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Abstract

We consider the quadratic derivative nonlinear Schrodinger equation (ANLS) on the circle. In particular, we develop an infinite
iteration scheme of normal form reductions for dNLS. By combining this normal form procedure with the Cole—Hopf transforma-
tion, we prove unconditional global well-posedness in L2(']I‘), and more generally in certain Fourier-Lebesgue spaces FL5:7 (T),
under the mean-zero and smallness assumptions. As a byproduct, we construct an infinite sequence of quantities that are invari-
ant under the dynamics. We also show the necessity of the smallness assumption by explicitly constructing a finite time blowup
solution with non-small mean-zero initial data.
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1. Introduction

In this paper, we consider the Cauchy problem for the following quadratic derivative nonlinear Schrédinger equa-
tion (ANLS) posed on the circle T =R/(27Z):

 0;u + 02U = Aud
Lo U =AU eRXT, (1.1)
u|t=O=¢7

where u(z, x) is a complex-valued function and 1 € C\ {0}. Our main goal is to study the global-in-time behaviour of

solutions to (1.1). By the transformation u > %u, we may assume A =1 in (1.1). Therefore, in the remaining part of
this paper, we consider the following Cauchy problem:

{Btuzia)%u—i—u&xu (1.2)
uli=0 = ¢.
Let us first compare some basic properties of (1.2) against the usual NLS with a power-type nonlinearity:
du=id%u+ilul” 'u (1.3)
and the cubic derivative NLS (DNLS):
du = id2u + By (Jul’u). (1.4)

It is well known that (1.3) and (1.4) are invariant under modulations: u — e!?u, which leads to the conservation
of mass (= the L2-norm). On the other hand, the equation (1.2) is not invariant under such modulations. Another
difference from (1.3) and (1.4) is the lack of conservation laws. While (1.3) and (1.4) enjoy the conservation of mass,
momentum, and energy, the equation (1.2) does not possess any ‘natural’ conservation law, except for the conservation

of the spatial mean:

/u(t,x)dx:/d)(x)dx. (1.5)
T T

The Cauchy problems for the usual NLS (1.3) and the cubic DNLS (1.4) have been studied extensively by many
mathematicians [9,26,4,3,23,13,14,28] and they are known to be locally/globally well-posed in Sobolev spaces H*
for some range of s. Moreover, the solution map: u(0) € H® — u(t) € H® is known to be uniformly continuous on
bounded sets. The situation for ANLS (1.2) is entirely different. Indeed, Christ [6] proved that (1.2) on M =T or R
is ill-posed in H*(M) for any s € R by exhibiting the following norm inflation phenomenon; given any & > 0, there
exist a solution u to (1.2) on M and ¢, € (0, &) such that

lu@) sy <& and  fu@) gy > e (1.6)

This in particular implies the failure of continuity of the solution map (at the trivial function) and hence the ill-
posedness of (1.2). See also [25] (and [17,27] in the context of the related Benjamin—Ono equation) for the failure of
local uniform continuity of the solution map on R.

In view of the above ill-posedness result [6], we can not expect to have well-posedness for (1.4) in the usual Sobolev
spaces. In the non-periodic setting, however, there are several local well-posedness results for (1.2), either in weighted
Sobolev spaces or by adding an extra condition on initial data. Kenig—Ponce—Vega [16] and Chihara [5] established
local well-posedness of (1.2) on R in weighted Sobolev spaces with sufficiently high regularity. In [22], Stefanov
proved local well-posedness of (1.2) in H 1(R) with the small ‘disturbance’ condition: SUp, <R | ff w®) dy| < ¢ for
some ¢ > 0. Note that these results make use of the strong dispersive effect on R such as local smoothing estimates
that are not available on the circle. In fact, there seems to be no known well-posedness result of (1.2) on T.

Before we state our main results, let us define the homogeneous Fourier—Lebesgue space F Lf)’p (T) for mean-zero
functions on T via the norm:

1017157y = 1K GG 1
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where Zg := Z \ {0}. Note that, if we assume that an initial condition ¢ has mean 0, then the corresponding solution
u(t) to (1.2) defined on a time interval I also has mean O for each ¢ € I thanks to the conservation of the spatial mean
(1.5).

We now state our main results.
Theorem 1.1 (Small data global well-posedness for mean-zero initial data). Suppose that (s, p) satisfy (i) s > % — %,
p>2or(ii)) s >0, p=2. Then, there exists 5o = So(s, p) > 0 such that dNLS (1.2) is globally well-posed in
F Lé’p (M NA{lioll FLYP(T) < 8o}. Moreover; the uniqueness holds unconditionally. Namely, the uniqueness holds in the

entire C(R; FLy" (T)).

Given a solution u to (1.2) constructed above, there exists an infinite sequence { Qi (t) }kez, such that Qr = Qilu]:
R — C is invariant under the dynamics of (1.2) for each k € Z.

Note that we have F L‘E)’p (T c L%(T) =F Lg’z(’]I‘) for (s, p) satisfying the condition in Theorem 1.1. Namely,
L%(']I‘) is the largest space where Theorem 1.1 holds. We point out that the quantity Qi (f) = Ok[u](t) constructed
in Theorem 1.1 is not a conservation law in the usual sense. Given a global solution u constructed in Theorem 1.1,
we have Qi[u](t) = Qx[u](0) for all ¢ € R and k € Zg. However, the definition of Q () depends on the information
of the solution u on the entire interval [0, t], whereas a conservation law in the usual sense depends only on the
information of the solution u at this specific time ¢. See (2.26) for the definition of O (7).

The smallness condition in Theorem 1.1 is sharp. In fact, we construct an explicit finite time blowup solution for a
non-small mean-zero initial condition.

Theorem 1.2 (Finite time blowup solution). There exists a mean-zero function ¢ € L%('JT) and t, > 0 such that the
corresponding solution u to (1.2) on the time interval [0, t) with u|;—o = ¢ satisfies

lim {lu(@)||zr(T) = 00
t—>ti—
forany 1 < p < oo. In particular, we have
tlg?_ ||U(t)||]-‘LB~P(’]1‘) =00

for (s, p) satisfying the condition in Theorem 1.1.

Recall the following Galilean invariance for (1.2) on T; if u is a solution to (1.2) on T, then

uc(t,x):=ult,x +ct)+c (1.7

is also a solution to (1.2) for any ¢ € R. This Galilean invariance allows us to convert a function of a real-valued spatial
mean to a mean-zero function. Namely, given an initial condition ¢ € L?(T) with $(O) € R, we can convert it into a
mean-zero initial condition ¢, = ¢ + ¢ with ¢ = 5(0) and construct a global solution u, € C(R; L%(T)) to (1.2) with
Uclt=0 = ¢ as long as the transformed initial condition ¢, satisfies the smallness condition stated in Theorem 1.1.
Then, by inverting (1.7), we obtain a global solution u € C(R; L3(T)) to (1.2) with u|;—¢ = ¢.

Let us now point out how Theorem 1.1 does not contradict the ill-posedness result in [6] mentioned above. Christ
proved the norm inflation (1.6), using initial data of the form ¢, (x) =i A, + i Bee'Ne* with A,, B, > 0 and N, € N.
In particular, the spatial mean of ¢, is purely imaginary and hence this ill-posedness result is not applicable to our
setting. Lastly, note that the Galilean invariance (1.7) does not allow us to convert a function of a purely imaginary
spatial mean into a function of a real spatial mean since it would involve non-real ¢ € iR.

There are two main ingredients in the proof of Theorem 1.1: (i) normal form reductions and (ii) (modified) Cole—
Hopf transformation. The normal form approach will be used to handle local-in-time analysis in the low regularity
setting, while the modified Cole—Hopf transformation will be used to construct smooth local-in-time solutions as well
as obtain a global-in-time a priori estimate.

(i) Normal form reductions. The basic idea of normal form reductions from dynamical systems is to renormalize
the flow by removing non-resonant terms in a nonlinearity at the expense of introducing higher order nonlinear terms.
This is achieved by introducing a suitable new unknown; see [1,20]. We perform normal form reductions at the level
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of the interaction representation v(¢) := el 3.3,,,(;), If u is a smooth solution to (1.2) with spatial mean 0, then the
interaction representation v satisfies
N ik : PN ik ; ~
k) = - > ¢ =k =D 5k VD (k) = 3 > 2RIk ky) (1.8)

k=ki+ko k=k1+ky
klsk2?é0 kl,kgaé()

for each k € Zg. Here, we used the fact that (k) := k% — k12 — k% = 2k1kp under k = k1 + k. Then, by performing

differentiation by parts, i.e. integration by parts without an integral sign, we obtain

8[17(k)=8,|:é Z ei®(k)tw:| k Z ei@(k)tw

k=ki+ky P (k) 2 k=k|+kj P (k)
kl,k27é0 kl,kzyﬁo
=: 9 N2(v) (k) + B3 (v)(k), (1.9)

for each k € Zy. By this process, we have the modulation function ® (k) = 2k1k; appearing in the denominators,
yielding gain of derivatives.! The price we have to pay is that w :=v — N2(v) satisfies 9, w = B3(v), where B3(v)
now consists of a cubic nonlinearity in view of (1.8) and (1.9). In order to handle B3(v), we need to perform differen-
tiation by parts again. In fact, we will iterate this differentiation by parts process infinitely many times (with suitable
adjustments at each step) in Section 2 to renormalize (1.2) into a simpler equation (see the normal form equation (2.24)
below), where nonlinear analysis can be carried out with simple tools such as Holder’s and Young’s inequalities. In
particular, we do not employ any auxiliary function spaces such as Strichartz spaces and the X*:*-spaces, allowing us
to prove the unconditional uniqueness in Theorem 1.1.

In [2], Babin—Ilyin-Titi introduced this normal form approach via the differentiation by parts for constructing
solutions to the KdV equation on T. Subsequently, this idea was applied to other dispersive PDEs [10,11,18], allowing
us to construct solutions to dispersive PDEs without relying on the Fourier restriction norm method. In [10], we
further developed this idea and successfully implemented an infinite iteration scheme of the so-called Poincaré-Dulac
normal form reductions for the cubic NLS on T in the low regularity setting. This normal form approach has various
applications such as exhibiting nonlinear smoothing [8] and establishing a good energy estimate [21].

(ii) (modified) Cole—Hopf transformation. It is well known that the Cole—Hopf transformation [7,15] transforms the
viscous Burgers equation on R:

atu:afu—i_”ax” (1.10)
into the linear heat equation. More precisely, if « is a smooth solution to the viscous Burgers equation (1.10), then
w(t,x):= g—% JEoo u(t.y)dy

solves the linear heat equation on R: d,w = Bfw. A similar trick works for the quadratic dNLS (1.2) on R. If u €
Crloe(R; S(R)) solves dNLS (1.2) on R, then

w(t, x) 1= e~ 2 Lo ut)dy (1.11)

solves the linear Schrédinger equation: d,w = iafw. See, for example, [25]. Similar gauge transformations played an
important role in studying other dispersive PDEs with derivative nonlinearities such as the cubic DNLS (1.4) and the
Benjamin—Ono equation [12,24].

In the periodic case, these gauge transformations have been suitably adjusted to study well-posedness of the cubic
DNLS (1.4) and the Benjamin—Ono equation. See [13,19]. For our problem, a naive approach would be the following.
Given a mean-zero function ¢ on T, we define the Cole—Hopf transformation Gy by

Golg] = e™2T @),

1 Compare this with the standard Fourier restriction norm method, where one gains only ~ %—power of the modulation function @ (k).
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where 7 (¢) is the mean-zero primitive of ¢ defined by J(¢)i := ?—,’; if k #0, and J(¢) := 0 if k = 0. Note that
Gol¢] is a periodic function on T, since 7 (¢) is periodic. Given a smooth mean-zero solution u to dNLS (1.2) on T,
let w(t) := Go[u(¢)]. It turns out that w does not quite satisfy the linear Schrodinger equation. Hence, we need to
introduce a suitable adjustment to the Cole—Hopf transformation; see (3.3) below.

Once we appropriately define the modified Cole—Hopf transformation G, we can transform any smooth mean-zero
solution u to (1.2) to a solution W = G[u] to the linear Schrodinger equation. Note that, even if u is known to satisfy
(1.2) locally in time, the gauged function W exists globally in time as a solution to the linear equation. Then, an
important question is to investigate the invertibility of this transformation. It turns out that the inverse transformation
is given by

_ —1 o .axW(tv-x)
u(t,x) =G "[WI(t, x) :=2i 4W(t, )

for a smooth mean-zero solution u to (1.2). Thus, W (¢, x) # 0 guarantees the invertibility of the modified Cole—Hopf
transformation. In Subsection 3.2, we discuss possible sufficient conditions for the invertibility in details and construct
smooth global solutions to (1.2).

Interestingly, by interpreting this modified Cole—Hopf transformation from a geometric point of view, we obtain a
necessary condition for possible spatial means of initial data ¢ for (1.2). Given a smooth solution u to (1.2) on some
time interval 7, u(¢) is a periodic function for each ¢ € I. In particular, it is a closed loop in the complex plane. Then,
the transformed function W (¢) = G[u](¢) is also a closed loop in the complex plane. Therefore, W must have a well
defined index around the origin. This observation leads to fT ¢(x)dx =4mn,n € Z. See Remark 3.1.

We conclude this introduction by mentioning a hidden connection between the normal form reductions and the
modified Cole—Hopf transformation. In Section 2, we obtain an infinite series as a result of an infinite iteration of
normal form reductions. It turns out that this series is nothing but the Taylor expansion of (the derivative of the
interaction representation of) the transformed function W = G[u] solving the linear Schrodinger equation. Namely,
the two seemingly different approaches reduce (1.2) to the same linear Schrodinger equation (up to a differentiation);
see Remark 3.2. Such a reducibility to a linear equation by normal form reductions is an important question, closely
related to integrability. For example, see Nikolenko [20] in the smooth setting.

This paper is organized as follows. In Section 2, we implement an infinite iteration scheme of normal form reduc-
tions and rewrite (1.2) as the normal form equation (2.24). By establishing nonlinear estimates, we prove unconditional
local well-posedness of the normal form equation. In Section 3, we introduce a modified Cole—Hopf transformation,
converting (1.2) into the linear Schrédinger equation. By investigating a sufficient condition for inverting the modified
Cole-Hopf transform, we prove small data global well-posedness of (1.2) in L(Z)(’]I‘). In Section 4, we put together
the results from Sections 2 and 3 and prove Theorem 1.1. In Appendix A, we present the proof of Theorem 1.2 by
constructing an explicit example.

In view of the time-reversibility of the equation (1.2), we only consider positive times in the following.

2. Normal form reductions

In this section, we perform normal form reductions in an iterative manner and rewrite (1.2) as an equation involving
infinite series. Then, we establish an a priori estimate on solutions in the Fourier—Lebesgue spaces. As mentioned in
Section 1, our main approach is to apply differentiation by parts iteratively and reduce an equation into a simpler
form at each step. This procedure can be seen as an infinite dimensional version of the Poincaré—Dulac normal form
reduction” for a finite dimensional system of ODEs [1]. On the one hand, two iterations were sufficient in [2,11,18].
On the other hand, we needed to iterate normal form reductions infinitely many times in [10] to prove unconditional
global well-posedness for the cubic NLS on T. In the following, we also set up an infinite iteration scheme for (1.2). As
we see below, our argument for (1.2) is somewhat simpler than that in [10]. This is due to miraculous symmetrizations
at each step of the normal form reductions, which allows us to write an equation at each step in a very simple form. In
particular, there will be no resonant term in the equation at each step (modulo the correction terms R"(v) appearing
in (2.8), (2.14), and (2.20)). Note that all the analysis in this section is of local-in-time nature.

2 In fact, our approach for (1.2) is an infinite dimensional analogue of the Poincaré normal form reduction. Namely, there is no resonant term
(modulo the correction terms) at each step of the iteration.
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2.1. Formal iteration argument

In the following, we first perform normal form reductions at a formal level. Namely, in this subsection, we do not
worry about issues such as the convergence of infinite series, switching the time derivative with an infinite series, etc.
These issues will be addressed in the next subsection.

Before proceeding further, let us introduce some notations. Given a periodic function f € L?(T), we define its
Fourier coefficient fj by

fri= L/f()c)e*ikxdx.
2
T

The Fourier inversion formula states
ik
f =) fie™
keZ
Then, we can rewrite (1.2) as

) ik
Qg =~k + — Y g, (2.1)
k=ki+k
In the following, we assume that f ¢ dx = 0. Hence, it follows from the conservation of mean (1.5) that ug(t) = 0 for
all r € R and it is understood that the summation is over non-zero frequencies Zg := Z \ {0}.
We now introduce the interaction representation v by setting

v(t) :=S(—Hu(t), 2.2)
where S(1) = ¢'! 9% In terms of the Fourier coefficients, we have v () = ikt uy (t). Then, the equation (2.1) becomes
” '
v = ’3 3 WDy . 2.3)
k=kj+ka

Given k = (k1, k2, ---) € Zg° and n € N, we define a length [Kk|, and a modulation function ®, (k) by setting
Kl :=ki +ka+ - +kn,

n 2 n
®, (k) := <Zk,~) - Zkl? = Z kik;. (2.4)
i=1 i=1 l<i<j<n
By definition, we set ®1(k) = 0. Note that the modulation function ®;(K) appears as a phase factor in (2.3). As we
see below, the modulation function ®,, (k) appears as a phase factor at the nth step of the iteration argument. On the
one hand, if ®, (k) # 0, corresponding to the so-called non-resonant term, and it is large in particular, then we expect
some cancellation under a time integration. On the other hand, if ®, (k) = 0, corresponding to the so-called resonant
term, then there is no cancellation under a time integration. In the following, we exploit symmetrizations at each step
and show that all the terms we obtain are indeed non-resonant.
With <I>2(k) = 2k1ky, we can rewrite (2.3) as

v = Z i@y (el P20 St il ”"2 —:Iz(v)(k). (2.5)

Note that there is no resonant term ®;(k) = 0 in (2.5) because k € Zg°. For conciseness, we use I,%(v) to denote the
kth Fourier coefficient Z2(v) (k) of the multilinear form Z2(v) in the following. A similar comment applies to other
multilinear expressions.

We apply differentiation by parts and obtain

k ; Uk, Uk k ; 0r (Vg Viy)

I2 =al= iPy(k)r “k1 ¥k ™ iPy (k) 1Yk
) ’[4 PR ik |~ 4 PO Kk

|kl2=k |kl2=k

=y NZ () + B3 (v). (2.6)
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By symmetry, we assume that the time derivative in 0; (vk, Ux,) falls only on vy, and we double the contribution. From
(2.6) with (2.3), we have

k . 9
B,?(v) =-2. 1 Z ol 20001 Vhi 01 Vky

kika
|kl2=k
ik i, k)t Vki i(k3—m3—m3)t
:_Z Z e . Z e 1 Uy Uy - 2.7
k=ki+ko L -,

ko #0

In order to apply a symmetrization, we need to add and subtract the contribution from m 4 my = 0. For this purpose,
define R2(v) and Z} (v) by

Ri(v) = %ka(u) = fzvk Z e_zimztvmv_m and I,?(v) i= B,?(v) — Ri(v), (2.8)

meZO

where M (u) is given by

2 1 2
M(u) :=Polu”] = E/‘u dx. 2.9)
T

Here, Py denotes the Dirichlet projection onto the zeroth frequency. We point out that M (u) # |lu ||iz. From (2.6) and
(2.8), we have

T (v) = 3 NE () +Ri(v) + T (v). (2.10)
By symmetrization in {k1, k7, k3}, we have

ik

i v
T} (v) =B} (v) — Rj(v) = " > ¢ 2=k —mi—m3)r %vml Uy
k=ki+m+my 1
— _% Dkyks & P30 Uk Vko Vks
Kok kikaks
k . ; Uk Uk, Vks
= — id3 (k)et<l>3(k)t 1 3
4-(3) k|32::k kikaks
k . ] Uiy Vky Uiy
J—— lq>3(k)el<l>3(k)t 1 ) (211)
22.3! |k|32—:k kikaks

Note that the symmetrization cancelled out the resonant terms ($3(k) = 0) and there is no resonant term in the final
expression in (2.11). Therefore, we can perform differentiation by parts on I,?(v)

Remark 2.1. Due to the presence of &' Pn®1 i their definitions, the multilinear expressions Z" (v) and N* (v) are non-
autonomous and in fact depend on ¢. Thus, strictly speaking, we should denote them by Z; (1) (v(¢)) and N, C(w@)).

For simplicity of notations, however, we suppress such 7-dependence when there is no confusion. The same comment
applies to 5" (v) and R"(v).

Differentiating I,?(v) by parts yields

—k . Vi, Uk, Vi k ; 0r (Vg Viy Vky)
73 -3 i®3(k)r Vki Vky Vks § : iP3(k)r 17Kk 7R3
() ’[22-3! |k|Zke kikoks | T 2231 i ke kikaks
3= 3=

= N2 (v) + B (v). (2.12)
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R2 R3 R4
dv=712 ZJ IJ
N2 N3 ANt

Fig. 1. Schematic diagram of the iteration process.

Then, by symmetry as above, we have

; Uk, Uk, O Uk
64(11) =3. el<1>3(k)t 1YK2 3
k 22.3! |k|32=k kikaks
ik i D3 (k) Yki Uk i(k2—m2—m?2)t
= — e 3 ———= BTy U, (2.13)
2 k|3 =k kiky —Z e
3= 3=my+my
k30
Define R} (v) and Z} (v) by
—ik : Uk, Uk
Rg(v)zzTM(u) > e’¢2(k)[ﬁ and T} (v) = B} (v) — Ri(v). (2.14)

[kl2=k
From (2.12) and (2.14), we have
T; (v) = 3 N2 (v) + R (v) + T (v). (2.15)
From (2.13), (2.14), and symmetrization, we have
ik i Uk Uk Uk Uk
TH) = — Dkl PO Zki Tka Ths Ty
(W) =75 3 Dokse kikakska
[Kla=k
k

. i Uk Uky Ukz Uky
- lq)4(k)€l Dy (k)t K1 TR TK3 TR4
2. (ézt) |k§_:k kikakaka

Z i®y (k)eid>4(k)t Uk Uky Vk3 Vky

T34 ot kikoksky

Fig. 1 shows this iteration procedure schematically. We iterate this process of differentiation by parts and sym-
metrization indefinitely.
The following lemma describes the equation we obtain after the nth step.

Lemma 2.2. Let n € N. Then, the equation (2.3) can be rewritten as follows:
dvx =T2(v) = {NE(v) + R2(v) + L (v)
n n
:...=a,<ZN,g(v)>+ZR,ﬁ(u)+I,?+1(u), (2.16)
j=2 j=2
where I (v), N (v), and R"™(v) satisfy the following recursive relation:

() = NP () + Ry + T (v), n=>2. (2.17)
Moreover; the Fourier coefficients of " (v), N (v), and R" (v), n > 2, are given by
(—1)"k . a0 T Vi
LW =gy D i@ e ™V ] T (2.18)

"kl =k j=1
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—1D"k . L P

N (v) = 2(“1).”! 3 e""““”ﬂ% (2.19)
Ik, =k j=1"7

" (v) = %’M(u) NP w), (2.20)

with the convention that

N () = —v. (2.21)

Remark 2.3. We point out that the factor n! appears in the denominator of A/ (v). This corresponds to a functional
version of the Taylor expansion of an exponential function. See Section 3.

Proof. We argue by induction. The case n =1, 2, 3 follows from (2.5), (2.10), and (2.15). Now, suppose that (2.16) —
(2.20) hold for some n € N. Differentiating I;’H (v) by parts, we have

+1 n+1
I£+1(U) — at[ (_l)n k Z ei¢?l+1(k)t 1_[ vﬁil

. | .
2" (n+1)! M) i k;
(_l)n+2k ) n+1 V. 1 )
MR TIPETY ) el(b"mk)ta’(n k_j> = NG () + B ). (2.22)
" ’ K[ +1=k j=1 J

The first term J\/,f +1 (v) readily satisfies (2.19). Let RZH (v) be as in (2.20). By symmetrization as before, we have

2 w) = Bl () — R (v)

+2- n
PR VLT ORI § i

20+ (n 4 1)) Ll
( ) K4 1=k j=t 7
c2 2 )
x Z e (kg —mi—m)t Vm, Uiy
knt1=mi+m3
2 n+2
(=D""k . iOpa @ TT UK
= D (a0 T
b4 ("57) e j=1 "7

which agrees with (2.18). Lastly, (2.16) for the (n + 1)-st step follows from (2.16) for the nth step and (2.22). O
The proof of Lemma 2.2 shows that, at each step of the normal form reductions, the symmetrization completely

eliminates the resonant terms in Z" (v). Now, suppose that I,Z’H (v) — 0 as n — oo. Then, by taking n — oo in (2.16),
we formally arrive at the limit equation:

vk =y ( ZN,;’(U)) + Y Ri(). (2.23)

n=2 n=2

Integrating (2.23) in time and applying the Fourier inversion formula, we obtain the following normal form equation:

o o ? o
v =¢+ Y N"@)— > N"(¢)+ f Y RMw())dr . (2.24)
n=2 n=2 0 n=2

In the following, we refer to (2.24) as the normal form equation.

Remark 2.4. (i) With (2.20) and (2.21), we can rewrite (2.23) as

at(ZN;:’(v)> = %M(u)(ZAG:’(v)), (2.25)
n=1 n=1
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P92 . .
where u(¢) = e/'% v(r). Given a smooth function v on R x T, define

Qi (1) = Q([0,1]) := o5 o M@ @har ZN,:’(U) (2.26)

n=1

for k € Zy. Then, given a global solution v to (2.24), the equation (2.25) formally yields

QO (1) = Qr(0) (2.27)

for any ¢ € R. Hence, we found an infinite sequence { QO (¢)}xez, of the quantities that are formally invariant under the
dynamics of the normal form equation (2.24). We point out, however, that Qy is not a conservation law in the usual
sense. Namely, the definition (2.26) of Q(¢) depends on the information of the solution v on the entire interval [0, ¢].

(ii) Define ¢ (¢, x) by setting

() =e"F1Qut), ke

Then, it follows from (2.27) that g (t) = eik O (0). Namely, ¢ is a solution to the linear Schrodinger equation:
0rq =1 8%6]. Therefore, via the infinite iteration of normal form reductions, we have found, at least at a formal level,
a transformation u# — g, mapping a solution to (1.2) to a solution to the linear Schrédinger equation. See Section 3
for more discussion on this issue.

2.2. Analysis of the normal form equation

In the previous subsection, we reduced the original dANLS (1.2) to the normal form equation (2.24) through an infi-
nite sequence of normal form reductions. In this subsection, we first justify the formal computations performed in the
previous section, at least for smooth solutions to (1.2). Then, we prove local well-posedness of (2.24) by establishing
certain multilinear estimates. In Section 3, we transfer this well-posedness of (2.24) to the original problem (1.2).

We first introduce a constant Z, , which we will frequently use.

Definition 2.5. For s, p € R satisfying s > —% and p > 1, we define a constant Z; , by

Zopi= [ KT oy = [26 (6 + 1D p) |7 < 00,

+L=1.1p=1,we

where () =) g k7 is the Riemann zeta function and p’ is the Holder conjugate of p: % =

can also define Zg , for all s > —1 by
Zs1 = ” |k|~G+D ”[OO(ZO) =1 foralls>—1.
For s, p € R satisfying s > % - % and p > 2, we also define a constant z; , by

Zs,p = Zsi1 2w <00

P2

such that we have
I N2 <z p Il Fpse (2.28)

for any mean-zero function f on T.
The following proposition shows that a smooth solution to (1.2) indeed satisfies the normal form equation (2.24).

Proposition 2.6. Given T > 0, let u be a smooth solution to ANLS (1.2) on [0, T'| with a smooth initial data u|;—y = ¢
satisfying fT ¢ dx = 0. Then, its interaction representation v(t) = e~'! L5 u(t) satisfies the normal form equation (2.24)

on [0, T].
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Proof. We break the proof into two parts. We first prove that v satisfies (2.23) for each k € Zg, assuming that v €
C([0, T1; L3(T)). Then, by imposing a higher regularity, we show that v satisfies the normal form equation (2.24).

Part 1: In view of the time reversibility of (1.2) and (2.24), we only consider positive times. Fix 7 > 0 and define
constants Co = Co(T') by

Co=Co(T):= sup [lu(®)ll2.
t€[0,7T]

Then, from |vg(¢)| = |ug(¢)| and Cauchy—Schwarz inequality, we have

sup [log(®)llge <Co and  sup [k vp(®)llp1 < Zo2Co.
t€[0,T] tel0,T]

Hence for given k € Zy, it follows from (2.18) with (2.4) and Young’s inequality that

k] 1 e @)
@) = 25— Y e[ ]
k|, =k =1
|k| lug, (1)
<z 2 2 Ol ol ] Fy
“l<i<j<n|k|,=k I<t<n
(i)
|| 2 k-t n—2
< g 2 IOIRIE wol;
1<i<j<n
zZnAcn
<kl (2.29)
2n=1(n —2)!
uniformly in ¢ € [0, T']. Therefore, we have
lim sup Z} (v(r)) = (2.30)
n=>00¢(0,T]
for each k € Zy. By a similar computation with (2.19) and the triangle inequality |k| < Z?:l |k;|, we have
sup (NP @O) < sup o) e Ik oI} < Za G @.31)
1€[0.7] ref0,71 2" H(n — D! T2l - 1!
In particular, Z;’;z N, + (v(t)) converges (absolutely and uniformly in ¢ € [0, T']).
From (2.20) and (2.31), we obtain
Zn -2 ~n—1 Zn= 2Cn+1
0 2o
sup |RE(v(1)| < =—=——= sup M(u(t) < ———— (2.32)
1€[0,T] 2”( =2)! ter0.17 2" (n —2)!

for n > 3. When n = 2, we have

1 1
sup |R1%(U(Z))ISZCO sup |vk<r>|szc3,
t€l0,7T] te[0,T]

which is precisely (2.32) with n = 2. Hence, Z —» R} (v(t)) converges absolutely and uniformly in 7 € [0, T].
Lastly, it follows from (2.17), (2.29), and (2.32) that anz 8,/\/' 7 (v(t)) converges absolutely and uniformly in
t € [0, T]. Indeed, we have

sup [N (v(t))| < sup |Z} (v(1))|+ sup II"“(v(t))IJr sup Ry (v(1))]
tel0,T] t€[0,T] t€[0,T] 1€[0,T]
%G Za G Za
= ||:2"_1(n—2)! 2"(n—1)!:| 2n(n —=2)!°
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Hence, we have d;( Y_p2, N (v(1))) = Y pos 9N} (v(1)). Therefore, with (2.16), we have

Bk (1) — By (ZN,f(v(r))) =Y Rl
n=2

n=2

= o) = D" 9N WD) = Y R (v)
n=2 n=2

oo
. . N+1
< lim 37 (13N @) + R @)) + lim T @w@0) =0
n=N+1
for each k € Zy and ¢ € [0, T']. This proves (2.23) on [0, T].

Part 2: In order to obtain the normal form equation (2.24), we need to invert the Fourier transform and thus need to
use a control on a higher regularity. By a computation similar to (2.31), we have

n 1 n—1
0

sup sup [kI2INF (v(1))] < Ca

keZo1e[0,T] 2= 1( nr’

where Cz = Co(T') := sup, o, 7y lu (@)l H2- In particular, ZkeZo 220:2 /\fk"(v(t)) converges absolutely (and uniformly
in [0, T']). Hence, we have

Y NTWE) =Y N @) =Y D (NF@) =N (¢))e'™

n=2 n=2 n=2keZgy
=Y (ZN"(v(r)) - ZN"(@) (2.33)
keZgy =

Similarly, ;.7 o ZZOZZ R (v(t)) converges absolutely (and uniformly in [0, 7']) with a uniform bound:

I = 2Cn
sup  sup ZZW (U(’))|<Z |2Z 2”(0n2 2)‘

keZo1€l0.T) ez, n=2 keZo

Hence, by Dominated Convergence Theorem, we have

! oo
/ZR @)dt' = Z/ > RE(y)erdr’
0 n=2

n=2y kel

= Z / ZR”(U(r Nerar (2.34)

keZyy n=2

fort [0, T].
Therefore, from (2.23), (2.33), and (2.34), we have

v() =Y u(t)e™™

kGZO
! o0
=y (¢k +Z/\/,f(v(t)) - ZN”(qb) +/ZRZ(v(t/))dt/>e”‘x
keZy n=2 0 n=2

=¢+ ZN"(v(r)) - ZN"(@ + / ZR"(v(r )dt’

n=2 n=2 n=2

for t € [0, T']. This completes the proof. O
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In the remaining part of this section, we consider the normal form equation (2.24). In particular, we prove local
well-posedness of (2.24) in the Fourier-Lebesgue spaces J Lf)’p for small initial data. See Proposition 2.8 below.
This will be achieved by the contraction mapping principle. In the following lemma, we establish the key multilinear
estimates of N'(v) in FLy".

Lemma 2.7. Assume that (s, p) satisfy (i) s > —%, p>1lor(ii) s >—1, p=1. Then, for each integer n > 2, there
exists Cy(n) > 0 such that

n 1

IN* Wl 50 < Cs(n) (2.35)

2,11(7) ” ”]:LYP

and

n—1

n - —1 ~
IV (v) — J\/—”(U)H]:Lf » <Cs (n)m(”UH}-L(S)-P + ||U||]:Lf)~1’)n lv— U||]:L3’P7 (2.36)

where Cg(n) satisfies

1, ifs <0,
Cs(n):{ns’ ifs>0.

Proof. Recall the following estimate:
n 0 n 0 .
> _a%, if0<6 <1,
o n ijlaj, if 1 <6 < oo,

where the first estimate follows from the concavity of x — x? and the second from Holder’s inequality. Let wy :=
|k|*vg so that ||v ||}—L8.p = ||wk|ler. Then, by (2.19) and (2.37) followed by Young’s and Holder’s inequalities, we have

n
. Vk
i®, k)t | | J
k

n

st lwg; |
> =

IN* Wl FLer Sn

K|, =k j=1 J gp K|, =k j=1 | ]l o
n—1
Wi
< conZ Z w m]‘['k |s+1 , S Cstomlwelier| |
IkI
< Cs(mnZg, w2 (2.38)

Noting that the omitted constant in the first inequality is 1/ (2”’1 n!), we obtain (2.35). The second estimate (2.36)
follows from a similar argument with the telescoping sum:

n n n
Hwkj - l_[ Wk; = Zwkl Wy (W — Why) - Wy o Wy -
j:l j:l i=1

This completes the proof. O
We conclude this section by proving small data local well-posedness of the normal form equation (2.24).

Proposition 2.8. Suppose that (s, p) satisfy (i) s > % — l, p>2or(ii) s >0, p=2. Then, there exists a constant
81 =201(s, p) > 0 such that if ¢ € ]-'L(s)’p(’JI‘) satisfies

o1l Frsr <81, (2.39)

then there exist T = T(||¢||}—L3p) > 0 and a unique solution v to the normal form equation (2.24) in C([0, T];
FLyP(T)) with v]—o = ¢.
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Proof. Part 1: We first construct a local weak solution in L>([0, T1; Ly (T)).* Given ¢ € FLy"(T), define a
map I' =Ty on L®([0, T]; FLy"(T)) by

t

Cll() =6+ Z N D) = N" (@) + / ZR”U )((t))dt'. (2.40)

n=2 0 n= 2
Define A; > 0 to be a constant such that
Cs(n)n
2sn_1 = Ay (2.41)
for all n € N. Let B = B3(T) be the closed ball in X*(T) := L*°([0, T]; FLy"(T)) of radius R = 2| ¢| FL
centred at the origin. In addition, we assume that ||| Li? is sufficiently small such that

1
Ag(e?%rR 1) < Z (2.42)
Lastly, we choose T =T (R) = T(||q§||]_—Lf).p) > 0 such that
7 = mi ( 1 : ) (2.43)
= min , . -
2ASZ%,pR2eZX’pR Aszg,pRzezs’pR(z—i_ eZS’pR)

Letv,v € By. Then, from Lemma 2.7 with (2.20), (2.28), (2.42), and (2.43), we have

ITTllxs(ry < Il Fpor + Z (IN" @)l xs () + IN" (@) | x5(7))

n=2
o
—T22 00k iy D IN" @) lixs(r)
n=1
C( ) Znil
< Igllprzr + Z ; S_”l)! (lols ) + 1915 5.0)
Con) 23!
S s,
sp"””XA(T)Z 1 (n 1)|”””XY<T>

Zs,p ”¢”_7:L(V)I’

= ||¢||fL3,p{AS (e —1) 1 Al (Ao 1)

1 ‘
+ ZTASZE,,’||vllggs(T)ezs'””vHX’m

<R. (2.44)

Similarly, we have

xury = 20 N @) = N @)y + T IR @) = R @ llxs )
n=2 n=2
00 n—l

EASZ( 1),(II vl + 1) o = Fllxsr)
n=2

[Tl = T[2]|

+- TszypZ ||U||Xr(T)(||U||X?(T)+||v||x‘(T))||U—U||XY(T)

3 Here, by a “weak” solution, we mean a solution without continuity in time.
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00 n—1

1 ~
+4TAszsp||v||xv<T)Z—l),(u vllxeery + 180xe )" o = Bllxs(ry

1 ~
ZTASz?’p(ZRZeZS’pR + R R)|lv — Tl x5 (1)

1 -
< illv — V|l xs(1)- (2.45)

< Ag(e#r® = 1) v = Vllxsr) +

Hence, it follows from (2.44) and (2.45) that I" is a contraction on Bj. Therefore, there exists a unique weak solution
ve L®([0,T]; FLy"(T)) to (2.24) as long as el Frer < 81 < 1, satisfying (2.42).

Note that the argument above does not yield continuity in time of the solution v € L*°([0, T]; F Lf)’p (T)). This is
due to the presence of the boundary terms A/ (¢) (v(¢)) without time integration in the definition (2.40) of I'[v]. In the
following, we will present an additional argument to show the fixed point v indeed lies in C ([0, T']; F Lg’p (T)).

Part 2: Next, we prove the persistence of regularity. We now suppose that ¢ € FL"?(T) for some o > 0. Let
v e B} C L™([0,T]; FLy") be the solution to (2.24) with v|,—o = ¢ constructed in Part 1, where 7 = T'(||¢|| FLr)
is chosen as in (2.43).

Proceeding as in (2.38) with wy = |k|*vg, we have

n

[+t Z l—[ lwi; |
|s+]

IN" )0 <

2n]1

ek =1 | e
Cv+a(n) g
[J n—1
SW” ”}'LB’””vHJ;LB”'p' (2.46)

Then, proceeding as in (2.44) with (2.46), we have

lollxstery < Nl zpstor

n—1

yo(n) Z§,
+Z ;n"l ‘1),(” vlisery 10 llxso ) + 10N o 191 750

C (I’l) Zn—l
2 s+o s, 1
+ - T s, p Z on— 1 l)' ” ”r)l(Y(T)||UI|XS+O(T)

Zs‘p”qb”]:L»(f)»P

= ||¢||H3+a.p{As+a (e — 1)+ 1+ Agsallvllxsso ey (oMl — 1)
1
+ 3T Asto 25 0y D ol oo ), (2.47)

where A, is as in (2.41). Given o > 0, we choose §(s, o) > 0 sufficiently small such that R = 2| ¢|| FLYP with
||¢||]:L3~p < §(s, o) satisfies

1
Aggo(e?rR —1) < T (2.48)
If necessary, we make 7" smaller such that
1
T < . (2.49)

N AH—UZ R2e?%s:rR
Hence, from (2.47), (2.48), and (2.49), we obtain
5
vl xs+o(r) < §||¢||]:Lg+mp.

Therefore, we conclude that v € L®°([0, T]; F L8+U’p ). The important point is that, while T = T (s, o) now depends
on ||¢||}‘Lf;" and o, it is independent of [|@|| 7 s+o.p.
0
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Part 3: Lastly, we prove that the solution constructed in Part 1 is indeed in C ([0, T]; F Lg’p (T)). We first prove
continuity in FL”(T) for smoother solutions. Given small ¢ € F LSH”’ (T), let v € By, C L>®([0, T1; FLy"(T))
be the weak solution with v|;—g = ¢ constructed in Part 2, where T = T (s, o) with 0 = 1. Note that from Part 2, we
have

||v||L°0([0,T];]:L8+1'p) S RS+1 = RS+1(”¢”]:L?')+1>!’)~ (250)
Write (2.24) as
v(t) = ¢ + N (1) +R(@), (2.51)
where

t

N@®=> N"w@)-Y N"(@) and R(r):/ZR"(v(/))dﬂ.

n=2 n=2 0 n=2

Thanks to the time integral, using Lemma 2.7 with (2.20), one can easily show that R(r) € C([0, T]; F Lf)’p (T)).
Indeed, given 71, t, € R, we have

1
IR() = Rl e < 5 Aszs, , REe? 8|11 = 1], (2.52)
By the triangle inequality, we have

IN* () () = N (@) @)l e < IN" @) @) = N" @) @) 7150
+ IN" 12) (w(@)) = N (02) ()| 20

=:1, +1I,. (2.53)
Arguing as in (2.45) with (2.42), we have
(ZZY QZ; pR)"! R)"~ 1 1
ZH < Ay Z o v — vz < 2l —ve)lpgr. (2.54)

By Mean Value Theorem with wy := |k|*vg, (2.4), and (2.37), we have

n
I, < zn_ln!Hw lkz_k@(k)(n fz)llj T,
<In—nl kST Jkilikg |H 1ok, )
=2 m=2y1 ke |s+1
1<i<j<n |kln=k 128
Cs(n)n wy (1) wi (1) "
<|y —b|——————1||k t
<l —nlg=e _2),||| lwe ()| e ey
Y( ) s‘ p
<ln—-n |m||v(fl)|| s+1p||U(tl)||]_—va
Choosing By > 0 such that 2-(=D, (m)nZs,, < By for all n € N, and recalling (2.50), we have
o0
>l = BeRZ 4Rl — 1 2.55)
n=2

Hence, from (2.51) — (2.55) we have
o) = vl 150 S BsRY €58 — ] + Agz] , RPeP Rt — ).

Therefore, we conclude that v € C(R; F Lg’p (T)).



J. Chung et al. / Ann. I. H. Poincaré — AN 34 (2017) 1273-1297 1289

Now, given small ¢ € FLy"(T), let v e L>([0, T]; FLy"(T)) be the weak solution with v|;—o = ¢ constructed
in Part 2, where 7 = T (s, 0) with o = 1. Let {¢/)} jeny C .7-'L8+1”’(’IF) such that ¢/ converges to ¢ in FLy " (T),
as j — oo. Denote by v the corresponding global solutions in L*°([0, T']; .FLBH’p(T)) NC{o0,T]; FLB’p(T)).
Recalling that T = T (s, o) depends only on ||¢(j)||}‘Lf)"’ and o > 0 but is independent of ”¢(j)”]'—LSH'p’ we can
choose T = T (s, o) independent of j € N. Then, arguing as in (2.45), we have

o= v llxsqry <206 = 6Vl 2 a0

Therefore, v/)(r) converges to v(¢) in the FLy”-topology, uniformly in ¢ € [0, T]. Hence, as a uniform limit of
continuous functions, we conclude that v € C([0, T']; .FL‘(Y)’p(']I‘)). O

Remark 2.9 (Unconditional uniqueness). Given ¢ € F Lg’p satisfying (2.39), suppose that v, v € C([0, T']; F LS’P ) are
two solutions to (2.24) with v|;—¢ = U|;=0 = ¢. Without loss of generality, assume that v is the solution constructed in
Proposition 2.8. In particular, we have v € B (T') with R = 2||¢||]_-Lg,p. In the following, redefine the local existence

time 7 in (2.43) and (2.49) by replacing R with 4R.

In general, we may have v ¢ By (T). By the continuity in time with V=0 = ¢, therg: exists small 7; > 0 such
that sup; o, ¢,) V() l| 725> < 2R. Then, it follows from (2.45) that v =¥ in C([0, 71; FLyP). Since [|[3(z)) | FL5 =
lv(zy) ||]_-L8,p < R, there exists small 7o > 0 such that SUP; e[, .12 lV(r) ||]_—L8,p < 2R. Then, it follows from (2.45) that
v="vin C([11, 12]; ]-'Lf)‘p) and conclude that ||5(12)||fL3p < R. In this way, we can cover the entire interval [0, T']

and conclude that v =v'in C([0, T]; F Lf)’p ). Namely, we have unconditional uniqueness.

Remark 2.10. In Part 2 of the proof of Proposition 2.8, we proved the persistence of regularity only for a fixed value
of p > 2. In general, the persistence of regularity also holds for different values of p as long as a proper embedding
holds. Let By” = Bg"(T) be the closed ball in X*7(T) := L*°([0, T]; FLy"(T)) in the following.

Suppose that ¢ € ]-'L(S)’p('ﬂ‘) with s > % — % such that }"L‘(Y)'p('ﬂ‘) C L3(T).Letv e B%z c X%2(T) be the solution
to (2.24) with v|,—¢ = ¢ constructed in Part 1, where T = T (||¢]|;2) is chosen as in (2.43). Proceeding as in (2.38)
and (2.46) with wg = |k|* v, we have

Cs(n)nZgEl B
e pead 11 i L1 PP (2.56)

Then, a computation analogous to (2.47) with (2.56) yields

lvllxs.rry < ”(p”]-‘L(S)'P{As (eZo.2||¢||Lz _ 1) + 1} + Asllvllxs.r 1) (eZo,zllvHXo,z(T) _ 1)

IIN"(v)llng)m <

1 z
+ 3T Al 302y PO ol o). (2.57)
Then, by choosing R and T sufficiently small such that

1

1
Zo2R _ _ [
Ag(e 1)< 2 and T < A R2eZoik’

it follows from (2.57) that

5
lvllxs.ery < _||¢||]-‘L‘8'1’-

Therefore, we conclude that v also lies in L*°([0, T']; F. Lf)’p ).
3. Small data global existence of smooth solutions
3.1. Cole—Hopf transformation

In the non-periodic setting, we can use the Cole—Hopf transformation (1.11) to transform smooth solutions to (1.2)
on R into solutions of the linear Schrodinger equation. In the periodic case, however, we need to make a suitable
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»W=id2W
W(0) = Gol¢] W)

@3, <3.3)T J/(}.(»)

u(0) =¢ u(t) =G 1wl

dNLS

Fig. 2. Relation between dNLS and the linear Schrodinger equation.

adjustment so that a modified Cole-Hopf transformation converts smooth mean-zero solutions to (1.2) on T into
solutions of the linear Schrodinger equation.

Given a mean-zero function ¢ on T, we follow the Cole—Hopf transformation (1.11) on R and define a gauge
transformation Gy by setting

Golg] =27 @), (3.1)
where J (¢) is the mean-zero primitive of ¢ given by
% k#£0
_ )ik J
T @) { &l

Note that Gy[¢] is a periodic function on T, since 7 (¢) is periodic. Suppose that u is a smooth mean-zero solution to
dNLS (1.2) on T and let w(z) := Go[u(¢)]. Unfortunately, such w does not satisfies the linear Schrédinger equation.
Indeed, we have

. 2 1 2
latw—i—axw:—ZPo[u 1w, (3.2)

where Pg[u?] is defined in (2.9).
In view of (3.2), we define a new “gauge” transformation G on functions depending on both x and ¢. Given a
smooth function u (¢, x) on [0, T] x T such that fT u(t)dx =0 for all ¢ € [0, T'], define a gauge transformation G by

W) =Glul@t) := e*% fot Po[uz(t’)]dt’ef%J(u(l)). (3.3)
In particular, we have G[u](0) = Go(1(0)). Note that

L

1, 1 1
10x W(0)] 2 < E”62 Im 7 (u(0)) “Lm”u(o)”Lz < Eezzo,z\lu(O)HLz lu(0)] 2, (3.4)

where Zy 7 is as in Definition 2.5.
Suppose that u(z, x) is a smooth mean-zero solution to (1.2) on an interval [0, T']. Define W by (3.3). Then, it is
easy to see that W satisfies the linear Schrodinger equation on (0, 7) x T:

HW =id>W. (3.5)

Given a smooth mean-zero initial condition ¢, we can use the gauge transformation G to construct a smooth solution u
to (1.2). Indeed, set W(0) = Go[¢] and let W (¢) be the global solution to the linear Schrédinger equation (3.5). Then,
applying the inverse gauge transformation:

o, W(t, x)
w(t,x) '

we see that u is a solution to (1.2) as long as (3.6) makes sense. See Fig. 2. Note that the smoothness of ¢ (and hence
of W(¢)) was needed to consider the pointwise division in (3.6). Obviously, (3.6) makes sense as long as W (¢, x) # 0.

Now, let us introduce a geometric view point. The image of a complex-valued periodic function is a closed loop
in C. Thus, the inverse transformation (3.6) makes sense at time ¢ if the loop W (¢) stays away from the origin in
the complex plane. Note that the trivial solution u(¢#) =0 to (1.2) is transformed into W(¢) = 1. Thus, a small initial
condition u(0) to (1.2) are transformed into a small loop W (0) around 1 € C. In particular, it is away from the origin in
the complex plane. Then, we expect that the solution W (¢) to (3.5) remains as a small loop around 1 € C forall r € R,

ut,x) =G W], x) :=2i (3.6)
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allowing us to apply the inverse transformation (3.6). In the following, we make this intuition precise. In particular,
by assuming that a smooth mean-zero initial condition #(0) = ¢ is sufficiently small, we show that W (¢) stays away
from the origin for all time, giving rise to a smooth global solution u to (1.2).

Remark 3.1. Given a smooth periodic function u (¢, x) on [0, T] x T such that fT u(t)dx = € Cftorallt € [0, T], let
W () be the gauge transformation of u(z) defined in (3.3). We need to make sure that W (¢) is a periodic function for
each t € [0, T']. From the geometric point of view, W (¢) must be a closed loop in C for each ¢ € [0, T']. In particular,
the index (= winding number) of the loop y = W(¢) at the origin must be well defined. By a direct computation, we
have

I fdz 1 [&WQ)

1 1%

I = — = — = —— = ——

ndy (0) 2ni | 7z 2mi W (1) dx 4 /u(t)dx 47’
Y T T

where the third equality follows from (3.6). Hence, we must have u € 47 Z.

In this paper, we only consider the mean-zero functions u, corresponding to the loop W of index 0 at the origin. It
may be of interest to study well-posedness of (1.2) with fT u(0)dx = —4mrm, m € Z, corresponding to the loop W (0)
of index m at the origin.

Remark 3.2. The normal form reduction performed in Section 2 corresponds to the Taylor expansion of (the derivative
of the interaction representation of) the gauge transformation W defined in (3.3). Indeed, we have

B S(—OW (1) = ¢~ Jo Pl N1’y g 1)p=3T (u(t)

—eih Po[uz(z/)]d;/axs(_t) [ Z % <_%j(u(l‘))> }

n=0 "

i [t ’ / s
= ¢~ # POl N A u(n)). (3.7)
n=1

Here, M"(u(t)), n > 1, is given by
n _ Ly i@n(k)tnvkj_(t)_i n
(M" (@), = n!( 2) lklzzke ,Ul G- M @), (3.8)

where v denotes the interaction representation of u defined in (2.2) and the last equality follows from (2.19) and
(2.21). Then, from (3.7), (3.8) and (2.26), indeed we have

(9 S(=W (), = %e*% Jo POl (N i (1) = %Qk(t) (3.9)

n=1

for k € Zy. Since W is a solution to the linear Schrédinger equation, (S (—t)W(t)) « 1s conserved under the dynamics.
This fact can be also seen from (3.9) and Remark 2.4:

1 1
S(=)W(@)), = =9k () = — 9k (0) = Wi (0).
(SEOW®), = 72 Q) = 52 Qu(0) = Wi (0)
3.2. Global existence of smooth solutions

In this subsection, we prove global existence of smooth solutions to (1.2) with small mean-zero initial data. As
mentioned in the previous subsection, the main goal is to make sure that the loop W (¢) in the complex plane does not
intersect the origin for any ¢ € R. The following simple lemma provides a sufficient condition.

Lemma 3.3. Suppose that W° € H s+e (T), & > 0O, satisfies

IWg1 =D IWP|=6>0, (3.10)
k0
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for some § > 0. Here, W,? is the k-th Fourier coefficient of W°. Then, when viewed as a loop in the complex plane,
the solution W (t) to the linear Schridinger equation (3.5) with W |,—g = WO never intersect the origin for any t € R.
Furthermore, we have

|[W(t,x)|>6>0.

Proof. By Sobolev embedding and the unitarity of the linear Schrodinger flow, we have W (z, x) € C(R x T). Note
that the solution W (¢) to the linear Schrodinger equation (3.5) is given by

W(t, x) — Z W]? eikx e*ikzl.
keZ
Therefore, from (3.10), we have

> |Wol =Y IW| =58>0,

|W(t,x)| = ‘wg + ) Wleik ik
k=0

k#£0
forall (¢,,x) e RxT. O

Remark 3.4. The condition (3.10) is sharp. Consider
1 .
W) =-20@) + ) e,
k=0

where ¢ (1) = Z,fil k™7 is the Riemann zeta function. Then, clearly (3.10) is violated. Moreover, we have wo0) =0.
As a corollary of Lemma 3.3, we obtain the following a priori bound on the L?-norm of smooth solutions to (1.2).

Lemma 3.5. Suppose that u is a smooth global solution to (1.2) with a mean-zero initial condition: fT u(0)dx =0.
Let W (t) = G[u](r) be the gauge transformation defined in (3.3). If WO = W (0) satisfies (3.10) for some § > 0, then
we have the following a priori bound.:

1 1
lu()l 2y < <e2 202102 1130y
(T) S

forallt e R.

Proof. By Lemma 3.3., we have |W(t,x)| > § > 0 for all (¢, x) € R x T. Then, from (3.6), the unitary of the linear
Schrodinger flow on H 1 and (3.4), we have

1

2 2 1
@2y = S10W Ol 2y = S0 W Ol 2 = gezzoﬂ'“(o)"ﬂ w2 O

Given a smooth mean-zero function ¢ on T, let W be the solution to (3.5) with W(0) = W? := Go[¢]. In the
following proposition, we transfer the condition (3.10) on W° to a condition on ¢ guaranteeing that the loop W (r)
does not intersect the origin for any ¢ € R. This allows us to apply the inverse transformation (3.6) and construct a
smooth global solution u (1) = G~ [W](z) to (1.2).

Proposition 3.6. Suppose that (s, p) satisfy (i) s > % — %, p>2or(ii))s >0, p=2. Let ¢ be a smooth function
on T, satisfying [ ¢ dx =0. Define M = M(¢$) by

M:= Suglj(dﬁ)(ml- (3.11)
If M <7 and

lZS N s,p M
PR LIS <28_%COS<?>’ (3.12)
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then there exists a smooth global solution u to ANLS (1.2) with ul;—y = ¢. Moreover; there exists C(¢) > 0 such that
we have

lu@ll2ry = CM, NIl s0) < 00, (3.13)
forallt e R.

Remark 3.7. This type of small “disturbance” condition also appears in the corresponding problem on R. In [22],
Stefanov proved local well-posedness of the quadratic dNLS (1.2) in H'!(R), assuming that SUDP, R | ff @) dy| is
sufficiently small. This is analogous to the condition M < m in Proposition 3.6.

Proof. Let WO = Gy[¢]. Then, we have

; o0 1 _ n
WO = O =y L (7’> [T (@) ()"
n=0 "

=Z%<_7l) D2 [[T@we™ =y wle, (3.14)

n=0 " keZ k|, =k j=1 keZ
where
o 1 l n n
=Y (7)) X Ioes.
n=0 k|, =k j=1

Then, by Young’s inequality and

1T @)kl =Z'i—"'_ Zs pll® Fr3r (3.15)
= W
we have
ZIWkI<Z o ,Z > ]"[U(qb)k |<22n T @l
keZ n: keZ k|, =k j=1 n=0
< sp||¢||n”’ _ 3Zspl9l e 316
Zm =e . (3.16)

Note that the absolute convergence of the summations in n and k of (3.16) justifies the interchange of the summations
in (3.14).
On the other hand, let r (x) := exp { Re —%j(q&)(x))} and 6 (x) :=Im —%J((l))(x)). Then, by (3.11), we have

M
2

. M
Wox) =r(x)e?™,  r(x)>e” and 10(0)| < =

for all x € T. Hence, by Mean Value Theorem, there exists xo € T such that

1 1 .
(We = — /Wodx =_— /r(x)e’e(")dx
2 2
T T

1
>
— 2

/ r(x)cosf(x)dx
T

= |r(x0) cos 9(x0)|

M 3.17
cos<7>. (3.17)

The condition 0 < M < 7 guarantees that the right-hand side of (3.17) is positive.
In view of (3.12), (3.16) and (3.17), we see that the condition (3.10) in Lemma 3.3 is satisfied for some § > 0.
Hence, letting W denote the smooth global solution to (3.5) with W|;—o = W°, Lemma 3.3 allows us to apply the

>e

S
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inverse transformation (3.6) and construct a smooth global solution u to (1.2) with u|;—9 = ¢. Lastly, the global
L?-bound (3.13) follows from Lemma 3.5. O

‘We now transfer the conditions in Proposition 3.6 to a smallness condition on the F Lg’p -norm of smooth mean-zero
initial data.

Corollary 3.8. Suppose that (s, p) satisfy (i) s > % — %, p>2or (i) s >0, p=2. Then, there exists 5 > 0 such
that if a smooth mean-zero function ¢ on T satisfies
||¢||]-‘L3P('ﬂ*) <&y,

then there exists a smooth global solution u to dNLS (1.2) with ul;—o = ¢, satisfying (3.13).

Proof. From (3.15), we have

M =sup|T (@) ()| = Zs, pllpll g 150 < Zs, p b2 (3.18)

xeT

Hence, the first condition M < 7 in Proposition 3.6 is satisfied if Z;, , 6, < 7.
Let f(x) = 2e~ %" cosx. Then, there exists unique o € (O, %) such that f (o) = 1 since f is strictly decreasing on
[0, 1, f(0) =2, and f(%) =0. Now, choose 8 > 0 sufficiently small such that Z;, ,8; < 2«. Then, we have

1
5 Zs pll@ll =, s.p 1 M
24s,p 1 _ _M
e FL" < 2%50%2 < 0% — 2% cosa < 2¢” 2 oS (%),

where the last inequality follows from (3.18) and the fact that g(x) = e~ cosx is strictly decreasing on x € [0, %]
This shows that the second condition (3.12) in Proposition 3.6 also holds. O

4. Proof of Theorem 1.1

We are now ready to present the proof of Theorem 1.1. The main ingredients are the normal form reductions and
small data global existence of smooth solutions via the gauge transformation discussed in Sections 2 and 3.
Given small 89 > O (to be chosen later), fix ¢ € ]-'L(s)’p such that ||¢||]_—L8,p < 8. For j eN, let p() = P ¢, where

P is the Dirichlet projection onto the frequencies {|k| < j}. Note that we have {q)(j)}jeN C C*®(T), fT ¢pWdx =0,
and ||¢p)|| Frsv < 8o for all j € N. Then, by Corollary 3.8, there exist global smooth solutions uP to (1.2) with

u(j)|t=0=¢(j),as long as §p < 87. ‘ _
We first consider the case (s, p) = (0, 2). Letting W0 = Go[ep], it follows from (3.16) and (3.17) with (3.18)
that

i),0 ),0 ),0 ),0
W 1= W = 2w = 3w
k=0 keZ

> 26722028 g0 (ZO’TZ(SO) — e2%02%0 —: A(89) > 0

for all j € N. From the continuity of A(§p) and A(0) = 1, we have A(§p) > % for all sufficiently small §p > 0. Hence,
it follows from Lemma 3.5 that by choosing 8o > 0 sufficiently small, we have

. 1
1P @l 2 < lu@)ll2ry < 202902080 <8y, (4.1)

forall r € R and all j € N, where §; is as in Proposition 2.8.
Fix T = T((S 1), where T i.s the local existence time in Proposition 2.8. Then, from a slight modification of (2.45)
applied to v (1) = S(—t)u'?) (1), we obtain

1 —uOllco.ry12) <2169 — 0112 (4.2)
for all j, £ € N. In view of (4.1), we can iterate the argument on intervals [iT, (i + 1)T],i =1, 2, ..., and obtain

1 = ulco.rya2) <2719V — O 12 (4.3)
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for any 7 > 0. Since d)(j ) converges in L2, it follows from (4.3) that u/) converges to some u in C(R; L?) endowed
with the compact-open topology, i.e. u/) converges to some u(¢) in L?, uniformly on each compact time interval. In
particular, we have
Bt — i9%u — udyu = lim {Btu(-/) — 0% — %Bx[(u(j))2]} —0
J—>0o0
in the sense of distributions. Therefore, u is a distributional solution to (1.2) with u|,—¢o = ¢. The continuous depen-
dence follows from a slight modification of (2.45). See (4.2) above.

Next, we discuss the issue of uniqueness. Given ¢ € L? such that ||¢|| 12 <do,letu e C(R; L?) be solutions to (1.2).
Then, it follows from (2.1) that u;, € C'(R; C) for each k € Zy. Letting v(r) = S(—1)u(r), we also have v; € C'(R; C)
for each k € Zy. Moreover, {vi}rez, satisfies (2.3) for each k € Zy. We now need to verify the differentiation by parts
step (2.6). Recall the following lemma from [10].

Lemma 4.1. Let {fy}nen be a sequence in D). Suppose that )", fn converges (absolutely) in D;. Then, ), 9 fn
converges (absolutely) in D; and 3;(}_,, fu) =, 01 fn-

By Young’s inequality, we have

2

(K], =k

n
. Vg (1)
o Pn ot j

2 n—2

O < oo,

k

v (1)
k

<

=1 Iz 2

Hence, Lemma 4.1 justifies the computation in (2.6). Note that in transition from (2.6) to (2.7), we used the product
rule: 9 (Vk, Uk,) = 0; Uk, Vk, + Uk, 05Uk, . This is justified by the fact that vy € CL(R; C) for each k € Zy. Proceeding in
a similar manner, we can justify all the subsequent steps in the normal form reductions.

Noting that Part 1 of Proposition 2.6 relies only on the L2-regularity of v(z), we see that (2.30) holds. Moreover,
the normal form equation (2.24) holds for each frequency k € Z on the Fourier side. Namely, we have

t

W) = di AT - NP @)+ [ SR nar (44)

n=2 n=2 0 n=2

for each k € Zy. Then, the uniqueness part of Theorem 1.1 follows from the corresponding uniqueness statement for
(4.4). See Remark 2.9.

The general case (s, p) with (i) s > % -1 p >2or (i) s >0, p=2 follows from the persistence of regularity
for the normal form equation (2.24) and (2.28); see Remark 2.10. This completes the proof of Theorem 1.1.

We conclude this section by stating the following corollary.

Corollary 4.2. Assume the hypotheses of Theorem 1.1. Let u be a global solution to (1.2) with ul|;—o = ¢ € F Lg’p .
Then, Qy = Qklul, k € Zg, defined in (2.26) is invariant under the dynamics of (1.2).

Proof. In view of Remark 2.4 and Proposition 2.6, this proposition follows from a standard approximation argument,
using a computation similar to (2.45), and thus we omit details. O
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Appendix A. Large data finite time blowup solution

In this appendix, we present the proof of Theorem 1.2. Recall that in establishing global well-posedness of (1.2)
through the gauge transformation (3.3), it was essential to guarantee that the gauged function W stays away from the
origin. This was achieved by imposing smallness assumption, since if #(0) = ¢ is small, the gauge transformation
W (0) = Gol¢] is a loop close to 1 € C. In the following, we construct an example of a finite time blowup solution to
(1.2) by first constructing an example of W (¢) which approaches the origin such that the inverse gauge transformation
(3.6) ceases to make sense. As W (¢) evolves linearly, it suffices to find a linear solution that touches the origin in finite
time. By choosing

W, x):=1—ie " cosx,

we see that W(% O) = 0. Indeed, the loop W (¢) touches the origin for the first time at r =
On the other hand, the inverse gauge transformation (3.6) gives a solution u to (1.2):

[STE

) —2e i sinx
ux,t) = ———.
1 —ie‘cosx

Note that fT u(0)dx = 0. We claim that the L'-norm of u(r) diverges as t — %—. The modulus of u is

2| sinx|

lu(t, x)| = .
/1 —2sint cosx + cos? x

In particular, when ¢ = %,

ju(5.%)| =

For |x| < 1, we have

2| sinx|

1 —cosx’

x3 x2
2|sinx|22x—§ > |x| and l—cosxfg.
Hence
/|u(%,x)|dx2 / idx:oo.
T lx|<1 o

Therefore, every L”-norm of u(t), 1 < p < oo, diverges as t — % Also, given (s, p) as in Theorem 1.1, the

FLy"-norm of u(r) diverges as t — .
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