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Abstract

We present a new, complete approach to the partial regularity of solutions to non-linear, second order parabolic systems of
the form

ur —divA(x,t,u, Du) =0.

In the first part we introduce thé&-caloric approximation lemma, a parabolic analogue of the harmonic approximation lemma

of De Giorgi [Sem. Scuola Normale Superiore Pisa (1960-1961); Lectures in Math., ETH Zirich, Birkhauser, Basel, 1996] in
the version of Simon. This allows to prove optimal partial regularity results for solutions in an elementary way, under minimal
and natural assumptions. In the second part we provide estimates for the parabolic Hausdorff dimension of the singular sets of
solutions; the proof makes use of parabolic fractional Sobolev spaces.

© 2005 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

Résumé
Nous présentons une nouvelle approche compléte auprés de la regularité partielle des solutions des systémes paraboliques
non-linéaires, de la deuxiéme ordre de la forme
ur —divA(x,t,u, Du) =0.

Dans une premiére partie nous introduisons le lemme d’approximaticalorique, un analogue parabolique du lemme d’ap-
proximation harmonique de De Giorgi [Sem. Scuola Normale Superiore Pisa (1960-1961); Lectures in Math., ETH Zirich,
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Birkhauser, Basel, 1996] d'aprés la version Simon. Cela permet de prouver des résultats optimales de la regularité partielle poul
des solutions d’'une fagon elementaire sous des hypothéses minimales et naturelles. Dans la deuxiéme partie nous donnons d
estimations des ensembles singuliers des solutions pour la dimension parabolique de Hausdorff; la preuve se sert des espac
paraboliques fractionnaires de Sobolev.
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1. Introduction and results

In this paper we are concerned with the study of regularity properties of solutions to non-linear, second-order,
parabolic systems of the type

u —divA(x,t,u, Du)y=0, (x,0)e22 x(-T,0)=Q0r, (1.1)

wheref2 ¢ R”" is a bounded domain arid > 0; for precise notation we refer to the next section.

Our aim is twofold. First we want to explain a new method to prove partial regularity of solutions, that will
avoid to assume additional structural assumptions on the system and a priori additional regularity on the solutions.
With this new method it is no longer necessary to use various involved tools as Reverse-Hélder inequalities and
(parabolic) Gehring’s lemma. The method is based on an approximation result that we calléettderic approx-
imation lemma”, which is explained in Section 3, below. This is the parabolic analogue of the classical harmonic
approximation lemma of De Giorgi [7,41] and allows to approximate functions with solutions to parabolic systems
with constant coefficients in the same way as the classical harmonic approximation lemma does with harmonic
functions. More precisely, in the case of the classical heat system we haveB(witR” denoting the unit ball and
Q0:=B x(-1,0)

Lemma 1.1 (caloric approximation lemma). For evegy> 0 there exists (n, ¢) € (0, 1) with the following prop-
erty:if u € L2(—1,0; W2(B,R")) with fQ(|u|2 + | Du|?) dz < 1is approximatively caloric in the sense that

‘/(u(p, — Du - Dp)dz| < §sup|Dg| forall ¢ € C8°(Q,RN)
0
0

then there exists a caloric functigne L2(—1,0; W12(B,RV)), i.e.h; — Ah=0in Q, such that

/(|h|2+|Dh|2)dz<1 and /|u—h|2dz<g.
0 0

This lemma and its variant in Section 3 allow to prove partial regularity properties of solutions to non-linear
parabolic systems by linearization arguments (see Sections 6 and 7) in a particular efficient and elementary way
In the elliptic setting the possibility of using the harmonic approximation lemma and its non-isotropic variant,
the A-harmonic approximation lemma, was already exploited both in the setting of Geometric Measure Theory
to prove optimal regularity results for minimizing currents to elliptic integrands by Duzaar and Steffen [15] and
to prove regularity results for non-linear elliptic systems by Duzaar and Grotowski [11]. In the last case such a
method allowed to get an elementary proof of the known regularity results for elliptic systems. These techniques
find their origins in Simon’s approach, via De Giorgi’'s harmonic approximation, to Allard’s regularity theorem and
to the regularity of harmonic maps [40,41]. Later this has been generalized to the degenerate elliptic problems by
the authors [12,13].
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In the present paper the use of Lemma 1.1, combined with new ad hoc arguments, allow to prove optimal
regularity results for solutions that was not possible to obtain before; it is actually our second aim to provide a
complete study of regularity properties of weak solutions: optimal partial regularity exponents and estimates for
the dimension of the singular sets. Indeed, the first regularity result of the paper is the following:

Theorem 1.2. Letu € L%(—T,0; W-2(2,R")) be a weak solution to the systdth1) under the assumptions
(2.1)—(2.3)and(2.5)and denote by the set of regular points of in Q7
Qo:={z€ Or: Due CPPI2(A,R™), A(C Qr)is a neighborhood of}.
ThenQg is an open subset with full measure and therefore
Du e CPPI2(Qo, R™), |01\ Qol =0.
See Section 8 for the proof; of course |5y we denote the usual Lebesgue measure of 8 seR"*1; moreover,
CP-B/2(A) is the space of functions which are Holder continuous with expofievith respect to space variabte

and with exponeng /2 with respect to the time variabiein other words they are Holder continuous with exponent
B in the parabolic metric ilR"*1 given by

distp((x, 1), (xo, to)) = \/|x —xo0l24+ |t —to], x,x0€R", t,tgeR. 1.2)

As far as we are aware, Theorem 1.2 was not known under the general, minimal assumptions considered here.
Partial regularity of solutions has been proven for quasi-linear systems [44,17,18,2,25], for non-linear systems
with special structure [32] or in low dimensions [37,22,23,34,36], and for non-linear systems only assuming that
solutions were a priori more regular [47,29] i.e. bounded or even Hdélder continuous; everywhere regularity is
possible only under very special (diagonal type) structures, as for instance in the casg-dfaplacian system
[9,33], otherwise it fails in general, as shown by counterexamples [45,42,21] and already in the case of elliptic
systems [8,20,46]. On the other hand, recently, non-a-priori regular solutions have been considered, but again
assuming more regularity of with respect to the “coefficientsx, ) and, in particular, no dependence on the
variableu [38,1]; the methods of this last paper are suited for systems with growth conditions more general than
the one treated here, but again, they are not suitable to treat the low regularity assumptions we consider. In any
case, the optimal regularity stating that the Holder exponent of the spatial gradient is exactly the same one of the
coefficients was never achieved, even under extra assumptions, due to the different techniques available before this
paper. We stress here the fact that the use of the “A-caloric approximation lemma”, proved in Section 3, allows to
get a completely elementary proof of Theorem 1.2, without the use of Reverse—Hdlder inequalities; this will be an
important point in a forthcoming paper [14], where together with K. Steffen we are going to treat systems with
super-linear growth. For such systems higher integrability of solutions has been recently proved by Kinnunen and
Lewis [24], and later refined by Misawa [32], but their proof does not yield a Reverse—Hdlder inequality since the
scaling for parabolic systems of the type in (1.1) with non-linear growth is non-isotropic; therefore the application
to partial regularity seems to be not immediately possible, while a further variant of our method will allow to deal
with such systems too.

Theorem 1.2 immediately poses a natural problem. Let us call the set of non-regular points “the singular set” of
the solutiornu:

X =07\ Qo.

The natural question is now: how large carbe? This question can be answered considering the so called parabolic
Hausdorff measure ifR"**1, that is the canonical Hausdorff measure constructeR’ih! with respect to the
parabolic metric from (1.2). Here we shall consider its cylindrical variant, that leads to slightly stronger estimates.
To be precise, let us denote, € R” ands € R

B(xo, R) := {x e R": |x — xo| < R}, 0((x0, t0), R) := B(xo, R) x (to — R, 1g).
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Then we define fos € [0, n + 2] and F ¢ R* 11

o0 o0
P(F)=intd S RS F | OG0, Ri). Ri < 8}, Ps(F) := SUpP (F).
i=1 i=1 >0

The parabolic Hausdorff dimension is then usually defined according to
dimp (F) :=inf{s > 0: P;(F) =0} =sup|s > 0: Ps(F) = 00}.

Let us observe that due to the stretching in the time direction of the cubes, the limit dimensip@islimp (F) <
n + 2 for everyF c R"*1 while P, is comparable to the Lebesgue measur'if?.

Once again, estimates for the singularSdtave been obtained in very particular situations and when the system
in (1.1) shows a simpler structure; — div A(Du) = 0. In this case it is possible to prove that eifX) < n [5].
Actually the problem of proving Hausdorff dimension estimates for systems including Holder coefficients remained
open for a long time already in the elliptic case: dix, u, Du) = 0 (see the open problems in [16], page 191). It
has been finally settled in [31], where it is shown, among other things, that the Hausdorff dimension of solutions to
general non-linear elliptic systemsRY is always strictly less tham. Here we shall derive the parabolic analogue
of this result, using a difference quotient technique in the setting of parabolic fractional Sobolev spaces; in any case
we treat systems with uniformly continuous coefficients, which is a quite standard assumption for partial regularity.
Our first result in this direction is the following theorem, whose proof will be presented in Section 9:

Theorem 1.3. Letu € L2(—T,0; W2(2,RV)) be a weak solution to the systeth1) under the assumptions
(2.1)—(2.3)and (2.9) and denote by the singular set ofi. Then there exists a numbée §(8, L/A) > 0 such
that

dimp(X) <n+2-3.
The dependence éfupon the regularity of the coefficienfisand the ellipticity ratial /. is critical in the sense
that

lim =0 and lim §=0. (1.3)
B—0 L/A—>00

The presence of the small — but quantifiable — nundbésee Remark 9.6 below), rather than a more consistent
guantity, is due to the fact that the vector fieldexplicitly depends on the functian(x, ¢), which is a priori only
measurable; this yields a strong lack of smoothness for the function

(x,t) —~> A(x, tu(x,t), )
which prevents the singular set reduction. Indeed, when no dependencdal®@s place, the previous result can be
substantially improved in the following, which extends previous elliptic results [30]:
Theorem 1.4. Letu € L2(—T, 0; W12(§2, RV)) be a weak solution to the system

u, —divA(x,t,Du)=0, ((x,1)eR2 x(-T,0)=Q0r, (1.4)

under the assumption®.1)—(2.3)and (2.9) and denote by the singular set ofi. Then there exists a number
8§ =8(B, L/)) > 0such that

dimp(X)<n+2—-28-3. (1.5)
The last result, whose proof is in Section 10, shows that, independently of the ellipticity.yatithe singular

set dimension depends in a sensitive way on the regularity of the coefficients when considering systems of the type
in (1.4). Note that the bound (1.5) is in some sense natural: idiffezentiable casg = 1, we find dimp(X) < n
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which agrees (and actually improves) some known estimates for the:casdiv A(Du) = 0 [5]. We remark that
Theorems 1.3 and 1.4 are the only results where we shall use in a crucial way the a priori higher integrability
properties of solutions via the parabolic Gehring’s lemma [24].

Finally we point out that most of the previous results, and in particular Theorem 1.2, take place for more general,
non-homogeneous systems of the type

u, —divA(x,t,u, Du)y= B(x,t,u, Du), (x,1)e 2 x(-T,0)=0r,
where the vector field exhibits critical growth conditions

|B(x, t,u, Du)| < L(1+|Dul?),
and the solution is assumed to be bounded \jitf., satisfying a suitable smallness assumption of the type

2L ||ulloo < L/v.
We shall not carry out the proofs here, which in many points are even simpler since the solution is assumed to be
bounded.
2. Assumptions and notations

In the following £2 will denote a bounded domain i", and Q7 will denote the parabolic cylinde® x (—T, 0)

whereT > 0. Here we specify the exact assumptions we are going to consider on the parabolic systems. We
shall distinguish the assumptions for partial regularity, Theorem 1.2, from the ones for the singular set estimates,

Theorems 1.3, 1.4.

Assumptionsfor Theorem 1.2. We shall consider a vector fiekl: 07 x RY x R™N — R™W If z = (x, 1), u e RV
andp € R" we shall denote the coefficients By(z, u, p) = A(x, t, u, p). We assume that the functions

0A
(z,u,p)—> A(z,u,p), (z,u,p)+ g(z,u,p)

are continuous iQ7 x RY x R"VN and that the following growth and ellipticity conditions are satisfied:

|A(z,u, p)| < L(1+1pl). (2.1)
dA

’—(z,u,p)’ <L, (2.2)
ap

d0A A -

3, @B > AlpI%, (2.3)

forall z € Qr, u e R" and p, p € R*™N wherex > 0 and 1< L < oo; actually, up to enlarging the constaht
(2.1) is a consequence of (2.2); we reported both of them for future convenience. Now we shall specify the regularity
assumptions od (x, ¢, u, p) with respect to the “coefficienty%, u); we shall assume that the function

A(z,u, p)
1+ |p]

is Holder continuous with respect to the parabolic metric (1.2) with Holder expgheri0, 1), but not necessarily
uniformly Hélder continuous; namely we shall assume that

|A(Z, u, p) — A(zo, uo, p)| < LO(Jul + luol, |x — xol + /It — tol + |u — uol) (1 + | pl) (2.5)
for anyz = (x, 1) andzo = (xo, fo) in Q7, u andug in R” and for allp € R*Y where
8(y,s) :=min{1, K (y)s”}

(z,u) —~ (2.4)
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andX :[0, 00) > [1,00) is @ given non-decreasing function. Note thas concave in the second argument. This
is the standard way to prescribe (non-uniform) Hélder continuity of the function in (2.4). We find it a bit difficult
to handle, therefore, in many points of the paper, we shall use

|Az,u, p) — A(zo, uo, p)| < K (Jul)(Ix — xol + /It — to] + |u — uol)ﬁ(1+ pl) (2.6)

valid for any z = (x, 1) andzg = (xo, f0) in Q7, u andug in R* and for all p € R"N where 8 € (0,1) and
K :[0,00) — [L, o0) is a given non-decreasing function. We note that (2.6) is weaker than (2.5).

Finally we remark a trivial consequence of the continuityodf/dp; this implies the existence of a function
:[0,00) x [0,00) — [0, 00) with w(z,0) = 0 for all ¢ such that — w(z, s) is nondecreasing for fixed s —
w(t,s)? is concave and nondecreasing for fixednd such that

0A 0A
5@, tu, p)— E<xo, to, o, po)| < w(M, |x — xol? + |t — to] + lu — uol®> + |p — pol?) (2.7)

for any z = (x, 1) andzg = (xo, fo) in Qr, anyu, ug in R” and p, po € R™ wheneverju| + |p| + [u — ug| +
|p — pol < M.

Remark 2.1. In the case of systems of the type (1.4) both (2.5) and (2.6) must be replaced by

Az, p) = AGzo, p)| < L(Ix = xol + /It = 0] ) (14 I pl), (2.8)
while, in order to apply (2.7), we just need to require that+ |p — pol < M.

Additional assumptions for Theorems 1.3 and 1.4. In order to prove Theorems 1.3 and 1.4 we shall be forced
to consider systems with uniformly Hélder continuous coefficients: we shall consider the following reinforcement
of (2.6):

|A(z, u, p) — A(zo, uo, p)| < Lo(|x — xo| + /It — to] + |u — uol) (1 + | pl) (2.9)
wherew : [0, 00) — [0, 1] is a continuous concave function such that

w(s)<s?, s>0.

Finally we recall that a weak solution to the system (1.1) is a funetiar.?(—T, 0; W12(£2, RY)) such that

/(ugo, — Az, u, Du)D(p) dz=0, forallgeCy°(Qr. RM). (2.10)
or

3. Preliminaries

If vis an integrable function i (zo, 0) = Q,(z0) = By (x0) X (fo — 02, 10), zo = (x0. f0), We will denote its
average by

1
v = vdzi= — vdz,
@z0.0 ][ (an”+2 /
0o (z0) 0o (z0)

wherew,, denotes the volume of the unit ballRf'. We remark that in the following, when not crucial, the “center
of the cylinder will be often unspecified e.@,(z0) = Q,; the same convention will be adopted for ballsRf
thereby denoting3(xo, 0) = B, (x0). Finally in the rest of the paper the symholwill denote a positive, finite
constant that may vary from line to line; the relevant dependencies will be specified.
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Foru e LZ(QQ(ZO), RY) we denote by ..., the unique affine function (in spacé&)) = £(x) minimizing

> ][ lu —€)%dz
04 (z0)

amongst all affine functions(z) = a(x) which are independent of To get an explicit formula fot, , we note
that such a unigue minimum point exists and takes the form

Kzo,g(x) =&50+ Vzo,g(x — X0),

wherev, , € R™N | A straightforward computation yields that

][ u-a(x)dz= ][ Lrg,0(x) -a(x)dz
0,(20) Q,(z0)
for any affine function:(x) = & + v(x — xp) with £ e RY andv € R*V. This implies in particular that

n+2
Ep0= ][ udz= )z, and v, ,= P ][ u® (x — xp) dz.

Qo (z0) Qo (20)

For convenience of the reader we recall from [26] the following:

Lemma3.l. Letu € L2(QQ(ZO), RM),0<9 <1, and{,, , respectivelyl , 5, the unique affine functions mini-
mizing¢ > £, .o i~ 2|2 dz respectively — chﬂg(zo) |u — €|2dz. Then there holds

nn+2)
(90)2

2
|Vzo,z9g - Vzo,g| <

2
][ |u — () 29,0 — Vzp,0(X —)C())| dz.
Q19Q(ZO)
Moreover, ifDu € L2(Q,(z0), R") we have

nn+2) 2
02 |” — (U)z9,0 = (D) 7,0 (x — xo)| dz.

Q0 (20)

V2.0 — (Dit)zg.0]% <

The following lemma is a (parabolic variant) of a well known measure theoretical result; the proof can be
obtained along the lines of [19], Chapter 3 and [30], Section 4.

Lemma3.2. Letu: B1 x B, — R be a bounded, increasing set-functigrere 31, B, denote the families of Borel
subsets of—T, 0) and §2, respectively), which also satisfies

> 1(Qr () < u(2 x (=T, 0)),

ieN

wheneve{ Qg (zi)}ien is a family of pairwise disjoint parabolic cylinders 2 x (-7, 0). If we let
A= {zo €2 x (—T,0): Iimiionfg_su(QQ(zO)) > 0}, O<s<n+2,
0

then

dimp (A) < s.



712 F. Duzaar, G. Mingione / Ann. I. H. Poincaré — AN 22 (2005) 705-751

Now we recall the definition of the parabolic fractional Sobolev spaces for which we refer to [27]. We shall
say that a functiom € L2(Qr, R¥) belongs to the fractional Sobolev spa®&-%2(Qr, R¥), , 6 € (0,1), k € N,
provided

0 00
lu(x, 1) —u(y, 1)|? lu(x, 1) — u(x, s)|2 _
// e — y|rt2a dXdde// g ardsdx=:ulagor < oo
-T2 2 Q-T—-T

The local variantW,zf;Z(QT,R") can be defined in the usual way; it is also possible to define spaces
we%2(Qr, R¥) for higher values ofr and; for this we refer to [27]. The following Poincaré type inequality

can then be obtained in a standard way (for instance imitating the proof of Proposition 3.1 from [10]):

/ |4(2) = (W)z0.0|* dz < )0 [ulp. 2 0,0 B€(0,1), (3.1)
QQ(ZO)
for any functionu € W-#/22(Q,, RK).

Proposition 3.3. Letu Wl’g’cﬁ/Z;Z(QT, R¥) for B > 0 and let

A= {ZO € Q7: liminf ][ }u — (u)ZO,Q}ZdZ > O},
el0
QQ(ZO)

B:= {ZO c QT: |ImSUp|(M)Zo,Q| = OO}
el0

Then
dimp(A) <n+2-28, dimp(B) <n+2-28.

The proof can be obtained along the lines of the analogue, classical results for standard fractional Sobolev func-
tions (see for instance [10,30] for elementary proofs). We briefly sketch the main arguments, confining ourselves
to the estimate for. By a standard localization argument [30] we may suppose without loss of generality that
u € WA-B/22(0; RK): then by (3.1) we have that C S where

S:= {zo € Or: liminf 0 " ulg 5120, 20) > 0]~
Q

Therefore, applying Lemma 3.2 we have giti) < dimp(S) <n + 2 — 28; we observe that the application of
Lemma 3.2 is possible since the set function

_ 2 . 2
M:wae/// utx, 1) —u@y, 0| dxdydt+// uCx. 1) —ulx, )| drdsdx,

|x — y| 2P |t —s|1+P
I vwow o] I

with I C (—T,0) andw C §2, Borel sets, clearly meets all the requirements of Lemma 3.2.

Finally we conclude with the parabolic version of the well known relation between Nikolski spaces and Frac-
tional Sobolev spaces; the proof can be obtained by a straightforward adaptation of the standard elliptic result
[30,10].

Proposition 3.4. Letu € L2(Qr, R¥). Suppose that

/\u(x, t4+h) —u(x, t)|2dxdt <calh)?, 6e(,1),

0
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whereQ := 2 x (-T +d, —d) and2 € £2, for everyh € R such thath| < min{d, A}, whered € (0, T/8), A > 0
are positive constants. Then there exists a constaatc1(0, v, d, A, c1, |lu l22¢05)) >0 such that

—d —d
_ 2
[ / / lu(x,t) —u(x,s)| drdsdx <&, Vy €(0,0).

|t — s|1+27’
G —T+d-T+d
Suppose that

/|u(x + hey, 1) —u(x,r)|2dxdt<cz|h|29, 0 €(0,1),

Q

for every|n| < min{dist(2, 9£2), A}, Vs € {1, ..., n}, wherefe }1<s<n is the standard basis &". Then for every
O € £2 there exists a constagh = c2(n, 0, y, A, c2, dist(€2, 9£2), dist(O, 382), [lull ;2(¢,) > O such that

—d
lu(x, 1) —u(y, 1)|? 3
/ / Ix — y|t2r dxdydr<cz, Vy e(0,6).

-T+d OO

4. A-caloric approximation

We recall that a strongly elliptic bilinear form on R"V with ellipticity constant. > 0 and upper bound > 0
means that
MPP <A, P, Alp, p) < Alpllpl ¥p,peR™.
We shall say that a functioh e L2(—1,0; W12(B,, RV)) is A-caloric on Q, if it satisfies

/(h(pt — A(Dh, Dg))dz=0 forallgp € C°(Q,,RY).

Qo
Obviously, whenA (p, p) = | p|? for every p € RV, then anA-caloric function is just a caloric function
]’lt - Ah == 0,

and therefore Lemma 1.1 is just a particular case of the following:

Lemma 4.1 (A-caloric approximation lemma). There exists a positive fundi@n N, 1, A, ¢) < 1 with the fol-
lowing property:WheneverA is a bilinear form onR™Y which is strongly elliptic with ellipticity constarit > 0
and upper bound, ¢ is a positive number, and € L2(—1,0; W2(B, R")) with

/(|u|2+ |Dul?)dz < 1

0
is approximativelyA-caloric in the sense that

‘ / (ugr — A(Du, Dg)) dz
9]

<8supDy| forall g € C(Q,RY)
0

then there exists aA-caloric functionk such that

/(|h|2+|Dh|2)dz<1 and /|u—h|2dz<s.
0 0
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Proof. Were the assertion false, we could fiad> 0, a sequencéAy) of bilinear forms onR™", with uni-
form ellipticity bound A > 0 and uniform upper boundi, and a sequence of functior{sy)reny With v €
L?(—1,0; WL2(B,RN)), such that

/(Ivk|2+|ka|2)dz<1 (4.1)
0
and
1
‘/(Uk(/)t — Ar(Dug, Dg)) dz| < T S;HDQOI (4.2)
(@)

forall ¢ € C3(B,RY) andk € N, but

/|vk—h|2dz>£ for all h € H, (4.3)
0

where here

Hy = {f € L?(-1,0; Wh2(B,R")): f is anA-caloric function onQ, /(|f|2 +IDf?)dz < 1}.
0

Passing to a subsequence (also labeled iithie obtain the existence ofe L?(—1,0; W1-2(B, R")) andA such
that there holds

Vg — v weakly inL2(Q, RM),
Dy — Dv weakly inL2(Q, R"V), (4.4)
Ay — A as hilinear forms o™ .

Using the lower semicontinuity of — fQ(|v|2 + |Dv|?) dz with respect to weak convergence Irf(—1,0;
wi2(B,RN)) we obtain

/(|v|2+ |Dv|?dz) < 1. (4.5)
Q

Moreover, forp € C5°(Q, RY) we have

/(vq)t — A(Dv, Dg)) dz
0

= /((v — v)¢r — A(Dv — Dy, D)) dz — /(A — A (D, Do) dz + /(vkgo, — Ak(Dvg, Dg)) dz.
0 0 0

Passing to the limit — oo we see that the first term of the right-hand side converges to 0 due to (4.4); the same
holds for the second term in view of the uniform boundf; in L2(Q, R"V) (see (4.1)) and the convergence of

the A;’s; the third term vanishes in the limit — oo via (4.2). This shows that the weak limitis an A-caloric
functionongQ, i.e.

/(vgo, — A(Dv, D(/))) dz=0, Vgpe CSO(Q,RN).
0]
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Now, in order to get compactnessig(Q, RV), i.e.vy — vin L2(Q, RY), we estimate the time derivatives of.
For this we lety € C3°(Q, RY) and computez = (x, 1) andQ = B x (—1,0)):

0
‘/vkgo, dz // Ay (Dvg, Do) dxdr
0

—1B

<

1
+7 _1S<utZOH Do(-, 1) ||L°°(B)

0

1
< |Ak|/|}ka(a t)”LZ(B) ”D(p(a t)”Lz(B) dt+ % _13<utp<o||D§0('vt)||L00(B)
_1 NI

0 12 , 0 1/2 1
2 2
< |Ak|</l||ka('vt)||L2(B) dt) ([||D¢(’t)}|L2(B) dt) + %_1S<L;ZOHD¢('1I)”LOO(B)
i 1
2

Here we have used in turn (4.2), the Cauchy—Schwartz inequality and (4.1). Nowl fars; < s2 < 0 ande > 0
small enough we choose

0, for—1<r<s1—¢,
1t —s1+e) forsg—e<r<sy,
Le()=11 for sy <7 <sp,
—%(t—sz—s) forso <t <sp+e,
0 for sy +e<r <1,

and letp(x, t) = ¢ (1)y (x) for ¢ € C3°(B, RV). Testing (4.6) withy we obtain

1 S1 1 s2+¢€
/(E / v (x, 1) dr — - / ve(x, 1) dt) P (x)dx
B §1—¢& 52

0 1/2
1
<|Ak|(/§e(l)2dt> ||D1/f||L2(B)+%”D1//”L°°(B) sup &e(2)
1

—-1<r<0

1
< <|Ak| s2—s1+2e+ E>||DW||L°°(B)-

By Sobolev-embedding

D < ¢ ¢ n+2
1DVl < cln, OV Iy €> =5
we see that
51 s2+¢€
1 1
/(— / ve(x, ) dr — — / vk(x,t)dt) “Pr(x) dx
£ £
B s1—€ 52

1
<c(n, Z)(IAkI 52— 51+ 26+ E) ¥ llwe2 s
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Passing to the limi¢ | O we obtain fora.e-1 < s1 <s2 <0

‘/(Uk(',SZ) — (-, 51)) - Y dx
B

1
g c(n, E)(|Ak| V2 — 81 + Z) ||¢||Wg.2(3)

for any ¥ € C3°(B, RY). By density of C3°(B, R") in W&?(B,RY) the last inequality is also valid for any

¥ € Wg'2(B,RY). Taking the supremum over all € Wy (B, RV) with 1V llyye.2 5, < 1 we infer
0
1
H Uk(', 52) - Uk(-, S]_) “ W—Z.Z(B’RN) < C(ﬂ, I’l) <|Ak| V82 — 81 + z) . (47)

InterpolatingL?(B, R") betweenw-2(B, RN) andw—¢-2(B, RV) it follows for . > O that

—h
[ ot m = w0l
-1

—h —h
<o [ ot ) = e+ o) [ et 1) = w0y
-1 -1
; 1\? 1
<A / o) g e + c(u)cz(muﬁ + %) <4+ ZC(M)CZ<|Ak|2h + ﬁ) (4.8)

Here, we have used in the first line the interpolation inequality
w25 < mllwliZynz g + @I, 02

valid for w € W12(B, RY). Moreover, in the second-last line we have used the bound (4.7)far, t + h) —
vk (-, )|l w-e2p) from above and the bound (4.1), iﬁQ(|vk|2 + |Du|? dz < 1.
We are now in the position to show that

—h

. 2 . .

u%/”vk(',t—i-h) —vk(~,t)||L2(B) dr=0 uniformly ink. (4.9)
]

In order to do this we recall that, — A ask — oo so that sup..; |Ax| < a < co. Using this in (4.8) we obtain

—h

2 1
f|| vk, t +h) — e, t)||L2(B) dr <4p+ ZC(/L)cz<a2h + ﬁ>
-1

For givend > 0 we chooseu = 1% This fixespu and alsoc(u) = c(lize). Next we chooség € N such that

2"(]{#2)62 < § for anyk > ko. Then, fork =1,...., ko — 1 we choosé; > 0 such that

—h
/”vk(~,t+h)—vk(',t)Hiz(B)dt<9 YO<h<hi, k=1,....ko— 1.
-1
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Finally, we choosé > 0 such that 2c(u)2zah < § for any O< h < hy. Then, for anyk € N and O< h < hg :=
min(h1, ho) we have

—h
/”vk(-, t+h) — f)||iz<3> dr <6
e

which proves (4.9).

Since the sequendey)ien is also bounded ii2(—1,0; W12(B, RY)) we are able to apply Theorem 3 of [39]
with the choiceX = W12(B,RVY), B = L2(B,R"), F = (v)ken t0 Obtain a subsequence,)ren (again labeled
by k) such that

v — v strongly inL?(Q,RY) = L?(-1,0; L?(B,RY)).
To obtain the desired contradiction we denotedpgy Q — R" a solution to the following initial-Dirichlet problem

and possessing the properties below; its existence can be deduced from standard existence arguments [27,28].

wy € C([—1,05; L%(B,RV)) N L?(—1,0; Wy *(B, RV)),

dwi € L?(—1,0; W=2(B,RY)),

wi (-, —=1)=0;
/(wm — Ar(Dwy, Dg)) dz = /(A — A)(Dv, Dp)dz  ¥g € CF(Q,RY); (4.10)
0 0

1 2 q

E||wk(-, 1) ||L2(B) + Ax(Dwy, Dwy) dz

Bx(—1,1)
= / (Ax — A)(Dv, Dwy)dz fora.e.r € (—1,0).
Bx(—1,t)

Using the ellipticity of the bilinear formd; we see that the second term of the left-hand side of (4.10) is bounded
from below by fo(—l,n | Dwy|2dz. Moreover the right-hand side of (4.10) is estimated easily by the use of

Cauchy-Schwarz inequality, the bouﬁg |Dv|?dz < 1 from (4.5), and Young’s inequality

1/2 1/2
(Ax — A)(Dv, Dwy)dz < |A—Ak|</|Dv|2dz) ( / IDwk|2dz>

Bx(=1,1) 0 Bx(—1,1)

2 A

<T|IA— A2+ 2 Dw;|%dz.

Z1A— AP+ / | Duy 2 dz
Bx(—1.1)

This implies in particular

1 A 2
> /|wk(., 0P dx + > / | Dwy|?dz < 1AL = A|? fora.e.r e[—1,0]andk € N.
B Bx(—1,t)
Taking the supremum overe (—1,0) we arrive at
1

A
sup _/|wk(',l)|2dx+—/|Dwk|2d2_>o ask — oo. (4.11)
te(—l,O)zB ZQ
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Letting gx := v — wx € L?(—1,0, WL-2(B,RM)) we easily see thag;, agrees withv on the parabolic boundary
9, Q of Q and satisfies

/gm — Ax(Dgi, Dp)dz=0, Vg e CF(Q,RY).
Q
From (4.11) and the definition @f, we see that

/(ng — >+ |Dgr — Dv|*)dz— 0 ask — oo,
Q
which implies in particular that

/(|gk|2 + |Dgi|?) dz — f(|v|2+ |Dv?)dz< 1 ask — cc.

0 0
Letting
. 2 2 5 . 8k
bi = maX{l,/(lgkl + | Dgil )dz}, =

we see thab, — 1 ande(|gk|2 +|Dgr|?) dz < 1 for anyk € N. Note thatg; € Hy. Furthermore,

1/2 1/2 1 1/2
(/ng—vlzdz> < </|8k—v|2dz) + <1— b—></|gk|2dz> — 0 ask — oo,
k
0 0 0

which yields the desired contradiction to (4.3)a

Remark 4.2. From (4.7) we infer
—h
[ st em = w0y o dtgc(wm ;)
-1
which yields, reasoning as above

—h
/|| v (ot +h) — v (0| w2 At — 0 uniformly ink e Nash | 0.
]

Therefore we could have had directly applied Theorem 5 of [39] with the chiice W12(B,R"), B =
L%(B,RN), Y = W=42(B,RV), F = (vp)ken, p = 2 to conclude thatvy ey is relatively compact i 2(Q, RV)
= L*(=1,0;L*(B,R")).

Lemma 4.3. There exists a positive functidfin, N, A, A, ) < 1 with the following propertyWhenever is a
bilinear form onR”Y which is strongly elliptic with ellipticity constarit > 0 and upper boundi, ¢ is a positive
number, and: € L2(tg — 02, to; W12(B, (x0), RY)) with

0~ ? ][ lu|?dz + ][ |Dul?dz <1
QQ(ZO) QQ(ZO)
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is approximativelyA-caloric in the sense that

<3 sup [Dg| forall g € C(Qp(z0), RY)

’ ][ (u¢r — A(Du, Dg)) dz
Q0(z0)

0,(z0)
then there exists € L?(to — 02, to; WH2(B,(x0), RY)) A-caloric on Q,(zo) such that

0~ ? f |h1?dz + f |IDh|?dz<1 and o2 f lu—h|?>dz<e. (4.12)
0,(20) Q,(z0) 0,(20)

Proof. For a general parabolic cylind€¥(zo, 0) = B, (x0) x (fo — 02, to) we can apply Lemma 4.1 (in a suitable
averaged version) to the rescaled functiem, 1) := o~ 1u(xo + ox, to + 0%t) defined onQ to obtain the existence
of an A-caloric H : Q — RV satisfying (4.12) o2, = Q. Rescaling vidi(z) := oH (o Y(x — x0), 07 2(t — 19))
yields the desired result.0

5. The Caccioppoli inequality

From the definitions given in Section 2 we set
H(s) = K(s)(1+s). (5.1)

Now we are ready to derive the following Caccioppoli inequality which slightly differs from the usual ones in that
it shows the correct dependence BiiM), a fact that will be needed later.

Lemma 5.1. Letu € L?(—T,0; W32(£2, RV)) be a weak solution t¢1.1) under the assumption®.1)—(2.3).
Then, for anyM > 0, any affine functior(z) = ¢(x) independent of and satisfying¢(zo)| + | D¢| < M, and any
0,(z0) € Q7 With ¢ < 1 we have

][ \Du — De2dz < cCacc( ][

Qo/2(z0) 0,(z0)
where the constanicaccdepends only o, L and H(M).

_¢|?
”Q ‘m+g%) (5.2)

Proof. The following calculations will be a bit sloppy. To proceed in a rigorous way, one should use a smoothing
procedure in time via a family of non-negative mollifying functions or via Steklov averages. Since this is a standard
argument and yields only technical minor changes we shall proceed formally.

In (2.10) we take the test-functign=n2¢?(u — €), wheren € C3(B,(x0)) is a cut-off function in space such
that 0< n < 1,1 =11in By2(x0) and| Dyl < 40~ while ¢ € CL(R) is a cut-off function in time such that, with
0 < ¢ < 02/4 being arbitrary

- ( e* 2>
c=1, on to—z,to—a ,

0, on (—oo, to — 02) U (19, 00),
<1, onR,
0

2
’ 0n<t0_%900),

3 Q2
<=, on(rn—0%0n—=).
|{[| QZ (0 Q 0 4)
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Insertinge in (2.10) we obtain

A(z,u, Du) D(u — €)¢%n?dz
0,0(z0)
=-2 f A(z,u, Du)t’nVn Q@ (u — £)dz + / ud; @ dz. (5.3)
0,(z0) 0,(z0)
We further have
- f A(z,u, DODu — 0)¢%n?dz =2 / Az, u, DOV @ (u — £)dz — / A(z,u, D&)Dgdz
00(z0) 00(z0) 0,(z0)
and
0= f A(z0, £(z0), D€) Do dz = 0.

Q0 (z0)
Adding the last and second-last equation to (5.3) and using alsé,taad we deduce

/ (A(z,u, Du) — A(z,u, D)) D(u — £)¢*n?dz
QQ(ZO)

=-2 / (A(z,u, Du) — Az, u, DK)){znVn ® (u—4L)dz

QQ(ZO)
- / (A(z,u, Dt) — A(z, £(z), Dt)) Do dz
QQ(ZO)
- / (A(z, £(z), D£) — A(zo, £(z0), D€)) D dz + / (u—0)d¢pdz
QQ(ZO) QQ(ZO)
=1+ +1+1V. (5.4)

Estimate for/: The Lipschitz boundA(z, u, p) — A(z, u, p)| < L|p — p| for p, p € R"N and an application of
Young's inequality yield (for O< u < 1 to be chosen later)

n<2L [ 1ou=Dectvallu - o]d:

QQ(ZO)
c(L
<u / |\Du — De2e22dz+ % / ¢2VnlPu — €2 dz
0o(z0) 0,(z0)
c(L u—4~ 2
<u / |Du — De|%¢c%n2dz + % 5 dz. (5.5)
00(20) 00 (z0)

Estimate for I\ Using the fact that = 0 on(—o0, 1o — 92) U (t0, 00), the integralVV can formally be rewritten
in the form (we note that the smoothing procedure mentioned at the beginning of the proof justifies this formal
computation)
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1
IV = / (u—0dpdz= / |u—£|2n23t§2dz+§ / %029, lu — €)% dz

00 (z0) 0,(z0) 00 (z0)
1

=5 / lu — £°n%8,02dz = / lu — €1?n%¢ ¢, dz.
00(z0) 0,(z0)

Taking into account thats; < 0 for ¢ > tg — 0?/4 and that¢;| < 302 we infer

IV <3 /

0,(20)

Estimate for It Using the assumption imposed for the modulus of continuityzof) — A(z, u, p), i.e. (2.6),
we see that

2
dz. (5.6)

u—1~
o

I < H(M) / u— 0P| Dgldz <111 + 11
QQ(ZO)
where

Iy := H(M) / lu =017 ¢27% | D(u — 0| dz.,
QQ(ZO)
ly:=2H(M) / lu—21P¢%n|Vllu — €| dz.

Qo(z0)
To estimatdl 1 we use Young'’s inequality twice

2,2 2 1 22 u—t*
1< p f n°¢?|D —0)| dz-i—;H(M)QB / dz
Qo (20) 00 (20)
1 u—=0l?
<u / n2|D(u—€)|2dz+;H(M)2<|QQ(ZO)|QZW(1_'3)+ f dz). (5.7)
00(z0) 00(z0)
Arguing similarly we obtain
_ u—101?
Il2 < 8H(M)<\Qg(zo)}92’3/(1 Ay / dz). (5.8)

QQ(ZO)
Estimate for Il To estimatdll we proceed as follows: Using (2.6) again we see that

Nl <2HM)¥PoP / |[Do|dz <l 14111,
QQ(ZO)
where
1 :=2HM)*PobP / ¢2n?| D — 0)|dz,
0o (z0)
o :=4HM)™PoP / 20| Vllu — € dz.
QQ(ZO)
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Now, using Young’s inequality twice again, we have

_¢|?
M+ < / n2§2|D(u—E)|2dz+iH(M)2(1+ﬁ)<|QQ(Zo)|Q2ﬂ+ / ‘”T‘ dz). (5.9)
Qo (z0) 00 (z0)

Combining (5.5), (5.7)—(5.9), (5.6) with (5.4) and using the fact tét1—#) < 0?# for 0 < o < 1 we arrive at

f (A(z,u, Du) — Az, u, D)) D(u — £)¢*n?dz
QQ(ZO)

S R L

00 (20) Q0 (z0)

We next estimate the integral on the left-hand side of the previous inequality using the ellipticity condition for the
coefficientsA, which in turns implies strict monotonicity, i.€A(z, u, p) — A(z, u, p))(p — p) = Alp — p|? for
any p, p € R"N. We therefore obtain

L, HM
(h —3p) f IDu—D€|2n2§2dz<w</
m
QQ(ZO) Q@(ZO)

u—=

2
dz+ ‘QQ(ZO) |Q2ﬂ) .

u—=~

2
dz+ |QQ(zo)|Q2’3).

Choosingu small enough, i.ex = min(1, A/6), and taking into account that= 1 for r € [tg — 0%/4, 1o — 2], that
n=1on B% (xo0) we infer that

10—¢ E 2

[ |Du — De>dz < c(r L, H(M))< / ‘% dz + IQQ(ZO)|QZ'3>.

to—02/4 Bpj2(x0) 0,(20)

Now, the desired Caccioppoli inequality follows by taking the limit> 0. O

Remark 5.2. Remark 2.1 and a careful inspection of the previous proof, reveal that in the case of systems of the
type (1.4) the ternil drops out while the estimate fdit simplifies. Therefore the only condition we have to take
on{(z) isthat|De¢| < M.

6. Linearization

The next inequality will later allow us to apply the-caloric approximation lemma.

Lemma 6.1. Letu € L?(—T,0; W12(2, RV)) be a weak solution t¢1.1) under the assumption@.1)—(2.3)
and(2.9). Then for any > 0 we have

0A
' ][ ((u — 0o — E(Zo, £(z0), DE) (Du — DE)D(p) dz
00 (z0)

< cpu(@(M + 1, 82) /@2 + @2+ W2 +0P) sup | Dy,
0,o(z0)

for any Q,(z0) € Qr andg € C3°(Q,(z0), RM) with o < 1 and any affine functiod(z) = £(x) independent of
time, satisfying¢(zo)| + |D¢| < M. Herecg, = c(H(M), L) (the functionH is defined in(5.1)). We write
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@ = Dy(z0, 0, DE) = ][ |Du — D¢|?dz,
QQ(ZO)

u—=~
Vo =Wo(z0,0,¢0) := ][ —

Q
QQ (z0)

2
dz.

Proof. Without loss of generality we can assume that@gl(lg) |Dy| < 1. Using (2.10), the fact that

][ A(zo, £(z0), D€) Dedz =0,
Qo(z0)
andf , (., ¢e: dz= "0 we deduce

JdA
][ ((u — 0o — g(zo, £(z0), DE)(Du — DZ)D(p) dz=1+11 411,
QQ(ZO)
where we have abbreviated

0A
| .= f (A(zo, £(z0), Du) — E(Zo, £(z0), DE)(DM—DE)D(/J) drdz,
QQ(ZO)
Il:.= ][ (A(z, u,Du) — Az, £, Du))D(p dz,
QQ(ZO)
" := ][ (A(z,E, Du) — A(ZQ, £(z0), Du))Dgo dz.
QQ(ZO)
In turn we split the first integral as follows

I = 1 /(...)d+ 1 /(m)d =IV+V
= 10,0l 10,0 =
S1 S2

and
S1:= Qp(z0) N{z: |Du — D < 1}, S2:= Q,(z0) N{z: |Du — D¢| > 1}.

We proceed estimating the two resulting pieces. AdVowe write

1
V= 1 / f[%(zo, £(z0), D+t (Du — DZ)) — %(Zo, £(20), Dﬂ)}(Du — DO)Dy | drdz.
(zo)l K 0 ap
1

|00 ap

We estimatdV using the modulus of continuity (-, -) for (z,u, p) — %—2(z, u, p) from (2.7), the fact that —

w?(t, s) is concave, and Jensen’s inequality (note that, by assumptidh,wa have ¢(z)| + | D¢| + | Du — D¢| <
M +1):

V] < ][ w(M +1,|Du — D¢|?)|Du — D¢|dz
0,(20)
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1/2 1/2
<< ][ wz(M+1,|Du—D£|2)dz> ( ][ |Du—D£|2dz>

00 (z0) 00 (z0)

1/2
<a)<M+1, ][ |Du—D(i|2dz>< ][ |Du—D£|2dz> .

0,(z0) 0o(z0)

To estimateV we preliminarily observe that, using Holder’s inequality

1/2
ISzlS/IDM—DfleS\/ISZI\”QQ(Zo)!( ][ |Du—D£|2dz) ,
S2

00 (z0)
and therefore

e 1/2
,/|Q|S<2z|o)| g( ][ 'D”_Dﬁ'zdz) ‘
o

Using (2.1), (2.2) and the previous inequality we then conclude the estim&t@asfollows

0(z0)

2L 2L
V| < /1+|D£|+|Du—D£|dz< /1+M+|Du—D€|dz
| Q0 (z0)] Q0 (20|
S2 S
S Ky 1/2
<L M+ 1)L 4oy V1% ( ][ |Du—D€|2dz>
| Q0 (z0)| Q0 (z0)l (
olz0

<AL(M +1) ][ |Du — D¢|?dz.
QQ(ZO)
Combining the estimates found fi¢ andV we have

I <wo(M+1, $2)y P2+ 4L(M + 1)P2.

For the remaining pieces, using the modulus of continity) — A(z, u, p) from (2.6), we deduce

I < K (|ezo)| + D)) ][ lu — ¢/ (1+|D¢| + | Du — De|) dz
QQ(ZO)
_gﬂ _eﬂ
< H(M)o? ][ ’”—‘ dz + H(M)o"? ][ ‘”—‘ |Du — D¢|dz
0 0
00 (20) 00 (20)

_¢
<2H(M)|: ][ \Du — De2dz + ][ '—”
0

Qo (z0) 0o (z0)

2
dz—i—gﬂ}.

Here we have used thatd K (M) < H(M) and the assumption that< 1. Using again (2.6) and Young’s in-
equality we estimate

< 2Pk (|e(zo)|) (1 + |De|)ﬂgﬂ ][ (14 1|De|+ |Du — De|)dz
00(z0)
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<2H(M)?oP + 2H(M)<QZ/S + ][ |Du — DE|2dz>
QQ(ZO)
< 3H(M)2<Qﬂ + ][ |Du — szdz).

QQ(ZO)
Combining the estimates just found fbrll andlll , we obtain

’ ][ <(u —O¢r — g—A(zo, £(z0), Dt)(Du — DE)D§0> dz
0o (z0) b
<c(HM), L)[o(M + 1, ®2)/®2 + &2 + ¥ + 0”].
A simple scaling argument yields the result for general O

Remark 6.2. The same observations on the affine functi¢y) in Remark 5.2 apply to the previous proof; there-
fore, in the case of systems (1.4), once again we may assume on|ptat M.

The next lemma is a standard estimate for weak solutions to linear parabolic systems with constant coeffi-
cients [4], Lemma 5.1.

Lemma6.3. Leth € L?(tg — 02, to; W2(B,(x0), R")) be a weak solution iQ, (z0) = B, (xo) x (to — 02, to) Of
the following linear parabolic system with constant coefficients
][ (hg; — A(Dh, Dg))dz=0, Vg e C3(Q,(z0), RY),
QQ(ZO)
where the coefficients satisfy
A(p.p) = Alpl2. A(p.p) < LIpllpl.
foranyp, p € R"N. Thenh is smooth iNQ, (z0) and there exists a constang, = c,q(n, N, L/1) > 1, such that
W (20,00) < cpa0°¥(z0,0) VO<6 <1.
Here we write fol0 < o < o

1
¥ (20.0) = = ][ |l — (h)z0.0 — (Dh)g 0 (x — x0)|*dz.

0o (20)

7. Regular points

In this section we consider a weak soluti@rof the nonlinear parabolic system (1.1) on a fixed sub-cylinder
0,(z0) € Qr, under the assumptions described in Section 2. In the following we shall always cansider
Let M > 1 be given. We first want to apply Lemma 6.1 03,2(z0) to

vi=u—4,
wheref(z) = £(x) is an affine function independent ofatisfying|£(zo)| + | D£| < M. We observe tha¥, has
the following property:
012
dz<2mt ][

" —
W2(z0,0/2,8) = ][ o2

0p/2(z0) 0o (z0)

— 7|2
4 dz = 2" *5(20, 0, £). (7.1)
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From Caccioppoli's inequality (5.2), we infer

2
u—= ~
D2(z0,0/2, D) < CCacc( ][ ’T dz+ Q2ﬂ> = CCaco(q’Z(ZO, 0,0+ QZ’B) = ccacd?2(z0,0,¢), (7.2)
QQ(ZO)
where we have abbreviated
¥y = Wa(z0, 0, £) = ¥2(z0, 0, £) + 0%

From Lemma 6.1 we therefore get for apye C3°(Q,/2(z0). RY) (note also thaty (M + 1, ¢s) < co(M +1,5)
forc > 1, sinces > w(M + 1, s) is concave)

‘ ][ <v<ﬂt - %(ZO, £(20), Dﬁ)Dqu)) dz

Qo/2(z0)

<cr[o(M +1,¥2(z0, 0. )/ P2(20. 0. £) + P2(z0, 0. £) + 0” ] P Dyl (7.3)
0/2120

wherecy =c1(A, L, B, H(M)).
For givene > 0 (to be specified later) we 16t=8§(n, N, A, L, ¢) € (0, 1] be the constant from Lemma 4.3. We
define

y = 461\/W2(Zo, 0,0)+82% and w:i=y o=y "u-20.

Then, from (7.3) we deduce that for alle C5°(Q,/2(z0), RN) there holds

dA
][ (wwr - 5(@, £(20), DZ)Dwa) dz

0,/2(z0)
1 ~ ~
< Z[‘”(M +1,¥2(z0. 0, 0)) ++/ ¥2(z0, 0. £) + 8] sup |Dg|
Qp/2(z0)
_ N 1 Y2
< [wZ(M +1,%(z0, 0, £)) + ¥a(z0. 0, £) + —52] sup |Dgl. (7.4)
2 00/2(:0)
0/2\20
Moreover, we estimate using Caccioppoli’s inequality (7.2) and (7.1)
-2 4
2n+
<g> ][ |w|?dz + ][ |Dw[2de < S SCae g (7.5)
2 16¢
Q/2(z0) Qop/2(z0)

provided we have chosen > 1 large enough. We further set

. dA 5 .
Alp, p) = g(zo, €(z0), DO)(p, p) Vp,peR™.
From (2.2) and (2.3) we see that the bilinear formsatisfies the following conditions:

MPIP< A, p),  Ap, p) < LIplipl Vp, peR™,

i.e. the bilinear formA fulfills the assumptions of Lemma 4.3. Therefore (7.4) and (7.5) allow us to apply
Lemma 4.3 taw, A on Q,/2(z0). Assuming thesmallness condition

2 57 57 1 2
w (M + 17 WZ(Z(L Qs E)) + WZ(ZO’ Qa g) < 58
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the application of Lemma 4.3 yields the existencé ef L2(tg — 0?/4, to; WL2(B,2(x0), RY) solving theA-heat
equation onQ,,2(zo) and satisfying

2
(%) ][ 1|2 dz + ][ |Dh|2dz < 1 (7.6)

Qp/2(z0) Qo/2(z0)
and
0 -2
(5) ][ lw — h|*dz<e. (7.7)
Qy/2(z0)

From Lemma 6.3 we recall thatsatisfies for any 6:6 < 1 the a priori estimate (note that, =c,,(n, N, A, L)
>1)

0\ 2 2
(?) ][ |h — (h)z0,60/2 — (D) zg,00/2(x — x0)|“dz
Q00/2(z0)

-2
2
< Cp002<%) ][ |h — (M)zg,0/2 — (Dh) 7 0/2(x — x0)| dz
Qo/2(z0)

-2
<3c,m92[(%> ( ][ |h|2dz+!(h)zo,g/z|2>+|(Dh)zo,g/z\2}

Qp/2(z0)

2
gec,,aez[(%) ][ 1h|2dz + ][ |Dh|2dz]<6cpa02.

Qo/2(z0) Qp/2(z0)

Here we haye used thah)m,g/zﬁ <f 00/2(20) |h|2dzthat|(Dh) 07212 < f 0ua(e0) | DF |2dz and (7.6). Combining
previous estimate with (7.7) we deduce

9 -2
(f) ][ |w = (0):0.00/2 — (Dh)zg.00/2(x — x0)|*diz

Qop/2(z0)
9@ -2 2 2
<2(— lw —h|*dz+ |h = (M) 29.00/2 — (Dh)g,00/2(x — x0)|"dz
Qp/2(z0) Qoo/2(z0)
-2
< 2[9"1—4@) ][ lw — h|?dz + 6cpa02} <12¢0 (07" +62).

Qp/2(z0)

Rescaling back to viaw =y ~1v = y ~1(u — £) we arrive at

0\ ? 2 e
(;) ][ |t — €=y ((R)z0,00/2 + (D) 20.00/2(x — x0))|“ dz < 1265, (67" % + 6%) 2.
Q00/(z0)
Next we use the minimizing property 6f; »,,2 and recall the definition of . Thereby we find

00\ 2 o _
(;) ][ |t — £r,00/212dz < 207" "% +6%) (¥ (20, 0, ) + 8 20%F), (7.8)
Q00/2(z0)
wherecy; = 19201,“6% > 1dependsonlyon, N, A, L, 8, HM).
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Now, we choose = #"*8. Then (7.8) yields
W (20,00/2. Lz,00/2) < 2c20%(¥ (20,0, 0) + 87 %%).
Giveng < a <1 we choose & 6 < 1 such that
21+20l6292 < 92(:(
i.e.0 =0(n,N,A, L,a, 8, HM)). This also fixes the constants=e¢(n, N, A, L, a, B, H(M)) and§ =8(n, N, A,
L,a, B, HM)) € (0,1]. Thus we have shown

Lemma7.1. GivenM > 0andp < « < 1there exist} € (O, %) andsé € (0,1] depending only on, N, A, L, o, 8
and H (M) such that if

(M 41,5020, 0, L00)) + F2(20,0, o) < 557
on Q,(z0) € QO for someld < ¢ < 1 and such if

|€20,0(20)| + DLz 0l < M, (7.9)
then

W2(20. 90, Lzg.00) < 92 Wa(20. 0. Lzg.0) + €307,
wherecs ;= 1+ §2.

Remark 7.2. Keeping into account the content of Remarks 5.2 and 6.2 we have that in the case of systems of the
type (1.4) the condition in (7.9) can be relaxed B, ,| < M.

We now want to iterate Lemma 7.1; in the following, for fixgglwe shall denoté_, , = ¢,. For givenM > 1
(andg < a < 1) we determinéd = §(2M), ¥ = ¥(2M) andc3 = c3(2M) according to Lemma 7.1. Then we can
find ¥o(M) > 0 sufficiently small, such that

~ ~ 1
w?(2M,2W(M)) + 2¥o(M) < 552 (7.10)
and
7 1 2. gn+4 2
Yo(M) < ———— M9 T4 (1 — 9%)“. 7.11
o(M) 2127 ( ) (7.11)
Given this we can also findp(M) € (0, 1] so small that, writing
_c32M)
ca(M) = 59 _p2a’
we have
~ 1
M)oo(M)?? < min{s?, To(M), ———— M9 41— vP)?}. 7.12
ca(M)oo(M) mln{ , Yo(M), An 1 272 ( ) ( )

Now, suppose that the conditions

0] |ZQ(ZO)| + |DZQ| <M,
(i) o <oo(M),
(i) ¥2(0) < Wo(M)
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are satisfied o, (z0) € Qr. Then, forj =1,2,3, ... we shall show

(1), (9 0) <92 Wy(0) + ca(M) (91 0)?F,
(II)/ |€19jQ(ZO)| + |D€19j,Q| < 2M

Note first thai(l) ; combined with (i), (i) and (7.12) yields

(1) P29 0) < 28p(M).

We now proceed by induction. We first consider the casel. From (iii), (7.10) and the monotonicity af we
infer

w?(M, ¥2(0)) + ¥2(0) < w?(2M, Wo(M)) + 2¥o(M) < =

Moreover, we have < go(M) < 1 and|{,(z0)| + |D{,| < M. Therefore we can apply Lemma 7.1 to conclude
that (), holds. Furthermore, using Lemma 3.1, (iii) and (7.11) we deduce

|€90(z0)| + [DLyo| < [€o(20)| 4 1D Lol + [€90(20) — £o(20)| +DLyo — DLl

nn+2) 5 12
<M+ ][ u— (u) dz+[7 ][ Iu—fldz}
( Q) (19@)2 Q

0v0(z0) 0v0(z0)

r Y2 Thin+2) 2
<M+ ][ lu—¢ |2dz} +[7 ][ lu—2¢ |2dz}

i ¢ (90)? ¢

Ql?g(ZO) QL?Q(ZO)

(9202 Y2 Thm+2)~ Y2 1+Vnn+2)~

/2

<M+ S ‘I/Z(Q):| + [ gria P2l )] M+ — e (M)

n+2 ~ 1/2
-1/ oM)Y?<2M,
Vont
i.e. (1)1 holds. We now assumd)f, and (l),, (and thereforel(),,) form =1,...
and (7.10) imply that we can apply Lemma 7.140e=1, ...

<M+ —

,j — 1. Then, (I),,, (1),
,  — 1. Recalling the definition af4(M) we calculate

j—1
Va7 0) <O Wa(0) +ca@M) ()92 | 92 =M <92 y(0) + 3(70)2 @)
m=0

= 0%*Wa(0) + ca(M) (¥ ),
showing ();. To show (1); we estimate

|£19./'Q(ZO)| + |D£19./Q|

J J
<[ o)| + DLl + Y [eomo(20) = Lym-1,(z0)| + Y |DLomg

- D£l9n1flg|
m=1 m=1
J 1/2 J 1/2

<M+ Z|: |M—£0m—lg| dZ:| + Z[W |M—£§m—1g| dZ

=170 4my (z0) m=1 Qymy(z0)

1

1+/n(n+2) 1 1 n+2 iz
< m— /2 2mo m )28
<MY wa 0 x/ﬁ"_Z\/ﬁ Fo(0) + ca(M) (™ 0)
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=2M.

(n+2) <\/ @2(0) ,/C4(M)g2ﬂ> M M
<M+ + B

SM+ —
Vo4 1— 9@ 1-vh Tt

2
Here we have used in turn Lemma 3.1, the definitiowefd™ 1o), (I),, form=1,..., j — 1, (7.11) and (7.12).
The above reasoning proves the first assertion of the following

Lemma7.3. For M > 1 and Q,(zo0) € Qr, suppose that the conditions

() 1€o(zo)| + DLyl < M,
(i) o <oo(M),
(i) W2(0) < Wo(M),

are satisfied. Then for everye N we have

Wa(970) < 92 Wp(0) + caM)(®¥ ) and  [€y,,(z0)| + | DLy, < 2M.
Moreover, the limit

I = jILmoo(Du)zo,19-fQ/2
exists, and the estimate

20
][ |Du — I'yyl?dz < {(ﬁ) (o) + r2ﬁ]

0 (z0)
is valid forO < r < p/2fora constant =c(n, N, A, o, L, B, M).

Proof. Since|D¢y;,| < 2M we are in a position to apply Lemma 5.1. We obtain
®2(170/2, (Du)y)p/2) < P2(970/2. (DO)y),) < ccacd 2M)Fa(1 0)
< ccacd2M)(974 W2 (0) + ca(M) (97 0)%F). (7.13)
We now consider & r < o/2. We fixk € NU {0} with 9¥t1p/2 < r < 9%0/2. Then the previous estimate implies

@(r, (Du),) = ][ |Du — (Du),|*dz < 97" 2 ][ | Du — (Du)gip 0| dz
0r(z0) Qyky2(20)

<" 2ecacd2M)[9% (o) + ca(M) (95 0) %]

20
< ﬁ—"—chacc(ZM)[ﬁ-Z“ <§2) To(0) + ca(M)22 ﬁ—zﬂrﬂ

20
< 419—"—2—2%@“(21\4)[(&) W2(0) + (ca(M) + 1),»2/5}

r 2 ZB
< Cdec(M)K—) Ya(0) +r }
e/2

Next, we show tha((Du)l,.,-Q/z)jeN is a Cauchy sequenceRi"Y. Fork > j we deduce
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k
(D)2 = (D) gigra| < D [(Du)gngr2 — (Du)gn-1, 0|
m=j+1

k-1 1/2
< Vﬁ"zz[ ][ |Du—(DM)19mQ/2|2 dZi|

m=J Qﬁmg/Z(ZO)

k-1
N S N e
m=j

k—1
<V Pecacd2M) Z J02mBa(0) + catM) (97 0)%

<m(v ) gos 1 JealbD” m)

1-9« 1-9p

This proves the claim. Therefore the lindit, = Iimj_,oo(Du)ﬁ_,vg/z e R"V exists and from the previous estimate
we infer (taking the limitt — oco)

|(Di)g 1072 — To| < es(M/ 92 T(0) + (270)%F.
Combining this with (7.13) we arrive at
|Du — Iy P dz < 202(97 0/2) + 2|(Du) g o2 — Tho|” < (M) (92 () + (97 0)F).
Q) g/2(70)
For 0< r < 0/2 we findk € NU {0} with 9¥t1p/2 < r < 9%0/2. Then the previous estimate implies

][ |Du — Iy|?dz <972 ][ |Du — Iyo|?dz < 97" 2c(M)[92%% T (0) + (9% 0)%]
0r(z0) Qyky2(20)

conl () o]

This proves the assertion of the lemman

Remark 7.4. Using Remark 7.2, a careful reading of the proof above yields that condition (i) in Lemma 7.3 can be
relaxed to|D£,| < M.

An immediate consequence of the previous lemma and of the isomorphism theorem of Campanato—Da Prato [6]
is the first regularity result of the paper:

Theorem 7.5 (Description of regular points). Lete L2(—T, 0; W12(s2, RV)) be a weak solution to the system
(1.1)under the assumptiorf@.1)—(2.3)and (2.6) and denote by the singular set o (as explained in Sectioh).
Then

X C XoU Xy,

where
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o= {Zo e Q0r: IImilglfQ ][ |u — () 79,0 — (D)9 0(x — xo)’ dz > 0},
4
QQ(ZO)

Xp= {Zo € Or: |imf,oup(\(u)zo,g| + |(Du)zg0]) = oo}.
Q

Remark 7.6. Remark 7.4 gives that for systems of the type (1.4) thesedbove can be replaced by the smaller
5= {Zo e 07 limsup|(Du).o | = oo}.
el0
Now it happens that whileX>| = 0 and |25 =0 by Lebesgue theory, we cannot a-priori assert the same
aboutXy, since the functiom is not assumed to be differentiable with respect to time. Therefore the previous results

only characterize the regular points but is not a partial regularity result in the sense that it does not immediately
imply that| X'| = 0. For this, we still need another section.

8. Partial regularity

In this section we finally prove Theorem 1.2; this is a consequence of the following:

Theorem 8.1 (Almost everywhere regularity).etu € L2(—T, 0; W-2(22, RV)) be a weak solution to the system
(1.1) under the assumptior{®.1)—(2.3)and (2.5) and denote by the singular set of; then

Y C XU Xy,

whereX’; is as in Theoren7.5and

XY= {Zo e Q0r: ”mii(r)]f ][ |Du - (Du)ZO’Q|2dz > 0} U {ZO e Qr: Iimlicl)'lf ][ |u — (”)zo,g|2dz > O}.
e e
QQ(ZO) QQ(ZO)

Proof. We start taking a pointg = (xg, f0) € Q7 such that

liminf ][ | Du — (Du)zo,g\zdz= 0, liminf ][ |u — (u)zo,g\zdz= 0 (8.1)
010 0l0
0,(z0) Qo (z0)
and
sug (U)z0,0] + sug(Du)ZO,Q| <M < 0. (8.2)
o> o>

The proof is complete if we show that such points are a regular points.

Step 1: a comparison estimafehe main goal here is to achieve the estimates (8.5), (8.6) below. The following
argument can be justified by the use of Steklov-averages; we shall omit all the details, only proceeding formally.
Consider the unique weak solutiore L2(tg — 402, fo; Wl’Z(BZQ (x0), RM)) of the initial boundary value problem

(ver — A(z0, ()z9.20. DV) D) dz=0 Vg € CF(Q20(20). RY),
02,(z0)
v=u 0N Byy(xo) x {to — 40%} N 3By, (x0) X (to — 402, 10).



F. Duzaar, G. Mingione / Ann. I. H. Poincaré — AN 22 (2005) 705-751 733

Then the differenca — v satisfies
((u —v)gr = (A(z, u, Du) — A(z0, () 4,2, Dv)) Dg) dz =0,
024(z0)

for everyp € C3°(Q2,(z0), RY). We now choose := x (t)(u — v) with x = 1 for (—oo, 5), x =0 on(s + ¢, 00),
andy(t) = (s +¢& —1)/e for s <t < s+ ¢, where[s, s + ] € (to — 402, 10). Then we have

1 1
> / 8,(|u—v|2)()dz+§ / lu — |23, x dz

020(z0) 020(z0)
— / (A(z, u, Du) — A(ZO, (1) 20,205 Dv))(Du — Dv)xdz=0.
024(z0)
Letting e | O we easily obtain that for a.e.€ (fo — 402, 1)

1
> luc,s) —v(, s)Hiz(Bzg(xo)) + / (A(zo, ()z9,20. D) — A(20, ()z9,29, D)) D(u — v) dz
Boo(x0) x (1g—402,5)
= / (A(z0, ()220, Du) — A(z,u, Du)) D(u — v) dz.

By (x0) % (to—402,5)

The second term of the left-hand side of the previous equation can be estimated by the use of monotonicity, i.e.
(A(zo, () 79,20, Du) — A(z0, (1) z,20, DV))D(u — v) > A|Du — Dv|2. We therefore obtain

1 2 2
Gt = vC D[ Ly + 2 f |Du — Dv[?dz
B (x0) x (to—402,1)
< / (A(zg, (U)29,205 Du) — Az, u, Du))D(u —v)dz=1.

Boo(x0) x (19—402,5)
To estimate the right-hand side we use (2.5) which easily yields
|A(z0. (U)z0,20. Du) — Az, u, Du)| < LO(2|() 20,20 | + |t — ) z9.20], 40+ |1 — (W) 29,20]) (L + | Dul).
Using the previous estimate, Young’s inequality and the factéhkatl, we have

|I|<% / |Du — Dv|?dz
By (x0) x (to—402,5)
212 )
B / e(iz(”)zo,29|+‘”_(”)10,2@ ’4Q+|“_(“)zo,29|)(1+|D”| )dz-
02,(z0)

Absorbing the ternd /Bzg(xO)X(to—4Q2 o |1 Du— Dv|?dz on the left-hand side we arrive at

1 2 A
EHu(',t)—v(-,t)”Lz(BzQ(xo))—i-E / |Du — Dv|?dz
Bao(x0) x (to—402,1)
412 9 412
< / 0(|2u)z0.20| + |t = (U)z9,2]. 0 + |t = (U)z9,2]) (1 + | Du|?) dz =

02,(z0)

(8.3)
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We shall provide an estimate fdr. We denote

&g 1= ][ |u — (u)zo’g|dz, o >0.
0o (20)
If we let AY = A, :={z € Q2,(20): |u — (u)z9,20] >t} then

1
Al <5 f = Wi | de < 122 ey, (8.9)
020(z0)
We now splitll
II=/(...)dz+ f (...)dz=:11 +1V,

020(z0)\A;
and estimatéll andlV. We have, using that < 1, (8.4) and (8.2)

I g/(1+|1)u|2)dz<2 / | Dut — (Du) g 20| dz + (L4 2| (Du) g 20 °) 1A¢]

Ay 020(z0)
Ingl
<2 | Du —(Du)202Q| dz+ 2(1+ 2|(Du), 2Q| ) — €2,
024(z0)
2 IQzQI
<2 |Du—(Du)Z02Q| dz +2(142M%)—-¢y,

02(z0)
From the definition ob (Section 2) we have

IV <4K@2M+1)(o +1)P / (1+|Dul?)dz
020(z0)
We now choose the parametetarefully, i.e.
t:=./¢2.
Connecting the previous estimates figrlll andlV to (8.3), we easily have the estimate we were interested in; that
is
][ |Du—Dv|2dz+ sup Q_z ][ ’u(x,t)—v(x,t)’zdx

to—402<t <ty
020(z0) = B2y (z0)

<cOu LK (2M + Je25) (0 + 2 )" ][ (1+|Dul?)dz

020(z20)

2
+ ][ | Du — (D)2, 20| dz + fe25 (1 + M?)
02,(20)

<c[K(2M + fe20) (o + /ezg)ﬂ+1] ][ |Du—(Du)ZO,zg|2dz

020(z0)

+c[K(2M + J535) (0 + /525 ) + o2 | (L + M?) =: S(0). (8.5)
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In particular, we see that

0~ ? ][ |u(z)—v(z)|2dz< sup o2 ][ |u(x,t)—v(x,t)|2dx<5(g). (8.6)
10—402<1<ig
020(z0) B2y(z0)
We observe that as a consequence of (8.1) and (8.2) we have that
liminf S(o) =0. 8.7
mir (@) (8.7)

Step 2: A Poincaré type inequalif@ur aim is to derive (8.8). Let us define
U:i=v — (Dv)g,20(x — x0).
Therefored solves
/ (3¢r — A(DD)D@)dz=0 Vg € CF(Q2(z0),R"),
02,(z0)
whereA(p) := A(zo, (1) 20,20, (D) 74,20 + p) for everyp e R™N . By (2.2) and (2.3) we have

A 0A s . .
— (| <L, —@@,p)=rpP, Vp,peR™W.
op op

The last properties allow us to apply the relevant regularity theory for systems without coefficients of the type
u; — div A(Du) = 0: from [5], Theorem 3.1 we conclude thait W12(1g — 02, 10; WH2(B, (x0), RY)) and that
¢ | ald=c?  pifd<can [ Dilfd=con) f |Do- Dozl d:
0o(z0) 0,(20) 020(z0) 020(z0)
<c(, L)[ ][ |Du — Dv|?dz + ][ ’Du — (Du)z0,29|2dz:|.

020(z0) 020(z0)
In view of the previous estimate, using Poincaré’s inequalityfand (8.5) we find

_ 2 2
0 2 ][ |v—(v)ZO,Q—(Dv)ZO’Q(x—xoﬂ dz§c|: ][ |Dv—(Dv)ZO,Q| dZ+Q2 ][ |8,v|2dzi|
Q,(20) Q0 (z0) Q,(20)

< c|: ][ |Du — Dv|?dz + ][ |Du — (Du)zo,29|2dzi| < C|:S(Q) + ][ |Du — (Du)zo,29|2dz:|,
020(z0) 020(z0) 020(z0)

wherec = c(n, A, L). Finally, by comparison, we get the Poincaré inequality fovia (8.5) and the previous
estimate

_ 2
o 2 ][ |” - (”)zo,g - (Du)zo,g(x - xO)’ dz
0,0
< C|:Q2 ][ lu —v|2dz + ][ |Du — Dv|?dz + 0?2 ][ [V — (1)29.0 — (DV)gg,0(x — x0)|2dzi|
QQ (z0) QQ(ZO) QQ(ZO)
2
< C|:S(Q) + ][ | Du — (Du) 4,2 | dzi| (8.8)
02(20)

for a constant =c(n, A, L).
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Step 3: ConclusionFrom the previous estimate and (8.7) the assertion readily follows. Indegde<ifQ r
satisfies (8.1) and (8.2) then we have

iminf 02 ][ |t — ()2.0 — (D) 0 (x — x0)|*dz =0
00(0)
thereforezg is a regular point in view of Theorem 7.50
Theorem 8.2 (Almost everywhere regularity for simpler systemisgtu € L2(—T, 0; W2(2, RY)) be a weak
solution to the systeifi.4)under the assumptiorf®.1)—(2.3)and (2.8) and denote by the singular set ofi; then
X C 51 U 52,

whereiz is as in Remark'.6 and

5= {Zo € 0r: |im¢itl)’1f ][ |Du — (D”)z0,9|2dz > 0}.
4
Qg 20)

Proof. The proof is based on a simple re-reading of Theorem 8.1; indeed it suffices to start with agpaint
(x0, o) € Q7 such that

lim inf ][ |Du — (Du)ygo|°dz=0 and  sup(Du)q,| < M < oo. (8.9)

0 0
0, (z0) o

Since the vector fieldd does not depend om the estimates in Step 1 simplify, especially thoselforin par-

ticular, in the definition ofS(p) in (8.5) we can take, = 0, therefore (8.9) suffices to haw&o) — 0, which is

the fundamental information to use the estimates (8.5) and (8.6). The remaining Steps 2 and 3 do not need any
adjustment. O

9. Proof of Theorem 1.3

For f € LY(Q7) and O< h < T we recall the definition ofSteklov averages: f;, of f are defined for all
—T <t <0by

t+h
1
fu(x, 1) = E/f(xd)ds, te (=T, —h),
t
0, t>—h,
respectively
1 1
Jrlx, 1) = Z/f(X,s)ds, t€(=T+h,0),
X 1) =
t—h

0, t<—T+h.

For the properties of the Steklov averages we refer for instance to [9,27]. The following relations will be particularly
useful in the sequel: For a.ex,r) € 2 x (=T, —h) and for a.e(x,t) € 2 x (—T + h, 0), we have
afn 1 af 1

S = ) = fexn), 2= (@D = foe—h).
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Finally, for || > 0 andt € (—T — |h|, —|h]|) we define
() =wf=@fx0):=fx,t+h)— f(x,1).

The following lemma asserts a well-known property of the time derivative that we restate in the way it is required
later.

Lemma 9.1 (Fractional time derivative af). Letu € L2(—T, 0; W1-2($2, RV)) be a weak solution of the nonlinear
parabolic systen(l.1) under the only assumptiq@.1), (t0, t1) € (-7, 0), andn € C§°($2) a cut-off function with
sptn € 2. Then, wheneved < |h| < 1/2min{|t1|, T — |70|, 1} the following estimate holds

n

2
// nPlu(x, e +h) —ux, 0| dxde < c(Inll2 + ||Vn||%oc)|h|/(1+|Du|2)dz,
o 2 Oor

wherec =c¢(L).

Proof. For brevity we shall only give the proof for the calse- 0, the other one being the same, usiggnstead
of uy. Using Steklov averages to formulate (1.1) we have that for &€z, r1) andh as above

/(8,(uh)(p +[A(,t,u, Du)],Dp)dz=0, Vg e Wy*(2,RY).
2

Using the fact thatd; (u;,) = t,u we get

Thit
/( _;ll (P‘i‘[A(X,l,u,Du)]hD(p)dz:O.
2

We use the test functiop = n%t,u and integrate with respect taver the intervalro, r1), obtaining

1 1

2
//%nzdxdtz—//[A(x,t,u,Du)]h[ZnVn(XJthu—i—r)thhu]dxdt::I+II. (9.1)
o 2 o 2

The first term is estimated using (2.1) and Young’s inequality

1 n
1 2
1] < 5// [ nzdxdt+h//|[A(x,t,u,Du)]h|2|Vr)|2dxdt

h
o 2 o 2
1 n 2 n
Thu
< E/f | ”h| nzdxdt+L2||Vn||imhf/[(1+|Du|)2]hdxdt
to 2 fo 2
1 1 2 t1+h
gE// '”’;' n?dxdr + L2|| V|2 h //(1+|Du|)2dxdt
to 2 o 2

1
1 Thu|?
< E/ | ”h| nzdxdt+L2||Vn||%ooh/(1+|Du|)2dz.

fo 2 or
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Here we have used in the second-last line the elementary estimate
t1+h

//|fh| dxdr < //m dxdr

fo £2 fo £

where f € L2(Q7), (f0. 1) € (=T, 0) and O< i < —t1. The second term is estimated similarly

1 12 , 1 1/2
< (// nz‘[a(x,t,u,Du)]hyzdxdt) (f/ n2|Drhu|2dxdt>
to 2 fo 2
t+h /2
2L<// 1+|Du| dxdt) (// |Dul| dxdt)
o 2 o £2
t1+h
<2Lnli3~ //(1+|Du|)2dxdr<2L||n||§oof(1+|Du|)2dz,
n 2 or

while in the second line we have used the elementary estimate

t1+h
//|rhf| dxdt<2//|f| dxdr.
o 2 o 2

Combining the estimates fdrandll with (9.1) we finally conclude with
11 2
|Thul 2
// = n?dxdr <c(L) (1115 + 1VilZe)h f (1+|Dul)®dz. O
fo 2 or

As a consequence of the previous lemma we have

Corollary 9.2. Letu € L?(—T, 0; W-2(£2, R")) be a weak solution of the nonlinear parabolic systéam)under
the only assumptio(2.1), (tro, 1) € (—T,0), and 2 € §2. Then, wheneve < |h| < 1/2min(|t1]|, T — |tol, 1) the
following estimate holds

n
//}u(x,t+h)—u(x,t)|2dxdr<c|h|/(1+|Du|2)dz, (9.2)
0O or

wherec = ¢(L, dist(§2, 9£2)).

In the following we state a preliminary estimate for the space time derivative of a weak salutibithe
nonlinear parabolic system (1.1) which we are going to use as a starting point; to be more precise we will estimate
|z Du|. Let us fix—T < 7 < t1 < 0, arbitrarily. In the following we shall always take

1 1
|h| < mmm{m T + 1o}, Al < mmm{m T + 1o} (9.3)
andr € (1o, t1) Wheretg := (—T +1)/2 < . We shall fix a cut-off function in timg¢ € C*((—T, 0)) such that

c@)=0 on(=T,t), ¢®)=1 fort>1i, >0, |¢|< 4

< . 9.4
T+ (©4)
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Moreover we choose a cut-off function in spage C3°($2) such thatspty| > 0. We start once again from the
Steklov-average formulation of (1.1)

/(a,(um) +[AGx, t,u, Du)], Dp)dz=0, Vg e Wy?(2,RY). (9.5)
2
Writing the previous equation at levels: + h we get

/(8,(rhuk)go+rh[A(x,t,u, Du)], Dg)dz=0. (9.6)
2
Here we have used the identity(d;u;) = 9, (tyu;). In (9.6) we choose the test function

9(x, 1) == L2(0n2(x) (T (x, 1).

It is easy to see that is admissible in (9.6) for a.e.€ (1o, 1), i.€. thatp(-, t) € W&’Z(Q,RN). Therefore taking
¢(-, 1) at each levetl and integrating ovefro, 1) with respect ta we obtain

1 1
/ Cznzat(fhuk)(flzux)ddez—//szh[A(xJ,M,DM)]A[ZUV’?‘X)(Thux)+772D(Thuk)]dXdl-
o 2 o 2

We are now in a position to treat the left-hand side in a standard way. Recalling(that O for —7 < 7 < 1o we
can rewrite the left-hand side of the previous identity in the form

1 1
//§2n281(rhux)(fhux)dxdt= // 2028, (thuy) (tauy) dx dr
o 2 -T2

41

=%/Ez(ll)nzlfhuxlz(-,tl)dx—//{{’nzlthuxlzdxdt.
2 —-T 2
Substituting this above and letting— 0 we obtain for a.ez; as above
I
5 [ Caoraicmds— [ [ ceipiouds
2

-T2
1

+ // 21, [A(x, t,u, Du)][ZnVn ® (tpu) + nzD(rhu)] dxdr=0. (9.7)
o 2
In the sequel the contribution of the first integral appearing in (9.7) will be ignored. We shall use the following
decomposition ot (A):
w[A( - u, ), Du(-, ) ](x, 1)
= A(x, t+h,u(x,t+h), Du(x,t+ h)) — A(x, t,u(x,t), Du(x, t))
= A(x, t+h,u(x,t+h), Du(x,t + h)) — A(x, t+h,u(x,t+h), Du(x, t))
+ A(x, t+h,u(x,t+h), Du(x, t)) — A(x, t+h,u(x,t), Du(x, t))
+ A(x,t+h,u(x, 1), Du(x, 1)) — A(x, t,u(x, 1), Du(x, 1))
=: A(h) + B(h) + C(h).
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With such a notation (9.7) turns to

L4
/ f 2P [A(h) + B(h) + C(h)] D(tyu) dx dr

n

a1
< —2//;2[A(h)+B(h)+C(h)]nvn®(thu)dxdt+ //gg’nzmuﬁdxdt. (9.8)
o 2 -T2

We proceed estimating the various pieces arising in (9.8).

Estimates for integrals involvingl(k). We write
1
Ah)(x,t) = / %(x, t+h,u(x,t+h), Du(x,t) + st (Du)(x, l)) dst,(Du)(x,1) =: A(h)rh(Du)(x, 1).
0
Using the ellipticity ofA, i.e. (2.3) we see that
(Ah), T (Du)) = A(h)ti(Du) - T (Du) > Alty Dul®.

Therefore we obtain

11 n
/f CZnZA(h)D(rhu)dxdt2A//{anthulzdxdt.
fo 2 o 2

From (2.2) we find thatAd(h)| < L so that

1 41
2//§2n|A(h)||Vr/||rhu|dxdt<ZL// §2n|Vn||thu||thu|dxdt
o §2 fo 2

11 4
12
ge//§2n2|thDu|2dxdt+—// §2|Vn|2|rhu|2dxdt
e

1o 2 10Spty
2k 4
2 2 2 L? 2 2 12
gs//g“ 0|ty Du|” dx dr + ?HVnHLoc// % thu| dx dr
fo 2 10Spty

1
<s//42n2|thu|2dxdr+cgnwn%oamf(1+|Du|)2dz,
10 2 or

wherec, = c(%, L, dist(sptn, 0£2)). In the last line we used Corollary 9.2.

Estimates for integrals involving(h). Using (2.9), we havéC(h)| < L|h|#/?(1+ |Du|) and so

n n

ff §2n2|C(h)||D(rhu)|dxdt<L|h|ﬁ/2//;2n2(1+|Du|)|thu|dxdt

o 2 o §2
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<5//§2U2|ThDu| dxdt—i——lhlﬁ//{ 1+|Du|) dxdr

1o 2 fo £2

n
<8//§2n2|thDu|2dxdt+cg|h|’3/(1+|Du|)2dz,

o 2 or

wherec, = c(%, L). Using again Corollary 9.2 we gain

1/2 , 11 1/2
f/; n|C(h)||Vn||rhu|dxdt<2<//{2|C(h)| dxdt) (// §2n2|rhu|2dxdt>

0 2 fo 2
12/ 4 1/2
<L|h|ﬂ/2</(1+|ou|)2dz> (/f Ithu|2dxdt>
or fospty

< c|h|(1+ﬁ)/2/(l+ |Dul)?dz,
or
where nowe = ¢(L, dist(sptn, 0£2)).

Estimates for integrals involvin§(h). Here we shall use the fact that there exists o (L /1) > 0 such that

|Dul e LY (07). (9.9)

More precisely, see also Theorem 10.1 below: For every open sdbsetQr there exists a constant=
c(dist(©@, 0Qr)) such that

/|Du|2(1+“)dz<c</(|Du|2+1)dz>l+a. (9.10)
O or

This is a Gehring’s type higher integrability result [17,35,24] and we note that in general
L}i)\r?ooa =0. (9.12)

Using that|B(h)| < Lw(Jthu|)(1+ | Dul), Young's inequality once again and keeping into accountdhdtl we
have

//§2n2|8(h)||thu|dxdt<8/ ¢%n?|ty Dul?dxdr + = //;2n2|6(h)| dxdt

o 2 10 2

e//{zn |Th Du| dxdt—l——// Ithu| l+|Du|) dxdz. (9.12)
o 2 foSptn

It remains to estimate the second integral appearing on the right-hand side. Using Holder’s inequality, the higher

integrability of Du twice with (9.10), Jensen’s inequality and once again the estimate for the fractional time deriv-
ative ofu we obtain
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/tl/ o(1taul) (14 |Dul)® dxdr

fospty
< 1
e o 2(1+ I+o
< |Spt7]|(tl_t0)( ][ a)(|rhu|) 4 dz) ( f (1+|Du|) ( O')dz)
SPtr (fo.12) Sptx (f0,12)
< 1
Lo 2(1 4o
< |spty|(r1 — fO)CU< ][ |Thul dz) < ][ (1+ |Du|) (1+0) dz)
Sptnx (10,71) sptyx (10,11)
Bo 1
2(1+0) 201 i
< Isptyl(n = fo)( ][ Irhulzdz> ( ][ (1+ [Dul)™ +")dz)
Sptnx (f0,11) sptyx (t0,11)
Bo
2T+o) 4o
<c(/(1+|Du|)2dz> </(1+|Du|)2dz)|h|_2(l+o)
or or

. _Bo
<c(B. o, |Qrl, distepty, 352), | Dull 12, 1h| 7.
In the second last line we also used (9.10). For the remaining term we have

n

/f §277|B(h)||Vn||rhu|dxdt

o 2

n 1/2 , 1 1/2
<|IV77||L°0<// n2|8<h>|2dxdt) (/f |rhu|2dxdt> .

fospty toSptn
Now, the first integral appearing in the right-hand side of the previous estimate can be treated as the third integral
in (9.12), while the second integral can be estimated via the estimate of the fractional time derivatifeofar
Corollary 9.2. We finally arrive at
n
2 1+ﬁ—" _Bo__
20| B ||V l|gul dxde < el 23059 < cfh| 70,
fo 2
wherec = c(L, B, 0, |Qr|, dist(sptn, 982), || Dull 12(g,)> IVnllL).
We now turn our attention to the remaining term from the left-hand side of (9.8). Recalling that € %to

this last term is estimated again via Corollary 9.2. We obtain

f 11
4
// &' n?|tu)?dxdr < T //|zhu|2dxdr<c|h|/(1+|Du|)2dz,
0
toSptn o 2 or

wherec = c¢(L, dist(sptn, 952), to).
Connecting the previous estimates and takimg terms ofa suitably small we finally arrive at

n
1+8 Bo Bo
ff ¢2n2|2, Dul2dxdr < c1(|h] + [P + k] 2 ) + c2lh| T < calh|f + colh| T, (9.13)

o 2
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where
c1=c(x, L, |Qr|, dist@ptn, 352), 10, |V, | Dull 12(0,) (9.14)
and
=c(r, L, B,0,|0r|, distspty, 082), [ VnllLe, | Dullr2.0,)- (9.15)

Remark 9.3. In the case of systems of the type (1.4), the above estimate holdsawitl. Indeed the last term in
(9.13) is due to the presence Bth).

Letting
Bo
1 +o
and using the fact thaf~t>, n, ¢, to, t1 considered above were arbitrary, we can therefore conclude, by Proposition 3.4

(9.16)

Lemma 9.4. Letu € L3(—T,0; W%(2, RV)) be a weak solution of the nonlinear parabolic systgni) under
the assumption2.1)—(2.3)and (2.9). Then for any2 € £2, (f0, 1) € (—T,0) we have in the special case of
coefficientsA = A(x, r, Du) that

1
_ 2
/./ |Du(x,t) — Du(x,s)] drdsdx < o0, Vy<é

|t — |2 2’

FeR R

while in the general casg = A(x, f, u, Du) we have that

111
|Du(x,t) — Du(x, s)|2 b
// TR drdsdx < oo, Vy<Z.

Q1o fo

Now we pass to the fractional space derivative®af In many points, the following estimates will be similar
to the ones for fractional time derivatives; therefore many arguments will only be sketched. Dendiéng by,
the standard basis f@®”" we shall set, as for the time derivative case

Thu=(tu)(x,t) :=u(x +heg, 1) —u(x,1)

whenever(x + heg, 1), (x, 1) € Q7. Let us observe that since the solutiors assumed to be weakly differentiable
with respect to space i.e.c L2(—T, 0; W12(s2, RV)), then the space analogue of estimate (9.2) comes for free:

0
/f|u(x + heg, t) — u(x, t)|2dxdt <clh? / (14 |Dul?) dz, (9.17)
T3 or

whenever? € 2 and|h| < mln{dlst(.Q 0£2),1}; ¢ = c(n). The previous estimate will be used in the following

to replace (9.2). Once agam we start from the formulation via Steklov averages in (9.5) and wesatebi as
specified above. Replacingby t* , ¢, wherep e Wol‘z(.(z, RY), and using “integration by parts” we have

/(a,(r;l‘ump + 15 [A(x.t,u, Du)], Dg)dz=0
2
In the prewous relation we use the test functipfx, ¢) := Cz(t)nz(x)(rhuk)(x t) where¢(¢) is from (9.4) and

necCg (2) is a cut-off in space. We repeat the manipulations done for the time derivative case and obtain the
following analogue of (9.7)
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n
1 )
5/52(t1)ﬁzlrlju|2(~,t1)dx— //gg/nszmzdxdt
2

-TS
n

+//g2r,§[A(x,t,u,Du)][znvn®(r,ju)+n21:)(r,§u)]dxdt:0. (9.18)

Now we decompose; (A) as follows:

Ti[A( - u(, ), Du, )], 1)
= A(x + hes, t,u(x + heg, 1), Du(x + heg, 1)) — A(x, 1, u(x, 1), Du(x, 1))
= A(x + hey, t,u(x + hey, 1), Du(x + hes, 1)) — A(x + heg, t,u(x + hey, 1), Du(x, 1))
+ A(x + heg, 1, u(x + hes, 1), Du(x, 1)) — A(x + hes, 1, u(x, 1), Du(x, 1))
+ A(x + heg, t,u(x,t), Du(x, t)) — A(x, t,u(x,t), Du(x, Z))
=: A(h) + B(h) + C(h).

As for the time derivative case we discard the first integral in (9.18) and estimate the remaining terms as in the time
derivatives case, with suitable variants. By ellipticity (2.3) we infer

1 4
// ;ZnZA(h)D(r,ju)dxdz>/\/f £2n?|7i Dul?dxdr,
0 3 0 3

while using (9.17) and Young's inequality, for any (0, 1), we see that

21 1
f/ §2n|A(h)||Vn||t,fu|dxdt<8//§2n2|t,fDu|2dxdt+cg(L)||V17||%oo|h|2/(l—i—|Du|)2dz.
0o 03 Or

Again, using (2.9)

L4 n

f/ ;2n2|(2(h)||z,jDu|dxdt<e// ;2n2|r,§Du|2dxdz+c8(L)|h|2f3/(1+|Du|)2dxdz,
o 3 0 O or

and, using (9.17) and Hdlder’s inequality

1
/f ¢2n?|Ch) || Dylltiul dxdr < c(n, L, ||D17||Loo)|h|l+ﬂ/(1+|Du|)2dxdt.
0 Q or

Concerning the estimates for the integrals involvBBi@) we have, as in the case of time derivatives

// w(lrﬁu|)(l+|Du|) dxdt<c</(1+|Du|) dxdt> (/(1+|Du|) dxdt>|h|1+a

1oSpty or or

. po
<c3(B, 0, Q7. distspty, 382), [Vnllze, | Dull2.g,)) 1hI1TF.
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Therefore, withe € (0, 1) we have
1 n
//§2n2|8(h)||Dfli”|dth<5//§2n2|T/iDM|2dxdt+6863|h|1[%'
03 05

Again we have
n
//§2n2|8(h)||Dn||r,§u|dxdt

00
Bo

g C4(L5 ﬂ’ g, |QT|d|St(Spt77’ 89)7 ||vT]||LE>O, “Du||L2(Q7-))|h|1+2(1+0>9
and, by (9.17)

n
f/ ¢ n?lTiu? dxdr < c(to)|h|? / (1+ |Du|)2dxdt.
00 Or
Connecting all the previous estimates we finally have
n

- - Bo_ ~ - Po_
//cznzmiDuFdxdr<c1(|h|2+ 1% + || 7P) 4 E2lh| Te < E1lh|?P + Eolh| 5, (9.19)

where the constanf§ andc; enjoy the same dependencies as the constarandc; in (9.14) and (9.15), respec-
tively. Arguing as for Lemma 9.4, the last estimate and Proposition 3.4 allow us to conclude with

Lemma 9.5. Letu € L*(—T,0; WH%(2, RV)) be a weak solution of the nonlinear parabolic syst@n1) under
the assumption2.1)—(2.3)and (2.9). Then for any2 € £2, (f0, 1) € (—T,0) we have in the special case of
coefficientsA = A(x, ¢, Du) that

1

D -D i

// [Du(x, t) u(y, 0l dxdydr <oo, Vy <§p,
J ) |x—)’|"+zy

o Q2
while in the general casg = A(x, r, u, Du) we have that

n
|Du(x,t) — Du(y, 1)|? b
/~/~ T—TE= dxdyd: < oo, Vy<§.

0QQ

Proof of Theorem 1.3. The proof is a consequence of Lemma 9.4, Lemma 9.5 and Proposition 3.3. Indeed we
have that

%2 8
Du € Woe” “(Qr. R™), ¥y <.

On the other hand, Corollary 9.2, (9.17) and Proposition 3.4 give
v. 52 N
ueWy.o (Qr,RY), Vy<l,

actually a better result holds, see Proposition 10.5 below. Therefore, applying Proposition 3.3 simultaneously to
both Du andu we conclude that

dimp(Z) <n+2-6,  dimp(Z2) <n+2-8.
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The dependence of th&described in (1.3) comes directly from the definitionéoin (9.16) and the property
in (9.11). Let us observe that the same reasoning applied to the case of systems of the type (1.4) would give
dimp(X1) <n+2-28, dimp(X2) <n+2-28;

the aim of the next section is to improve the last inequalities coming to the full proof of Theoremr1.4.

Remark 9.6. As mentioned in Section 1, the constandappearing in Theorem 1.3 and (9.16), can be quantified.
Indeed it directly depends an, defined in (9.9) and coming from the proof of Gehring’s lemma in the parabolic
case [24,17]. The exponesitessentially depends on the paramédtgk as in (9.11) and can be in turn quantified.

This can be done, for instance, following the lines of the proofs in [24] and seeing that in turn the exponents
involved in Gehring’s lemma can be quantified as well; for such issues we refer for instance to [3,43]. The same
argumentation applies to Theorem 1.4.

10. Proof of Theorem 1.4

In this section we specialize to systems of the type in (1.4), under the assumptions already considered in Sec-
tion 2, when obviously restated for such a case. Once again we shall use higher integrability properties of solutions,
but this time we shall also need the fact that gradients satisfy certain Reverse—Holder inequalities; this was not
strictly needed before. To this aim we recall the following result, which in a more complete form can be found
in [35], see also [17]:

Theorem 10.1. Letv € L2(—T, 0; W12(£2, RY)) be a weak solution to the system
v, —divA(x,t,v, Dv) =divC(x,1),
under the assumption&.1)—(2.3), whereC ¢ LIZO(CH”)(QT,R"N) and o € (0,1). Then there existsg =

oo(n, L/)) € (0,0) such that|Du| L%&*"")(QT). Moreover there exists = c¢(n, L/A) such that for every

02, € Qr the following Reverse—Holder inequality holds:

1/(1+00) 2 2140) 1/(1+0)
<]l | Du|?(+e0) dz> <c ][ (1+|Dul) dz+c< ][ C@)|”° dz) . (10.1)

Qo 02, Q2

Remark 10.2. Inequalities similar to (10.1) can also be obtained for systems wviginowth following the tech-
niques in [24,32]. The proof is of course much more involved than the one in thepcase We emphasize here

that, the possibility to have a pure Reverse—Hdlder inequality as in (10.1), that is an inequality which is homoge-
neous, is restricted to the cage= 2.

We start deriving other fractional estimates, that in turn build up on (9.13)—(9.19). In the weak formulation

/(uf),go—A(x,t,Du) D(p) dz=0, (10.2)
or
valid for anyg € C§°(Qr, R"), we switchg to t°, ¢, where, as usual € {1,...,n}, 0 := 2 x (T +d, —d),
d € (0,T/4), 2 € £ is an open subse € C°(0,RY) and 0< || < 3 min{dist($2, 952), 1}. “Integration by
parts” yields
/ (tjudp — 1, [A(x, 1, Du)|Dp) dz=0. (10.3)
or
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Similarly to the estimation of the fractional space derivative®eofin the previous section we write

‘L’i:[A(', -, Du(-, -))](x, 1) = A(x + heg, t, Du(x + hey, t)) - A(x, t, Du(x, t))
= A(x + heg, t, Du(x + heg, t)) — A(x + heg, t, Du(x, t))
+ A(x + heg, t, Du(x, 1)) — A(x, t, Du(x, 1))
=: A(h) +C(h).
In turn
1
A (x, 1) :/%(x + hey, t, Du(x,t) + st3(Du)(x, 1)) dsti (Du) (x, 1) =: A(h) T} (Du)(x, 1).
0
With these abbreviations (10.3) can be re-written as

/(r;:uEJ,(p - .,Z\(h)r;fDqu) dz= —/C(h)Dq) dz,
0 0
for everyp e Cgo(é, RY). Therefore, if we let

_ Tt 5. Clh)
=g (=T

and divide (10.3) byx|#, we obtain thaw, solves a linear parabolic system with measurable and bounded coeffi-
cientsi.e.

/ (vndrp — A(h)Dvy Dg) dz = / C(h)Dypdz (10.4)

0 0

foranygp e Cgo(é, RY). Indeed, using the (2.2) and (2.3) we infer th&:) satisfies the uniform (i) bounds
MpP<AWp-p. [AW|<L, VpeR™.

Moreover, using the fact tha€ ()| < L|h|? (14 |Du|) and that Du| € leo(ClJ”’)(Qr) we see that

ICt| € LA (7).

Therefore we are able to apply to the results of Theorem 10.1 to the linear parabolic system (10.4) to infer the
existence of O< og = 09(n, L/1) < o, independent of, such that, after a routine estimation

1/(1+00) . 2140) 1/(A+0)
( ][ | Dy, |24+00) dz) < c][ |Dvy |2 dz + C(][(1+ Cm|)™ dZ)
Q0

Qo/2 Q0

2(1+0) Yt
<c IDvh|2dz+c(][(l+|Du|) dz)
Qo 0O,

wheneverQ,, é; in the last line we used the fact thigt(h)| < L(1+ |Du|), which is a direct consequence
of (2.9). We explicitly observe that all the constants involved in the previous estimates are indepentlent of
Using (9.19) (withca = 0, see Remark 9.3) to estimate the second integral (with a suitable chojcndf;) we
have
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1/(14-00) 21 1/(140)
< f |Dvh|2(l+00) dZ) < CQ*(VFFZ)E:L + <f(l+ |Dl/l|) (1+0) dZ)

Qo2 0,
c1 | c(dist(Qy, O1)) 2
= Qn+2 + Qn—fZ /(1+ |Du|) dz, (10.5)

where in the last line we made use of (9.10). The previous estimate and the definitjpnaf give

/ |.[}~:Du|2(1+00) dz < c|h|2ﬂ(1+”0),
QZQ

wherec exhibits the same dependenciescasind depends also anand dist(Qy,, 0). Therefore, keeping into
account that the choice @2, € 2 was arbitrary, by a standard covering argument we can conclude that, for every
open subsed € §2 there exists a constaat essentially depending /A and dist©, 0), such that

/|t,§Du|2<l+f’0) dz < c|h|?PAHo0 vse {1, ... n}. (10.6)
o
In turn, using the fact thaf was arbitrary, the previous inequality and Proposition 3.4 yield the following im-

provement of Lemma 9.5:

Lemma 10.3. Letu € L*(—T,0; W%(22, RV)) be a weak solution of the nonlinear parabolic sys(@m) under
the assumption@.1)—(2.3)and (2.9). Then for any2 € £2, (1, t1) € (—T, 0) we have that

// |[Du(x,t) — Du(y,t)|2(1+<70)

a0y dxdydt <oco, Vy <8,

Q2

where

oo=og(L/}) > 0.

Now we are going to derive the time analogue of the last result. Keeping the above notations, substifgting
in (10.2), wheré is as in (9.3) and furthermore satisfié$ < d/4, we find

/(rhu('i,(p — 1 [A(x, t, Du)]Dgo) dz=0.
or
Arguing as above we split this time

w[A(, -, Du(-, )] (x, 1) = A(x, 1+ h, Du(x,t +h)) — A(x, t, Du(x, 1))
= A(x, t+h,Du(x,t +h)) — A(x, t+h, Du(x, t))
+ A(x, t+h, Du(x, t)) — A(x, t, Du(x, t))
=: A(h) + D(h),
and write
1
AM)(x, 1) = / %(x, t+h,Du(x,t)+ st (Du)(x, t)) dst,(Du)(x, 1) =: A(h)t,(Du)(x, 1).
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Letting now

_ Tau ~ . D)
AT ( )'__|h|/3/2’

as before, we see that is a solution of the linear parabolic system

/(vhat(p — A(h)Duy, D(p) dz= / ﬁ(h)D(p dz
5 4
for everyp e Cgo(é, RM). Then we note thaﬁ(h)| < L(1+|Du)) so that|D(h)| €L, (H”)(QT) Therefore we
may proceed as for the spatial case i.e.: using Theorem 10.1 to derive the time derivative analogue of (10.6), but

this time via the use of (9.13) wittp = 0, see Remark 9.3. Then, using Proposition 3.4 as above we come up with
the following improvement of Lemma 10.3:

Lemma 10.4. Letu € L2(—T, 0; W2(2, RN)) be a weak solution of the nonlinear parabolic systgm) under
the assumptionSZ.l)—(Z.S)and (2.9). Then for any2 € £2, (10, 11) € (—T, 0) we have that

B
5

D _D 2(14-00)
// | u(x,t) u(x, s)| drdsdx <oo, Vy <

It — S|1+2(1+JO)V
Q to 1o

whereoy is as in Lemmd.0.3.

Proof of Theorem 1.4. The proof is similar as the one of Theorem 1.3 but this time we shall refer to Theorem 8.2
rather than Theorem 8.1, therefore we have to estimate the simple¥satsd >». By Lemmas 10.3 and 10.4 we
have that

7220500 ) RNy vy < B,

Therefore applying Proposition 3.3 fou we conclude that
dimp(E£1) <n+2-28-35, dimp(Zo) <n+2-28-35,

Du € W,

where this time
6 :=2B0o
andog is from Lemma 10.3. The finishes the proof
As a coda to this paper we report a result that could be interesting in itself since it improves a very classical

property concerning the fractional time differentiability of solutions in the case of systems with Holder continuous
coefficients; its statement does not seem to appear elsewhere in the literature.

Proposition 10.5. Letu € L3(—T,0; W2(22, RV)) be a weak solution to the systéfin1) under the assumptions
(2.1)—(2.3)and (2.9). Then there exists= §(8, L/X) € (0,1) such that

1 1 2
ue WES D20, RN,

Proof. The part concerning the higher fractional differentiability in space is a consequence of Lemma 9.5 above,
therefore we concentrate on the time derivatives. The idea is to use (9.13) to improve the estimate of the fractional
time derivative ofu from Lemma 9.1. We only have to modify the argument for the estimate of thelteimare.

Using (9.13) we find
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5] 1/2 , 1 1/2
< <//n2|[a(x,t,u,Du)]h|2dxdt) (// n2|Drhu|2dxdt>

fo 2 fo 2

F; 1/2
<L(// T)Z[(1+|Du|)2]hdxd[) (Cl|h|ﬂ+62h%)l/2

fo 2

) 1/2 b 1/
<L</(l+|Du|) dz) (c1lhl? + calh|Z@m) Y2, (10.7)
or

Combining the estimates farandIl with (9.1) and proceeding as in the proof of Lemma 9.1, we obtain that for
every open subse® € 2 and(r, t1) € (—T, 0), there exists a constantsuch that

a1
Bo

// |thu|2dxdt<c(cl|h|/S +Cz|h|2(1+”))1/2|h|,

o O
yielding the desired improvement for the time derivative pivhich is now a consequence of the previous estimate
and Proposition 3.4. Indeed, also comparing Lemma 9.5, it comes out that as a number working for the statement
we can pick

5.—_Po

4(1+0)

and the dependence announced in the statement follows from the eria (8.9). O
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