- Since E, Q, P defined by (2.6) and
(2.7) are conserved quantities of (2.4), S, . is also conserved. Thus, we have S, (u(t)) = Sp.c(to) < d(w, c¢) for
t € [0, Tmax[. Moreover, by (3.1) and u(w,c) = d(w, c), we see that K, (u(t)) # 0 for t € [0, Tmax[. Since the
function t — K, (u(t)) is continuous, we have K, (u(t)) > 0 for ¢ € [0, Tmax[. Hence, A;j’c is invariant under the
flow of (2.4). By the same way, we see that A . is invariant under the flow of (2.4).

) Ifve .A:g,c, then by (3.5) we have N(v) =4S,..(v) — 2K, (v) < 4d(w, ¢), which shows v € B;j’c and
AJC C BJC. Now, let v € B;t’c. We show K, .(v) > 0 by contradiction. Suppose that K, .(v) < 0. Then, by (3.9)
and Lemma 7(3), we have L, (v) 2 4u(w, c) =4d(w, ¢). Thus, by (3.5), we have

Sw,c(V) = %La),c(v) - iN(v) zd(w,c),

which contradicts S, .(v) < d(w, ¢). Therefore, we have K, c(v) > 0, which shows v € Af . and B} . c Af .
Next, if v € A;’C, then by Lemma 7(3) we have L, (v) > 4u(w, c) = 4d(w, ¢). Thus, by (3.5), we have N(v) =
Ly,c(v) = Ky c(v) > 4d(w, ¢), which shows v € B, . and A, CB, . Finally, if v € B, ., then by (3.5) we have
2Kp,c(v) =4840 (v) — N(v) < 4d(w, c) — 4d(w, c) = 0, which shows v € A . and B, . C A, ... This completes
the proof. O

Let (wo, co) € R? satisfy c(% < 4wy, and assume that there exists & € R? that satisfies (2.15). We define the function
h:]—ep, 0l > R by

h(t):d((a)o,co)+f§), T € ]—¢&0, &0l “4.1)
for sufficiently small ¢g > 0. Then, by (2.15), we have
h'(0) ={d'(wo, c0). §) #0, R (0) =(d" (w0, co)&, &) > 0. (4.2)

Without loss of generality, we can assume that 4’(0) > 0 by replacing & by —£ if necessary. Moreover, by the conti-
nuity of 4’ and h”, we can choose gy such that / satisfies

K()>0, h'(t)>0 forte]l—ep,eol. 4.3)

Lemma 12. Let (wy, ¢p) € R? satisfy c% < 4wq. Assume that there exists & € R2 that satisfies (2.15), and let h be
the increasing function defined by (4.1). Then, for any € € 10, gq[, there exists § > 0 such that if up € H L(R) satisfies
ltto — Pug,coll g1 < 8, then the solution u(t) of (2.4) with u(0) = ug satisfies 4h(—e) < N(u(t)) < 4h(e) for all
t € [0, Tmaxl.

Proof. As mentioned above, we can assume that £ satisfies (4.3). Let ¢ € ]0, go[. Since 4 is increasing, we have
h(—¢) < h(0) < h(e). Moreover, by K co (©wy,co) =0 and (3.5), we deduce 44(0) = 4d(wo, co) = 4Swy,co (Pwp,co) =
N (@uwy,c0)- Thus, if ug € H! (R) satisfies [|o — @uy,coll g1 < 8 then we have 47(0) = N (ug) + O(8), and 4h(—¢) <
N (up) < 4h(e) for sufficiently small § > 0. Since h(%¢) = d((wo, cp) £ €&) and the sets ijoyco are invariant under the
flow of (2.4) by Lemma 11, to conclude the proof, we have only to show that there exists § > 0 such thatif ug € H L(R)
satisfies [|ug — @ug,coll g1 < 8 then Sy, cp)+es (o) < h(Ee). Assume that ug € H'(R) satisfies [ug — P, coll g1 <9,
and put £ = (&1, &). Then, by (2.7), (2.9), (2.16) and (4.2), we have

S(a)o,co):l:é‘f (u()) = S(wo,co):l:sé (wa)()‘CO) + 0(8)
= Sa)(),(:() ((pa)(),(:()) + 8{51 Q(q)a}o,co) + SZP(¢w0,Co)} + 0(8)
= 1(0) & £/ (0) + O(5).
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On the other hand, by the Taylor expansion, there exists t; = t1(¢) € ]—&p, €o[ such that
&2
h(£e) =h(0) £ eh'(0) + 7}1”(11)'

Since h”(t1) > 0 by (4.3), we see that there exists § > 0 such that if ug € H'(R) satisfies ||ug — @wo.coll 1 < 8 then
S(wo,co)+et (o) < h(Fe). This completes the proof. O

Now, we prove Theorem 3.

Proof of Theorem 3. We prove by contradiction. Suppose that v, ¢, (¢) is not orbitally stable for (2.4). Then, there
exist a constant €1 > 0, a sequence of solutions {u,} to (2.4), and a sequence {t,} in ]0, oo[ such that

un(0) = Quy.c, in H(R), 4.4)

onf Jtn (tn) = €®@ug.co - = )| 1 = 1. 4.5)
Then, since E, Q and P are conserved, by (2.9) and (4.4), we have

Sn.co (n (1)) = Swn.co (14n0)) = Swp.co (Pan.co) = d (@, co). (4.6)
Note that d(wo, co) = u(wo, co) by Lemma 10. Moreover, by Lemma 12 and (4.4), we have

N(un (tn)) — 4d(wo, c). 4.7

Thus, by (3.5), (4.6) and (4.7), we have

1
Kowy.co (un (tn)) = 28wg.co (un (tn)) - EN(un (tn)) — 0. (4.3)

Therefore, by (4.6), (4.8) and Proposition 6, there exist a sequence {y,} C R and v € M, ¢, such that {u, (t,, - — y,)}
has a subsequence (we denote it by the same letter) that converges to v in H'(R). Thus, by Lemmas 2 and 10, we
have

(ijr)lgkz H”n (tn) — eie‘Pwo,Co(' =) ”H‘ — 0,

which contradicts (4.5). Hence, v, ¢, (?) is orbitally stable for (2.4). O
5. Proof of Lemma 5

In this section, we prove Lemma 5 using the expression (1.3) of ¢, . and elementary computations. In what follows,
we put

o =4w — c2, B = ¢ .
2w
Note that @ > 0 and —1 < 8 < 1 by ¢ < 4w. Then, by (1.3), we have
2 _ o
Poc ) = o) — B)

By (2.13) and by elementary formulas

o0

. [1+B

dy 1
= t .
/cosh2y—,3 /1 — B2 an 1-8
0

]o dy = p tan~! I+h + :
{cosh2y — B12 — (1 — p2)3/2 1-8 201—p8%’

0

we have
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Q(¢w,C):f¢w,c(X)2dx =4tan_l %’
0

/¢w,c(x)4dx:8ctan_1 %4_4\/&7

0

00 . 00
P(¢w,c) = _§/¢w,c(x)2 dx + Z/¢w,c(x)4 dx = \/&7
0 0

which imply (2.17). Moreover, by (2.17), we have

2
0: 0 (Pw,c) = 00 P(Qu,c) = ﬁ7
w — C

000 (Puw,c) = —

Cc

8CP(§0¢0’C) = — \/4—72
w w—C

c
Vaw =72’

Thus, we have

1
det[d”(a), C)] = an(‘Pw,c)acP((ﬂw,c) - acQ(‘Pw,c)awP((ﬂw,c) = _;,

which shows (2.18). This completes the proof of Lemma 5. O
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