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Abstract

We prove that a sharp regularity property (A~o) of parabolic measure for operators in certain time-varying domains is equivalent
to a Carleson measure property of bounded solutions. This equivalence was established in the elliptic case by Kenig, Kirchheim,
Pipher and Toro, improving an earlier result of Kenig, Dindos and Pipher for solutions with data in BM O. The connection between
regularity of the elliptic measure and certain Carleson measure properties of solutions was established in order to study solvability
of boundary value problems for non-symmetric divergence form operators (Kenig, Koch, Pipher, and Toro). The extension to the
parabolic setting requires an approach to the key estimates of the aforementioned works that primarily exploits the maximum
principle. For various classes of parabolic operators ([24]), this criterion also provides an easier route to establish the solvability of
the Dirichlet problem with data in L? for some p, and also to quantify these results in several aspects.
© 2016 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we prove a criterion for establishing the L? solvability of the Dirichlet problem for parabolic opera-
tors L = d; — div(AV") in certain time-varying domains, and where the matrix A satisfies an ellipticity condition. Our
results are analogous to similar criteria established in [9] and [16] for elliptic operators div(AV-). With this criterion
we are then able to give a simpler proof of existence of L? solvability, for some p, for a class of operators, studied
in [23], whose coefficients satisfy a Carleson-measure regularity condition, also permitting us to quantify the depen-
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dence on p. (See Section 6.) In virtue of the maximum principle, there is a natural (“parabolic”) representing measure
associated with the solvability of the Dirichlet problem for such L with continuous data. In the domains considered
here, this measure has been shown to be doubling in [15]. We will be interested in L? solvability of boundary value
problems with respect to a natural measure o (see Definition 2.3) defined on the boundary of the time-varying domain,
one which coincides with surface measure when that domain is sufficiently smooth.

The study of the heat equation in non-smooth domains, or more generally of parabolic operators with non-smooth
coefficients, has historically closely followed the development of the elliptic theory, while presenting new challenges
to finding the correct analogues of the elliptic results. See [2,3,12], and [21] for example.

Dahlberg [6] showed that, in a Lipschitz domain, harmonic measure and surface measure are mutually absolutely
continuous, and that in fact the elliptic Dirichlet problem is solvable with data in L? with respect to surface measure.
R. Hunt then asked whether Dalhberg’s result held for the heat equation in domains whose boundaries are given
locally as functions v (x, ), Lipschitz in the spatial variable. It was natural to conjecture that the correct regularity
of ¥ (x,1) in the time variable 7 should be a Holder condition of order 1/2 in ¢ (denoted Lip; /, in 7). However, the
counterexamples of [19] showed that this condition did not suffice. Lewis and Murray [20] then established mutual
absolute continuity of caloric measure and a certain parabolic analogue of surface measure when i has 1/2 of a
time derivative in the parabolic BMO(IR") space, a slightly stronger condition than Lip, /2- Hofmann and Lewis ([14])
subsequently solved the L? Dirichlet problem for the heat equation in graph domains of Lewis—Murray type when the
BM O norm of the time derivative was sufficiently small.

In this paper, we consider parabolic operators of the form

u; =div(AVu) in Q,

u=f on 9% (1)

where A = [a;; (X, t)] is an n x n matrix satisfying a uniform ellipticity condition: there exist positive constants A and
A such that

MEP < aijEik; < AlEP (12)
ij
for all £ € R".

Here and throughout we will consistently use Vu to denote the gradient in the spatial variables, u; or d,u the
gradient in the time variable and use Du = (Vu, d,u) for the full gradient of u.

As in [8], the results here are formulated for the class of admissible parabolic domains, which are, in effect,
bounded time-varying domains that are “locally” of Lewis—Murray type. A related, but smaller, class of localized
domains in which parabolic boundary value problems are solvable was considered in [24].

It is a fact that the parabolic PDE (2.12) with continuous boundary data is uniquely solvable (cf. discussion under
Definition 2.7 in [8]) and that there exists a measure ™D such that

mxo=/fmwwﬂﬂmw (1.3)
Q2

for all continuous data, called the parabolic measure. Under the assumption of Definition 2.2, this measure is doubling
(cf. [22]).

As XD is a Borel measure, if follows that we can use (1.3) to extend the solvability to a class of bounded Borel
measurable functions f. This observation will be important later.

In Sections 2 and 3, we recall the definitions of parabolic measure and the fact that solvability of the Dirichlet
problem for L with data in some L? space, for some p < oo is equivalent to the A, property relative to the boundary
measure o. Our main results are the following.

Theorem 1.1. Let Q be a domain as in Definition 2.2 with character (£, N, Cy). Let A = [a;;] be a matrix with
bounded measurable coefficients defined on Q2 satisfying uniform ellipticity and boundedness with constants ) and A.

If the parabolic measure for the operator L = 9; — div(AV-) is in the class Aoo(do) (cf. Definition 2.9), then the
BMO Dirichlet boundary value problem defined in Definition 2.10 is solvable and the estimate
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sup o(A)~! f \Vul*s dXdt S fzamow0e.do)
ACOQ
T(A)

holds for all continuous functions f € C(0R2). Here § = 6(X, t) is the parabolic distance to the boundary.

Theorem 1.2. Let Q be a domain as in Definition 2.2 with character (£, N, Cy). Let A = [a;;] be a matrix with
bounded measurable coefficients defined on Q2 satisfying uniform ellipticity and boundedness with constants A and A.
Assume that for all continuous functions f € C(9S2) the corresponding solution u satisfies the estimate

sup o(A)~! / \Vu*8 dXdt < C|| |17~ 00.d0): (1.4)
ACOQ Tia)

for a constant C = C(S2, A) > 0. Then the parabolic measure for the operator L = 0; — div(AV-) belongs to the class
Aoo(do). Hence for some pg < oo the LP Dirichlet boundary value problem for the operator L is solvable for all
P € (po, 00).

Both of these theorems are parabolic analogues of established results for elliptic operators: see [9] and [16]. Our
proof of Theorem 1.2 uses the primary strategy laid out in [17] and [16], but with a simpler approach to the key
estimate in order to adapt it to the parabolic setting.

A key feature of Theorem 1.2 is that one only needs to check the bound (1.4) using the L* norm of f, as opposed
to a BMO norm. This condition is easier to verify since the BMO norm of a function can be smaller than its L° norm.
The analogous elliptic result with L° norm, stated below, was established in [16] and the proof presented here also
easily goes over to the elliptic setting.

Theorem 1.3. ([ 16]) Let Q2 be a Lipschitz domain and A be a uniformly elliptic matrix on Q with bounded measurable
coefficients. If for all continuous functions f € C(9S2) the corresponding solution u of the equation div(AVu) =0
satisfies the estimate

sup o(A)”! / IVu?8 dX < C|l fll]~(00.d0)- (1.5)
ACOQ

T(A)
for a constant C = C(2, A) > 0, then the elliptic measure for the operator L = div(AV-) belongs to the class
Aoo(do). Hence for some py < oo the elliptic LP Dirichlet boundary value problem for the operator L is solvable

for all p € (po, 00).

Our Theorem 1.2 also provides an easier proof of the main result of [24] on parabolic operators with coefficients
whose gradients satisfy a Carleson condition, or a slightly weaker assumption on the oscillation. This complements
the results of [8] where it was established that if

—_ 2
dp=8(X)"" (oscpyy, ,0)aij)” dX dt (1.6)

is a density of small Carleson measure with norm || || c4r; On an admissible parabolic domain €2, then given 2 < p < 0o
there exists a constant C(p, A, A) > 0 such that for max{ﬁz, ltellcari} < C(p) then the LP Dirichlet problem for the
operator L = 9; — div(AV") is solvable.

The next result, with no smallness assumptions, is a quantitative version of Theorem 3.3 of [24].

Theorem 1.4. (A Quantitative version of Theorem 3.3 of [24].) Let Q with character (£, N, Cp) and A be as in
Theorem 1.1. Denote by w the measure with density

_ 2
dp=8(X)"" (05cByy,p(x)aij)” dX dt (1.7)

and by |||l cart its Carleson norm.
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For every 2 < p < oo there exists a constant C(p, A, A) > 0 such that for maX{Ez, leellcari} < C(p) then the LP
Dirichlet problem for the operator L = 9; — div(AV:) is solvable. Moreover, for A, A fixed the constant

C(p, A, A) = o0, as p— oo.

It follows that for any admissible domain 2 with character (£, N, Co) and any parabolic operator L = 0; —
div(A V) with ellipticity constants A, A, if the u defined by (1.7) satisfies £ < 00, ||i|lcari < 00, then there exists

po = po(r, A, L, n, |lpllcarn) < 00

such that for all p € (po,o0) the LP Dirichlet problem for the operator L is solvable. In particular, the parabolic
measure of L belongs to B,y (do) C Ax(do) (p'=p/(p — 1))

In [24], it has been shown that there exists a p for which the L” Dirichlet problem is solvable when || il cq 1S
finite. However, it would not, given the method of proof, be easy to track the dependence of p on the Carleson norm,
nor would it be possible to address solvability for a particular value of p. The fact that for every 2 < p < oo there
exists a constant C(p, A, A) > 0 such that the L? Dirichlet problem for the operator L = d; — div(AV-) is solvable
whenever max{Zz, lnllcart} < C(p) is in [8]. But it was not evident that C(p) = C(p,A, A) — occasp — oo. In
fact, the estimates from below for C(p) in [8] are not (due to the method employed) powerful enough to show that
C(p) — oo as p — oo. This, then, is the main contribution of Theorem 1.4.

2. Preliminaries
2.1. Admissible parabolic domains

In this subsection we recall the class of “admissible” time-varying domains in [8] whose boundaries are given
locally as functions ¥ (x, t), Lipschitz in the spatial variable and satisfying the Lewis—Murray condition in the time
variable. At each time 7 € R the set of points in €2 with fixed time ¢t = 7, that is Q2,; = {(X, t) € @} will be assumed
to be a nonempty bounded Lipschitz domain in R"”. We choose to consider domains that are bounded (in space) since
this most closely corresponds to domains considered in the paper [10] (for the elliptic equation). However, our result
can be adapted to the case of unbounded domains (in space). See [15] which focuses on the unbounded case.

We start with a few preliminary definitions, formulated exactly as in [8].

If ¥ (x,1) : R"! x R — R is a compactly supported function, the half derivative in time may be defined by the
Fourier transform or by

W(X»S) - W(-xa t)
Dﬁ/zlﬁ(x,t) =Cn/wds
R

for a properly chosen constant ¢, (depending on the dimension n).

We shall also need a local version of this definition. If / C R is a bounded interval and ¥ (x, t) is defined on {x} x [
we consider:
Yix,s)—y(x,1)

i _
D) pb(x,1)=cy TG

ds, forallt e I.

We define a parabolic cube in R"~! x R, for a constant r > 0, as
0,(x,1)={(y, ) eR" " xR:|x; —yj| <rforalll<i<n—1, |t —s|'? <r}. (2.1)

For a given f : R" — R let,

fQ,=|Qr|*1/f(x,t)dxd;.
o

When we write f € BMO(R") we mean that f belongs to the parabolic version of the usual BMO space with the
norm || f||« where
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1
Il £l = sup
o |10

| /lf—fQ,_|dxdt < 0.
Or

Again, we also consider a local version of this definition. For a function f: J x I — R, where J C R"~1 and
I C R are closed bounded balls we consider the norm || f|| defined as above where the supremum is taken over all

parabolic cubes Q, contained in J x I.
The following definitions are motivated by the standard definition of a Lipschitz domain.

Definition 2.1. Z C R” x R is an ¢-cylinder of diameter d if there exists a coordinate system (xg, x, ) € Rx R"~! xR
obtained from the original coordinate system only by translation in spatial and time variables and rotation in the spatial
variables such that

Z={(x0,x,1) : x| <d, |t| <d* —(+ 1)d <x0 < (£ + 1)d}
and for s > 0,

sZ:={(x0,x,1) : |x| <sd, |t] <s*d*, —(+ D)sd < xo< £+ 1)sd}.
Definition 2.2. Q2 C R" x R is an admissible parabolic domain with ‘character’ (¢, N, Cy) if there exists a positive
scale r¢ such that for any time 7 € R there are at most N £-cylinders {Z} =1 of diameter d, with é—% <d < Cyrg such

that
(1) 8Z; N 0% is the graph {xo = ¢; (x, 1)} of a function ¢, such that

lg;(x, 1) — (v, ) <Lllx —y|+1t =52, $;(0,00=0 (2.2)

and
1D} 21l < L. (2.3)
() aQn{r—t|<d*} = U(Zj noax),

j
(iii) In the coordinate system (xo, x, t) of the £-cylinder Z;:

d
Z;ND {(xo,x,t) e |x|<d, |t| <d2,S(xo,x,t)=dist((x0,x,t),89)§ 5}

Here the distance is the parabolic distance d[(X, ), (Y, 7)]= (X = Y|>+ |t — t|)!/? and X = (x¢, x).

Remark. It follows from this definition that for each 7 € R the time-slice Q; = QN {t = t} of an admissible parabolic
domain 2 C R” x R is a bounded Lipschitz domain in R” with ‘character’ (¢, N, Cp). Due to this fact, the Lipschitz
domains 2 for all T € R have all uniformly bounded diameter (from below and above). That is

inf diam($2;) ~ ro ~ sup diam(£2;),
TeR reR

where rq is the scale from Definition 2.2 and the implied constants in the estimate above only depend on N and Cy.

In particular, if O C R” is a bounded Lipschitz domain, then the parabolic cylinder 2 = O x R is an example of a
domain satisfying Definition 2.2.

Definition 2.3. Let Q C R” x R be an admissible parabolic domain with ‘character’ (¢, N, Cp). The measure o,
defined on sets A C 0€2 is:

a(A):/’H”_l (AN{(X,t) € 9Q}) dt, (2.4)

where H"~! is the n — 1 dimensional Hausdorff measure on the Lipschitz boundary 9$2; = {(X, 1) € 4R2}.
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We are going to consider solvability of the L” and BMO Dirichlet boundary value problems with respect to the
measure o. The measure o may not be comparable to the usual surface measure on d€2: in the ¢-direction the functions
¢; from the Definition 2.2 are only half-Lipschitz and hence the standard surface measure might not be locally finite.

Our definition assures that for any A C Z;, where Z; is an L-cylinder we have

H'(A)~o ({(¢j(x,1),x,1): (x,1) € A}), (2.5)

where the actual constants in (2.5) by which these measures are comparable only depend on the ¢ of the ‘character’
(£, N, Cp) of the domain €2.

If @ has smoother boundary, such as Lipschitz (in all variables) or better, then the measure o is comparable to the
usual n-dimensional Hausdorff measure #". In particular, this holds for a parabolic cylinder 2 = O x R.

Definition 2.4. Let 2 be an admissible parabolic domain from Definition 2.2. For (Y, s) € R, (X,t) € Q,r > 0, and
d the parabolic distance we write:

B.(Y,)={(X,)) e R" xR:d[(X,1),(Y,s)] <r}
ALY, s)=0QN B(Y,s), T(A,) =QN B, (Y,s).

Definition 2.5. Let T'(A,) be the Carleson region associated to a surface ball A, in €2, as defined above. A measure
2 — RT is said to be Carleson if there exists a constant C = C (rg) such that for all » < r and all surface balls A,

n(T(Ar)) = Ca(Ay).

The best possible constant C will be called the Carleson norm and shall be denoted by ||ulc,r,. We write u € C. If
limo lleellc,ry = 0, we say that the measure p satisfies the vanishing Carleson condition and write u € Cy.
ro—

When 9% is locally given as a graph of a function xg = ¥ (x, t) in the coordinate system (xg,x,f) and w is a
measure supported on {xo > ¥ (x, #)} we can reformulate the Carleson condition locally using the parabolic cubes Q,
and corresponding Carleson regions 7 (Q,) where

0,(y,s)={(x,) eR" " xR:|x; —yj| <rforalll<i<n—1, |r—s|'/?

T(Q,)={(x0,x,1) eR x R xR: Y(x,t) <xo<y¥x,t)+r (x,1) € Or(y,5)}.

The Carleson condition becomes

w(T(Q,) <C|Q,| =Cr™L.

We remark, that the corresponding Carleson norm will not be equal to the one from Definition 2.5 but these norms
will be comparable. Hence the notion of vanishing Carleson norm does not change if we take this as the definition of
the Carleson norm instead of Definition 2.5.

Observe also, that the function §(X, 1) := inf(y,1yepn d[(X, 1), (Y, 7)] that is measuring the distance of a point
(X, 1) = (x0, x, 1) € Q to the boundary 92 is comparable to xo — ¥ (x, t) which in turn is comparable to [,o_1 (X, Dlx
(the first component of the inverse map p~1).

<r}

Definition 2.6. (Corkscrew points) Let 2 be an admissible parabolic domain from Definition 2.2 and ry > 0O the
scale defined there. For any boundary ball A, = A,(Y,s) C 9Q with 0 < r < rg we say that a point (X,7) € Q is a
corkscrew point of the ball A, if

t=s+2r, S(X,tH)~r~d[(X,1),(Y,s)].

That is the point (X, ) is an interior point of €2 of distance to the ball A, and the boundary 92 of order r. The point
(X, t) lies at the time of order r2 later than the times for the ball A, . Finally, the implied constants in the definition
above only depend on the domain €2 but not on r and the point (Y, s).

Each ball of radius 0 < r < r( has infinitely many corkscrew points; for each ball we choose one and denote it by
V (A,) or if there is no confusion to which ball the corkscrew point belongs just V.
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Remark. Given the fact that the time slices €2; of the domain €2 are of approximately diameter ry the corkscrew
points do not exist for balls of sizes r >> ry.

2.2. Parabolic non-tangential cones and related functions

We proceed with the definition of parabolic non-tangential cones. We define the cones in a (local) coordinate system
where Q = {(xo, x, ) : x0 > ¥ (x,)}. In particular this also applies to the upper half-space U = {(xo, x, t), xo > 0}.
We note here, that a different choice of coordinates (naturally) leads to different sets of cones, but as we shall establish
the particular choice of non-tangential cones is not important as it only changes constants in the estimates for the area,
square and non-tangential maximal functions defined using these cones. However the norms defined using different
sets of non-tangential cones are comparable.

For a constant a > 0, we define the parabolic non-tangential cone at a point (xg, x,?) € Q2 as follows

1/2

Lao,x,1) = {00, v.8) € R Iy x| +Is =12 <a(o = x0). yo> %0 2.6)

We occasionally truncate the cone I' at the height r

Iy (xo, x, 1) =

1/2 2.7)

{(yo,y,s)eQ:Iy—x|+|s—t| < a(yo — xo), XO<yo<XO+r}.

When working on the upper half space (domain U), (0, x, ) is the boundary point of dU. In this case we shorten
the notation and write

Iy(x,t) instead of r,0,x,t) (2.8)
and
I (x,1) instead of 70, x,1). 2.9)

Observe that the slice of the cone I', (xp, x, #) at a fixed height /4 is the set

{(yvs) : (.XO +h, yas) € Fa(-x()axv t)}

which contains and is contained in a parabolic box Qg(x,t) of radius s comparable to 4, that is for some constants
c1, ¢ depending only on the dimension n and @ we have

Q(,‘]h(-xvt) C {(y’s) : (.X() +h7 yas) € Fa(anxa t)} C QCzh(-xa t)

For a function u : 2 — R, the nontangential maximal function 2 — R and its truncated version at a height r are
defined as

Na(u)(x()v-x’[): Sup |M(y07 yvs)|7
V0, Y Ty s X,
. (30, y,5)€lq (x0,x,1) (2.10)
N, (u)(x0,x,t) = sup lu(yo, y,s)| for (xg,x,t) € 09.

(3o, y,8)€l’y (xo,x,1)

Now we define the square function 92 — R (and its truncated version) assuming u has a locally integrable distri-
butional gradient by

12
Sa(u)(xo, x, 1) = / (o —x0) " |Vul*(yo., y, s)dyodyds | .
Fatio.x.0 a @2.11)
St () (x0, X, 1) = f (o — x0) " |Vul*(yo, y, ) dyody ds

Iy (x0,x,1)



1162 M. Dindos et al. / Ann. 1. H. Poincaré — AN 34 (2017) 1155—-1180

Observe that on the domain U = {(xg, x, t) : xo > 0}

152 )17 2507, = / Yol Vul*(vo. y. s) dyo dy ds.
U

2.3. L? and BMO solvability of the Dirichlet boundary value problem
We are now in a position to define L” solvability of a Dirichlet problem for a parabolic operator.

Definition 2.7. ([1]) We say that u is a weak solution to L in Q if u, Vu € L?

ioc (§2) and sup, [ju(., t)”L,ZM(Qr) < 00, and

f(—uq&, +AVu.Vp)dXdt =0
Q

for all ¢ € C3°(£2).

Definition 2.8. Let 1 < p < 0o and 2 be an admissible parabolic domain from the Definition 2.2. Consider the
parabolic Dirichlet boundary value problem

uy =div(AVu) in Q,
u=felL? on 9%2, (2.12)
N@u) e LP(0L2,do),
where the matrix A = [a;;(X, t)] satisfies the uniform ellipticity condition and o is the measure supported on 92
defined by (2.4).

We say that Dirichlet problem with data in L”(3S2, do) is solvable if the (unique) solution # with continuous
boundary data f satisfies the estimate

IN@)llLr@ae.doe) SN fllLroo.de)- (2.13)

The implied constant depends only the operator L, p, and the triple (L, N, Co) of Definition 2.2.

The L? solvability of the Dirichlet boundary value problem for some p < oo is equivalent to the parabolic measure
 belonging to a “parabolic Ay,” class with respect to the measure o on the surface 92 (Theorem 6.2 in [22]). We
now recall the definition of parabolic A.

Definition 2.9. (A, and B)) Let 2 be an admissible parabolic domain from Definition 2.2. For a ball A, with radius
d < sup, diam(€2;) we denote its corkscrew point by Vj;.

We say that parabolic measure of an operator L = d; — div(AV:) is Axc(Ay) if for every ¢ > O there exists § =
4(e) > 0 such that for any ball A C A, and subset E C A we have:

wVi(E) o(E)
IS ERETIN

<é&.

The measure is Ao if it belongs to Aso(Ag) for all Ay. If Ax holds then the measures w" and o are mutually
absolutely continuous and hence one can write dw" = K Vido .

For p € (1,00) we say that w belongs to the reverse-Holder class B, (do) if K Vi satisfies the reverse Holder
inequality

1/p
G(A)_lf(KVd)p do §0(A)_1/dedo,
A A
for all balls A C Ay.
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Remark 1. It can be shown that A (do) = Up>1 B,(do).

Remark 2. It has been shown in [23] that if the parabolic measure is Ay, with respect to the surface measure o then
the non-tangential maximal function and the square function of a solution are equivalent, that is for all 1 < p < co

/Np(u)dxdt%/Sp(u)dxdt+/updxdt
IQ aQ aQ

See also Theorem 6.2 of [8]. Here the implied constants do not depend on the solution «, only on p, the domain and
the parabolic operator. Hence if follows that if (2.13) holds then also

IS Lro9.d0) S fllLr@e.do)-

It turns out that this condition is more convenient to define the end-point BMO Dirichlet boundary value problem.

Definition 2.10. Let Q2 and the matrix A be as in Definition 2.8. We say that the Dirichlet problem with data in
BMO(0R2,do) is solvable if the (unique) solution u with continuous boundary data f satisfies the estimate

sup o(A)”! / \Vul?sdXdt SN f 1 3a000.d0)- (2.14)
ACOQ TeA)

The implied constant depends only the operator L and the triple (L, N, Co) of Definition 2.2. Here the supremum
on the right-hand side is taken over all parabolic balls A C 9€2. T (A) denotes the corresponding Carleson region (as
defined above).

Remark 3. The term on left-hand side of (2.14) is connected with the square function in the following way. If A = A,
is a parabolic boundary ball, then

o(A)7! f |Vu|28dth%0(A)_1/(Sr(u))zda,
T(A) A

where S, is the truncated square function at height ». To be completely correct, in the inequalities implied by the
previous line in the bounds from above we should enlarge A, to its double, say A»,, this however makes no difference
if we want to replace the left-hand side of (2.14) by the integral over the square function as we are taking the supremum
over all boundary balls A anyway.

Remark 4. It is sufficient to assume (2.14) only holds for all balls A = A, of sizes r < r¢ for some ry > 0. This is
due to the fact that in the interior of the domain the solution is automatically in the class WZIO‘CZ(SZ) implying that the
estimate (2.14) will also holds on balls of sizes r > rg but with a slightly larger constant.

Remark 5. We only assume that the condition (2.14) holds for all continuous data f. However, we claim that this
implies the same estimate holds for all bounded Borel measurable functions f as a consequence. To see this it is
enough to realize that if f; — f in the sense that

/ fidu— / fdp, for any Borel probability measure p on 9€2,

then if u; (or u) is the solution of the parabolic boundary value problem with data f; (or f), respectively, then for
any compact set K C €2 we have u ; — u uniformly on K as j — oo. Hence for any § > 0 by Lemma 3.1 we have

o (A, / IV —uj)?8dX — 0,
T(A)N{(X,1)€Q2:8(X,1)>8}

and therefore
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( ) 1 / | | SJHf”BMO(?)Q,dU)’
ACOQ
T(A)N{(X,1)e2:8(X,t)>6}

provided we have (2.14) for u; and f;. As this holds uniformly for all § > 0 taking a limit § — 0 yields (2.14) for u
and f. In particular, this implies that (2.14) holds for all bounded Borel measurable boundary data f.

3. Basic results and interior estimates
We now recall some estimates and tools needed for the proofs of Theorems 1.1 and 1.2.
Lemma 3.1. (A Cacciopoli inequality, see [1]) Suppose that u is a weak solution of (1.1) in Q2. For an interior point

(X,t) € Qand any 0 <r < 8(X,t)/4 such that Q4 (X, 1) :={(Y,s): |X — Y| <4r and |t —s| < 16r2} C Q, there
exists a constant C such that

2
r" sup u
0r(X,1)

<C sup f u*(Y,s)dY +C / |Vul>dY ds
_ 2 2
RIS R ) 05 (X.1)
C2
<= f u*(Y,s)dY ds.
r
04 (X.1)

Lemmas 3.4 and 3.5 in [15] give us the following estimates for a weak solution of (1.1).

Lemma 3.2. (Interior Holder continuity) Suppose that u is a weak solution of (1.1) in Q. If |u| < K < oo for some
constant K > 0in Qu4,(X,t) C Q, then for any (Y, s),(Z, 1) € Q2 (X, t) there exists a constant C > 0and 0 <o < 1
such that

r

_ ) VA
|u(Y,s)—u(Z,T)|§CK(|Y Zitls — ] )

Lemma 3.3. (Boundary Holder Continuity). Let u be a weak solution of (1.1) in T (A2, (y, 5)). If r > 0 and u vanishes
continuously on Ay, (y, s), then there exists C and o, 0 < a <1 < C < 00, such that for (X,t) € T(Arp2(y, ),

u(X,t) =u(xp, x,t) < C(xo/r)* max u.
T(Ar(y,s))

Ifu>0inT (A2 (y,s)) then there exists C such that for (X, 1) € T(Arp2(y, ),

u(X, 1) < Clxo/r)ulr, y,s + 2r?).

Lemma 3.4. (Harnack inequality) Suppose that u is a weak nonnegative solution of (1.1) in U such that
Q4 (X, 1) C U. Suppose that (Y, s),(Z, 1) € Q2 (X, t). There exists an a priori constant ¢ such that, for T <s,

(5= )]
u(Z,t) <ul¥,s)exp|cl —+1)|.

ls — 7|

If u > 0 is a weak solution of the adjoint operator of (1.1), then this inequality is valid when T > s.
We state a version of the maximum principle from [8], that is a modification of Lemma 3.38 from [15].

Lemma 3.5. (Maximum Principle) Let u, v be bounded continuous weak solutions to (1.1) in Q. If |u|, |[v] — 0
uniformly as t — —oo and
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limsup (v —v)(Y,s) <0
(Y, 5)—(X,1)

forall (X,t) € 0%, thenu < v in Q.

Remark. The proof of Lemma 3.38 from [15] works given the assumption that |u|, |[v| — O uniformly as r — —o0.
Even with this additional assumption, the lemma as stated is sufficient for our purposes. We shall mostly use it when
u < v on the boundary of 2 N {r > t} for a given time t. Obviously then the assumption that |u|, |v| — O uniformly
as t — —oo is not necessary. Another case when the Lemma as stated here applies is when u|yq, v|sq € Co(0S2),
where Co(0€2) denotes the class of continuous functions decaying to zero as t — =£o00. This class is dense in any
LP(0€2,do), p < oo allowing us to consider an extension of the solution operator from Co(9€2) to L?.

Lemma 3.6. (Parabolic doubling, corkscrew point, cf. [15], and [22] for the doubling property of parabolic measure
in time-varying domains). Let Ay, C Ag be boundary balls and let V. and V; be their corkscrew points. Let ®" be
parabolic measure. There exists ¢ > 1 (depending only on the domain and the parabolic operator 0; — div(AV-) ) such
that

a) cow¥?(Ag) > 1
b) 0" (Ay) <cwV4(A,)  (doubling)
c) If E C Ay, is a Borel set and " (E) > n, then cwVi(E) > na)vd(AZr).

4. Proof of Theorem 1.1

We shall establish that the estimate

sup o (A)”! / \Vul?8dX S f 13m0 09.d0)
ACIQ
T(A)

holds for all solutions u in €2 with continuous boundary data f. As we have noted above it suffices to show this result
for all balls A = A, of diameter < r’ for some r’ > 0.

Consider any boundary ball A, = A,(y, s) of size <r’. Let A,;,.(y, s) for j > 0 be the 2J -fold enlargement of the
original ball A,. We want to consider all j < m where m is the smallest integer such that

(X,1) €dQ\ Agn, = |t —s|>r3,

where rq is the scale from Definition 2.2. From now on we denote d = 2"r.
Let f bein BM O(9€2) N C(9€2) and let u be the unique solution of the boundary value problem with boundary
data f. We decompose f into several pieces. First, decompose it into near and far parts:

= =) xas +(f —{la) xan\00 + (f = (F)ar) xoo\ag + () A,
=fit o+ i+ ay-

Here and throughout the paper we use the notation (f)p = 0o (B)_l f B f do. If u; is the solution for boundary data f;,
then we have for the solution u with data f, Vu = Z?: 1 Vu;. We estimate the contribution of each u; separately.
Observe that the term (f)a,, plays no further role as the solution corresponding to it is constant and hence has zero
gradient.

We start with u1, the solution for boundary data f;. For a fixed point (X,?) € T(A,), let us consider the set
7;‘3‘(’0 ={(z, 1) e A, : (X,1) € T4(z, 7)}. Note that 0(7?3‘“)) ~ §(X, t)" with constant dependent on .

1
/ |Vu28(X, s)d Xds
o(Ay)
T(A,)
1
ga(Ar) / IVui 28(X, )" o (Tix.s))d Xds

T(Ar)
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1
o(Ay)

A

/ [ 8(X, )"\ Vu, PdXdsdo

(x,8)€A, Ty r(x,s)
1

2
S / (S0)? (ur)do.
Ar

Since we assume that the parabolic measure to belong to A, there exists a (large) p < oo for which the Dirichlet
problem is solvable in L?. Hence by Holder’s inequality and solvability (see the Remark 2 below Definition 2.9)

2/p

1 1
a(A»/(Sfr’)z(””d(’s a(Ar)f(Sg‘)p(””d"
A A

2/p

1
< - ¥
S G (AP /|f1| o
Aoy

Since f1 = f — (f)a, on Ay, this is the BMO estimate with exponent p. John—-Nirenberg’s inequality

1/p

1
o (Ax)l/P / |f = {lay |"do SIflismo
Ao

and the fact that o is doubling gives us our desired estimate.

In order to estimate the contribution of u;, we write f, = f;r — f, with f2i > 0. Denote by u2ﬂE the corresponding
solutions. By linearity of the equation we have for the solution u, with data f> that uy = u;' —u, , whose contributions
we estimate separately. Let us denote by u the solution with boundary data | f>|.

We now cover T (A,) by a union of balls B;, i € N, of finite overlap with the following properties.

T(A) | B c| JU+8)B; C T(Az2r).
i i
Here (1 + &) B; is a small enlargement of the ball B;. All points (X, ) € (1 4+ §) B; have comparable distance to the
boundary, specifically, §(X, r) ~ diam(B;). Furthermore, each point (X, r) € | J;(1 + 8)B; is covered by at most K
enlarged balls (1 4 §) B;, where K only depends on the character of the admissible domain 2. We have

1 / +,2
[Vuz |78(X, 1d X dt
o(Ay) 2
T(A)
1 +2
< IVuE|?8(X, 1)d X dt
o (A) Z B/ 2
1 2
S > (diam(B;) ™! f uF (X, ndXdt
7B 5 (148)B;
1 2
< Z f Ut (X, 5)8(X, 1) 'dXdt (4.1)
~ 2 ) s
o8 I (1+46)B;
K
< (X, 0)8(X, )" dXxdt
a(Ay)

T(Az2r)
-2,
R S(X, )%~ \dXdr
~ f BMOO'(A) ’
;

T(A3)2r)
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We use Lemma 3.1, a pointwise estimate uit < u as well as the pointwise estimate of Lemma 4.1 below for the
solution u in terms of || || paro Which uses the fact that # vanishes on the boundary:
Observe now that the last expression is summable in the sense that
r2 / S(X, % \dXxdt ~ o (A)).
T(A3)2r)
2 .
Therefore we get a bound of || f |5, for the term with u5.

We now state a lemma whose proof we postpone to the end.

Lemma 4.1. Let Ay be a boundary cube of scale comparable to the diameter of the domain and A4 C Ag. Let u
denote the solution to boundary data | | XA \a,,» Where f is a function with { f) a,, = 0. There exists & > 0 such that
VX, 1) eT(Ay),

sx.0\°
WX,0 S flswo  and  u(X,0 5 (2E2) ) flsvo.
For the solution u#3 with boundary data f3 we consider a further decomposition. (Up to this point, the argument has
been roughly following the elliptic case ([9]).) For all j > 1 consider
Ui ={(X,t)eQ\ Ag:tels—jrg,s —(+Drd).

Since the scale rq is comparable to the diameter of each time slice of €2 each U is contained in some boundary ball
A/ of radius comparable to o (and d) with o (U;) ~ o (A/) ~ ry.

We write
f3 = Z(f - (f>A2,)XUj +h = Zgj +h
j=1 P

here 4 is the portion of f3 supported on QN {t —s > rg}. Observe that the term £ plays no further role as we only need
to prove the estimate for u on 7' (A, ), where the contribution from /£ is zero. Hence it remains to deal with the data g,
we denote the corresponding solutions by w ;. We estimate the L” norm of w;. We can add and subtract constants in
order to use the BMO condition, writing g; on U; as:

/ m
8= —(FIa)+ D (k= (Fhac-)+ (Far = (Fad)+ D (Fay, — (Fay )
k=2

k=2
The BMO condition on f entails that for a ball of any radius s, and its double:

() aoy, = () S I fllBmo.

and hence

lg; — (f = {(f)aDdllLe S G +m)llfllBmo-
Again by John—Nirenberg we have for f — (f); and any p > 1 on A/:

1/p

1
o (AP /If—(f)ml”dt7 SIflsmo.

and therefore for any p > 1 we have that

IgillLrwy SoADYPG+m+ DI flsumo-

The A assumption as already noted above implies L” solvability of the Dirichlet boundary value problem for some
large p; in particular this gives that [|[N(w)||Lrpo) S o (AP (G 4+m+ D] fllamo- Recall that gj = 0 for all times
larger than s — j rg.
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Since w; vanishes on the boundary of U;_;, boundary Holder regularity gives
1/p
1
N < - P
”w]”OONrOU(Aj)l/p / lw;jl|PdXdt
j—1
The solid integral over U; | can be dominated by a nontangential maximal function:

1/p 1/p
1

- lw;|PdXdt <L IN(w;)|Pdo
roo (AJ)1/p J ~ o (AP J

Uj-1 J

And the above estimate for the nontangential maximal function of w; implies

flw;l SG+m+DIflismo-
LOO( sf(jfl)rg)

Here, as before, 2; denotes the time slice at time 7 of the domain 2.
Now we are able to use the exponential decay for the solution of any parabolic PDE with vanishing Dirichlet data
on the lateral boundary. It follows that

. 2
lwilleey SePCUD0 DG 4 m+ DI fllpmo,  forallt >s — (j —2)r,

where the decay parameter 8 > 0 only depends on the ellipticity constants and sup, diam(€2;). In particular for 7' (Ay4)
we get

— i 2 .
lwll e agy Se P0G +m+ DI fllamo-

Finally, we use this to get an L* estimate on T'(Aj,). From Lemma 3.3 on the ball A; with xyp < 2¢ we obtain

_ _Bir2 .
lwillLoerany S27e P +m+ DI fllsmo-

This final estimate allows us to do the same calculation as (4.1) for ugt We obtain:

1 2
o(Ar) / IVw P8(X, NdXdt S22 e 2P0 (j+m+ DIl f 1 3po-
' T(Ar)
2am

Finally, as 272%"m can be bounded independent of m and e ~2AJ" o J can be summed over all j > 1 we get for u3:

1 / ,
[Vus|“8(X, t)dXdt
o(Ay)
(A,
1
+2 -2
5ZG(A,) / UVw;|*+ [Vw; [718(X, Hd Xdt
izl T(A)

2 —2Bjr? : 2
S a0 [ Do e P05 | S IBmo-
j=1

This concludes the proof of Theorem 1.1, apart from the proof of Lemma4.1. O

Proof of Lemma 4.1. We first note that the estimate

&
u(X.0) S (ML) 1 flamo

follows from the estimate u(X, ) < || f||smo by applying Lemma 3.3, hence we shall only establish this bound.
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We fix a corkscrew point of the ball A; and denote it by V. Recall that { f) p denotes the average of f over a ball
B with respect to the surface measure . As we want to consider averages with respect to the parabolic measure w as
well, we use the notation

Pon =0 [ fdo
B
occasionally using (f) v, p as well if we have to emphasize with respect to which point wV4 is defined.
We would like to replace the assumption (f)a,, =0by (f),v, , = 0. We can do that by considering a boundary

value problem with data |g|xa\ A, instead, where g = f — (f)vs A,, - Denote the solution of this boundary value
problem by v. If follows by the maximum principle that

I = vl < 1f = gllimoo = (o a,

Because the measures o and w"¥ are A, with respect to each other, arguments exactly as in [11] entail that the
difference of averages (f)a,, and (f),vs , satisfy the following:

ot | = (Do, = (e

This gives [lu — vllLe@) < I fllBmo, hence if v(X,1) S lgllsmo = I fllsmo for (X,t) € T(A,) then we have
u(X,1) S| flBmo as well. From now on we can therefore assume that <f>a)vd,Az, =0.
For j > 2 we consider dyadic annuli §; = A,j, \ Ayj-1,.

SIfliemo-

w20 <Y [[F = s, | KZV000dvds

i—
J S;

m
+Z’<f>wvd,A2jr /K(Z,r)(y’s)dyds-

Here K (4-%) denotes the Radon-Nikodyn derivative of the parabolic measure at point (Z, 1), i.e., do%?(y, s) =
K% (y, s)do(y, z). m is the scale at which 2r ~ d, as elsewhere f = 0.
We have for the first sum:

> [ 15 = U, | KED 0 0dyas

iz2g,

<3 [ 7= Do, |[KE005 dyas

j>2A2ir
o
<y 27— ‘ - doVi(y,s
N;z wvdmz./r)A/ = Dy, | do" .5
= er

S lgpro.wva Y27 SN Imo-
22
In the second line, we use Lemma 4.2 (see below). In the last line we use equivalence of BMO norms with respect to
parabolic and surface measures that holds due to the Ao, assumption we have made.
For the second sum we have (using { f) v, Ay = 0):

m m
S|y, | [ KEO0rds =3[y, | [ a0
Jj=2 Jj=2 S

S J
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j
< Z Z ‘<f>wvd’A2ir - (f)wv"’Azi—lr /da)(z'r)(y, s)
=2 \i=2

= = Sj

m
<3 isw [Ny, ~ Doy, | [d00009)
. L

2i=1,

j=2 S;
S lppown Y J f dew®(y,s)
20§
; 1
< 27 | —————dw"(y,
annBMO,wvd;)J / il

2Jr
m

=1 lpao.wve D127 S flsmo-
j=2

Here we again have used Lemma 4.2 stated below. Hence the result holds. O

Lemma 4.2. Let, d < rg, Ag C 3 and Vy the corkscrew point of Agq. Let A, C Ay and denote by V, the cork screw
point of A,. We have for each j > 1 such that A,j, C Ay

7(1]‘

K% (y,5) 1
sup sup — = 5 e
(.9)eh, ;. (Zo)eT(a,) K10y, s) @V (D)

Proof. First observe that from assertion c) in Lemma 3.6 follows that for E C A, we have
" (E)
V(D)

Let S; be as before the dyadic annuli A,;,\A,;-1,. Let V; be the corkscrew point of the surface cube A,;,. We apply
the above inequality for an infinitesimally small cube (that is ¢ is tiny) A, C S; C A,;,.. We get

0 (E) <

Va(A Vi(A 1
oVi(A}) < a‘)/i(t) and thus wV (A1) < v .
w4 (Ayj,) W' (Ar) T @' (Ayj,)

Now for (Z,7) € T(A;) and (y,s) € A; C S

KZD(y.s) . oZ9A) L oZD(A) 0i(A)
— Vv — =lIm ——F—F—F—— = 1m . .
KVi(y,s) 150 oVi(A;) =0 oVi(A)  oVi(A)

Note that dist(A;, A,) ~ 2/r. Applying Boundary Holder, Lemma 3.3, using that the boundary data for w47 (A,)
vanishes on A,;-1, we have

dist((Z, 7), 09)
2ir

and the lemma is completely proved. O

o
w(Z”)(A,) < ( ) ij(At) < —ia Vi (Ay)

5. Proof of Theorems 1.2 and 1.3

We focus primarily on the parabolic case, since the elliptic case is less complicated. We start by recalling the
existence of a dyadic grid that can be constructed for any doubling measure ([4]).

Let Ay C 02 where d is of the size comparable to the scale ry from Definition 2.2. As before let V4 be the
corkscrew point of A,. By Lemma 3.6, the parabolic measure " has the doubling property in Ay, therefore the
metric space Ay has a dyadic grid with the following properties. D(Ay) = {I ; 1 j €Z,l €I;} with I]l. CAgand Z;
an index set. This dyadic grid possesses the following properties:
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M Y, 15. =Ag; w(aljl.) =0 forall j,!.

2) B eD(Ay); Ac/l e D(Ap).

3) int([jl.) N int(IJl- ) =@ ifl #1'. (Here int(B) means the interior of the set B).

(4) There exist (x7, t;), called the center of [ ;, so that Ay—j(x7,7) € 1 ]l C Ayr-j(x1, t;) where M only depends on

the doubling constant of w.

(5) If j > j' then I} € ij, or It N Ij.’, =0.

(6) When Ij. - I]l/, then there exists C < 1 so that a)(lj) < Cw(l}i).

(7) Any open set O C Ay can be decomposed as O = | J il Ijl. where int(/ JI.) are pairwise disjoint and for each 7 j,
there is a point Pf € Ay\O such that dist(P/l., Ij.) ~ diam(Ij) ~27J,

Remark. If S is an element of the dyadic grid we shall say that S has scale j if S =1 ; for some /.

Definition 5.1. (cf. [17]) Let g9 be given. Let E C A, € A4. A good gp-cover for E in A, of length k is a collection
of nested open sets {(’)l}f‘:1 with E C Oy C ... C Og = A,. Moreover, each O; decomposes as O; = U?i] Sf such
that

() S'eD(Ay) Vil
2) 0O NS <epw¥i(SITh VIKILE.

Note that when k > > m > 0, then w2 ($TNON < sé_mwvd (M.

Lemma 5.2. (¢f. Lemma 2.6 of [17]) Let E C A, C Ag. Given gg > 0, there exists 5o > 0 such that if

@"(E)/0" (Ar) < 8
then E has good go-cover of length k = k(gg, 8o). In fact, k ~ —eplog do.

As explained in Remark 5, we may assume that for all Borel-measurable bounded f, the solution ©# with boundary

data f satisfies:

o(A)! / IVu(Y,)*8(Y,8)dYds S | flloo

T(Ar)

uniformly for all balls A, C 9Q with r <r’ for some r’ > 0. As we have noted above this condition is equivalent to
saying that the truncated square function S” satisfies

/ (8" ) ’do So(Ay),

Ay
forall || f|lL < 1and 0 <r <r’. Recall that our goal is to prove that for all E C A, C Ag:

0" (E)Jo"(A) <8 = o(E)/o(A)) <e.

We pursue the following strategy, as in [16]. We will establish that, given § > 0, one can find K (§) (with K (§) — oo
as 6 — 0+4) such that for some f with || f||z~ < 1 we have for the solution u corresponding to the boundary data f:

(S"(w)*(x,1) > K, forall (x,t) € E.
This would imply that
K)o (E) < f (S"(u)?do < f (8" (w))?do So (A,

E A,

and hence
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C
V, %
WUEA) <8 = o (B (M) = 1o

from which A, follows as we choose § > 0 such that K (§) > C/e.

It remains to construct f with the stated properties. Assume therefore that £ C A, is given and that
wV4(E)/w"(A,) < 8 where § > 0 will be determined later. Without loss of generality we may assume that d < g—%
(cf. Definition 2.2) and hence our ball A is contained in one ¢-cylinder Z in which the boundary 9€2 is given as
a graph of a function ¢. On such local coordinate system we can simplify the geometry through the use of a pull-
back transformation which transforms our PDE into a new parabolic PDE on a subset of U = RT x R"~! x R. Let
U =R* x R""! x R. We will consider a mapping p : U —  known as the Dalhberg—Kenig—Stein adapted distance
mapping, which appears also in Necas in the elliptic setting. In the parabolic setting this was studied in [15], and has
been extensively used in a variety of contexts including [18,24], and [8]. The mapping is given in local coordinates as
follows:

lo(x07-xat)=(x0+P]/)C()I/f(xﬂt)axﬂt)~ (51)
Here, P(x,t) € C8°(Q1 (0, 0)) is a non-negative function, defined for (x, ¢) € R"~1 x R, and
_ D p (X T
P)L(.x,t):)\, n P(X’ﬁ)

and

Poy(x,t) = / Po(x —y,t —s)¥(y,s)dyds.
R-TxR
Then p satisfies

(vo.y sl)igl(ox 1) Pyy ¥ (y,s) =¥ (x,1)

and extends continuously to p : U — Q. As follows from the discussion above the usual surface measure on dU is
comparable with the measure o defined by (2.4) on 9. By setting v =u o p and f" = f o p, one finds that the
equation (1.1) transforms to a new equation satisfied by v:

v; =div(APVv) + B - Vv in U,

v=f on dU (5-2)

where AP = [ag (X,1n)], B = [bf(X, t)] are (n x n) and (1 x n) matrices.
Hence for this new equation one can think of the ball A, as the set

{0,y,s)eU:|y—x|<rand |s—t|<r2}.

The simplicity of this geometry is the primary reason for introducing the adapted distance mapping.

Consider a good gp-cover for E relative to A, (g9 to be determined). This gives rise to sets {(’)m}ﬁl=0 and to
wV4-dyadic cubes S so that O, = (J; S". When m = 0 then Oy = A, and $9 = A,. Notice that there exist o -dyadic
cubes so that A7" C S7" C M A" where the scales of S" and A}" are comparable to, say, r/". We make the following
convention on notation. If A" = A,;n (y", s") is said boundary cube, we denote by A;"’ the boundary cube of scale

= rf”/«/z

1 1

centered at
OF s = O st = @D?/2) = O] = "))
The function f will be a sum of functions f;, that we now define. For m even and 0 < m < k, we set

1,  for(0,y,s) €lU; AT C Op,

0,y,5)=
Fn(©. . 5) 0, elsewhere.
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For m odd we set

fm+1 = _meOWH»l'
Observe that

k
f=me
m=0

is a non-negative Borel function with 0 < f <1.

Let us denote by u the solution corresponding to f, by u,, we denote the solutions with boundary data f;,,. We will
show that the data f;, for m an even integer, generates oscillation of the square function of u on a large enough subset
Ay m(x,t) CT'y(x,t). Moreover, sufficiently many of the sets A, ,, (x, t) will be disjoint for distinct m.

Let m be even. Take any (x, 1) € E C Oy =J; S/ and find $™ € {S/"} that contains (x, ¢). Recall that f,, =1 on
A™ and f,, =0 elsewhere in S”*. Let r"" be the scale of the radius of A™. If (y™, s™) is the center of A, then

Vo= (""" 4 (7))
is the cork screw point of A™’. We later choose a to ensure that V,’n elu(x,t).
Clearly, by Lemma 3.6 part a),
V(A" > 1.

Since f > fi + fm+1 by the maximum principle we have

uWV) = [ £, )K" (v, 5)dyds
Ay

> / e 8) + fons1 (o DK Yo (v, )dyds
Ay

> / 32 8) + Fns1 (0o DKV (y, 5)dyds
o

= w"n(A™) — " (A™ 0 Opt1)

=0(1) — " " (A™ N Opy1),

where in the fifth line we have used the definition of f,, and f,, 1. By Lemma 3.6 part ¢) for E = A™' N O, 41 we
have

@"(A"" N Opg1) _ @¥(S" N Oni)
a)Vd(Sm) - de(Sm)
where the C in the last line depends on doubling constants, and is independent of m. It follows that for ¢y chosen

sufficiently small one has u(V,,”) 2 1. By the Harnack inequality, Lemma 3.4, there exists a substantial set of points
later in time where this inequality holds. Namely

oV (A" 0 Opgt) S < Ceo,

ur™,y,s)>1 for all (y, s) € H™

where
H™ :={]y" — y| <r™"} x {%(rm”)2 <s— "+ ™)) < (r’"”>2} ,

with ™" = r™' /4. Again we postpone the considerations that will guarantee that H™ C T, (x, ). In the elliptic case,
similarly by the Harnack inequality, there is a small ball around V,,,” where u 2 1 holds.

We now produce another set of points closer to the boundary than H™ where u is small. This will give us an
estimate on the oscillation of the square function of u. Let us consider the values of u(or™', y, s), for small p and for
(y,s) e H™.
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Observe that by the construction of f,

fn + XOpnam = [ on A™,

since Z;":_Ol fi =0o0n A™ (m is even).

As fru=0o0n A (y", 5™ + (r™)?) we see that if we set g = XOU\A s (s +(my2y then g + xo, . ,nam = f on
aU. '

Let v be the solution with boundary data g. As 0 <v <1 on U by Lemma 3.3 we have an estimate for some
0<pB<l,

v(pr™. y.s) S pP  when (y,s) € H™.

It remains to control the contribution of x,,,,nan. We want to control wPr™y:9) (Om+1 N A™) but we first look at
0V (Oy41 N A™), where V,, is the corkscrew point of A”. By Lemma 3.6 part c) we get

Va (O N A™
0" (Opr NA™) S 2 ©n i1 )

de(Am)
<Cy de(Oerl NA™)
- wVa (M A™)
\Z} m
@' (Opy1NS™)
< —_— < .
< CM = Vacsm) = Cumeo

The dependence on M stems from A™ C $™ C M A™, where M is an absolute constant.

Our goal is to bound @™ s (Opm4+1 N A™) by some 1, small. Assume instead that P ys) (Ome1 NA™) = np.
Then by Lemma 3.4 since the time coordinate of V), is larger than s, one can construct a Harnack chain By, B, ..., B;
consisting of interior balls such that B; N B; 11 # @, (or™',y,s) € By, Vi € B; and 4B; C U for all i. The minimal
length j of such chain depends on p. By repeated application of Lemma 3.4 on each B; it follows that

Cueo = 0" Oy N A™) = Co0 ™" ) (Opyy N A™) = Coma,
where C,, is a small positive constant depending on p. If &g is chosen small enough such that gy < g—inz this is a
contradiction. Hence we must have a)(/”m/*y‘s)(O,,,Jr 1 N A™) < n; and hence from

v(pr™, y,8) + "I (O N A™) = u(er™, y, 5),
it follows that

u(pr™,y, s) <m+Co”.

Let us clarify the order in which we choose the parameters. Firstly, on H™ we have u(r", -, -) > 1, or more precisely
we have u > 1 — 1. Choose p > 0 such that Cp# < %(l —n1) and pick 0 < = %(1 — n1). Then we choose &g so

small such that g9 < CC—A/;UZ- This yields
u(pr™,y,s) <3(1—np), and u(™, y,s)>1-n,

for (y,s) € H™ and hence
lu@™, v, s) —u(or™,y,s)| > %(1 —n) >0, for all (y,s) € H™.

This is the key estimate that will allow us to show that the square function of « is large on the set:
A ={00,y,8) 1 pr™ <yo<r™, (y,5) € H"}

We claim that for large enough aperture a, A,, € ', (x, t) for our initial point (x, t) € E. The choice of a will depend
on the £ in the character (¢, N, Cp) of the domain 2 and the ellipticity constant of the matrix A and on p: the
construction above ensures that
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' &~ diam(A,,) ~ dist(A,,, 0U) ~ dist(A,,, (x, 1)),
where the implied constants depend on p and r" denotes, as before, the scale of radius of the ball A™ > (x, 7).
It follows that for any (y,s) € H™
LS @™y, s) —u(pr™, y, s)I?
1 2
= f Vu(or™ + (™ — pr™), y, s)(r™ — pr'™’)dt
0

1
<(1-— p)z(rm/)Z/ \Vu(prmy 4+ 1™ — pr™), y, s)dt
0

1
<@y / IVu(or™ +1G™" — pr™"), y. )P ") "1
0

’
rm

<y / Yy, v, )2 " dyo.
pr’

Hence integrating both sides over H,, and dividing by o (H,) &~ (+"')"*! will give us

13 / IVu(yo. y. $)I*yg "dyody ds.
Am
This is the contribution of each A,, to the lower bound on the square function S¢(u)(x, t) for A,, C I'?(x, t). However,

not all A, (m even) are necessary disjoint. To ensure (A, ;) are disjoint we take a subsequence m ; of even integers
such that

pr™i’ > i+’
Note that by property (6) of the dyadic grid, and for any level m, we have obtained a sequence, S;.", of elements of

the dyadic grid with the property that S;” is properly contained in the ST“. If ST has scale 27/ then S;”Jrl must

have scale at most 27!, since by property (5) any two dyadic cubes at the same scale that are not identical are
disjoint. Thus, by skipping a fixed finite number of levels, choosing m j 1 = m ; + 2k for some fixed k € N we see that
Pttt < M272Kp™Mi < pr™i | with M from property (4) and k chosen such that M2~ < p.

The number of disjoint A,,; is proportional to the length of a good go-cover, i.e.,e9 log (a)Vd (A))/wVd(E )). This,
for (x,t) € E we have

COROICHEDY / [VuG0. v.9) Py "dyodyds 2 solog (" (8,) /0" (E)).
I A,

Recall that we have already chosen ¢ previously. It remains to choose é > 0. For a given ¢, let § be small enough
to ensure that when w4 (E) /de (A;) < §, then the length of good eg-cover is sufficiently large so that (S")2w) > K
and thus o (E) /o (A) < K~! < &. This concludes our proof. O

6. Proof of Theorem 1.4
This proof of Theorem 1.4 is based on the following lemma from [8].
Lemma 6.1. (Lemma 3.3 of [8]) Let Q2 be an admissible domain from Definition 2.2 of character (£, N, Cq). Let

L = 9; — div(AV:) be a parabolic operator with matrix A satisfying uniform ellipticity with constants A and A\, and
such that, forall 0 <r <r/,
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2
d,u=8(X)< sup |Vaij|> dXdt (6.1)
Bs(x)2(X)

is a Carleson measure with norm ||| car-
Then there exists a constant C = C(A, A, N, Co) such that for any solution u with boundary data f on any ball
A, COQ withr <min{r'/4,ro/(4Cy)} (cf. Definition 2.2 for the meaning of ro and Cy) we have

/ |Vu|2x0dxcztgc<1+||M||c,2,0)(1+52)/(N2’)2(u)dxm. (6.2)
T(Ar) AZr

Here N? denotes the truncated non-tangential maximal function.

Remark. Let u be a solution of Lu = 0 in 2 with bounded boundary data f. Since || N% ”%OO(AZr) <|lu ||%OO(Q)0 (Ay)
and by the maximum principle ||u||z < || f| Lo, it follows from (6.2) that

f IVul>xod X dt < C(1+ [Itllc.2n) (1 + €D f 1|3 000 (A2y),
T(Ar)

hence by doubling for all A, with 0 < r < r” we have

o7l f IVul*xod X dt < C(1+ llitllc2n) (1 + €D F11 o, (6.3)
T(Ar)

which by Theorem 1.2 shows As,. We shall track how the L? solvability depends on the ellipticity A, A and the
constant K = C(1 + |[itllc,20)(1 + £2) in the estimate (6.3).

We have the following:

Lemma 6.2. Let Q2 be an admissible domain from Definition 2.2 and L = 9; — div(AV-) be a parabolic operator with
matrix A satisfying uniform ellipticity with constants A and A. Suppose that for all solutions u with boundary data
f € L*® we have

oAy / IVu|’xodX dt < K| f 3, (6.4)
T(Ar)

forall 0 < r <r". Then there exists py = po(r, A, K) > 0 such that for all py < p < oo the LP Dirichlet problem is
solvable for the operator L.

Proof. We revisit the proof of Theorem 1.2 from the previous section, tracking how the result depends on various
parameters. Assuming (6.4) we have established that for E C A, C Ay

oV (E) o(E) . . COLA DA +K)

oV, <P oy ~° ~logp

Here we took into account that the g in the good-go cover depended on A, A and ¢ and that the length of the good-¢q
cover was ~ —g(log 8. We have established this for balls on 9<2 but the same will also hold for parabolic cubes (in
fact the metric d can be defined such that “balls” in d are just parabolic cubes).

Given the (B, €)4,, statement we want to show that (8, €)a,, = (B, @) a_, for @ = 1 — ¢ where

(B.&)Ax (6.5)

B.a)a: o ({(x,t) eA: KVi(x,1)> ﬂde(A)/o(A)}) > ao(A), forall AC Ay.

Here K " is the Radon-Nykodim derivative %. To see this let

E={(x,0)eA: KV (x,1) < B (A)/o(A)}.
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Then

v,
a)v“(E)szVddofM/dofﬂwvd(A).
E (&) E

wVd(E)
wVd (A)

o(E)=0(A) =0 (E)> (1 —¢)a(A),
which is exactly (B8, 1 —€) 4;_. We use standard arguments to show that (8, @) o, implies a reverse-Holder inequality
for KV, That is, (B, O‘)Aéo implies that w"d belongs to Bj4s(0), where we track the dependence of § on n, €, .

Asin [5], forany A > ma := "4 (A)/o (A) the Calder6n—Zygmund lemma produces a family of pairwise disjoint
cubes Q; such that K¥4 < A fora.e. x € A\ U; Qi and

< B by (B, €)a,, we have that 2(E) _ ¢ Hence

Hence since oA

r<o(0)! / KVido < 2.
[oh
Hence by (B, &) 47, we obtain
/ KVddG§Z/KVddo—§2"AZo(Qi)
((0eA: KV (x,0)>2} o) i
21 " "
=223 o (I ne i KV, n > po'(0)/o(0)))
o

i

< 23 > (e i KYx,n > )

1

n

<22, ({(x,t) eA: KVi(x,1) > ﬂk}).
o

Hence using this we get for the integral:

o o0
271
/ A1 / KYdodr <= [ X0 ({(x, neA: KYx,1) > ,3,\}) dx
o
ma {(x,0)eA: KVd (x,1)>1) 0

which further (after a substitution ¢t = 8A) equals to

o0
2n s eV 2" Vi 146
0 A
On the other hand by Fubini
o0
/ P / KVidod)
ma {(x,0)eA: KVd (x,1)>1)
KVd (x,1)
> [ KVi(x,1) / M ldrdo
{((x,H)eA: KVd (x,1)>mp)} ma
KVd ot § m(S
- / KVage, | KL00DT  ma
8 8
{(x.0)eA: KVd (x,t)>mp}
1 1+
> —/(KVd)1+5da— A 5(A).
8 8
A
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It follows that
148

1 2" ~1 148 2 -1 ¢
(5‘m>"(“ Jrsar <5 lo@r [k%ao)
A A

from which our claim follows.
Thus if (8, €) 4., holds, then "4 € By (o) forall 0 < § < §p where

1 2"
8o (1= (1 +380)

The duality relationship tells us that the L? Dirichlet problem is solvable for p = (1 4 §)/4. To obtain an estimate
from below on p we may assume that § < 1. Hence if

1+48 n - n
= > .
P T U= T e
and if we choose ¢ = 1/2, and the corresponding 8 = exp(—2C (A, A, £)(1 4+ K)) given by (6.5) then for

p > po:=2""exp(4C(x, A, 0)(1 + K)) (6.6)
the L? Dirichlet problem for the operator L satisfying (6.4) is solvable. This establishes Lemma 6.2. O

In particular by (6.3), Lemma 6.2 applies directly to operators L = 9; — div(AV-) on admissible domains 2 whose
matrix A satisfies

2
du=358(X) ( sup |Vaij|> dXdt
Bs(x)2(X)

is a Carleson measure. Thus, there exists po = po(n, A, A, ||i|lcari, L) < 00 such that the L? Dirichlet problem for
such an operator L is solvable for all p > pg. In particular this implies that Theorem 1.4 holds for such operators L.
Indeed, by [8] for all p > 2 if max{€2, |||l cart} is sufficiently small then the L? Dirichlet problem is solvable for an
operator L. Let C(p) = C(p, A, A,n) > 0 be the largest number for which the condition max{¢2, |||l cart} < C(p)
implies L? solvability. To show that C(p) — oo we only have to prove two claims. The first one is that the function
C(p) is monotone non-decreasing in p. This is due to the fact that L? solvability implies L7 solvability for all ¢ > p.
The second that is that for an arbitrary fixed M > 0, if max{¢?, |||lcarr} < M then there exists p < oo such that
C(p) = M. An estimate of how large such a p must be is given by (6.6). Observe that £ and K on the righthand side
of (6.6) are both bounded by M, and hence the value of p for which C(p) > M only depends on n, A, A and M.
Combining these two claim yields

lim C(p) =00,
p—>00

as desired.

We will use the theory of perturbation of operators to conclude that Theorem 1.4 holds for operators, where the
condition on the gradient has been replaced by the oscillation condition (1.7). Let Ly = d; — div(AoV-) be an operator
satisfying (1.7) with Carleson norm K.

We will proceed in two steps, introducing two intermediate operators L1 and L, to which Ly will be compared.

Following [10], create a new operator L,, namely L, = 9, — div(A,V-), where A; is the mollification of Ay
obtained by convolving the coefficients with a smooth bump function. Then the coefficients of L, satisfy the Carleson
gradient condition (6.1) with norm K» := ||d[Z|| casi» bounded by a multiple of K. (See the proof of Corollary 2.3 of
[10] and the proof of Theorem 3.1 in [8] for more details on this construction.)

Precisely, the difference between the coefficients of Lo and L, satisfies the perturbation-Carleson condition ([22,
25,13]) with constant C(Kp), a multiple of Ko:

2
sup a(A,)—I/fa(X)—Z—"< sup |A0(X)—A2(X)|> dXdtdo | < C(Ko) 6.7)
Ay A Bsx)2(X)
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Here, I'" is the truncated cone of (2.7) and, after integrating, the condition (6.7) is equivalent to stating that

2
5(}()*1 (SUPBs(X)/z(X) |[Aog(X) — AZ(X)|) d Xdt is itself a Carleson measure.

However, it is useful to write this in the form written in (2.7), to recall that the Carleson measure condition tells
us that the (truncated) area integral is bounded on a large fraction of A,. We now, as in [22,13], introduce another
operator L1 = 9, — div(A; V), which will have the stronger property that

2

AZ(Q) = f 8GO sup  [Ao(X) — A1(X)|) dXdt < Ci(Ko) (6.8)
B (X)
rr(Q) e

The construction of A proceeds as follows. Fix a set F C A, with 6 (F N A;) > 0(A,)/2 and Af(Q) < CKy
on F. As in [22], Section 3, a sawtooth region is formed over F': the new matrix A; will equal A, in that sawtooth
region over F', and equal A otherwise. It is argued in [22], following [ 13], that the resulting operator L satisfies (6.8).

We summarize the steps, and make some comments regarding tracking the dependence on p for solvability of the
L? Dirichlet problem.

Step 1. The solvability of D, for Ly, for all p > p;, with an estimate of the dependence of p; on K; was carried
out above in the proof of Lemma 6.2. Thus (suppressing the dependence on the corkscrew point), we have that the
(B, &) a,, condition holds for wy,, which gives a constant § = §(B, €) such that w;, belongs to Byys.

Step 2. The solvability of D, for Ly, forall p > py, and with p; = p1(8, €) is a consequence of the construction of
sawtooth regions and a comparison of the parabolic measures dwy, and dwy ;. The constants will depend on domain
parameters, and will introduce no further dependence upon the Carleson norm. The comparison of these two measures
is carried out in [22], following the construction in [7] in the elliptic case.

Step 3. The solvability of a D, for Lo, will result from the a chain of comparisons starting with L; and ending
with L. The parameter po can be tracked explicitly through the transitivity of the reverse Holder classes, B,. The
method ([13]) is as follows: Form the family of parabolic operators L, moving from L ats =1 to Lo at s = 0 where
Ay =(1—s)Ap+sAjand Ly = 9; —div(AsV-). Theorem 6.6 of [22] provides a small &g that depends only on domain
parameters and ellipticity for which wp,, belongs to B, with respect to wr ), , for any n < go.

Remark. Suppose that wp, w1 and w, are weights satisfying wy € By, (wg) and w; € Bp,(w1) with constants
lwillg,, @y and o215, @) respectively. Then w; € B, (wo) where r = % and the ||@2]| g, () depends upon
P1s P2, |01l B, wp)s 0211 B, (@))-

To conclude, this will be applied approximately &, ! times and we find that wr, € B1+s(do) for some positive
8 =8, A, L, ||itllcar) from which L? solvability of the Dirichlet problem follows for all p > (1 + 8")/8'. As
above, this implies C(p) in Theorem 1.4 has the property that C(p) — oo as p — oo.
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