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Abstract

In this paper we prove a sufficient condition, in terms of the behavior of a ground state of a singular p-Laplacian problem with
a potential term, such that a nonzero subsolution of another such problem is also a ground state. Unlike in the linear case (p =2),
this condition involves comparison of both the functions and of their gradients.
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1. Introduction

Positivity properties of quasilinear elliptic equations, in particular those with the p-Laplacian term in the principal
part, have been extensively studied over the recent decades (see for example [2,3,6,10] and the references therein).
Fix p € (1, 00), and a domain 2 € R?. In this paper we use positivity properties of such equations to prove a general
Liouville comparison principle for equations of the form

~A,)+ VulP2u=0 in,
where A, (u) :=V- (|IVu|P~2Vu) is the p-Laplacian, and V € L> ($2; R) is a given potential. Throughout this paper
we assume that
) :=/(|Vu|”+V|u|”)dx>0 (1.1)
Q

for all u € C3°(£2).
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Definition 1.1. We say that a function v € Wli)’cp (£2) is a (weak) solution of the equation

1
—Q'(v):=—A,() + V|| 2v=0 in£, (1.2)
p

if for every ¢ € C°(£2)
/(|W|P*2W-V¢+V|v|1’*2w) dx =0. (1.3)
2

We say that a real function v € Clloc(.Q) is a supersolution (resp. subsolution) of Eq. (1.2) if for every nonnegative
@€ C(82)

/(|VU|P—2VU Vo + V[v|"2vp)dx >0 (resp. <0). (1.4)
2

Remark 1.2. It is well known that any weak solution of (1.2) admits Holder continuous first derivatives, and that any
nonnegative solution of (1.2) satisfies the Harnack inequality [12,13,15].

Definition 1.3. We say that the functional Q has a weighted spectral gap in S2 if there is a positive continuous function
W in £2 such that

Q(u)>fW|u|de Vu e CF(R). (1.5)
2

Definition 1.4. Let Q be a nonnegative functional on C§°(§2). We say that a sequence {u;} C C§°(§2) of nonnegative

functions is a null sequence of the functional Q in £2, if there exists an open set B € £2 (i.e., B is compact in £2) such
that 5 lux|? dx =1, and

lim Q(ux) = lim /(IVukV’ + V]ug|?) dx =0. (1.6)
k— 00 k—00
2

1

loc (£2) is a ground state of the functional Q in 2 if v is an L? (£2) limit of a

We say that a positive function v € C Toc

null sequence of Q.

Remark 1.5. The requirement that {u;} C C(‘)’O(.Q), can clearly be weakened by assuming only that {u;} C W(} P2).
Also the requirement that f g lug]? dx =1 can be replaced by f g lukl? dx < 1, where f; < g means that there exists
a positive constant C such that C~'g; < fi < Cgy forall k € N.

The following theorem was proved in [10].

Theorem 1.6. Let 2 € R? be a domain, V € L. (£2), and p € (1, 00). Suppose that the functional Q is nonnegative
on Ci°(82). Then

(a) Q has either a weighted spectral gap or a ground state.
(b) If Q admits a ground state v, then v > 0 and v satisfies (1.2).
(¢) The functional Q admits a ground state if and only if (1.2) admits a unique positive supersolution.

Example 1.7. Consider the functional Q(u) := fRd |Vul|? dx. It follows from [7, Theorem 2] that if d < p, then Q
admits a ground state ¢ = constant in R?. On the other hand, if d > p, then
u(x):=[1+ |x|p/(p*1)](p7d)/p, v(x) = constant

are two positive supersolutions of the equation —A ,(u) =0 in R?. Therefore, Theorem 1.6(c) implies that if d > p,
then Q has a weighted spectral gap in R¥. See also Example 3.2.
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In a recent paper [9], Theorem 1.6 was used in order to prove, for p = 2, the following Liouville-type statement.

Theorem 1.8. ([9]) Let 2 be a domain in R?, d > 1. Consider two strictly elliptic Schridinger operators defined on
£2 of the form

Pj:=—-V-(A;V)+V;, j=0,1, (1.7)
where V; € Lf;c(.Q; R) for some p > d/2, and A;: 2 — RY are measurable symmetric matrices such that for any
K E $2 there exists wg > 1 such that

we'la <Aj(x) <pxly VxeK. (1.8)
(Here 1 is the d-dimensional identity matrix, and the matrix inequality A < B means that B — A is a nonnegative
matrix on R4.)

Assume that the following assumptions hold true.

(1) The operator Py admits a ground state ¢ in S2.
(1) Py=0o0n Cgo(.Q), and there exists a real function W € HILC
U4 (x) :=max{0, u(x)}.
(iii) The following matrix inequality holds
(Y2 () A0(x) < CY* (A (x)  ae.in 2, (1.9)

where C > 0 is a positive constant.

(82) such that ¥4 # 0, and Py < 0 in $2, where

Then the operator Py admits a ground state in §2, and  is the corresponding ground state. In particular, r is (up
to a multiplicative constant) the unique positive supersolution of the equation Pou =0 in 2.

The purpose of this paper is to find an analog of Theorem 1.8 when p # 2. The main statement is as follows.
Theorem 1.9. Let 2 be a domain in R?, d > 1, and let pe(l,00). For j=0,1,letV; € LfO%(Q), and let

Q;u) = /(|Vu(x)|p + Vi@)|u@)|")dx ue C§).
Q
Assume that the following assumptions hold true.

(1) The functional Q1 admits a ground state ¢ in §2.
(i) Qo =0 on C3°(82), and the equation Qz)(u) =0 in £2 admits a subsolution {r € Wlt’cp(.Q) satisfying ¥4 # 0.
(iii) The following inequality holds almost everywhere in 2

¥, < Co, (1.10)

where C > 0 is a positive constant.
(iv) The following inequality holds almost everywhere in 2 N {3y > 0}

VY |P~2 < C|Vp|P72, (1.11)

where C > 0 is a positive constant.

Then the functional Q¢ admits a ground state in $2, and  is the ground state. In particular, \ is (up to a multiplicative
constant) the unique positive supersolution of the equation Qf)(u) =0in $2.

Remark 1.10. Condition (1.11) is redundant for p = 2. For p # 2 it is equivalent to the assumption that the following
inequality holds in £2:

VY| < ClVel if p>12, 01
VY| =2 CIVe| if p <2, .

where C > 0 is a positive constant.
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Remark 1.11. This theorem holds if, in addition to (1.10), one assumes instead of |Vy|?~2 < C|Ve|P~2 in
2 N{y > 0} (see (1.11)), that the following inequality holds true almost everywhere in £2 N {1 > 0}

YV Y|P2 < Cp? Ve P72, (1.13)

where C > 0 is a positive constant. This can be easily observed by repeating the proof of Theorem 1.9 with the
equivalent energy functional represented in the form (2.14) instead of (2.13).

Remark 1.12. Suppose that 1 < p < 2, and assume that the ground state ¢ > 0 of the functional Q is such that w =1
is a ground state of the functional

Ef(w):/gopwwwdx, (1.14)
22

that is, there is a sequence {wy} C C;°(£2) of nonnegative functions satisfying E‘lp(wk) — 0, and fB |wg|? =1 for
a fixed B € §2 (this implies that wy — 1 in L{; -(£2)). In this case, the conclusion of Theorem 1.9 holds if there is
a nonnegative subsolution ¥, of Qg (u) = 0 satisfying (1.10) alone, without any assumption on the gradients (like
(1.11) or (1.13)). This statement follows from the proof of Theorem 1.9 together with the trivial inequality

/u2|Vw|2(w|vU|+u|Vw|)”*2dxg/ul’wwwdx
2 2

which actually holds pointwise. We use this observation in Example 3.2.

Remark 1.13. By Picone identity, a nonnegative functional Q can be represented as the integral of a nonnegative
Lagrangian L. Although the expression for L contains an indefinite term (see (2.2)), it admits a two-sided estimate
by a simplified Lagrangian with nonnegative terms (see Lemma 2.2). We call the functional associated with this
simplified Lagrangian the simplified energy. It plays a crucial role in the proof of Theorem 1.9.

Remark 1.14. Condition (1.11) is essential when p > 2, and presumably also when p < 2. When p > 2, 2 =R< and
V is radially symmetric, Proposition 4.2 shows that the simplified energy functional is not equivalent to either of its
two terms that lead to conditions (1.10) and (1.11), respectively (see also Remark 4.1).

The outline of the paper is as follows. In Section 2 we study the representation of Q as a functional with a positive
Lagrangian, and derive the equivalent simplified energy. Theorem 1.9 is proved in Section 3, and Section 4 is devoted
to the irreducibility of the simplified energy to either of its terms. In Section 5, we study a connection between the
ground states of the functional Q and of its linearization.

2. Picone identity

Letv>0,veCl (2),andu >0, u € C;°(£2). Denote

loc
uPf o
R(u,v) :=|Vu|p—V<ﬁ>-|Vv|f" Vv, 2.1)
v
and

ub~1

SV |Vo|P2V. (2.2)
v

L(u,v):=|Vul’ + (p — 1)Z—i|VU|p -p
Then the following (generalized) Picone identity holds [5,2,3]

R(u,v) =L(u,v). (2.3)
Write L(u, v) = Li(u,v) + L (u, v), where

p—1
— I 2.4)

ub
Li(u,v):=|Vul’ + (p — D) —|Vv|’ — p—
vP vP
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and

Ly(u,v) ::p—le|P72(|Vu||Vv| —Vu~Vv) >0. (2.5)

ub=1
pp-l

From the obvious inequality t” 4+ (p — 1) — pt > 0, we also have that L («, v) > 0. Therefore, L(u, v) > 0in £2. Let

v E Clloc(.Q) be a positive solution (resp. subsolution) of (1.2). Using (2.3) and (1.3) (resp. (1.4)), we infer that for
every u € Cg°(£2), u > 0,
Q(u):/L(u,v)dx, resp. Q(u)é/L(u,v)dx. (2.6)
2 Q

Let now w := u /v, where v is a positive solution of (1.2) and u € Cgo(.Q), u > 0. Then 2.6 implies

Q(vw) = f[|va +wVol? —wP[Vol? — pwP~ |V 72V - V] dx. 2.7
Q
Similarly, if v is a nonnegative subsolution of (1.2), then

0(vw) < /[|va +wVol? —wP Vol — pwP~ | VP2V . Vu]dx. (2.8)
2

A need to study the linearized operator arises at a certain step in this paper. This linearized operator is a Schrodinger
operator of the form

Pu:=(-V-(AV)+V)u ing. (2.9)

We assume that V € Lﬁfc(.Q; R), and A: 2 — R? is a measurable (symmetric) matrix valued function satisfying

(1.8). We consider the quadratic form

afu] == /(AVu -Vu+ Vul?)dx (2.10)
Q
on C8° (£2) associated with the operator P. We have the following version of Picone identity (see [10]).

Lemma 2.1. Let v be a (real valued) solution of the equation Py =0 in $2. Then for any v € C;°(£2) we have

a[wv]=/w2AVv~Vvdx. (2.11)
2

Moreover, if ¥ € HILC(.Q) is a nonnegative subsolution of the equation Py =0 in §2, then for any nonnegative
v e Cy°(82) we have

a[yv] </¢2Aw.v1}dx. (2.12)
2

So, in the linear case, the quadratic form induces a convenient weighted (Dirichlet-type) norm
)% := / Y?AVv-Vodx on C(£2).
2
Recall that in the quasilinear case (p # 2), the Lagrangian L in Picone’s identity and (2.7) contain indefinite terms.

Therefore, it is more convenient to replace identity (2.7) by two-sided inequalities with a simpler expression which
we call the simplified energy.

Lemma 2.2. Let v € Clloc(.Q) be a positive solution of (1.2) and let w € Cé (82) be a nonnegative function. Then

Q(vw)x/v2|Vw|2(w|Vv|+v|Vw|)p_2dx. (2.13)
2
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Moreover, for all p #?2
Q(vw)xC/|Vw|2(w|Vv|vﬁ +v%|Vw|)p_2dx (2.14)
Q
In particular, for p > 2 we have
0(vw) =< /(vawlp +0? Vo 2wl 2 Vw|?) dx. (2.15)
Q

If v is only a nonnegative subsolution of (1.2), then

Q(vw) < C / v [Vw? (w| Vo] + v|Vw|)p_2dx. (2.16)
2N{v>0}
If p # 2, then
2 —
Qww)<C / |Vw|2(w|Vv|vﬁ +vﬁ|Vw|)p 2 dx. (2.17)
2N{v>0}

Moreover, for p > 2 we have

0(vw) < C/(v”|Vw|” + 0% Vo|P 2w Vw|?) dx. (2.18)
2
Proof. Let 1 < p < co. We need the following elementary algebraic vector inequality (cf. [4,14])
la+bIP —|al? — pla|”2a - b= b[*(ja| + b])" (2.19)

forall a, b e RY.
Indeed, let t = |b|/|a| and 6 = (a - b)/(|a||b]). Note that for —1 <0 < 1

12420t +11P12—1—pot
m

tlioo 203 02 =1 uniformly, (2.20)
and

lim 1CH200 1P Z 1 por P14+ (p-20%>C,>0. @21)

=04 t2(1 +1)P—2 2 P

Finally, we claim that for > 0 and —1 < 6 < 1 we have

F@,0) =] +200 + 1”2 —1 - por>o. (2.22)
Indeed, set s := (t2+ 26t + 1)!/2 > 0, then

f@.0)=[s"+(p—1)—ps|+p[(*+20t+1) " —1—01].

Clearly, for s > 0 we have, g(s) :=[s” + (p — 1) — ps] 2 0, and g(s) = 0 if and only if s = 1, which holds if and
only if t = —26.
On the other hand, let

h(t,0) = p[(t* +260+1)" —1-61].

Then h(z,6) > 0, and h(t,0) =0 if and only if & = £1. Note that if 6 = —1 and r = —26, then we have f (2, —1) =
2p > 0.Thus, f(¢,0) >0forallt >0and —1 <6 < 1.
Therefore, for 1 < p < oo, relations (2.20)—(2.22) imply

12

12

| +261 + 1|”/2 —1—pot=<t*(1+1)P2,
Thus, (2.19) holds true for all a, b € R,
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Set now a := w|Vv|, b := v|Vw]|. Then we obtain (2.13) and (2.16) by applying (2.19) to (2.7) and (2.8), respec-

tively. O

The following Allegretto—Piepenbrink-type theorem was proved in [10].

Theorem 2.3. ([10, Theorem 2.3]) Let Q be a functional of the form (1.1). Then the following assertions are equivalent

(i) The functional Q is nonnegative on C;°(£2).
(i) Eq. (1.2) admits a global positive solution.
(iii) Eq. (1.2) admits a global positive supersolution.
The next lemma is well known for p =2 (see for example [1, Lemma 2.9]).

Lemma 2.4. Let v € Clloc(.Q) be a subsolution of Eq. (1.2). Then vy is also a subsolution of (1.2).

Proof. Fix ¢ € CSO(SZ), ¢ > 0. As in [1, Lemma 2.9], define for ¢ > 0

ve+v
Vg 1= (v2 + 82)1/2, and @, = — +
2V,

Then v, — |v|, Vv, — V]v|, and @, — (sgnvy)e as € — 0. An elementary computation shows that

Q.

vy
Vv - Vo< Vo -V — |,

Ve

and therefore,
v(vfgv) Vo < VvV,

Since

/(|Vv|1”2Vv Ve + VIv|Pvg, ) dx <0,
2
it follows that

/<|W|1’—2v<¥> Vo + V|v|1’_2v(pg> dx <0.

Letting ¢ — 0 we obtain

/(|Vv+|P72Vv+ -V¢+V|v+|p72v+g0)dx <0. ]
2

3. Proof of the main result

Proof of Theorem 1.9. By Lemma 2.4, we may assume that i > 0.

(2.23)

(2.24)

(2.25)

Let {ux} be a null sequence for Q1, that is Q1 (ux) — 0 and, for some nonempty open set B € §2, fB u,f dx =1.
Without loss of generality, we may assume that B C supp . Let wy := uy /. From (2.13) it follows that with some

C>0

-2
/¢2|Vwk|2(wklvfﬂl + | Vwg])’ " dx < C Q1 (ux) — 0.
Q2
Fix a, B € R, then the function f: Ri — R, defined by

Fs,0) =22 (s P2 ar)P?
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is nondecreasing monotone function in each variable separately. Hence, assumptions (1.10) and (1.11) imply that

/W2|Vwk|2(wk|vw|+W|Vwk|)p_2d)€—>0-
2

Together with (2.13) this implies that Qo(¥wx) — 0. On the other hand, since wy — 1 in Lf;c(.Q), it follows that
Ywy — ¥ in Lf;c(.Q). Consequently, fB (ppw,fdx = 1 implies that fB wpw,fdx =< 1. In light of Remark 1.5, we
conclude that ¥ is a ground state of Qp. O

Example 3.1. Assume that | <d < p<2,p>1,02= RY, and consider the functional O1(n) = -[Rd [Vu|P dx. By
Example 1.7, the functional Q; admits a ground state ¢ = constant in R?.

Let Qg be a functional of the form (1.1) satisfying Qg > 0 on Cgo (RYY. Let Ve Wli)’cp (R, ¥4 # 0 be a subso-
Iution of the equation Q6(u) =0 in R?, such that Yy € L% (RY). 1t follows from Theorem 1.9 that v is the ground
state of Q¢ in R¥. In particular, ¥ is (up to a multiplicative constant) the unique positive supersolution and unique
bounded solution of the equation Q( () =0 in R¢. Note that there is no assumption on the behavior of the potential

Vj at infinity. This result generalizes some striking Liouville theorems for Schrodinger operators on R that hold for
d=1,2and p =2 (see [9, Theorems 1.4—1.6]).

Example 3.2. Let d > 1, d # p, and £2 :=R? \ {0} be the punctured space. Let c";,d :=|(p —d)/p|P be the Hardy
constant, and consider the functional

|ul?

o IR - oo

0u) ._/<|Vu| Cp.d x| dx, ueCy(£2). (3.1)
2

By Hardy’s inequality, Q is nonnegative on C§°(§2). The proof of Theorem 1.3 in [11] shows that Q admits a null

sequence. It can be easily checked that the function v(r) := |r|?~%)/? is a positive solution of the corresponding

radial equation:

d—1 p-2
—Iv/lp‘z[(p — v’ + Tv’] —cty '”'rp L0, re(0,00).

Therefore, ¢ (x) := |x|P~9/P is the ground state of the equation

|ul?~u :
—Ap(u)—c;dwzo in £2. (3.2)

Note that ¢ ¢ WIL’CP (R?) for p # d. In particular, ¢ is not a positive supersolution of the equation A p(@)=01in R4,

Let Qo be a functional of the form (1.1) satisfying Qg > 0 on Cgo(.Q). Let ¥ € WlL’Cp(.Q), l<p<oo, p#d,
Y4 # 0, be a subsolution of the equation Q6(u) =0 in £2 satisfying

Vi) <Clx|P=7 xeq. (3.3)
When p > 2, we require in addition that the following inequality is satisfied
V@2V | <Pl xe . (3.4)

It follows from Theorem 1.9, Remark 1.11 and Remark 1.12 that v is the ground state of Qg in §2. The reason why
(3.4) is stated only for p > 2 hinges on the fact that for p < 2,

C' Qolpw) < E¥ (w) = / P4 V] d., (3.5)
2

and for all p > 1 the functional E(lp has a ground state 1. The null sequence convergent to this ground state is given
by [11], relation (2.2) with R — oo. Therefore, Remark 1.12 applies.

Next, we present a family of functionals Q¢ for which the conditions of Example 3.2 are satisfied.
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Example 3.3.Letd >2, 1l < p<d,a>0,and 2 := R4 \ {0}. Let

.
d— p)”adp/(d —p) +Ix[7
P @+ [x|7T)P

Note that if o = O this is the Hardy potential as in the Example 3.2. If Qg is the functional (1.1) with the potential
V .= W,, then

Wex) = —(

p  —W=pp=D
Vo) i= (@4 Ix|77) " 7
is a solution of Q()(u) =0 in £2, and therefore Qg > 0 on C(‘)’O(Q). Moreover, one can use the calculations of Exam-
ple 3.2 to show that v, is a ground state of Q¢. Indeed, we note first that Y = v, satisfies (3.3). If ddj < p <d, then

Y, satisfies also (3.4) and therefore, it is a ground state in this case. In the remaining case p < ddTl < 2, Example 3.2
concludes that v, is a ground state from the property of the functional (3.5).

4. The simplified energy

In this section we give examples showing that none of the terms in the simplified energy (2.15) for p > 2 is
dominated by the other, so that (2.15) cannot be further simplified. In particular, neither condition (1.10) nor condition
(1.11) in Theorem 1.9 can be omitted.

Let p>2,andfixv>0,v e Clloc(.Q). For w € C;°(£2) we denote

EY(w) :=/v”|Vw|”dx, @.1)
2
and
EY(w) :=/v2|Vv|p_2wp_2|Vw|2dx. (4.2)
2

Remark 4.1. Suppose that V =0 in §2, and assume that Q has a weighted spectral gap in §2. In this case, the
constant function v = 1 is a positive solution of (1.2) which is not a ground state in £2. Clearly, EJ =0 on C§°(£2).
Therefore, the inequality Q(vu) < CE3(u) for u € C3°(£2) is generally false, or in other words, the first term in the
simplified energy (2.15) is necessary. The above assumptions are satisfied if Q' is the p-Laplacian operator, and either
int(R4\ £2) £ 0, or 2 =R% and p < d (see Example 1.7).

In the following proposition we restrict our consideration to the case £2 = R? and a radial positive solution v.
Proposition 4.2. Let 2 =R% and p > 2.

e There exists a positive continuous radial function ¢ on R such that the simplified energy E 1‘/7 (w) + Eg’ (w) has a
weighted spectral gap, but there exist a sequence {uy} C Cg° (R?) with uy, >0, and an open set B € R? such that
E{(ur) — 0and [g|ur? dx = 1.

e Moreover, there exists a positive radial continuous function ¥ on R¢ such that the simplified energy E ip(w) +
E;#(w) has a weighted spectral gap, but there exist a sequence {vi} C Cgo(Rd) with vy > 0, and an open set
B € RY such that EY (vy) — 0 and [ |vg|? dx = 1.

Proof. Step 1. Let Q be a functional of the form (1.1) on R? with a radial potential V. By the proof of Theorem 2.3
(see [10, Theorem 2.3]), it follows that a radial functional Q is nonnegative on Cgo (Rd) if and only if the equation
Q' (u) = 0 admits a positive radial solution in R¢. On the other hand, from the standard rearrangement argument
it is evident that Q has a weighted spectral gap if and only if it has a radial weighted spectral gap with a radial,
decreasing and fast decaying weight W. Therefore, O has a weighted spectral gap if and only if there exists a positive
continuous radial potential W such that the Euler-Lagrange equation for the functional Q(u) — fRd W u|? dx has a
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positive radial solution. But such a solution is a (radial) supersolution of the equation Q’(x) = 0 in R¢ which is not
a solution. Therefore, it is sufficient to consider the restrictions of Q and Q’ to radial functions. (So, in fact, we are
dealing with a one-dimensional problem.)

Step 2. We establish for a radial function ¢ a criterion for the existence of null sequences for E (f and E;ﬂ using a
change of variable. First, for a positive continuous function ¢ on [0, co) define p1(r) by

r

p1(r) i= /[(pp(s)sd_l]_l/(p_l) ds. (4.3)
1

Assume further that p < d, then p; is well-defined on (0, 0co) and p;(0) = —o0. Since

dr _ Iz _
& pd-1\/ (=D
dpi (e"r") '

it follows that for a radially symmetric w € C§° (R%) we have

M,
E‘f(w)=/¢"|Vw|"dx=cd/|w’<m>\”dm, (4.4)
R4 —00
where
o0
My =M/ :=/(¢Prd*1)*‘/(1’*"dr. 4.5)

1

Recall that from Example 1.7 it follows that for p > 1 the p-Laplacian on (a, b) admits a ground state if and only if
(a, b) = R. Therefore, E ‘f has a null sequence if and only if M ;p = o0 and p <d (cf. [8, Theorem 3.1]).
Consider now the functional E; . The substitution u := w?/? implies that

EY(w) = / @* Vo P 2wl 2| Vw|* dx = (2/p)? f @*|VplP 2| Vul* dx. (4.6)
R4 R4
Let
.
p2(r) = / 0() 2| ()" P! ds, (4.7)

1

and assume further that d > 2, then p; is well-defined function on (0, co) and 0, (0) = —o0.
Using spherical coordinates for radial w, and then the substitution p,, we obtain

M
/ &IV~ Vw P dx = Cy / W (p2)I2 dpa,
Rd -0
where

o
M, = M; = / o ¢ PP dr. (4.8)
1
Therefore, E2<p has a null sequence (for p > 2 and d > 2) if and only if Mép = 00 (cf. [8, Theorem 3.1]).

Therefore, in order to prove the proposition it is sufficient to find two positive radial functions ¢ and 1 satisfying
MY = oo and MY < oo, while M;p < o0 and M;/’ = 00.
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Step 3. Let us simplify now (4.5) and (4.8) in order to investigate when M}p are finite or infinite for a specific ¢ and
j =1, 2. Without loss of generality, we assume that the integration in (4.5) and (4.8) is from rg to oo, where rg > 1.
We set first ¢ (r) :=r'=4/Py(r), where 2 < p < d. Then (4.5) becomes, up to a constant multiple,

oo o
M, =/(fpprd”)*”(p*”dr=/n*”/”’*”r*‘ dr. 4.9)

ro ro
Set now
n(r) = [t(”_l)/(”_z)(logt)”](p_z)/p, where 7 :=logr, and y > 0.

Then we have

o o o0
2-p)/(p—1)
M, = / rfp/(p*])r’l dr = /[t(p’l)/(”’z)(logt)”](zfp)/(pfl) dr =/ (logH)” . mr dr.
ro fo fo
On the other hand,
o o d , 2*[7
— r
M2:/g0_2|(p’|2_f"rl_ddr:/’p——i—i n Pr=ldr. (4.10)
p n
ro ro
Denote
o0 o0
M, :=fn*Pr*1dr=/t‘*1’(1ogt)y(2*l’>dt. 4.11)
ro fo
Since r|n’|/n < 1, it follows from (4.10) that there exist C > 0 such that
C™'My < My < CM. (4.12)

Consequently, for0 <y < (p —1)/(p —2) and 2 < p < d, we have Mip = o0 and M;p < 0.
On the other hand, fix 8 € R, 8 #£ 0, and let ¥ : (1, 00) — [1, 00), be a smooth monotone function such that
Y(r) < r#, and such that Y’ satisfies foranyn=1,2, ...,

e, re2n+1/4,2n + 3/4],

|¢ (r)|={|,3|rﬂ_l, r6[2n+1,2n+2]

Therefore, if 8 > (p —d)/p, then M;/f < 00.
Consider now M;ﬁ , and recall that 2 < p < d. Consequently, there exist ¢ > 0 and C > 0 such that the integrand of
M%b satisfies

1//72“///'2717},17@’ > Cet’

on a set of infinite measure. Hence, M;/’ =o00. O

Remark 4.3. The proof above takes into account that (4.5), (4.8) both converge or both diverge when ¢(r) is of the
form r%(logr)#, and the differentiation occurs only with respect to y for ¢(r) = r'~4/P(logr)P=D/?(loglogr)” .

5. Application: ground state of the linearized functional

We consider the linearized problem associated with the functional Q > 0. Let ¢ be a positive solution of the
equation Q'(u) =0 in £2, and let

afu] :=/(|V(p|p_2|Vu|2+ V(x)pP2u?) dx. (5.1)
2
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Proposition 5.1. Let ¢ be a positive solution of the equation Q' (u) =0 in 2 satisfying Vo # 0.

1. If p > 2 and ¢ is a ground state of Q, then ¢ is a ground state of a.
2. If p <2 and ¢ is a ground state of a, then ¢ is a ground state of Q.

Proof. Consider first the case p > 2. Assume that ¢ is a ground state of Q. Let {u;} be a null sequence of nonnegative
functions, and let wy := uy /¢. By (2.15),

/ @?IVel? 2wl 72 Vuy > dx — 0. (5.2)
2

Set v 1= w,f/z. Then

f¢2|w|ﬁ—z|wk|2dx -0 (5.3)
2
which by (2.11) yields

alpvr] — 0.

Taking into account Remark 1.5, we conclude that {¢v;} is a null sequence for a.
The case p < 2 is similar. If {zx} is a null sequence of nonnegative functions for the form a, then (5.3) is satisfied

with v 1= zx /. This implies (5.2) with wy = vz/p, which by (2.13) yields Q(uy) — 0 with uy = @wy. Therefore,
{ux} is a null sequence for Q and the proposition is proved. O
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