Available online at www.sciencedirect.com

ANNALES

° ° DE L'INSTITUT
ScienceDirect HENRI

CrossMark POINCARE
; - TANALYSE
N NON LINEAIRE

ELSEVIER Ann. I. H. Poincaré — AN 34 (2017) 1215-1226

www.elsevier.com/locate/anihpc

A characterization result for the existence of a two-phase material
minimizing the first eigenvalue

Juan Casado-Diaz

Dpto. de Ecuaciones Diferenciales y Andlisis Numérico, Universidad de Sevilla, Spain
Received 31 October 2015; received in revised form 9 July 2016; accepted 19 September 2016
Available online 13 October 2016

Abstract

Given two isotropic homogeneous materials represented by two constants 0 < o < 8 in a smooth bounded open set 2 c RV,
and a positive number x < |2|, we consider here the problem consisting in finding a mixture of these materials « x, + B(1 — xw),
o C RN measurable, with |w| < &, such that the first eigenvalue of the operator u € H(} () — —div((a Xo + B(1 — xw))Vu)
reaches the minimum value. In a recent paper, [6], we have proved that this problem has not solution in general. On the other hand,
it was proved in [1] that it has solution if €2 is a ball. Here, we show the following reciprocate result: If 2 ¢ RV is smooth, simply
connected and has connected boundary, then the problem has a solution if and only if €2 is a ball.
© 2016 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

We consider a bounded open set & C RN, N > 2, and two constants 0 < & < f, representing two homogeneous
isotropic materials (thermic, electric, elastic,...). A classical problem in optimal design consists in mixing these ma-
terials in order to minimize a certain functional. Such as it is proved in [17] and [18], this type of problems has
not solution in general and then it is usual to deal with relaxed formulations which can be obtained by using the
homogenization theory (see e.g. [2,7,19,22,23]).

Between the most studied problems of this type (see e.g. [2,6,14,15,19]) we emphasize the following one

min f (@X + Brane) [ VulPdx
o (1.1)

—diV((axw—}—ﬁxg\w)Vu) =finQ, u=00n0dR2, |wl <k,
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with f € H~1(Q) and « € (0, |2|) (for k > ||, the solution is the trivial one w = £2). A special attention has been
paid for f =1 and N =2, where it represents the optimal distribution of two materials in the cross section a beam in
order to minimize the torsion. In this case, it has been proved in [19] that if €2 is simply connected and smooth and
there exists a smooth solution w, then €2 is a ball. This result has been improved in [6] by showing that the result holds
true without any smoothness assumptions on w (the case N > 2 is also considered). The proof is based on certain
regularity results for the solution of the relaxed formulation of (1.1) also obtained in [6]. A related problem consisting
in replacing the minimum in (1.1) by a maximum has been considered in [5].

It has also been observed in [6] that problem (1.1) is strongly related to another classical optimization design
problem for a two-phase material. It consists in finding a measurable set v C 2 with |w| <k (0 <k < |2| as above)
such that the first eigenvalue of the operator

u € Hy () > —div ((axw + Bxarw)Vu) € H1(Q) (1.2)

becomes minimal. Namely, it is proved that the relaxed formulation of this problem is equivalent to solve the relaxed
formulation of (1.1) for every f € L2(Q) with || £l 12(e = | and then to minimize in f. Thus, the regularity results
proved in [6] for (1.1) also hold for the minimization of the eigenvalue. As an application, it has been shown that the
problem has not solution if €2 is a rectangle or an ellipsis. On the other hand, it was proved in [1] that the eigenvalue
problem has a solution in the particular case where €2 is a ball and then the optimal set w has a radial structure. Some
discussions about the exact structure of w when €2 is a ball can be found in [8,9,16] and [20].

The purpose of the present paper is to show that, similarly to the result stated above for problem (1.1) with f =1,
if 2 is a smooth simply connected open set with connected boundary such that the minimization of the first eigenvalue
of the operator (1.2) has a solution, then €2 is a ball. As for problem (1.1), the proof uses the results obtained in [6]
but the reasoning is more involved. For problem (1.1) with f = 1 one has that the optimal solutions (w, u) are such
that there exist an analytic function w and a positive number pu, satisfying

(@Xo + Bxa\w) Vu = Vuw, {IVw| > u} Co C{IVw| = u}. (1.3)

Moreover, the Laplacian of |Vw|? in € is nonnegative. For the eigenvalue problem, statement (1.3) still holds true but
now w is non-analytic and the Laplacian of |[Vw|? can change its sign in Q. Thus, many of the ideas used in [6] (and
[19]) cannot be used here.

2. The characterization result

For a smooth bounded open set 2 C RN, N > 2, and three constants 0 < & < B, 0 < k < |R2], we consider the
problem consisting in finding a measurable subset w of Q2 with @] < k, such that the first eigenvalue of the problem

—div ((Ole + ,BXQ\w)Vu) = Au in
(2.1)
u=20 ond2

reaches its minimum value. This can also been formulated as

min f (@0 + Bxono) I VulPdx
Q

ue Hy(Q), / lul2dx =1 (22)
Q

w C Q measurable, |w|<«k.

We remark that if we do not assume the volume restriction |w| < «, then the solution is the trivial one given by
w = 2. However in the applications, the material & can be more expensive than 8 and thus, we can only dispose of a
certain quantity x of material . The question then is how to distribute it in an optimal way.
As an application of (2.2) we can consider the following problem for the heat equation
oru — div ((O!Xw + ,BXQ\w)Vu) =0 in 2 x (0, 00)
u=0 ondQ2 x (0, 0)

Ujr=0 = Uo,
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where u( is a given function in L2($2). Such as it is hoped from the physical point of view, it is well known that
u(t, x) tends to zero when ¢ tends to infinity, i.e. for ¢ large, the temperature in €2 becomes equal to the temperature
outside 2. Namely, the following estimate holds

max [u(-, )| 2q) < e luoll 2y, V=0,

with A the first eigenvalue of problem (2.1). This estimate is optimal in the sense that we can choose u( such that it is
an equality. This means that if we want to choose the non-homogeneous material in €2 in such way that the temperature
goes to zero as slowly as possible, we must take A small. Thus, for heat conduction, problem (2.2) is equivalent to get
the most insulated material in €2 by using a quantity of material & smaller or equal to «.

Such as it has been proved in [6], problem (2.2) has not solution if €2 is a rectangle or an ellipsis. On the other
hand, in the particular case where 2 is a ball, it has been proved in [1] that (2.2) has a solution and it is radial. Our
purpose in the present paper is to give the following reciprocate result.

Theorem 2.1. Assume Q C RN of class C!, simply connected, with connected boundary. If problem (2.2) has an
optimal solution (w, u) then Q is a ball and x, u are radial functions.

The proof of Theorem 2.1 will be given in Subsection 2.2, for this purpose we will need some previous results which
expose in subsection 2.1

2.1. Preliminary results
In this subsection, we recall some previous lemmas which we need to prove Theorem 2.1.

We start by recalling some results which have been proved in [6], where it is considered the following relaxed
formulation for problem (2.2)

[ Vul?
min dx
14O
Q

u e Hy (), / ul?dx =1 (2.3)
Q

6 € L(: [0, 1), /de “r
Q

with ¢ = (B — o) /«. It consists in replacing the materials of the form « x, + B(1 — x,) by the harmonic mean value
of @ and 8 with proportions 6 and 1 — 6. These new materials are constructed via homogenization (see e.g. [2,19,23])
by using a lamination of o and 8 with proportions 6 and (1 — 0) in the direction of Vu.

Following Theorem 4.2 in [6], we have the following regularity result for 2.2.

Lemma 2.2. Assume that Q@ C RY is C1! and consider a solution (0, u) of problem (2.3), then we have

e The function u belongs to W (Q).
o The function

Vu
o= 2.4)
1+ co
is in H'(Q)N and denoting by v the outward unitary normal to Q2 on 32, we have
o =(o-v)v onof. (2.5)
o The function 0 satisfies
0;0c; — dj00; € L*(Q), 1<i,j<N. (2.6)

Moreover, if 6 only take the values 0 and 1, then



1218 J. Casado-Diaz / Ann. 1. H. Poincaré — AN 34 (2017) 1215-1226

8i0‘7j — anUi =0, 1< i,j<N 2.7
and

curl(o) =0 in Q. (2.8)
Taking into account Theorem 2.2 in [6], we also have the following optimality condition for the solutions of (2.3).

Lemma 2.3. Assume that (0, u) is a solution of problem (2.3) and define o by (2.5), then,

/ 0dx =« 2.9)
Q

and there exists a constant i > 0 such that

o) = {1 if lo ()| > (2.10)

0 iflo()]<p.

Remark 2.4. In the previous Lemma we have asserted that u is strictly positive which is a sufficient condition in
Theorem 2.2 in [6] in order to have (2.9). Indeed, if « = 0, then by (2.10) and the restriction of the integral of 6 in
(2.3) we get

|2] >/(Zf9dxz|{xeﬁ:|a(x)| > 0},
Q

and therefore o vanishes on a set of positive measure but then, taking into account that o is in H'(Q)" by (2.2) we
get that Au = —div o vanishes on a set of positive measure, which is in contradiction with the maximum principle.

In the present paper, we are interested in the existence of a solution for problem (1.1), which is equivalent to the
existence of a solution (@, u) for problem (2.3), such that & = yx,, with w a measurable subset of 2. In this case,
Lemmas 2.2 and 2.3 imply

Corollary 2.5. Assume Q € C1, simply connected, with connected boundary. We suppose there exist u € HO1 () and
w C Q measurable such that (x.,u) is a solution for problem (2.3), then, u belongs to Ww1o(Q) and defining w as
the solution of

—Aw=2Au in Q
(2.11)
w=0 onoS2,
with
/\=/(axw+ﬂ(1 — Xo))|Vul?dx, (2.12)
Q
we have
(xw+ B = x0))Vu = Vw. (2.13)
Moreover,
lw| =k, (2.14)

and there exists i > 0 such that

xeQ:|Vwx)|>ulCoc{xe: [Vwkx)| > u} (2.15)
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Proof. Lemma 2.3, provides u € WwLo°(Q), and since 6 = X, it also provides
Vu o + v
o .= =\ — u
1+co 8 Xo T XQ\w

in H'(Q)" with vanishing curl. Since © is simply connected, this implies the existence of w € H2(£2) such that
Bo = Vw. Now, using (2.5) we get that w is constant on 02, but w is defined up to a constant. Therefore, we can
take w vanishing on 9€2. Using then that u gives the minimum in

. Vol . /(a N >|V 2d
min X = min —Xo + X0 v|°dx
vehj @) 1+ct vehj@)) B v

and the definition of o, we get
—Aw = —fdive = \u,

with A defined by (2.12). This proves that w is the solution of (2.11).
To finish the proof we use (2.9) and (2.10), which imply that (2.14) and (2.15) hold, with the constant & which
appears in Corollary 2.5 replaced by . O

In order to prove Theorem 2.1, we will also need the following result.

Lemma 2.6. Assume Q C RN open, K C Q compact and connected and ¢ € R. We consider two functions u €
whr(Q), 1< p<oocandw € CY(Q) such that w = ¢ in K, Vw does not vanish in K and Vu is proportional to
Vw a.e. in Q. Then, there exist a neighborhood U of K contained in Q, T > 0 and h € WhP (¢ — 1, ¢ + ©) such that

wU)=(c—1,c+71), u(x)=h(wx)), Vx e U, Vw#0 inU.

Proof. We start assuming that K reduces to a point xo € €2. In this case, the result is well known, at least if « is also
inCl(Q).Ifu e WHP(RQ), 1 < p < oo the reasoning is similar to the classical one but for more clarity, let us detail it.

Consider N — 1 vectors &,...,&y € R¥ such that {Vw(xg), &, -+ ,&n} is a basis in RY and define F =
(Fi,---,Fy):Q— RN by

Fix)=w(x), Fx)=§-x,2<i<N, VxeQ.

By the inverse function theorem, there exists § > 0 with B(xp,8) € 2, and V C RN open, bounded, such that F :
B(xo,8) — V is invertible and F—! belongs to MmN nwhew)N In particular, since D F'(x) is invertible for
x € B(xg, 8), we have that its first row, Vw does not vanish in B(xg, §). Defining 7 = u o F~1 e whr(V), we have
that u(x) = h(F (x)) for every x € B(xg, §) and then

N
Vu(x) = 0y, h(F(x))Vw(x) + Z Oy, h(F (x))&;,
i=2
but by assumption, Vu(x) is proportional to Vw(x) and therefore, recalling that Vw(x), &, ---, &y are linearly
independent, the previous inequality shows
dyh(F(x))=0, 2<i<N. (2.16)

Using that F is a isomorphism from B(xg, §) into V, we then get
dy,h=01inV, 2<i<N.
Taking t small enough to have the cube

Q=W —t,wx) +1) x E-x0—T1,&-x0+7T)X...x EN-Xx0—T,&N - X0+ T),

contained in V, we deduce from (2.16) that 4 only depends on the first variable in Q and therefore, using the definition
of F, we have
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u(x)=h(F(x))=h(wk)), VxeF 1(0).

Defining U = F~!(Q) which is an open set contained in B(xo, §) and observing that by definition of F and Q, w is
onto from Q into (w(xp) — 7, w(xp) + T), we get the result for K = {xo}.

Let us now consider the general case: By the above proved, for every z € K, there exists a neighborhood U, of z,
7,>0and h, € WP (¢ — 1, ¢ + t.) such that

wU,)=(c—15,c+1;), u(x) =h(wkx)), Yx e U, Vw #0 in U,.

Since K is compact, we can take the open sets U, such that there exists ¢ > 0 satisfying that B(z, 2¢) C U,, for every
z € K. Thus

B(z1,e)UB(z2,e) CU;, NU,, VYzi,22€K, |z1 —22] <e,
and then
hy,(wx)) =ulx) =h;,wkx)), Vzi,z2€K, |z1 —22] <&, Yx € B(z1,8) U B(22, ). 2.17)

Now, we use that K compact, w =c in K, w € C'() and Vw # 0 in K, imply the existence of 7 > 0 such that
(c—1,c+ 1) Cw(B(z,¢)), for every z € K, and then (2.17) shows

hy =h,, in(c—t,c+7), Vzi,22€ K, |z1—22|<e.

This allows us to show that for 7 € K fixed, the set of z € K such that
h;=h; in(c—1,c+71)

is open and closed in the topology relative to K, and thus, since K is connected
h;=h; in(c—t,c+71), Vzek.

Defining then

h=h;, U:w_l(c—t,c—i—t)ﬂ(UB(z,s)),

zeK

we get the result. O

To finish this subsection we recall the coarea formula (see e.g. Theorem 2 section 3.4.3 in [11]) and as Corollary
the version we use in the proof of Theorem 2.1. The definition of Jacobian of a derivable function f : RN — RM,
J(f)is givenin [11], section 3.2.

Theorem 2.7. Let f € WE°RN)M be, N > M. Then, for every measurable function g € L'(RN), we have that
8|f-1(y) is integrable with respect to the Hausdorf (N — M)-dimensional measure, Hy_u, for a.e. y € RM, the
function
y € RV / gdHy_y
=t

is integrable in RM and

/gJ(f)dx:/ / gdHyN_pmdy. (2.18)

RY RM f=1(y)

Corollary 2.8. Assume U C RYN open and w € W°(U) such that Vw(x) # 0, then, for any g € L' (U), we have
that (8/IVw|) 15 is integrable with respect to Hy—_y, for a.e. s € R, the function
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seR— / gdHy_
O]

is integrable in w(U) and

/gdx—/ / —dHN 1 ds. (2.19)

w(U) w=1(s)

Proof. For ¢ > 0, we define

Us={xeU: |[Vwx)|=¢}.
Thanks to Kirszbraun’s Theorem ([11], chapter 3.1.1, [12], chapter 2.10.43), we know there exists w, € Wl’OO(RN),
such that w, = w in U,. Applying (2.18) to

8 = ——XU.» | =We,

Vw]|

and taking into account that J(w,;) = |Vwg|, we deduce that (g5)|w71(s) is integrable with respect to the Hy_1, for
a.e. s € R, the function

s / gedHy |
w1 (s)

is integrable in R and

/gdx—/IV Xu. | Vwg|dx = / / xvu. dHy_1ds
=)
/ / —dHN 1ds.

w(Ue) w=1(s)

Thanks to the Lebesgue dominated convergence theorem, we can now pass to the limit in this equality when ¢ tends
to zero to deduce the result. 0O

2.2. Proof of the main result

In the present subsection, let us use the results of the previous one in order to prove Theorem 2.1, which is the aim
of the present paper.

Proof of Theorem 2.1. By Corollary 2.5, we know that if there exists a solution (w, #) of (2.2) and A is the cor-
responding eigenvalue, then u belongs to W1 '%°(€2) and (2.13) holds, with w, the solution of (2.11) and XA given by
(2.12). Moreover, (2.14) and (2.15) are satisfied, with p strictly positive

Using the classical smoothness results for elliptic equations and 2 € C L1 we also have w in W>?(2) N Wﬁo’cp (),
for every p > 1. On the other hand, it is well known that # and then w can be chosen strictly positive in 2. The
following three steps are devoted to show that these properties of w, u and w imply that €2 is a ball and that x,, u and
w are radial functions.

Step 1. Assume x( € 2 such that
|B(xp,r) Nw| >0, |B(xg,r)N(Q\w)| >0, Vr>0. (2.20)

Let us prove that there exists a connected open set O € Q of class W3? for every p € [1, 00), with connected
boundary such that

x0 €00, |Vw|=p ondO, w=w(xp)onado. 2.21)
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Moreover, all the points in d O satisfy condition (2.20) and there exists a connected neighborhood U of 00, 7 > 0
and h € W (w(xg) — 7, w(xg) + ) such that

wlU) = (w(xg) — 7, w(xg) + 1), ulkx)=h(wkx)), Vxel. (2.22)

For this purpose, we first observe that (2.15), (2.20) and Vw continuous imply |Vw(x¢)| = ¢ # 0 and thus, the implicit
function theorem, w € Wli’cp (R2) for every p €[1, 00), and w(xg) # 0 prove that the set

A

T:{er: w(x) = w(xo), |Vw(x)|>%} (2.23)

is a (N — 1)-dimensional submanifold of RY strictly contained in €2 of class W3 for every p € [1, 00), containing xp.

We define Y as the connected component of T containing xg. By (2.13), we can apply Lemma 2.6 to deduce
that for every compact set K C Y which contains xp, there exists an open neighborhood U C Q of K, v > 0, and a
function & € W (w(xp) — 7, w(xp) + 7) such that

wU) = (w(xg) — 7, w(xg) + 1), ulx)=h(wkx)), VxelU, Vw#0 inU. (2.24)
In particular, we have

Vu(x) =h (wx))Vw(x), ae xeU. (2.25)
Taking into account (2.13) and (2.25), we can apply (2.19) to deduce

w(xp)+T '3 )V v ‘

oex + b xa u—Vuw
/ | an +.3X9\w)vu - Vw|dx = / / @ |V\l;.}0| dHy_1ds,
w(xo)—T UNw1(s)
w(xg)+T
|Vu— ' (s)Vw|
|Vu —n (w)Vw|dx = ——————dHy_ds,
[Vw]

w(x0)—T UNw~1(s)
and therefore

w(xp)+T

1 1
W' (s) — (;Xw + Em\w) ‘ dHy_1ds=0.
w(x0)—T UNw~1(s)

Thus, there exists a null measure set A" C (w(xg) — 7, w(xg) + 7) such that

sewx) —1,wx) +7)\N=3n (s) e {a” !, 71}

and
Ws)=a ' = Hy_1(w ' (s) NU) \w) =0
{h/(s)zﬂ_l = Hy_1(w '()NUNw)=0 (2.26)
On the other hand, we observe that for every r > 0 with B(xg, r) C U formula (2.19) gives

w(xp)+T1

|B(xg,r) Nw| = / / |V—1|dHN 1ds, 2.27)
w(x0)—T B(xg,r)NwNw=1(s)

w(xp)+T

|B(xp,7) N (Q\ w)| = / / ﬁdHN 1ds, (2.28)

w(x0)—T B(xo,r)N(Q\w)Nw=1(s)
which thanks to (2.20) shows the existence of s,ll, s,zl ¢ N, converging to w(xo) when n tends to infinity such that

Hy_1(B(xo, 1/m)Nonw ' (s)) >0, Hy_1(B(xo, 1/n) N (2\ w)Nw™'(s2)) > 0.
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Therefore, by (2.26), we get
Hy_1(w ' spnU)\w) =0,  Hy_1(w 'HNUNw)=0
and then, by (2.15)
Vw|>p inw sHnu, Vw| < p inw (2 NU.
Then, passing to the limit in n, we deduce
[Vw|=pu in w_l(w(xo))ﬂUDK. (2.29)

Now, we observe that (2.27), (2.28), (2.26) and (2.20), imply that for every § > 0 there exist two disjoint measurable
sets S(;l, Sg C (w(xg) — 8, w(xg) + &) such that

0<IS5l, O<IS5l, IS§1+1S3]=28,

Hy_1(w ') NU)\ @) =0, Vse S},  Hy_ 1w '(s)NUNw)=0, Vs €53,
while w = w(xp) in K implies that for every r > 0, there exists § > 0 such that

Hy_1(B(x,r)Nw™l(s)) >0, ae.se w(xg) —8 w(xp)+3).

Then, using again (2.19), we have for every r > 0, with B(x,r) CU

w(xg)+T
|B(x,r) Nw| = / / |V—dHN 1ds>/ / ﬁdHN 1ds >0,
w(x0)—T B(x,r)NwMw="(s) s} BGx.r)Nw=l(s)
w(xg)+T
|B(x,r)\ w| = / / |V—dHN ]ds>/ / ﬁdHN 1ds > 0.
w(x0)—T B(x,r)N(2\w)Nw=! (s) 82 B(x,)Nw=1(s)

This proves that every point in K satisfies (2.20).

We have thus proved that every compact and connected set K C T which contains xg is such that |[Vw| = u in
K and that every point in K satisfies (2.20). Since Y is connected and locally connected by paths, because it is a
manifold, it is connected by paths (see e.g. [10], chapter 5.5). Therefore, for every point x in Y there exists a compact
set K C Y containing x and xg. This proves

IVw|=p in Y, (2.30)

and that every point in Y satisfies condition (2.20).

Let us use (2.30) to show that Y is closed in R¥ . In particular this will imply that we can take K = Y above and
then that there exists a neighborhood U of Y, t > 0and h € W' oo(w(xo) — 7, w(xg) + 1) satlsfymg (2.24).

To prove T closed, we take x;,, € T converging to a certain pomt x € Q. Then, since w € C1(Q), we have w(x) =
w(xp), [Vw(x)| = u. This shows in particular that x belongs to Y but since Y is a connected component of T it is
closed (and open) for the topology of Y. Therefore, x, € T converging to x € Y implies that x belongs to Y, and so
Y is closed in RV,

The above proved shows that Y is a connected compact submanifold of class W37, for every p € [1, c0) and
dimension N — 1. By the Jordan—Brouwer theorem (see e.g. [13] Chapter 5.2) and Y strictly contained in €2 (because
w(x) = w(xp) > 01in T), we have that Y is the boundary of a bounded connected open set O & 2 of class W3-, for
every p € [1, 00).

Step 2. Let us prove that u and w are radial in a ball contained in 2.
First we observe that a point xq satisfying (2.20) always exists because in another case, the sets

{x e Q: Ar >0 with |B(xg, r) Nw| =0}, {x e Q: 3Ar >0 with |B(xg,7) N (2 \ w)| =0},

are two disjoint nonempty open sets with positive measure (because 0 < |w| < |€2|) whose union agrees with €2, which
is a contradiction with € connected. Therefore, we can consider a bounded open set O in the conditions of Step 1.
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Using that w is constant on 00 and —Aw = Au > 0 in O, we get that the maximum of w in O is attained in an
interior point X and then Vw(x) = 0. By (2.15) and p > 0, this shows that there exists a neighborhood of x contained
in O\ w.

Now, we observe that the boundaries of two open sets in the conditions of Step 1 cannot intersect. Thus, we have

01 C 02
01, O3 in the conditions of Step 1 = one of these conditions hold { O> C O (2.31)
01N0y=40.
Take
0= N 10)

xe0
O in the conditions of Step 1

and observe that if x belongs to 0 O then, there exists a decreasing sequence Oy, of open sets in the conditions of Step
1 and a sequence x,, € 3 0,, converging to x. Since the points x,, satisfy condition (2.20), we have that x also satisfies
this condition and then by Step 1, we can construct a set O in the conditions of this step such that x € 90. By (2.31)
we necessarily have O = 0.

We have then constructed an open set O in the conditions of Step 1 containing x which does not contain any
other set in these conditions. From Step 1, we have that there is no point in O satisfying condition (2.20), which
combined with the fact that a neighborhood of x is contained in the complementary of w, implies |w N O] = 0. Then,
O connected, (2.13), (2.11) and w, |[Vw| constants on d O, imply the existence of a constant ¢ € R, such that

Bu=w+c a.e.in O,

and that w satisfies

A
—Aw = E(w—i—c) in O
ow .
w, — constantin O.
on

Since O is of class C? we can then apply Serrin’s theorem ([21]) to deduce that O is a ball of center X and that w and
u are radial functions in O.

Step 3. Let us now finish the proof of Theorem 2.1.
For x the center of a ball in the conditions of Step 2, we define R by
Bx.R)= )  B@&n,
w radial in B(x,r)

or equivalently, as the maximum of » > O such that w is radial in B(x,r).If w =0o0n dB(x, R), we get 2 = dB(x, R),
and then the proof of Theorem 2.1 is finished. So, we assume w > 0 on d B(x, R). By Hopf’s Lemma applied to the
equation

—Aw =Au in B(x, R),
we get that %—;‘l’ is strictly negative on d B(x, R), and then, thanks to (2.13) we can apply Lemma 2.6 to deduce the

existence of a neighborhood U of dB(x, R), t >0and h € W1’°°(U) satisfying (2.22). From (2.11), we have that w
is a solution of

—Aw =Ah(w) inU. (2.32)
Now, we introduce ¢ as the solution of the Cauchy problem
— Ny =N h(g)

) dw (2.33)
@ (R) =wj3BiE,R), @(R)=-—

on |aB(E.R)
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vyhich is defined in an open set (R — ¢, R + ¢), where ¢ > 0 can be chgsen small enough to have B(x, R + ¢) \
B(x, R —¢) C U. Then, we define the functions z and k in B(x, R + ¢) \ B(x, R — ¢) by

z(x) = w(x) — ¢ (Jx —x]),

h(w(x)) —h(p(lx —x])) .
ko) = —A 20 if z(x) #0

0 if z(x) =0.

Using that / is Lipschitz, we get that k is in L®(B(x, R +¢) \ B(x, R — ¢)), while w radial in B(X, R)\ B(X, R —¢),
(2.32) and (2.33) imply that z satisfies

—Az+kz=0inB(x,R+¢)\ B, R —¢)
z=0in B(x,R)\ B(x,R —¢)

From Carleman’s unique continuation theorem, (see e.g. [3,4]), the function z vanishes on B(x, R +¢) \ B(x,R —¢)
and then u is radial in B(x, R + ¢), in contradiction to the definition of R. O
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