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Abstract

We consider a class of nonlinear Klein—-Gordon equations u;; = uy, — u + f(u) and obtain a family of small amplitude periodic
solutions, where the temporal and spatial period have different scales. The proof is based on a combination of Lyapunov—Schmidt
reduction, averaging and Nash—Moser iteration.
© 2016 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The nonlinear Klein—Gordon equation
Uy =uxy —u+ fu), x eR, (L.1)

is an important model in particle physics, which models the field equation for spineless particles. Classical examples
include Sine-Gordon equation and ¢*-model. The main result of this paper is to construct a family of small amplitude
periodic (both in time and space) solutions of (1.1), where the temporal and spatial period have different scales. More-
over, we can approximate such periodic solutions by a simple periodic orbit for a planar system up to exponentially
small errors. We will postpone the precise statement until the end of Section 2 after we introduce some mathematical
notations. Throughout this paper, we will assume the nonlinear term f to be analytic and odd in u. The analyticity is
crucial for us to prove the exponentially small error. The oddness is assumed just for convenience. We will comment
on how to deal with general f containing quadratic terms later in this section.
The motivation of this paper originates from the sine-Gordon equation ( f (1) = u — sinu)

Usp = Uyy — SINU, (1.2)
which has a family of time periodic solutions (breathers)
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V1 —w?sinwt
wcosh+/1— o2x
Clearly, the above formula is only defined for |w| < 1. Since (1.1) can be viewed as a perturbation of (1.2) for small
amplitude solutions, it is natural to ask if (1.1) admits any time periodic solution parameterized by w. The author

studied the problem for w = +/1 — €2 in [19], where he obtained small amplitude (of order €) breather solutions with
O(e™ <) tails as |x| — oo, i.e., the solution is %’ periodic in time and almost localized in space with exponentially

u(x,t) =4arctan (1.3)

small errors. In this manuscript, we continue our study for @ = +/1 + €Z2. It turns out the solutions we obtain here have
completely different behavior in spatial variable, namely, the solution is also periodic in x.

Since the temporal period is explicitly known, we use the spatial dynamics method (interchanging x and ¢) to
rewrite (1.1) as a nonlinear wave equation with periodic boundary condition

2
U =uUxx +u— fu), u(x,t):u(x+z,t), (1.4)

where w = +/1 + €2. By normalizing the spatial period (temporal period for (1.1)) to be 27, i.e. rescale x to wx, we
further transform (1.4) to

unzwzuxx+u—f(u) , u(x,t)=u(x+2m,t). (1.5)

Since the nonlinearity f is odd in u, it suffices to restrict u to be odd in x. Consequently, the linear operator w?d,, + 1
has characteristic frequencies +¢i and =+/w?k? — 1i for k > 2 with multiplicity 1.

The strategy for finding periodic solutions of (1.1) ((1.5) under spatial dynamics formulation) is a combination
of singular perturbation theory, averaging, Lyapunov—Schmidt reduction and Nash—Moser iteration. First of all, we
observe that the characteristic frequencies of the linear operator w?d,, + 1 have two scales, namely, one pair of
O (e)-eigenvalues and infinitely many pairs of O (1)-eigenvalues. To obtain uniform knowledge in €, we rescale time
in (1.5) to blow up small eigenvalues from O (¢) to O(1), which makes the O(1)-eigenvalues become O(é). With
appropriate spatial rescaling, we obtain a singularly perturbed system (2.3) and (2.4). The singular limit of such system
can be rigorously justified as a second order ordinary differential equation (2.11) whose phase plane contains a lot of
periodic orbits. Secondly, we perform a sequence of partial normal form transformations to obtain a system whose
solutions are exponentially close to the limit equation. Finally, we follow the Lyapunov—Schmidt type argument in
[28] and the Nash—Moser iteration in [6] to find our periodic solutions near those unperturbed ones.

The problem of finding periodic solutions to Hamiltonian PDEs has been extensively studied since the 1960s,
see for example [5,6,16,17,24-27] and references therein. The first breakthrough on this problem was due to Rabi-
nowitz [24]. He rephrased the problem as a variational problem and proved the existence of periodic solutions under
the monotonicity assumption on the nonlinearity whenever the time period was a rational multiple of the length of the
spatial interval. Subsequently, many authors, such as Brézis, Coron, Nirenberg etc., have used and developed Rabi-
nowitz’s variational methods to obtain related results, see [2,8,10]. In these papers, the time period T is required to be
arational multiple of . The case in which T is some irrational multiple of 7 has been investigated by Feckan [13] and
McKenna [20]. At the end of the 1980s, a different approach which used the Kolmogorov—Arnold—Moser (KAM) the-
ory was developed from the viewpoint of infinite dimensional dynamical systems by Kuksin [ 18] and Wayne [29]. This
method allows one to obtain solutions whose periods are irrational multiples of the length of the spatial interval, and
it can also be easily extended to construct quasi-periodic solutions see [23,15,30] and references therein. Unlike the
variational techniques, the KAM theory only yields solutions of small amplitude. Later, in the original work of Craig—
Wayne [12], the existence of periodic solutions for the one-dimensional conservative nonlinear wave equation was
also proved by using the Lyapunov—Schmidt method and Newton iterations. Here we point out equation (1.1) is not
completely resonant. Results on periodic/quasi-periodic solutions for completely resonant nonlinear wave equations
can be found in [1.4,14]. For exponential stability of periodic solutions, we refer readers to Bambusi—Nekhoroshev
[9] and Paleari-Bambusi—Cacciatori [22] and references therein.

The methodology employed in this paper is based on a perturbation argument, which is different from the varia-
tional technique and the KAM theory. Even though our solutions still have small amplitudes, which is due to scaling,
we actually obtain them from some unperturbed periodic orbits which have large amplitudes. The central idea of KAM
theory is to use successive approximate solutions (obtained by normal form transformations) with better accuracy to
obtain the exact solution. This method usually requires the analyticity of nonlinearity to assure the convergence of
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the normal form transformations. Here we assume the nonlinear term to be analytic is to obtain certain exponentially
small error estimate. In fact, assuming f € C° is enough for the existence part. Although we assume f to odd in u, we
can still deal with f containing quadratic terms. In that case, one needs to work on even function space, which makes
the linear operator w”dy, + 1 to have an additional characteristic frequencies at +1. Then one can perform a center
manifold reduction to get rid of those frequencies, which reduces the problem to the case in this paper. By using the
same method, we can also deal with w = %«/ 1 + €2 for any k > 1, in which case a finite number of hyperbolic eigen-
values appear. The small divisor problem appears in this context which prevents us to prove the result for all small €
but rather a subset with almost full measure. We mention that our proof does not rely on the Hamiltonian structure of
the problem that much. The only property we use is the existence of some invariant quantity. Some related problems
had been discussed by Poschel [23], Berti-Bolle [6] and Berti-Bolle—Procesi [7]. In those cases, the characteristic
frequencies are uniformly away from 0, which makes our problem different from theirs. As we mentioned earlier, the
idea of the proof is similar to the one in [28]. Although we have simple geometry on the target space (flat), the techni-
cal analysis for finding periodic solutions corresponding to O(é) frequencies is harder due to the infinite dimensional
nature of our problem. We overcome this difficulty by a Nash—Moser iteration argument, which is adopted from [3.,6]
with certain modifications. This is because during the iteration process, we need to carefully estimate the bounds of
the inverse of some linear operators in terms of the perturbation parameter €. In fact, one shall see in subsection 4.2
that these bounds are singular in €. Such phenomena does not exist in the standard literature and will be taken care
of by the smallness of nonlinear terms. Finally, we mention that our method can be applied to non-Hamiltonian (pos-
sibly with non-analytic nonlinearity) systems. Meanwhile, the method gives additional information for the perturbed
periodic orbits.

The rest of the paper is organized as follows. In Section 2, we set up our problem in a suitable form and state
our main result. In Section 3, we present the partial normal form transformations. In Section 4, we prove the main
theorem.

2. Set up and main result

In this section, we introduce some notations that will be used throughout this paper. Then we perform scaling
transformations to rewrite (1.5) in a suitable form. Finally, we state the main results.

The function space we will be working on is the standard Sobolev space consisting of odd periodic functions,
namely,

o0 o0
H 2 (h=Y"a; sin(jx)‘ 3+ jFad < oo}, HO =L
j=1 j=1

with norm

o
. 1
hlle £ lall e = O+ j3) a2
Jj=1
Given any g € H¥, we define Pg and Qg as
T
Al . A .
Pg=— / g(x)sinx dx , Qg =g — (sinx)Pg,
b4
—TT
i.e., P is the projection onto {Rsinx} and Q is the orthogonal complement of P.
We will use C, C’ to denote generic constants which may have different values in different places. However, all of
them are independent of the perturbation parameter €. The norm of an element in a Banach space X will be donated

as || - ||x. A ball centered at the origin with radius in a Banach space X is denoted by B, (0, X).
We recall that for the nonlinear term f, we assume

(A) f is odd and holomorphic in u. Moreover, f'(0) =0, f"(0) # 0.

Consequently, Pf and Qf are analytic functions of their arguments.
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Remark 2.1. The assumption f””(0) # 0 is not essential and it can begin with 5th or any other higher order terms. We
stick to this case in order to include classical examples like sine-Gordon equation and the ¢* model.

As we discussed above, the characteristic frequencies of a)28x + + 1 have two different scales, namely, O(¢) and
O(1). To separate the small one from others, we write

u(x, ) =0(@t)sinx + w(x, r) = (Pu)sinx + Qu(x, 1), (2.1)
where [* W (x,1)sinx dx = 0. Recall that @ = v/1 + €2, we let
e 1o 1) wix, e o 17)

T=eol V(D)= W)= 2.2)

The rescaling for temporal variable is to blow up the O (¢) frequencies to O(1). The rescaling for u is the normalize
the amplitude of the solution. Plugging the decomposition and rescaling into (1.5), we obtain

1 1
Vrr = ——5V — ﬁPf(evsinx—i—ew), (2.3)
w €W
Oux + 1
Wer = ——w — —— Of (evsinx +ew) , w(x, 1) = w(x + 27, 7). (2.4)
€ (S )

By the analyticity and leading order term assumption of f, itis easy to see Pf and Qf are analytic in (€, v, w). The
system (2.3) and (2.4) has an invariant quantity (Hamiltonian)

H(v, v‘[v wa w‘[ve)
2 2
:U_T+U_+LPF(evsinx+6w) 2
2 20?2 €tw? |

T
1, 1 2 | BN 1 .
+ Ewr—i—ﬁ(wx—ﬁw )+WQF(EUSIHX+EW) dx,
-
where F is the anti-derivative of f with F(0) =0.
To simplify our notation, we let

1
J 2 — + Oax, (2.6)
W
and
B — -1
fv,w,e€) £ ﬁPf(ev sinx +ew), g(v,w,¢€) £ ﬁQf(ev sinx + ew). 2.7
€‘w €“w

It is straightforward to verify that for small €,
JZ e LQHY, QH) 11U poms, omstay < 2. 2.8)

Using above notations, we can rewrite (2.3) and (2.4) as
1 -
UTIZ——ZU—‘—f(M,U,G), (29)
w

J.
wnze—;w+§(v,w,e). (2.10)

The system consists of (2.9) and (2.10) is singularly perturbed, where the singular motion corresponds to fast oscil-
lation in the normal direction. The singular limit is formally given by taking the first equation with w =0 and € =0,
namely,

— = 1 " -3
Prr=—D— gf Op°. (2.11)
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Here the nonlinear term % f""(0)p3 is obtained by Taylor’s expansion. It turns out this formal limiting system can be
rigorously justified by the using the Duhamel’s principle and Gronwall’s inequality.” We note that (2.11) also has an
invariant quantity

= = 1-2 1—2 1 1" =4
H.(p, p;) = — — — 7 (0) p*. 2.12
(P, po) 219,+21D +32f Op (2.12)

It is clear that if /””(0) > 0, every solution of (2.11) is a periodic orbit. If f”/(0) < 0, solutions in a small neighborhood
of the origin are periodic orbits. Let p(t) be a periodic orbit of (2.11). We say p(t) is non-degenerate if p(7) is the
only solution of the linearized equation of (2.11). If we rewrite (2.11) as a first order system for (p, p;), namely,

PN _ (0 1\(p 0
(ﬁr>f_<—1 0) <5r>+<—§f’”(0)ﬁ3) (2.13)

and linearize it along (p, p,), we obtain

(7). (irom 0) (7)
pr), \=1=3f"@p* 0)\p1)

By Floquet theory, the non-degeneracy assumption of p(t) implies

0

ND) Th d tri ted b _
(ND) The monodromy matrix generated by (_1 . %f”’(O)p2

1
O) has 1 as an eigenvalue with geometric multi-

plicity 1.
Now we are ready to state our result.

Main Theorem. Let p(t) be a non-degenerate periodic solution of (2.11) with period p. If f satisfies (A), then there
exist g < 1 and a (resonance) set Ry, o) such that for every € € (0, €9)\Rp 4,1, (1.1) has a solution u(x,t) even in x
and odd in t satisfying

2 p
ux,t + ——)=ulx,t), u(kx + ——,1t) = u(x, t). (2.14)
V14 ¢€? ev1+e?
Moreover, there exist two positive constants C and ¢ independent of € such that
fulea, = Ce 10752 4 Eme™™2 o)p < cet @.15)

where P, Q are the orthogonal projectors onto the linear space {Rsin (v 1+ €2t)} and D72, (Rsin (kv/1+ €21)},
respectively. The nonlinear mapping M(-, €) maps PH,l to QHI1 for every x and is uniformly bounded on any
compact subset of PH,I.

The non-degeneracy assumption is standard in the continuation theory of periodic orbits, see [11] for example. We
will use (ND) which is derived from the non-degeneracy of p to match all coordinates except one of the time p-map
for the perturbed system near the unperturbed orbit p. The missing direction will be recovered by the invariance of
the Hamiltonian defined in (2.5). The second inequality in (2.15) roughly says the difference between u and p is
exponentially small. More precisely, it indicates the fluctuation between u and p is exponentially small when it is
viewed in a slightly tilted coordinate system.

The following analysis will be based on (2.3) and (2.4), which is obtained through the spatial dynamics formulation
of (1.1). Therefore, any result for (2.3) and (2.4) is reflected in (1.1) by swapping x and ¢.

2 Rewrite (2.9), (2.10) and (2.11) as first order systems.
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3. Partial normal form transformations

The plan of this section is to construct partial normal form transformations for (2.9) and (2.10). Such transforma-
tions average out the O(1) driving term g to be O(e_[f]). The transformations presented here is similar to the one
in [21]. In general, as the example (an ODE system) shown in [21], one cannot use such transformations to eliminate
g completely. Consequently, the exponentially small estimates in the main theorem is optimal.

With slight abuse of notation, we will drop ™ signs in (2.9) and (2.10), namely, we have

1
Vi = —— v+ f(v,w, ),
w
7 (3.1
wer = 5w+ g(v,w, €).
€
Let V = (v, v;). In the first step, we set w; = w + eZJE’]g(v, 0, €), then
_ k 241 _ 2, 7—1
Wirr = 62w1+g(v7w1 € Je g(vvov E),G) g(U,O, 6)+€ (Je g(vvove))‘ff
1
Je 2 ,-1
=W +( Dyg(v, p(w1 —€°J. g(v,0,¢€)),€) dp>w1
0
1
e f Dag(v. p(wy — €1 (v.0.6)). ) dp) L™ g(v.0.) (32)
0
+2 (780, 0,€)r
J _
£ Swi+ g, w,Ow +e2g1(V, wy, e).
We repeat such procedure k times to obtain
Je 2% -
Wire = —3 Wi + 8k (v, wi, €)wg + €7 g (V, wi, €). (3.3)
In the next step, we set wr4+1 = wi + €2k+2J6_1§k(V, 0, €) to have
1
Je 2k =
OreWii1 =—3Wkt1 + (v, W, Wiy + € (| D2 (V, pwi, €) dp)wiy
0
1
=2 [ DoV, pui ) dp) 57 0V 0.0) (3.4)

0
— X2 (v, wi, €I 8k (V,0,€) + X271 (V, 0, €)1

J
A Je 2k+2 =
=g Wkt + 8k+1(V, W1, €)wig1 + € 8ik+1(V, Wi, €).

To obtain estimates on (g, gx), we complexify H! to H! @i H'. We define the complex neighborhood of the real
axis

Sk £{z e C||3z| < K}.
Since we will construct bounded orbits in the phase space, we assume

L1+ 181D (s, x5 0.0y + Nall et < CCKD. (3.5)

Here we choose K to be large enough so that any prescribed non-degenerate periodic orbit of (2.11) have magnitude
less than K.
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Proposition 3.1. Given K > 0, there exist C(K), K1 > 1 and 0 < €9 < 1 such that for every € € [0, €9),

1
8% ||C0(SK—ekK| xSk —etk, x[0.60) = 2- F)C(K)’
1
C(K)

k—1"°
Kl

(3.6)
2k =
€7 8kll cosy e, xSk —etry x[0.e0) =

Proof. We will prove (3.6) inductively. For k = 1, by definition in (3.2), we have

Ig1llco(sk ek, xSk i, x10.e0) = 1Dl cosy x5 x10,600) = C (KD,

and

2_
"8 ”CO(SK—ekKl X Sk —ekk; X[0,€0))
<17 Mgl ez (Ngllco + veliZo + vl co + 1L llco) < C(K).
Assuming (3.6) holds for k — 1, i.e.,

18k—1 ”CO(SK—e(k—l)K] X Sk—e(e—1 K x[0.€0)) = 2- F)C(K)’
1
C(K)

K2

3.7
2(k—1) =
lle 8k-1 ”CO(SK—e(k—l)Kl XSk —ek—1)k; x[0.€0)) =

By definition of (g, gx) in (3.4) and the Cauchy integral formula,

1851l €O (S —errey xSk —eniey x10.c0) = N8k=1l Ok _cqu—1y ) xSk —eu—ryiey x[0.€0))

1 € 2g 1(e,v+z wp 1 +2
+€2‘% ?g 8k—1( - k—1 )dz
Z

Bek, (©)
2C(K) L <Q2-
K{‘_z Kie

=@2- )C(K) +€

Kk_2 )C(K)v

k—1
1 K

1
and
2k =
lle gk”CO(SK—ekK] xSk —ckk| %10,€0))
2C(K C(K 2 C(K))C(K) C(K
<22 ( )||JZI|| 5(2)+262(|vx| +I:|2+ (K)C( )S (kl)
Kie K~ K~ (K1€)? K~

Thus, the proof is completed. O

The proposition implies we can perform the partial normal form transformations [£] times, where ¢ is possibly
small but independent of €. Then the driving term el g(¢ is exponentially small in €. Define the nonlinear mapping
M(-,€): PH — QH! as

(el
EM. ) 2T gw,0.6)+ Y eI g (v v:.0,€). (3.8)
k=2

Thus, w 4+ €2 M (v, €) satisfies
J
(W + €M, ) = S W+ EM@, ) + g2V, w+ M, €), €)

+ 291V, ve, W+ EM(, €), ).

With slight abuse of notation, we write the transformed system as
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1
Vre =——v+ f(v,w,€),
Ja) (3.9)
Wrr = E—Zw +gw, w,€) + g, v, w, €),
By shrinking K — cK a little bit, we can assume
LA+ N8l + et MNEID e (54 g, xSk ek, 10,00 =< C- (3.10)

The partial normal form transformations can be thought as an averaging procedure, which makes {w = 0} to be almost
invariant up to an error of O (e~lel).

Remark 3.2.If f € Ck, where k > 5, we can obtain {w = 0} is almost invariant up to O (23,

4. Proof

In this section, we give the proof for the Main Theorem. To find periodic solutions of (3.9), we study their time- p
map around the periodic orbit of (2.11). The main difficulty is the small divisor problem, which is overcome by
carefully choosing a non-resonance set and running a Nash—Moser iteration argument. We adopt and modify the
strategy introduced in [3,6] to handle the singular parameter of our problem. We start by rewriting (3.9) in a slightly
different form

vy (0 IN\/v N 0
vi), \-2 0/)\u of (v, w,€) )’ (4.1)

(Je — 00w + €*((g(v, w, €) + (v, v, w, €))) =0,

where we recall that w = V1 + €2 and J, = 0, + ﬁ

Let P, be a non-degenerate (in the sense of (ND) in Section 2) periodic orbit of (2.13) with period p. We choose
Py = P,(0) € P, and use v, v to denote P*(O) and D H,(Py), respectively. The invariance of H, (defined in (2.14))
for (2.13) implies v is perpendicular to vl Let V(V(0); w, €) be the time p-map of the first equation of (4.1) with

initial condition at V(0) and parameters (w, €). We look for periodic solutions of (4.1) as follows:

(1) Given any p-periodic function V (-) such that there exists V (0) € V (-) with
V(0) = Py+ 8 v+

We identify a resonance set R, o such that for € € (0, €g)\ R 4,1, we obtain a solution w(V, €) that satisfies the
second equation of (4.1).
(2) Plugging such w into the first equation of (4.1) to find V (¢) such that

Py(V(Py+ 81(e)v; w(V(e), €),€) — Py) =0, (4.2)

where P, is the orthogonal projection onto Ruv.
(3) Use the invariance of H defined in (2.5) to recover the missing direction of V (¢€) and thus conclude V (¢) satisfies
the first equation of (4.1).

The rest of this section is split into 4 subsections. In subsection 4.1, we introduce the function space and the linear
operator L associated to the w-equation. In the next subsection, we identify the resonance set and analyze the bounds
on the inverse of L. In subsection 4.3, we go through the Nash—Moser iteration to obtain solution for the w-equation.
Finally, we solve the V-equation.

4.1. Function space Ty and linear operator L

The function space we will be working on for the p-equation is the Sobolev space involving space and time. We
restrict ourselves to solutions that are even in 7. Define the space
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.27 .
Iy ={we H'([0, pl. QHY |w(x, 1) = 3 wype’ 7 -,
[k|>2
= (4.3)
Wik =W—jk=—Wj—kk
which is equipped with the standard space—time Sobolev norm
lwiF= D" A+ 1Dk wj il
|k|=2,j
Let Iy and I, be the projection operators (along x-direction) given by
f), k=N
0, lk|>N

By standard argument, we have

0,lkl=N

My fk) = . .
w0 { CHLEY

, FTCN\f(k)={

Proposition 4.1. Forany N > 1,0 <m <mp and m = (1 — t)my + tmy,

ITINAllmy < N™ "Rl » Vi € Ty, (4.4)

TS Ally, < N™27 DN Ry o VR € Ty 4.5)
Let

gV, w,e) =g, w,e)w+ gV, w,¢€), (4.6)

where (g, g) are from (4.1) and V = (v, v7). Let Hr1 be the function space that consists of H ! functions which are
p-periodic and even in T endowed with the inner product

P
(u, v) =/u,v, + (l / Dwg(V,w,e)dx +C)uvdr, C> 1. 4.7

0 n—n
It is easy to verify that (—0d.; + %ffﬂ Dyg(V,w,e) dx + C)~! is a compact, positive and self-adjoint op-
erator on HI1 under the inner product (,-) introduced above. It implies the eigenvalues A; of linear operator

—0yx + % ff = Du g(V,w, €) dx are simple, bounded from below and grow like O( j2). Moreover, there exists an
orthonormal basis {¢;(7)};>1 (with respect to the inner product in (4.7)) such that

T

1
(= e+ / D (V. w.€) dx)pj(r) = 1jb; (1).

-7

Let € ; > 0 be the solution of

2 l
-k ———+ ek hi= =0,
I+e€ k g
where |k| > 2. It is easy to calculate for j > 1,

p«/— J—

€k,j = —I +O0(l—3— 4.8)
J i3
Given any (V, w) and 2 < N| < N,, we let
|k|* |k|*
R‘Iy,lﬁ,Nz — U (ek,j — 7, €, + 7), 4.9)

N1 <|k|<N2,j

where 2 <2+ o <[ < 3.

3 The function Dy g(V,w, €) is even in x. This is because g is odd in p and V enters g as V siny.
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We define the nonlinear map F and its linearization £ as
F(V,w,€) & (Je — d0)w +€2g(V, w, €), (4.10)
LV, w,€) 2 Je + € (=0t + Dug(V, w, €)). (4.11)
Thus, finding a solution for the w-equation is equivalent to solving
F(V,w,e)=0. (4.12)

We will find a solution of (4.12) through a sequence of approximate solutions {w;};>1, where each w; € Iy, I’
satisfies

My, F(U,w;,e)=0, lim N; =o0. (4.13)
i—00

We will solve (4.13) for each i by a contraction mapping argument. It involves inverting the linear operator Iy, L,
which is analyzed in the next subsection.

4.2. Resonance set R), o and bounds on (MyL)~!

In this subsection, we identify the resonance set R, o so that for € ¢ R, o1, each (IIy L(U, w;, €)) ! hasa good
enough bound to complete the Nash—-Moser iteration. To simplify our notations, we let
y=l—a—-2€(0,1). (4.14)

Proposition 4.2. For any s > VTH N>2 we FH% and € € (0, eo)\R%,’juoo and h € TINT, we have

Iy LV, w, €)™ hlly—y < Ce= Dl (4.15)
where C is independent of € and h. Consequently,

(TN LV, w,€)  hlly < CN”e D) hl. (4.16)

Proof. We first rewrite ITyL(V, w, €) as
MyLV, w,€)=L1(V,w,€) + AV, w,€),

where

g
1
Li(V,w,e)=Jc+ 62(—8“ + - / MyDyg(V,w,e)dx),

—7T

4.17)

e

1
AV, w,¢€) = HN(Dwg(V, w,€) — — / Dyg(V,w,e€) dx).
b1

—7T

For € € (0, eo)\R%,”TUOO, L is invertible and we define |£1|’% as

1 h‘,k .
ILi72h= )" > = ¢;(r)e*
25|k|5Nj31\/|—k2+—+62kj|

14€2
for h = Z Zhj'kd)j (t)e”‘". Then we can write
2<|k|<N j=1
1 1 1 1 1 1
My L= |L112 (11172 L1L112 + 2L T2 AV, w, ©)1L1]72)1L1]2.
It is clear that

1L 72 L0102 1.

“L(HNFS,HNFA') =
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By (4.8) and (4.9), we have

1 ke+l+y -1
led™2 | Lmyr, e, =€ T Sce T
2

Therefore, we finish the proof if we can show €2\, |_%A(V, w, €)|L; |_% is a small bounded linear operator on
HNFS_%. For any h(x, y) € HNFS_%,
L1 AV, w, )|L1] 2h
1 ; hk,' ,
=1L 2N () Ak ™) (>0 O - ¢j(x)e’™)

. _ 12 1 25 .
keZ 2<[k|<N j=1 \/I k* 4 7 H el

=iz Y (X (2 s, Api(x,08;(0) )X ],

1
[K|<N 2<lkl<N j=1 \/I — k2t o et

which implies

(L1 AV, w, )|L1]72h),,

- > (X

2<k|<N  j=1 \/I—k/2+L+62)»j|\/|—k2+L+e2)\j|

1+¢2 14€2
Ap—k(x,€)¢;(1)).

Let my :=min| — k> + + 62Aj |. There exists a unique j (k) such that

j>1 14 €2
CGI_I
my ;= min | — k> Eri|=|—k* =y > — )
L s A CENTT

where C is independent of k, j and €. Note that the norm induced by the inner product defined in (4.7) is equivalent
to the standard H' Sobolev norm. Consequently,

1 1 1
(L2 AV w, L2 0) gy <Y e il il 1. (4.18)
k=2 VI
where hy = hy(x) = th,jqu (7). The definition of A in (4.17) implies Ag = 0. Now we claim that for k # k/,
j=1
o <Ce D\ — k7. (4.19)
memg
Without loss of generality, we assume 0 < k’ < k. For each € € (0, eo)\R%,’:;OO, there exist j (k') and j (k) such that
K K k k
ce(——)——)N(—, - ). (4.20)
J&Djk) —1 Jjk) jk)—1

If 2k’ <k, then (recall that y =1 — (a + 2))

e+l pa+tl =1 -1
/my > >C >C .
TSGR = s T =R

For k' < k < 2k’, we note

Ik — K'|

k—k —e(jk) = jKN) = C—ry
| Ul —jNI = €
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From (4.20), one has

k K C
0<jk)—jky<=+1-=<—lk—K|
€ € €
Combining with the above inequality, one has

Clk—k'|® _ C
E_(l_1)|k _ k/ll—l - G_(l_1)|k _ k/|y+1 ’

k—k' —e(jtk) — jk))| =

which implies

-1

Ce
. / . /
max{lk —e€j k)], [k —€j(k)]} = kK

If |k —€j (K then

)| jat 2|k k/|y+1’

Ak — K2 k=K

Cel-1f €1 Cel=1[k1-vel-1 Ce2d-1) Cel_l
Vm"m"—\/zm N 2\/ Ak — K7+ 3\/

The case for |k — €j (k)| > ZIkC_ekﬁ is similar. Thus, we obtain (4.19). Since A is smooth in U and p, we use (4.18)
to conclude

_1 _1 _
(11172 AV, w, 1L1 2Rl < CET Y NIk — K1 Ap—ill gy V| .
[k[>2

which implies (thanks to the fact s > % and Sobolev embedding)

—1 _1 - 1
LAV, w, 1L kg < CETNAV, w, Ol g Il g < SIAl g

Therefore, we finish the proof of (4.15). Finally, we note # is finite dimensional in x. Thus, we can apply (4.4) to
obtain (4.16). O

Remark 4.3. From the above analysis, one can see there is a trade-off among the loss of spatial (x-variable) regularity,
temporal (z-variable) and the bound on (ITy£)~!. If we choose to sacrifice the temporal regularity, we can bound
(My L)~ ! like O(ﬁ), which is smaller than 0(6,%1). However, the solution of the p-equation w(V, €) has less
temporal regularity than U, which makes the solution scheme for U incoherent. Since the V-equation is finite dimen-
sional in y, sacrificing the spatial regularity will not cause any trouble. Even though we get a worse bound O (E,%l) in

this case, it still can be controlled by the €? term in the nonlinear part of F.

In order to make sure Iy, £(V, w;_1, €) satisfies a similar bound as in (4.16) for each i, we need to control

2+oo

lw; — w;_1]|s and remove € out of a set that is slightly larger than R . We choose {N;};>1 to € by setting

1
Ton = [5(6-1 +eH]<e?, Nipp =N?, (4.21)

where [-] denotes the largest integer that is less than or equal to the number inside the bracket. We will skip writing
the dependence of ITy L on (U, €) in the rest of this section, i.e., [Ty L(w) =Ty L(V, w, €).

Lemma 4.4. Suppose ||w; —w;_1]||s < Nl and ||0c w; || < 2, where O <y +1 < o, there exists a set R, o1 C (0, €0)

with zero measure as €g — 0 such that for any € € (0, €0)\Rp o1,

_ CNV
I(Ty, £) (wz 1)||L(rr rr) = —~ 4.22)



N. Lu/Ann. 1. H. Poincaré — AN 34 (2017) 1255-1272 1267

Proof. We first define the parameter set for any given w (V is fixed)

CNY
Sn(w) £ {e| [Ty L(w))~ ||L(HNF5,HNFS)EF}’ (4.23)

where C is the same one as in (4.15). The above definition can also be understood as none of the eigenvalues of
P . -1
My L(w) is in the interval [~ &5, Ex7 -

2,400

)

We will only prove the result for i = 1, 2 and the general result follows similarly. Fori =1 and € (0 €\ Ry

the result is proved in Proposition 4.2. For i = 2, we need to estimate the measure of ( N3 SN(lUl)) \
(UNL, Sy (0))°. Note that

U Sn () U Sn(0)°

U Sy nSyO) [ J( U sy @).

2<N<N; N>N;

By definition, for each N < Ny, we have

. . € — _
Sy (wp) NSy0) C {e|£(0) has an eigenvalue in [— Ny N; o — + N, s

Since € € (0, e())\l'i’2 +°O,

-1 -1

c : : _ € _ N0 _ €
S5 (w1) N Sy (0) C {€]£(0) has an eigenvalue in [ N N{C, CNV]
[ el 1 El—l N ]}
or .
CNY' CNv ' !

By (4.8) and the assumption ||dc w; ||s < %,

4 ey 22| < —|NJj
de 14 €2 I ole=en = '

Consequently, the measure

Ri21( | sy@pnsvo)( [ Syn)l

2<N<N; N>N1
(¥ oy N 3 ZCNVN]
2<N<N1/—— N=Ny
00 ( )l 1 [} l_l
(2<kZ<N1 ; ]NV N>Zl JZ CNY N])

€0
-1 -1 -1

€ € €
O N e T ) <

o—({-1)
2<N<N; NN] N>N;

where we use the fact NV, “l<eandl+ y < o to obtain the second inequality. Now we update the resonance set to be
R2 +°° U R;. By iterating the above procedure, one can obtain (4.22) for all i on (0, €9)\ R «,;, Where

Ni—1
Ryl = 2+°°U<UR> R; = USN<wl )N Sw i)
N=2

The only thing left is to prove the measure estimate. It is easy to see that the measure of R o ; can bounded above by
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<ZZ "" )(1+Z y><CZ|k|( )”<Ce”—600<e %),

k=2 ;— Ikl |k|=2
T e

where we use the fact 2 + o </ < 3 to obtain the last step. The proof is completed. O

4.3. The Nash—Moser iteration

In this subsection, we apply the Nash—Moser iteration technique to find a convergent sequence {w;};>1 € Iy, Iy
such that each w; satisfies

l'INiJ-'(w,-) =0. (4.24)
To simplify the following presentation, we introduce some notations

Wi =w; —wi—1 , £i =Ty L(wi—1), [L =Ty, (4.25)

ri = (M, = My )Fwi-1) = [y, = My, g (i), (4.26)

Ri(w;) = Ny, (F(w;) — F(wi—1) — Liw;), (4.27)

where pg = 0 and Ny = 2. Here each r; and R; satisfy the tame property. More precisely, for s <§ and ||w;l||s <1, we
have

Irills + 1 Dy wrills < CE)(A + [lwi—1ll5), (4.28)

IR (@)l < C &) (lwi—t lls1w: 17 + (1 Il 11 115)- (4.29)
We also need for any s > % s>0andujely NIy,

luiuzlls < CE)uillslualls + Nl llslezlls)- (4.30)

We refer the proof of (4.28)—(4.30) to Sectipns 2 and 4 in [3]. Using notations in (4.25), (4.26) and (4.27), one can
solve (4.24) by finding a fixed point w; € I'} for

Wi = —L; (i + Ri (7). (4.31)

Proposition 4.5. There exists €g < 1 and a set R, o such that for every € € (0,€0)\Rp o1, the equation
F(V,w, €) =0 has a solution w(V, €) € I'|. Moreover,

_lre
lw(V, )l + I Dvw(V, )l pe.rpy + 19w (V, )l L.r,) < Ce4e, (4.32)
Proof. We will solve (4.31) for each i on I1y:I's and show that Z;ozl w; converges in ['y. Let

Cr:= ”g”CZ(BK(RZXFS),R)’
where K > 1. By (3.10) and (4.6),

18O lly+5 + 1 Dy g(0) 545 < C'e~Le), (4.33)
where 5 > 0 will be chosen later. We claim that fori > 1,
i lls < Ny 31 |1 llyps < N7 e 316, (4.34)
—(o— _lre ~ 3y _lre
| Dyl gy < N e 2 Dyl ge iy < N em21E (4.35)

where o > y + /. With slight abuse of notation, we write the operator norm || - ||L(R2’1"§) simply as || - || and Iy, = IT;.
In order to apply Lemma 4.4, we also need estimates on dw;, which will be postponed to the end of the proof.
For i = 1, we look for a solution of

W1 =L 1+ Ri (). (4.36)
By (4.22),
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CNV

£y s = 1My, £0))~ 1||L(l'[Nll" Ty, ) =
Moreover,

Irlip < €Ce™ e R ls < €2Collin 1.
One can easily verify for € small enough such that

NTH e HE) < 207 =4l o % 4.37)

the right hand side of (4.36) defines a contraction mapping on the ball with radius N, "e_%[gl in Fsl. Thus, (4.36) has
a unique solution w; such that

~ ~ o _1irc
lills = o1 llpr < Ny 7e2tel, (4.38)

To estimate ||wy ||s+5, we use (4.36), (4.33) and (4.29) to obtain

D145 < e,r (CeT 4 CENy e 2 iy 45, (4.39)
which implies

libllsss <2CC' N e < NP o318, (4.40)
Let z; = Dyw. Differentiating IT{ F(V, wy, €) = 0 with respect to U yields

2= —(mc(wl))*lm(éDvg(v, wi, e)>.

Since [[wills < N7, | (Ty, Lw)) ™ s <

lz1lls <2CN] €7 (IDVE(V, w1, €) = DvE(v, 0, €)|ls + Dy E(v, 0, €)|ls)
<2CNY 7 (CoNT7e 2 4 Cle 1) < Ny OV 30E
and by (4.40) and (4.30),

Iz1lls+5 <2CN/e 3*’ang(V wl,e)nm-

< CENYENY e 21E) 4 (14 NY e 3 E)NoemalE) 4 CemlEly < N7 em3le]

Thus, we finish the proof of (4.34) and (4.35) fori = 1.
Suppose (4.34) and (4.35) hold for i = i’. We have

lwirlls < 2N7 e 20wy g5 < 2N e 2L, 4.41)
IDywirlls <2N; e 3 I Dywy s < 2N e 31E, (4.42)
Fori =i’ + 1, by (4.28), (4.30), (4.33) and (4.41),

Irigills = 1My, — Ty, e i s
+

2
") — &O0)ls+5 + 18(0)[l5+5)

i’
2

C(S) (<]

= (”Dwg” lwirlls+5 + 1 Dwglls+sllwirlls +C'e” e )

N12+1
2

C

fs)(z 2 3lEly clenlel) < 2O EN] e e,

2
Nirt
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We also note || R;7+1]ls is quadratic in ||w;1||s. Thus, we can verify L’f,}rl (rir+1 + Ri741(w;41)) defines a contraction

mapping on the ball with radius N, le —2lE jn s 7741 provided that

y+(r—3) <=0 =4y +20 <5. (4.43)
By using (4.28) and (4.29), we have
14
~ i1 ~
lwirg1lls+s < ’_+ i1 lls+s + 1Ry 1 (@i ) lls+5)
CN/, |
< E[CeT T DY E NN € 4 Dyl 52Ny 72
+CENT e N2 e 2E)2 4 (N ,He—f CEN D41 11545)]
<CNY @7 [Ce 4 CENY, o2l 5||wi/+1 ls+5].
from which one can deduce
zlel, (4.44)

~ 2y _1
||wl'/+1 ||S+§ =< Ni’+1e 2[6

Set z; = Dy w; . Differentiating IT; 1 F (w; + w;r41) =0 and Iy F(w;) = 0 with respect to V' yields

i’ i’

M1 Fy i) + Lo zi+2ip1) =0, T Fy (i) + L1 (Y 2i) =0
i=1 i=1

Subtracting the second equality from the first one, we have
il il
—Lits1zip1 = My Fy irgey) = W Fy (wi) + Lig O z0) = L) 2i)
i=1 i=1

i/

= (M1 — i) Fy (Wirgr) + Mgy — i) Fop (i)Y 20)
i=1
l-/

+ I (Fy (wir 1) = Fy (in) + T (Fuy(wir 1) — Fuwid) (Y 20))
i=1

E1+H+1+1V.
By (4.28), (4.30), (4.41) and (4.42), we can estimate terms on the right hand side as

1 _lje
(| (Mg = M) Fy (wirg ) lls45 < € C(s>N,112e 3,

i

I1ls <

i

2

€ _lre
||11||s§—N5 (T — i) Gu (i +1)(§ 2)lls4s < € CEIN,, V e alel,
i’ i=1

i/

~ _ _lre
|5 + IV Ily < Coe® i ls(L+ 11D zilly) < €2CaN; ¢ e 2]
i=1

Therefore, we have

CN},
lairsills < —5HECEON 28 b L4 O e HE) < N

where the last inequality holds because of (4.43). By (4.44), (4.42) and (4.30), we have
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2 = 2y & —lg
||I]I||S+§ + ”IV”S+§ <€ C(S)(Ni/_H + Ni/z_i_l)e 2%ed,
which implies
_ =\ A72 _lre 3 _lre
Izit1lls45 < € lCNl-}fHC/(s)Ni,:’_le 2lel < Y em2lel,

The proof of (4.34) and (4.35) is completed.
Let

o0 o0
w:= lim w; = E Wy, Dyw = lim Dyw; = E Zir.
i i—00 1

11— 00 =1
Clearly, w satisfies F(V, w, €) = 0. Moreover,
o o
lwly <Y N;77e 3 <3 Dywll, < YN e HE < o3,
i=1 i=1
Finally, we estimate 0 w; to fulfill the assumption in Lemma 4.4. We claim that

y+2—0o N3y+2

lrc -
’ e 2t 19ty g5 < —L——e 72

10e Wi lls = ——3— <
eiils el+1 el+1

The verification of the above estimates is similar to the estimate of Dy w; by differentiating Hielz}' (w;) = 0 with
respect to €. Therefore, the proof of (4.32) is completed. O

4.4. Solution of V -equation

With the solution w(V, €) obtained in previous subsection, we solve the V-equation in this subsection and thus
complete the proof of the Main Theorem. We begin with solving (4.2), which is

Py(V(Py + 81(e) vt w(V(e), €),€) — Py) = 0.

Lemma 4.6. For any non-resonant €, there exists a function U : (0, €0)\Rp o1 — R2 such that

P, (V(Po + 81(e)vl; w(V(e),e),¢€)— Po) =0. (4.45)

Proof. Let 7(81,¢) = PU(V(PO + Svt w(V(8y), €),€) — Po). Note that 7(0,0) = 0 and by (4.32) and non-
degeneracy of P,,

Ds, T(0,0) = P,(D1V(Po; 0,0)vh) #0.

By (4.32) and the implicit function theorem, we complete the proof. O
We now conclude V (¢) obtained in (4.45) satisfies the first equation of (4.1) by showing
(I — P)(V(Py+ Si(evtiw(V(e), ), €) — Py) =81(€). (4.46)

Let d = (I — P,)(V(Py + 81 (e)vt; w(V(€),€),€) — Py) — 81 (€). Recall the definition of H, in (2.12) and vt =
DH,(Py).If d #0, then

d
|Ho(V(Po + 81(e)v; w(V(€), €), €)) — Hu(Po + 81 (e)vH)| > 5||v¢||2 #0.
By (2.5) and (2.12), we have
2 2 1 2
|H(v7 vl’a wv w‘[a 6) - Hk(vv vf)| = O(E + |w'[| + 6_2|w| )

Since w is exponentially small in € (by (4.32)), we can replace (4.46) by
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H(V(Po+ 8100, w(e), ), w(©)(p), we(€)(p) = H(Po+81(v", w(@)(0), we (€)(0) ).

Since H is invariant under (4.1), we conclude V (¢) is p-periodic. To conclude the Main Theorem, we recall (4.1) is
obtained from (1.1) through the spatial dynamics formulation (by swapping x and ¢). Together with rescaling in (2.2),
we have (2.14). We obtain (2.15) by combining (2.2), (4.32) and (3.8).
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