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Abstract

We prove global wellposedness of the two-dimensional and three-dimensional Gross—Pitaevskii equations in the natural energy
space.
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Résumé

On établit que le probleme de Cauchy pour I’équation de Gross—Pitaevskii est bien posé dans I’espace d’énergie naturel, en
dimensions deux et trois.
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1. Introduction

The Gross—Pitaevskii equation on R?

0
ia—l:+Au=(|u|2— u (1.1)
is the Hamiltonian evolution associated to the Ginzburg—Landau energy
1 1
5(u)=/§|Vu(x)|2+Z(|u|2—1)2dx (1.2)
R4

defined on the space
E={ueH! (RY): VueL*(RY), [u* — 1€ L*(RY)}. (1.3)

Eq. (1.1) arises naturally in several contexts, in particular superfluidity and Bose—Einstein condensates, see
[18,13,5,19]. The formal Madelung transformation

u= ﬁei¢/2
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provides a link with a system close to the one describing compressible irrotational fluids, and the question of turbulence
effects for this equation has been recently addressed in [17]. On the other hand, existence of progressive waves
solutions was recently studied in [2,1,10-12].

It is therefore natural to seek for a theory of the Cauchy problem in the energy space E. Notice that, because of the
special form of the potential energy, functions in the energy space E do not cancel at infinity, therefore the classical
theory of the Cauchy problem for the nonlinear Schrédinger equation developed in [7,8,15,4] does not apply. To our
knowledge, the only results of global wellposedness for (1.1) on the whole space E are due to Zhidkov [20,21] and
are restricted to one space dimension, without using dispersive properties of the Schrodinger group. However, in an
appendix to [2], the strategy of Kato [15] is used to derive global wellposedness in the smaller space 1 4+ H'(R¥) for
natural dimensions d =2, 3.

The purpose of this paper is to show how Strichartz estimates can also be used to obtain global wellposedness of
the Cauchy problem for (1.1) in the whole energy space E for d = 2, 3. Before stating our result more precisely, let
us introduce a natural structure of metric space on E. We recall that Zhidkov introduced in [20] the space

X'R)={ueL®®): u' e L*(R)}
and proved that the Cauchy problem for (1.1) is well-posed in
lue X'®R): [ul* — 1€ L*®)}.

In fact, it can be shown that this space coincides with E. More generally, we shall show in Section 2 that, in any space
dimension d,

Ec X'(RY) + H'(R?),
where we have set, for every positive integer £,

X*(RY) = {u e L®(R?): 9°u e L*(RY), 1< || <k}, (1.4)
equipped with the natural norm

luell g = llulizoe + Y 19%ull 2.
N1
It is then easy to endow our energy space E with a structure of complete metric space by introducing the following
distance function,
~ ~ 222

dp(u, i) = |lu—illx1 g+ [lu)* = @] . (1.5)
Recall that, given two Banach spaces X, Y of distributions on R, the Banach norm on the space X + Y is defined by

vl x+y :inf{||v1 lx +llv2lly: v=vi4+v2, v1€X, 12€ Y}.

Our result can now be stated as follows.

Theorem 1.1. Let d € {2, 3}. For every ug € E, there exists a unique solution u € C(R, E) of Eq. (1.1) with the initial
condition u(0) = ug. Moreover, the flow of (1.1) on E enjoys the following additional properties:

— If moreover Aug € L2(R?), then Au € C(R, L*(R%)).

— Forevery time t, E(u(t)) = E(uop).

—Ifup(t) = el’®uq denotes the solution of the linear Schrodinger equation with the same Cauchy data, u — uy, €
CR, H'(RY)).

— For every R > 0, for every T > 0, there exists C > 0 such that, for every ug, iy € E such that £(ug) < R and
E(ug) < R, the corresponding solutions u, u satisfy

sup dg(u(r), (1)) < Cdg (uo, ig).
[tI<T
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Let us mention that local existence results in the spaces X*(R?), k > d/2, were already proved by Gallo [6], and
that a global existence result in X?(R?) has been obtained recently by Goubet [9] using logarithmic estimates as in
Brezis—Gallouét ’s contribution to cubic nonlinear Schrodinger equation on plane domains [3].

In the special case d = 3, it is in fact possible to describe the energy space in a simpler way. Denote by

H'(R?) =D"*(RY) = {v e L°(R?): Vv e L*(R?)}

the completion of the space C§° (R?) for the Dirichlet norm || Vv| 2. Then one can prove that
E={u=c+v:ceC, |c|=1, ve H' (R, v +2Re(c™'v) € L*(R?)}.

Moreover, the distance function dg is equivalent to
8p(c+v,6470)=c— &+ Vv — V|2 + | [v]* +2Re(c'v) — [5]* — 2Re(¢™'D) | ,» (1.6)

and the dynamics of (1.1) keep ¢ invariant. No such simple description is available in two space dimensions, since
elements of E may have complicated oscillations at infinity, for instance

idog2-+x))* I

ux) =e o< -

This paper is organized as follows. In Section 2, we prove the inclusion £ C X! + H! and we establish that the
linear Schrodinger group acts nicely on the nonlinear energy space E if d =2, 3. Section 3 is devoted to the proof of
Theorem 1.1 by a contraction argument. An important point consists in observing that the nonlinear drift w =u —uy
belongs to C(R, H'(R?)). Finally, in Section 4 we prove the above-mentioned description of the dynamics on the
space E in the special case d = 3. We also discuss the role of the dimension in studying how the energy functional
measures the distance to the circle of constants of null energy. Finally, we sketch a generalization of Theorem 1.1 to
small energy solutions in four space dimensions.

2. The energy space and the linear Schrodinger equation

In this section, we prove some preliminary results concerning the structure of the energy space E and the action of
the Schrodinger group on E.

2.1. The energy space, Sobolev spaces and Zhidkov spaces

Recall that the energy space E is defined in (1.3) and that the Zhidkov space X' (R?) is defined in (1.4). Our first
result is the following observation.

Lemma 1. In any space dimension d, we have
Ec X'(RY) + H'(R?)
and there exists C > 0 such that, for every u € E,

lullxi o <C(1+VEW). 2.1

Proof. Let x € Cj°(C) such that 0 < x <1, x(z) =1 for [z] <2, and x (z) = 0 for |z| > 3. Let us decompose
u=ui+ury, u;r=xwu, uy= (1 — X(u))u.

We have
lurllee <3,

and, since |u| > 2 on the support of u7,

lua| < |[ul* — 1

’

thus
luzll 2 < lul® = 1], < 2V/E@).
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On the other hand,

Vuy = (x(u) +udx ) Vu + udx (u)Vi; Vuy = (1 — x(u) —udy u))Vu — udx (u) Vi.
This implies easily, for some A = A(x),

IVurll 2 + 1Vuzll 2 < AllVul 2 < V2AVEW).
Hence

lurll g + lluzll g <3+ 2+ V2A)0VEW).

The proof is complete. O
Remark 2.1. Notice that, in the special case of dimension d = 1, the above lemma reads £ C X 1 (R).
We close this subsection by an elementary lemma which will be useful in the sequel.

Lemma 2. Ifd =2, 3, 4, we have E+H'CcE and, for everyv € E, w € H!,
lo+wl =1 2 <[P =1] 2+ C(1+VE®) (lwll 2 + lwlz4) + w]4. (2.2)

Moreover; for everyv e E, 1 € Eandw e H', W € H',

dp(+w, 0+ 1) <C(1+ |wll g1 + W] 41)dE v, D)
+ C(1+VEW) +VE®) + wlgt + 1Bl g1 ) llw — D g1

Proof. Given v e E,w € H', trivially V(v 4+ w) € L?. Then we expand
v+ w®—1=v> = 1+2Re(@w) + |w|?

and this quantity belongs to L? since v € L% + L* and w € L?> N L* by Lemma 1 and the Sobolev inequality. This
gives estimate (2.2). Moreover,

Finally, the estimate of |||v + wl? — |0+ o) 12 can be established along the same lines as (2.2). O

2.2. Action of the linear Schrodinger group on the energy space

We start with a general statement about the spaces X* + H*. Denote by S(r) = e'’®

gator.

the linear Schrodinger propa-

Lemma 3. Let d be a positive integer. For every positive integer k, for every t € R, S(t) maps X*(R?) + H*(R?) into
itself, with the estimates

1@ g < CCUH10) 21 F ke
and

IS f = ]2 <CUVZIV 2. (2.3)
Moreover; if f € X¥(RY) + HKRY), the map

teR S f € XF(RY) + HY(RY)

is continuous.
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Proof. Since S(r) acts isometrically on H*(R?), it is enough to assume f € X*(R). We just write

SOf=r+8S0Of-r
and we are led to prove that S(r) f — f € H*(RY) with

15O f = fll e <CO+16) U f g and SO f = f e = 0
as ¢ tends to 0. For 1 < || <k, it is clear that 3%(S(t) f — f) = (S(t) — 1)3% f € L2(R?) with
lo“(st)f = Pl o< Clo*fl . and [0*(S@f = f)] 2 =0

as ¢ tends to 0. Moreover, introducing x € Cgo(]R) such that x = 1 near the origin, we can write

d
oiER _ 1 = Zgj(f,f)éj

j=1
with

1
gj(t, &) =—itx (1€ S,/e_””glzd + T(;';'El )Sj(e_i”g'z —1)=0(r]'7?).
0

Consequently,

d
S()f—f=iy gj(t.D)3;f € L*(RY)
j=1
and this yields (2.3). The last assertion is a simple consequence of (2.3) and of the continuity of ¢ +— S(¢) f € L% if
felL?’ O

Remark 2.2. In the case k > d/2, we have H*(R%) ¢ X*¥(R¢) and we recover the fact that S(r) acts on X*(R?) (see
Gallo [6] for the original proof).

Combining the previous lemmas, it is now possible to show that the energy space is kept invariant by the
Schrodinger group if the dimension is not larger than 4.
Proposition 2.3. Let d € {2, 3,4}. Foreveryt € R, S(¢t)(E) C E and, for every ug € E, the map
teR—> SHupe E

is continuous. Moreover, for every R > 0, for every T > 0, there exists C > 0 such that, for every uq, i € E such that
E(up) < R and E(lig) < R,

sup d (S()uo, S(1)iio) < Cdg (ug, o). 2.4
[tI<T

Finally, if d =2, 3, for every R > 0 there exists T (R) > 0 such that, for every ug € E such that £(ug) < R, we have

sup  E(S(Huo) <2R. (2.5)
t<T(R)

If d =4, there exists A > 0 such that, for every ug € E such that £(ug) < 1, we have

sup &(S(tuo) < AE (up). (2.6)
<1

Proof. Writing again
S()uo = uo + (S(t)uo — uo),
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and using Lemmas 2 and 3, we have easily S(¢)(E) C E, while the continuity property
S(Hug —)O ugp inFE
t—

is a consequence of the second estimate in Lemma 2 and of Lemma 3. Finally, estimates (2.5) and (2.6) are conse-
quences of (2.2). Indeed, if d = 2, 3, the combination of (2.3) and of the interpolation inequality

1-6

6
lwllgs < Cllwll 2 IVwll 57,

for some 6 € 10, 1[, allows to make the L* norm of S(r)uo — ug uniformly small for £(ug) < R and || < T(R). If
d =4, 4 is exactly the Sobolev exponent and we must be content with the linear estimate (2.6). O

3. Proof of the main theorem

In this section, we prove Theorem 1.1, thus d € {2, 3}. We start by observing that the nonlinear drift belongs to
H'(RY) at every time. Then we solve the equation by a contraction argument in the space C([—T, T'], E) for T small
enough with respect to the energy of the data. Finally we establish propagation of the regularity of the solution and
conservation of the energy, which leads classically to global existence of the solution.

3.1. Estimates on the nonlinear drift

Let up € E. As in the previous section, we denote by u;, the solution of the linear Schrodinger equation such that
ur (0) = ug. Then Eq. (1.1) is, at least formally, equivalent to

t

)y =ur®) =i [ 5= 0(P = Nu(o)]dr.
0

Therefore it is natural to study first the map

urs Fu) = (lu* —1)u
for u € E. The following lemma is an elementary consequence of Lemma 1 and of the Sobolev inequalities.
Lemma 4. Assume d € {2, 3}). Then, for every u € E, F(u) € L*> + L% and V(F(u)) € L> + L%5. Moreover, for
every R > 0, there exists C(R) such that, for every u, u in E such that £(u) < R, (i) < R, we have

|F@) = F@) |2y 30+ [V(F@) = V(F@) | 2, 1655 < C(RVE (u, ). (3.1
Proof. Since u € X' + H' and d < 3, we have u € L™ + L°. Since |u|2 — 1€ L? Holder’s inequality then implies
F(u) € L* + L3*. Moreover,

F(u) — F@) = (luf —|a*)u + @ — i) (la|* 1),
therefore

|F) = F@) | oy s < |1l = 1P| 2l ooy g6 + 11 = 1] 2l = ill oo g6 < CRYE (u, i)
As for the gradient, we have

V(F@) = (2lul* - 1)Vu + u?Vi.

Using that 2|u|2 — 1 and u? belong to L™ + L3, and that Vu € L2, we conclude V(F(u)) € L? + L% Moreover,

V(Fw)) — V(F(i)) = 2(u — D) Vu + 2i(u — i) Vu + (2|i|* — 1)(Vu — Vi)
+ (u—i)u+ @) Vu + i>(Vu — Vii).
This yields
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IV(Fa)) = V(F@)] 2y s < C(lutll oo g6 + 1l ooy g6) IVl 2Nl = il oo 6
+ C(L+ 107 o o) I Vi = Vil 2
and (3.1) follows. O

Next we recall the nonhomogeneous generalized Strichartz estimates [8,16]. We denote by r’ the conjugate expo-
nent of . We shall say that a pair (p, ¢) of positive numbers is admissible if
2 d d
p q 2
Notice that ¢ < oo can be as large as we want if d = 2, while ¢ is limited by the Sobolev exponent 2* = (2d)/(d — 2)
if d > 3. For every admissible pair (p1, q1), for every T > 0, for every f € LP1([-T,T], L% (R%)), the function

t

w(t) = / St—-1)f(r)dr

0

satisfies w € LP2([—T, T, L9 (R%)) for every admissible pair (p7, g2), with the estimate

lwll ez (7,711,002 @) < CUSN (=T.T1.L% ®%)" (3.3)
Combining these estimates with Lemma 4, we infer
Lemma 5. Let d € {2, 3}. For everyu € C([—T, T], E), the quantity
t
D(u)(t) = —i/ St — r)[F(u(r))] dr 3.4

0
belongs to C([—-T, T1, H! (Rd)). Moreover, if T < 1, for every R > 0 there exists C(R) > 0 such that, if u, u satisfy
Vie[-T,T], E(u@)<R, E(@a@)<R,
then, if T <1,
sup [|@w)(t) — @ @) ()| ;1 < CRT'? sup dig (u(®), i(0)). (3.5)

11T [7|<T

Proof. From Lemma 4, we know that F(u) € L*°([-T, T], L%+ L3/2), hence, applying (3.3) with gy =2 and g1 =2
or g1 =3, we obtain @ (u) € C([—T, T], L*>(R%)). Observing that

t
Vo (u)(t) = —i/ St = )[V(F(u(r)))]dr
0
we argue similarly with g1 =2 or g; = 6, and this gives V(@ (u)) € C([-T, T], L?(R%)). Estimate (3.5) similarly
follows from (3.1), the factor 7''/2 coming from the fact that pj <2 in estimates (3.3) and that 7 <1. O

3.2. Local wellposedness

As a first classical step, we shall solve the Cauchy problem for (1.1) locally in time. Denote by u, the solution of
the linear Schrodinger equation,

urp () =S()up.
The Duhamel equation for u reads

u) =ur () + ) (), (3.6)
where @ was defined in (3.4).
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Proposition 3.1. Let d =2, 3. For every R > 0, there exists T > 0 such that, for every ug € E with £(ug) < R, there
exists a unique solution

ueC([-T.,TLE)

of Eq. (1.1) with u(0) = ug. Moreover, if g € E satisfies £(tig) < R and u is the corresponding solution of (1.1), then
we have the Lipschitz estimate,

sup dg (u(1), i(1)) < C(R)dE (o, iko).
ltI<T

Proof. Denote by X7 the complete metric space of functions u € C([-T7, T], E) such that supy, <7 E(u(t)) <3R.
We shall prove that, for T small enough, the map

ur>up + o)

is a contraction of Xr. Given ug € E such that £(ug) < R, Proposition 2.3 implies that, for 7 small enough with
respect to R,

sup E(ur (1)) <2R.
[tI<T

On the other hand, applying estimate (3.5) in Lemma 5 in the special case where i is a constant of modulus 1,

sup |@@)(®)]| ;1 < C(RT'2.
1t|<T

X

It remains to apply Lemma 2 to conclude, for T small enough with respect to R,

sup € (uL (1) + D w)(1)) < 3R,
l1I<T

hence u — uy, + @ (u) acts on X7. Then we combine the second estimate of Lemma 2 with estimate (3.5) of Lemma 5
to obtain, if u,u € X7,

sup dg(up (1) + @ (u()), up (t) + @ (i(1)) < C(R) sup |@w) (@) — @ ()| ;1
[1I<T [tI<T

< C'(RT'? sup de(u(),a(r)).
<t

Choosing 7' small enough with respect to R completes the proof of the contraction argument. The proof of the
Lipschitz estimate is similar. O
Remark 3.2. An equivalent approach would consist in solving the equation
w=>ur+w)
in the space C ([0, T, H'(R?)) for T = T (R) small enough.

3.3. Regularity and conservation of the energy

We now come to the regularity of the solution constructed in the previous subsection.
Assume that Aug € L2(R?), d =2, 3. Then
uop € X* + H* = X?
by taking into account that d < 3. Therefore it is classical that the map

u (|u|2 — 1)u

leaves X? invariant, and is Lipschitz continuous on the bounded subsets of X?. Consequently, Eq. (1.1) has a maximal
solution belonging to C (=T, T*[, X?), which blows up in X2 as ¢ approaches a boundary point —T}, or T* if this
point is finite. Let us show that ]—Ty, T*[ = R. As a first step, we shall prove that, for every R > 0, there exits 7] > 0
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depending only on R such that, if £(ug) < R and Aug € L?, then [Ty, T1] C 1—Ty, T*[. Denote by T the time
constructed in Proposition 3.1, so that u(¢) stays bounded in E for |f| < T by a constant depending only on R. Then,
fort e [T, T]1N]—=Ts, T*[, we have

|A((Jul* = D)u)| < (3lul® + 1) Aul +2[ul|Vu|?
so that, for every T’ such that [—T', T'] C [-T, T1N 1Ty, T*[,
H A((|M|2 — ])M) ||L°O([—T/,T/],L2+L5/5) < C(R) || AM ”Loc([—T/,T/],LZ) .
By estimate (3.3), we conclude
|| AM ”Loo([—T’,T’],LZ) S C || AMO ||L2 + C(R) Y, T/” AM “Loo([—T,,T’],LZ)
hence u stays bounded in X 2 for |¢| < Ti(R) small enough, and thus
[-Ti(R). T1(R)] C1-T,. T*|
as claimed.
Since 9;u € L°°([-T1, T1], L2), we can compute, using Eq. (1.1),
d
aS(M(z)) = /(Re(Vﬁ - Vdu) + (Jul* — 1) Re(@d;u)) dx = 0.
R4
Consequently we have £(u(t)) = £(ug) < R on [—Ty, T1], and, by iterating this argument and Proposition 3.1, we
conclude that u can be extended as a global solution with u € C(R, X 2y and € u(r)) = & (uo) for every r € R.
Let us come back to the general case ug € E, and let us prove global existence and conservation of energy in this
case. By iterating Proposition 3.1, it is enough to show that the energy is constant on the time interval [—7, T]. In

view of conservation of energy for regular solutions, it is enough to prove that every data uo € E can be approximated
in the sense of dg by a sequence u, of elements of E such that Aug € L?. Indeed, by Proposition 3.1, we shall have

sup dg (u® (1), u(t)) — 0,
ltI<T

therefore, for every ¢,
E (1) — E(u®))
and conservation of energy for u® will imply conservation of energy for u. Therefore the proof of Theorem 1.1 is

completed by the following lemma.

Lemma 6. Let d =2, 3. For every u € E, define u® = p® x u, where

P (x) =8‘dp<£)
&

is a classical mollifier on RY, with p € C5°. Then dg(u®, u) — 0 as & tends to 0.

Proof. We have to show that u® converges to u in X' + H', and that [u®|> — 1 converges to |u|?> — 1 in L. Writing
u=x(Du; + (1 — X(D))m +uy, ur€X', upeH',

with x € CSO(R‘J) satisfying x = 1 near the origin, we have
u® = p(eD)x(Dyus + p°  [(1 = x(D))uy +ua),

and the first term in the right-hand side converges to x (D)u in X!, while the second one converges to (1 — x (D))u; +
uy in H'. This proves the first convergence. The second one is a little more tricky. We write

\us(x)|2—1=8_2d// p<x;y>p<x;y)[u(y)ﬁ(y’)—l]dydy’

R4 x R4
=% (Jul* = 1) (x) +r° (x),
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with

1
r8<x>=/e—2d// p(x_y)p<x;y)u(y)(y—y’)w(y+9<y’—y>)dydy’de.
0

I
R4 x R4

Notice that |y’ — y| < ¢ in the above integral, therefore we set y’ = y + €a and we obtain

1
|r8(x)|<c£/de f da< /S_dpa(?>|u(y)||Vu(y+£9a)\dy),

0 lal<1 R4
with p,(z) = p(2)p(z —a). Since u € L*° + L% and Vu € L2, the function
Y |u(y)|’Vu(y + 89a)|
has a uniform bound in L? + L3/? as ¢, 0, a vary. Consequently, by the Young inequality,
€]l 2 < Cee™/® >0,

which completes the proof. O
4. The three-dimensional case

In this section, we show that the description of the energy space and of the dynamics of (1.1) can be simplified in
the case d = 3.

4.1. On the structure of the energy space

For every complex number of modulus 1, we introduce
F.={ve H'(RY): v +2Re(c"'v) € L*(R?)},
and, forv € F., v € F, we set
8e.c(v,0) = | Vv — V| 2 + ||[v]* + 2Re(c™"v) — [5]* — 2Re(¢7'7) | -

In particular, . . is a distance function on F.

Proposition 4.1. The space E is exactly the set of functions of the form
u=c+v

where c is a complex number of modulus 1 and v € F,. Moreover, the distance function dg given by (1.5) is equivalent
to

Sp(c+v,c+v)=|c—c|+6.z:v, ).
Proof. Since |c 4+ v|> — 1= |v|> +2Re(c™'v), it is trivial that ¢ + v € E for any ¢ of modulus 1, for any v € F,.. The
converse will be a consequence of the following lemma.
Lemma 7. Let u € HILC (R3) such that Vu € L*(R3). Then the family U, of functions defined on the unit sphere S* by
U,(w) =u(rw)

converges in L2(52) to a constant ¢(u) as r goes to infinity. Moreover u belongs to H'(R?) if and only if c(u) = 0.

Proof. The assumption Vu € L?(R3) reads

o0
/ P19, Ur 322, + 1 Vo Ur 17252y dr < 400, 4.1
0
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Consequently, by the Schwarz inequality,
o
/ ||3rUr ”LZ(SZ) dr < 400
1

which implies the existence of a limit U for U, in LZ(SZ). Moreover, in D’ (Sz), VU is the limit, as R goes to co, of
R+1 R+1

FR:Vw/U,dr: / VU, dr,
R R
and
R+1
1Flagy < [ 190U sy o
R

which goes to 0 in view of (4.1). This shows that U is a constant c.
If u € H', then, by Hardy’s inequality,

9]

)P
/ 1Urljase) dr = | =15 dx < +oo
0

R3
which implies c(u) = 0. Conversely, if c(u#) = 0, then

o0

U, :—/apUpdp

implies, by the Schwarz inequality,

1 o(1)
1UAIZ252) < IV T2 gy = =

as r goes to infinity. Let x € C{° (R3) be supported in {|x| < 2} with x =1 for |x| < 1, and let

X
up(x) = x (;)M(x)’

so that u,, converges to u in D’ (R3) as n goes to infinity. We have

X 1 X
Vu,(x) —Vu(x) = (X (;) — I)Vu(x) + ;u(x)VX (;)

from which we infer, as n — oo,

C

Vi, =Vl <o+ 5 [ uwl ax <o
n
n<|x|<2n

2
i L2(82)"
in L%, hence u € H'. This completes the proof of Lemma 7. O

in view of the above estimate on || U, || Using the Sobolev inequality, we conclude that (u,) is a Cauchy sequence

Remark 4.2. The above proof easily extends to functions u satisfying
Vu e LP(Rd) with p < d.

A consequence of this result is the well-known fact that, for every u such that Vu € L?(R?), p < d, there exists
ceCsuchthatu —ce LP" (R3), where p* is the Sobolev exponent; see e.g. Theorem 4.5.9 of Hormander [14] for a
different proof. The case p =2, d =2 is more problematic, as suggested by the following example,

u(x) = exp(iflog(2 + [x1)]%), @< %
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Itis now easy to complete the proof of Proposition 4.1. Given u € E, denote by c(u) the constant given by Lemma 1.
Since |u|*> — 1 € L?, we have

- R+1
+00 > fr2’||Ur|2_ 1||iz(sz)dr >R / ”|Ur| - 1“iz(Sz) dr
., R

and the right-hand side is equivalent to 47t R?||c(u)| — 1]* as R — oo, which imposes |c(u)| = 1. It remains to set
v=u—c(u)

and to observe that ¢(v) =0, hence v € H', and finally in Fe(,).
Let us prove that the distance functions dg and §g are equivalent. It is enough to establish that there exists A > 0
such that, for complex numbers c, ¢ of modulus 1, for functions v, v in H 1 (R3),

1 . - .~ - .
Z(|C_C| + Vv — Vv||Lz) <lle+v—c—vllxiphg < A(|c—c| + |Vv — Vv||Lz). 4.2)

If x CgO(R3) with x = 1 near the origin, then it is clear that x (D) maps H' into X', while 1 — x (D) maps H!
into H'. Consequently, writing

ctv—Cc—t=c—C¢+x(D)(v—1)+ (1 — x(D))(v—1),

we obtain the second inequality in (4.2). Conversely, if u belongs to X! 4+ H!, then, by Lemma 7,

1 2
lcw)|* = lim — CF 4,
2
R—o00 [x]

R|xISR+1
which implies
|c@)| < Allull pooyr2 < Allutll iy g1,
and therefore
lc—c|<Allc+v—c+vllxippyt-
Since, on the other hand, we have trivially
IV = Vill2 <lle+v—&—Dllgi, g,

this completes the proof of (4.2). O

One advantage of the structure provided by Proposition 4.1 arises when studying how the energy functional mea-
sures the distance in E to the circle of constants,

S'={ueE: Ew)=0}.
It turns out that the situation is quite different in dimension 2 and dimension 3.
Proposition 4.3. If d = 3, there exists A > 0 such that, for every u € E,

A~ g (u, $")* < E) < Adg(u, S")’.
If d =2, there exists a sequence (uy) in E such that

En) =0 but d(uy, S')>co>0.

Proof. First assume d = 3. In view of the expression of §g, we have, for every c € S L

SE, ) = [e() —c|* + Ew)
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therefore, by Proposition 4.1,
dg(u, S') ~ Ew).

If d =2, we consider

i p 1
Up(x) = exp(;q)(x)), ¢(x) = [10g(2 + |x|)] , O<a< 3
Then it is clear that |u,| = 1 and

1
IVunliz2 = —IVoll 2

so that £(u,) tends to 0. On the other hand, u,,(x) tends to 1 uniformly for x in the unit disc D, while, uniformly for
X € yu + D, with

ynl =@ 650
we have
Up(x) —> e,

Since

de(f.8) 2 IIf —gllxiym = sup |If —gllz2y4p)
yeR2

we conclude that dg (u,, S1) stays away from 0. O
4.2. Description of the dynamics
It is now easy to describe the dynamics of (1.1) in terms of the decomposition provided by Proposition 4.1.

Proposition 4.4. Let ug = ¢ 4 vo with ¢ of modulus 1 and vy € F,. Then the solutionu € C(R, E) of (1.1) is given by
u(t)=c+v(t)
where v € C(R, F,) is the unique solution of

19,0+ Av = ([v]* +2Re(c™'v))o. 4.3)

Proof. For every ¢, we decompose
u(t) =c(t)+v()

with c € C(R, C) and v € C(R, H DY Proposition 4.3 then reduces to the fact that c(¢) = ¢ for every t. For every ¢,
observe that, by Theorem 1.1 and Proposition 2.3,

u@®)=ur(t)+H' =uop+ H' =c+H".

This completes the proof. O

Remark 4.5. Of course it is possible to solve directly Eq. (4.3) by using Strichartz estimates on the gradient, providing
a slightly different proof of Theorem 1.1 in the special case d = 3.

5. The four-dimensional case

In this last part, we sketch the proof of the following generalization of Theorem 1.1 to the four-dimensional case.
Since the cubic nonlinearity is critical, existence is only obtained for small energy data.
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Theorem 5.1. Assume d = 4. There exists § > 0 such that, for every ug € E such that £(uy) < 8, there exists a unique
solution of (1.1)u € C(R, E) with Vu € L? (R), L4(R4)) and u(0) = ug. Moreover, the energy of u is constant, and

loc
the flow map such defined enjoys the properties of regularity and Lipschitz continuity stated in Theorem 1.1 and in

Proposition 4.4.

Proof. According to Remark 4.2 and Proposition 4.4, we shall look « under the form
u(t) =c+v(),
where ¢ € S and v(r) belongs to
F.= {veHl(R4): c+v€E}.
The specificity of dimension 4 is that the space F, is a (real) vector space. Indeed, because of the Sobolev inclusion
H'(R* c L*(R*), we have
F.= {v € HI(R4): Re(cilv) € LZ(R4)}
and, if £(c + v) is small enough,
Elc+v)~ ||Vv||i2 + HRe(cilv) ||iz

In particular, the approximation Lemma 6 still holds, though the proof we gave in Section 3 breaks down if d = 4.
The main argument for local existence is the following estimate of the Duhamel term (3.4), which is a consequence
of the nonhomogeneous Strichartz estimates (3.3),

sup @+ 0)O] 1+ [VOe +0)] 2 14

< (7 sup \JE(e+v) + (VT +1V0ll 125 ‘tsllipTE(c +(0)).

l1I<T

If £(c + vg) < 8, it is then possible to solve the Duhamel equation
v(t) =S@)(vo) + P(c+v)(1)

by a contraction argument in the space
Yrs=|ve C(=T. T} F): Vo e L(-T. 71, L*(R*)),

sup &(c+v(1) < AB, Vol 3,4y < BV
l1I<T

for § and T small enough. O
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