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Abstract

We prove the existence of a first nonprincipal eigenvalue for an asymmetric Neumann problem with weights involving the
p-Laplacian (cf. (1.2) below). As an application we obtain a first nontrivial curve in the corresponding Fucik spectrum (cf. (1.4)
below). The case where one of the weights has meanvalue zero requires some special attention in connexion with the (PS) condition
and with the mountain pass geometry.
© 2007 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous démontrons 1’existence d’une premiere valeur propre non principale pour un probleme de Neumann asymétrique avec
poids faisant intervenir le p-laplacien (cf. (1.2) ci-dessous). Comme application nous obtenons une premiere courbe non triviale
dans le spectre de Fucik correspondant (cf. (1.4) ci-dessous). Le cas ou I’'un des poids est de moyenne nulle demande une attention

particuliere en liaison avec la condition de Palais—Smale et avec la géométrie du col.
© 2007 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In a previous work [2], we investigated the eigenvalues of the following asymmetric Dirichlet problem with
weights:

—Apu=A[m@) @ —n@)@ )] in g, u=0 onas, (1.1)

where A, is the p-Laplacian, §2 is a bounded domain in RY and m, n satisfy some summability conditions together
with m™ % 0, n™ % 0. We proved the existence of a first nonprincipal positive eigenvalue for (1.1). Various appli-
cations were given to the study of the Fucik spectrum and to the study of nonresonance. The construction of this
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distinguished eigenvalue was obtained by applying a version of the mountain pass theorem to the functional | o |Vul?

restricted to the manifold {u € WO1 P (£2): f olm (ut)P + n(u™)P] = 1}. In this process the (PS) condition was shown
to hold at all levels and the geometry of the mountain pass was derived from the observation that ¢;(m) and —¢;(n)
were strict local minima (where ¢ (m) denotes the normalized positive first eigenfunction of the Dirichlet p-Laplacian
with weight m).

Our purpose in the present paper is to investigate the corresponding Neumann problem:

—Apu=A[m@) @ —n(x)@HP'] in g2, g—zzo on 342, (1.2)

where v denotes the unit exterior normal. When trying to adapt the preceding approach to the present situation, the
relevant functional is still f o |Vu|? but now restricted to the manifold

My = {u e WhP(2): Byn(u) := /[m(u+)!’ +n )] = 1}. (1.3)

A first difficulty arises in connexion with the (PS) condition. It turns out that the (PS) condition remains satisfied at
all levels when [, m % 0 and [, n % 0, but it is not satisfied anymore at level 0 when [, m =0 or [, n =0. In this
latter case, which we will call the singular case, we do not know whether the (PS) condition still holds at all positive
levels (see Remark 3.4). However one can show that the Palais—Smale condition of Cerami (abbreviated into (PSC))
holds at all positive levels. Another difficulty arises when dealing with problem (1.2), which is now connected with
the geometry of the functional. It turns out that in the singular case, at least one of the two natural candidates for
local minimum fails to belong to the manifold M,, ,. To bypass this difficulty we will consider a minimax procedure
defined from a family of paths having free endpoints (cf. (3.1)).

The existence of a first nonprincipal positive eigenvalue for (1.2) is derived in Section 3. The argument uses
a version of the mountain pass theorem for a C ! functional restricted to a C! manifold and which satisfies the (PSC)
condition at certain levels. Section 4 is devoted to such a theorem. In Section 5 we briefly indicate some properties of
the eigenvalue constructed in Section 3 as a function of the weights m, n and in Section 6 we apply our results to the
study of the Fu¢ik spectrum. Recall that the latter is defined as the set X of those («, 8) € R? such that

—Apu=am@x)@HP™ — Bn(x)@ )P in 2, %:0 on 92, (1.4)

has a nontrivial solution. As in the Dirichlet case we obtain for (1.4) the existence in X' of hyperbolic-like first curves.
Note however that contrary to what was happening in the Dirichlet case, the asymptotic behaviour of these first curves
does not depend on the supports of the weights (at least when the weights are bounded, cf. Proposition 6.4 and
Remark 6.5).
In the preliminary Section 2 we collect some results relative to the usual eigenvalue problem
ou

—Apu=2rmx)|ulP"u in £, a_:O on 9%2. (1.5)
vV

We also recall there some general definitions relative to (PS) and (PSC) conditions.
2. Preliminaries

Throughout this paper £2 will be a bounded domain in RY with Lipschitz boundary and the weights n2, n will be
assumed to belong to L"(£2) with r > % if p<Nandr=1if p> N.We also assume unless otherwise stated

mtandnt#£0 in 2. (2.1)
Solutions of (1.2) or of related equations are always understood in the weak sense, i.e. u € W7 (£2) with
/ |VulP~2VuVe = ,\f[m(u+)P—1 —n@ )P e, YpeW'r(R).

2 2

Regularity results from [13] on general quasilinear equations imply that such a solution u is locally Holder continuous
in §2; moreover the derivation of the L> estimates in [1] can be adapted to the present situation to show that u €
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L>®(£2). Note that if in addition m,n € L°(§2) and £2 is of class C!!, then u € C1¥(§2) for some 0 < o < 1
(cf. [12]).
Our main purpose in this preliminary section is to collect some results relative to the eigenvalue problem (1.5).
Clearly O is a principal eigenvalue of (1.5), with the constants as eigenfunctions. The search for another principal
eigenvalue involves the following quantity:

A*(m) =inf{/ \VulP: ue W-P(£2) and /m|u|f’ - 1}. 2.2)
2 2

By (2.1), A*(m) < oo.
Proposition 2.1.

(i) Suppose | om < 0. Then A*(m) > 0 and L*(m) is the unique nonzero principal eigenvalue; this eigenvalue is
simple and admits an eigenfunction which can be chosen > 0 in §2; moreover the interval 10, .*(m)[ does not
contain any other eigenvalue.

(ii) Suppose | oM > 0. Then A*(m) = 0 and 0 is the unique nonnegative principal eigenvalue.

(iii) Suppose | oM =0. Then A*(m) = 0 and 0 is the unique principal eigenvalue.

Proposition 2.1 is proved in [10] (see also [6,11]) when m € L°°(£2), but the arguments can easily be adapted to
the present situation. We observe in this respect that in the case of an unbounded weight, Harnack’s inequality as
given in [13,9] should be used instead of Vazquez maximum principle [14] to derive in case (i) that the eigenfunction
can be chosen > 0 in £2. See [4] for similar considerations in the Dirichlet case. In case (i) or (ii) of Proposition 2.1,
the positive eigenfunction associated to A*(m) and normalized so as to satisfy the constraint in (2.2) will be denoted
by ¢n,. The infimum (2.2) is then achieved at ¢,,. In case (iii) the fact that A*(m) = 0 is easily verified by considering
the sequence

A4y
T ER R

where ¥ is any fixed smooth function with ¢ > 0 and f o my¥ > 0. Note that in that case (iii), the infimum (2.2) is not
achieved (since no constant satisfies the constraint in that case).

Let us conclude this section with some general definitions relative to the (PS) condition. Let E be a real Banach
space and let M :={u € E: g(u) =1} where g € C! (E,R) and 1 is a regular value of g. Let f € C\(E, R) and
consider the restriction f of f to M. The differential f’ at u € M, has a norm which will be denoted by || f (u) |1«
and which is given by the norm of the restriction of f’'(u) € E* to the tangent space of M at u

T.(M) :={v e E: (g'u),v) =0},

(2.3)

where (, ) denotes the pairing between E* and E. A critical point of f is a point u € M such that || f "(w) |«=0; f (u)
is then called a critical value of f

We recall that f is said to satisfy the (PS). condition (resp. (PSC). condition) at level ¢ € R if for any sequence
uy € M such that f(uk) — ¢ and || f (ug) llx+— O (resp. f(uk) — cand (1 + |luxllg) | f (up) ||« — 0), one has that
u; admits a convergent subsequence. We will also say that f satisfies the (PS). condition along bounded sequences
if for any bounded sequence u; € M such that f (ug) — c and || f "(ug) ||«— O, one has that u; admits a convergent
subsequence. Condition (PSC), was introduced in [3] as a weakening of the classical (PS). condition.

Going back to case (iii) of Proposition 2.1, one can see that the functional f o IVu|? restricted to the manifold M, ,
(cf. (1.3)) does not satisfy the (PS)g condition. Indeed the sequence vy from (2.3) provides an unbounded (PS)
sequence. That the (PSC)( condition does not hold neither will follow from Proposition 4.3.

3. A first nontrivial eigenvalue

The assumptions on m, n in this section are those indicated at the beginning of Section 2. We look for nonnegative
eigenvalues A of (1.2).
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Clearly the only nonnegative principal eigenvalue of (1.2) are 0, A*(m) and A*(n). Moreover multiplying by u™
or u—, one easily sees that if (1.2) with A > 0 has a solution which changes sign, then A > max{A*(m), A*(n)}. Proving
the existence of such a solution which changes sign, and which in addition corresponds to a minimum value of A, is
our purpose in this section.

As indicated in the introduction we will use a variational approach and consider the functional A(u) := [, o Vul?

on WLP(£2), the manifold M,, ,, defined in (1.3) and the restriction Aof Ato ~Mm, »- In this context one easily verifies
that A > 0 is an eigenvalue of (1.2) if and only if A is a critical value of A. The case of the eigenvalue A = 0 is
particular: it is a critical value of A iff M,, , contains a constant function, i.e. iff [, m >0 or [ n > 0. It follows in

particular from these considerations that if |, om # 0, then A*(m) is a critical value of A corresponding to the critical
point ¢,,, and similarly for A*(n) and —¢, if [, on#0.
To state our main result let us introduce the following family of paths in M, ,:

I = {y GC([O, 1],Mm,n): y(0) <0 and y(l)}O}. 3.1
Lemma 3.1. I" is nonempty.

Proof. Choose u € W' (£2) such that [, m(u™)? > 0 and [,n(u™)? > 0, which is possible by (2.1), and define
y1(t) = tVpyt — (1- t)l/pu’ for t € [0, 1]. Using the fact that u™ and u~ have disjoint supports, one obtains

B (11(1)) =ffm(u+)”+(1 —t)fn(u_)” >min{/m(u+)”,/n(u_)”} > 0.
2 2 2 2

The path y» (1) := y1(t)/(Bm.n (1(2)))'/? is thus well defined and clearly belongs to I". O

Define now the minimax value

c(m,n):= inf max A(u), (3.2)
yel ueyl[0,1]

which is finite by Lemma 3.1.

Theorem 3.2. c(m, n) is an eigenvalue of (1.2) which satisfies
max{k*(m), A*(n)} <c(m,n). (3.3)
Moreover there is no eigenvalue of (1.2) between max{\*(m), A*(n)} and c(m, n).

The rest of this section is devoted to the proof of Theorem 3.2. As indicated in the introduction, some difficulty
arises in connexion with the (PS) condition.

Proposition 3.3.
@) % satisfies (PS). along bounded sequences for all ¢ > 0.
(ii) A satisfies (PSC). for all ¢ > 0. ~
(i) If f[om #0and [on #0, then A satisfies (PS). for all ¢ > 0.

Remark 3.4. One can show that if p = 2, then A~satisﬁes (PS). for all ¢ > 0, but the case p # 2 remains undecided.
On the other hand, if f om=0or f o1 =0, then A does not satisfy (PSC)o. This latter fact can be seen as in Section 2:

assuming f o M =0, one first observes that v from (2.3) provides an unbounded (PS)¢ sequence for A, and then one
applies Proposition 4.3 below; similar argument when |, on=0.

Proof of Proposition 3.3. (i) Let u; € M,, ,, be a bounded (PS),. sequence for A.So f o IVugl? — c and

V \Vur|P2Vur VE| < exll€ll VE € Ty M, (3.4)
2
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where ey — 0 and || - || denotes the WP (£2) norm. For a subsequence and some u( € WL-P(£2), one has that u — ug
in WP (£2). Let us write for w € WhP(£2)

ap(w) :==w — [/(m(uk yp—1 —n(u )P~ 1) ]uk €Ty Myn.
2

Taking £ = ai(w) in (3.4), one deduces

‘/Wm“wkw— [/(m(u;f)l" —n(u{)pl)w]/mkw
2 2 2

for some constant Dj; taking now w = ug — ug in the above, one obtains

<ek|ar )| < De(llurll” + 1) |w]|

/ |Vur|P~2Vur V(ug — ug) — 0.

It then follows from the (S™) property that u; — ug in WP (£2), which yields the conclusion of part (i).
(ii) Let now uy € M,, ,, be a (PSC), sequence for A, with ¢ > 0. So fg |Vug|? — ¢ and (3.4) is replaced by

‘/IVuklp ZVukW’ 1+|| I — 1§l V& e Ty M. 3.5)

where e, — 0. We will show that u; remains bounded so that part (i) applies and yields the conclusion of part (ii). Let
us assume by contradiction that, for a subsequence, ||uy|| — oco. Write vy = uy/||lug||. For a further subsequence and
some vg € WP (£2), one has that vy — vg in W7 (£2). Since f_q |Vug|P remains bounded, one has fg [Vuog|? — 0
and it follows easily that vy = cst # 0 and that vy — vg in WP (£2). On the other hand, taking £ = ax(w) in (3.5)
and dividing by [lux[|?~!, one gets

‘ / Vo P2V Ve — [ [ (m@H?~" = ny; )p‘l)w} / | Vg |?
2 2 2

i G _[/(’"(”k @ ]v" |
2

——
L [lugll
This implies that vy is a solution of

~

—Apvg =c[mHP T —n(wy)P" '] in 2, % =0 onds, (3.6)
where c is the level appearing in the (PSC). sequence. Since vy = cst, the right-hand side of (3.6) is = 0, and since
¢ > 0, one gets m(v('; y=1— n(vy )P~ = (. This relation with a nonzero constant v implies m = 0 or n = 0, which
contradicts (2.1).

(iii) Let us finally consider the case where f om#0, f on #0,and let uy € My, , be a (PS),. sequence for A
with ¢ > 0. We will show that u; remains bounded so that part (i) applies and yields the conclusion. Assume that
for a subsequence ||uy|| — +o00. For a further subsequence one obtains as above that vy — vg in WP (£2) with v
a nonzero constant. But By, , (ux) = 1 and so, dividing by |lux||” and going to the limit, one obtains

/[m(vg')P +n(vo_)p] =

2

This is a contradiction since v is a nonzero constant and [, m #0, [on#0. O

We now turn to the geometry of A. The situation here is again simpler in the nonsingular case where the following
proposition applies.
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Proposition 3.5. Iff_(2 m # 0, then ¢, € My, 5, is a strict local minimum of A, with in addition for some gy > 0 and
all 0 < € < g,

A(pm) =2*(m) <inf{Au): u € My, NIB(@m, &)}, (3.7)

where B(¢y,, €) denotes the ball in whr() of center ¢, and radius ¢. Similar conclusion for —g, szQ n #0.

Proof. We only sketch it since it is adapted from [2]. One first shows that for some gy > 0,

A(pm) < Aw) Vu € My 0 B(@m, €0), U 7 G- (3.8)

To prove (3.8) one distinguishes two cases: (i) A*(m) = 0 or (ii)) A*(m) > 0. In case (i) one chooses gy such that
My, n 0 B(¢m, €0) only contains ¢, as constant function. This clearly implies (3.8). In case (ii) one assumes by
contradiction the existence of a sequence uy € M, , with ug # @m, ux = @ in Wl’p(.Q) and A~(uk) < A*(m). One
then deduces, as on p. 585 of [2], that u; changes sign for k sufficiently large. One also has

w2 [ [ )] =3 > A = 25 0n) [ sy + [ 19717
2 2 2

and consequently

2o [ty =2 [nepr > [ v
2 2 2

Since uy — ¢, lu;, > 0] — 0 where |u; > 0] denotes the measure of the set where u; is > 0. The desired contra-
diction then follows from Lemma 3.6 below. Thus (3.8) is proved.

The fact that (3.8) implies (3.7) follows from Lemma 6 in [2], after observing that it suffices in this lemma that the
functional satisfies (PS) along bounded sequences, a property which holds here by Proposition 3.3. This concludes
the proof of Proposition 3.5 when |, o m # 0. Similar arguments when /, on#0. O

Lemma 3.6. Let vy € WP (82) with v >0, vy 20 and |vg > 0] — 0. Let ng be bounded in L"(2). Then
/nkv,f//vaW—)O.
2 2

Proof. Without loss of generality, one can assume |[vx|| = 1. So for a subsequence, vy — v in WLP(2) and vy — v
in L?(£2). The assumption on |v; > 0| implies v = 0 and consequently f o |Vui|? — 1. The conclusion then follows
since, by Holder inequality, | o Mk v,f —0. O

In the singular case, one at least of the two local minima provided by Proposition 3.5 is missing. The search for
suitable endpoints of paths which allow the application of a mountain pass argument will be based on the following
lemmas (see in particular Lemma 3.10).

Lemma 3.7. Inequality (3.3) holds.

Proof. The inequality < easily follows from the definition of A*(m) and A*(n). Indeed for any y € I', y (1) belongs
to My, n, is = 0 and so satisfies the constraint in the definition (2.2) of A*(m). Consequently c(m, n) > 1*(m), and
a similar argument applies to A*(n). To prove the strict inequality assume by contradiction that for instance 1*(m) =
c(m, n). So, there exists a sequence yx € I" such that

max A(ye(0) = 2*(m). 3.9)

Put uy := yx(1). Since uy > 0, one has

) < / (Vul? < max A(ye(0) = 3" (m), (3.10)
tell,
2
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and consequently |, o |Vug|? — A*(m). Let us now distinguish two cases: either (i) |lu || remains bounded or (ii) for
a subsequence ||ug|| — oo.

In case (i), for a subsequence and for some ug € WLP(£2), one has that uy — ug in WP (£2). Since ug > 0, one
has

fmluol”=1, (3.11)
2

and so

A*(m)</|Vu0|1’<liminff|Vuk|p:A*(m),
2 2

which implies that [, [Vuo|? = 1*(m). Consequently uy — uo in Wh7(£2). If [, m =0, then A*(m) = 0 and so
ug = cst, which leads to a contradiction with (3.11). So f o M # 0 and we conclude that uo = @,,. Let us now choose
& > 0 such that (3.7) holds and B(¢,,, ¢) does not contain any function v with v < 0, which is clearly possible. For k
sufficiently large uy = yx (1) € B(¢m, €), while yx(0) ¢ B(¢,, ) since y(0) < 0. It follows that the path y intersects
dB(¢m, €) and consequently

max A(y(®) = inf{A@): u € My, N IB(gm, &)} > 1*(m).
tel0,

This contradicts (3.9).
In case (ii) we put vy = uy/||lug||. For a subsequence and some vy € WP (2), vy — vo in WLP(£2). Since
Jo IVug|? remains bounded, we obtain [, [Vvg|? — 0 and so vg = cst; also v % 0 since |||l = 1 implies ||vg|| = 1.

Moreover f o mlvol? = 0 since f o mlug|? =1. We have reached a contradiction if f o ™M # 0. So let us assume from
now on that f o m = 0. We first observe that for any y € I' there exists fp = fo(y) € [0, 1] such that

1
/m(y(to)+)”=/n(y(to)‘)”= 3 (3.12)

2 Q
Consider now wy := yx(to(yx)). We have now instead of (3.10)

0</|Vwk|l’< n%(&)l)i]ﬁ(yk(t))%)»*(m)zo. (3.13)
tell,
2

We again distinguish two cases: either ||wg|| remains bounded, or for a subsequence ||wy| — oo. In the first case,
for a subsequence and some wg € Whr(2), wy — wo in WP (£2). It follows from (3.13) that wg = cst and that
wx — wo in WP (£2). A contradiction then follows from

/m(wg)f’ =fn(w0—)f’ = %

2 2

In the second case we put z; := wy/||lwk||. For a subsequence and some zp € WhP(2), zx — zo in WhP(2). It
follows from (3.13) that zo = cst and that zz — zo in WP (£2); consequently ||zo|| = 1. If zo > O then |w; < 0| =
|zx < 0] — 0; moreover wy changes sign and by (3.12)

Tlw; |P 1/2
Jan*l f' > / S 4o
Jo IVwi 1P~ [o I[Vwi|P

This yields a contradiction with Lemma 3.6. A similar argument applies if zo <0. O

Lemma 3.8. For any d > 0, the set
0= {u € My n: u>0and Au) < d}

is arcwise connected. Similar conclusion if u > 0 is replaced by u < 0.
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Note that by the definition of c(m, n), {u € My, »: A(u) < d} is not arcwise connected when max{A*(m), A*(n)} <
d <c(m,n).

Proof of Lemma 3.8. Since O is empty if d < A*(m), we can assume from now on d > A*(m). We first consider the
case where [, m # 0. Using Lemma 3.9 below, one constructs a weight i € L"(£2) such that it #£0,2 <m, [, <0
and A*(71) > d. When m™~ # 0, it suffices in this construction to take i = em™ — m™ with & > 0 sufficiently small;
when m™ =01i.e. m > 0, it suffices to take 7 = em — kxp with ¢ sufficiently small and k sufficiently large, where xp
is the characteristic function of a ball B € £2 such that m™ 0 on £ \ B. We then consider the manifold M,, ; and
the sublevel set

O:={ueM,; Aw <d}.

By part (iii) of Proposition 3.3, the restriction A of A to M, ; satisfies (PS), for all ¢ > 0. Lemma 14 from [2] then
implies that any (nonempty) component of O contains a critical point of A. But the first two critical levels A* (m), A*(7)
of A verify A*(m) < d < A*(n), and consequently A admits only one critical point in O. We can conclude in this way
that O is arcwise connected.

Let now uy, up € O. Since they are > 0, they also belong to O. Let y be a path in O from u1 to up and consider
the path

. ly ()]
yi(t) = —(fgmly(t)V’)l/P'

By the choice of 7,

/m|y<t)|” >f[m(y(r)+)”+ﬁ(y<t>*)”] =1, (3.14)
2 2

and consequently y; is a well defined path in M,, ,, which clearly goes from u; to u» and is made of nonnegative
functions. Moreover, by (3.14),

Ay (@)
A(Vl(f)) = W < A(V(l‘)) <d

for all 7, and we conclude that the path y; lies in O.
Consider now the case where |, om =0.Let uj,u € O. One starts by decreasing a little bit the weight m into
aweight i € L™ (£2) such that i <m, [ m <0, [omuf >0, [ muy >0 and

Vu|?P Vuy|?P
fsz'Al; <d. fQ'AZJ ’
Jo i} Jo ey
which is clearly possible since A*(m) < d. Put
u u
vl ! and vy: 2

TR " (fg )P
By the first part of this proof, there exists a path y in M,;, ;; which goes from v; to vz, is made of nonnegative functions
and is such that A(y (¢)) < d for all t. Consider now the path

v (@)
(fomly®)|P)1/P’

By the choice of 1,

/meV>memV=L (3.15)

2 2

yi(t) ==

and consequently y; is a well defined path in M,, ,, which clearly goes from u; to u, and is made of nonnegative
functions. Moreover, by (3.15),

A
Al () = (r(®)

Ty SAUV®) <d
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for all ¢. This concludes the proof of Lemma 3.8 for O with u > 0. Similar argument in the case u < 0. O
Lemma 3.9. Let my € L"($2) with m,j Z0and my — m in L" (82) where m <0, m #£0. Then \*(my) — +o00.

Proof. Suppose by contradiction that for a subsequence, A*(my) — A < +00. Let ¢ be the positive eigenfunction
associated to A*(my) and normalized by [|¢k |l ,» = 1, where || - ||, denotes the L9 (£2) norm. One has

/ |Ver|? = 1*(my) / mip) <A*mp)lmf |
2 2

It follows that for a subsequence, gy — ¢ in Wh7(£2), with |¢|| prr = 1. Moreover, by the above inequality,
/. o IVor|P — 0, which implies ¢ = cst # 0 (call it A) and ¢ — ¢ in WP (£2). Consequently, for k sufficiently
large so that fg my < 0, one has

1
_ p
0< X*(m)/‘|V<pk|p—/mk<pk —>Ap/m<0,
Q2

2 2

a contradiction. 0O

Lemma 3.10. There exists u; > 0 and uz <0 in M, ,, such that AN(ul) < c(m,n) and A(uz) < c¢(m, n). Moreover, for
any such choice of uy, ua, one has

c(m,n) = inf max A(u) (3.16)
yel uey[0,1]
where

I:={yeC([0,1], Myn): y©)=uz and y(1) =u; }.

Proof. If f oM # 0, one takes u] = ¢, and the inequality A(ul) < c(m, n) follows from Lemma 3.7. Similarly with
Uy = —¢, in case f_Q n # 0. If now fQ m = 0, one takes u; = vy for k sufficiently large, where vy is defined in (2.3).
Indeed A(vk) — 0 and by Lemma 3.7, 0 < c(m, n), so that A(vk) < c¢(m, n) for k sufficiently large. Similar argument
for the choice of uy in case [, n =0.

It remains to prove (3.16). Call ¢ the right-hand side of (3.16). One clearly has c(m, n) < c. To prove the converse
inequality, let ¢ > 0 and take y, € I" such that

max A(u) <c(m,n)+e.
ueye[0,1]

By Lemma 3.8 there exits a path n; in M,, , joining y.(1) and u, made of nonnegative functions, and such that

max A~(u) <c(m,n)+e.
uen[0,1]

Similarly there exists a path i, in M,, , joining y,(0) and u2, made of nonpositive functions, and such that

max A(u) <c(m,n)+e.
ueny[0,1]

Gluing together 12, Y. and 71, one gets a path in My, , joining u> and u;, and such that A remains < cim,n) + ¢
along this path. This implies ¢ < c¢(m, n) + €. Since ¢ > 0 is arbitrary, the conclusion follows. O

We are now ready to give the

Proof of Theorem 3.2. Inequality (3.3) was established in Lemma 3.7. To prove that c¢(m, n) is an eigenvalue, we
pick u1, uy as in Lemma 3.10 and we will show that ¢, the right-hand side of (3.16), is a critical value of A. If f om#0

and f on#0, then A satisfies (PS), for all ¢ > 0 and the classical mountain pass theorem for a C! functional on a C'!
manifold (cf. e.g. Proposition 4 from [2]) yields the conclusion. If either |, om=0or /, o1 =0, then we only know

that A satisfies (PSC). for all ¢ > 0. It is then Theorem 4.1 from the following section which yields the conclusion.
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It remains to show that there is no eigenvalue between max{A*(m), A*(n)} and c(m, n). Assume by contradiction
the existence of such an eigenvalue A and let u be the corresponding nontrivial solution of (1.2). We know that u
changes sign (since A > max{A*(m), A*(n)}); moreover

0</|vu+|f’=x/m(u+)1’, 0</|Vu—|f’=x/n(u—”),
2 2 2 2

and we can normalize u so that u € My, ,,. The functions
ut —u-
Ul =—F—"T—"", U ——m0m8M

FT (g mhn) 7 2T (Jgn@Hn)r
belongs to M, ,, with u; > 0, uy < 0. We will construct a path y in M,, ,, joining u and u», and such that A remains
equal to A along that path. This will give a contradiction with the definition of c(m, n). To construct y we first go
from u to u by the path

ut —tu™
(Bm,n(u+ - tui))l/p

and then from u to u> by the path

yi(t) ==

tut —u~
(Bi,n (tu™ — Mﬁ))l/p ’

It is easily verified that the path constructed in this way is well defined and satisfies all the required conditions. O

Y2 (t) ==

Remark 3.11. Reproducing the end of the above proof with A replaced by c(m, n), we conclude that the infimum in
(3.2) is achieved.

4. A mountain pass theorem

Our purpose in this section is to derive a mountain pass theorem for a C! functional on a C! manifold and which
satisfies the (PSC) condition.

We put ourselves in the general setting of the end of Section 2: E is a real Banach space, g € C'(E,R), M :=
{u € E: g(u) =1} with 1 aregular value of g, f € C1(E,R), f the restriction of f to M. The space E in this section
is assumed to be uniformly convex.

Theorem 4.1. Let K be a compact metric space, Ko C K, and hy € C(Ko, M). Consider the family of extensions
of ho:
H:={heC(K,M): hjy, =hol.
Assume 'H nonempty as well as the following condition:
max f(ho(n) < max f(r@®)
for any h € 'H. Define

ci= hlglgrtrg? F(h@®). 4.1

Assume that f satisfies (PSC). for c given in (4.1). Then c is a critical value of f
Typically, as in the application in Section 3, K = [0, 1] and Ko = {0, 1}.

Proof of Theorem 4.1. Arguing as in the proof of Theorem 2.1 in [5] but using the strong form of Ekeland variational
principle (cf. [8,7]) instead of the usual one, one obtains that if # € H and ¢ > 0 are such that

3
rtréz}? f(h(t)) <c+ ok 4.2)



M. Arias et al. / Ann. 1. H. Poincaré — AN 25 (2008) 267-280 277

then, for each u > 0, there exists u, € M with
c< fluy) <c+
dist(uy, h(K)) <
|Fwol, <

We let ¢ = % and pick & = hy such that (4.2) holds, which is possible by the definition (4.1) of c¢. We also take
w=ur =1+ ||hr]loo, Where || - || denotes the C (K, E) norm. So there exists u; € M such that

c< flup) <c+ %
dist (g, he(K)) < 14 | helloos (4.3)
|7/ @), < [k(1+ Ihelloo)] " (4.4)

It follows from (4.3) that
lull e < dist(ug, b (K)) + llhilloo < 1+ 2] 2xlloo
and so 1 + |lug|le < 2(1 + ||k |lco)- Replacing in (4.4) gives
~ -1
| £ @ol|, < [2k(1 + lluelle)]

Thus uy is a (PSC), sequence, and the conclusion follows. O
The following additional information will be used later (cf. Proposition 2.3 in [5]).

Proposition 4.2. Let K, Ko, ho, H and ¢ be as in Theorem 4.1 and let h € H satisfy
h()) =c.
max f(h(1)) =

Then h(K) contains a critical point of f at level c.
The strong form of Ekeland variational principle can also be used in a way rather similar to the above to derive

Proposition 4.3. Assume f bounded from below and let ¢ := inf{ f (u): u € M}. Then f satisfies (PSC). if and only if
f satisfies (PS)..

Proof. It clearly suffices to prove that (PSC). implies (PS).. Let uy € M satisfy ¢ < f(ux) < ¢ + 1/k with
||f wi)l« = 0 and ||ug|| — oo (f ||uk| remains bounded then uy is a (PSC), sequence and the conclusion fol-
lows immediately). Using the strong form of Ekeland variational principle, we obtain for any k and any pu > O the
existence of v, € M with

1

<
f( u)\c+2k
<

lv, — ukll
|7 wol, < —
23 *\ku'

We take = |lugl|l/2 and we write v instead of v,,. We have

,

—Ilukll llvrll < —IIukII,

cst

2 3
(T+ o) | £ o, < k” ”(1+5||uk||)<7, (4.5)

and so, by (PSC),, vi has a subsequence v,, which converges. Combining with (4.5) leads to a contradiction with the
fact that ||ug|| - co. O
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5. Some properties of c(m, n)

We briefly study here the dependence of c¢(m, n) with respect to m, n. All the weights in this section are assume to
belong to L"(£2) and to satisfy (2.1). The results and proofs below are similar to those of Section 4 in [2].

Proposition 5.1. If (mg, ny) — (m,n) in L"(§2) x L"($2), then c(mg, ng) — c(m, n).

Proof. Itis easily adapted from that of Proposition 22 in [2]. One successively proves upper and lower semicontinuity.
In the latter part it is convenient here to normalize uy so that |lug|l, =1. O

Proposition 5.2. If m <m and n < n a.e., then
c(m,n) <c(m,n).

If in addition

/(na —m)whH? + /(ﬁ )@ )P >0
2 22

for at least one eigenfunction u associated to c(m, n), then c(m, n) < c(m, n).

Proof. It is easily adapted from that of Propositions 23 and 25 of [2]. Proposition 4.2 is used to derive the strict
monotonicity. O

Finally let us observe that c(m, n) is homogeneous of degree —1. Some sort of separate sub-homogeneity also
holds, which will be used later:

Proposition 5.3. If 0 < s < §, then
c(sm,n) <c(sm,n) and c(m,sn) <c(m,sn).

Proof. It is easily adapted from that of Proposition 31 of [2]. Again Proposition 4.2 is used here. 0O
6. Fucik spectrum

Let m,n € L"($2) with r as before. Unless otherwise stated, we also assume (2.1). The Fucik spectrum ¥ =
X (m,n) clearly contains the lines {0} x R, R x {0}, R x {A*(n)}, {A*(m)} x R and also possibly the lines R x
{—=A*(—n)} and {—A*(—m)} x R. It will be convenient to denote by X* = X*(m, n) the set X (m, n) without these 2,
3 or 4 lines.

We start by looking at the part of X* which lies in R™ x R*. From the properties of A*(m), A*(n) follows that if
(a, ) € Z*N(RT x RT), then o > A*(m) and B > A*(n).

Theorem 6.1. For any s > 0, the line § = sa in the («, B) plane intersects X* N (RT x RT). Moreover the first point
in this intersection is given by a(s) = c(m, sn), B(s) = sa(s), where c(-, ) is defined in (3.2).

Proof. An easy consequence of Theorem 3.2. O
Letting s > 0 varying, we thus get a first curve C := {(a(s), B(s)): s > 0} in Z* N (R x R™).

Proposition 6.2. The functions «(s) and B(s) in Theorem 6.1 are continuous. Moreover o(s) is strictly decreasing
and B(s) is strictly increasing. One also has that a(s) — 400 as s — 0 and B(s) — +00 as s — +00.

Proof. The first two statements are direct consequences of the results of Section 5. The last one easily follows from
Lemma 6.3 below. O
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Lemma 6.3. The lines R x {\*(n)} and {¥*(m)} x R are isolated in £* N (RT x RT).

Proof. Assume by contradiction the existence of a sequence (ag, Br) € X*N(RT x RT) such that oy — a, B — Po
with g € R and say By = A*(n). Let u; be an eigenfunction corresponding to (o, Bx), normalized by [luy ||, = 1.
Note that u; changes sign. By standard arguments one gets that for a subsequence, uy — u in W7 (£2) with u %0
satisfying
ad
—Apu=aom@) P = Fmn)@ )P in 2, a—” =0 onds. 6.1)
v

It follows from (6.1) that

/|w—|f’=x*<n>/n<x><u->/’
2 2

and consequently either (i) u~ = 0 or (ii) ™~ is an eigenfunction associated to A*(n). In case (i), # > 0, u # 0 and so
u > 0in £2, which implies |u; > 0] — 0. It then follows from Lemma 3.6 that

=\
fo ﬁkn(X)Euk LN
Jo IVu 17
which is impossible since by the equation satisfied by ug, the expression in (6.2) is equal to 1. In case (ii), # < 0 in £2,
which implies |uzr > 0] — 0. An argument as above applied to u,j then leads to a contradiction. 0O

0, 6.2)

We now investigate the asymptotics values o := limg_, oo @ (s) and Beo := limg_, o, B(s) of the first curve C. We
will limit ourselves to the study of a,. Similar results on B4 can be proved interchanging the roles of m and n.

Proposition 6.4. If p < N, then aoo = A*(m). If p > N and one of the following conditions holds: (i) fg m =0, or
(i) m € L*®(2), or (iii) supp(n™) € £2, then aso > A*(m).

Proof. The arguments are rather similar to those in the proof of Proposition 35 in [2] and we will only indicate below
the main steps as well as the differences.
One starts by introducing

@ :=inf{/ IVut|P: ue Wl’p(Q),fm(u+)p =1and /n(u—)f’ >0} (6.3)
2 2 2

and shows that o, = @. The proof here is a direct adaption of our argument on p. 599 in [2]. In fact it is simpler since
the required path has just to belong to I" and so can be constructed directly through a normalized convex combination.

One then considers the case p < N. If [ o M # 0 then the argument on p. 600 in [2] adapts immediately to obtain
o= A*(m). If f oM =0 one considers the sequence vy defined in (2.3) and applies to each vy the construction on
p. 600 in [2].

One now considers the case p > N Assume by contradiction that @ = A*(m) and let (i) be a minimizing sequence
for &. We claim that u,': remains bounded in W7 (£2). Indeed otherwise, one easily sees that for a subsequence
Vg = u;’ / ||u,:r|| converges uniformly on £2 to a positive constant, which implies v > 0 (and so u; > 0) in 2 for k
sufficiently large, contradicting the admissibility of uj in definition (6.3). So u,j remains bounded in W17 (£2) and
it follows by standard arguments that for a subsequence, u,:r converges uniformly on £ to ¢,, when / om#0,to
a positive constant when f om =0.1In case (i) ¢, is also a positive constant, and we conclude as above that uy is
not admissible in definition (6.3) for k sufficiently large, a contradiction. In case (ii) ¢, € C'(£2) by [12] and the
strong maximum principle of [14] applies to guarantee that ¢, is positive on £2; a contradiction can then be derived
as above. Finally in case (iii) one has ¢,, > some € > 0 on supp(n™), and one deduces again that uy is not admissible
in definition (2.2) for k sufficiently large, a contradiction. O

Remark 6.5. When the weight m is unbounded and f o m <0, itis unclear whether ¢y, is positive on Q. This is why
we impose condition (iii) in Proposition 6.4.



280 M. Arias et al. / Ann. 1. H. Poincaré — AN 25 (2008) 267-280

We finally observe that the distribution of X* in the other quadrants of R x R could be studied here in a manner
similar to that in [2].
One could also adapt to the present setting the results of [2] relative to the study of nonresonance.

References

[1] A. Anane, Etude des valeurs propres et de la résonance pour I’opérateur p-laplacien, These de doctorat, Université Libre de Bruxelles,
Bruxelles, 1988.
[2] M. Arias, J. Campos, M. Cuesta, J.-P. Gossez, Asymmetric elliptic problems with indefinite weights, Ann. Inst. H. Poincaré Anal. Non
Linéaire 19 (2002) 581-616.
[3] G. Cerami, Un criterio di esistenza per i punti critici su varieta ilimitate, Rc. Ist. Lomb. Sci. Lett. 112 (1978) 332-336.
[4] M. Cuesta, Eigenvalue problems for the p-laplacian with indefinite weight, Electronic J. Differential Equations 2001 (2001) 1-9.
[5] M. Cuesta, Minimax theorems on C! manifolds via Ekeland variational principle, Abstract Appl. Anal. 13 (2003) 757-768.
[6] A. Dakkak, Etude sur le spectre et la résonance pour les problemes elliptiques de Neumann, These 3eme cycle, Univ. Oujda, 1995.
[7] D. De Figueiredo, Lectures on the Ekeland Variational Principle with Applications and Detours, TATA Institute, Springer-Verlag, 1989.
[8] I. Ekeland, On the variational principle, J. Math. Anal. Appl. 47 (1974) 323-353.
[9] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-Verlag, New York, 1977.
[10] T. Godoy, J.-P. Gossez, S. Paczka, On the antimaximum principle for the p-laplacian with indefinite weight, Nonlinear Anal.: Theory Methods
Appl. 51 (2002) 449-467.
[11] Y.-X. Huang, On eigenvalue problems for the p-laplacian with Neumann boundary conditions, Proc. Amer. Math. Soc. 109 (1990) 177-184.
[12] G. Lieberman, Boundary regularity for solutions of degenerate elliptic equations, Nonlinear Anal. 12 (1988) 1203-1219.
[13] J. Serrin, Local behavior of solutions of quasilinear equations, Acta Math. 111 (1962) 247-302.
[14] J.L. Vazquez, A strong maximum principle for some quasilinear elliptic equations, Appl. Math. Optim. 12 (1984) 191-202.



