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Abstract

We consider semilinear wave equations with focusing power nonlinearities in odd space dimensions d > 5. We prove that

for every p > % there exists an open set of radial initial datain H 2 x H 2 such that the corresponding solution exists in a

backward lightcone and approaches the ODE blowup profile. The result covers the entire range of energy supercritical nonlinearities
and extends our previous work for the three-dimensional radial wave equation to higher space dimensions.
© 2016 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

We consider the initial value problem for the focusing nonlinear wave equation

O2u — Au=ul”"u,
(1.1)
uli=0 =uo, Ouli=0 =ui,
for (r,x) € I x RY,d =2k + 1, k > 2 and I an interval, where 0 € I. Eq. (1.1) is conformally invariant for p = Z%?

and we restrict ourselves to the superconformal case
d+3

T-1 (1.2)

p >
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The above equation enjoys scaling invariance in the sense that if u solves Eq. (1.1) then another solution can be
2

obtained by setting u, (¢, x) :== X" ?~Tu(t/A, x/)) for 1 > 0. The conserved energy is given by

1
EQut, ), dpu(t, ) = 311 (e, ), 3yt Wiy 2y = 51 16 1 0 ey

and it is invariant under the above scaling for p = %, which defines the energy critical case. In general, the scaling
invariant Sobolev spaces are H* x H*»~1(R?), where the index sp = % - % is usually referred to as the critical

regularity.
1.1. Basic well-posedness theory and explicit blowup solutions

One is usually interested in (strong) solutions of Eq. (1.1) that satisfy the equation in integral form by using
Duhamel’s principle, see for example [45]. In this sense, Eq. (1.1) is locally well-posed in H*» x H*»~1(R?) ford > 5
and p > %, given that the nonlinearity is sufficiently regular, cf. Lindblad and Sogge [32]. Moreover, solutions that
correspond to sufficiently small initial data can be extended globally in time. We also note that local well-posedness in
H x H~Y(R?) for s > % and smooth nonlinearities is classical [45]. However, global well-posedness does not hold
in general. A convexity argument by Levine [31] shows that initial data with negative energy (and finite L2-norm)
lead to blowup in finite time, cf. also [24] for generalizations.

Explicit examples for singularity formation can be obtained by considering the so called ODE blowup solution

1
__2 =1
ur(t,x)=cy(T =177, ¢, :=[§;P_+1)12)]’ " (1.3)

which is independent of the space dimension and solves the ordinary differential equation u;; = |u|”~'u for p > 1. By
finite speed of propagation one can use ur to construct compactly supported smooth initial data such that the solution
blowsupast — T.

In one space dimension the ODE blowup mechanism is universal, cf. the fundamental work by Merle and Zaag
[36,37,40,39] and the references therein. In higher dimensions, the situation is more complex. Depending on d and
p many other explicit examples for singular solutions were found in the past years, including the celebrated work of
Krieger, Schlag and Tataru [29] on fype II blowup solutions for the energy critical equation in three space dimensions,
see below. For d =3, p =3 and p > 7 an odd integer, it was proved by Bizon, Breitenlohner, Maison and Wasserman

2
[4,3] that Eq. (1.1) admits infinitely many radial self-similar blowup solutions of the form (7 — ¢)” r-T fn(ﬁ),

T—t
n € No, with ur corresponding to the groundstate, i.e., fo = cp. Another blowup mechanism for Eq. (1.1), which only
exists for d > 11 and a range of supercritical nonlinearities p > p(d) > %, was recently established by Collot [6],

see below.

Most of these explicit solutions have unstable directions, i.e., they are unstable under generic small perturbations
and are not supposed to describe the ‘typical’ blowup behavior for solutions of Eq. (1.1), see for example [26]. On the
other hand, numerical experiments by Bizori, Chmaj and Tabor [2] for the three-dimensional equation show that the
behavior of generic radial blowup solutions can be characterized in terms of the ODE blowup solution locally around
the blowup point.

The stability of u7 in three space dimensions was established in our previous works [10,12] for radial perturbations
and all p > 1. Recently, we could extend this to the general case (without symmetry) [11] for p > 3. For subconformal
nonlinearities the dynamics around u7 were also investigated by Merle and Zaag [41] in the non-radial setting and in
arbitrary space dimensions.

In view of the findings in [6] for supercritical radial wave equations in high space dimensions, we extend our
previous results and establish the stability of the ODE blowup solution in arbitrary odd space dimensions. Although
for d = 3 we were able to drop the symmetry assumption, it is an open question how this can be accomplished for
d > 5, see the discussion below. We therefore restrict ourselves to the radial case and study solutions that blow up at
the origin (which is the most interesting case).

We note that this work is not a mere technical generalization of [10,12]. It can rather be viewed as a systematization
and refinement of our approach that has also been applied (with slight modifications) to establish stable self-similar
blowup for equivariant wave maps [13,10] and Yang—Mills fields [8] in supercritical dimensions.
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1.2. Radial solutions in lightcones

In the following we use the abbreviation u[z] := (u(t, -), d;u(t, -)). We are interested in the behavior of radial
solutions of Eq. (1.1) in backward lightcones

Ir(RY) :={(t,x)€[0,T) x R : |x| < T —1},

with vertex (7', 0) for T > 0. Consequently, a suitable concept of (strong) solutions in lightcones is required. This can
be obtained for example by combining the classical Duhamel formula on R with suitable cut-off techniques, see [24].
Here, we pursue another approach which is based on the formulation of Eq. (1.1) in self-similar coordinates

X
T—1t
To motivate the following, let u € C*°(I'r) be a radial solution of Eq. (1.1). By setting

T:=—log(T —t)+1logT, £&:=

2

Yl (—log(T — 1) +log T, 7=) := (T — )7 Tu(t, x),

(1.4)
Y (—log(T — 1) +log T, 727) := (T — )7 T dyu(t, x).
we obtain a smooth solution of the first order system
o] =y —&- VY| — 2y,
(1.5)

oy =AY —&-Vy] = Zayl +yllyl 1P
By setting wl(r):= (I/IIT(‘L’, 4, 1//2 (t, -)) this can be written as
0. W7 (1) = Lo¥ (1) + F(¥' (1)),

where L represents the linear part of the right hand side of Eq. (1.5). To formulate the following statement we define
for k € Ny

HE (BY) = {u € H*(B?) : u is radial}.

d+1
Proposition 1.1. Ler $ := H_ 2 x H ad (IB%d) There is a dense domain D(Ly) C $ such that the operator Ly :

rad
D(Ly) C $H — H is closable and its closure generates a strongly continuous one parameter semigroup {So(t) : T > 0}

of bounded operators on 5.

This is an immediate consequence of the results proved in Section 4.2.1. By Duhamel’s principle we can now
formulate the above equation as an abstract integral equation

wT(1) =Sy(n)wT(0) + / So(t — THFWT (7)) dT'. (1.6)

We take this as a defining equation for our notion of strong lightcone solutions.
Definition 1.2. We say that u: I'7(R?) — R is a radial (H G -)solution of Eq. (1.1) if the corresponding W7 belongs
to C ([0, 00), $) and satisfies Eq. (1.6) for all 7 > 0.

d+1 d—
Definition 1.3. Let (ug, u1) € Hrad x H rad (Rd) We say that T > 0 belongs to 7 (ug, u1) C (0, 0o) if there exists a

solution u: FT(R") — R to Eq. (1.1) with u[0] = (uo, ”1)|IB‘;- Set

T(ug.uy) := sup{T (uo, u1) U{0}}.

If Tug,u,) < 00, we call Ty u,) the blowup time at the origin.
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1.3. The main result
We prove the stability of the ODE blowup solution in the following sense.

Theorem 1.4. Ford =2k+ 1, ke N, k>2, fix p > % and Ty > 0. There are constants M, § > 0 such that if ug, u;
are radial functions with

, _ 0 B S 1.7
| (o, u1) — uryl ]||H%XH%(B%M)< i (1.7)
the following statements hold:
1) The blowup time at the origin T := T(y,4,) IS contained in the interval [Ty — 8, Tp + 8].
i) The solution u : 't (Rd) — R satisfies
2
(T —t)yr-"u(t, ) —ur(t, ')||L°°(]B‘;7,) < (T —ntr,
(T =077 ute, ) = ur (4, ) 2us_y S (T =0, (1.8)
(T — t)*Serl lael2] — ”T[I]HH1><L2(IB‘%7,) <S(T —ntr,
fors, = % — % Mp = min{%, 1} — ¢ and € > 0 small. Furthermore, for j =2, ..., d—er]
(T — [)_Sp“'j ”“[t]”I-'l-/'xH-/—'(]B‘%_,) 5 (T — [)HP, (19)

Remark 1. The normalizing factors in Eq. (1.8) and Eq. (1.9) appear naturally and reflect the behavior of u7 in the
respective norms. Since the ODE blowup solution has a trivial spatial profile, it vanishes identically in higher order
homogeneous Sobolev norms, which yields Eq. (1.9). The e-loss in the convergence rates is due to the application of
abstract arguments from semigroup theory.

Remark 2. Our approach is perturbative, i.e., we construct solutions of the form u = ur + ¢. This and the embedding
HS < L™ guarantee that the nonlinearity is smooth for all p > 1 provided that the perturbation is small enough.
In particular, Theorem 1.4 can be extended to all p > 1 without modifications. We are therefore able to construct
solutions of Eq. (1.1) (at least in a backward lightcone) for nonlinearities that are not covered by the standard local

well-posedness theory.

If we restrict ourselves to Sobolev spaces of integer order, then the regularity required in Theorem 1.4 is optimal for
p > 5 by local well-posedness ([s,] = d—“le). However, for p <5 this might be improved and we show this explicitly

for p = 3 in Theorem 1.5 below. In this case, [s3] = d—gl and H'31-solutions can be defined in a similar manner as
above.

Theorem 1.5 (Improvement of the topology). Let p = 3. Then the first statement of Theorem 1.4 holds (mutatis
mutandis) for radial initial data satisfying Eq. (1.7) in HS?1 x HU21=1 \where sp = % — 1. The corresponding
solution u : T'r (RY) — R satisfies the estimates

— 1_
(T =07 lut, ) —ur @)l 2@ ST =027,
i 1_
(T =0~ fule) = ur (W gy i1 e _y ST —0D27°,
Jor j=1,...,[sp].

We note that there are possibly other situations where the topology can be optimized and it will become clear in
Section 1.5 how this could be realized within our framework. However, we do not pursue this here.
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1.4. Related results

Blowup for the wave equation with (sub)conformal focusing nonlinearities 1 < p < %, d > 2, was considered in
the seminal work of Merle and Zaag [34,35], cf. also Antonini and Merle [1]. They were able to prove that all blowup
solutions diverge with the self-similar rate in the backward lightcone of the blowup point (at the energy level). They
also extended their previous analysis for the one-dimensional wave equation to d dimensions in the subconformal case
to characterize the behavior of radial solutions provided that the blowup occurs outside the origin [38]. In [41,42] they
studied the dynamics around ur (without symmetry assumptions) and investigated properties of the blowup surface.

In the superconformal regime, much less is known concerning the behavior of generic solutions. However, for
energy subcritical nonlinearities, Killip, Stovall and Visan [24] as well as Hamza and Zaag [19] were able to derive
upper bounds for the blowup rate.

In the energy critical case, ut is the unique self-similar solution and it can be used to construct blowup solutions
that diverge in the scale invariant norm H' x L2(R3), cf. for example [30]. This behavior is referred to as type I and
contrasted by type II blowup, where solutions stay bounded in the critical norm. First examples of type II solutions
were obtained by Krieger, Schlag and Tataru [29,27] for the radial equation in three dimensions using the (up to
scaling) unique solution of the corresponding elliptic problem. We also refer to [9] for solutions that blow up in
infinite time. A detailed description of all possible type II blowup dynamics was provided in the celebrated work
of Duyckaerts, Kenig and Merle, cf. [14] as well as [16] for further references. For d = 4, smooth type II blowup
solutions were constructed by Hillairet and Raphaél [20], and we also refer to [21] for a recent result by Jendrej in
five dimensions.

To the best knowledge of the authors, all currently available results for supercritical nonlinearities p > % are
either conditional or consider perturbations around certain special solutions. Type II blowup behavior for radial so-
lutions was excluded by Duyckaerts, Kenig and Merle [15] for d = 3 and by Dodson and Lawrie [7] for d = 5. We
also refer to similar results for the defocusing case obtained in [23,25] or [5]. These works show that if the critical
norm stays bounded up to the maximal time of existence, then the solution is global in time. We also mention a recent
work by Krieger and Schlag [28], where smooth global solutions are constructed that have infinite critical norm (but
are bounded in all higher norms). Recently, based on the pioneering work of Merle, Rapha¢l and Rodnianski [33] for
the energy supercritical nonlinear Schrodinger equation, a new blowup mechanism was described by Collot [6] for
the radial wave equationind > 11 and p > 1+ ﬁddj' There, solutions blow up via concentration of the soliton
profile, which is somewhat reminiscent of the type II behavior in the energy critical case. However, the solutions
diverge in the critical norm and this blowup mechanism could therefore be referred to as type IIb in order to avoid
confusion.

1.5. Strategy of the proof

We consider the radial equation
Ofu — =0, (r ™ ) = [u|P ", (1.10)

for u = u(t, r) and initial data (ug, u1) = u,[0] + (f, g), where (f, g) are free radial functions. We study the initial
value problem in a backward lightcone {(¢,r) : ¢t € [0,T),r € [0, T — t]}, where T > 0 is a parameter that will be
fixed in the final step of the proof. We introduce rescaled variables and rewrite Eq. (1.10) as a first order system in
(radial) similarity coordinates

1:=—log(T —t)+1logT, p:= Tsz
which yields the abstract evolution problem
0V =LV +F(V¥),

where W = (Y, ¥2). Here, Lo represents the radial wave operator and F(\W) = (0, |(|? -1 Y¥1). The backward light-
cone now corresponds to

{(zr,p): T €[0,00),p€[0, 1]}.
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Note that the parameter T does not appear in the equation itself, but it shows up in the initial data. In this formulation,
the ODE blowup solution corresponds to the static solution ¢,,. The ansatz W = ¢, + ® yields

0: & =L® +N(D), (1.11)

with L := Lo + L/ representing the linearized part of the equation and N denoting the nonlinear remainder. Eq. (1.11)
is investigated as an abstract ODE on a Hilbert space with norm

2 2 2
Il = an (- D gy + 020 - D121 o

for w = (uy, us). For Theorem 1.4, we choose k = (d + 1)/2, whereas for the proof of Theorem 1.5,k =(d — 1)/2 is
sufficient. The choice of the topology is motivated as follows.

First, we have to derive suitable Lipschitz estimates for N. In the first situation (Theorem 1.4), we can exploit the
Sobolev embedding H* < L for k > % to infer that the nonlinear remainder is smooth for all p > 1 (given that
the perturbations are sufficiently small). An application of Moser’s inequality then yields the desired result. For p =3
(Theorem 1.5), the nonlinearity is analytic, hence regularity is not an issue and the Lipschitz estimates can be obtained
by using Holder’s inequality and Sobolev embedding.

Furthermore, we need a decay estimate for the time evolution of the linear wave equation in similarity coordinates.
To see what can be expected, let us drop the symmetry assumption for a moment and let u(z, x), x € R?, be a generic
solution of the free wave equation

Btzu — Au=0.

Let i1 denote the rescaled solution in similarity coordinates as in Eq. (1.4). The scaling behavior of Sobolev norms
implies that
2

Iy (7, ‘)”Hk(]Bgd) =(T —1t)r-!

where we write Tt = —log(7T —¢) +1log T for brevity. One can easily check that ||u(z, -) || FR@L) is bounded. However,

d
4+k
27 lud, ')”H"(IB%‘%_t)’

without further assumptions on the regularity this cannot be improved since one can construct explicit solutions that

decay arbitrarily slow in H k(IB%‘;_t). Hence, a decay estimate for ¥; in H*(B?) can only be obtained if % — % +

k > 0. Unfortunately, in backward lightcones such homogeneous quantities are only seminorms and we have to work
instead with

2 _d
2

k
||1/f1 (T, ')”H]"(Bd) = Z(T —1)r1

j=0

+Jj L
flua(z, ')”H-/ B_)

At first glance, the lower order terms seem to spoil the decay estimate. However, this can be overcome by considering
equivalent norms. In the radial case, the construction is based on the reduction of the d-dimensional radial wave
equation to the one-dimensional case (or simply to a lower dimensional equation, depending on the required level of

regularity). For our purpose we set Du(t, r) := (%@)g (r~2u(t,r)) and observe that
(=12 P
Z (T =02 (e, |- Dl gree_ )
j=0
2 1
(T =)' 21Dut, ) g, 7—r)-

Since Du solves the one-dimensional equation, || Du(t, -)|| H10.T—1) is bounded. This equivalence is crucial in the

proof of Theorem 1.5. It is also obvious that we have decay only if p < 5. For Theorem 1.4, this is not sufficient
(also because the above quantity only provides % derivatives). We could work instead with || Du(z, )|l g2(0.7—y), but
this is only a seminorm (the radial derivative of Du does not vanish at the origin). Adding the energy part solves this

problem, but spoils again the decay estimate for p > 5. Hence, we consider
|1 2w DI = (T = 07T 1 Duce, )2
17, ), ¥2(1, D= ulr, H2(0,T—1)
4
.
+ (T =07 Dug (6, ) 0.1y

+(T — t)% |(Dw)p(t, T — 1) + (Du) (t, T — 1)

| 2
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and show that | - ||H% e B9 >~ || - ||p. Observe that solutions of the one-dimensional equation w;; — wy =0
X
satisfy

Llw,(t, T —1) +w, (1, T = D)> =0.

In view of this, the desired decay follows for all p > 1. We note that for d = 3 such an equivalent norm also exists in
the non-radial context, cf. [11]. However, it is not clear how this can be generalized to arbitrary space dimensions.

To prove the results of Section 1.3 we proceed as in [10,12] and use the theory of strongly continuous one-parameter
semigroups to address the linearized equation. Since the operator L is a highly non-selfadjoint object, semigroup
theory can deploy its full strength and enables us to treat the problem on a very abstract level.

e With the above considerations and suitable equivalent norms it is easy to show that L is the generator of a semi-
group which satisfies a suitable decay estimate. Since L’ is bounded, well-posedness of the linearized problem
and the existence of a strongly continuous semigroup (S(t)).>0 generated by L follow immediately.

e To deduce suitable growth estimates for the semigroup we analyze the spectrum of the generator. Compactness
of the perturbation reduces matters to the investigation of the eigenvalue problem, which can be solved explicitly
in terms of hypergeometric functions. We show that the spectrum of L is contained in a left half plane except
for the point A = 1, which is an eigenvalue with eigenfunction g. The existence of this unstable eigenvalue is a
consequence of the time translation symmetry of the problem and we define a spectral projection P to analyze
the behavior of solutions on the stable subspace. Note that we have to verify that rgP = (g), since we are dealing
with a non-selfadjoint problem. In contrast to [ 10,12], where we used resolvent estimates and the Gearhardt—Priiss
Theorem to deduce growth bounds for (1 — P)S(t), we employ a much simpler argument here and exploit the
compactness of the perturbation directly. This is a substantial simplification relying only on standard results from
semigroup theory. As a result we obtain that

[(1=P)S(D)|| Se ¥ r", PS(r)u=e'u, where pu, > 0.

e We rewrite Eq. (1.11) in Duhamel form,
T
O(t) =S()U(, T) + / S(t — T)N(®P(¢)))d7/, (1.12)
0

where U(v, T') with v = (f, g) gives the original initial data. The main ingredients for the nonlinear theory are the
above estimates for the semigroup and Lipschitz estimates for the nonlinearity of the form

IN(w) = NW)[I < (hall 4+ IvIDllu —v].

The rest of the proof is purely abstract.
e We add a correction term to Eq. (1.12) in order to suppress the unstable behavior of S(r). An application of the
Banach fixed point theorem shows the existence of a unique solution to the modified equation

d(t)=S(x)UW, T) + / S(t — THN(®(z"))d7’
0
—e'C(®,U(v, T)),

given that v is small and T is close to Ty. Furthermore, the solution decays to zero with the linear decay rate.

e In the final step, we show that for every small v there exists a Ty close to Tp such that C(®, U(v, Ty)) = 0. We
exploit the fact that C(®, u) € (g) and apply the Brouwer fixed-point theorem as in [11]. This is a substantial
simplification compared to [10,12], where differentiability of several quantities was required. Transforming back
to original coordinates yields the result.
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2. Notation

Throughout the paper we assume that d =2k + 1, k € N, k > 2 is fixed. We write N for the natural numbers
{1,2,3,...} and set Ng := {0} U N. As mentioned above, ]B‘I]e denotes the open ball in R? centered at zero with radius
R > 0.1If R =1, we simply write B¢. The notation a < b means a < Cb for an absolute constant C > 0 and we also
writta >~ b ifa Sband b < a.

For a function x — g(x), we use the notation g(”)(x) = % for derivatives of order n € N. For n = 1, 2 we also
write g’(x) and g”(x), respectively. For a function (x, y) — f(x, y) partial derivatives of order n will be denoted by
Nflx,y) = %f(x, y) =097 f(x,y). For @ C R? a domain, H™ (), m € Ny, denotes the standard Sobolev space
with norm

2 2
Il Fmgy = D 10%ul72q):

a:la|<m

where o = (a1, ...,04) € Ng is a multi-index, i.e., 9% = 8)?1] .. .B?j and |a| =1+ -+ aq4.

The set of bounded linear operators on a Hilbert space H is denoted by B(#). For a closed linear operator L we
write o (L) and o, (L) for the spectrum and point spectrum, respectively. Furthermore, we set R, (1) := (A — L)~! for
A ¢o(L).

3. The radial wave equation in similarity coordinates

We restrict ourselves to radial solutions of Eq. (1.1) and write u(¢, x) = u(t, r), where r = |x|, by slight abuse of
notation. We introduce the radial Laplace operator on R¢,

Apu(t,r) = d82u(t,r) + dr;laru(t, r)
and study the equation

ult,r) — Ajult,r) = lut, )" u(t, r). 3.1)
The initial data at t = 0 are assumed to be of the form

ul0] =ur, [01+ (f, &), (3.2)

where Tp > 0 is fixed and (f, g) can be chosen freely. At the origin we impose the natural boundary condition
d,u(t,0) =0 for all > 0. We define rescaled variables

2 14+
Ui(t,r) =T —t)rTu(t,r), Ux(t,r):=(T —1t) P 10ul(t,r),

where T > 0. This yields the first order system

U\ _ (T—l)_le—%(T—t)‘lUl
0U2) ~ \(T =AU — (T =~ (B v, — o171 0y)

with data
U0, r) = (g rtep + TP f(r), Ua0,r) = () 7! 5=5¢p +Tr1g(r),
and boundary conditions

0-U1(1,0) =09, U>(t,0) =0,

for all £ > 0. In the rescaled variables the blow-up solution ur is static and corresponds to ¢, := (cp, %cl,). We

—1
introduce similarity variables

, t=—log(T —t)+logT.

Derivatives transform according to
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T e’

e
0 = (0 pdp). O = 0.

Setting ¥ (t, p) :=U;j(T —Te *,Te " p) for j = 1,2, we obtain the system

(aﬂpl) B V2 — pd, ¥ — 52

0cvr2) — \ Ay — pdp¥a — By + [y 17~y

with the boundary conditions 9,V ;(t, 0) = 0 and initial data
Y100, p) = (F)7

v2(0, p)—(To)" ' Cp+T” ]g(T,O)

2
=1

2
Cp‘i‘Tp*lf(T,O)

We restrict the problem to the backward lightcone of (7', 0), i.e., we study Eq. (3.3) for p € [0, 1] and 7 > O.

3.1. Perturbations around the ODE blow up solution

Inserting the ansatz

(ﬁ) - <¢2> e

into Eq. (3.3) we obtain

01\ 92— PIpP1 — 5291
0:¢2) ~ \App1 — pdppr — 2L -
P2 p®1 = PBpp2 — =yp2+ pcp @1+ N(p1)

for p € [0, 1] and T > 0 where
N(p) =lcp+ @1l (cp+@1) —ch — pch o1
The initial data are given by

010, p) = (57 Te, + T71 f(Tp) —cp

p+tl pt+l

0200, p) = ()7 3270 + T2 1 g(Tp) = 524

4. Proof of Theorem 1.4

+3

Throughout this section, p > d is a fixed real number.

4.1. Functional setting

1189

(3.3)

(3.4)

We consider radial functions & defined on IB%?’Q, ie, u(§)=u()), & € ]B%jle. In order to avoid confusion owing to

identification of # and u, we define
H;"(]B%‘Iie) :={u : (0, R) — C such that u is m — times

weakly differentiable and ||u (| - |)||H,,,(B%) < o0},
for m € Ny. The density of C 00(13711?) in H™ (IB%‘,{,) implies the density of

C[0, R] := {u € C*°[0, R] : u**+D(0) = 0, k € Ny}

in H" (B%)' For the rest of the paper we set

d+1

my = >

and introduce the Hilbert space

A.1)
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. —1 md
H:=H" x H" (B
with norm
lal® s= Heer (- DI gy + N2l - DI g1 oy

foru= (uy,u)T.

4.1.1. Equivalent norms on H
We define a norm on H which is ‘tailor-made’ for the investigation of the linearized time evolution of the pertur-
bation. First, we need the following auxiliary result.

Lemma 4.1. Let u € H" (B?). Then

mq
et (1 D g gy = Nl 7201y + MO P12 -
n=1
Furthermore, for all u € H™ ™' (BY),

mg—1

Q- DGt gy = D 1O 20 -
n=0
The proof is given in Appendix B. To proceed, we define

d-3
Dautp):=(p7"45) 7 (0" utp)).

Note that
ma=2 d—1 d-=3
Daup) =Y anp" ™ (p) =arpu(p) + -+ p'T u T (p), (42)
n=0

for constants a,, > 0. The kernel of D, consists of functions which are highly singular at the origin,

-3 ford =5
kerDy — (p 3>, . . or )
(p3.p75, ..., p74D), ford>17.
We also introduce the integral operator
P
2-dy- 453
Kqu(p) :=p” K 2 u(p), Ku(p) :=/SM(S)dS-
0

If u € H, then uy, uy are mgy-times, respectively, (my — 1)-times weakly differentiable functions. By Sobolev
embedding, u; € Ccma=2[§, 1] for every 0 < § < 1 and, since mg > %, uy € C[0, 11N C™a~1[§, 1]. Hence, the expres-
sions Dgyuj, j = 1,2, are defined as sums of weighted classical derivatives on (0, 1]. Furthermore, kerD; = {0} on
H™ (B9 and H™ - (BY), respectively. We infer that Dy is invertible on H and

KisDju= DsK u=nu.

Now, consider the sesquilinear form (-|-) p defined by
(ulV)D = (Ddu1|del)H2(0’l) + (Ddu2|DdU2)H1(0’l)

+ ([Dau1]' (1) + [Dguz](D) ([Dav1] (1) + [Dav21(1)),

and set |lu]|p := +/(uJu)p. Foru € H, (Dyu1)” and (Dguz) have to be interpreted as sums of weighted weak deriva-
tives. The proof of the next Proposition is provided in Appendix C.
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Lemma 4.2. || - ||p and || - || are equivalent norms on ‘H. In particular,
2 2 2 2 2
lall? < 1Dau1 122, 1) + 1Dae2ln 1) < Tulh < ul
forallu e H.

By using the results of Lemma 4.1 and Lemma 4.2 together with the Sobolev embedding H (0, 1) < C™~1[0, 1]
and the density of CZ°[0, 1]2 in H, we obtain the next result.

Corollary 4.3. Letu € H. Then Dguy € C'[0, 1], Dgus € C[0, 1] and
Dauj(0)=0, j=1,2.

4.2. The linearized problem
We exploit the following commutator relations satisfied by Dy and its inverse K.

Lemmad4.4. Letu Hrm"_1 B4YNC™=1(0, 1) and let A denote the dilation operator defined by Au(p) := —pu’(p).
Then

DgAu(p) = ADgu(p) + Dgu(p) (4.3)
for p € (0, 1). Furthermore, for u € H"! (B9 N C™4(0, 1) we have the identity

DgA,u(p) =[Daul”(p) 4.4
for p e (0,1).

Proof. We note that the assumptions on # imply that the above expressions vanish if and only if u = 0. To prove the
identities, we proceed by induction. A direct calculation shows that for d =5, Ds Au = A Dsu + Dsu. Assuming that
Eq. (4.3) is true for some odd number d > 5, we use the identities

O?Au=AO%u]+20%, O Au] = A[O ™1 =207",
to obtain

Day2Au(p) = p~ ' [Dal()*Aul] (0) = p~' [DaAL()*u]] (0) + 2Da42u(p)

= 0~ '[ADL()?u]] (p) + 3Das2u(p) = ADay2u(p) + Das2u(p).

The identity given in Eq. (4.4) is well-known, cf. [18], p. 75. O
Lemma 4.5. Let w € C'[0, 11N C?(0, 1) satisfy w(0) = 0. Then

KiAw =AKqw — Kqw, (4.5)
and

Kaw" = A, Kaw. (4.6)
Proof. For d =5, Eq. (4.5) follows from integration by parts. Assume that it is true for some d > 5 odd. We use the
identities

KAw=AKw +2K, () 2Aw=A[()"2w] —2() 2w
to infer that

Ko Aw = () ?KgKAw = () 2KgAKw + 2K 40w

= () 2AK Kw + Kgpow = AKgow — Kapow.
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Using integration by parts one can easily check that Eq. (4.6) is true for d = 5 provided that w(0) = 0. Assume that
it holds for some odd number d > 5. To clarify notation we write A( )u(p) = ,ol_d (,od Y u'(p)). A straightforward
calculation shows that

P

,
(Kasau'Np) =" [ 57 K 15)ds =0 [ 510 Kywis)ds
0 0
— o' [Kqw] (p) = 2 — d)p™ KT w(p) + oK T w(p)
= A'S)d”)de(,o). O

4.2.1. Well-posedness of the linearized time evolution
We define the operator (Lo, D(Lo)) by

u2(p) + Aur(p) — 52u1(p) @7
Ao (p) + Auz(p) — EXus(p) '

Lou(p) := <

D(Lo) := [u e HNC®0,1)%: Dgus € C3[0, 1],
Dau; € C3[0, 11, [Dgu1]"(0) =0] .
Using the results of Lemma 4.4 we get that
Dy(Lou)j = (AgDgu); (4.8)
for j =1, 2, where

Aow(p) = w2(p) — pwi(p) + = —wi(p)
©\ w(p) — pwh(p) — 1w2(p)

In view of Lemma 4.2 is now obvious that the regularity properties satisfied by functions in D(Lo) imply that Lou € H.
We note that C2°[0, 112 € D(Ly), i.e., L is densely defined.

Lemma 4.6. Letu € D(I:o). Then

Re(Loulu)p < -1 [[ull}.

Proof. To abbreviate the notation we set w; := Dgu;, j=1,2,forue D(io). By Eq. (4.8)
[Da(Low)11 (p) + [Da(Low)21(p) = wh(p) — pw’{(p) +w{(p)
— pwh(p) — =25 (wi(p) + wa(p)) .
Evaluation at p = 1 yields
[Da(Low11'(1) + [Da(Low1(1) = =527 [wi (1) + w2 (D]
Furthermore,
[Da(Low 1] (p) = w5 (p) + Aw] (p) — L3wi (),
and
[Da(Lowa] (p) = w{"(p) + Aw)(p) — L1w)(p),
for p € (0, 1). Note that for functions w € C[0, 11N C(0, 1) integration by parts yields

Re(Aw|w) 2.1y = 3wz, — 51w
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With this we infer that
Re([Dd(i‘Ou)l]//|[Ddul]//)LZ(O’l) =Re (w/2/|wi/)L2(O,l) - % |U)i/(1) |2
2
- (% + %) “w/l/“Lz(O,l) ’
and

Re([ Da(Low)a] [[Dgua) 12,1y = Re (wi1w5) 12,1, = 5 [wh (DI
- (% + %) Hw/z ”22(0,1)'
Using these identities and performing one additional integration by parts we obtain
Re(Lo ulu) p = — 25| (D11 (1) + [Daua) (V)]
- (% + %) (” [Ddul]ﬂwiz(o,l) + ”[Dd“ﬂ/Hi%o‘l))

2
— 3|[Daurl" (D) = [Daual O|” < = lullh. O

Lemma 4.7. Set u =1 — % For every f= (f1, /)T € clo, 11? there exists a function u € D(Lo) satisfying the
equation

(1 —Loju=f.

Proof. Trivially, for f =0 we have u = 0. Assume that f € CZ°[0, 172 does not vanish identically. We set

F(p) := Daf2(p) + Dafi(p) + p[Da f11'(p)

and define functions

P 1
1
wi(p) ::/ 1_S2/F(s’)ols’ds,
0 s
1

wap) = 1 [ Foras = usice.

0

The properties of F imply that w; € C*(0,1) N C3[0, 1], wp € C*(0, 1) N CZ[O, 1] and the functions satisfy the
boundary conditions w1 (0) = w} (0) = w»(0) = 0. A direct calculation shows that w, w solve the system of equa-
tions

pw}(p) —wa(p) = Da fi(p),
wa(p) — w(p) + pwy(p) = Da f2(p)-
We apply K, to Eq. (4.9) and use the results of Lemma 4.5 to obtain
Kawi(p) — Kqwa(p) — AKqwi(p) = f1(p),
2Kqw2(p) — ApKawi(p) — AKqwi(p) = f2(p).

Upon setting u(p) := Kqw; for j = 1,2 and defining u := (u1, uz)T we obtain a solution of the equation (u —
Lo)u=f. The properties of the functions w; imply that u € D(Lo) and the claim follows. O

4.9)

Lemma 4.8. The operator L' : H — H defined by
, 0
L'u:= p—1 4.10)
pcp Ui

is compact.
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Proof. Let (u,),cn be a sequence that is uniformly bounded in . By Lemma 4.2, (Dgu 1 ,)nen is uniformly bounded
in H2(0, 1). The compact embedding H2(0, 1) < H'(0, 1) implies the existence of a subsequence, again denoted by
(Dgu1 n)neN, which is a Cauchy sequence in H 1(0, 1). The claim follows from the fact that

—1
”L/un - L/um I S ch ”Dd”l,n - Dd”l,m”[-]l(o,])- a

In view of Lemma 4.6, Lemma 4.7 and the boundedness of L', we can apply the Lumer—Phillips Theorem [17],
p. 83, Theorem 3.15, together with the Bounded Perturbation Theorem [17], p. 158, to show that the linearized time
evolution is well-posed. In particular, by the equivalence of || - || p and || - || we can formulate the following result.

Proposition 4.9. The operator (I:o, D(I:o)) is closable and its closure, denoted by (Lo, D(Lg)), generates a strongly-
continuous one-parameter semigroup of bounded operators (So(7v))c>0 on H satisfying the growth estimate

__2_
[ISo()ull < Me™ 7T ||u]
forallu e H, T >0 and a constant M > 1. Furthermore, the operator
L:=Lo+L, D(L)=D(Ly),

is the generator of a strongly-continuous semigroup (S(t))r>0.
In order to derive a suitable growth estimate for S(7) we investigate the spectrum of the operator (L, D(L)).
4.2.2. Spectral properties of the generator

Lemma 4.10. Let A € o (L). Then either . =1 or
ReA < max{—p%, —1}.

Moreover, . = 1 is an eigenvalue and the corresponding eigenspace is spanned by the constant function g = (1, 2 +1)

Proof. Let L € o(L). If ReX < —ﬁ then the assertion is obviously true. So assume that ReA > —ﬁ. Then A ¢

o (Lo) by standard semigroup theory. The identity (A —L) = (1 —L'Ry,,) (A —Lg) and the compactness of L’ imply that
A € op(L). In particular, there exists an eigenfunction u € D(L) satisfying the eigenvalue equation (A — L)u = 0. The
regularity properties of functions in H imply that L acts as a classical differential operator on the interval (0, 1). By a
straightforward calculation one can check that if u satisfies the eigenvalue equation then 1 € C[0, 11N C mq—1 O, 1)

is a nontrivial solution of the second order ordinary differential equation
pPu’(p) = Apu(p) + 20 + L) put' (p) wil)
+ O+ 2D+ Epulp) — peh~ up) =

Since the coefficients are smooth on (0, 1) we infer that u; € C*°(0, 1) N C[0, 1]. We apply Dy to the equation and
use the results of Lemma 4.4, where we proved the identity

Dylpu’(p)] = p[Daul'(p) — Dau(p).
Similarly, one can show that

Dalpu” (0)] = p*[Daul”(p) — 2p[Daul (p) + 2Dau(p).
Upon setting w := Dgu; we infer that

—(1=p)w"(p) + 200 + ﬁ)w/(m

) 4.12)
+ O+ 527 = DO 2D w() — pep” w(p) =
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where w € H2(0, 1) N C'[0, 1] satisfies the boundary condition w(0) =0, cf. Corollary 4.3. By substituting p > z :=
p? and setting v(z) := w(4/z) one obtains the hypergeometric differential equation

2(1=2v"(@) + e = (a+b+ Dz (2) —abv(z) =0
with parameters
a=30-2), b=30+L), c=4.
The assumption Rel > —% implies that Re(c —a —b) =1 — % — ReA < 1. Let us assume for the moment that

Re(c —a — b) is not zero or a negative integer. Around p = 1 two linearly independent solutions are given by {v, v},
where

i@ =2F(a,b;a+b+1—c;1—72)
@) =0-2""F(c—ac—bl+c—a—b;1-72),

and » F| denotes the standard hypergeometric function, see e.g. [43]. If Re(c — a — b) = —n, for n € Ny, then one
solution is still given by v and

U1(z) = cvi(2)log(1 —2) + (1 = 2)"h(2),

where ¢ might be zero for n € N and 4 is analytic around z = 1. In all cases, the requirement w € H 2(%, 1) excludes
the solution v; and we infer that v is a multiple of v;. Around p = 0 we have the fundamental system {vg, v9}, where

vo(z) =2F1(a, b; c; 2),
vo(2) =Z1/22F1(a+ 1l—c,b+1—c;2—c;2).

Hence, there are constants ¢y, ¢; € C such that

v = colg + C1Vg.
The condition w(0) = 0 implies that v(0) = v{(0) = 0 and thus c¢g must be zero. By [43],
_Ta+b+1-0l'(1 -0
T Ta+1—-olb+1—c¢)

Since the gamma function has no zeros, co can only vanish if either a +1 —c or b+ 1 — ¢ =0 is a pole. This is
equivalent to

o

r=1-2% or r=-2k—L -2 for keN.

The latter condition implies that A < — % which is excluded by assumption. The first condition yields that A =1 —2k

for some k € Ny, hence

refl,—1,-3,---}.

For p > 3, —% € (—1,0), hence A =1 is the only possibility. For % <p<3 —-oo< —ﬁ < —1 and in this

case either A = 1 or A < —1. This proves the first claim.

+1
P 1)T

A straightforward calculation shows that g = (1, pa= satisfies the equation

(1-L)g=0.

Furthermore, it is easy to check that Dyg; = «1p, Dyg2 = ap for constants o1, oy > 0. Hence, g € D(I:o), which
proves that 1 is an eigenvalue. Suppose that there is another eigenfunction g € H associated to A = 1. Then Dyg;
satisfies Eq. (4.12). With the same arguments as before we infer that D;g1(p) =ap-2Fi(a+1—c,b+1—¢;2 —
c; p?), for some & € C. For A =1, a4+ 1 — ¢ =0, hence Dyg; = @p which implies that g; = Bg; for some g € C.
The equation (1 — L)g = 0 then shows that g» = Bg2, which proves that the eigenspace of A =1 is spanned by g. O
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4.2.3. Time evolution for the linearized problem

Lemma 4.11. There exists a projection P € B(H) onto (g) which commutes with S(t) and
S(r)Pf=¢e"Pf
forall £ € H and all t > 0. Moreover,
(1 =P)S(D)f|| < Me " r7||(1 — P)f]| (4.13)

forallfeH, t >0, some constant M > 1 and

[y =min{%, 1}—¢

for some small ¢ > 0.
Proof. The eigenvalue A = 1 is isolated and we define P € B(#) by

1
P= Ry, (A)dA,
2711
14

where y is a positively oriented circle around 1 in the complex plane with radius r, = %, cf. [22], p. 178, Theorem 6.5.
The projection commutes with the operator L and its resolvent, see [22], p. 173, Theorem 6.5, and thus with the
semigroup. Furthermore, H = ker P & rg P and the operator L is decomposed into parts L|p(r)nkerp and L|pw)nrg ps
where L|pr)nrgptt = Lu for u € D(L) Nrg P (analogously for L|pr)nkerp)- The spectrum of the restricted operator
is given by

o(LIpwynkerp) = @)\ {1}, o LIpwyngp) = {1}.

It is immediate that (g) C rgP. It remains to show the reverse inclusion. We first observe that if dim rgP = oo,
then A = 1 would belong to the essential spectrum of L [22], p. 239, Theorem 5.28, which is invariant under compact
perturbations [22], p. 244, Theorem 5.35. However, 1 ¢ o (L) and we infer that P has finite rank.

Next, we convince ourselves that rgP C D(L). Let u € rgP. By density of D(L) in #, there exists a sequence
(uy)nen, C D(L) such that u, — u. The fact that P is bounded yields Pu, — u and since PD(L) C D(L) by [22],
p. 178, Theorem 6.17, (Pu,),en, C rgP N D(L). By boundedness of L|p,)nep we get that LPu, — f, for some
f € rgP N'D(L). The closedness of L now implies that LPu, — Lu and u € D(L). We infer that 1 — L|xp acts on a
finite dimensional Hilbert space and that A = 0 is its only spectral point. Hence, it is nilpotent and (1 — L pfu=0
for all u € rgP and some minimal k£ € N. If k = 1, then the claim follows. So let us assume that k > 2. Then there
exists a nontrivial function u € rgP C D(L) such that (1 — L|;gp)u € ker(1 — L|;gp) C ker(1 — L), i.e., u satisfies the
equation

1-Lu=oag

for some o € C. A straightforward calculation shows that the first component then satisfies

4 3p+1
p*ull(p) = Apur(p) + 557 pu’ (0) = .

Since u1 € C[0, 11N C™4~1(0, 1) for u € H the equation can be interpreted in a classical sense for p € (0, 1). Smooth-
ness of the coefficients implies that u; € C°°(0, 1). We apply D, and set w := Dyu;, where w € H20,1)NC>(0, 1)
and w(0) = 0 by Lemma 4.3. This yields

—(1 = pHw"(p) + X2 puw' (p) — 22w (p) = g(p),

with g(p) = @, p for some a, € C, &, # 0. Recalling the proof of Lemma 4.10 we know that a fundamental system
is given by wo(p) = p and

wi(p) = 2Fy (4, 2 102 = (1= o2 7 Th(p),
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where & is continuous on [0, 1] and 4(0) # 0 as well as lim,_, 1 h(p) # 0. For the Wronskian we obtain W (wg, wi) =

_ptl L. .. .
—(1 — p?)~ r=1. From the variation of constants formula and the boundary condition w(0) =0 we infer that

P P
2 2
w(p) = cop —&pp/sh(s)ds+5cp(1 —,02)_I’T'h(,0)/52(1 — $2)r1ds
£0 0

for some constants ¢y € C and pg € [0, 1]. By continuity of w it is required that limp_>1(f0p s2(1 — sz)%ds) =0,
which is impossible since the integrand is strictly positive. This proves that k = 1.

Finally, we establish the estimates for the semigroup. Recall that the growth bound wg(S), cf. [17], p. 251, for a
semigroup S = (S(7));>0 can be related to the spectral radius r(S(z)) of the bounded operator S(z) for each 7 > 0

2
by the Hadamard formula. This yields wq(S) = % log7(S(t)). From Lemma 4.9 we know that r(So(t)) <e 7-1* for
all T > 0. By the Duhamel formula, see [17], p. 258, Prop. 2.12,

(1 —=P)S(t) = So(z) + / So(t — t)L/'S(z))d7' — PS(1).
0

Compactness of L’ and the fact that P has finite rank imply that for every 7 > 0 the operator (1 — P)S(7) is the sum
2
of So(t) and a compact perturbation. If #((1 — P)S(t)) <e 7-1° for all T > 0, Eq. (4.13) follows immediately. If

(1 = P)S(1)) > e 717, then (1 — P)S(t) has a spectral point 1z € C with |z = r((1 — P)S(z)) = e 717 for
some « > (. Since w is not in the spectrum of Sp(t) it must be an eigenvalue and by the spectral mapping theorem
for the point spectrum [17], IV.3.7, p. 277, the generator has an eigenvalue A with ReA = —%1 + «. In view of the
spectrum of L on the stable subspace, this is a contradiction if p > 3. If p < 3, then we know that ReA < —1 and we
infer that || < e™°. This implies that r((1 — P)S(1)) < e “»" for all T > 0, where w, = min{%, 1}. This and the
definition of the growth bound show that for every € > 0 and ), := w, — ¢ there is a constant M > 1 such that

(1 =P)S(D)f]| < Me™#rT||(1 — P)f]|
for all f € H. The fact that A = 1 is an eigenvalue with eigenfunction g yields S(7)Pf=¢"Pf. O

4.3. Nonlinear perturbation theory

For the rest of this section we restrict ourselves to real valued functions. Furthermore, whenever the domain in the
H;"¥-norm is not indicated, it is the unit ball BY c R?. By Bs we denote the open ball in # centered at the origin with
radius § > 0.

4.3.1. Estimates for the nonlinearity
For u = (u1, up) we define

. 0
Nw(p) := (N(m(,o)))’

where

N(x) :=n(cp+x)—n(cp) — n/(cl,)x, n(x) =x|x|p_1,
and ¢, is the constant from Eq. (1.3). Obviously, N(0) = N’(0) =0.
Lemma 4.12. Let § > 0 be sufficiently small. Then

IN(w) = NWII < hall + [IvID lu = v]] (4.14)
forallu,veBs CH.
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Proof. We show that

[N -1) =N D)llama
S (- Dl ma 4 o= DI gma) ] - 1) = ol - DIl ama
for all u, v € CZ°[0, 1] that have H;"-norm less than 8. By density, this estimate can be extended to all of H,"(B?)

and Eq. (4.14) follows.
Note that ¢, > % for all p > 1. In fact, ¢, — 1 for p — oo and ¢, — 00 as p — 1. This implies that N:

(4.15)

[— % %] — R is smooth. By the fundamental theorem of calculus,

Nx)—N@y)= / N'(s)ds
' (4.16)

1
=(x —y)/N/(y +s(x — y))ds,
0

forall x,y € [—%, %]. From Sobolev embedding we know that

lullzooo,1) S Nl - DIl ma

for all u € H™4 (B4). Hence, we choose 8 > 0 so small that lullLo.1) < % for all |Ju(| - D|lgma < 8. Now let u, v €
C2°[0, 1] satisfy this smallness condition. Then v(p) + s(u(p) — v(p)) € [—%, %] for all s, p € [0, 1]. The fact that
H"™4 (B?) is a Banach algebra and Eq. (4.16) imply that

N @l - D) = N - D) pma
1
S”u(|'|)_v(|'|)”H”’d/||[N/°(U+S(M_v))](|'D”Hmdds-
0

We estimate the integral term with Moser’s inequality, see for example [44]. To this end, we extend the relevant
functions to the whole space. Using a smooth cut-off function we can construct F: R — R such that F is smooth,
F=N’on [—%, %] and F=0onR\ [—%, %]. The properties of N imply that F(0) = 0. To extend u and v we apply
Lemma B.2 and note that the extension U € C™4[0, co) of u can always be constructed in such a way that

IU (- DIl oo ray = llull oo, 1)-
By Lemma B.2,

IO DIl gma ey S Ml DIl ma gy

The respective extension for v is denoted by V. By Moser’s inequality,

I[NV o (v+s@—=v)]A- D g e,
<|[[Fo(U+s@W—=VD]U-D| ynaga,
SIUA-D+sUA-D = VA D) g ey
SNUA- Dl gmaay + 1V A Dllggma ey
Sl Dllggma @ay + 10 - Dl a ey

for all s € [0, 1]. This implies Eq. (4.15). O
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4.3.2. The nonlinear Cauchy problem
For u € H we consider integral equation

() =S(r)u+ / St — TH)N(@(t))d1’
0

on the Banach space

X :={®eC(0,0),H):||P||lx:=supe”||D(1)| < oo}

>0

Here, 1, > 0 is the constant from Lemma 4.11. In the following we denote by X the closed subspace

Xy :={PeX:|P||x <45}

4.3.3. Correction of the unstable behavior
We define

o0
C(d, u) :=Pu+/e—f’PN(c1>(r’))dr’,
0
and set

K(®,u)(1) :=S(t)u+ / S(t — )N(P()))dt’ — e*C(P, n).
0

Theorem 4.13. Let § > 0 be sufficiently small and let ¢ > 0 be sufficiently large (independent of §). For every u € H
with |Ju|| < % there exists a unique ® (w) € Xs that solves the equation

d(u) =K(®(u),u).

Furthermore, the map u +— ®(u) is continuous.

Proof. We argue along the lines of [10,12]. For fixed (®,u) € &s x H, continuity of the map t +— K(P, u)(r):
[0, 00) — H follows essentially from the strong continuity of the semigroup. To see that K(-, u) maps &5 into itself
for |Ju| < g, we decompose the operator according to
K(®,u) =PK(®,u) + (1 — P)K(D, u).
By Lemma 4.12 we have
IN(@(0)| S 8% 2007,
for ® € X5 and all T > 0. Hence,
o
IPK(P, w)(7)| SeT/e*tIIIPN(q)(T/))IIdT’ S 82T,
T

and

T
1(1 = PYK(®, w)(T)[| < e 77 ||ull + / e T IN(@ () |d T
0
SCE 87,

Consequently, e*r" | K(®,w)(7)|| < g + 82 < & for all T > 0, given that ¢ > 0 is sufficiently large and § > 0 is
sufficiently small. For the contraction property of K(-, w) we use a similar decomposition and the fact that
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IN(@(1)) =N (D)l <8 "7F|D(7) — W (r)l
for any &, ¥ € X5 and all T > 0 by Lemma 4.12. In particular,
oo
IPIK(®, w)(7) — KW, w)(D)]| S5l — Vlx [ et ) gy
T

<8 2T D — |y,

and
(1 —P)[K(D,u)(r) — K(¥, u)(7)]] S(Se_“”’/IICD(t/) —w(t)|dt’
0

Sée T — Wy,

which implies that K(-, u) is contracting given that § is sufficiently small. An application of the Banach fixed point
theorem yields the existence of a unique solution ® (u) € Xs. Continuity of the solution map u +— & (u) follows easily
from the estimate

IK(@, w)(7) —K(@, ()| = [IS()(1 —P)@ =) | =e "7 [lu—v]|

and the fact that K(-, u) is a contraction mapping. O

4.3.4. The initial data operator
For R > 0 we set

R. -1 /md
H® == H" x H" ™ (BY)
with norm defined by

2 2 2
V1360 = 1010 D1y gty + 1020 D1

cf. (4.1). If R =1, then we simply use the symbol H, as before. In particular, || - || = || - ||341. Set
2 T 2
Tr» T (T (F)rle
V. 7)) :=< b ”)>, eny= LT
T r=Tvy(Tp) (TO)”_ =1¢p

and

UV, T) =V, T) 4+ «(T) — k(Tp).

Lemma 4.14. Ler v € HTo+3 for § > 0 sufficiently small. Then T — U(v, T): [To — 6, To + 8] — H is continuous.
Furthermore, if || V| yro+s < 3 then

U, DI S8
forall T € [Ty — 6, Ty + 8]

Proof. For simplicity we prove the result only for Ty = 1. The general case is analogous. Let v e 7!+ for 0 < § < %
To show continuity of the map T +— U(v, T') we consider the first component and estimate

10U, )11 = U, Dl gma e
2 ~_2_ ~ 2 ~_2_
= TP T (IT- ) =TT 0 (T - )+ TP Tcpy = Tr Tyl gma ey
~ 2 ~_2_
ST D) = o1 (T - Dllgmagaey + 1T 77 = TrT [Jor(IT - Dl gma ey

2 2
+|Tpfl — Tp71|
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for T, Te [1 — &, 1 4 §8]. Scaling implies that for all T € [1 — &, 1 + 4]
T - DIl gma @@y S Nv(] - I)IIHm,I(BfH)
for v e H™ (IB%‘f L 5)- Using this and the triangle inequality we infer that for all v, Uy e H™ (IB%‘IJ +5)
loy (IT - — v (1T - DIl gma @y < ot - 1) — 01T - DIl gma (e
+H1o1(T - D =0T - DIl gma ey + 101AT - 1) = vi (T - DIl gma ey
Sl - —ou(l - Dl ggma e,y + 01T - ) = 01T - DIl grma ey -
Since C.°[0, 1 + 8] is dense in Hrmd(]B%‘fH) there is a U1 € C2°[0, 1 + 8] such that [[v((] - |) — v1(] - I)IIHmd(lez o <€
+
for given & > 0. From the smoothness of v; we infer that

lim_ |91 (T-) — 81 (T )| gma gty = O
T—T

Similar estimates can be obtained for the second component which yields the claimed continuity. For v € H!+9,
IVllgy1+s <8 and T € [1 — 46,1+ 4],
2 2
IO, Dlillgma@ay S T 7= vi(T ) gma ey + cpl T 77T — 1]
S ”v1||1-1md(]]3§7+5) +IT -1] 56
A similar estimate can be obtained for the second component and we infer that

. DHIsé. O
4.3.5. Variation of the blowup time

Theorem 4.15. Set R := Ty + % for ¢ > 0 sufficiently large and § > O sufficiently small. For every v € HE with
IVllgr < % there existsa T € [Ty — %, To + %] and a function ® € X5 which satisfies
T
O(r) =S(0)U(v, T) + f S(t — T )N(@(t")dt’ 4.17)
0
for all T > 0. In particular, ® is the unique solution of this equation in C ([0, 00), H).

Proof. Let v € HR. For § and ¢ chosen appropriately, the smallness condition for v and Lemma 4.14 imply that
U(v, T) satisfies the assumptions of Theorem 4.13 for all T € [Tp — % To + %]. Hence, for every such T there exists
a®r :=dU(v, T)) € X5 satisfying
T
Or(t)=S) U, T) + / S(t — )N(P7 ())dt’
0
—e"C(®7,U(v, T))

for all T > 0. We show that there is a Ty € [Ty — %, To + %] such that C(®7,, U(v, Ty)) = 0. Note that rg C = (g),
where g is the symmetry mode from Lemma 4.10. Hence, it suffices to show that

(C(@r,, U(v, Tv))|g) = 0.

We find that
o0 o0
/e_TPN@T(f))dT gl ||g||/€_r||PN(q>T(T))IIdT
0 0

]

< / e T dr(0)|dr < 82
0
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The key observation is that

ork(T)|r=1, =g
for a constant & > 0. By Taylor expansion of x we get
U, T)=V(v.T) + (T — To)ag + (T — To)*qr

forall T € [Ty — g, To + g] and for some remainder term q7. Thus,

(PU(v. T)lg) = (PV(v. T)[g) + (T — To) gl* + O(%5)
=a(T - To)lgl* + 0(%)

8
by definition of V and the smallness of v in 770%c. We notice that the order terms depend continuously on 7.
Summing up, we obtain that the equation

(C(@7, Uy, T))lg) = a(T - To)lgl* + 0(%) + 0(8*) =0
is equivalent to

T=Ty+ F(T)
where F(T) = 0(%) + 0(8%). For ¢ sufficiently large and § = §(c) sufficiently small we get | F(T)| < %. Hence, the
continuous function T +— Ty + F(T) maps the interval [Ty — % To + %] to itself and has thus a fixed point at some

T = Ty. We therefore obtain a solution ®7, € X of the original equation (4.17). For the uniqueness of the solution in
C([0, 00), H) we refer the reader to the proof of Theorem 4.11 in [10]. O

4.3.6. Proof of Theorem 1.4

Choose 8, ¢ > 0 such that Theorem 4.15 holds and set 8’ = §/c. Let (ug, u) € H% X Hd2;1 (Rd) be radial func-
tions, i.e., (ug, u1) = (Uo(| - ), #1(] - |)), that satisfy

6/

ug,u1) —ur, [0 d+1 d—1 <=,

o) =y O s sy <%
0t

For (f, g) = (tig, it1) — ut,[0], cf. Eq. (3.2), this assumption implies that

8
ICfs @) lggrorsre < -

Hence, v := (f, g) satisfies the assumptions of Theorem 4.15. We infer that there exists a T € [Tp — &, To + 8] such
that Eq. (4.17) has unique solution ® € C([0, 00), H) with

@) <de™ ™", Vr>0.

Hence, ¥ = ® + ¢, is a solution of Eq. (3.3) in similarity coordinates (in the Duhamel sense) with initial data
W (0)=U(,T) + c,. Consequently,

2
u(t, ) = (T =) 71 (=log(T — 1) +log T, 71)
is a radial solution of the original wave equation (1.1) with initial data
__2
w(0,x) =T~ 71910, 51) = ug, (0,x) + f(1x]) = uo(x)
_ptl
Bu(0,x) =T~ 71910, ) = 8,uz, (0, x) + g(Ix]) = 1 (x)

forx € IB%?. Furthermore, u satisfies the estimates
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2

(T— 1)

_dak
) = ur ) g

= (T =" ¥ |y (—log(T — 1) +log T, 72 = cpll e
= Y1 (~log(T — 1) +10g . | - ) — cpll e ae,

= llpr (= log(T — 1) +1og T, | - Dll s,

< llgr (—Tog(T — 1) +10g T, | - Dl gna sy

<10 (—log(T — 1) +log T)|| < (T — 1)br,

fork=0,..., @. The bounds for the time derivative of the solution follow accordingly.

5. Improvement of the topology — proof of Theorem 1.5

The verification of Theorem 1.5 is analogous to the proof of Theorem 1.4 and we only discuss the main arguments.

With the definitions of Section 4.1 we introduce the product space = HM T HM _2(Bd) with norm

2 2 2
Il = et 1 D1 g1y + 10201 DI g g

5.0.7. Time evolution for the linearized problem
We proceed as in Section 4.2.1. Since most proofs are similar or can even be copied verbatim we only sketch the
main steps and point out differences. With the same notation as in Section 4.1 we define

2. 2 2
|||u|||D = ”Ddul”Hl(O,l) + ”Ddu2”L2(0’1)~

Lemma 5.1. We have
il = 1 Daut 31,1, + 1 Dau2l172 1, = lull

forallu e H. Furthermore, Dyuy € C[0, 1] and Dyu1(0) = 0.

Proof. The equivalence of the parts involving only ] follows from Lemma 4.1 and the proof of Lemma 4.2. For the
second component the same methods can be used to show that

mg—2

el Dy gy = D MO w700 1) = 1 Daull a4,
n=0

for all u € H" _2(15%‘1 ). The properties of Dgu are a consequence of the density of C2°[0, 1] in # and the embedding
H'(0,1)— L®0,1). O

We note that Eq. (4.3) and Eq. (4.4) of Lemma 4.4 hold for all u € H™Ma=2 N C’”d—1~(0, 1) and u € H™~1 N
C™4(0, 1), respectively. For the moment, we leave the value of p unspecified and consider L as defined in Eq. (4.7)
on the domain

D(Lo) := {u e HNC®0,1)%: Dgu; € C30, 1],
Dauz € €10, 11, (Dgu2)(0) =0} .
The perturbation L is defined as in Eq. (4.10) and Lemma 4.8 holds with # replaced by . Itis easy to check that

Re(Da(Low 1 [Daut) g1 )

+Re(Da(Low2|Dauz) 29 ) < (5 = 72pllullh

for all u € D(Lo) and that rg(pu — Lo) is dense in H for u=1— % With Ly denoting the closure of Lo, we use
the same arguments as in Section 4.2.1 to infer that L := Ly + L/, D(L) = D(Ly), generates a strongly-continuous
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semigroup (S(t));>0 of bounded operators on . As an analogue to Lemma 4.10 we obtain the following result for
the spectrum of L, where we fix p = 3.

Lemma5.2. Let p =3. If» € 0 (L) and ReA > —%, then . = 1. Furthermore, it is an eigenvalue and ker(1 — L) = (g),
where g = (1, 2).

Proof. The assumptions on A imply that A ¢ o (L) and the fact that X is an eigenvalue follows from the compactness
of L. By definition, if u € 7 then u1 and up are mg — 1-times, respectively, my — 2-times weakly differentiable.
Sobolev embedding yields u; € C™4 —2[8,1], up € C™a—3[8, 1] for arbitrary § > 0. For d > 7, this already implies that
eigenfunctions corresponding to the eigenvalue A satisfy the equation (A — L)u = 0 in a classical sense on (0, 1). For
d =5, one can use the definition of the closure to check that u; € HliC(O, HnN CZ(O, 1, up e HI%C(O, HnN c! 0, 1) if
u € D(L). Hence, for all d > 5 odd, the first component of an eigenfunction solves Eq. (4.11) in a classical sense on
(0, 1). By smoothness of the coefficients on the open interval, we get that u; € C°°(0, 1) and the application of Dy
shows that w := Dgyu; solves Eq. (4.12) on (0, 1). By Lemma 5.1, w € H'(0,1) N C[0, 1] and w(0) = 0. We now
argue as in the proof of Lemma 4.10, cf. also [10], to infer that A = 1 and that the corresponding eigenspace is spanned
byg. O

With similar arguments as in the proof of Lemma 4.11 we obtain the following result.

Lemma 5.3. Let p = 3. There exists a projection P C B(H), rgP = (g), that commutes with S(t) and
S()Pf=¢"Pf
forallfe H and all T > 0. Moreover,
1
(1 =P)S@F < Me= G711 — P
forallfe H, T >0, some M > 1 and some small & > 0.

5.0.8. Lipschitz estimates for the nonlinearity
In the following, B denotes the unit ball in H. For p = 3, the nonlinear remainder is given by

0
N(u) := ( ) .
u% + 36‘[,1/!%

Lemma 5.4. The operator N: H — H satisfies

IN(@) = NW)Ill < Cllhalll + HviiD i = vii
forallu,veBcCH.

Proof. For u € Hrm"_l(Bd), mg—1= %, we set 7(£) := u(|&]), & € R?. In the following we do not indicate the

domain in the Sobolev norms, since it is always the unit ball B ¢ R?. The Sobolev embedding W/*"% < W4 for

2<g< df‘ém implies that

10%alla S Nkl gmg—1

fora e N4, 0 < la| < % and2 <qg < %201\04' We first consider the cubic part of the nonlinearity. To estimate the

Lz-part we use Holder’s inequality with g; = dz—flz, g2 =2d, (Iil + q% = %, to show that

A3 A3 N I I
a” =07 2 = (@ — v) (" + 0"+ uv)l 2
~ ~ A2 a2 ~ ~
Sl = 0llpa (1@l 7e + 1007 + il Lo 1101 Le2)
a2 ) A oA
S Wl ypmg -1 + 100 gD i = Ol gmg—1-

For higher order derivatives we have to estimate terms of the form
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P (@ — 9)0* P (@* + 9 + aD),
for 0 < B <. For |a| = %, B = a, we apply again Holder’s inequality and Sobolev embedding to get for example
1% — 8*D)a |l 2 SN0 @ — D)l Lan |2l Tar S N — Dl gyng—1 AN,y

for g1 = %, ¢2 = g3 = 2d. Since 3%ii? is equal to a sum of terms of the form %1794, where & + a2 = a, we
infer that for 8 =0,

@ —0)9* %l 2 S i — Oll Lar 10 dill Loz 102 a3

2

S M= Dl g1 1111+

2d
14+2]on|?

For the quadratic part of the nonlinearity we set for example g =2d, ¢» = %, to get

— —_ 2 _ 301 1 . ..
where g1 =2d, g2 = 7 Dl B = » =1 =1 All other terms can be estimated similarly.
(@ —0)(@+ )l 2 S llit — Dl pa [l + Dl 2
S+ 0l gmg—1 [l = Ol gymg—1
- 2
or, for || = %, qg1=2d,q;= %,
(@ —0)a%ll 2 SNi — Ollpan 0%l Loz S Nt — Dl gymg—1 181] gymg—1-

Estimates for the remaining terms follow from similar considerations. O

With Lemma 5.3 and Lemma 5.4, Theorem 1.5 follows by proceeding as above, starting with Section 4.3.2.
Conflict of interest statement

There is no conflict of interest.
Appendix A. Hardy’s inequality

Lemma A.l. Let o € N. Assume that f € C*®|0, 1] satisfies P (0)=0for j =0,...,a — 1. Then,
O™ f 2 STO™ .
Proof. For f =0, the assertion is trivial. Let f # 0. We use integration by parts, I’Hospital’s rule and the Cauchy—
Schwarz inequality to obtain the estimate
1
/ P21 1 () Pdp < lim (120 = 117 p 72+ £ ()1
p—0

0
1

+2a — 17! / p 2T (p) F(p) + f () f'(p))dp

0

1

1
< / p T Re[ £/ () f(P))dE S / P2 £ (o)1 f (p)Idp
0

0
| 12, 1/2

< / P22 £ (p) dp f 22| 1) P
0 0

This implies the claim. O
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Appendix B. Proof of Lemma 4.1

It suffices to show that the claimed inequality holds for all u € C;°[0, 1]%. By density this can be extended to all
of H. In the following we set

2
N v for n even,
\%

rad * %A;n—l)ﬂ for n odd,

where A,u(p) =u"(p) + <= d L/ (p). To abbreviate the notation we define

Il = lluell 72, 1)+Z||()" W00

o (B.1)
lul}, = Z 1" w7201y
Lemma B.1. Let u € C.°[0, 1]. Then
leells, S Nl Dllgma gay. and— ullsy S - Dl gmg-1 ga)-
Proof. We prove the first estimate. Let V := (91, ..., 3.)T. Then
Z/ N Vo) 2o = Z/|V”u(|e|>|2ds
n=| O() n= 0
S 2 18%u- DI agay = (- DIigpmg gay-
loe| <mg
In view of this, it suffices to show that
iy, <3 / 1V (o) Pdp. B2)
n= 00
First, observe that
mq
Il 20y + 2 NO" a2 )
n=1
1 mg—1 1
Sl + / IV P+ 3 / P20 () dp
0 0
1 1 mg—1
§/|u<p>|2+/ Vindu(p)Pdp + Z/ 207D |V qu () Pdp.
0 0
We show that
1
f 200wy u<p>|2dp<2 / IV au (o) Pdp (B.3)
0 J=0p

foralln=1,...,mg — 1. Recall that for radial functions the trace theorem, cf. for example [18], p. 258, implies that
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1 1
VgD S / PNV qu(p)dp + / p! NV u (o) Pdp
0 0
foralln =0,...mg — 1. Assume m is odd and let » = my — 1. Then integration by parts and the Cauchy inequality
imply that
1
— -1
[ P19 o Pap
0
1

—_ 2 _ —
<|iva | + [ o2 w1V p)1ds

0
1

1
2 1
-1 - —3yoma—1
s|ivata| + ¢ [ o v Pdp e [ 0019wt P,
0 0

for any ¢ > 0. For my even one can easily check that the function (~)d_1VryZa’_l

Lemma A.1 for @ = (d + 1)/2. Hence, Hardy’s inequality can be applied to obtain

u satisfies the assumption of

1 1
_ -1 i _ )
/p" v u(p)pdp:/p 4= p =120 () [2dp

0 0
1

5 / p—d—i-l
0

Now these arguments can be iterated to get Eq. (B.3). Finally,

1
/12
(o172 () ' dp S / PV (o) Pdp.
0

1

1
/|u<p)|2dps|u<1>|2+/p|u(p>||u’(p>|dp
0

0
1 1 1
§|u(1)|2+g/|u/<p)|2dp+s /|u(p)|2dp,
0 0

for any ¢ > 0 and the first line of Eq. (B.2) follows. The second estimate in Lemma B.l can be obtained analo-
gously. O

Lemma B.2. Let u € CZ°[0, 1]. There exists a compactly supported function U € C™4[0, 00) such that U (p) = u(p)
forall p € [0, 1] and

Nl - Dl g gay SNU A DIl gma ray S luells, -
Similarly, one can construct an extension U e C™a~10, 00) such that 0(,0) =u(p) on [0, 1] and
flae(] - |)||Hm,1*1(]53d) 5 ||0(| : |)||Hmd*1(Rd) 5 ||M||22-

Proof. For m e N, let f € C*°[0, 1] and let ¢ € C*°[0, o) be a monotonically decreasing function such that ¢ = 1
on [0, %] and ¢ =0 on [%, 00). We define

Sf(p) for p € [0, 1]
Emf(p)=q9(E)hm(p) forpe(1,3/2)
0 for p €[3/2, 00)
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where
(m—1)/2

2(p — ™
—fepd Y S ) s odd

n=0

hm(p) = /2

fe- )+Zz(p_1) F@D(1) s even.

Then, &, f € C™[0, 00) and &, fljo,17 = f. We define U := &,,,u. Our aim is to prove the estimate
WU DIy + 19U (- DI oy S Ml (B4)

Given that Eq. (B.4) holds, we can use the fact that H m(R4Y can be equivalently defined in terms of the Fourier
transform to infer that

Bl DI g gty < DU DI ety S N FIU - DI g
SN D122 e, + 19U (- DI gy S Nl -

If my is odd we estimate

[e¢]

1A DI2 gy S / P NU (p)Pdp
0
1

3
2
= / (o) Pdp + / P4 Yo (0)hm, (0)Pdp
0 1

2 (mg—1)/2
Slulfagy + 1917 p0.00) (/pd‘ u@—p)Pdp+ > |u<2"><1)|2>
1

n=0
! (mg—1)/2
,s||u||iz(0,1)+f|u<p>|2dp+ >0 WP Sl
1 n=0

2

where we used the fact that

P S Ml Fma 5.1y S Nellf20 1) + Z ([OLT P

j=1
forn=0,...,mg — 1. For the derivative we get
00 1
[ r @R = [ Ve
0 0

3
2
+ / P |Vt [0 (o), (0)] | dp.
1

(d,m)

To bound the first integral we exploit the fact that for d > 5 odd and m € N there exist constants ¢ ; "7 € R such that

m
Vig(p) =y et p" ™ (p). (B.5)

n=1
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Hence,
1
[ 1|vradu<p>|2dp<2/|p" L™ (p)2dp < ul,
0 n=lg

It remains to estimate the second term. It follows from Eq. (B.5) and the Leibniz rule that there exist constants c,gd; eR
such that

mg n

P
V24 [p(0)hm (0)] =Y 3 el p" M= (p) Rl (p).
n=1 j=0

Hence,

3
2
_ 2
/p" LIV [o(p) iy (0)]|” dp
1
3
mg n 2
SN [ o2 ono| do
n=1 ':0

mgq
2
S(Z o >||Lw[00°)) Z/ nio| de
n=0

n=07

(mg—1)/2

Zf W®@=p)Pdp+ Y WP
n=0 n=0

< Zf ™ (p)Pdp + ullg, S lullg,-

n=0"

B —

If my is even the proof works similarly. In fact, the extension was constructed in such a way, that the boundary terms
involve only derivatives that can be bounded by the X-norm. The proof for the second estimate is analogous. O

Appendix C. Proof of Lemma 4.2

Again, it suffices to prove the inequality for all u € CZ°[0, 1]%. We split the proof into several lemmas and use the
result of Lemma 4.1. With the definition (B.1) we set

2 . 2 2
iy = i, + lualiy,

for u= (u1, uz) € C[0, 1]%.
Lemma C.1. We have that |ul||p < |lullx, for allu e CZ°[0, 112
Proof. With Eq. (4.2) and the triangle inequality we immediately obtain

| Datr 32, l)NZu()" 12010

mg—1

”Ddl/lZ”?_']l(O,l) 5 Z ”()ﬂ (n)”LZ(O ])
n=0
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We use the Sobolev embedding H'(0, 1) < L>(0, 1) and the fact that Dyu»(0) = 0 to infer that
2 2 2
[Dqu1]' (1) + Dauz(D|” < |[Daur] (D] + | Daua(1)|
SIDaur] 13 g1y + 1 Pau2liyyr .-

Now,

my—1
D 1720, S 2 1O 81220,
n=0

mq
2 —1 2
Sl + 21O u 1250 1)

n=1

which implies the claim. 0O

Lemma C.2. For all u € CZ°[0, 11? the following inequality holds
1Dautll3 1) + 1Dauliyyi g ) < Nl

Proof. Set w; := Dgu; for j =1,2. Since w;(0) =0 for j =1, 2, the above inequality is true if

Wil 2.1y S w5 (D) + w2 (D + 1w 17200, 1, + 151720,

By the fundamental theorem of calculus fpl w/(s)ds = w| (1) — w](p) and ]pl w}(s)ds = wa(1) — wa(p). Hence,
[wi(p) +w2(p)] < [wy (1) + w2 (D] + w)ll 20,1y + w3l £20,1)-
Using this together with Sobolev embedding we obtain
[wi (P)] < [wi(p) +wa(p)| + [w2(p)]
Slwi () +wa (D] + 1w ll 2 + lw)ll 20,1y

Squaring and integrating implies the claim. O
Lemma 4.2 follows from Lemma 4.1 in combination with the following result.

Lemma C.3. We have that
i3 S IDautlla g + 1 Daw2liyyi o 1)

forallu e C°[0, 1]%.

Proof. We show that

1O ™ N 201y S 1 Dauell g1 0.1 (C.1)

forn=0,...,mg — 1 and all u € CZ°[0, 1], and

1" 20,1y S ClDaull 2o,y (C.2)

forn=1,...,my, by using the fact that K;Dgs = I on C°[0, 1]. Let u € C.°[0, 1] and set w := Dgu. Then, w €
C>®[0, 1], w?)(0) =0, n € Ny, and Kzw = u. One can easily check that there exist constants o, ;, @, ; € R such
that

(d-3)/2

n
P (Kaw)" () =) omjKaajw= Y dnjp T K wp)
j=0 j=(d=3)/2=n
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forn=0,...,mg —2=(d — 3)/2. Furthermore,

(d-3)/2

p" (K qw) ™V (o)=Y ajp T w(p) + w'(p).
j=0

Since w(0) = 0 and
[ Zcw] @ =0
forn e Ng, k=0, ..., 2n, repeated application of Hardy’s inequality yields
1 1
[k worids <, [ 10o)de
0 0
for n € Ny and some constant C,, > 0. This in particular implies that
1 1
/ 0" (Kqw)™ (0)Pdp < / w'(0)*dp
0 0
which proves Eq. (C.1). By the fundamental theorem of calculus

p s
w(p) = pw'(0) + / / w” (t)dtds.
0 0

Upon setting Vw(p) := fop w(s)ds we infer that

Kqw(p) = KaV*w" (p) + kqw' (0)

for some constant k; > 0. Using this we obtain forn =1, ..., my — 2 and constants §,,, ,5,, eR,

n

P (Kqw) " (0) = B jp” Ka—2jV?w" (p)

Jj=0
(d-3)/2
= > Buip KV (o).
Jj=(d=3)/2—n
Furthermore,
(d-3)/2
P42 (K qw) ™M=V (p) = Z )/j,o_zj_lejvzw”(,o) +p V" (p)
j=0
and
(d-3)/2
P Kaw) )= Y 7TV ()
j=0
+yap” V' (p) + " (p)
for ¥, vj, va € R. By repeated application of Hardy’s inequality we can now show that
1 1

[ ot @pdp < ¢, [P

0 0
for n € N and a constant C,, > 0. This implies Eq. (C.2). O
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