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Abstract

We study the convergence properties of the solutions of some elliptic obstacle problems with measure data, under the simul-
taneous perturbation of the operator, the forcing term and the obstacle.
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Résumé

On étudie les propriétés de convergence des solutions de problémes d’'obstacles elliptiques avec données mesures, lorsqu
I'opérateur differentiel, les données ou les obstacles changent.
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1. Introduction

Obstacle problems when the data do not belong to the dual of the energy space have been considered in [6,5,13,
19,20], where the authors studied the notion of solution of a unilateral problem for a monotone opésater
—div(a(x, Vu)) acting onwol”'(Q), p > 1, when the forcing term is a bounded Radon meaguvanishing on
all sets ofp-capacity zero (see Section 1 for the definitiorpe€apacity).

The problem we deal in this paper regards the behaviour of the obstacle problem with measure data under
perturbation of the operator, of the forcing term, and of the obstacle.
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We begin with some remarks on the obstacle problem in the variational framework. For any Hatum
w17 (£2) and for any functiony : 2 — R, the unilateral problem relative td, F, and the obstacle (denoted
by VI(A, F, ¥)) is the problem of finding a functiom such that

ueWyl(2), uzy.
(A(w),v—u) = (F,v—u), (1.2)
Voe WoP(2), vy
This problem has a unigue solution whenever the convex set
Ky = {z € Wol’p(.Q): 22 vy Cp-q.e. in.Q}

is nonempty.

In [16] (see also [8]) the authors proved some results on the convergence of variational inequalities for monotone
operators, when both the operator and the obstacle are perturbed. They considered a sequence of variational it
equalitiesVI(Ay,, F,, ¥p,) and the corresponding convex sets

1, . .
Ky, ={ze Wy'P(2): 2>y Cp-q.e.in2},

assuming that

Fj, converges taF strongly in W&‘p (2),
a, G-converges ta,

Ky, converges t&y in the sense of Mosco.

Denoting the solutions of1(Ay, Fp, ¥,) andVI(A, F, ) by uj; andu, respectively, Theorem 3.1 of [16] shows
that

up —u weakly in Wé”’(SZ),

an(x, Vup) = a(x, Vu) weakly inL? ($2)V,

/ah(x, Vup)Vuy, dx — /a(x, Vu)Vudx.
2 2

In this paper we extend the stability result stated above to the case when the forcingitearbounded Radon
measure which vanishes on all setgpefapacity zero, that is to say e /\/l,’;o(.Q).

We point out that, if the forcing term € Mg”o(Q), the classical definition (1.1) given above fails. In this
paper we will adopt the notion of solution considered in [22] to solve uniquely the obstacle problem (denoted by
OP(A, u, ¥)), when the forcing ternu is a measure in\/lio((z).

We consider a sequence of obstacle problédA;,, w,, ¥,), when the measuregs; vanish on sets of
p-capacity zero, and we assume that

un(B) — n(B), forevery Borel seB C £2,
ap G-converges ta,
Ky, converge taky in the sense of Mosco.

Denoting the solutions o®P(Ay,, un, ¥n) andOP(A, w, ¥) by u;, andu, respectively, we will prove in Theo-
rem 6.1 that
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Ti(up) — Tj(u) weaklyin W&”’(.Q), for everyj > 0,

. N N
ap(x, Vup) — a(x,Vu) weakly inL9(£2)", for everyg < o1
fah(x, Vup)VTj(up)dx — /a(x, Vu)VT;(u)dx, foreveryj >0,
2 2

whereT; (-) is the truncation function at levgl (see Section 1 for the definition).
In the special case wherg, = a, for every h, we obtain also thal’;(u;) converges tdl;(u) strongly in

Wc‘}”’(ﬂ), for everyj > 0.
Other results in the casg = a, under different hypotheses @n, andi;,, can be found in [12].

2. Assumptions and notations

Let £2 be a bounded, open subset®¥, N > 2. Let p be a real constant, & p < N, and letp’ its dual
exponent, 1/p+1/p = 1.

Given two constantsy, ¢1 > 0 and two constanis andg, with0< o < 1A (p—1)andpv2< B < +o0, we
consider the familyC(co, c1, o, B) of Carathéodory functions(x, £) : 2 x RY — R¥ such that:

latx, &) —atx, | < co(L+ €]+ Inl)? g =yl (2.1)
(a(x,&) —ax,m)E—m =c1(L+ &1+ )"l = nlf, (2.2)
a(x,0)=0, (2.3)

for almost every e £2, for everyg, n e RV.
Under the assumptions (2.1)-(2.3), the operatam +— —div(a(x, Vu)) maps W&’p(Q) into its dual
W—l’P/(.Q), and for anyF in W—lvP/(Q) there exists a unique solutiane Wol”’(Q) of the equation
Aw)=F in,
{ u=0 onos2,
since, in particularA is coercive, continuous, bounded and strictly monotone (see [22]).

(2.4)

Remark 2.1. For a particular choice of the constantsand g, i.e. if 1 < p <2, a=p — 1, andg = 2, the
inequalities (2.1) and (2.2) become

|a(x, &) —a(x,m)| < col —nl”™,
(a(x, &) —ale, M)E —n) > c1(1+ & + Inl)" 21E — I

Moreover, if 2< p < +00, @ = 1, andg = p, the continuity and monotonicity assumptions (2.1) and (2.2) for the
functiona take the form

la(x, &) —aCx, )| < co(L+ &1+ Inl)" %1€ —nl,
(aCx, &) —alx, M) E —n) > c1le — P

We recall that, given a compact S6tC £2, its p-capacity with respect t€ is given by

Cp(K)zinf{/Wzlzdx: z€ C3°(82), Z?XK},
2
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where g is the characteristic function &€ . This definition can be extended to any open sulssef £2 in the
following way:

C,(B) =sup|C,(K): K compactK C B}.
Finally, it is possible to define the-capacity of any sel C §2 as:
C,(A) =inf{C,(B): B open,A C B}.

A property holdsC,-quasi everywhere (abbreviated@s-g.e.) when it holds up to sets ptcapacity zero.

A function v: 2 — R is C,-quasi Borel if there exists a Borel function 2 — R such thatv = u Cp-g.e.
in 2. A functionv: 2 — R is C,-quasi continuous (resi,-quasi upper semicontinuous) if, for every- 0
there exists a set such thatC,(E) < ¢ andv,, , is continuous (resp. upper semicontinuousyan, £. Thus,
everyC,-quasi continuous (resg.,-quasi upper semicontinuous)s a C ,-quasi Borel function.

Afunctionu € Wol”’(fz) always has & ,-quasi continuous representative, which is uniquely defined (and finite)
up to a set ofp-capacity zero. In the sequel we shall always identifyith its C,-quasi continuous representative,
so that the pointwise values ofare defined”,-quasi everywhere.

A setE C 2 is said to beC ,-quasi open if for every > 0 there exists an open sétsuch thatt € U < 2 and
C,(U\E)<e.

Let M, (£2) the space of Radon measuye®n 2 whose total variationu| is bounded o2, while MZ’O(.Q)
is the special subspace 0, (£2) of all measures, which are absolutely continuous with respect tp-ttepacity,
that is a measurg € M, (£2) belongs tQ/\/l,’j”o(Q) if and only if £(A) = O for every Borel setA C 2 such that
C,(A) =0. As usual, we identifyM,,(£2) with the dual of the Banach spaci(2) of continuous functions that
are zero on the boundary; so that the dualitytisu) = f_Q udu, for everyu in Co($2) and the normig [l a1, (2) =
|11 ($2). Moreover, we denote the positive cones\df, (£2) and/\/l,f’o(.Q) by MZ(Q) ande”J(Q), respectively.

It is well known that, if . belongs toW =27 (£2) N M,,(£2), theny is in M, o(£2), everyu in W&”’(Q) N
L*>(£2) is summable with respect o and

(w, u) =/udu,

2

where(-, -) denotes the duality pairing betwedn 7' (£2) and Wol’p(_Q), while in the right-hand side denotes
the Cp-quasi continuous representative and, consequently, the pointwise values@tiefined.-almost every-
where.

For everyj > 0 we define the truncation functidfy : R — R by

t if ] < J,

= {jsign(t) if |t > /.

Let us consider the spad%l”’(sz) of all functionsu : 2 — R which are almost everywhere finite and such that
Ti(u) e Wé”’([z) for every j > 0. It is easy to see that every functians 761”’([2) has aC,-quasi continuous
representative with values I, that will always be identified with the functian Moreover, for every e Tol’p (£2)
there exists a measurable functién 2 — RY such thatvT; (u) = ® (<} a.e. ins2 (see Lemma 2.1 in [3]).

This function @, which is unique up to almost everywhere equivalence, will be denotedibyNote thatVu
coincides with the distributional gradient efwhenever

ueTyP(2)NLE(2) and Vue L (2,RY).
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3. Entropy solutions and obstacle problems

We are now in position to recall the notion of entropy solution introduced in [3)fodata and extended to
measures ioVl; ((£2) in [7], which ensures us that, whene M) (£2), the equation

{A(u) =u ing,
u=0 onas2,

has a unique entropy solution.
We point out that the theory of entropy solutions works for general Carathéodory fungtishs RY — RV
such that, for almost evenye £2 and for allg, n € RV, with £ # 7,

(3.1)

la(x, &)| < co[k(x) + €177, 3.2
a(x,£)-& > c3lélP — g(x), 3.3)
(a(x,&) —a(x,m)(E —n) >0, (3.4)
a(x,0)=0, (3.5

wherec, and c3 are two positive real constants,is a nonnegative function iil(£2) andk is a nonnegative
function in L”' (£2) (see Remark 2.4 of [19]).

We note that, ifi € L(co, c1, a, B), these conditions are satisfied, witlandk replaced by positive real constants
depending omry, c1, «, andg.

Definition 3.1.Let u € le’o(fz). A functionu is an entropy solution of problem (3.1)udfbelongs toTol’P(.Q),
and

/a(x,Vu)VTj(u —(p)de/Tj(u—go)d,u, (3.6)
2 2

for everyg in Wol”’(.Q) N L>®(£2) and everyj > 0.

Remark 3.2.1f F ¢ W—17'(£2) we can consider as data algo+ F, the definition of entropy solution being

/a(x, Vu)VTj(u —¢)dx < / Tj(u—@)du+(F, Tj(u— ¢)). (3.7)
2 2

Remark 3.3.Actually, it is possible to prove that equality holds in (3.6) and (3.7) (see [21]).
Remark 3.4.Usingy = 0in (3.7), by (3.3) and by Young’s inequality, we easily get

/yVTj(u)y” <c(j+1), Vj>0 (3.8)
2

where the constartdepends ot il a, (2) ||F||W_1_],/(_Q), p. ez, and|igll 1)
By standard arguments of capacity theory, (3.8) implies
c(j+1)

Co{lul > j}) <

that is, ifu is the entropy solution of (3.1) relative fo+ F, then (theC),-quasi continuous representative ofis
finite up to a set of capacity zero.
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Now, usinge = T; (u) in (3.7), by (3.9) we get
lim / |Vu|? dx = 0. (3.10)

i—+00
{i<lul<i+j}

Remark 3.5. By means of (3.8), we can apply Lemma 4.2 of [3] which implies that, for evegygl< %
|Vu|P~1 is bounded inL4($2) by some constant depending only Byandc. Moreover, the procedure used in
[7] to obtain the entropy formulation (3.7), combined with the uniqueness aflows to prove that, for every
@ e W (2), with 1< g < %5,

/a(x,Vu)VCD dx:/@d,u—l—(F,q)), (3.11)
2 2

as well as
/a(x, VM)V(Tj(u — <p)¢) dx = f Tij(u—@)pdu+ (F, Ti(u— (p)¢>, (3.12)
2 2

for everyg Wé”’(f?) NL>(£2) and for everyp € C1(2). Let us observe that if < <+, theng’ > N, so that,
by Sobolev embedding theorerﬂ&s’el’q/(sz) C C(R2).

We recall also the following stability result (see Theorem 1.2 in [21] and Remark 3.3 in [19]):

Theorem 3.6.Let ., € Mj, ((£2) and F, € w~L7(£2) be such that
wn — o strongly in My (£2), (3.13)
F— F strongly inw =7 (2); (3.14)
let u;, be the entropy solutions dB.1) relative tou;, + Fj, and letu be the entropy solution of3.1) relative to
uw+ F.Then
hILmOO T;(up) =T;(u) strongly inW&”’(.Q),
for everyj > 0.

Before specifying the notion of solution we will adopt in this paper in order to study obstacle problems when
the forcing term is a measure, we want to mention here these two facts, concerning the sodfitiligA, F, ¢),
whenF e W17 (2).

Characterization 1The solutionu can be characterized (see, e.g., Chapters Il and Il in [18]) as the smallest
function in W&’p(ﬂ), greater than or equal t, such that

{A(u)—F:A in 2,
u=20 onoas2,

for some nonnegative elemenof w—Lr' ().
Characterization 2Finally, when the obstaclg is C,-quasi upper semicontinuousis also characterized (see,
e.g., Theorem 3.2 in [1]) by the complementarity system
ueWy(2), uzy,

Aw)=F +2, (3.16)
rewLr@), Axo0,

A({u—y¢ >0} =0,

(3.15)
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where the pointwise values ofare defined”,-quasi everywhere. Singeis a nonnegative element oL (2),
by the Riesz Representation Theorem, it is a nonnegative Radon measure; this explains the meaning of the last line
of (3.16), which can be written also as= ¢ A-almost everywhere it.
Let us observe that without loss of generality we may suppose/th&at ,-quasi upper semicontinuous thanks
to the following proposition (see Proposition 1.5 in [15]).

Proposition 3.7.Let ¢ : 2 — R, with Ky nonempty. Then there exist€£g-quasi upper semicontinuous function
¥ 1 2 — R such that

@) ¥ >y Cp-q.e.ing;
(2) ifp: 2 Ris C,-quasi upper semicontinuous apd> ¢ Cp-g.e. in$2, theny > v Cp-0.e.ing2.

Thus, in particularKy = K ;.
Besides, let us observe thatjfis greater than the dimensiavi of the ambient space, then it is easily seen,
by Sobolev embedding and duality arguments, that the spdge?) is a subset of¥ ~17'(£2), so that existence,

uniqueness, and continuous dependence of solution%*i’ﬁ(.(z) to the obstacle problem was studied as part of the
theory of the variational inequality (1.1).
In [19] the following definition for unilateral problems with measure data was introduced.

Definition 3.8. We say that: is the solution of the Obstacle Problem with datunx /\/l}’,”o(Q) and obstacley if

(1) there exists a measukes Ml’,”S’(Q) such that is the entropy solution of

Aw)=pn+r ing,
{ u=~0 onas2,
andu > ¥ C,-quasi everywhere it.
(2) for anyv e M,’,’;J(Q) such that the entropy solutianof (3.17) relative tou + v satisfiesv > y Cp,-quasi
everywhere in2, we haveu <v C,-g.e. ins2.

(3.17)

By definition, it is clear that, if such a solution exists, it is unique.

The nonnegative measukewhich is uniquely defined, will be called the obstacle reaction relative t the
measure associated with it.

The only restriction required on the choice of the obstacle is that there exists a mpasukd;,(£2) N
w17 (22) such that the solution, of

Aw,)=p ing,
{ u,=0 onag2
is such that
¥ <u, Cp-g.e.inf2. (3.18)
The following theorem was proved in [19].

Theorem 3.9.Let ¢ satisfy(3.18)and letu € Mg’o(s?). Then there exists a unique solution of QR w, V).
Moreover the corresponding obstacle reactiosatisfies

Mm@ < [ =27 iy ) (3.19)

The solution found can be characterized by the complementarity system.
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Theorem 3.10.Let u be inM? ».0(82) andy satisfy(3.18);then the following statements are equivalent

(1) u is the solution of OP(A, u w;andx is the associated obstacle reactjon

2 uzy Cp-ge.in2,r ¢ M b.0 T(2), uis the entropy solution of3.17)relative tou + A, and
f_Q Tk(l/t - (/)) dx < f_Q Tk(v - (P) d)\‘s
Vo € WP (2) N L®(R), (3.20)
Yve Tol’p(.Q), vy Cp-g.e.ing;

B)uz=y Cp-g.e.inf2,re Mf,’ar(ﬁ), u is the entropy solution of3.17)relative tou + A, and
u=1 Ar-ae.ing. (3.22)

Remark 3.11.Observe that ify is Cp-g.e. upper bounded, we can consider in (32® Wé’p(.@) N L*®(£2),
¢ > ¥ Cp-g.€.in82 andv = ¢, so that, taking into account thais the entropy solution of (3.17) relative fo+ 2,
u satisfies

/a(x, Vu)VTi(u — ¢)dx < / Ti(u —@)du, (3.22)
2 2

which is quite similar to the usual variational formulation. Formula (3.22) was just obtained in [5] when theidatum
is a function inL1(£2). In that paper L. Boccardo and G.R. Cirmi proved also that formulation (3.22) characterizes
uniquely the function:. In the same way this can be done also Whesn/\/l 0(82).

4. G-convergence, Mosco-convergence, and weak convergencety, (2)

The study of the properties of the solutions to the obstacle problems under perturbations of the apisrator
based on a notion of convergencedtry, c1, o, 8), calledG-convergence.

Definition 4.1. We say that a sequence of functiansx, &) belonging tol(co, c1, o, B) G-converges to afunctlon
a(x, &) satisfying the same hypotheses (possibly with different constanés, @, j) if for any F e w1 P(£2),
the solutionu;, of

{Ah(uh):F in $2, @.1)
u=0 onas2
satisfies

up, —u weaklyin Wol’p(Q) (4.2)
and

an(x, Vup) — a(x, Vu) weakly inL? (2)V, (4.3)

whereu is the unique solution of (2.4).
The following theorem justifies the definition 6f-convergence.

Theorem 4.2. Any sequencey,(x, &) of functions belonging taC(co, c1, o, 8) admits a subsequence which

G-converges to a functiom(x, &) € L(Cp, ¢1, ﬁ B), wherecyp, ¢1 depend only oV, p, «, B, co, c1.
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This compactness theorem was obtained by L. Tartar (see [24] and Theorem 1.1 of [17]) in the case of nonlinear
monotone operators defined froné(mZ) into H-1(£2), whenp = 2 and the functions;, € L(co, c1, 1,2), and then
extended in the version of Theorem 4.2 in [11] (see Theorem 4.1).

The investigations of the properties of obstacle problems when the obstacle varies relies on a notion of conver-
gence for sequences of convex sets introduced by U. Mosco in [23].

Definition 4.3. Let K, be a sequence of subsets of a Banach sgadeéhe strong lower limit

s-liminf K,

h—+00

of the sequenc&}, is the set of alb € X such that there exists a sequenges K}, for h large, converging te
strongly inX.
The weak upper limit

w-limsupkKj,
h—+00

of the sequenc&, is the set of alb € X such that there exists a sequengeonverging tov weakly in X and a
sequence of integefs converging tot+-oo, such thaty € Kp, .

The sequenc&, converges to the séf in the sense of Mosco, shorthjhﬂK, if

s-liminf K, = w-limsupkK;, = K.
h—+00 h—>+00

Mosco proved that this type of convergence is the right one for the stability of variational inequalities with
respect to obstacles. This is the main theorem of his theory.

Theorem 4.4.Let Ky, and Ky be nonempty. Then
Ky, 5Ky
if and only if, for anyF € W17 (2),
up — u Strongly inwol’p(fz),
whereu;, andu are the solutions of (W, F, y,) and VI(A, F, v), respectively.
Several stability results can be proved as corollaries of this theorem by Mosco. In particular, the strong conver-
gence
Yn — ¥ strongly inW&’p(.Q)
easily implies the convergence &f;, to Ky in the sense of Mosco, but the weak convergence
v — v weakly inW"(22), r> p,
also implies the same result (see [9,1]). Moreover, if
Y <y Cp-g.e.ing2, Y — ¥ Cp-g.e.ing2,

thenKy, converges tXy, in the sense of Mosco.
A necessary and sufficient condition for the convergenckgf, expressed in terms of the convergence of the
C,-capacity of the level sets: € 2: ¥, (x) > t} has been given in [15].

Remark 4.5. 1t has been proved in [15] that Ky, converges taKy, in the sense of Mosco, then algby, )
converges tXr, y) in the sense of Mosco, for every- 0.
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We recall now some properties of theweak and the weak convergence of measures(y(s2).

Definition 4.6.If wy, u € Mp(£2), we say thaj, converges tau x-weakly in M ($2) if

lim /uduhzfudu,
h—+o00

2 2

for everyu € Co(£2).

For nonnegative measures we have a characterization af-themak convergence in terms of convergence of
sets.

Proposition 4.7.Givenu,, u € M,‘f([)), the following conditions are equivalent

(1) up converges tou x-weakly inM(£2);
(2) n(A) <liminf,_, o uy(A), for everyA open subset a2, i (K) > limsup,_, , ., un(K), for everyk com-
pact subset of2.

Concerning the weak convergencetiy, (£2), the following result shows that it is stronger than #hereak one.
Proposition 4.8.Givenu,, u € My(£2), the following conditions are equivalent

(1) up converges tou weakly inM,, (£2);
(2) limy,— 1 0on(B) = w(B), for every Borel seB contained in2.

The proof of this result (see, e.g., Theorem 6.6 in [2]) relies on the Vitali-Hahn-Sacks Theorem (see, e.g.,
Theorem 6.4 in [2]), which is similar to the Banach—Steinhaus uniform boundedness theorem and gives a useful
condition for the equiintegrability of a sequence of summable functions.

Theorem 4.9.Let v be a measure oV, (£2), let g, be a sequence inl($2, v) and setu;, = g,v. Assume that,
for every Borel seB C 2, thelim;,_, 1~ ux(B) exists and is finitethengy, is equiintegrable.

In the last part of this section we give a weak notion of convergence in capacity, similar to that one considered
in [10], and some properties related to it.

Definition 4.10.Letu;, u: 2 — R be C,-quasi Borel functions. We say tha} converges ta weakly in capacity
if, for every measure: € M},’”(}L(Q), uj converges ta in p-measure, i.e.,

IiT ,u({x € $2: |uj(x) - u(x)| > 8}) =0, (4.4)

J
for everye > 0.

The following proposition (see Proposition 3.5 in [10]) shows the relationship between weak convergence in
Wg”’ (£2) and weak convergence in capacity.

Proposition 4.11.Letu;, u € Wol”’(Q) be such that:; converges weakly tin Wol”’(Q). Thenu ; converges to
u weakly in capacity.
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Remark 4.12. Actually, Definition 4.10 is not equivalent to Definition 3.1 of [10], where the measurese
positive elements o ~1-7' (£2), hence positive Radon measures (not bounded), and the convergennesiasure

is only local. However, it is easy to check that (4.4) turns out to be equivalent to the condition considered in
Definition 3.1 of [10], whenu € M; (£2) N W~17'(£2). On the other hand, for every measures M,ﬁ’”g(fz)

there exists a honnegative measure Mj(Q) NW-1r(2)and a nonnegative Borel measurable funcigon
L1(£2,y) such thatu(A) = (gy)(A) for every Cp,-quasi open subset of £2 (see Theorem 2.2 in [14]). Hence,
nothing essential changes in the proof of Proposition 3.5 in [10], whbalongs tQM{,’”J(Q).

5. Preliminary results
Actually, Theorem 3.6 can be improved in the following way.

Theorem 5.1.Letuy € Mf’o(!?) and F, e W17/ (£2) be such that
wn — n weakly inM,;(£2), (5.2)
Fn— F strongly inw =17 (2); (5.2)

let u;, be the entropy solutions dB.1) relative tou;, + Fj,, and letu be the entropy solution of3.1) relative to
w~+ F.Then

lim Tj(uy) =T;) strongly inWy? (%),
h— o0

for everyj > 0.

Since the proof of Theorem 5.1 can be obtained by following the same scheme of the proof of Theorem 3.6, we
have to enter into details only when assumption (5.1), instead of (3.13), requires some modifications. As a matter

of fact, it is enough to prove here the following lemma, by which we deduce the strong convergéﬂgfém)
of T;(uy) to T;(u), exactly as in the proof of Theorem 3.6.

Lemma5.2.Let up, u € MZ,O(‘Q) be such thaj, converges tq. weakly inMy(£2). Let®;,, @ € Wé’p(fz) N
L*°(£2) be such thasup, || @y |lL> () is bounded and, converges ta weakly inW&”’(Q). Then

lim /@hd,uh:/dﬁdu.
h—+00
2 2

Proof. We define the measuitec Mf”g(ﬂ) as

so that|u, | < v. This implies thaju;, = g, v, with g, € L1(£2, v); on the other hand, thanks to Proposition 4.8, we
have thafu;, (B) tends tou(B), for every Borel seB C 2. Applying Theorem 4.9 we deduce that the sequerce
is equiintegrable, and, in conclusion, it converges to a fungfioreakly in L1(£2, v), with o = gv.
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Now, we can prove thaf, @, duw, tends to [, & du, when &,, ® belong to W&”’(.Q) N L% (£2), with

sup, |PnllLee) < +o00, and @, converges tap weakly in Wol”’((z). By Proposition 4.11, indeed, the conver-
gence of®;, to @ is, in particular, inv-measure. At this point, it is easy to obtain that

lim /dﬁhduh: lim /fphghdv=/¢gdv=/cbdu. O
h—+o0 h— o0
2 2 2 2

Proposition 5.3.Assumg3.3), (3.2), (3.4), and3.5). Letu € Mz';,o(Q)v and letu be the entropy solution 8.1).
Then, for every € Wol’p(_Q) the functioru — z belongs tOTOl”’(_Q); more precisely, for every > 0, we have:

173 =D 1r ) S G+ D, (53)

where the constant depends only ol || A1, (2). ||z||Wé,p(m, p,c3 andllgll i g)-

Proof. Let us consider a sequengg € w17 (2) N M, (£2) such thatu, converges tqu strongly in M, (£2).

Denoting the variational solution of the problem (3.1) relativeetdoy u,,, we know that:,, tends tau in the sense
of Theorem 3.6. If; € Wé”’(fz), define the operatoB(v) = —div(a(x, Vv + Vz) — a(x, Vz)), which satisfies
(3.3), (3.2), (3.4), and (3.5) with different coercitivity and growth parameters depending by, k, g, p, andz.
Let v, be the solution of
{ B(v)=u, —A(z) in$2, (5.4)
v=0 onos2;

that is

(Bwn), w)=(un — A2), w),
or, equivalently

/a(x, Vo, + V) Vwdx = (s, w),
2

for everyw € Wol”’(Q). By the unigueness of the solution of (5.4), it follows that= v, + z, and, since, tends
to the entropy solutiom of the problem (5.4) relative ta — Az (see Theorem 3.6) we obtain that v + z.
At this point, the result follows by (3.8). O

Remark 5.4.By the previous proposition we deduce also that;ifz € W&”’(Q), with z,, converging taz weakly
in Wé’p(_Q), then, for everyj > 0, T; (u — z,) converges td’; (u — z) weakly in Wé”’(()), whereu is the entropy
solution of (3.1) relative tg € M ((£2).

6. Convergence results

The problem we deal with in this section regards the behaviour of the obstacle problems in the sense of Defini-
tion 3.8 under perturbations of the operatgrof the right hand side., and of the obstaclé .

We consider a sequenag of functions inL(co, c1, @, 8), a sequence of measurgse M, (£2) N W*lﬁl’/(Q),
and the variational solutiomf},f of

Ay =pn  In L2,

ol € WP (92).
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We assume that

S}ll-'p”/)h”/\/l;,(ﬂ) < +00 (6.1)
and that the functiony;, satisfies:

Y <ult Cp-g.e.ing. (6.2)
Moreover we suppose that

¥ <0 Cp-ge.ing. (6.3)

We can now state the main result of this section.

Theorem 6.1.Letay, be a sequence if(co, c1, @, 8), whichG-converges to a functiom, and letA;, and A be the
operators associated @, anda, respectively. Let us assur(@&1), (6.2), and6.3), with K, converging toK
in the sense of Mosco. Finally, consideg, u < M}’,”O(Q), with u;, converging tou weakly inMy(£2). Then the
solutionsu;, andu of the obstacle problems OPgAw;, ¥;,) and ORA, u, ¥), respectively, satisfy

Tj(up) — Tj(u) weakly inW()l”’(Q), for everyj > 0, (6.4)
ap(x, Vuy) — a(x, Vu) weakly inL1(2)N, for everyg < N1 (6.5)
/ah (x, Vup)VT;(up) dx — /a(x, Vu)VT;(u)dx, foreveryj>D0. (6.6)

ko) 2

Remark 6.2.By formal modifications we can prove Theorem 6.1 replacing (6.3) with (3.18) and
Y <M Cp-q.e.ing,

whereM is a positive constant.

Proof of Theorem 6.1. To simplify the exposition, it is convenient to divide the proof into various steps.
Step 1 We will prove (6.4).
Proof of Step 1. Let us recall that the solutignof the obstacle proble®@P(Ay,, u;, ¥,) is the entropy solution

of Eq. (4.1) relative tqw + A, i.e., for everyyp Wol”’(s?) NL%(£2), u; satisfies:

/ah(x, Vup)VTj(up — @) dx = / Tj(up — @) dup + f Tj(up — @) day, (6.7)
2 2 2

where the obstacle reactian € M;;’:SF(Q) satisfies (3.19), i.e.

IAnl Ay ) < || (en — Ph)_||Mh(9)~
Combining the previous estimate with (6.1) and (3.8), we obtain that, for gverg,

/|VT,-(uh)|"dx<cj, (6.8)
2

where the constant does not depend op and 2. Working as in the proof of Theorem 6.1 of [3] we have that
there exists a subsequenceugf(still denoted byu;) and a functioni™ 761"’({2) such thatu;, converges to*

a.e. ing2 and, for everyj > 0, T;(u;,) converges td@; (u*) weakly in W&’p(Q). Since aIsd(Tj(w,l) converges to
K79 in the sense of Mosco (see Remark 4.5), by the weakly convergeﬂ/lzfé’ﬁ’r([?) of T;(up) to T;(u*) we
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deduce thal’; (u*) > T;(¥) Cp-q.e. ing2, for everyj > 0, so that* > ¢ C),-g.e. inQ2. Furthermore, by the weak
convergence irW&”’(Q) of T;(uy) to T;(u), we obtain that als@; («*) satisfies (6.8), which implies (3.9) far*.
Let us consider a functio® e W(}”’(sz), with @ > ¢, and the solutionw, of the variational inequality
VI(Ay, A(®D), ¥,). By Theorem 3.1 of [16]w;, satisfies:
wp, —w  weakly in W&”’(Q),
ap(x, Vwp) =~ a(x,Vw) weaklyin L”,(.Q)N,
(ah(x, Vwy), wh) — <a(x, Vw), u)),

wherew is the solution oVI(A, A(®), ¥); so thatw = @ (see Characterization 1).
Moreover,w;, satisfies

/ah(x, Vwp)V(w, —v) dx < <A(Q§), wp — v) =/a(x, V&)V (wy, —v), (6.9)
Q Q

for everyv € W&”’(Q), with v > ¥,. Now, using the monotonicity of the operatédy,, we can rewrite (6.7) as

/ah(x, Vo)VTj(u, —¢)dx < / Ti(up — @) duy + / Ti(up — @) day, (6.10)
2 2 2
for everygp € W&”’(Q) N L (£2). We would like to useaw, in (6.10), but, a priori, we do not know that, is a
bounded function. Let us note, nevertheless, that if a funetignin Wol”’(fz), for everyi > 0, we can us€;(¢)
as function test in (6.10). Observe now that, lettirignd to infinity,T; (¢) converges t@ strongly in W&”’(Q), o)
that, on one hand;, (x, VT;(p)) tends toay, (x, Vo) strongly inLl’/(Q)N, on the othef; (u, — T; (¢)) converges

to Tj (un — @) weakly in W&”’(Q), as observed in Remark 5.4. Now we can rewrite (6.10) for ayeerWVé”’(Q),
and, in particular, choosing,, as function test we obtain

/ah(x, Vwy)VTj(up — wp) dx < / Tj(up —wp) Ay + / Tj(up — wp) diy,
2 2 2

< / Tj(up — wy) dug, (6.11)
2

where the last inequality follows by the complementarity system (3.21) and by the faattbaty;, C,-g.e. ins2.
The choice of the function = v, := wj, — T;(w, — uy) as testin (6.9) is admissible and gives:

/ah(x, Vwp)VT;(wy —up) dx < /a(x, VO)VT;(wy —uy) dx, (6.12)
Q Q

which, with (6.11), implies
/a(x, VO)VT;(up —wy) dx < / Tj(up —wp) dpgy,. (6.13)
Q 2

By the estimate (5.3), it is easy to prove tafu, — wy) converges td’; (u — @) weakly in Wé”’(s?), and, thanks
to Lemma 5.2 we easily pass to the limit in (6.13). In conclusion, we obtain

/a(x, VO)VTj(u* — ®)dx < / Tij(u* — @)du, (6.14)
2 2
for every® e Wol”’(Q), ® >y Cp-q.e.ins2.
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Thanks to the next lemma, we have the following fact:

/a(x, Vu*)VTju* —¢)dx < / Tj(* —¢)du,
2 2

for everyg € W&”’(.Q) NL®(£2), ¢ > ¥ Cp-g.e. in£2. As observed in Remark 3.11, the previous formulation
characterizes uniquely the functiafi. Thus, having denoted the solution©@P(A, u, ¥) by u, we haveu® = u;
this implies that the whole sequentg(u;,) (and not only a subsequence) convergé o).

Hence, to conclude, we have to prove the following lemma, which is inspired by Lemma 1.2 of [4]. We give
here the proof for the sake of completeness.

Lemma 6.3.Assumex be ianﬁo(Q) and+ satisfy(6.3). Under hypothes€3.2), (3.3), (3.4), an@3.5)a solution
u of

ueTy"(2), uzy.
Joax, VOIVTj(u—®)dx < [ Tj(u — @)dp, (6.15)
Vj>0, Vo e Wyl (2), &>,

satisfying(3.8), is also a solution of
uely’(2), u>y,
Joalx, ViyVTi(u — @) dx < [ Ti(u — ) dpu, (6.16)
Vk >0, ¥p € Wy P (2) NL®(R2), ¢ >

The converse is also true.

Proof. Letu be a solution of (6.15) and € W&”’(Q) NL*®(£2), ¢ = . The choice ofd =¢T; (u) + (1 — t)g,
with i > 0 andr € (0, 1), in (6.15) is admissible and gives

Il < Ji
[ Ii= [ga(x,tVTi(w) + 1= )Ve)VT;j(u —tT;() — (1 - 1)g) dx, (6.17)
Ji= o Tj(u—1Tiw) — (1-1)¢)du.
Now,

I; = / a(x, tVu+ (1— t)V(p)VTj ((l —)(u— (p)) dx
{lul<i}
+ / a(x,(l—t)Vgo)V(u—(1—t)<p)dx,
{lul>i}N{lu—1T; () —(1-1)p|<j}

sinceVT;(u —tT;(u) — (1 —t)p) =0 wherelu —tT; (u) — (1 — )| > j. The se{|u| > i} N {ju —tT; (u) — (1 —
el < j}is empty if we choose > |l¢|l <2y and 0< j < (L — 1) — ll¢llLe(2)); hence

I = / a(x,tVu+ 1 —1)Ve)VT;((1—1)(u — ¢))dx.
{lul<i)

Let us considev;:
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Ji = / Ti((A—1)(u—¢))du+ / Tj(u—1tT;(u) — (L— 1)) du

{lul<i} {lul>i}
< [ m(a-nw=e)det il i)
{lul<i}

Now we pass to the limit astends to4-oo in (6.17); taking into account (3.9), we obtain, by the previous remarks
about/; andJ; that

I:= |lim I =/a(x,tVu+(l—t)V(p)VTj((l—t)(u—(p))dx

i—+400
2
< lim J,-:fT,((l—t)(u—go))d,u:: J,
I—>00
2

for everyj > 0. Let us writel as

I=1-1 / a(x,tVu+(1—t)Vg0)V(u—gz))dx,

{A-D|u—9p|<j}

while

J=-1) / (- o) du+ / jdu+ / (—j)du.
{(1-D)|u—p|<j} {A-t)(u—p)>j} {A-)(u—p)<—j}

Letk > 0 and;j such thatj = k(1 —¢), so thatl < J implies

(1—t)/a(x,tVu—I—(l—t)V(p)VTk(u—(p)dx<(1—t)/Tk(u—¢))d,u.
2 2

Dividing by (1 — r) and passing to the limit with respectte~ 1~, we obtain (6.16).
The converse is just the monotonicity of the operatotet us note that, ifi solves (6.16), then satisfies (3.8),
since we can usg = 0 as test in (6.16) and use (3.3)0

Step 2Denoting the obstacle reactionsigf andu by 1, andx, respectively, we will prove that

lim /q)h di, =/q)d/\, (6.18)
h—+o00
2 ko)

for every® e W&"’/(Q), with ¢ < 5, and for every®), Wol”’(Q) N L>®(2), with sup, [| Do) < 00,
converging to® strongly in Wé”’(Q).

Proof of Step 2For everyi > 0 and for everyr € R, ¢t # 0, we consider the solution, of the variational
inequality VI(Ay, A(T; (u) + tPp), ¥y, + tdy) and the obstacle reactiop, associated with it. Observing that
A(T; (u) + tdy) converges tA(T; (u) + t®) strongly in w—Lr' (), and thatk y, ++e, converges t&Ky ;¢ in the
sense of Mosco, we can apply Theorem 3.1 of [16] to deduce:

vy —v  weakly inWy'” (%),
m—n  weakly inW 17 (),

wherev is the solution oNI(A, A(T; (u) + t®), ¥ + tP) andy is the obstacle reaction associated with it. On the
other hand, thanks to (6.3), for every 0, we have thaf; (1) > ¥ C,-g.e. in£2, so that = T; () + @ andn =0
(see Characterization 1).
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Consider now, for every> 0 and for everyj > 0, the inequality

/ (an(x. V) — an (. VIo))) VT ( — Ty(up)) dx >0,
2

which follows by the monotonicity ofi,. If we use the entropy formulation af, in the previous inequality we
obtain

/T/ (un — Ty (vp)) diy, + f Tj(up — Ty (vp)) dpy = fah(x, VTi(n))VTj(un — Ti(vp)) dx; (6.19)
2 2 2

passing to the limit as tends to+oco thanks to Proposition 5.3 (see also Remark 5.4), and using the variational
formulation (3.15) satisfied by, we rewrite (6.19) as

In+ U=y + 1V,
In= [ Tj(up — vp) day,,
Iy, = fQ T;(up — vp) duy, (6.20)
My = [galx, V(Ti(u) +1Pp)VT;(uy, — vp) dx,
Vi = (n, Tj(up — vp)).
By the complementarity system (3.16), we have that

Vi = [ Ty = v = 1@ > [ 10100 dny = (s, 73~ 0).
2 2
which tends to 0 a8 goes to+oo, i.e.

liminf IV}, > 0. (6.21)

h—+4o00
Moreover, by (5.3), it is easy to check tHBt(u;, — v;,) converges td’; (u — T; (u) — t®) weakly in W&"’(Q), o)
that we can apply Lemma 5.2 to deduce that

, IiT Iy, = / Ti(u—T;(u) —1®)du. (6.22)
2

Since, thanks to (2.1%(x, V(T; (1) + t®;)) converges ta(x, V(T; (u) + td)) strongly inLP/(.Q)N, we pass to
the limit also inlll ;, obtaining

Jim I, :/a(x, V(T;(w) +t®))VTj(u — Ti(u) — tP) dx. (6.23)
2
Combining (6.21), (6.22) and (6.23) we have

liminf Ti(up — vp) dAy + / T; (u —T;(u) — l‘@) du

h—+00
2 2
> /a(x, V(Ti(u) +t®))VTj(u—T;(u) — tP) dx, (6.24)
2

which can be written also as
liminf,_ yooly — >,
I'= [ Tj(u—Ti(u) —tP)da, (6.25)
i = fg(a(x, V(T;(w) +tP)) —a(x, Vu))VT;(u — T; (u) — tP) dx,
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using the entropy formulation satisfied byBy the complementarity system (3.21), we have that

liminf I, = liminf / T;(Yn — vp) dAy;
h—+o00 h— 400
2

on the other hand, sinag, > v, + t®;, we obtain by the previous equality that

liminf 7, <liminf | T;(—t®y) dAy,. (6.26)
h—+00 h—~+00
2
On the other hand, thanks to (3.9) it is easy to check that
lim Ii=/Tj(—t¢)dA. (6.27)

i——+00
2

Finally, in 1l we split the integral into the sets wherg < i and wherdu| > i, getting

= / (a(x, V(u+1®)) —a(x, Vu))VT;(—tP) dx

{lul<i}

+ f (a(x, V(@) —a(x, Vu))V(u — t®) dx,
{lul >0 {lu—T; () —1 @ |< j}

sinceVT;(u — T;(u) — t®) = 0 wherelu — T; (u) — 1P| > j. Let us observe thdtu — T; (u) —t®@| < j} S{lu| <
i+ j+tllI@lLe(2)}, so that, by the growth conditions assumediaand by (3.10), it is easy to prove that

lim / (a(x, V(@) —a(x, Vu))V(u —t®)dx =0, (6.28)
1—+00
{lu| >0 {lu—T; () —1 D |< j}

as well as
lim /(a(x,V(u—I—t@))—a(x,Vu))VTj(—ICD)dx

i—+00
{lul<i}

=/(a(x,V(u+m>)) —a(x, Vu))VTj(—t®)dx, (6.29)
2

sincea(x, V(u +t®)) — a(x, Vu) € L4(£2)N and, by hypothesisp e Wg’q,(.Q). Combining (6.26)—(6.28) and
(6.29) we have

LimJirnf Tj(—t@h)d,\h—/Tj(—qb)d)\>/(a(x,V(u+zq>))—a(x,Vu))VTj(—@)dx,
2 2 2

and, forj = [t|(|PnllLe2) V | @ Lo ()
Lim inf | —t®,dA, + 1 / ddr> —t /(a(x, V(u+ th)) —a(x, Vu))ch dx.
— 400

2 2 2

At this point, dividing by|¢| and passing to the limit with respectte~> 0, we obtain (6.18).
Step 3We will prove (6.5).
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Proof of Step 3We recall thats, satisfies (3.11), i.e.

/ah(x,Vuh)V(D dx=/<1§d,u,h+/<1)d)\h, (6.30)
2 Q 2

for every @ e W&’q/((z), with 1 < ¢ < 5. We just observed thawol’q/(.Q) C C(£2), so that, thanks to

Lemma 5.2 and (6.18), we can pass to the limik @®es to+-oo in the last two terms of (6.30), obtaining

lim fah(x,Vuh)V¢dx=/@Ddu—i—/d)d)»:/a(x,Vu)Védx,

h—+00
2 2 2 2

where the last equality follows by Eq. (3.11) satisfiedubyn other words, we proved that

N
—div(an(x, Vup)) = —div(a(x, Vu)) weakly inW=19($2), for everyg < N1

On the other handy, (x, Vuy,) is equibounded (with respect &) in the L7-norm, as observed in Remark 3.5. By
this fact we easily deduce that

an(x, Vuy) — o weakly in L7 (2)V, (6.31)

where div(a(x,Vu) — o) = 0. As we will see later, to prove (6.5), it is enough to show, by Minty’s trick, that

i lim /ah(x,Vuh)V<D¢dx=/a(x,Vu)V<D¢dx, (6.32)
—+00
2 2

for every® e Wg”’/ (£2) and for every € cl(Q).

With minor changes with respect to the proof of Step 2, we will prove (6.32)q>LeetW§’q/(Q) andr € R, with
t # 0; then the solutiony, of VI(Ay,, A(T; (u) + t®), ¥y, + t®) and the obstacle reactiop associated with it are
such that

v, = T;(u) +t®  weakly in W(}”’(SZ),

an(x, Vop) = a(x, V(T;(u) +1®))  weakly inL” (2)V,

nm— 0  weakly inW 7' (2),
sinceT;(u) + t® is the solution olVI(A, A(T; (u) + t®), ¥ + tP). By the monotonicity assumption af (x, -)
we have, for every, j > 0

/(ah (x, Vup) — ap(x, VI;(vn)))VTj (un — T (vp))p dx > 0,

2

whereg € C1(£2), with ¢ > 0. For convenience we write the previous inequality in the form

/ (an (e, Van) — an (v, VT o)) V(T (11 — Ti ) b)

2

> /(ah(x, Vup) —ap(x, VIi(vp))) Ve Tj (upn — Ti(vp)) dx,
2
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which gives, using the entropy formulation (3.12)gfand letting/ tend to+oo, as in the proof of Step 2,
In+ 1+l g 2> IV, + Vy,

In= [ Tj(up — vp)¢p diy,

Wp=[oTjun—vp)¢dus,

Iy, = _f_Q ap(x, Vup)Vo T;(up — vp) dx,

Vi, = [ an(x, Vo) V(Tj(up — vp)e) dx,

Vi =—[gan(x, Vop)VeT;(up — vp) dx.

The same tools used to deduce (6.26) give:

I < / Tj (—1®)¢ i
2
>

choosingj > |¢|[|® ||L~(s) and using the formulation (3.11) satisfied iy, we have:
I < —t/ah(x, Vup)V(PP) dx+t/<l>¢ duy. (6.33)
2 2

Thanks to the variational formulation satisfied fywe writelV, as

IV, = /a(x, V(T; () +t®)) V(T (un — vi)@) dx + (np. T (up — vi) o)
Q2
and we obtain that
fmint IV, > / a (e, V(T () + 10)) V(T3 (4 — T () — 10) ) . (6.34)
2
since we can work as in the proof of (6.21) and (6.23). Analogously, as we prove (6.22), we have also that

hIiT ||h=/Tj(u—7}(u)—t®)¢d,u. (6.35)
2

On the other hand, it is easy to check that

X IiT "y, = th IiT /ah(x, Vup)Ve @ dx +/UV¢(—I<D -7 (u —T;(u) — t@)) dx, (6.36)
2 2
as well as
,Jim_ Vi = —/a(x, V(T;(w) +t®)) Ve Tj(u— T;(u) — t®) dx. (6.37)

2
Combining (6.33)—(6.36) and (6.37) we obtain

Emlg—tfah(x,Vuh)Vq§¢dx+tf(P¢du+/Tj(u—T,-(u)—t@)q‘)du
2 2 2
+/0V¢(—t§b -7, (u —T;(u) — t<1§)) dx
2
> /a(x,V(T,-(u) +1®))VTj(u—T;(u) — 1) pdx,
2
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which gives, letting — +oo

Lim inf —t/ah(x, Vup))Vopdx > —t/a(x, V(u +t<1§))V<D¢ dx.
—+00
2 2

Finally, dividing by|¢| and passing to the limit with respectte-> 0, we obtain (6.32).
Combining (6.32) and (6.31), we have

/(0 —a(x,Vu))Vee¢dx =0, (6.38)
2
for every® e Wol"’/(.Q), with ¢ < £, and for everyp € C1(2).

Let & e RV, with £ £ 0, and letz C2°(£2); then the choice o (x) = £x ¢(x) in (6.38) is admissible, and
gives

/(o —a(x, Vu))ég“qﬁ dx =0,

2

sincetx ¢ (x) € C1(£2). Now we let¢ tend to 1, obtaining

/(o —a(x, Vu))S(p dx =0,
2
for every¢ € C1(£2), and, finally,(o (x) — a(x, Vu(x)))é =0, for everyé € RN and for almost every € 2, so

that (6.5) is proved.
Step 4We will prove the lower semicontinuity of the “energy”, that is

/a(x,Vu)VTj(u) dxé}limj_nf/ah(x,Vuh)VTj(uh)dx, (6.39)
—+00
2 Q

for everyj > 0.
Proof of Step 4To prove (6.39) we need an approximation result for@heonvergence (see Lemma 2.3 of [16]).

Lemma 6.4.Let a, be a sequence if(co, c1,a, 8) G-converging to a functiom, and let A, and A be the
operators associated t@, anda, respectively. Let Wé”’ (£2) N L*°(£2) and v, the solution of(4.1) relative

to A(v). Then there exist a decreasing sequesceonverging td and a sequencey, € Wol”’(Q) N L*°(£2) such
that

wp — v weakly inWr? (£2), 6.40
0

(an(x, Vwy) — ap(x, Voy)) — 0 strongly inL? ()", (6.41)

lwp(x) —v(x)| <ep Cp-g.e.ing2. (6.42)

Letv, wy, € Wé”’(()) N L*°(£2) as in Lemma 6.4. By the monotonicity assumptionagitx, -) we have, for
everyj > 0:

/(ah (x, Vup) — ap(x, Vwy)) VT (up — wy) dx > 0.
2
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We use the entropy formulation 6§, to obtain

/Tj(uh —wp) dAy + / Tj(up —wp) dip — /ah(x, Vwp)VTj(up — wy) dx > 0.
2 2 2
We rewrite the previous inequality as
In+ 1+, >0,
Iy = [ Tj(un — wp) dip,
Wy = [ Tj(un — wp) g,
Wy =— [oan(x, Vwp)VTj(up — wy)dx,

and the ternill ;, as

"y, = /(ah(x, V) —ap(x, th))VTj(uh —wy) dx — /ah(x, Vup)VT;(u, — wy) dx.
Q Q

By (5.3),T; (us — wy) is uniformly bounded (with respect g in Wol"’(.Q), so thatT’j (u; — wy,) converges weakly
in W&’p(fz) to T;(u — v). Thanks to this fact and to (6.41), it is easy to pass to the limit in the first tedihof

For the second one it is sufficient to use the definition,pfand, again, the weak convergenceWéL”(.Q) of
T;(up — wy), So that

lim lll,= —/a(x, Vu)VT;(u —v)dx. (6.43)
h—+00
2

Analogously we have

lim 11, :/Tj(u —v)du, (6.44)
h—+o00
2

since we can apply Lemma 5.2. Finally, thanks to (6.42) and by the lipschitzianity of the truncation function, we
have:

liminf 7, = liminf f T; (up — v) diy,. (6.45)
h— 400 h—+00
2

Combining (6.43), (6.44), and (6.45) we obtain

Liminf [ Tj(up —v)dr, + / Ti(u—v)du> /a(x, Vu)VT;(u — v)dx, (6.46)
——+00 ’ ’
2 2 2

for everyv e Wol’P(Q) NL%>®(£2).

Lett € (0,1); fori > 0, we usev =tT;(u) as function test in (6.46). Sined; (u) > tT; () Cp-g.€.in2 and
since K1, (y,) converges taK;r,(y) in the sense of Mosco (see Remark 4.5), there existN and a sequence
z, converging tarT; (1) strongly in W&”’(Q) such thatz, € K;7,(y,), for everyh > k. We consider the function
@), = T;(zp) — tT; (), which belongs thé”’(Q) N L% (£2) and tends to O strongly iwol’f”(fz); SO wWe can use
(6.18) and the lipschitzianity of the truncation function to deduce that
liminf | T;(up — tT;(w)) di, = liminf / Tj(un — Ti(z)) A (6.47)

h—+00
2

h——+00
2
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Moreover, since, for every > k, T;(z,) > tT; (W) Cp-g.€. in$2, we estimate the right-hand side of (6.47) as

lemf (uh — T(Zh)) dr, < I|m|nf/ uh —tT(l//h)) day, —|Imlnf/ uh —tT; (uh)) dis,
—>+00
2

where the last equality follows by the complementarlty system (3.21). Fmally, using the entropy formulagion of
we get

liminf | T;(up — T;(zn)) i

h—+00
Q
lelnf </ an(x, Vup)VT; (uh —tT; (uh /T, uh —tT; (uh)) d,uh)
2 2
=Liminf ah(x,Vuh)VTj( —tT; (up) dx—/T] u—tT(u) du, (6.48)
——+00

2
sinceT; (uy, —tT;(uy)) converges td’; (u — ¢ T; (u)) weakly in WO”’(Q) and we can apply Lemma 5.2.
Hence, using in (6.4&) = ¢ T; (1) and combining (6.47) and (6.48), we obtain
Lim inf / an(x, Vup)VT; (uh — tY}(uh)) dx > /a(x, tVT,'(u))VTj (u — tTi(u)) dx. (6.49)
— 400
Q
We denotefQ an(x, Vup)VTj(up — tT;(up)) dx by Jy,, and we splits2 into the sets wheréu;| < i and where
lup| > i, so that
Jp = f ah(x,Vuh)VTj((l—t)(uh)) dx + / ap(x,Vup)Vuy, dx.
{lun|<i} {lun|>30{Jup—1T; (up) 1< j}
Observing that|uy, —tT; (up)| < j} C {lun| < j +ti}, if we choosej < (1 —1)i, we have thaf|uy,| > i} N {|uy —
tT;(up)| < j}is empty, and
Jn = f an(x, Vup)VT;((1 = 1) (up)) dx < /ah(x, Vup)VTj((L—t)(up))dx
{lun|<i} 2
since the integrand is nonnegative. Analogously

/a(x, tVTi(u))VTj (u — tTi(u)) dx = f a(x, tVTi(u))VTj ((l — t)u) dx
Q {lu|<i}
so that (6.49) becomes
liminf [ an(x, Vup)VT;((1— 1) (up)) dx > / a(x,tVT;w)VT;((1—t)u)dx
—+00
2 {lul<i}
Letting i tend to+o0, we rewrite the previous inequality as
Limj_nf/ah(x,Vuh)VTj((l—t)(uh))de/a(x,tVu)VTj((l—t)u)dx
— 400
2 2
or, equivalently,
(1—t)!liminf / ap(x,Vup)Vupdx > (1—1) / a(x,tVu)Vudx (6.50)
—+00

{A=Dlun|<j} {A=D]ul<j}
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for everyj > 0. Letn > 0 andj = (1 — r)n; then we can rewrite (6.50) as

Liminf ap(x, Vup)VT,(up)dx > /a(x,tVu)VTn(u) dx.
——+00
2 2

Finally, lettingr tend to I", we obtain (6.39).

Step 5We will prove (6.6).

Proof of Step 5. The proof is quite similar to that of Step 2, so we will often refer to it.

Let r > 0; then, for everyk > 0, we have thatT(u) > 1Ty (¢) Cp-0.€. in§2. Since Kz, y,) converges to
K1, (y) in the sense of Mosco (see Remark 4.5), there existN and a sequence; converging tor 7y (u)

strongly in Wol’p(.(z) such that®, € K;7,(y,) for every h > n. Fori > 0 we consider the solutiom, of
VI(An, A(T; (u) + t Ty (u)), Y5, + @) and the obstacle reactiop, associated with it; as in the proof of Step 2,
we deduce by Theorem 3.1 of [16] that

vp = Ti(u) + 1Ty (u)  weakly inWy'? (),
n— 0 weakly inW 7' (),
sinceT; (u) + t Ty (u) is the solution oNI(A, A(T; (u) + t T (n)), ¥ + tTx(u)). We have also, by (6.24), that
liminf / Ti(up — vp) dAy, + / T; (u —Ti(u) — l‘Tk(u)) du
h—+00
2 2
> /a(x, V(T; ) + tTe ) VT (u — T; (u) — T (u)) dx. (6.51)

Q
On the other hand, by (6.26), we have that

liminf / Ti(up — vp) diy < liminf / Tj(_q)h)d)\h < liminf / T; (—tTk(lﬂh)) diy
h— 400 h——+00 h—+o00
2 2 2

h—+00
ko)

where the last inequalities follow, on one hand, by the factdhat K7, (y,), for i large enough, on the other, by
the complementarity system (3.21). Thanks to (6.52) we rewrite (6.51) as

= liminf f T; (—tTk(uh)) dig, (6.52)

|himj_nf T; (—tTk(uh)) da, + / T; (u —T;(u) — tTk(u)) du
2 2

>/a(x,V(T,~(u)+tTk(u)) VTj(u—T;(u) — 1T (u)) dx. (6.53)
2

Let us choosg > tk andi > k; if we split the integral in the right-hand side of (6.53) into the sets wihere
and wherdu| > i we obtain by (2.3):

—t f a(x, V(u + tTk(u)))VTk(u) dx =—t / a(x, V(Tk(u)(1+ t)))VTk(u) dx. (6.54)
{lul<i} Q
As in the proof ofStep 2, we let tend to+oo in (6.53), so that, using (6.54), we easily get
—tlimsup | Tx(up) diy, —z[ Ti(u)du > —t/a(x, V(T () (L+1))) VT (1) dx,

h—+00
2 2
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or, equivalently, using the entropy formulation:of

—tlimsup(/ah(x,Vuh)VTk(uh)dx—/Tk(uh)dm,) —t/Tk(u)dM

h—+o00 P P
> —t/a(x,V(Tk(u)(l—i—t)))VTk(u) dx, (6.55)
2

for everyk > 0. On the other hand, Lemma 5.2 implies that

lim /Tk(uh)duh=/Tk(u)dM,
h—+00
Q2 Q2
so that (6.55) becomes

—tlimsup [ an(x, Vup)VTi(up)dx > —t/a(x, V(Tk(u)(l + t)))VTk(u) dx.
h—+o00
2

Finally, dividing byz and passing to the limit as— 0T, we have, for ever > 0

limsup | ap(x, Vup)VTi(up)dx < /a(x, Vu)VTi(u)dx,
h—+00
2

which, combined with (6.39) gives (6.6).

Remark 6.5. If we choose in Theorem 6.1 as obstaclgs= v = —oo, we recover Theorem 3.2 of [4], which
concerns the continuous dependence of the entropy solutions under perturbations of the aperator

Remark 6.6.Let us remark that we cannot prove Theorem 6.1 under the assumptiqr,thatverges tq: in the
x-weak topology ofM,,(£2) (see Example 4.5 of [13]).

Corollary 6.7. Leta be inL(co, c1, @, 8) and A be the operator associated with it. Let us assifg), (6.2) (with
Ay = A, for everyh > 0), and (6.3), with Ky, converging toKy in the sense of Mosco. Finally, considey;,
e M,’,’,O(Q), with w;, converging tou weakly inM;(£2). Then the solutions;, andu of the obstacle problems
OP(A, up, ) and ORA, u, ¥), respectively, satisfy

T;(up) — Tj(u) strongly inW01”’(.(2), for everyj > 0. (6.56)

Proof. By Theorem 6.1 (withu, = a, for everyh > 0) we have thaT’; (u;,) converges td’; (u) weakly in Wol’p(fz),
and

/a(x, Vup)VT;(up)dx — /a(x, Vu)VT;u)dx, foreveryj>D0. (6.57)
2 2
On the other hand, if the functianis fixed, working as in the proof of Theorem 6.1 of [3], it can be proved that

Vuy, converges t6/u almost everywhere if2. Sincea(x, -) is a Carathéodory function, alagx, VT;(u;)) tends
toa(x, VT;(u)) almost everywhere i®.

Moreover, thanks to (2.1y(x, VT;(uy)) is uniformly (with respect td:) bounded inL? (£2)V; so we deduce
that

a(x, VTj(up)) — a(x, VT;w)) weaklyinL” (2)". (6.58)
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Combining (6.57) and (6.58), we have:

hﬂrﬂm/(a(x, VT; (uh)) - a(x, VT; (u)))V(Tj(uh) -7, (u)) dx =0,
2

which implies thatT’; (u,) converges td’; (u) strongly inWOl’p(_Q). O
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