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Abstract

We consider the Neumann problem for the Hénon equation. We obtain existence results and we analyze the symmetry properties
of the ground state solutions. We prove that some symmetry and variational properties can be expressed in terms of eigenvalues of
a Steklov problem. Applications are also given to extremals of certain trace inequalities.
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Résumé

On considere le probleme de Neumann pour I’équation de Hénon. On obtient des résultats d’existence et on analyse les propriétés
de symétrie des solutions a énergie minimale. Nous démontrons que certaines propriétés variationnelles et de symétrie peuvent étre
exprimées a I’aide des valeurs propres d’un probleme de Steklov. En outre, nous appliquons ces résultats aux fonctions réalisant la

meilleure constante de certaines inégalités de trace.
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1. Introduction and statement of the main results

The elliptic equation appearing in the Dirichlet problem
—Au=|x|%P"! in g2,
u>0 in £2, (L
u=0 on d§2,

where £2 is the unit ball of RV, p > 2 and « > 0, was introduced in the paper [12] by M. Hénon and now bears his
name. In [12], problem (1) was proposed as a model for spherically symmetric stellar clusters and was investigated
numerically for some definite values of p and «.

In the last few years it became evident that in spite of (or thanks to) its simple appearance, the Hénon equation
exhibits very interesting features concerning existence, multiplicity and, above all, symmetry properties of solutions.

Research has been directed up to now only on the Dirichlet problem (1) with the intent of classifying the range of
solvability (in p) and especially of analyzing the symmetry properties of the ground state solutions.

In order to provide a clear motivation for the results contained in the present paper, we briefly recall some of the

main achievements concerning problem (1). We denote, as usual, 2* = %

The first existence result is due to Ni, who in [14] proved that for every p € (2,2* + %), problem (1) admits at
least one radial solution and pointed out that it is the presence of the weight |x|* that enlarges the existence range
beyond the usual critical exponent.

The most important question for our results is that of symmetry of solutions. The starting point is the fact that
since the function r > r® is increasing, Gidas—Ni—Nirenberg type results [11] do not apply, and therefore nonradial
solutions could be expected. This is the content of the paper [18] by Smets, Su and Willem, who studied the ground
state solutions associated to (1). They proved in particular the following symmetry breaking result.

Theorem 1.1 (Smets, Su, Willem). For every p € (2,2%) no ground state for problem (1) is radial provided « is large
enough.

Further results on the Dirichlet problem can be found in [19,6,4,5] for residual symmetry properties and asymptotic
behavior of ground states (for p — 2* or « — 00) and in [16,3,15] for existence and multiplicity of nonradial solutions
for critical, supercritical and slightly subcritical growth; see also [17] for symmetry breaking results for Trudinger—
Moser type nonlinearities.

We stress once more that all the above results have been obtained for the homogeneous Dirichlet problem, while it
seems that so far the Neumann problem has never been studied. The purpose of this paper is to fill this gap and to point
out a series of new, interesting and unexpected phenomena that arise in passing from Dirichlet to Neumann boundary
conditions.

To describe our results we let §2 be the unit ball of R, with N > 3, and we consider the Neumann analogue to (1),
namely

—Au+u=|x|""" in £,

u>0 in §2, 2)
ou

— =0 on 0S2,

ov

where again p > 2 and o > 0. We have denoted by v the outer normal to 952.
Solutions of (2) arise from critical points of the functional Qg : H'(£2) \ {0} — R defined by

Jo IVul?dx + [pudx [lue]|?
(fo lulP|x| dx)?/P (fo lulP|x|* dx)?/P”

Oqu) =

This functional of course is well defined if p € (2,2*), but as we shall see, its restriction to the space of Hrlad(.Q)

of H! radial functions is still well defined if pe,2*+ %).

We will call ground states the functions that minimize Q, over H 1(£2), while we reserve the term “radial mini-
mizer” to functions that minimize Q, over Hrlad(.Q).
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The purpose of this paper is to investigate the existence of solutions to (2), in the spirit of [14], and especially to
carry out the analysis of the symmetry properties of the ground states of Q.

As far as existence of solutions is concerned, our first result matches completely the one for the Dirichlet problem
obtained by Ni in [14].

2a
N—

Theorem 1.2. For every a > 0 and every p € (2,2* +
Qo) = inf Oy (v).

veHyy (2)\{0}

T

3), there exists u € Hrlad(Q) such that

A suitable multiple of u is a classical solution of (2).

The main point of interest in the previous theorem is the fact that the presence of the weight |x|* allows one to
obtain existence of solutions beyond the usual critical threshold.

When p € (2,2*), the functional Q, can be minimized directly in H 1(£2), without the symmetry constraint; of
course in this case the infimum is attained because p is subcritical. The natural question that arises is to ascertain
whether this minimizer, the ground state, is still a radial function. This is the question addressed in [18] for the
Dirichlet problem and answered in the negative for all p, provided « is large enough.

In the Neumann problem the situation is much more complex, and we point out from the beginning that we cannot
give a complete solution in the whole interval (2, 2*).

The main breakthrough for the study of the symmetry properties of the ground states is the possibility to describe
the precise asymptotic behavior, as & — oo, of radial minimizers. This is obtained by the construction of a “limit”
functional in terms of a classical eigenvalue problem, the Steklov problem (see Definition 2.6). A further important
point in all the symmetry questions is played by the number 2, = 2]3’%22, the critical exponent for the embedding of
H'(£2) into L?(9£2). Indeed, in contrast to the Dirichlet problem, as @ — oo, the denominator in Q, behaves like a
trace norm (in a sense to be made precise) resulting in worse growth properties of the levels of radial minimizers.

The consequence is the following result; Theorem 1.1 should be kept in mind for comparison.

Theorem 1.3. For every p € (24, 2*), no ground state of Qg is radial provided « is large enough.

The new limitation p > 2, does not come from a weakness of the arguments, but is a structural fact, peculiar of the
Neumann problem. Indeed, we will prove in Section 6 the following symmetry result, in opposition to the Dirichlet
case.

Theorem 1.4. For every p close enough to 2, the ground state of Q, is radial for every a large.

The two above theorems are our main results concerning symmetry of ground states. They are completed by a
further analysis of the variational properties of radial minimizers, which unveils a rather unexpected phenomenon.
Indeed it is quite natural to expect that symmetry of ground states breaks down for « large because the second
derivative Q/, (1) at a radial minimizer u, becomes indefinite on H 1(§2) when « exceeds a certain threshold. This is
what is described in [18].

In the Neumann problem, the situation is completely different: radial minimizers continue to be local minima for
Qy over H 1(£2) no matter how large « is. This means, for example for p € (24, 2*), that the formation of nonsymmet-
ric ground states does not manifest locally around radial minimizers, but can be justified only by global properties of
the functional. We think that this fact is rather interesting, also in connection with an analogous result for minimizers
of the trace inequality (see below). The precise result is the following.

Theorem 1.5. For all p € (2,2%) if N > 4 (resp. for all p € (2, p), for some p € (24,2%) if N =3) and all o large
enough, the minimizers of Qy over Hrlad(.s?) are local minima of Qy over the whole space H'(2). The limitation for
N =3 is not removable.

As an application of the analysis of the sign of the second derivative of Q, we obtain two uniqueness results, for
radial minimizers in essentially the whole interval (2, 2*), and for ground states when p is close to 2.
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Theorem 1.6.

(1) In the same range of p’s as in the previous theorem, Qo has a unique positive radial minimizer (of unitary norm)
for all o large enough.

(ii) There exists p € (2,2,) such that for all p € (2, p), Qu has a unique positive ground state (of unitary norm) for
all o large enough.

Throughout the paper we use more or less explicitly a link between the functional Q, and the functional
Sp:H'(£2) \ H} ($2) — R defined, for p € [2,2,] by
[
(f()_Q |”|pd0)2/p’
whose infimum is the best constant in the Sobolev trace inequality. Existence of extremals for this functional and their
symmetry properties have been studied in [7,10,9] and [13] (see also the references therein). As we have anticipated
earlier, the functional S, plays the role of a limiting functional for Q, when o — o0. It is therefore clear that many

properties of minimizers of Q for « large and of S, should coincide. In particular, we obtain the following analogue
of Theorem 1.5 for §,.

Sp(u) =

Theorem 1.7. For all p € (2,2,) the minimizers of S, over Hrlad(.s?) are local minima of S, over the whole
space H ! (£2).

We point out that it is not known whether the ground states for S, are radial for a generic p € (2, 24), but only for
p close to 2. The contribution of the previous theorem and of the discussion that surrounds it in Section 5 is the fact
that nonradial ground states for S, if they exist, cannot bifurcate from the branch p +— u, of radial minimizers, and
should therefore appear as “separated” objects, whose existence springs out only after a certain p not too close to 2.
In view of these considerations, and also of the arguments presented in Section 5, we propose the following

Conjecture. For all N > 3 and for all p € (2,2,), the best constant S, for the trace inequality on the unit ball of RV
is attained by a radial function.

The paper is structured as follows. In Section 2 we establish the main existence result (Theorem 1.2), we carry
out the asymptotic analysis of radial minimizers, and we prove Theorem 1.3. Section 3 is devoted to the variational
properties of radial minimizers, and contains the proof of Theorem 1.5. In Section 4 we prove the first part of the
uniqueness result Theorem 1.7. Section 5 is entirely devoted to the applications of our results to the trace inequality.
Finally, in Section 6, we prove Theorem 1.4 and the second part of the uniqueness result.

Notation. The space H'(£2) is endowed with the norm |ju||> = fQ |Vu|?dx + fQ u®dx. Any L?(£2) norm is denoted
by || - || p. The expression (-, -) is the scalar product in H 1(£2). If u is a radial function, we will write freely u(x) as
u(|x]) or u(p), for p = |x|. The symbol do stands for the standard (N — 1)-dimensional measure on the unit sphere.
When we deal with functionals Q defined on H'(£2) \ {0}, we will frequently write inf 1 () Q instead of the heavier
infy1 o)\ 0y @, and likewise for similar expressions. The letter C denotes positive constants that may change from
line to line.

2. Radial minimizers and their asymptotic properties

Throughout the paper §2 is the unit ball of R, with N > 3; the numbers
2N 2N -2
N—2 TN
are the critical exponents for the embedding of H'(£2) into L?(£2) and L4(3£2) respectively.
We begin with the study of radial minimizers of the functional Q, : H 1(£2) \ {0} — R defined by
Jo IVul?dx + [pu?dx flue]|?
(fo lulP x| d)>P (fg |ulP|x]* dx)?/P’

2*

Qu(u) =



M. Gazzini, E. Serra /Ann. I. H. Poincaré — AN 25 (2008) 281-302 285

This functional is well defined and of class C2 over H!(£2) if p < 2*%. We shall see in a while that its restriction to
Hrild(.Q) is still well defined and C? for a much wider interval of p’s.

To begin with we first establish some properties that have been first proved by Ni in [14] in the context of the
Dirichlet problem; we now give the H'! versions.

Lemma 2.1. There exists a positive constant C such that for all u € Hrzd(.Q) there results

[[ull

forall x € 2\ {0}.
Proof. By the radial lemma of [14], we have that there exists C > 0 such that

[ Vuell2
el < e+ C w7

for all u radial. Since |u(1)| can be controlled by ||u||, the inequality follows. O

Denote by L7 (82, |x|*dx) the space of L? functions on §2 with respect to the measure |x|* dx. The previous
lemma allows us to establish the following essential property.

Proposition 2.2. The space Hrlad(.Q) embeds compactly into LP (82, |x|* dx) for every p € [1,2* + %).

Proof. By the growth estimate (3) we see that

2 2

The last integral is finite for every p € [1,2* + %), which shows that for all these p’s the embedding is continuous.
With a standard interpolation argument one obtains the compactness of the embedding in the same range. O

Notice that the continuity of the embedding makes Q, a C 2 functional over Hrlad (£2), forevery p € [1,2* 4+ %).
We are now ready to give the main existence result. It matches completely the analogous one for the Dirichlet
problem obtained in [14].

Theorem 2.3. For every o > 0 and every p € (2,2* + Nzgz
Qo) = inf Qu(v).

veHL ()

aq

), there exists u € Hr'ad(.Q) such that

Proof. The proof is standard. Notice that for every p € (1,2* + %), by Proposition 2.2, we have inf H! (@) Qq > 0.
Let u,, be a minimizing sequence for Q,, normalized by ||u,|| = 1. Then some subsequence u, has a weak limit « in

Hrlad(.Q). By Proposition 2.2 the limit # cannot vanish identically, since in that case we would have f o ul|x|*dx — 0.
Then Qy (1) < liminf Qy (u,) = ianld(Q) Qq. O

Corollary 2.4. For every o and p as in Theorem 2.3, (a suitable multiple of ) the minimizer u is a classical solution
of problem

—Au+u=|xu?"1 in £,

ou
— =0 on ds2.
av

Moreover u is strictly positive in $2.
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Proof. This follows from the symmetric criticality principle, standard elliptic regularity and the maximum princi-
ple. O

For every a > 0 and for a given p € (2,2 + =), let

Mg, = min Q. “4)
Hipy(2)

Then any (positive) minimizer u, of Q, over Hrad(.Q) when normalized by ||uy|| = 1, satisfies

1

—Aua+ua—mp/2|x|“ua in £2,
0

HMa =0 on 0s2.
ov

We are interested in the behavior of m, , and u, when o — oo. It turns out that it is possible to describe it in terms of
a classical eigenvalue problem.
We begin with a fundamental result.

Lemma 2.5. The asymptotic relation

(a+N)/|u|p|x|°‘dx=/|u|pd6+0(1) as o — 00 (5)

holds

(1) uniformly on bounded subsets ofHdd(Q) if pe(2,2%),
(ii) uniformly on bounded subsets ofH (£2), if p € (2,2,).

Proof. Notice that (o + N)|x|% = div(|x|*x). For u € H ad(§2) or u € H'(£2), and p accordingly, we can write,
applying the divergence theorem,

(a—i—N)/|u|P|x|“dx—/|u|pd1v(|x|°‘ dx—/|u|p|x|°‘x vdo — /|u|p 2uVu - x|x|* dx

/|u|pda— /|u|p 2uVu - x|x|* dx

since on 52 we have v = x and |x| = 1. We just have to show that the last integral is o(1) as @ — oo with the required
uniformity.
To this aim, we first use the Holder inequality to write

1/2 1/2
< (f|w|2dx) (f|u|2”—2|x|“dx)
22 2
1/2
< ||u||</|u|2p2|x|°‘dx) :
2

Assume now that p € (2,2*) and that u is radial. By Lemma 2.1 we have

[ PR ar < P2 [ e r 0 gy = 2o
2 2
as o — OQ.

If, on the other hand, u is not radial, but p is strictly less than 2., we notice that 2p — 2 < 2*, so that, by the Holder
and Sobolev inequalities,

V lu)?2uVu - x|x|% dx
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2¥_2p+2

22
. > 2* >

/ PP 2 dx < ( f up? dx) ( / |x|“2*—2p+2) < Jul?P2o0(1)

2 2 2

as o — 00.
Thus in both cases

/|u|f’—2uw-x|x|“dx'<||u||"o(1) as o — 00,
2

which gives the required uniformity. O

In order to state the main result of this section we need to introduce an auxiliary problem. This is one of the classical
eigenvalue problems, and we refer to [2] and [13] for more details.

Definition 2.6. The eigenvalue problem

—Au+u=0 1in $2,

d

e =AU on 452 ©
ov

is called the Steklov problem.

The eigenvalues A; of this problem are known to be (recall that 2 is the unit ball in R")

N  LinpoD
=1 o NP, (7)
2 Irynp—2(D)
where 1, is the modified Bessel function of the first kind of order v. The associated eigenfunctions are also known
(see [13]); the first eigenfunction, corresponding to A1, is radial and never vanishes in §2. The first eigenvalue is simple
and it is characterized by
A= min el )
ueH'(2) [you*do
With the aid of the Steklov problem we can now describe the asymptotic behavior of the radial minimizers of Q.
The asymptotics for the solutions of the Dirichlet problem for the Hénon equation has been obtained in [4] and [5]; in
that case the situation is completely different and much more complex.
In the statement of the next result, A1 and ¢y, positive in £2 and normalized by ||¢1|| = 1, are the first eigenvalue
and eigenfunction of the Steklov problem (6).

Theorem 2.7. Let p € (2,2%) and let uy, with |luy|| = 1, be a minimizer of Q4 over Hr1

ad(.Q), so that my,r = Qo (Ug).
Then, as o« — 00,

M., ~ (o + N)HP1922)172/P), )

Uy —> @1 in Hl(Q). (10)

Proof. Let u be any (nonnegative) function in Hrlad
Oa(u) 1 1

1
@+ N7~ (@ + N) [ uP|x|*dx)*/P - (f3q uP do +o(1))?/» - ([0 uP do)?/p o).

(£2), with |lu|| = 1. By Lemma 2.5, as ¢ — o0,

where o(1) does not depend on u.
Since u is radial,

2/p
(/upda> =|39|2/Pu(1)2=|39|2/l’*‘/uzda,

a2 082
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so that for u = ug,

My, r — Qo (utg) — |3.Q|172/p
(@+N)YP (a4 N)?p

oD
[0 u3do

1
>102|'""*? min  ——— +0(1)=1082|'""*?x; +o(1)
veH) (2) [0 v*do
llvll=1
because A is attained by a radial function.
On the other hand, for every u € Hrgd(.Q) with |lu|| =1,

M, r . Oy (ug) Oq () _ 1-2/ 1
Gt N7 Gt NP S G mrr T e, ol

Choosing u = ¢; we obtain
My, r
(a + N)2/p
and (9) is proved.
To prove (10) notice that since |luy || = 1, there is a subsequence, still denoted u,, that converges to some u weakly
in H'(£2) and strongly in L4(9£2) for ¢ < 2,. By the above arguments,

<10821"72/Pay +o0(1),

_ 1 Qo (g) _
2P 4 o(l) = =22 <927 Pa +o(1),
ol fa(z”gda—i_ M (@ +N)¥r 1052 t+o
from which we see that u cannot be identically zero. Then, by previous computations and the properties of u,,
lae]? ! . 1 pl g Qu ()
M < < = lim ——— =027 lim [ =22 4+ o(1) ) = 1.
1 fBQ u2do faQ u2do a—oo fa.rz ugt do | | a—oo\ (o + N)Z/P M !

This shows that [|u||2 = 1 and that 1/ fag u?do = Aq; since A; is simple, it must be u = . Convergence of the norm
implies that u, — ¢ strongly in H'(£2). O

The precise asymptotic behavior of m,  will be used later. However the fact that m, , grows like «?/? is enough
to prove a first symmetry breaking result.

Theorem 2.8. Assume that p € (24, 2%). Then for every a large enough (depending on p) we have
Jla? . flu?

< .
ueH'(2) ([ [ulP|x]*dx)2/P yenl (@) (fg ulP|x|dx)?/P

T2

(1)

Proof. We estimate the growth of the left-hand side of (11) as in [18]. Take a nonnegative function v € Cé([?) and
extend it to zero outside £2. Let x4 = (1 — 1/, 0, ...,0) and set vy (x) = v(a(x — xg)). Then supp vy C Byjq(xa).
Therefore, by standard changes of variable,

2\ 2\*
fvgj|x|“dx= f v5|x|“dx>(1——) / vg;dxza—N(l——> /vpdx
o o
2 2

Bio(xa) Bio(xa)

and

2—N 2 —-N 2
0u(va) < o N [ IVPdx + a7V [5 v dx < Ca2-N+2N/p
TS o 2N/p (1 =2 a) /P ([, vP dx)2/P '

Since by Theorem 2.7 the right-hand side of (11) is my, , ~ a?/P we see that (11) holds for all « large because
2—N+2N/p<?2/pforall pe (2,,2%). O
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Remark 2.9. The level of radial minimizers for the quotient associated to the Dirichlet problem grows like o' +2/7,
as is shown in [18]; this gives a symmetry breaking result for all p € (2,2*). We will see in the next sections that it is
the loss one power in the case of the Neumann problem that causes a more subtle behavior from the point of view of
symmetry of the ground states.

Remark 2.10. Theorem 2.8 gives immediately a multiplicity result: for every p € (2., 2*) and every « large enough,
problem (2) admits at least two solutions. One is radial and the other is the (nonradial) ground state.

3. Variational properties of radial minimizers

We have seen that for p € (24, 2*) the minimizers of Q, over Hrlad(.Q) are not global minimizers over H L), at
least for « large. In the interval (2, 2,] the situation is less clear, and will be analyzed in the next sections.

Now since for o« = 0 global minimizers are radial, it is quite natural to think that the symmetry breaking phe-
nomenon described above takes place because when o becomes very large the radial minimizer u, ceases to be a
minimizer over H'(£2) due to the appearance of “negative directions”. In other words one expects that when « grows
the second derivative Q) (uy) over H 1(£2) becomes indefinite; this is exactly the phenomenon described in [18] for
the Dirichlet problem.

In this section we show, rather surprisingly, that this is not the case for the Neumann problem: although for
p € (24,2*) the functions u, are not global minimizers over H'!(£2) for « large, they are still local minimizers.
This fact in turn will have some interesting consequences, that we will analyze later.

We now study the sign of Q7 (uy) for o large. From now on we assume that u, is normalized by [uq|| = 1. We
denote by S the unit sphere in H'(£2), and by T,,,S the tangent space to S at ug, namely

TueS = {ve H' (2): (v,uq) =0},

where (-, -) denotes the scalar product in H'(£2).
Notice that since u, solves

—Auy +ug = mf;,/r2|x|“u{;_1 in £2,
g 12)

—=0 on 052,
ov

the condition v € T, S is equivalent to fQ u571v|x|"‘ dx =0.

1

Lemma 3.1. Let p € (2,2%) and let uy be a minimizer of Qq over H_,($2), normalized by uy € S. Then for every

T
ve T'LlaS)

0/ (g) - v* =2mq,, <||v||2 —(p—mb/? / ub =20 x| dx). (13)
2

Proof. Set N(u) = ||u||?> and D(u) = (f_Q uP|x|*dx)?/P, so that Qq () = N(u)/D(u). For every critical point u €
H'(£2) of Q4 and every v € H!(£2), we have

_ D@)N"(u) - v = Nw)D"(u) -v*

" Y
Qqu(u)-v D)2

Now N”(u) - v2 =2|jv||? and

2/p—2 2
D" (u) - v2:2(2—p)(/up|x|“ dx) </u1’1v|x|°‘ dx)
2 2
2/p—1
+2(p— 1)</u"|x|“ dx> /u”_2v2|x|“dx,
2 2
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so that
-1 o 2
" 2 2 2 JouP"vlx|" dx
2= _ 9 Jer T
Qy) - v {llvll flaell (( P)( [ uPledx
uP=292|x|¥ dx —2/p
+(p - 1)%)}</u”|xladx> . (14)
2
2

This holds for every critical point u of Qy and every v € H'(£2). If u = u, € S we have (fQ uP|x|*dx)~%/P =
my,, andif v € T, S, then fQ uP~1y|x|% dx = 0. Therefore in this case (14) reduces to

Q:;wa)-v2=2ma,r(||v||2—(p Dmb/? / u£2v2|x|“dx>. O (15)
2

In order to study the sign of Q/ (1,) We need some more precise estimates on .
In what follows u,, is a minimizer of Q, over Hmd(.Q) normalized by |luy || = 1.

Lemma 3.2. The functions uq are uniformly bounded in C'(2) as a — oc.

Proof. We first prove a uniform bound in L*°(£2). Since |luy|| = 1 and u,, is radial, there is C > 0 such that

llta | oo (2\By p0)) < Clluell = (16)
By Lemma 2.1, there is a positive constant C such that
oy <ol _ €
x| V=272 ~ [x|N-D/2
forall x € 2\ {0} and all o.
Set fy(x) = mar |x|°‘ua(x)1’ I: then, recalling that My r < < Ca?/P,

1 Ca
I fallimy20n < Calxl®m—hm=7 < sa=p-ne-mz = °0)

a7

as o — o0.
Therefore, by (16) and (17) we see that u, solves
—Auy +uy = fo in B1,2(0),
{ua <C on 331/2(0)
with || foll LB, 20) = 0 as « — oo. By standard elliptic estimates, we obtain that u, is uniformly bounded in
Cl'ﬁ(Bl/z(O)), for all 8 € (0, 1). In view of (16) we obtain that u, is uniformly bounded in L°°(£2) as ¢ — 0.

To complete the proof we only have to show that there is a C! bound also on 2 \ B1,2(0).
Since u,, is radial we see that it solves

N -1 2 _
” u —l—ua:mg/rpué’ 1

and u,,(1) =0. Integratlng this equation over [z, 1], with 7 > 5 we obtain
1 1
’ 1 ’ p/2 p—1 _«a
u,(t)=(N-1) ;uadp— ug +myly [ ul™ p%dp.
t t t
Therefore, using the fact that u, is bounded in L°°(£2) and the growth of m .,

1
1 a+1
ta(P) +/”"(2p)d>+c+c Pl <cre2-<c
t o
t

’“&(I)K(N_l)< T+l o+ 1
t

orall r € [5, 1]. This, together with the estimate 1in ’ 1/2 , g1ves the required bound 1n 2). O
forall t € [§, 1]. This, together with the esti in C1# (B ,2(0)), gives the required bound in C'(£2)
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Remark 3.3. Notice that one cannot hope to obtain uniform C2(£2) estimates, even though each u,, does lie in C2(£2).
This is due to the fact that the right-hand side of the equation behaves like «|x|*. Now, while this term goes to zero
locally uniformly in §2, on the boundary it blows up like . Therefore Au, cannot be bounded in C° up to the
boundary of 2.

At first sight, a rather confusing consequence of the lack of C? bounds is that if one tries to pass naively to the
limit in (12) as « — o0, then one can do it in the equation (in the weak form, for instance), but not in the boundary
conditions. Thus it may (and does) happen that limits of solutions of homogeneous Neumann problems do not satisfy a
homogeneous Neumann condition. We have already observed this fact when we have shown that u, — ¢1, a solution
of the Steklov problem.

Remark 3.4. In view of the preceding lemma, we can assure that the convergence of uq to ¢ takes place also
in C°(£2). Since ¢ is strictly positive in £2, then for some C > 0 and all « large,

minuy(x) = C.
xXeR

We can now continue the study of the second derivative of Q.
Lemma 3.5. Let p € (2,2%) and let uy be a minimizer of Qy over Hrlad(.Q), normalized by uy € S. Then, as o — 00,

(a+N)/ug—2v2|x|“dx=/ug—2v2d0+o(1), (18)
2 082

uniformly for v in bounded subsets of H'(£2).
Proof. We apply the divergence theorem exactly like in Lemma 2.5. We obtain

(a + N)/ug—2v2|x|“dx = / ul=2v do — (p —2) / ViUl Vug - x|x|® dx — 2/ug—2vw x)x|%dx
2 382 2 2
and we just have to show that the two last integral vanish as o« — oo.
Now by Lemma 3.2 and Remark 3.4 we have

(2*=2)/2*
V Vul Vi -xlx| dr| < c/v2|x|“dx < c||v||%*</ ]2/ dx)
2

2 2
< Cllv|*o(1)
as o — o0, while
1/2
‘/ug_zvVv~x|x|“dx <C/|v||Vv||x|“dx <C||u||(fv2|x|“dx>
2 2 2
< CllvlPo(D),

as in the previous computation. Thus (18) is proved. O
We can now prove the main result on the sign of Q7 (its).

Proposition 3.6. Let p € (2,2*) and let uy be a minimizer of Qg over Hrl€l

1(£2), normalized by uy € S. Then the

inequality
min_ Q" (ug) - v* >0 (19)
veTy,

llvll=1
holds
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(1) forall pe (2,2*)if N >4,
(i) forall p € (2, p), for some p € (2,,,2%) if N =3

provided « is large enough (depending on p).

Proof. It is standard to see that the minimum in (19) is attained; we supply some details for completeness. Set

veTy,

F(v):2ma’,<||v||2—(p—1)mg,/r2/u£2v2|x|°‘dx> and u= inf F().
2 lvli=1

We have to show that y is attained. It is obvious that p is finite and that u < 2mg . Let v, € T,,, S, |lva]l = 1, be a
minimizing sequence for F. Up to subsequences, v, — v weakly in H'(£2) and strongly in L?(£2). Notice that v 0,
since otherwise

14 0(1) = F(vy) = 2me., (1 —(p—Dmb? / u? =202 (x| dx) =2my., + o(1),

namely pu = 2mg -, which is false. Also, v € T,,,S. Write now v, = v + w,, with w,, — 0 weakly in HI(SZ) and
strongly in L2(£2). A simple computation shows that

2 _
p+o(l) = F(v,) = 2ma,r<||v||2 + llw, > = (p — Hmb,; /u{; 202 [x|* dx +o<1>>
2

v
= ”””2F(m> + 2 lwaI* 4 0(1) = w|[vl|* 4 2mg,» llw,||I* + o(1)

= w(1 = flwall® + 0(1)) + 2mg » |wy||> + o(1),

so that 2mgy , — wlw,|I? < o(1). Since pu < 2mg,r, this shows that v, — v strongly in H'(£2); thus |lv|| =1 and

F) =pu.
We now turn to the main part of the proof. We assume that (19) is false for an unbounded sequence of «’s (which
we denote by A), so that

min_ Q" (uy) -v> <0 foralla € A. (20)
veTy,
lvli=1

This means that for all « € A there exists vy € T, S, with ||vg || = 1 such that Q) (ug) - ve < 0, namely, by (13),

1—(p— 1)m£/,2/u5_2v§|x|“ dx <0. 2n
2

Recalling from Theorem 2.7 the asymptotic behavior of m, ,, we can write the preceding inequality for « — oo in
A as

1< (p— D(1021P27 W7 o)) (@ + N)/ug*2u§|x|“ dx
2

= (p—D(19|P> W 4 0(1))( f ub=2v2 do + 0(1)>,
482

where for the last equality we have used Lemma 3.5.

Now ug — @1 in C%(£2) and vq, being bounded in H!(£2), admits a subsequence (still denoted v, ) converging to
some v weakly in H'(£2) and strongly in L?(3£2).

Passing to the limit as @ — oo in A in the preceding inequality we find

1<(p—1)|asz|1’/2*‘x§’/2/wf‘zuzda. (22)
082
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If v is identically zero we have reached a contradiction and the proof is complete. Assume therefore that v = 0.
Since ¢ is radial and normalized by ||¢1| = 1, we have

1 1
T oeide  e(DaS2)

so that @1 (1)P~2 = |8Q|1’1’/2)»}_p/2. Inserting this in (22) we see that

Al

1g(p—1)|a_(2|P/2—1x{’/2|a.@|1—P/2x}"’/2/uzdaz(p—ml/vzdo,
082 082
that is,
1
[0 v*do
Notice now that (v, ¢1) = limg(vy, uy) = 0 by strong convergence of u, and weak convergence of v,. Thus v is

orthogonal to ¢ in H'(£2); this, together with the fact that A is simple yields

Ay= min lwi> iz 1 <(p =D
weH (2) [0 wrdo = [0 v*do \fafz v2do
(w,p1)=0

< (p— DA

Therefore assuming that (19) is false for an unbounded sequence of «’s implies the inequality

A2
—<p-—1 (23)
A

on the eigenvalues of the Steklov problem (6). We now complete the proof by showing that this inequality cannot
hold. Recall from (7) that

N LonpaD
1N 4l 2@

, =1,2,...,
2 Iynp—2(l)

where I, is the modified Bessel function of the first kind of order v.
Since (see [1]) 1, (x) = [+1(x) + )%IV (x) holds for all x and all v, we see that
Tynp—1(1)
Ign2—2(1)
We also recall from [1] that 1,_1(x) — I,+1(x) = %Iv(x), so that 1,_1(1)/1,(1) > 2v. Therefore
Ay T+ Inppi(D/In (1) - 1 _Inpa(1) >2ﬁ
A Injp2(D)/Inj2-1(1) Inp (D) /Injp—-1(1) Inp(h) ~ 72
Thus, if (23) holds, then by our choice of p,
A N+2
N < 22 <p—-1< —+,
A N -2
which is false for every N > 4. If N = 3, the inequality is false not in the whole interval (2, 2*) = (2, 6), but only in a

subinterval (2, p), with p € (24, 2*) = (4, 6) (an approximate value of A, /A1 is 3.8, which would locate p around 4.8).
In both cases this is the required contradiction, and the proof is complete. O

Mo=k—1+ 24)

=N.

Remark 3.7. In the previous proposition, one cannot hope to get, when N = 3, the whole interval (2, 2*) as for N = 4.
Indeed testing Q) (iy) With @2, the second eigenfunction of the Steklov problem, one sees easily that Q7 (uq) - <p§ <0
for p close to 2* and « large. The fact that for o large QJ, (uy) becomes indefinite for some p € (24,2*) is thus a
peculiarity of dimension three.

Proposition 3.6, together with the fact that O, is homogeneous of degree zero constitutes the proof of the following
result.
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Theorem 3.8. Forall p € (2,2*) if N >4 (resp. p € (2, p) if N =3) and all « large enough, the minimizers uy of Qy
over Hrlad(.Q) are local minima of Qg over the whole space H'(£2).

4. Uniqueness of radial minimizers

As an application of the discussion carried out in the previous section, we now give a uniqueness result for radial
minimizers of Q.

Theorem 4.1. For every p € (2,2*) if N > 4, orevery p € (2, p) if N = 3, there exists a(p) such that for all « > a(p),
the problem

Jlul?
wer! (@) (o lulP|x|® dx)?/»

al

has a unique positive solution (normalized by ||u| = 1).

Proof. Fix p in the appropriate range, according to the value of N, and assume on the contrary that for an unbounded
sequence of «’s, denoted by A, there exist two minimizers u, and v, of Q4 over HrLd(.Q), normalized by ||uy| =
llve |l = 1.

By Theorem 2.7 and Lemma 3.2 we have that, as « — oo in A,
ug —> @1 and vy —> @1 in Hl(.Q) and in CO(S_Z).
Moreover, both u,, and v, solve

—Au+u= mfx’,/,2|x|0‘u”_l in £2,
ou (25)
— =0 on d§2
ov
with mg , ~ (@ + N)?/P|02|172/P ).
Subtracting (25) for v, from (25) for u, and setting wy = 1y — vy, We see that w,, solves

—Awg +we = (p — DmEP|x|%cqwy  in 2,

ou (26)
— =0 on 0s2,
v

where
1
Co = /(va (g —ve) 2 de,
0

By assumption u, # vy for all ¢ € A, so that we can divide the equations in (26) by |jwy || and set ¥, = wy /|| Wy |-
Then we obtain that v, satisfies

2 .
— AV + Yo = (p— DmE x| %cqtpy  in 2,

Wa =0 on 42, @7
ov
el =1
forall @ € A.

Since ||y || = 1, we can assume that (up to a subsequence), ¥, — ¥ weakly in H 1(£2) and strongly in L9(9£2)
for all g < 2.

We now show that it cannot be = 0. Indeed, noticing that by Lemma 3.2 we have |cy|lco < C uniformly in «,
and multiplying (27) by v, we obtain (using (@ + N)|x|* =div |x|*x)
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2 2
1= Yal? = (p — hm?; /cax/f§|x|“dx <Cmb); fw§|x|“dx <Cla +N)/w§|x|“dx
2 22 2

1/2
=C( Vg do —2 wavwa~x|x|°‘dx><c( wida+2||wa||( wédx) )
e ! /

If ¥ were identically zero, we would have ¥, — 0 strongly in L?(£2) and in L?(9£2), so that the preceding inequality
would yield 1 = || I> <o(l), as @ — oo in A, a contradiction. Therefore i = 0.
To proceed we notice that, still by Lemma 3.2, we have

= ol inCY(2). (28)
Multiplying (27) by ¢ € H'(£2) and integrating we obtain
(Y $) = (p — Dm? / catliadlxl® dx = (p — D(121P> 1A 4 o()) (@ + N) / caliadlxl®dr.  (29)

2 Q
Now

(@ +N>/ca1/fa¢|x|“dx —at N)/wf"zwawxwdx <+t N)/yca P 2| Wullx|* dx
2 2 2

< e — 0 72 o e+ N)f Wl ]]x[* dx
2

and

172 1/2
(U+N)f|1ﬁa||¢||x|“dx< <(06+N)/%2l|x|“dx> ((06+N)/¢2|X|“dx>
19 2 2

1/2 1/2
< </W§da—2/wavwa-x|x|“dx) </¢2do—2/¢v¢-x|x|°‘dx)
2 2

082 082
<C

as o — 00, since all the integrals are uniformly bounded.
This and the preceding inequality show that

(a+N)/Ca1/fa¢|x|“dX=(Ot+N)/<Pf721/fa¢IXI“dX+O(1)
2 2

as @ — oo in A. Finally we notice that

@+ N) / P Yuplx|? dx = / o7 Y do — / V(! Yad) - x|x|* dx
2

a2 2

-2
= / o1 Vapdo +o(D),
Yo,
due to by now familiar computations. Inserting this in the left-hand side of (29) yields, as @ — o0,

(Ve §) = (p — D(102[7/> 12072 4 o(1>)( / 0P Yo do +o<1>).

082

Letting « — oo in A (and recalling that <pf72 = |8.Q|1_1’/2)L}7p/2 on 0£2), we obtain

(U.¢)=(p— D / V¢ do,
a0
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for all ¢ € H'(£2). In other words, ¥ is a (nontrivial) solution of the problem

—AYy+v¥ =0 in £2,
d 30
W (p—ay onoge. (30)
av
Thus the number (p — 1)A1 must be one of the eigenvalues A; of the Steklov problem. However (p — 1)A1 > X1
because p > 2,and (p — 1)A; < Ay forall p € (2,2%) if N >4 and all p € (2, p) if N = 3, as have already proved in
Proposition 3.6. This is a contradiction, and the proof is complete. O

5. A detour on the trace inequalities

In this section we analyze a little more closely the relations between the minimization of Q, and some Sobolev
trace inequalities. Although we have already used some more or less evident link between the two, we have not yet
formalized the question.

In our context the trace inequalities state that the embedding of H 1 (£2) into L?(082) is continuous for p € [1, 2,];
that is, for all p € [1, 2,] there exists C > 0 such that

2/p
(/ |u|f’da> < Cllul?

Yo,
for every u € H(£2). We set

S,= inf L (31)
P ueH () (fag |u|pdo-)2/p
and we recall that S}, is attained for p € [1,2,) because the corresponding embedding is compact. If p = 2, the
embedding is no longer compact and the situation is more complex, see [10] and references therein, and only partial
results are known. However, combining the condition of Theorem 1 of [10] with the results of [8], one can say that
for the unit ball §2 the constant Sy, is attained.

The question of the symmetry of minimizer of S, has been treated in [13,9], and [7] (see also the references in
these papers).

Roughly speaking it turns out that radial symmetry of minimizers depends on the size of the domain. Confining
ourselves to the context where 2 is the unit ball, the main results about symmetry (deduced from [7,9] and [13]) take
the following form: denoting by (2 the ball of radius u centered at zero, then the functions that attain S}, in (31) are
radial for all u small enough, and nonradial for all x large enough.

The same kind of phenomenon takes place for a fixed domain, say §2, but when p varies: it has been proved in [13]
(for more general problems) that minimizers of (31) are radial for all p close enough to 2, and nonradial for p large.

For further reference we quote a part of Theorem 2 of [13], specialized to our context. In its statement A; denotes,
as usual, the first eigenvalue of the Steklov problem (6).

Theorem 5.1 (Lami Dozo, Torné). If

1
p—1>k—%(1—(N—1))L1), (32)

then no minimizer of (31) is radial.

Below we will give an interpretation of the number appearing in the right-hand side of (32).
Notice that minimizers of S}, normalized by ||u|| = 1, are solutions of

—Au+u=0 in £2,

0

a_u = AS'I{;/ZMP_1 on ds2.
v

(33)
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Let us now return to the Hénon problem. In the rest of this section we always assume that p € (2, 2,). The link with
the trace inequalities is given by (ii) of Lemma 2.5; indeed, denoting by S, : H L)\ Hé (£2) — R the functional
>
(Jyq lulP do)?/p”
Lemma 2.5 shows that as o« — 00,

Qq(u)
(@ + N)2/p

Spu) =

=8p) +o(l)

uniformly on bounded subsets of H'(£2). This fact, that we have already used, has further consequences that we now
examine, especially in connection with the results on Q7 (uy) of Section 3.

Theorem 5.2. For all p € (2,2,) the minimizers of Sp over Hrlad(.Q) are local minima of S, over the whole space
H'(2).

Proof. It is a simplified version of the proof of Proposition 3.6. Indeed we will show that if u is a minimizer of S,
over Hrlad(.Q), then

vrenTi:]S Sy ) - v2 >0, (34)
llvll=1

where T,S = {v € H' (2): (u,v) =0}.

Notice that, by (33), (u, v) =0 is equivalent to fa_(z uP~lydo =0.

Since u minimizes S, among radial functions, we have that u = ¢; and S, (u) = S, (¢1) =102 |1’2/ P )1; therefore,
with the same arguments as in Lemma 3.1 we see that

S}Z(u)-v2=S}ﬁ(¢1)-v2=2I39|12/”M<||v||2 —(p— 1>|89|P/“x{’/2/<o{"2v2da) (35)
a2

forall v e T,,S.
Recalling that ¢ (1)7~2 = [382|'~P/? A}*P/Z, and taking ||v|| = 1, we arrive at

Sh(u) - v* =2[082|' 7P, (1 —(p— D / v2do>.
082

Since v € T, S, we have faQ v2do < 1/A2, so that

A
S" ) -v2 = 20021701 — (p - 1L
p A2

for all v € T, S, with ||v|| = 1. By the results at the end of the proof of Proposition 3.6 the number in the right-hand
side of the preceding inequality is uniformly positive, for all p € (2, 2,), which shows that SZ (u) is positive definite

on T, S. Hence u = ¢ is a local minimum for S, over HY(£2). O

Some comments are in order. It is not known whether the best constant S, is attained by a radial function for all
p € (2,2,). If the ground states are not radial for some p, it is quite natural to expect that they bifurcate from the
branch of radial minimizers. Theorem 5.2 shows however that this is definitely not the case: nondegeneracy of radial
minimizers over the whole space H'(£2) rules out any bifurcation phenomenon. Nonradial ground states, if any exist,
are rather “separated objects”, located far away from the radial minimizers and whose existence begins only after a
certain value of p.

It is also interesting to compare our results with Theorem 5.1, by Lami Dozo and Torné (the actual result from [13]
is much more general and applies to a wider class of problems). Theorem 5.1 states that if

1
P17 (-0, (36)
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then no minimizer of (31) is radial; the argument consists in showing that a suitable (small nonradial) variation of
a radial minimizer makes the functional S, (u) decrease. Therefore we are in the presence of a local phenomenon,
around radial minimizers.

On the other hand, Theorem 5.2 shows that radial minimizers are local minima over the whole space H L), for
all p € (2,2,); the key argument is the fact already proved that for all these p,

p—1<—. 37

A natural question is to compare the conditions (36) and (37); our intent is to give a natural interpretation of (36).
The next result shows that the two conditions are in some sense dual.

Proposition 5.3. There results
1 Ao
—(1 = (N —=Dr) =—. 38
/\%( ( )A1) o (38)
Proof. We recall from (24) that
I —1(1
ek 1y TN 1(D)
Ty nyja—2(1)
forall k =1,2,....In particular,
1 1 I 1
= Ny2(D) and p = Ny2+1(1)
Injp-1(D) Iny2(1)
To prove (38) we have to show that Al—l —N+1=xr.

The already used recursive relation 7,1 (x) = [, +1(x) + zx—”IV (x), forv=N/2 and x = 1 reads

Injp—1 (D) =Inpp+1(1) + Ninp(1).

Therefore
1 Inn_1(1 1 1 NI 1 1 1
Lo yai2Ive 1()—N+1= Ny2+1(1) + N/2()_N+1= N/2+1()+1:)\2' -
Al Iny2(1) Iny2(1) Inj2(1)

Although (36) or (37) are only sufficient conditions for the existence of nonradial minimizers, the fact that A, /A1 >
N/(N —2)=2,—1 for all N > 3 (proved in Section 3) and the variational properties of the radial minimizers
described in this section seem to provide some evidence towards the validity of the following

Conjecture. For all N > 3 and for all p € (2, 2y), the best constant S, for the trace inequality on the unit ball of RY
is attained by a radial function.

6. Symmetry for slow growth

In this final section we return to the Neumann problem for the Hénon equation. We have seen that for every
p € (24,2%) the minimizers of Q, are not radial provided « is sufficiently large. In the interval (2, 2,) the situation
is less clear, since it depends on the symmetry properties of the minimizers of the trace inequality, which are not
precisely known for the unit ball. We point out that even if one knows that the minimizers of S, are radial, it is not
clear a priori that also the minimizers of Q, should be radial.

In this section we investigate the symmetry of minimizers when p is close to 2. It is interesting to keep in mind the
behavior of minimizers for the Dirichlet problem described in [18]: in that case the authors showed that for p close to
2 minimizers are nonradial only if « is very large (the threshold o* between radial and nonradial minimizers tends to
infinity as p — 2). However the symmetry breaking phenomenon persists, as for a fixed p close to 2 one has nonradial
solutions for very large «.

We show in Theorem 6.1 below that this is not the case for minimization in H'!(£2): for p close to 2 minimizers
are radial for all « large enough.
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Of course we take advantage of some result for the “limit” problem given by the minimization of S,. The precise
result we need is contained in Theorem 4 of [13]. There it is proved that there exists p € (2, 2,] such that for every
p € (2, p] the problem min, . 1) Sp(u) has a unique solution, which is radial. Of course this solution (with norm

equal to one) is @1, and Sy (¢1) = 1092|12/P ).

Theorem 6.1. Let p € (2, p). For every « large enough the problem

flue?
uet'(2) (fq |u|P|x|* dx)?/P

has a unique positive solution (normalized by ||u|| = 1), and it is a radial function.

(39)

Proof. The proof of this theorem follows very closely that of Theorem 4.1; the main difference comes from the fact
that in the present case we are not dealing with radial functions, which tends to complicate things. On the other hand
we will profit of the fact that we are now working with p < 2,.

By Lemma 2.5 we have that as o« — o0,

Qo (u) _
m = Sp(u) +o(1)
uniformly on bounded subsets of H'(£2); thus, setting m, = min @)ns Qo We see that
my ~ (o + N)P1a2|'72/P ).

Letuy € H' (£2) NS be (positive and) such that Q4 (uy) = my. Then, up to subsequences, u, — u weakly in H! (£2),
and strongly in L?(£2) and in L?(9£2), since p < 2. Notice that u = 0, because otherwise

992127 +o(l) = — " = +o(1) = oo,
(a+ NP (fouldo)?/p
which is absurd.
Furthermore, since p < p,
_ , lvll® lue]I> 1
321'"2Pr = m < <
O = ) g v do 27 S (fogur da 27 S ([ ur do) /7
. 1 . Qu(ug) ) 1-2
=lim =lim +o(1) ) =007/ Pa,.
o (fagugdo-)z/P a <(a+N)2/P M | | !
Therefore we have that ||u|| = 1 and that u is a minimizer for S,. By the above quoted results and the assumption

p < p,itmust be u = ¢;. We conclude that every sequence of minimizers for Q, converges to ¢; strongly in H'!(£2).
We now show that Q,, has a unique minimizer for « large. Suppose this is not true; then for every « in an unbounded

set A, there exist two distinct minimizers u, and v,. As in the proof of Theorem 4.1, if we set
Uy — Vg
Yo

It — vall '

we see that it solves

2 .
— AV + Yo = (p — DYmE x|y in 2,

9 (40)
Vo =0 on 42,
ov

with
1
Cq = /(va +t(ug — vw))‘”_2 dr.
0

Notice that |cg| < (g + vo)P 2.
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Since ¥, € S, up to subsequences we can assume that ¥, — i weakly in H 1) and strongly in LP(£2) and
in L?(9$2). We claim that y # 0. To see this we multiply the equation in (40) by ¥, and we use Lemma 2.5 to obtain

L= Yl = (p 1>m§/"/cax/f§|x|“ dr = (p — D(IRIPP A + o(1)) (@ + N) / catr2 x| dx
2 2

1-2/p 2/p
< C((a +N) f P/ (P=D) |y dx) <(a +N) f vl x| dx)
2 2

1-2/p 2/p
<C<(a+N)/(Ma+va)p|x|°‘dx> (/w5d0+0(1)>
2 082

1-2/p 2/p 2/p
<C< /(ua+va)1’do +0(1)> (/¢£do+0(l)> gC( / vl do +0(1)> .
982 a2 a2

If ¢ is zero, then the strong convergence of ¥, in L?(3$2) gives a contradiction.
We now pass to the limit in the weak form of (40), which is

(Var ) = (p — 2P / caViadl|® dx
2
forall p € H'(£2).
We write

(o + N)/cawa¢|x|“dx =(a+ N)[/ﬁﬂlp_zwml)d“dx + /(ca — wf‘z)wa¢|x|“dx]
2

2 2

—a+ N)[ [ et voitac+ [ o0, - visieras

2 ko)

-2
+ /(ca o1 )Vadlx| dx]
Q
and we evaluate the three terms in the right-hand side separately. For the first one we have

@+ [ of Pupialar= [ of Pvodo — [ Viefve)- i dx,
2 80 2
and, by Holder inequality,

’/ V(@] Pye) - Ix|"x dx
2

< c/ 1111 dx + c/(|¢||w| IVl dx
2

2

1/N 1/N
< C|IW||2I|¢|I2*(f leaNdX> + C(IV¥l2lipll2s + ||V¢||2||1ﬁ||2*)</ |X|aNdx) =o(l)
2 2

as o — 00. Therefore
(@+ N) / ol 2P lx|? dx = / P2 Yddo +o(1).
2 082

For the second term we apply Holder inequality to obtain, by Lemma 2.5,
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(@+N) [ 0P 2 (Yo — Y)Plx|¥ dx
2

1-2/p 1/p 1/p
< ((a+N)/<pf’IXI°‘dX) ((a+N)/|%—¢|”IXI“dx> ((a+N)/I¢I”|xI“dX>
Q Q Q
1-2/p 1/p 1/p
- </<pfdo +o(1)> (/ Vo — Y17 do +o(1>) <f 1617 do +o<1>> —o(1)
Y, Q Q

because Y, — ¥ strongly in L”(952).
Finally, for the third term we write

(@+N) / ) ulx]® dx < <<a+N) / lcw — qof"2|”/(”‘2)|x|“dx>

1/p l/p
X ((cx+N)/|wa|”IxI°‘dx> <(oc+N)/|¢|”IXI“dX>
2 Q

and we readily recognize, as above, that the last two integrals are uniformly bounded as o« — oo. Recalling the
definition of ¢, it is easy to see that the first integral goes to zero as o — oo.
Putting together the above estimates we can say that

(p=2)/p

(Vo §) = (p — D(102172 1207 & o(1>)( f P 2y pdo + o(l)),
082
so that, when o — o0,

(¢,¢)=(p—1))»1/¢¢d6, (41)

for all ¢ € H'(£2) (we have used the fact that <pf_2 = |8.Q|1_1’/2)Li_p/2 on 3£2). Eq. (41) says that v is a (nontrivial)
weak solution of

—AY +¢Y =0 in £2,

?;/’ =(p— 1Dy onds.

Since we know that (p — 1)A; is not an eigenvalue of the Steklov problem (6), we conclude that i = 0, a contradiction.
Therefore uy = v, for all o large. In other words, problem (39) has a unique solution for p € (2, p) and « large.
Since (39) is invariant under rotations, this solution must be radial. O
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