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Abstract

We prove regularity results for certain degenerate quasilinear elliptic systems with coefficients which depend on two different
weights. By using Sobolev- and Poincaré inequalities due to Chanillo and Wheeden [S. Chanillo, R.L. Wheeden, Weighted Poincaré
and Sobolev inequalities and estimates for weighted Peano maximal functions, Amer. J. Math. 107 (1985) 1191-1226; S. Chanillo,
R.L. Wheeden, Harnack’s inequality and mean-value inequalities for solutions of degenerate elliptic equations, Comm. Partial
Differential Equations 11 (1986) 1111-1134] we derive a new weak Harnack inequality and adapt an idea due to L. Caffarelli
[L.A. Caffarelli, Regularity theorems for weak solutions of some nonlinear systems, Comm. Pure Appl. Math. 35 (1982) 833-838]
to prove a priori estimates for bounded weak solutions. For example we show that every bounded weak solution of the system
—Dg (a®P (x, u, Vu)Dﬁui) =0 with [x]2|§]2 < a“ﬁsaéﬁ < Ix|71€1%, x| < 1, T € (1,2) is Holder continuous. Furthermore we
derive a Liouville theorem for entire solutions of the above systems.
© 2007 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous prouvons des résultats de régularité pour certains systemes elliptiques quasi linéaires dégénérés avec des coefficients
dépendant de deux poids différents. En employant des inégalités de Sobolev- et Poincaré dues a Chanillo et Wheeden [S. Chanillo,
R.L. Wheeden, Weighted Poincaré and Sobolev inequalities and estimates for weighted Peano maximal functions, Amer. J. Math.
107 (1985) 1191-1226; S. Chanillo, R.L. Wheeden, Harnack’s inequality and mean-value inequalities for solutions of degenerate
elliptic equations, Comm. Partial Differential Equations 11 (1986) 1111-1134] nous déduisons une nouvelle inégalité de Harnack
et adaptons une idée due a L. Caffarelli [L.A. Caffarelli, Regularity theorems for weak solutions of some nonlinear systems,
Comm. Pure Appl. Math. 35 (1982) 833-838] pour prouver des évaluations a priori pour des solutions limitées et faibles. Par
exemple, chaque solution limitée et faible du systeme — Dy (a“ﬂ (x,u, Vu)Dﬁui) =0avec |x|2|§|2 < a“ﬂéaéﬁ < |x|F |§|2, x| <1,
T € (1, 2) est continue selon Holder. De plus, nous déduisons un théoréeme de Liouville pour les solutions entieres des systemes
ci-dessus.
© 2007 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

We consider weak solutions of degenerate elliptic systems of the form
— Do (A% (x,u, Vu)Dgu') = fi(x,u,Vu) (i=1,...,m) (1)

in a domain £ C R”, where a*?(x) := A% (x,u(x), Vu(x)) are measurable and symmetric coefficients and
f(x,u, Vu) is a measurable function. Here and in the sequel, we use the summation convention: repeated Greek
indices are to be summed from 1 to n, repeated Latin indices from 1 to m. We assume there exist measurable weights
v(x), w(x) > 0 a.e. in £2 with the property

w(x)IE1* < aP(x)EeEp <v(x)|E]* VE e R™ 2)

Furthermore we require the following structure conditions:

1. supg [u| <M < oo.
2.01f(x,u, p)l <aQx, p)and u(x) - f(x,u, p) < a*Q(x, p) fora.e. x € 2 and for all p € R with some a > 0,
a* € R, where Q(x, p) :=a"‘ﬁ(x)p(‘1p/’3.

The notion of a weak solution of (1) will be defined in Section 4; to prove regularity for weak solutions of (1) the
weights v and w have to satisfy three further conditions, which we will state exactly in Section 2. Roughly speaking w

and z := 11’0—2 have to be doubling weights and have to fulfill a weighted Poincaré- and a weighted Sobolev inequality. We
will show that the weights v(x) = |x| and w(x) = |x|® with T € [1,2) in B{(0) C R", n > 3 satisfy these conditions.

Optimal regularity results for weak solutions of uniformly elliptic systems of type (1) are well known and due to
Hildebrandt and Widman [9], Wiegner [17,18] and Caffarelli [3]. For the case of equal weights, i.e. v = w, which be-
long to the Muckenhoupt class A; (see Section 2 for explicit definitions), Fabes, Kenig and Serapioni [7] have proven
Holder continuity for weak solutions of an elliptic equation. For certain different weights, Chanillo and Wheeden
[5] proved regularity for weak solutions of elliptic equations, while for degenerate elliptic systems only very little is
known. Baldes [1] and Baoyao [2] proved some results for equal weights, e.g. weak solutions of systems with bounded
weights v = w € A, are Holder continuous provided the smallness condition a* 4+ aM < 1 holds. The results in this
paper are of much more general nature than in [1] or [2], and, in fact, are the first regularity results for singular systems
with different weights.

Our proof uses an idea of L. Caffarelli [3] who proved a priori estimates for weak solutions of certain uniformly el-
liptic systems. His main tool was a weak Harnack inequality for supersolutions of a uniformly elliptic linear equation;
we will prove such a Harnack inequality for solutions of degenerate (in the above sense) elliptic equations in Sec-
tion 3. The proof of this Harnack inequality is based upon a method of Trudinger [16] in which a Harnack inequality
for solutions of some mildly degenerate elliptic equations was shown. Our regularity result reads as follows:

Theorem 1.1. Let u be a bounded, weak solution of (1) in 2 C R". The coefficients a®? are required to fulfill (2) with
admissible weights w and v (see Section 2). Under the assumption a* +aM < 2 u is Holder continuous and for every
2’ @ $2 there exist constants C =C(n,a,a*, M, $2,22")>0and a =a(n,a,a*, M) > 0, such that

[M]a,.Q’ <C. 3)

In the last section we also show a Liouville theorem for entire solutions of elliptic systems, whose coefficients are
degenerate in an arbitrary large compact subset of R” and uniformly elliptic outside this compact set, more precisely:

Theorem 1.2. Let u be a bounded, weak solution of (1) in R". The coefficients a®f are assumed to be of type (2) in a
ball Bg(0) C R" with admissible weights w and v and to be uniformly elliptic outside this ball. If a* + aM < 2, then
u = const. a.e. in R".

This result extends a Liouville theorem for uniformly elliptic systems due to Hildebrandt and Widman [10] and
Meier [11].
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2. The Muckenhoupt classes A, and conditions for the weights

The Muckenhoupt classes are defined in the paper [12] by Muckenhoupt in connection with Hardy functions. Let

w e Llloc (R"™) be a nonnegative function.

Definition 2.1. Let 1 < p < oo. The weight w is an element of A, if

( ! / x)d )( ! / ( )711 d )p_l C “)
— — = =: < 00,
leé%n Bel ) N\ iBrl ) * :

Br Bg

w is to be said of class A, if for every € > 0 there exists a § > 0 with the property that for every measurable £ C Bg
with |E| < §| Bg| the inequality w(E) < ew(Bpr) holds, where w(E) = fE w(x)dx.

From [13] and [6] we infer Aso = p>1 Ap. A result due to Muckenhoupt and Wheeden [14], p. 223 implies the
doubling property for any w € Axo:
w(Byr) < Kw(Bg) withsome K > 0. ®))

We require the following conditions for the weights w and z = % (cf. [5]):

(1) w, z € Do, i.€. the doubling property holds: w(Bag) < Cw(Br) and z(Bag) < Cz(Bg) with a constant C > 0
independent of R. .
(2) The following Poincaré inequality holds: There exists a k > 1 such that for all Bg C £2 and all f € C'(Bg) the

inequality
1 1 J 2k p ﬁ < CR 1 v ) , % )
<Z(BR)B/‘f_ Z(BR)B/fZ oz x> = (w(BR)B/| flrw X) (6)

holds with a constant C independent of f.
(3) The following Sobolev inequality holds: There exists a k > 1 such that for all Bg C £2 and all f € Cé(BR) the
inequality

( : /|f|2kzdx>21k <CR< : /|Vf|2wdx>% (7)
z(BR) = w(BR)
Br Bgr

holds with a constant C independent of f.

Fabes, Kenig and Serapioni [7] showed that in the case v = w € A; conditions (2) and (3) are satisfied. In the case of
different weights, Chanillo and Wheeden [4] proved that condition (2) and (3) hold, if w € A3, 7z € D, and if there is
a g > 2 such that for all balls Bg, whose centers are in Byg, the balance condition

1 1
S[M} ' < C[M} : (8)
z(BR) w(BR)

holds for all s € (0, 1).
3. A weak Harnack inequality

To give a definition of a weak solution of a degenerate elliptic equation
Dy (a*?(x)Dpu) =0 9)

with coefficients a*? (x) which satisfy (2) we first need to define the space H21 (£2, v, w), where v and w are weights
with the properties (1)—(3) of Section 2.



372 M. Pingen /Ann. I. H. Poincaré — AN 25 (2008) 369-380

Definition 3.1. H2l (£2, v, w) is defined as completion of Cl(£2) with respect to the norm

el 2.0 = /WWmQMDWWmﬁ/MML
2 2

H21 (v, w, £2) denotes the completion of CC1 (£2) with respect to the norm

lull,2,00 = /a“ﬂ(x)DauiDﬁuidx-

Q
Remark. It is possible to estimate | - [|1.2,¢ as follows:
2 2 2 2 2
[Vulwdx + [ uvdx <|lull{, o < | [Vul“vdx + | u“vdx < oo.
2 2 2 2

If uy € C1(£2) is a sequence with uy — u in Hzl(.Q, v, w), then u; and Vuy converge in Ly(§2,v) and L,($2, w)
resp. If limg_, oo Vg = v, define Vu := v; Vu is well defined (cf. [5], §2).

Definition 3.2. u € Hz1 (£2, v, w) is a weak subsolution of (9), if

fa“ﬁ(x)DﬂuDo,qadx <0 (10)
2

holds for every ¢ € H21 (£2,v,w), ¢ = 0. u is called a weak supersolution, if —u is a weak subsolution and u is called
a weak solution, if u is a weak subsolution and a weak supersolution.

The main result of this section is

Theorem 3.3. Let u be a nonnegative weak supersolution of (9) in 2 C R". Then for any ball Br C 2 with

5)((%’;)) < Cyand any a, B, y satisfying 0 <a < 8 < 1,0 < y < k the estimate
1
( 1 f|vd)?<a By, C1) inf (an
ul’zdx <C(n,a,B,y,Cy) inf u
(Bsr) "5 b
BﬂR

holds, where k > 1 is the constant from the Sobolev- and Poincaré inequalities.

The proof of Theorem 3.3 is divided into three lemmatas, extended proofs of these lemmatas can be found in [15].
All these lemmatas are based on a method developed by Trudinger [16].

Lemma 3.4. Let u be a weak subsolution of (9) in §2 C R". Then for every Br C §2 with

Z((BR)
0 <o < B <1 the estimate *

wBp S C1 we have for any

1

1 2
supugcm,a,ﬁ,cl)( [ |u+|2zdx> ) (12)
6R)
BR

Bar Z(B

Proof. For § > 1 and 0 < N < oo we define

w*)?, u<N,

SNO~ly — (8 —1)N®, u>N.

Use ¢ (x) =n*(x)F(u),n>0,n¢€ CC1 (BR) as test function in (10). We arrive at

Fu) =FYu = {

/nzF’(u)IVu|2wdx <2fn|nx|F|Vu|vdx. (13)
2 Q
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The inequality F(u) < u™' F’(u) is easily derived; by using this relation, the Holder inequality yields

/nz(x)F'(u)|Vu|2wdx<C/-17)2€(u+)2F’zdx. (14)
2 2
Define
u
1 <N,
Gw) :=/|F/(t)|2dt::[3+l R
0 \/—N |ul, u>N.

With (14) we infer

fn2|VG|2wdx gcfn}c(um/)zzdx.
2 2

In connection with the Sobolev inequality and G < u* G’ this estimate implies

1 1
2"d>2\ Z(BR)< ! /2+/2d>2. 15
(Z(B )/'”G' x| S CRy LB (B, et Gz dx (1>

——

<VCi

)

Setgq: +] and take the gth root of (15) Then choose ¢ and ¢ in a way that ¢ < 0 <o < 8 and 7 in a way that

supp n C BUR, n=1in Byg, [N < m. If N=ocowesee G(u) = %(uﬂq, by using the doubling property for
Z we obtain
l

1 1
kq Cq q / ) )q
+\2kq 2
(z(BgR) /(u ) de) <<6—Q> <z(B,3R) @) Hzdx ) . (16)

Iteration of (16): ' .
Define qo := 1, g; := kqi—1 = k', furthermore set o; = o + (8 — )t g = 0i—1. With this choice of ¢; and p;
we infer

< d . 17
B H(gz—gm Z(Bﬁ ] (e 0

We can estimate the infinite product in (17) by using the geometric sum. Thus, we have

1

1 2
supu<C(n,a,ﬂ,C1)< / |u+|2zdx> .
Z(BgRr)
Bgr

Bar
This completes the proof of Lemma 3.4. O

Lemma 3.5. Under the hypotheses of Theorem 3.3 and o < 3, we have

1 1
<exp| C — loguzdx ). 18
infp, . u p( Z(BﬂR)/ g > o
Bgr

Proof. W.l.o.g. we assume u > € > 0 (in case u > 0 we use Levi’s Theorem to derive the assertion). Testing (10) with
the function ¢ (x) = n(x)u~'(x), n € CLI. (£2), n = 0 yields the estimate

/a”‘ﬂ()C)D,gth(mu_l dx — /ao‘ﬁ(x)DguDo(m]u_2 dx > 0.
17 2
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Setv:= log(ﬁ), where ¢ denotes a positive constant which will be specified later. We see that v is a weak subsolution
of (9) and with Lemma 3.4 we infer
1

<c( ! f vt >zd )7 (19)
supv < v |“zdx ) .
Ben 2(Bsr)

BﬂR

To estimate the right-hand side of (19) we test (10) with ¢ (x) = n”?@utx),neC Cl (£2). With (2) and the Holder
inequality we arrive at

1
2 2
/nzu_zlvmzwdxSC/n|nx||Vu|u_lvdx<C</n§zdx> (/nQIVulzu_zwdx) .
2 2 Q Q

It follows [ n?u™2|Vul*wdx < C [, n3zdx.
Choose 1 in a way that n =1 in Bgg, supp n C Bg, |nx| < ﬁ. From the last inequality we conclude together
with the doubling property and the fact |Vu|2 = u~2|Vu|? the estimate

1
/le|2wdx<C<ﬁ[zdx).
Bgr Bgr

We define ¢ by means of logt = z(BIW / Bsx loguzdx, then the weighted mean value of v is zero and the Poincaré
inequality in connection with the above inequality yields

dx) < dx) <C(n,B,Cy).
(z(BﬂR)Bf vI™zdx “VuBsr) B edr ) s Cop.C)
BR BR

Combining this estimate with (19) we infer

1
supv:logt—}-log(. ><C.
Bar infp,, u

By considering the definition of ¢ we finally arrive at

-1 1
inf u <exp| C — loguzdx ). O
(BaR ) P( Z(BﬂR)/ g )
Bgr

Lemma 3.6. Under the hypotheses of Theorem 3.3 and o < B, we have

1
1 2 1
%
(Z(BaR) / lu zdx) <exp<C+Z(BﬂR) /loguzdx>. (20)

By Bgr

Proof. We may again assume u > ¢ > 0. Set f =v™ = log(%)+ (for the definition of ¢ see the proof of Lemma 3.5)
and test the weak formulation with ¢ (x) = n2(x)u =  (x)(f (x) + (28)%), where § > 1, n € CC1 (Br), n = 0. By using
the ellipticity condition we conclude

/n%ﬂ(ﬁ +(28)° = 85N | VuPwdx < c/ nelu™" (£° + (26)°) | Vulv dx.
2 2
Now we use the inequality §f°~! < %(f‘S + (28)%) in connection with |V f|> = u~2|Vu|?> and the Holder inequality

to infer

/nz(ﬁ + 2V fPwdx < C/nfc(f‘s +(28)°)zdx.

ko) 2
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By using once again 8f3~! < (% + (26)%) and taking the elementary inequality f° -+ (26)° <2(f°*! + (28)%) into
account we obtain

5/n2f5—‘|Vf|2wdx gc/ni(f“l +(28)%)zdx. (1)
2 2

Letg := 5'” > 1, by applying the Sobolev inequality to nf9 H (BRr, v, w) we find under consideration of (21)

l

Z(BR
S CVak w(BR(

1

/ (12 f1)?zdx 4 (28)° sup |nx|2) §

z(BR)

Bpr
—_———
V(o)
Choose ¢ and o in a way that « < ¢ <o < B and 7 in a way that supp n C Bsr, n =11in Byg and [ny| < @ 2Q)R.
With this choice of g, o and 7, taking the gth root in the last estimate yields
| 1
( / fzqk dx) g qu(o o)~ q|: q+< / f2q dx)z i| @)
z — z .
Z(BQR) (Bor)

QR Bsr

Nowsetg; =k >1,0i =a+27(8 —a), 0; =0; + 27/ (8 — «), we obtain

1 1
1 / kit 2iFT co L . 1 ki 2%F
f zdx) < (C2'kM)w |:Ck’+< / [~ zdx .
(Z(BQ,'R)B R Z(BJ,'R)

Qi ;i R

In the next step we iterate this inequality; after i — 1 iteration steps we arrive at

1 kit >2k'+' 1Al ( / ok ) 3
d < Ck/ Ck'2 i Cki27 )i d . 23
(Z(BQiR)B/ [ zdx E ||( ) +| |( )k Bon) f*zdx (23)
o;i R

BﬂR

)=

We estimate the series and products in (23) and then we find with the doubling property and the Holder inequality the
following estimate for all p > 2k:

1 ’ 1 %
p b 2k
(Z(BaR)B/f zdx) éc[ij(Z(BﬁR)B/f zdx) } (24)
o R BR

By considering the power series expansion of e”/ for pg € (0, e~!) we infer by using (24) and the Stirling approxi-
mation n! & VZnn(%)" for large n the estimate

1
/ el’ofz dx < Ce ~(35R) fBﬁR fHzdx)2k ' N
Z(BaR)
BaR
Since f = v~ the right-hand side of (25) is bounded by the proof of Lemma 3.5. Thus
1 I’o
pof d < C. )
(z,(BaR) /e ¢ X> N
BD[R

In the remainder of the proof we have to estimate || % Iy (z.Bug) DY |l % ”LP()(Z’BU/R) (¢ < a’ < B). For this, we remark
that —u is a subsolution of (9); by modifying the function F(u) appearing in the proof of Lemma 3.4 in the sense
that § € (—1,0) we see that the estimate (16) holds also for g € (0, %). For the iteration process we set go := zy—k,
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‘1

qgi == — 0,i — oo. After finitely many iteration steps we achieve 2¢; < po < e~ '. From (26) and (16) (for
q € (0, 1 /2)) we infer with the definition of ¢

1
1 v 1
qudx) <ex (C+ /10 uzdx). O
(z(Bm / P B0 ] R
Byr Bgr

Proof of Theorem 3.3. Multiply (18) and (20). O

4. Results for weak solutions of degenerate elliptic systems

Now we define what we will understand under a weak solution of a system of type (1):

Definition 4.1. u € H21 (£2, v, w, R™) is called a weak solution of (1), if

/a“ﬁ(x)DﬂuDaq)dx=ff(x,u,vu)¢dx Q7
2

2

holds for all ¢ € HJ (2, v, w, R™).

For the proof of Theorem 1.1 we now can use an idea of L. Caffarelli [3]. In fact we only have to replace the weak

Harnack inequality for weak supersolutions of uniformly elliptic equations by the weak Harnack inequality proven in
Section 3 (Theorem 3.3).

Examples.

1y

2)
3)
4)

v(x) =wx) =|x|* x € BR(0) CR" and o > —n. If o € (—n, n) it is easy to show that v = w € A, and if
a > —n + 2 we can interpret |x|% as a weight which arises from a quasiconformal mapping (cf. [7], pp. 105-
112). This weight has also the properties which were needed in the proof of Theorem 3.3 (cf. [7]) and so it is an
admissible weight for the system (1).

v(x) = w(x) = (log |x)¥, x € B12(0) CR", k € 2N.

v(x) = w(x) = |x|*(og|x|)?, x € B12(0) CR", @ € (—n, n).

v(x) = |x|, wx) = |x|", T € (1,2), x € B{(0) C R, n > 3. It is obvious that w € A, z = |x|*" 7 € Doo. In view
of a result due to Chanillo and Wheeden [4] it is enough to show that the balance condition (8) holds. We remark
that for « > 0 and @ € Br(0) there are positive constants ¢ and ¢, with the property

c1R"(R+1al)* < / |x|*dx < c2R"(R +lal)”. (28)
Br(a)
From (28) we infer Z(BR) < Cy;forg e (2, n+t "1 we have for any s € (0, 1) the estimates
1
¢ q n N ? n T
S[LBAR(C!))]II < Css¢ and [7w(BbR(a))i| >5282,
z(Bg(a)) w(Bg(a))

Since ssg < Cs "I the validity of (8) is shown.

Liouville theorem for entire solutions. Here, we assume the coefficients a®? (x) satisfy the estimate

s(x)|s|2<a“ﬂ<x)sasﬁ Ct(x)|g (29)
with C > 1 and
_Jwk), |x|<L, ), IxI<L,
s(x)‘{l, x| > L, “’”‘{1, x| > L.

where w and v are weights which satisfy the conditions of Section 2.
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The proof of the Liouville Theorem uses an idea of Meier [11], who proved the corresponding Liouville theorem
for uniformly elliptic systems. First we have to consider some lemmatas:

Lemma 4.2. Let u be a bounded, weak solution of (1) in a domain 22 CR". If a* < 1 and & € R™ is a vector with
|&] < 1=%, then —Dq (a®f (x) Dglu — £|*) < 0in £2.

Proof. Weuse ¢ =n(u—£&),n e C°(£2), n > 0 as a test function in the weak formulation (27) and take the structure
conditions of the introduction into account. O

With the notation z1(x) := L)) we can formulate the next lemmatas.

Lemma 4.3. Let B4 (0) C 2 and u be a bounded, weak, nonnegative supersolution of Dy (a*f (x)Dgu) =0 in

2 C R" with coefficients a®f (x) of the form (29), furthermore let Zs‘((g LL)) < C1. Then we have for any R > O with
B4r(0) C 2 the estimate

/ uzidx <C(n,Cy) inf u.
Bgr(0)

B>z (0)

z1(B2Rr)

Proof. If B4g(0) C Br(0), the lemma is a direct consequence of Theorem 3.3 with y = 1 and suitable «, 8. If
B1.(0) C B4gr(0) we can prove similarly to [8], pp. 195-198 a Harnack inequality for supersolutions of Lu = 0 with
uniformly elliptic coefficients on annular regions Bss — Bs (S > L), i.e.

1

S uzidx <C inf u (30)
z1(Bpys — Bpys) / T Buys—Buys
Bgs—Bg,s

with 1 < o <y <y < B1 <4.

The main difference in the proof of (30) compared with [8] is to construct suitable test functions on the correspond-
ing annular regions.

Choose a, a1, B, By inaway that | <a <a; <2,a1 <1 <fB <4and By, C Bg, g. We conclude

1 1
uzidx = / uzpdx + / uzldx:|
z1(BgRr) 21(Bgr — BoL) +21(BqL) |:

Bgr Bgr—BaL Bar
< ! / dx+C ! / d
B ——— uz1ax uzpax
= 21(Bgr — Bar) z1(Bar)
Bgr—BaL Byr
<C inf u+C inf u<Cinfu.
Bg R—Ba L Bo L Br

Here, we used (30) and Theorem 3.3.
If B1(0) C B2g(0) we choose B =2, 81 =3/2, 1 =5/4, ¢ =9/8 to arrive at the assertion. If By (0) ¢ Bag(0) we
choose some § € (2, 4) with By (0) C Bgr(0); the doubling property of z; yields the desired estimate. O

Lemma 4.4. Let u be a weak solution of —Dg (a®? Dgu) <0 in B4r(0) C R" with coefficients of the form (29). If

% < Cy, then there is a constant §(n, C1) € (0, 1) with the property

1
sup u < (1 —06) sup u+94§ f uz1dx.
Bg(0) Bar(0) z1(BR)
Br(0)

Proof. From Lemma 4.3 we infer for the nonnegative supersolution supg, . () 4 — u the estimate

supu —u zl dx < Cmf(supu — u)
Zl(BzR) Bug Bar
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With the help of the doubling property we can estimate the left-hand side from below by

supu —u zl dx
Zl(BR) Bur

and we infer
C c 1
—supu uzpdx <supu —supu. a

C By - C Zl(BR)B Bur Br
R

Lemma 4.5. Let u be a bounded, weak solution of (1) in R" with coefficients a®f (x) of the form (29). If % <Gy

for some R < % and a* < 1, then we have

(1) limp_ o m fBR(O) u(x)z1dx =: oo exists and |ioo| = Suppn [u| =M
(i) img_ oo m S50 11 — 0?21 dx = 0.
(i) suppn [u — &| = |iico — &| V& € R™ with |£] < 1=

*

Proof. (i) In view of Lemma 4.2 we have — Dy (a®? (x)Dglu — £|%) < 0 V& € R™ with || < 1=¢

we infer by letting R — oo the estimate supg» |u — €12 < limg_ oo z1(1—BR) fBR(O) lu — £|%z1 dx. It’s obvious that the
reverse inequality is also true. Thus,

lim u—E&|“z1dx =suplu — 2 31

R»oozl(BR) lu — &%z PI &l° (31
Bg(0)

Since
1 /| £P2 dx = — /||2d 2% — / dx + €

u—E&|°z1dx = ul"z1dx — 2§ - uzydx

z1(BR) Z1(BR) z1(BR)

Bg(0) Bg(0) Br(0)

we see in view of (31) that limg_, o & - m fBR(O) uzy dx exists and we infer

2 2 2
sup |u — =M+ uzidx. 32
up u = §1 617 — 25 - RWZI(BR) 1 (32)
Br(0)
Set 7 := M " and choose ii oo € R™ in a way that |itoo| = M and suppgn |u + Tioo| = (1 + 7)M. With & := —Tiio, We
observe from (32)
M?= lim & ! f d
= u uz X.
R—00" 21(BR) :

Br(0)

Since |t o], |m fBR(O) uzy dx| < M we conclude assertion (i).

(i1) We have
1
lu —u |2zldx—|u |2 / |u|211dx—2ﬁ . [ uzydx.
/ > > z1(BR) * 21(Bg)
Br(0) Br(0) Bg(0)

21(BR)

By letting R — oo we infer from the proof of (i)

lim lu — iioo|?z1 dx = M? + M* —2M?* = 0.
R—o0 71 (BR)

(iii) (32) and (i) yield for every & € R™ with |§]| < 1;—“* the equation

Sup [u — &% = |t |* 4 |E1* — 28 - loo = lilco — &> O
Rn
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Now we can start with the proof of Theorem 1.2:

Proof of Theorem 1.2. Define for ¢ € [0, 1] the function u; := u — tiino With ligo = limp_, m fBR(O) uzydx.
Furthermore, set M, := supp. |u;| (note: M; depends continuously on ¢) and let I := {¢ € [0, 1]; M; < (1 —t)Mp}. We

denote by T the biggest number in I and we assume 7 < 1.
ur =u — Ty is a weak solution of a system of type (1) with |f| <aQ(x,Vu) and (u — Tiis) - f < (@* +
aT|iioo|) Q(x, Vu). Since i, has been chosen in the direction of u, we infer with a}. :=a™ + aT |ii| the estimates

ay+asuplu —Tis| <2 and a7 <1.
Rn

1—aj. 1—

Define 7 := min(1, T + —3/); with this 7 we have T' <7 < 1 and |[(t — T)io| < aa;. With & := (t — T)u we
conclude from Lemma 4.5(iii) Supgn | — tioo| = SUpgn ur —&| = (1 — 1) || and therefore M; < (1 —t)Mp. This
means t € I, but since T < ¢ this is a contradiction to our assumption that 7 is the biggest number in /. We infer
T =1 and the proof is complete. O

Examples.
1) Let L > 0 and t € (—n, 00). Choose
x|%8q48, |x| <L,
by | 1170 Il
80{/31 |X| 2 L

With the same argument as above we see that these coefficients are admissible.
2) Let k € 2N and

1

log(|x*8ap, Ix] < 5

a®(x) = )

50(/35 |'x| 2 E-

3) Lett € (—n, n) and

1
Ix|7 log(Ix)?8ap, x| < =,
af _ 2
a™f(x) = |
50{/3’ |x| 2 5'

4) Let T € (1,2) and choose coefficients a®? (x) with
s(IEN < a®’ ()Eakp <t (0)IEP,

where

(R k<1 (k. k<1,
S(’“)‘{l, =1 A IO=0 s

By using the same methods as above, it is easy to see that these weights satisfy (8) and Zs‘&% < Cq for all balls
Bg(a) C B1(0).
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