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Abstract

We consider the nonlocal diffusion equation d;u = J % u — u + ul TP in the whole of RY. We prove that the Fujita exponent
dramatically depends on the behavior of the Fourier transform of the kernel J near the origin, which is linked to the tails of J. In
particular, for compactly supported or exponentially bounded kernels, the Fujita exponent is the same as that of the nonlinear Heat
equation d;u = Au+u 141 On the other hand, for kernels with algebraic tails, the Fujita exponent is either of the Heat type or of
some related Fractional type, depending on the finiteness of the second moment of J. As an application of the result in population
dynamics models, we discuss the hair trigger effect for o;u = J *u —u + ultrP1 —u).
© 2016 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this work we consider solutions u (¢, x) to the nonlinear (p > 0) partial integro-differential equation
atu:J*u—u+u1+p in(O,oo)xRN, (1

in any dimension N > 1. Equation (1) is supplemented with a nonnegative and nontrivial initial data, and we aim at
determining the so-called Fujita exponent pr, that is the value of p that separates “systematic blow up solutions”
from “blow up solutions vs global and extincting solutions” (see below for details). We shall prove that the Fujita
exponent dramatically depends on the behavior of the Fourier transform of the kernel J near the origin, which is
linked to the tails of J. Depending on these tails, it turns out that the Fujita phenomenon in (1) can be similar to that
of the nonlinear Heat equation, or to that of a related nonlinear Fractional equation.

As an application of our main result, we consider

du=Jsxu—u+u"P(1—u) in(0,00) xR, ()
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which serves as a population dynamics model where both long range dispersal (via the kernel J) and a weak Allee
effect (via the degeneracy of the steady state u =0, due to p > 0) are taken into account. Depending on the balance
between the tails of J and the strength of the Allee effect, we discuss the so-called hair trigger effect — meaning that
any small perturbation from u = 0 drives the solution to # = 1 — or the possibility of extincting solutions.

In his seminal work [10], Fujita considered solutions u(¢, x) to the nonlinear Heat equation
du=Au—+u'"t? in(0,00) x RV, (3)

supplemented with a nonnegative and nontrivial initial data. For such a problem, the Fujita exponent is pr = %
Precisely, if 0 < p < pF then any solution blows up in finite time; if p > pr then solutions with large initial data
blow up in finite time whereas solutions with small initial data are global in time and go extinct as ¢t — co. For a
precise statement we refer to [10] for the cases 0 < p < pr and p > pr. The critical case p = pF is studied in [15]
when N = 1,2, in [17] when N > 3, and in [24] via a direct and simpler approach. Let us observe that, as is well

. . . _N L.
known, solutions to the Heat equation d;u = Au tend to zero as t — oo like O (t 2 ), which is a formal argument to

guess pr = %

Since then, the Fujita phenomenon has attracted much interest and the literature on refinements of the results or on
various local variants of equation (3) is rather large. Let us mention for instance the works [24,19,7,21], or [22] for an
overview, and the references therein.

When the Laplacian diffusion operator is replaced by the Fractional Laplacian, the situation is also well understood:
the Fujita exponent for

du=—(—A)"u+u"t? in0,00) xRY, 0<s<2, 4)

is pr = % We refer to the work of Sugitani [23]. See also, among others, [5] for a probabilistic approach, and [13] for
a variant of (4). Let us observe that, as is well known, solutions to the Fractional diffusion equation d,u = —(—A)* 12y

tend to zero as t — oo like O (t’¥>, which is again a formal argument to guess pr = %

As far as we know, much less is known for the nonlocal equation (1). Let us mention the work of Garcia-Melidn and
Quirds [11] (and [26] for a variant) who treat the case of compactly supported dispersal kernel J. In such a situation,
the Fujita exponent for (1) is the same as that of (3), namely pr = % In order to take into account rare long-distance
dispersal events, which are relevant in many population dynamics models (seeds dispersal for instance), we allow
in this work kernels J which have nontrivial tails. Two typical situations are when J has (light) exponential tails or

(heavy) algebraic tails, the latter case meaning

J(x) ~

as |x| > oo, witha > N. 5
x|

Owing to the decay of solutions to d;u = J *xu — u proved by Chasseigne, Chaves and Rossi [6], we guess that pr = %
in the exponential case, whereas

v ifN<a<N+2
PF=1, , (6)
¥ ifa>N-+2,

in the algebraic case (5). In other words, in the algebraic case & > N + 2 the Fujita exponent is of the Heat type (3) (and
so in the exponential case), but in the algebraic case N < o < N 4 2 the Fujita exponent becomes of the Fractional
type (4) with s = o — N € (0, 2]. This is the role of the present paper to prove, among others, these results.

Let us comment on some technical difficulties arising from (1). Notice first that, as far as (3) and (4) are concerned,
some self-similarity properties of both the Heat kernel and the fundamental solution associated to the Fractional Lapla-
cian may be quite helpful, as seen in [23] or [24]. Those self-similarity properties are not shared by the fundamental
solution of 9, = J xu — u. Secondly, notice that, when J is compactly supported, the underlying nonlocal eigenvalue
problem to (1) is rather well understood [12] and the authors in [11] took advantage of its rescaling properties. As far
as we know, such informations are not available for more general dispersal kernels, as those we consider. We therefore
have to adapt some techniques, in particular when dealing with blow up phenomena.
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We now discuss the hair trigger effect in some population dynamics models. Let us start with the Fisher-KPP
equation

o =Au—+u(l—u),

which was introduced in [9,18], to model the spreading of advantageous genetic features in a population. From the
linear instability of the steady state u = 0, it is well known that any solution u(¢, x) to the Fisher-KPP equation, with
a nonnegative and nontrivial initial data, tends to 1 as t — oo, locally uniformly in x € R¥. This is referred to as the
hair trigger effect.

In order to take into account a weak Allee effect, meaning that the growth per capita is no longer maximal at small
densities, one may consider

Qu=Au+u"tP1—u), (7

where p > 0. Then the hair trigger effect for (7) is naturally linked with the Fujita blow up phenomena for (3). Hence,
in their seminal work, Aronson and Weinberger [3] showed that the hair trigger effect remains valid for (7) as long as
O<p<pr= %, whereas some (small enough) initial data may lead to extinction, or quenching, when p > pr = %
See also [25.4,28].

Based on our Fujita type results for (1), we shall discuss the hair trigger effect for (2), thus making more precise
the balance between the effect of the dispersal tails and the strength of the Allee effect which allows or not the hair
trigger effect. Let us mention that, rather recently, various new results studying the interplay between some heavy tails
and an Allee effect have been proved. Let us mention [27,20,14,1,2], and the references therein. In those works, the
issue is, in different situations permitting propagation, to determine whether invasion is performed at a constant speed
or by accelerating.

2. Assumptions and results

Let us first present and discuss the assumptions on the dispersal kernel J. As observed and proved in [6], expansion
(8) plays a crucial role in the behavior of the linear equation d,u = J *u — u, and so will for the nonlinear problem (1).

Assumption 2.1 (Dispersal kernel). J : RY — R is nonnegative, bounded, radial and satisfies Jgn J = 1. Its Fourier
transform has an expansion

JE) =1- AP +o(glP), asg—0, (8)

forsome 0 < S <2and A > 0.

Notice that expansion (8) contains the information on the tails of J. Indeed, for kernels which have a finite second
momentum, namely m; 1= fRN |x|2J(x)dx < 400, expansion (8) holds true with 8 = 2, as can be seen in [8, Chap-
ter 2, subsection 2.3.c, (3.8) Theorem| among others. In particular, this is the case for kernels which are compactly
supported, exponentially bounded, or which decrease like O ( W) with & > 0.

On the other hand, when my = 4-0o then more general expansions are possible. For example, for algebraic tails
satisfying

J(x) ~

G as |x| >o00, withN <a <N +2, ©))
X

then (8) holds true with 8 = o — N € (0, 2). This fact is related to the stable laws of index 8 € (0, 2) in probability
theory, and a proof can be found in [8, Chapter 2, subsection 2.7]. In particular it contains the case of the Cauchy law

J(x) = {2 (when N = 1), for which

J@E) =el=1— g +0(E]), asg—0,

and g = 1, despite the nonexistence of the first momentum mj := f |x]|J (x)dx.
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Remark 2.2 (Critical algebraic tails). For algebraic tails

J(x) ~ as |x| — oo,

|x] N+42°
which are critical for the nonexistence of the second momentum >, expansion (8) is replaced by

TJE) =1+ AlEPIn|E| + 0(E*In|€]), as& — 0.

Nevertheless, as proved in [6, Theorem 5.1], the solutions to d,u = J * u — u still tend to that of the Heat equation, but
with a different time velocity. In other words, for such tails, we do believe that pr = % and that this can be proved by
additional technicalities and by using [6, Theorem 5.1] rather than [6, Theorem 1] to derive an analog of Lemma 5.1.

Before going further, we need to say a word on the notion of solutions. A function u € C L0, T), L*(@RN) N
L'®Ny)yucoqo, T), L°@®RN)n LY (RN)) for some T > 0, which satisfies the equation a.e. in (0, 7) x R¥ is a local
solution to (1) with (0, -) as initial data. For such solutions, the comparison principle is available. Furthermore, for a
nonnegative ug € L°(RY) N L (RY), the associated Cauchy problem (1) admits a unique solution defined on some
maximal interval [0, T). Moreover either 7 = oo and the solution is global, or 7 < oo and then |lu(z, -)|| L~ tend to
oo ast /' T, which is called blow up in finite time. These facts are rather well-known, and parts of them can be found
in [11] for instance.

As explained in the introduction, our main result is the identification of the Fujita exponent for the nonlocal equation
(1) for a large class of dispersion kernels, namely those admitting an expansion (8). In this context, pr := % is the
Fujita exponent. More precisely, the following holds.

Theorem 2.3 (Systematic blow up). Let Assumption 2.1 hold. Assume 0 < p < pp = % Assume ug € L*RN) N
LY RN js nonnegative and satisfies — for some € > 0, xg € RN, 5 >0—up(x) > € for all x € B(xg, r). Then the
solution to the Cauchy problem (1) with ug as initial data blows up in finite time.

Theorem 2.4 (Blow up vs extinction). Let Assumption 2.1 hold. Assume p > pr = % Then the following holds.

(i) There is 8 > O such that, for any nonnegative ug € L°°RN) N LY (RN) with

luoll 1+ llioll 1 < 8,

the solution to the Cauchy problem (1) is global in time and satisfies, for some C > 0,

i = e Joranyt 0. (10)
(ii) On the other hand, assume ). > 0 and R > 0 are such that
I/p
A>|1—-Cy / J(2)dz , (11)
lz|=R

where O < Cn < 1 is a constant that depends only on the dimension N (see subsection 5.2 for the exact value of
this constant). Then, the solution to the Cauchy problem (1) with A1{x|<Rry as initial data blows up in finite time.

As regards condition (11), let us notice that if A > 1 then it is satisfied for any R > 0, indicating that large L°° data
always lead to blow up; if (1 — Cv)YP < & <1 then (11) is satisfied by taking R > O sufficiently large, indicating
that intermediate L°° data require large initial mass to blow up (at least in our result); if A < (1 — Cy) 1/P then (11) is
never satisfied, indicating that small L°° data are bad candidates for blowing up.

Let us recall that, when J is compactly supported, the fact that the Fujita exponent pr = % is the same as that
of the nonlinear diffusion equation (3) was already proved in [11]. Nevertheless, our results assert further that this
remains true for kernels J which have a finite second momentum. On the other hand, when 8 < 2 in expansion (8)
the Fujita exponent becomes that of the Fractional equation (3) with s = 8 € (0, 2). Hence, depending on the tails of
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the dispersal kernel, the nonlocal equation (1) behaves with respect to blow up either like the local Heat equation (3),
or like a Fractional equation (4). This sheds light on the richness of (1).

We now turn to the hair trigger effect for (2), whose analysis makes use of the Fujita type results for (1). Notice
that if 0 < ug < |lug|lco < +00 then, from the comparison principle, we get that the solution to (2) satisfies

0 < u(t, x) <max(l, |uolle), V(t,x) € (0,00) x RY,

so that the solution is always global.
Corollary 2.5 (Hair trigger effect along a subsequence vs quenching solutions). Let Assumption 2.1 hold.

(i) Assume 0 < p <prp= % Assume uo : RN — [0, 1] is continuous and nontrivial. Then the solution to the Cauchy
problem (2) with ug as initial data satisfies
limsup inf u(t,x)=1, forany R>0. (12)
t—oo |XI=R
(ii) Assume p > prp = % Then there is 5 > O such that, for any nonnegative, continuous, bounded and integrable u
with |lugll .1 + lioll 1 < 8, the solution to the Cauchy problem (2) satisfies, for some C > 0,

lu(z, e < foranyt > 0. (13)

C
(A +0)N/F
Observe that Corollary 2.5 (ii) directly follows from Theorem 2.4 (i) and the comparison principle. Corollary (i),
whose proof is rather classical, is the hair trigger effect, but only along a subsequence of time. Under a more restrictive
assumption on the exponent p, we can actually prove the following hair trigger effect.

Theorem 2.6 (Hair trigger effect). Let Assumption 2.1 hold. Assume 0 < p < %pp = %% Assume uy : RY - [0, 1]
is continuous and nontrivial. Then the solution to the Cauchy problem (2) with ug as initial data satisfies

lim inf u(t,x)=1, forany R>0. (14)
[=00|x|<R
The proof of the above result requires the combination of an elaborate subsolution and careful asymptotics of the
solution to the linear nonlocal diffusion equation d,u = J * u — u. Using such a strategy, it seems very difficult, if
possible, to remove the restriction 0 < p < % pr. Hence, different approaches should be used for the range % PF <
p < pr, where more complex scenarios may exist. We hope to address this issue in a future work.
Notice also that, these results remain valid for equation

u=Jxu—u+ f(u)),

as long as f satisfies, for instance, f(u) ~ rult? as u — 0 (for some r > 0), f>0o0n(0,1), f(1)=0, f/(1) <0,
f <0on (1, 00). Indeed, in such a case, we can sandwich mu'T7(1 — u) < f(u) < Mu'*tP(1 — u) for some m > 0,
M > 0, and then combine some comparison and rescaling arguments.

The paper is organized as follows. We recall basic facts in Section 3. In Section 4, we prove the systematic blow
up of any solution when 0 < p < pp, that is Theorem 2.3. We study the case p > pr in Section 5, proving blow up
or extinction depending on the size of the initial data, as stated in Theorem 2.4. Last, in Section 6, we prove the hair
trigger effect, as stated in Corollary 2.5 (i) and Theorem 2.6.

3. Notations and basic facts

Before proving our results, let us now introduce some notations and recall briefly some basic facts.

For any integrable function J, we define

+Ootk
Nt —t w(k) _. ,—t )
K(t,-):=e "0g+e E k!J =:1e S0+ VY(t,-),
k=1

where § is the Dirac mass at 0 and J*®) := J % ... % J is the convolution of J with itself k — 1 times.
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Then, the (unique) bounded solution to d;u = J * u — u with initial condition ug € L®RN) is given by
u(t,x) =K(t,) *uo(x) =e "ug(x) + ¥ (t, ) xug(x).

Obviously, though the convolution of a Dirac mass by an L® function is not pointwise well defined, we let §¢ *
up = ug. Also, from the normal convergence, in C ([0, T']; L'(RNM)), of the series Z,jjj’ %J*(k) and ZZ‘:I’ % J*k)
we deduce that the function ¢ € [0, 00) — ¥ (¢, -) € L' (RV) is of class C! and that

QY (t,x) =J (1, )(x) = Y(t,x) + e J(x). 15)

Notice also that

/l/f(t,x)dle—e_t. (16)
RN

For the sake of clarity, let us state our conventions on the Fourier transform. If f € Ll(RN ), we define its Fourier
transform F(f) = f and its inverse Fourier transform F~'( f) by

@) = / E fydx, FF) ) = / oV £ (£)dE.

RN RN

With this definition, we have, for f, g € L' (R"),

f+g=712.
and f = (27:)N FUF) if £, F(f) € LY(RYN). Also, after defining the Fourier transform on L>(RY) we get the
Plancherel formula

1 ~
[ regcoar = T | Fewen
RN RN

for f, g € L*(RVN).
4. Systematic blow up

In this section, we first provide a priori estimates on a crucial quantity related to possible global solutions of (1).
They will then enable us to prove the blow up of any solution when 0 < p < pF, as stated in Theorem 2.3.

4.1. Some a priori estimates

In this subsection, we assume that u( is nonnegative, nontrivial, radial, continuous, bounded, and that both u(
and i are in L' (R"). We also assume that we are equipped with a global solution u(z, x) of the associated Cauchy
problem (1). We then define, for any ¢ > 0, the quantity

£@0):= / IO (6 d. (17)

RN
In the spirit of an original idea of Kaplan [16], also used in [10], we are going to estimate f(¢) from below and above
as t — 00. As clear in the following, another key ingredient is the Fourier duality which enables to recast (17) as (21).

Lemma 4.1 (Estimate from below). There is a constant G > 0 depending only on the dimension N and the kernel J,
and a constant ty > 0 (that is allowed to depend on the initial data), such that

G
F) = % forany > io. (18)
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Proof. From (8), we can select & > 0 small enough so that

€] <& = T(&) — 1> 24" 19)

Since i1p(0) = fRN ug > 0 and iy is a real-valued continuous function, up to reducing & > 0 if necessary, we can
assume that

€| <& = up(§) > 0.

On the other hand, Jis continuous, f(&) —1<Oforall £ #0, f(é) —1— —1 as |§] = +o00, hence there is § > 0
such that

&| > o= T () — 1 < —6. (20)

Now, by cutting into two pieces, we get ¥/ £ (1) = g1(t) + g2(t), where

820 < / VB TOD i eyaz| < VB iyl — 0 ast — oo,
t3E=0)

and

1) =N/ / IO 7o 2y
[&1<&o

=V [ By ae
1§1<&0

_ | Ak~ (2
_/e ST (W) 1(0,,1//350)(|Z|)dz-

RN

By the dominated convergence theorem, the last integral above tends, as t — 00, to the constant

~ _ B _ B
uo(())/e 2417 gz = Yluoll 1 /e 24127 4z =2 luol| 112G,
RN RN

where G > 0 depends only on the dimension N and the kernel J (via A and ). As a result, we can select 7o > 0 large
enough so that (18) holds true. The lemma is proved. O

In order to derive an estimate from above, it is more convenient to use the dual expression (see below for a proof)

fo=qenN / (80 + Z J*(k) (x)) up(x)dx = 2m)N / K (t, x)ug(x)dx, (1)
RN
where we recall that K (¢, x) was defined in Section 3. Notice that, formally, the fundamental solution of d;u =
Jxu—uis F~ (e’(J(S) Dy =¢~ (80 + Z,j“f 2, J*(k)(x)> so that expression (21) is, again formally, derived from
(17) by the Plancherel formula.

Proof of (21). From (17) we get

+°°k

s [ mede = / Z O = Z / L 7@,

RN

since Y [ |%ﬁ($)ﬁb($)|d§ < Y Bll@ll < 400 (recall that |7(§)] < 1). Next J € L'(RN) implies J¥(&) =
J*®) (&), so that
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+o00 k
Sf) ~ / @ E)ds =Y / %J*(k)@)ﬁb(&)d?
RN k=1RN

Next, both J*® g e L°RN)N LY (RY) ¢ L2(RY) so that we can apply the Plancherel formula to get

400 k
efw - [ @mede=enVy [ L Omuwds
RN kleN

+00
— @n)V / Z%J*(k)(x)uo(x)dx, (22)

gy k=17

since Y [ |§(—,€!J*(k)(x)uo(x)|dx <X Z—k!||J||Loo llugll L1 < +o0. Last, notice that [y ity = 10(0). Since ug is real and
radial, so is iy, which in turn implies Zo = F ! (i) = (27)Nug so that Sy 10 = 2m)Nug(0) = 2m)N [on Souo,
which we plug into (22) to conclude the proof of (21). O

Equipped with the dual formula (21), we can now prove the following.

Lemma 4.2 (Estimate from above). We have
1\'/7 1
f@ < eo¥ <<&> 7 + etuo(o)) foranyt > 0. (23)
p

Proof. Let T > 0 be given. Denote Cr := maxo<r<7+1 |4 (7, )|z + lu(z, )||;1 < +o00.Fix some 0 <t <T.
First observe that (21) is recast

t
h(t) :== % = / (780 4+ ¥ (1, %)) uo(x)dx = e "up(0) + / Y (t, X)ug(x)dx, (24)
RN RV
where ¥ (1, x) = e~ 3/ %J*(") (x) is as in Section 3.
For 0 < ¢ <1, let us define

g:(s) :=/w(t—s+8,x)u(s,x)dx, 0<s<t. 25)
RN

Notice that, if k is sufficiently large, the support of J*®) meets that of u (s, -), and therefore fRN J*® u(s, x)dx > 0,
which in turn implies g.(s) > 0. Notice also that, using the dominated convergence theorem, we see that, as ¢ — 0,

fO
@m)N

4:(0) = / (1 + & uo(x)dx — / Wt Oup(x)dx = o 0). 26)

RN RV

Using the constant C7 defined above one can dominate the partial derivative with respect to s of the integrand in
(25), and therefore prove that g, is differentiable. Using equations (15) and (1), we then compute

gL(s) = /<—J*w<r—s+a, VHY—s+e)—e T s, )

RN
+ / Vit —s+e )T kuls,)—uls,)+utP(s, )
]RN
:—/e_(’_s+8)fu(s,~)+/1/f(t—s+£, JultP(s, ), (27

RN RV
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by Fubini theorem. From the expression of ¥, we see that e ™% J (x) < M for T > 0, so that

1
=S Ju(s, ) < ————ge(5). 28
/e us, ) = 7 8) (28)
RN
Next, we write

f Yt —s+e, .)MH‘P(S’ y=(1-— e—(t—s+€)) / Mulﬂ(& )
RN RN

e—(t—s+s)

s L g
= = e——storypbe

> gl tP(s), (29)

*P(s)

where we have used the Jensen inequality (notice that fRN % =1 in view of (16)). Plugging (28) and (29)

into (27) and multiplying by the integrating factor (t — s + ¢)” we arrive at

g;(s) 1 1 N p _ p
(gsl+p(s)+t_s+5g£(5)>(t s+e)f >t —s+e)l.

The left hand side member is nothing else that % (%) so that integrating from O to ¢, we get
+1 +1
L ef L] (t+e)”z—8p + ¢ +e)” .
Pl pgf0) p+1  p+l
which in turn implies
1 Ep—H
= L(t +¢)— . .
g (0) ~ p+1 p+1@+e)y?

Letting ¢ — 0 and using (26), we get estimate (23), which concludes the proof of Lemma 4.2. O
4.2. Proof of systematic blow up

Proof of Theorem 2.3. Let ug € L (R") be nonnegative and satisfying — for some ¢ > 0, xo € R¥, r > 0 —

uo(x) > ¢ for all x € B(xo, r). Thus there exists a nonnegative, nontrivial, radial and C2° (RN) function that is smaller

than u(. By the comparison principle, it is enough to prove blow up for such an initial data. Hence we can assume

without loss of generality that u( is nonnegative, nontrivial, bounded, that ug € C° (RM), and thus iy € S(RN).

Hence, assuming by contradiction existence of a global solution, all the results of subsection 4.1 are available.
eWhen0O < p < N letting t — oo in (18) and (23) immediately gives a contradiction.

o In the critical case p = %, letting ¢+ — oo in (18) and (23) only provides ||ugl|/;1 < C, where the constant C > 0
depends on the dimension N and the kernel J but not on the size of the initial data. Thus, by regarding u(z, -) as an
initial value, we derive that

m(t):=|lu(t, )| <C, forany?r>0. 30)

Integrating equation (1) over x € RY and using Fubini theorem, we get

d 1+
—m@)= | u P, x)dx,
T (0 / (r,x)

RN

so that fol Sy ul P (1, x)dxdt =m(t) — m(0) < C, for all r > 0. As a result we know that

//u1+"(z,x)dxdz<+oo. (31)

0 RN
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We are going to derive below a contradiction, using a modification of an original technique of [21] for a local
equation. Notice that our kernel J may not have finite second nor first moment, so we need to derive further estimates.

Also, we shall again take advantage of the Fourier duality.
Consider p € C°(R) such that p=1o0n (—1,1),0< p <1 and Suppp =[—2,2]. Let T > 0 be given. Let ¢ > 0
be given. For R > 0, we define

t—T t—T [x]
Yr():=p ( RNP ) =p <W) Or(x):=p <87>-

We multiply equation (1) by 8z (x)¥(f) and integrate over (¢, x) € (T, 00) x R¥ to get

//u1+P(t’x)9R(x)1pR(t):—//(J*u—u)(t,x)@R(x)lﬁR(t)

T RN T RN

+//hmmm@ummo

T RN

S—f/U*%—%XWMJWMO

T RN

(0.¢]
~ [ [utommwwo = -1~ p, (2)
T RN
where we have used Fubini theorem, integration by part in time, in the first, respectively the second, integral of the
right hand side member. In the sequel, we denote by C a positive constant that may change from place to place but

that is always independent of € > 0 and R > 0.
Let us deal with I = I>(R). Observe that

t—T

1 C
[Yg(0)] = |ﬁ,0/ <W> | < WI(T+RI‘3,T+2R/3)([)»

so that

T+2RP

C
|2l = 25 / / u(t, x) (33)

T+R# |x|<2R/e

A

P
1

T+2RF Pl T4ORP pFI
C
< 1 Pt x)
RB
T+RB |x|<2R/e T+RP |x|<2R/e

L

T+2RP pHI

P
N\ p+1
s( (2;)) [ [ e

T+RFP |x|<2R/e

1
T+2RFP PHT

C

1+
= Np u p(tv-x) )

g ptl

T+RP |x|<2R/e

where we have used the Holder inequality and equality 8 = Np. In view of (31), the last integral above tends to zero
as R — oo, and so does 1.
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T+2R

i
Let us deal with 11 = I1(R) = [; Jrn B(x)u(t, x), where

B(x):=(J %0 —0p)(x) = / (Or(z —x) —Or(x)) J(2)dz.
RN

First observe that if |x| > 2R/¢ then g (x) = 0 so that B(x) > 0. As a result

T+2RP
L>1{:= / / B(x)u(t, x). (34)
T |x|<2R/e

In order to estimate B(x), we use the Plancherel formula and get

eo)NBx) = 2n)V / Or(z — x)J (2)dz — 2m)NOr(x)
RN
= / T(&)e 5 0r (&) de — Q)N O (x)
]RN

= / (1 — A@®)E1P)e ™ 50r(£) d& — Q)N Or(x),
]RN

where function A is bounded in view of (8). Since [y e *$0g(§) d& = F(F(Or))(x) = 27)VOg(x) and O (§) =
(R)N ﬁfv(ég) — where py : RN — R is defined by py (x) := p(|x]) — we get

B

0=~ () / A(58)IE1Pe e ag,

R
]RN
so that
B0 = oy () M [ 18P 1AV @EId5 = s
~ @2n)N \R o RA’
RN
since py € S(RV). As a result
T+2R#
&
|1{|§Cﬁ / / u(t,x).
T [x|<2R/e

We are now in the footsteps of (33) so that — notice the presence of the crucial multiplicative factor £# — similar
arguments (Holder inequality and 8 = Np) yield

1
T+2RP piI

B
1] < CepiT / /uH'p(t,x) . (35)
T |x|<2R/s

To conclude, plugging (34) and (35) into (32), we get

_L

T+2RP P+l
u' Pt x)

f f WP (1, 0)0R (OYR(1) < | o] + CePiT

T RN T  |x|<2R/e
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Letting R — oo yields

1

00 00 P
Bp_

//MHPSCEPH //MH"’ .

T RN T RN

From the arbitrariness of ¢ > 0 and T > 0 we deduce that u = 0 on (0, c0) X RY, which is a contradiction. This
concludes the proof of Theorem 2.3. O

5. Blow up vs extinction

In this section, we prove that when p > pr = %, depending on the size of the initial data, the solution to the
Cauchy problem (1) can be global and extincting, or blowing up in finite time, as stated in Theorem 2.4.

5.1. Extinction for small initial data

Proof of Theorem 2.4 (i). The proof, as that in [11], relies strongly on [6] which provides the rate of decrease of the
L*° norm of the solution of the nonlocal linear equation d;v = J * v — v.

Lemma 5.1 (See Theorem 1 in [6] and Theorem 5 in [11]). There is C > 0 such that, for any initial data vo € L'(RM)
such that vy € L' (RN), the solution of the Cauchy problem d;v = J % v — v satisfies

C(llvollt + 150l 1)
(A+0NE

lv(, L < foranyt > 0.

We look after a supersolution to (1) in the form g(¢)v(¢, x), where g(¢) > 0 is to be determined (with g(0) = 1)
and v(¢, x) is the solution of 9;v = J x v — v with ug as initial data. A straightforward computation shows that it is

enough to have gﬁ:(ptzl) > |lv(t, -) ||€oo. By the above lemma, it is therefore enough to have
W _ CPuoll @l
g () (40P
N\ /P v
If luoll g + ol <8 := é ( ﬁp ) (notice that % — 1 > 0) then the solution of the above Cauchy problem
1
g(t) =

1/p’
| e ol i@l e |
- PN - N
P (1+1) P

exists for all # > 0, is increasing and bounded. It therefore follows from the comparison principle that u(f, x) <
g@®v(t, x) < |lgllov(t, x) so that the solution u(z, x) of (1) is global in time and, in view of Lemma 5.1, satisfies
estimate (10). This concludes the proof of Theorem 2.4 (i). O

5.2. Blow up for large initial data

Proof of Theorem 2.4 (ii). Let A > 0 and R > 0 be given such that (11) holds. Now, let us consider the solution
u(t, x) to (1) with initial data ug = A1yx|<g) and prove the blow up of the “localized mass”

m(t) = / u(t,x)dx, (36)
[x|<R

which is enough to prove the blow up of the solution.
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Integrating equation (1), we get

%m(r): / Jxu, )x)dx —m(@t) + / u P, x) dx. (37)

Ix|<R Ix|<R
Denoting by By the volume of the unit ball in RY, we estimate the last term in the above right hand side member by
1 1
1+p )=R8 RN - o 1+p N> 1+p
[ e =merY [ g e 2 0, (38)
Ix|<R Ix|<R

thanks to the Jensen inequality. Let us now turn to the first term in the right hand side member of (37). Using Fubini
theorem yields

/]*u(r,-):/u(t,y) / J(x —y)dxdy

[x|<R RN [x|<R
> / u(t,y) / J(2)dzdy.
[YIZR lz=yI=R

Now we claim that, for any y such that 0 < |y| < R,

/ J(2)dz>Cn / J(z)dz, (39)
lz—yI<R lzI<R

where 0 < Cy < 1 is a constant that depends only on the dimension N. We postpone the proof of (39) and obtain

/J*u(t,~)zm(t)CN / 1(2)dz. (40)

[x|<R [z|<R

Then, plugging (38) and (40) in (37), we arrive at the differential inequality

mP (1)
p
By RNP

d >
Zm(@) z m(1)

—|11-Cn / J(z)dz

lzI<R

1/p
Since m(0) = [l _ptto = 2BNRY > (1= Cn fi;_p J()dz) " ByRY thanks to (1), the above differenial in-

equality enforces' the blow up of m(¢) in finite time. This concludes the proof of Theorem 2.4 (ii). O

For the convenience of the reader, and also to give the exact value of the constant Cy, we prove below the rather
intuitive claim (39).

Proof of claim (39). In dimension N = 1, (39) clearly holds true with C| = % since J is even. Let us now assume
N > 2. We denote by Sy_ the unit hypersphere of RV . Since J is radial we have

R
/ J(z)dz=|Sy_1| / Ny dr, (1)
|z|<R 0

2
where we recall that |Sy_| = FzerN//z) Let us take y such that 0 < rp := |y| < R. Define (e; := %,ez,m ,eN)

an orthonormal basis of R". For a generic point z € RY we denote by (z1,---,zy) its cartesian coordinates in
(e1,---,en)and (r,01,---,0n_1) €0, 00) x [—%, %[N_z X [—m, ) its polar coordinates, which are related through

1/p
1 Indeed, the Bernoulli equation X = ax!tp — bx,a >0, b > 0, can be solved explicitly and blows up in finite time as soon as x(0) > (%) .
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Z1 =rcosf]cosbs...cosOny_pcosbn_q
20 =rcosf)cosbh...cosOy_osinOy_1

73 =rcosf; cosby...sinby_»

ZN—1 =r cosfsinb,
ZN =rsinf.

We claim that

1
D= {z:0<r<R,|9i| <0 :=arccos — }C{z:lz—y| < R}.
INT
Indeed, for z € D, we have

1z — y1* = (z1 — ro)? +z% +~-~+z?\; =12 = 2rrpcosf...cosOy_i +r§

<r?—2rrgcosM 1 o* + rg =r2—rro+ rg < max(r?, ré) <R2.

It therefore follows from (42) that

/ J(z)dzi/](z)dz

|[z—y|<R D
9*

o* 9* R
= /(cos@l)N’zdel /(cosez)N*dez... / d@N_ler’lJ(r)dr

—9* —p* —p* 0
=Cpn / J(z)dz,
lzI<R

in view of (41) and where

[2(cos0)N2d0y [7 (cos02)N3db,... [0, doy
[Sn—1l

B ffe*(cosel)N_zdel ffg*(COSQZ)N_SdQI--ffe* dOn—1 €0, 1)

]f/jz(cos 01)N-2d6, ]f/jz(cos 0)N=3dbs... [T dOy_

CNZ=

which concludes the proof of (39). O
6. Hair trigger effect

6.1. Hair trigger effect along a subsequence

(42)

Following the strategy of [22, Theorem 18.7], we prove here the hair trigger effect along a subsequence of time.

Proof of Corollary 2.5 (i). First, let vy € C (R [0, 1]) be such that vy(xg + -) is radial nonincreasing, for some
xo € RN. Let v(t, x) be the global solution of (2) with vy as initial data. Then, J being radial, v(¢, xo + -) remains

radial nonincreasing for later times ¢ > 0. Let us prove that

limsupv(t, xp) = 1.
t—>00

(43)

Assume by contradiction that there are 0 < e < 1 and T > 0 such that v(¢, xg) < 1 — ¢ for all ¢+ > T, which in turn

implies v(r, x) < 1 — ¢, for all (¢, x) € [T, 00) x RV . As a result

dv>Jxv—v+ev?  in(T,00) x RV,
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Hence w := ¢!/Pv satisfies 9w > J * w — w + w'*? in (T, 00) x RV, Since 0 < p < pr = %, it follows from
Theorem 2.3 and the comparison principle that w is non-global, which is a contradiction.
Now, let g : RY — [0, 1] be as in Corollary 2.5 (i), that is continuous and nontrivial. We need to prove

limsup inf u(t,x)=1, forany R >0. 44)

t—oo |XIZR

By a time shift if necessary, we can assume further that uo > 0. Therefore ¢ dominates some i : RY — [0, 1] which
is nontrivial and radial nonincreasing. Hence, by comparison, it suffices to prove (44) for u(¢, x) the solution of (2)
with i as initial data, for which we can take advantage of the fact that i(z, -) is radial nonincreasing for later times
t > 0. Again, by a time shift if necessary, we can assume further that ity > 0. Now, for a given x¢ € R, iy dominates
some vg € C(RY, [0, 1]) such that vo(xo =+ -) is radial nonincreasing. It follows from (43) and the comparison principle
that

limsupu(t, xg) = 1.
t—00

Since xg is arbitrary and since (¢, -) is radial nonincreasing, this implies

limsup inf #(r,x)=1, forany R >0.
t—oo |X|<R

This concludes the proof of (44). O
6.2. Actual hair trigger effect

In this subsection, we prove the actual hair trigger effect as stated in Theorem 2.6. This requires the combination
of an elaborate subsolution involving two different time scales — see [28] for a related argument in a local case —
and the following asymptotics for the solution to the linear nonlocal diffusion equation.

Lemma 6.1 (The linear equation from below). Let Assumption 2.1 hold. For a given R > 0, let ¢(t, x) be the solution
of 919 = J x ¢ — @ with initial data ¢o = 1p,. Then there are y > 0 and m > 0 such that

Y
¢([,X) > WIB 1/8 ()C),

fort > 0 large enough and x € RV .
Proof. This is a direct consequence of [6]. Indeed in virtue of [6, Corollary 2.1], we have
N/B — (N/B /g X\ _ =~ =~
NPt x) =1V (1P )~ lgollnGa (577 ) + ool Ga (77

X
=o(t) + lleoll 1 G A (,W)

as t — oo, where

/ o= AlEl ge.

S
@mN

X € B,,;1/8, we have ||goll 1 1G A (ﬁ) > 2y for some y > 0. This concludes the proof of the lemma. O

Noticing that G4(y) — fRN e‘AE'ﬂdé > (0 as y — 0 enables to select m > 0 small enough so that, for any

Proof of Theorem 2.6. Let ug: RY — [0, 1] be as in Theorem 2.6, that is continuous and nontrivial. Let ¢ > 0 and
R > 0 be given. In view of the hair trigger effect along a subsequence (44) and thanks to the comparison principle, it
is enough to consider the solution u (¢, x) to (2) with the initial datum up = (1 — €)1p,.

Let ¢(t, x) denote the solution to d;¢ = J * ¢ — ¢ with initial datum u¢ = (1 — €)1p,. Notice that, from the
comparison principle, we get ¢ < u. From Lemma 6.1 we deduce that there is 7y > 0 such that
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p(t,x) = (1= S)TN%IBMW (x) =1 ®o(x), V¥(r,x) € (v, 00) x RV

Let ®(¢, x) denote the solution to 9,d = J * & — O with initial datum ®q. Let U (¢, x) denote the solution to 9, U =
J+U — U + U"P(1 — U) with initial datum ®. Since U (0, x) = ®o(x) < ¢(7,x) < u(r, x), the comparison
principle yields

u(t+t,x)>U(,x), V(i x)e(0,00) x RV, 45)
Next, for X > 0, let us define
1 X

w(t, X) = i L O0<t< ,
(Xx—p —ept)!/P (L—eptXn)l/r epXP

that is the solution to the Cauchy problem
dqw(t, X) = sw1+1’(t X), w0,X)=X

Notice that oxw = X1+p and dxxyw = (1 + p) L X2+2p (wP — X?) > 0sothat X — w(t, X) is convex.

Lemma 6.2 (A subsolution). Function
W, x) :=w, &, x))

is a subsolution to (2) on (0, T) x RN where time

r=1@=L (2" ! 46
- (’)‘_5<<1—s)ﬂyﬂ_(1—e>1’> (#0)

is positive for any T > 1, up to enlarging to > 0 if necessary.

Proof. Since ® (¢, x) < || Pg||r~ = (lr;—f,)}y, we see that W(t,x) <1 —eon (0, T) x RV. As a result

W—(JsxW-W)—=WHPA—-—W)<oW—JxW-—W)—eW!'t?
I+p
(1>1+I’(J*q> D) — (Jx W —W),

by a direct computation. On the other hand

(J*W—=W)(t, x)= / J(y) (w(t, &, x —y)) —w(t, ®(, x))) dy

RN
1+
S B e
RN ’
:m(J*CD—CD)(t X)
QFr(1,x) T

where we have used the convexity of X +— w(¢, X). This concludes the proof of the lemma. O
Since W (0, x) = ®g(x) = U (0, x), the comparison principle yields

U(T, x) > W(T, x) = (&(T,x)? —epT) /"

PN/B 1 =1/p
d—oryr ' Q —s)ﬂ) ’

= <d>(T,x)_” -

by definition of time 7'. But, in view of Section 3, one can write
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(I-9y

O(T,x)=K(T, ) * Do(x) = —

1—
- (rNi/eﬂ)y (e_Tlerl/ﬁ @+ YT, ) 1B, 1y (’C)>

K(Tv ) * lerl/ﬂ (x)

1—
=(TN7/8,3)V 1_e—T(1_IBm1/ﬁ(X))— / Y(T,x—y)y |,

ly|zmt!/P

using (16). From now, we restrict ourselves to x € Bg. Hence, up to enlarging 7o > 0 if necessary, we can get rid of
theterm 1 — 1p s (x) for any t > 7 and get

—-p
PN/B
(T, x)~ p_m 1- / Y(T,x —y)dy ,
ylzm!/8
so that
—p -1/p
1 1
UT,x)> | ————PVF | |1- / T,x —y)d 1|+ — . 47
(7. %)= A—eypyr" . (T, x —y)dy T er (47)
lyl=mt

We now need to estimate [, .15 ¥ (T, x — y)dy. Again, up to enlarging 7o > 0, we have for any 7 > 7o
0 k
/ Y(T,x —y)dy < / Y(T,2)dz=e" Zk_ / 750 (2)dz. 48)
lylzmz!/8 lzl=5 e !/ S g

We use the fact that the decay of the kernel J is associated to the behavior of J near zero. Precisely, quoting
[8, Chapter 2, subsection 2.3.c, (3.5)], we get a constant C > 0 such that, for all k > 1,

/ J*(k)(z)dz < C-[N//3 / (1 - W(E))ds

K A El< =175
ey f (1 - T (&))ds
1< =175
<cNP / k(1 — J(€))dE.
1< =175

Since 1 — f(é) ~ A|g|P as € — 0, it follows that, up to enlarging 7o > 0, we have for all T > 7p and all k > 1

C/
/ J*(k)(z)dz < kC2ATN/B / |§|Bd§ <k—,
T

mo1 1
IZ‘er/ﬁ \g\fm

for some C’ > 0. Plugging this into (48) we get

g Ll T
U(T,x —y)dy <e” TZ—k— c'=. (49)
T

! T
lyl=mr !/
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To conclude, the key point is that, in view of (49), (46) and assumption 0 < p < %%,
-p
rPN/B 1-— / (T, x — y)dy —1|—=0, ast— o0,
ly|=mz /B

uniformly with respect to x € Bg. Hence, in view of (47) and up to enlarging 7o > 0, we have U (T, x) > 1 — 2¢ for
any 7 > 1p, any x € Bg. Hence, we deduce from (45) that

u(t+T(t),x)>1—2¢, Vt=>10,VYx € Bp,
which in turn implies
u(t,x)>1—-2e, Vt>tyg:=19+ T(10),Yx € Bp.

This concludes the proof of Theorem 2.6. O
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