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Abstract

This is the first part of our comprehensive study on the structure of doubly periodic solutions for the Chern—Simons—Higgs
equation with a small coupling constant. We first classify the bubbling type of the blow-up point according to the limit equations.
Assuming that all the blow-up points are away from the vortex points, we prove the non-coexistence of different bubbling types in
a sequence of bubbling solutions. Secondly, for the CS type bubbling solutions, we obtain an existence result without the condition
on the blow-up set as in [4]. This seems to be the first general existence result of the multi-bubbling CS type solutions which is
obtained under nearly necessary conditions. Necessary and sufficient conditions are also discussed for the existence of bubbling
solutions blowing up at vortex points.
© 2016 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In the last decade, various Chern—Simons theories have been studied for their applications in different physics mod-
els, such as the relativistic Chern—Simons theory of superconductivity [11], Lozano—Marqueés—Moreno—Schaposnik
model of bosonic sector of N = 2 super-symmetric Chern—Simons—Higgs theory [29], and Gudnason model of N =2
super-symmetric Yang—Mills—Chern—Simons—Higgs theory [12], just to name a few. Those Chern—Simons systems,
after a suitable ansatz, can be reduced to systems of elliptic partial differential equations with exponential nonlinear-
ities. Although these nonlinear differential equations pose many analytically challenging problems and attract lots of
attentions, there are still many problems unsolved. For the recently mathematical developments, we refer the readers
to [1,2,5-8,13-16,18,22,23,27,28,30,33,32,37] and the references therein.

Among those non-trivial equations, the simplest one is the Abelian Chern—Simons—Higgs model proposed by
Jackiw—Weinberg [19] and Hong—Kim—Pac [17]. The Chern—Simons—Higgs Lagrangian density is given by

K _ 1
L= 2" Ay + DugDigp— pW(l — g1,
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where A, © =0, 1, 2, is the gauge field in R3, Fu= B%Av — (%Au is the curvature tensor, ¢ is the Higgs field in R3,
D, = ai —iA,, i=+/—1, is the gauge covariant derivative associated with A, €., is the skew symmetric tensor
with €912 = 0 and the constant « is the coupling constant. When the energy for the pair (¢, A) is saturated, in [19]
and [17], the authors independently derived the following Bogomol’nyi type equations

(D1 4iDy)¢ =0, (1.1)

and
2
Fia + ﬁ|¢|2(1 —p|»*=0. (1.2)

Following Jaffe and Taubes [20], we can reduce (1.1) and (1.2) to a single elliptic equation as follows. Let

P, , py be a set of points in R, We introduce a real valued function u and 6 by ¢ = e2WH0) and 9 =
22?/:1 arg(z — pj), z = x1 +ix2 € C. Then u satisfies

N
4 . 2
AM+K—28“(1—eu)=47'[ E 181,‘/., in R, (1.3)
]=

where 6, (x) is the Dirac measure at p. The readers can find the details of the derivation of the above equations in [36,
38] and some recent developments of the related subjects in [3,9,24,31,35,36].

Starting with this paper, we will initiate a comprehensive study of the structure of doubly periodic solutions
for (1.3). So we study the following equation

{Au +he'(—e)=4n 3l 5, inQ (1.4)

u is doubly periodic on 9€2,

where ¢ = % > 0 is a small parameter, and €2 is a flat torus in R2.
Problem (1.4) involves Dirac measures. To eliminate them from the equation, we introduce the Green function
G (x, p) of —A in Q with singularity at p, subject to the doubly periodic boundary condition. Thatis, G (x, p) satisfies

—AG(x, p)=48p — 15 JoGx, p)dx =0,
G (x, p) is doubly periodic on 9€2,

where |€2| is the measure of 2. Let

N
uo(x) = —4w Y G(x, pj). (1.5)
j=1

Using this function ug, (1.4) is reduced to solving the following problem.
Au + 8—126’””0(1 — eltuoy = 4‘%7", in Q, 16
u is doubly periodic on 9€2.

Using the maximum principle, we can find that any solution u, of (1.6) satisfies u, + up < 0. On the other hand,
integrating (1.6) leads to [, "0 (1 — eteT40) = %, which implies either u, — —ug, or uy — —oo almost
everywhere in © as ¢ — 0. In [10], Choe and Kim proved that (1.6) may have a sequence of solution u,, satisfying
the following conditions: there is a finite set {x¢ 1, -, Xek}, Xe j €2, j=1,---, k,such that as ¢ — 0,

1
ue(xe,j) +1In— — 400, Vj=1,--k, (1.7)
&
and

1
ug(x) +1In— — —oo, uniformly on any compact subset of €2\ {g1, - -+, gx}, (1.8)
e
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where g; =lim,_, { X, j. Moreover,

k
1
S—ze”€+”0(l — elteTuoy 5 ZMquj, M; > 8m,
Jj=1
in the sense of measure.
Solution satisfying (1.7) and (1.8) is called a blow up solution, or a bubbling solution, while ¢; is called a blow-up

point of this bubbling solution. Let us define the local strength of a bubbling solution u, at g; as follows:

1
Mei= f et (L — ety =1, Kk, (1.9)

Bs (xs,i)

where x.; € Bs(q;) is a point such that u, (x, ;) = maxyep;(q;) 4 (y). Note that for any § > §; > 0, it holds

1
- eug"ru[)(l _ eug+Lt0) -0
g2

Bs (xe,i)\Bs (xe,i)

as ¢ — 0. So lim,_, g M, ; does not depend on § > 0.
At each blow-up point g, after a suitable scaling, the solutions converge to an entire solution u to either

Au+ x| =0, inR2, /|x|2’" “=M;=: lin%)Mg’j, (1.10)
R2 ’
or
2m u 2m uN . 2 2m u 2m uy __ . T X
Au + |x]“"e" (1 — |x]""e") =0, inR*, /|x| e (1 —|x| e)_MJ_.hrr(l)Mw, (1.11)
E—>
R2

where m = 0 if g; is not a vortex point, while m =#{p; : p; = g;} if g; is a vortex point. So we find that the type of
the blow-up point ¢g; is determined by the local strength M, ;.

A blow-up point g; is called the mean field type, or MF type, if the limit equation is (1.10), while it is called
Chern—Simons type, or CS type, if the limit equation is (1.11). All the entire solutions of (1.10) have been classified
in [34]. But for m # 0, (1.10) has non-radial solutions and this phenomenon makes the bubbling behaviors of solutions
for (1.6) as ¢ — 0 more complicated. For (1.11), however, the classification has been done only for m = 0, and for
radial solution if m > 0. Indeed, for any solution « of (1.11) with ¢* € L!(R?), the question of radial symmetry has
remained an open problem for many years.

In this paper, we will consider the following issues:

(i) Do the MF type blow-up point and the CS type blow-up point co-exist in a sequence of bubbling solutions?
(i) What are the necessary and sufficient conditions for the set {g1,--- , gk} to be a blow-up set of a sequence of
bubbling solutions?

In a forthcoming paper, we will consider another two important issues.

(iii) Local uniqueness: Suppose u, i, i =1, 2, are two sequences of blow-up solutions and they blow up at the same
set {q1, -, qk}- Is un,1 =uy, o for large n?
(iv) The exact number of solutions for (1.6).

For problem (i), we have the following result.

Theorem 1.1. Suppose that u. is a sequence of bubbling solutions for (1.6), whose blow-up set is {q1,--- , qx} as

e—>0.Ifqi¢{p1,---.pN}, i=1,--- Kk then M :@+0(1), i=1,---, k. Moreover, all the q; are of mean

field type if N = 2k, while all the q; are of Chern—Simon type if N > 2k.
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The key step in the proof of Theorem 1.1 is to prove that each blow-up point g; of u¢, j =1, - - - , k, must be simple.
Since the type of the bubble at g; is determined by the local strength M, ;, a consequence of the simple blow-up is
that the local strength at each g; must be compatible, which implies the non-coexistence of different type of bubbles.

Now we discuss the existence of CS type multi-bubbling solutions for (1.6). Set q = (g1, -, qk), g, € 2. We

assume that g; ¢ {p1,---, pn}, j =1,---, k. Following [5,6], we can prove by using a Pohozaev identity that if
{q1, -+, qx} is a blow-up set of a sequence of bubbling solutions, then q must satisfy
0 G (g1,
uo(x)|__:_ Z MZM|_.» h=1,2, j=1,---,k,
ox, =4 dxp =Y

I1#], 1<I<k
where M; =1limg_,0 M, ;. See Lemma 2.2. By Theorem 1.1, q must satisfy

4T N
Vio(q)) + —— > V4,G(gi.q)=0 (1.12)
i#], 1<i<k
for j =1,---, k. Itis easy to check that any q satisfying (1.12) must be a critical point of the function G (x) defined
as follows.
k
2r N
Gi=="— > Glnxj)+) uolx)), X=(, %), x €. (1.13)
i#j,1<i, j<k j=1

We remark that (1.12) holds no matter whether the blow-up point is MF type, or CS type.
Our second result in this paper is the sufficient counterpart of the above result for the CS type bubbling solutions.

Theorem 1.2. Suppose that N > 2k. If q satisfies (1.12), deg(DG(q),0) #0and q; ¢ {p1,---, pn}, then for e >0
small, (1.6) has a CS type bubbling solution u., blowing up at {q1,--- , qx} as € — 0.

If N =2k, MF type bubbling solutions are constructed in [25] under an extra sign condition on a quantity D. In
a forthcoming paper, we will prove that this sign condition on D is necessary for the existence. This shows that not
all the non-degenerate critical points of G(q) can generate a MF type bubbling solution for (1.6). This is a striking
difference between the MF type bubbling solutions and the CS type bubbling solutions.

In view of Theorem 1.1 and (1.12), all the conditions in Theorem 1.2, except the non-degeneracy condition
deg(DGr(q),0) # 0, are necessary. If k = 1, Theorem 1.2 was proved in [26]. By Theorem 1.1, the strength of

the bubble at g; is close to @. In the construction of the bubbling solutions in Theorem 1.2, if we take the strength
of the bubble at g; exactly ‘“TTN as in [4], then the following condition needs to be imposed:
4 .. .
u(@)+—(v@.a)+ Y. Gl@.q))) isindependentof J. (1.14)
i#j, 1<i<k

where y (v, x) is the regular part of the Green function G (y, x). See [4] for a similar construction of bubbling solutions
in R?. Let us point out that (1.14) comes from the uniqueness of entire solutions of the limit problem in R2. It seems
that (1.12) and (1.14) can not hold true simultaneously for most of the configuration {p1,---, py}. The question
whether (1.14) is really needed for the existence of doubly periodic bubbling solutions has puzzled us for long time.
We realize now that fortunately (1.11) has a solution for all M; > 8 if m = 0. Therefore we can choose the strength
M ; at each point g; suitably close to ‘“’TN so that the balance condition away from the blow-up set in the construction
of an approximate solution for (1.6) can be matched and thus obtain the existence result without condition (1.14). Let
us point out that by doing so, the condition ), +;In|pj — pi| is independent of ;" used in [4] is not needed to obtain
the existence result there. In fact, the following result can be proved by using the same method as in Section 3.

Theorem 1.3. For any pi; € {p1,---,pn}, J=1,---,k, such that the weight of each pi; is one, (1.3) has a non-
topological solution u, in R? for k > 0 small, satisfying

k
4 B
pe“ (1 —e') — Zgap[j

as k — 0 provided B > 167k.
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The readers can compare Theorem 1.3 with Theorem 3.2 obtained in section 3.
In this paper, we also discuss the necessary and sufficient conditions for the existence of bubbling solutions whose
blow-up set contains vortex points. Let

gi€{p,---.pnb,i=1,---1t, q;&{p1,---.pn}, j=t+1,---k, (1.15)

where 0 < ¢ <k is an integer. Define

2o N — 2wt
Gi(x) = — Z G(xi,xj)
ij1<i, j<k
47N +4m(k — 1) < < u (110
T 7 (k —
LINEIEZD S S G+ Y woep.
i=1j=t+1 j=t+1

Then, we have
Theorem 1.4. Suppose the weight m; of the vortex q; is one fori =1,--- ,¢t, and limg_,o M, ; > 167, i=1,--- 1.
Let u, be a solution of (1.6) whose blow-up set is given in (1.15). Then M, ; = w +o(l),i=1,---,¢t,
M, ;= w +o(l),i=t+1,---,k, andeach q; is CS type. Moreover, DG: =0at (gr+1, -, qr). Conversely,

fq=(qi+1, -, qi) satisfies DG;(q) =0, deg(DG}(q),0) #0 and k < _%(N —t), then for ¢ > 0 small, (1.6) has a
solution u; whose blow-up set is given by (1.15) as ¢ — 0.

When a blow-up point g; is a vortex point, the asymptotic behavior of u, as ¢ — 0 near g; becomes more com-
plicated. For example, the simple blow-up property of the solution near a blow-up point may not hold true in general.
This complication will cause the problem of non-coexistence of bubbles more difficult to study. Theorem 1.4 only
gives a result for the non-coexistence of bubbles if the weight of the vortex point is one. On the other hand, in the
construction of bubbling solutions whose blow-up set contains some vortex points, what we really need is the non-
degeneracy of the radial solution of the corresponding limit problem at vortex point. This non-degeneracy condition
is proved in [4] if the weight of the vortex point is one. But it is still an open problem if the weight of the vortex point
is bigger than one.

This paper is organized as follows. In section 2, we will discuss the simple blow-up problem for the bubbling
solutions and thus prove Theorem 1.1 and the necessary part of Theorem 1.4. Theorem 1.2 and the sufficient part of
Theorem 1.4 are proved in section 3.

2. Non-coexistence of different bubbles

In the section, we will study the non-coexistence of different bubbles for the bubbling solutions u, of (1.6), and
prove Theorem 1.1 and the necessary part in Theorem 1.4.

Lemma 2.1. Let u, be a bubbling solution of (1.6) satisfying (1.7) and (1.8). Then for any small 6 > 0,
k
_ 1 Gl ol K .
ue(¥) = o ue — Y MiG(gi.x), in C'(Q\ U By(g)). 2.1)
o i=1

as ¢ = 0, where M; =limg_,o M, ;.

Proof. From (1.8), we find that for any 0 € (0, §),

1

8—26”5+”0(1 — ety = o(1), in Q\US_, Bs(gi). (2.2)
So,

1 Ug+ug Ug+ug .

o el (] — ety = M, i +o(1)=M; +o(l), i=1,--- k. (2.3)

By(gi)
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As a result,

&

1 1
)~ g [ 1= g3 [ G e -y
Q Q

k k
=Y MG@ D+ 5 Y [ (G0 = Glain)e - e dy ()
i=l =1Bs(qi)
k
=Y MiG(gi,x)+o(l),
i=1

uniformly in €\ ULIB@ (gi) ase — 0.
Similarly, we can prove that

k
Dus(x) > ) M;DG(gi, %),
i=1

uniformly in @\ U*_, By(gi) as e > 0. O

Lemma 2.2. Let u, be a bubbling solution of (1.6) whose blow-up setis {q1,--- ,qk}, q; € {p1,---, pn}, =1,

Then
dup(x) | _
dax; '*=4i -

_ Z M,aG(qt’x)

|_,7 l=1727j:la"'ak'
ax =

1), 1<r<k
Proof. For j=1,--- ,k,let
T N|x —qj|2

Ug(x) =ug — Q]

Then

1 _ _
Aitg + —h(x)e"= 0 (1 — h(x)e"T0) =0,
&

7NIx—q;?
where h(x) =e 1@ ’ .For I =1, 2, we have the following Pohozaev identity for i,:
_ _ 1 _ 2
(v, Due>Dlue_§ |Dug|” v
9B (q;) 9B, (q;)
1 o [ BPY, 1 Djh(x)
— eletuo _ Z, ug-‘ruo))v + = eug+u0 1— eug-‘ruo D 4 ,
2 / ( > 1+ 3 ( )(Dyuo o) )
3Br((1j) Br(qj)

where v is the outward unit normal of 9B, (g;).
By (1.8), noting that Dh(g;) =0, we can prove that

RHS of (2.8) = M; Djuo(q;).
Using (2.1), we find

1 k Nmlx —q;[?
o = o ug—i-ZM,G(q,,x)—T—i—og(l)
Q t=1

=F(x,q)+o0:(l), x€dBr(q)),

(2.4)

2.5)

ek

(2.6)

Q2.7)

2.8)

(2.9)

(2.10)
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and
AF(x,q)=0, xe€B:(q;)\{q;}. (2.11)

So, for any small 6 > 0,

LHS of (2.8) = / (v,DF(x,q))DlF(x,q)—% / |DF(x,q)|2v1+08(1)

9B (q;) 9B, (q;)
1
= [ woreopreo-; [ 1DFcoP+o)
3B (q)) 3By (q;) (2.12)
k k 1 k
= / mD}j%G@Jmmiyma%in / D" MG gr. )P + 0(1) + 0,(1)
3Bo(g;) 1=l 1=l 0Bo(qp) =1
=—M; Y MDiG(gq))+0s(D) +0e(D),
t#£j, 1<t<k

which, together with (2.9), gives (2.6). O

Our next result shows that if the weight m =#{p; : p; = p} of a vortex point p is large, then p can not be a
blow-up point. This is due to the energy constraint. In fact we have

Proposition 2.3. Suppose that the weight m j of the vortex point p; satisfies 2(m; + 1) > N. Then, p; can not be a
blow-up point of a bubbling solution u. of (1.6).

Proof. We argue by contradiction. Suppose that a vortex point p, whose weight is m, is a blow-up point of a sequence
of bubbling solution u, of (1.6). Let

i () aNlx — p|?
UgX)=Ug — ——————.
& & |Q|
Then
1 - _
Aﬁs + _zh(x)eus"ru()(l _ h(x)eua"ru()) — 0’ (213)
&
ﬂle—q\z

where h(x) =e¢ @
We have the following Pohozaev identity in a small disk B, (p) for (2.13):

! / (x = p,v)| Dite]* — / (x = p., Dug){v, Dug)

2
3B, (p) 9By (p)
2
1 I((xi — ph(x)e™) 5 19((x; — p)h*(x)e™™) o
=—— ( e’ —= e ) (2.14)
g2 ox; 2 0x;
=1B.(p)
1 tue _ L wotuy)
+_ (x—p,v)(e"o ng__e uo ug)’
g2 2
9B (p)
where v is the outward unit normal of 9 B, (p).
From (1.8), we see
1 1
> u—pymﬂﬁh—5¥%“m)=%ay (2.15)

dB;(p)
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Recall that the function F (x, q) is defined in (2.10). Using (2.11), we find

! / (x — p. V)| Dugl? — / (x — p, Dug) (v, Duy)

2
3B, (p) 9B (p)
1
=5 f (x — p,v)IDF(x, p)|* — / (x = p, DF (x, p))}{v, DF (x, p)) + 0:(1)
3B, (p) 3B, (p)
1
=3 / (x — p,v)IDF(x, p)I* — / (x = p, DF(x, p)){(v, DF (x, p)) + 0-(1)
3By (p) 9By (p)
M?
=——L +0p(1) + 0c(1).
4

(2.16)

Write %0 = |x — p|*" g(x). Then g(x) is a smooth function satisfying 0 < g1 < g(x) < g2 <+ooin B, (p)ifr >0

is small. So, we have

2m 9[g ()R (x)]
axi

" 2
Z 8[(xl pz)h(X)e 0] (2m +2)h(x)eu0 +Z(xi _ Pi)|x _p|

i=1 i=1
and

. 2 2uq 2
Z a[(xl pélh (x)e ] — (4m +2)h2(x)62u0 +Z(xi — pi)|.x - p|4m

i=1 i=1
By Proposition 4.1 in [10], there exists a constant ¢ > 0, such that u, + uo < —c. So, we find

i 2(ug+u0) < i eletito < u5+uo(1 _ eug—}—uo) <’
&2 &2 -
Q Q

which implies

3)6,‘

Z A((x; — Pz)h(x)em’)

0x;
=1, (p)
:_2m;—2 / eug—i—ug_’_o(iz [ |x_p|euo+ug>
I I
B, (p) By (p)
2 2
=7 /e““*“wor(l),
&
By (p)

and

((xi — ph* (X)) o 2m+1 wohu
822/ . = fe“ ") 40, (1),

1 3X,’ 8
=1B.(p) Br(p)

So we obtain from (2.14)—(2.19) that
M} om+2 / o, _ 2]

/ 10T 40, (1) 4 0¢(1)

dr &2 &2
Br(p) B (p)
2 2
= S [ et (1= et o, () o)
&
B (p)

=2(m + DM +0,(1) + 0:(1),

which implies M; > 87 (m + 1). This is a contradiction to M; < 4Nm and the assumption 2(m + 1) > N.

Ag* () ()]

2.17)

(2.18)

(2.19)

(2.20)
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Now we discuss the local behavior of a bubbling solution near a blow-up point g; ¢ {p1,---, py}. We will prove
that g; must be simple. That is, the bubbling solution u, is controlled by a single bubble near ¢ ;. Define
Be,j = max ue. 2.21)
Bs(q;)
Let x, ; € Bs(g;) be a point satisfying
ug (X j) = max ue. (2.22)
Bs(q))
Then, x; ; — qj as ¢ — 0.
Lemma 2.4. We have
Bei < C < too. (2.23)
Proof. Suppose that there exists g, — 0, such that 8, = §,, ; — +00. Let
_ &
ip(x) = Mn(Tnx +Xy) — max up,
ern Bs(q)
where x, = x, ;. Then, i, <0in Bis.pn (0). It is easy to see that i, satisfies
. 1 pn _ e 4 Nme?
— Al = — glintuo(ntene™x) _ 20 tuo(ntene™x)) 1" 0 204
" eﬂ" eZﬂn |Q| ( )
Since i, <0in B, (0), we may assume that u,, — u in Clloc (Rz), and u satisfies
—Au+ 0D = inR?, (2.25)

and u < 0. But (2.25) has no non-positive solution. This is a contradiction. O

It follows from Lemma 2.4 that there are two different cases: (i) B¢, ; — —o0; (i) B, ; = C > —o0. In case (i),

by (1.7), Sizeﬁw' — +00. Let
- 3
Ug j(x) = u,s(l—x +xs,j) — max u.
e2Pe Bs(g;)
Then,
ArNme?

_lg - _B. .
fie, j o (xe,j+ee " 2P00x) _ Bej 2 jHuo (e, j+ee P x)) _ '
ePei|Q|

_Aﬁgyj =e

Lemma 2.5. Suppose that B, j — —oo as ¢ — 0. Then i j(x) — uj in CIIOC(RZ) and uj satisfies

—Auj = e"0@eti  in R,
Jra€i <400, u;(0)=0.

Moreover,
1
S [ e et —sr o or) o)
e
BREe_%ﬂa-j (XEJ)

where 0g(1) > 0as e — 0 and og(1) - 0 as R — +oc.

Proof. Since ii; j(x) <0, itz j(0) =0, and i, ; satisfies (2.27), we can assume that it j(x) = u; in C

From (2.27), we find that u; satisfies (2.28). From fRz 0@ e!i = 87 we obtain (2.29). O

(2.26)

(2.27)

(2.28)

(2.29)

(R,

loc
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Lemma 2.6. Suppose that B j > C > —oo as € — 0. Then it j(x) — u; in CZIDC(RZ) and uj satisfies

—Au; = et0(gj) ity eﬂj+2LlO(‘Ij)e2uj’ in R2,
(2.30)

Jpe (e — ePituol@D 1) < 400, u;(0) =0,

where B =limg_.q B¢, j. Moreover, if € > 0 is small and R > 0 is large,

1
lim — / elteTio (] — gtetU0) > g7, (2.31)

Proof. The proof is similar to that of Lemma 2.5. O

Lemma 2.7. For R > 0 large and y satisfying § > |y — x, j| > Rse_%ﬁ&f, it holds

= ./ eI (1 — ") = op(1) +0:(1), (2.32)

82
%‘y*)‘g‘j‘(y)

where og(1) — 0 as R — +o0.

Proof. Itis obvious that (2.32) holds if |y —x,, ;| > ¢’ > 0. We argue by contradiction. Suppose that there are &, — 0,

. _Ig .
R, — +o0 and x, with |x, — x,, j| > Ryéne 2Pen.i, |xn — Xg,,j| — O, satisfying

1

= ellenTUO (] — glenTUOY > ¢ > () (2.33)

"By )
2" te, j

Let uy(x) = ug, (8ux + Xe,, ), 8n = |Xn — Xg, j|. Then, u}; satisfies

4Nm 82

52 * * * *
Au* + _neuﬂ+u0(1 _ eun+u0) — ,
"o 1€2]

n

(2.34)

where u{(x) = uo(8,x + x¢,, ;). Then, we can do the blow-up analysis for the sequence u; as in [10] and prove that
there is a finite set S* = {z1, - - - , z;}, such that

l
82 * * * *k
e o1 — ety - Y “mhs.,,  m’ =8, (2.35)

&

in the sense of measure. By (2.33), $* contains at least two points. Moreover, using the Pohozaev identity as in
Lemma 2.2, we can prove that z; satisfies

mT(z j—zi) .
> =0 J=Leel (2.36)

et |zi—2zi
i#] I2j =z

It is easy to see that (2.36) can not hold true for z; with |z;| = max; |z;|. So the lemma is proved. O
Next, we will prove the following result, which shows that the blow up must be simple.

Proposition 2.8. Suppose that q; ¢ {p1,--- , pn}. Let § > 0 be a small constant. Then there exists a constant C > 0,
such that

1
eiﬁfwj

e () — e (e, ;) — ue j ( (x —x:)))| <C, VxeBs(xe,)), (2.37)
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where u. ; is the solution of

At + 400 gt (1 — e +uole Dty = 0, in R: (2.38)
f]RZ euO(xs.j)e“(l — eﬁs,jJruO(xs.j)eu) =M. ;, lim, ¢ M ;> 87, |
if Be,j = —co > —oo; while ug, j is the solution of
Au 4 et et =0, inR?;
(2.39)
fRz eto(Xe j) ptt — 8w, u(0)=0,

if Be.j —> —00.

Estimate (2.37) is proved in [21] for equation Au + V (x)e" = 0 by using a moving plane method. But it seems
that the moving plane method used in [21] does not work for (2.24). Here, we will give a more direct proof of
Proposition 2.8. We first prove some lemmas. Recall that

usj(x)_us(ge Zﬁ& Jx +ij) —én(ax)ug
s\qj

Lemma 2.9. For any small 6 > 0, there exists a constant C > 0, such that

e j(x) <—@4—0)In|x|+C, VxeB% (0)\ B1(0).

Proof. It follows from (2.27) that

e () = o / oy = [ Getyy(efertio — e st ay, (2:40)
Qe

where G.(y, x) is the Green function in Q, = { y: e~ 2P Y+ xej € Q} subject to the doubly periodic boundary

condition, and izg(x) = uo(se_%ﬁf»fx + xg,j).
From i1, ;(0) = 0, we obtain from (2.40)

/ng(x)—/G (y 0)( iig ]"l‘u() ﬂé]ez(us j+MO)) dy (241)

Qe

In view of (2.17), we obtain from (2.40) and (2.41) that

19|

1 . .
fle,j () = 5— / In —|y|i |x| (e“w‘+"0 — eﬁsvfeﬂ“evf*“o)) dy + 0(1). (2.42)
Q2
From (2.29) and (2.31), for any 6’ > 0, we can find a large R > 0, such that
L (eﬁg,j+ﬂo _ eﬁg./‘ 62(ﬁs,j+ﬁ0)> >4 — 0. (2.43)
2
Br(0)

Suppose now |x| > 2R. Note that we have

ele 0 _ pPe.jo2Me j+it0) — ,—Be.j e“5+”0(l _ eusJF”O) > 0.

So for any set S, in which ln Iyl < C, we find

/ o ] | (e — b 2ies i) gy < . (2.44)
y—Xx
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It is easy to see for R < |y| < 1|x|, |y|z‘x
obtain from (2.42)
g i(x) < —
SRR TR
Br(0)
v [
27 ly — x|
B%(X)

<LIfyeQ\

(B1xi (0) U By (x)), we can check ]
2 2
In |yl (egg, jHo _ e 2, ,+ao)) dy

In b (eﬁ‘-ﬂ";“ — ePei 62(125,,-4-120)) dy+C.
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< C. So, we
ly—x] — >

(2.45)

Let o > 0 be a small constant. Noting i1, <0 in B, (x) C B Lo (0), using (2.32), we find
8e2"8

/ Y (a0 — efes 20 gy

ly — x|
Bl (%)
2
C
§C/1n bl —i—lnﬂ
ly — x| o
Bo (x)

= (00 (1) +0¢(1) + 0r(1)) In|x|.

Combining (2.45) and (2.46), we are led to

&

/ (e” ji0 _ e ez(ﬁg,_/+ﬁo)) dy
Bigt (9\Bo ()

(2.46)

_ Yl (g e i
ey <5 [ In |yyfx| (e"w+“0 - eﬁe-feﬂ“aﬁ“())) dy + (05 (1) + 0 (1) + or()IIx| +C. (5479
Br(0)
For any y € Bg(0), if |x| >> R,
1
m2 L + o (1),
ly — x| x|
which, together with (2.47) and (2.43), gives
1
e j(x) < (4—0)In ot c. 0o (2.48)
X

Lemma 2.10. For any A > 0 large, we have

=
g2

B (xe,j)

1
Ase 2Pe.j

where 0 > 0 is any small fixed constant.

Proof. It follows from Lemma 2.9 that

1
M, =—

Bs (x¢, )

1 ()
Aee 2Pe

_lg ()
Aece 276]

> / eunguo(] _ eug+uo)
&

e”””o(l — e"”‘"o) + O(

B

1
se=le2

6”8+"’O(l _ eu5+uo) — Mg,j + O(A_2+0),

Pe,

eue+uo(1 _ eus+u0) + O(A_2+9).

; (0\BA(0)

O

)
|y[4-9
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Lemma 2.11. We have

M, ; 1
ue(x) —ue(xe ;) = o In Ty +O0(), Vxe€Bs(xe )\ BRae*%ﬂw' (xe, /). (2.49)
—(x — xe )l

Proof. For any x € Bs(x,, ), by Lemma 2.9, it holds

1
e (6) = e (X6, ) = — /(G(y, x) = G(y, xe,j))e (1 — e T0) dy

Q
1 — .
= 27e? / n |ny —xiljleu€+uo(1 — e TM)dy +0(1)
Bos(xe, )
= zi / e bl |e’28+ﬁ0(1 — ePeieetio) gy + O(1) (2.50)
T Yy = Xe
B i, ©
28e2"¢€,J
1 1 i Be.j iie+il
o In g™t (1 - PRt dy + 00D,
- g
B 1, O
28e2"¢€,]
1g,
where x, = ezg L (x — Xe, ).

Let o0 > 0 be a small fixed constant. Then
‘ 1

B g (0\ By |z (0)
28¢2"7¢€.)
&

n _ eﬁg+ﬁ0(l _ eﬂ&jeﬁfhzo) dy‘
|y — Xel

2.51)

=C f nly — i~y + ) < =

= n y — X, = — .
N\ y4=b 7 |y)2e=0 ) = |5, |22

B g (0\Bgz(0)

28¢2"7€,]

But

— / ln%eﬁ”ﬁo(l—e’s&feﬁ@”o)dy
|y — Xel

By )5 (0) (2.52)
o - 1 ’
= et (1 — ePei e ti0) gy In — + O(1)
27 | Xe |

B |51 (0)

since |In |y|f}|g| | < C for y € By z,.|(0). So the result follows from (2.50)—(2.52) and Lemma 2.10. O

Before we prove Proposition 2.8, we will use Lemma 2.11 to improve the estimates in Lemma 2.1.

Lemma 2.12. For any &9 > 0,

k
1 _lg . .
“s(x)=@fu8+§ M, ;G (x¢,j, x) + O(ge2P0), in cl(sz\u’;lego(x&j)).
Q j=l

Proof. Fix § € (0, §p). It follows from Lemma 2.11 that

M, ; e
Ue(x) = Pej + —LIn—"— + 0(1), x€dBs(xe)). (2.53)
27'[ gjﬁs,j
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Using Lemma 2.1, we find

1
@/ug =u,(x)+0), x€idBs(xe;),
Q

which, together with (2.53), gives

8]
In + O(1).
|s2|f =bPeit on ezﬁg,,- %

It is easy to deduce from Lemma 2.1 and (2.55) that

M"}"J k
ug(x) = B¢ j+ - In—— y + 0(1), er\szlBg(xg,j).

2 e2Pe
As a result
1 Ug+uo ug+ug & @72 X
et (] — gte )=0(( £ ) ) r e\ U, Byra).
€ e?ﬁ&j

Similar to (2.4), using Lemma 2.9 and (2.57), we obtain

1
ug(x) — @/’/la
Q
M .

1 £ e _n
= ZMg,jG(Xg,j,X)+0<8—2 / Iy—xg,jle“8+(1—_) 2 )

i e?ﬁS,J
j=1 Bs(xe,j)

=~

=~

= ZM&J‘G(.XE’]',X) + 0(88_%/35*/.)'
j=1

The estimate for Du, is similar. O

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

Proof of Proposition 2.8. If the limit problem is given by (2.38), then Proposition 2.8 follows from Lemma 2.11.
Suppose now that the limit problem is given by (2.39). We use the Pohozaev identity (2.14) with p replaced by x ;.

By Lemma 2.12, we find

2
Mé‘j _llg :
LHS 0f(214)=—4—’—|—0(ge 2 9’1).
T

Using Lemma 2.9, we can deduce

RHS of (2.14) = —2M, ; + 0(86—%/38,]-)'

From
M2
Mt 0l

we obtain M, ; = 8w + O (se 5B, f) So the result follows from Lemma 2.11. O
We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. It follows from Proposition 2.8 and Lemma 2.1 that for each j,

1
efﬂe.j

1 .
ue(xe,j)—kug,j(Tael):@/us_{_oa), j=1,--,k,
Q

(2.59)

(2.60)

(2.61)

(2.62)
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where ¢; = (1, 0). So, we obtain

e%ﬁa,j e%ﬂa.i o
ug(xg,j)—l—ug,j( 861)=u8(x5,i)~|—u8,,-( - 861)+0(1), forall i, j. (2.63)
Note that if B ; > c¢o > —oo, then
lg
67/38./ Me,j
ug(xg’j)+u£’j(—861)= —=1Ine + O(1); (2.64)
e 2w
while if B¢ j — —o0, then M, ; = 8w + o(1), and
1 .
iﬁ&J &
ug(xg,j)—i—us,j( 5el)=,35,j +41n T +O0(1)=4Ine— B ; + O(1). (2.65)

e2Pe.

Note that the relation

e,i

T

Ine=4Ine — B ; + O(1)

can not be true, if Az/ljr’ >4 and B, j — —00. So, we have proved that either 8, ; > ¢y > —oo forall j, or B¢ j} — —00
for all j. In the first case, we obtain from (2.63) and (2.64) that M; = M; > 8x. In the second case, M; = 8,
j=12,---,k. O

Before we close this section, let us briefly discuss the bubbling solutions, whose blow-up set contains some vortex
points.

Proposition 2.13. Suppose that the blow-up set of a bubbling solution u, contains a vortex point p j, whose weight
is 1, and the following relation holds

1
lim — / eleTio (] — gHeth0y > 1677, (2.66)
e—0¢&

Bs(pj)

where § > 0 is a small constant. Then

M .
()= =L in—5 _2lne+0(1), VxeBse)\ Ber(xe)). 2.67)
2 [x — xe, jl ’ ’

Proof. Without loss of generality, we assume that p; = 0.
Step 1. We claim that |x, ;| < Ce. Suppose we have (up to a subsequence) that g1 |x¢, j| = +o00. Define u}* (x) =
ug(8sx) +21Ind,, where 6 = |x, ;|. Then u}* satisfies

82

2
Aut + —826”:““”3(1 — ety — ANmoe
€

e

where ug(x) = ug(8ex) — 2Ind.. We can do the blow-up analysis for the sequence u;* and prove that there is a
non-empty finite set S* = {z1, - - - , z;}, such that

(2.68)

!
62 sk |k sk ok
£ plte U (] — e TH0) — E mis,., m
o2 j9

j=1

7 > 8, (2.69)
in the sense of measure.
Suppose that 0 € §*. Then / > 2. We assume that z; = 0 and use the Pohozaev identity to find that z; satisfies

m’i(zj = zi)

mj J
1 _9n_ = — =0, j=2,---,l 2.70
(27T )|Zj|2+;277|2j—2i|2 / @10
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Since ;"—j —2>0,(2.70) can not hold true for z; with |z;| = max; |z;|. So 0 ¢ S*. Using the Pohozaev identity again,
we find that z; satisfies

2z m’(zj = 2i)
- RN 271
BT e 27D

From (2.71), we find [ > 2. Let us assume that |z1| = max; |z;|. By dividing (2.71) with |z1|, we can assume that
|z1] = 1. By rotating suitably, we can make z; = (1, 0). Let z; = (r cosf, rsinf), j > 1. Then |z; — z; |2 =1+4+r2—

2r cos 6 and the x1 component of z; — zj is 1 —rcos6. Define f(r,0) = le;r%. We claim ming 5y f(r, 0) = %

and f(r,0) > 5 1f r < 1. Assume this at the moment, then from (2.71), we obtain

l

I\*

*z z
)= Z (l J)X1>

2.72
2|z —zj2 T 5 4 (272)

if [ > 3, which is a contradiction. But if / = 2 and |z3| < 1, then the first inequality in (2.72) must be strict and we
obtain a contradiction. From |zo| = 1 and (2.71), we find z; = —z3. So (2.72) can not hold true since one of mj > 87

due to (2.66). So we have proved |x.| < Ce. To prove ming, () f(r,6) = % we first know that f(r, 0) is smooth in
B1(0)\ {(1,0)}. Butasr - 1 and 6 — 0,

I—r+ 5400 +1-nt>) S+ T400 +1-np?) 1
(1= 46+ 0@ +(1 -1 ~ (=12 +02+ 0@ +(1—rp?) 2

f@r0)=

On the other hand, f,(r,0) = m% if r < 1, which implies that the minimum of f(r,8) can only be at-
tained at r =0 or r = 1. But for r =1 and 6 # 0, it is easy to see that f(1,6) = %, and f(0,0) = 1. So we find

minBl(o) f(r, 9) = %
Step 2. As in Lemma 2.7, we claim that for R > 0 large and y satisfying |y — x, ;| > Re, it holds

1
&2 / "ot (1 — ") = oR(1) + 0c (1), (2.73)
Ly 1O

where oz (1) — 0 as R — +o0.

In fact, similar to Lemma 2.4, we can prove that u, + 2lne < C < +oo. If (2.73) was not true, by doing the
blow-up analysis for u, +2Ine < C < +o00, we would find that u, + 21n¢ has a blow-up set {0, zo, - -+, z;} with z;
satisfying (2.70). This is a contradiction.

Step 3. From Steps 1 and 2, we can prove (2.67) in the same way as in Lemma 2.11. O

Proof of the necessary part of Theorem 1.4. By Proposition 2.13, we find
Mgi=Mg1+o0(),i=1,---,t; Mg;i=Mg;41+01),i=t+1,---k,
and
Meps1=Mey =4 +0(1), Moy +--+ Mg =4Nm.

So the first claim follows. The second claim can be proved by using the Pohozaev identity. 0O
3. Existence of bubbling solutions

In this section, we will prove Theorem 1.2 and the existence part of Theorem 1.4. More precisely, we will prove
the following theorems.

Theorem 3.1. Suppose that k is a positive integer with k < % Let q =(q1,---,qx) with q; ¢ {p1,---pn}, ] =
1,---, k. Assume that q satisfies (1.12) and deg (DG (q), 0) # 0. Then there is an g9 > 0, such that for any ¢ € (0, &¢),
(1.6) has a solution ug, satisfying
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1
ug+ug ugtug
—e 1—e - — 8q:
g2 ( ) k Z 4j
ase— 0.

Theorem 3.2. Let {q1,- - ,qr, Gr+1, - -+ » qk} satisfy (1.15). Suppose that k and t satisfy k < %(N — t) and the weight
m; of each vortex point g; is one. Assume that q = (g1, - - - , qk) satisfies DG} (q) =0 and deg(DG}(q),0) # 0.
Then there is an g9 > 0, such that for any ¢ € (0, &g), (1.6) has a solution u., satisfying

t k
ie"{5+u0(1 _eus+u0) - 47TN+47T(k—t) qui T 47TNk—47Tt Z 8qj

2
€ k i=1 j=t+1
as e — 0.
Let us point out that in Theorem 3.2, {g;+1, - - - , gx} = ¥ is allowed. Early results on the existence of single bubbling

solutions of CS type can be found in [10,24,26]. To prove Theorems 3.2 and 3.1, it is essential to construct a good
approximate solution for (1.6) without (1.14). This will be carried out in details in section 3.1. Once this is done, we
can use a reduction argument to finish the proof. This part is quite standard, so we just sketch it. We refer to [24-26]
for the details.

In the following, we only give the proof of Theorem 3.2, since the proof of Theorem 3.1 is very similar.

3.1. The approximate solutions
Without loss of generality, we assume that |2| = 1. Firstly, we construct an approximate solution.
We want to construct an approximate solution for (1.6), whose blow-up set is

{QI,"' 7qt9-x8,l+lv"'-x8,k}7 (31)

where x, jisclosetogj, j=t+1,---,k,and g; is a vortex point, j =1, --- , 1.
For bubble at x,_ ;, we consider

AV +eV(1 —e")=0, Visradial, inR?;
Jpee" (1 —e¥)=M,;,

where M, ; is a constant satisfying M ; > 8m. By Theorem 2.1 of [4], (3.2) has a solution V. ;(|x[), which has the
following expansion:

(3.2)

v, -(|x|)——M8*f In|x|+ 1 -+0(L) as |x| — +oo (3.3)
&,] - 27T &,] |x|2 ) ) .
where I ; is a constant, which depends on M, ; smoothly, and
M, ; 1
v =——2 4L 0(—), as|x| > +oo. 3.4
LD ==+ 0(). asll >+ (3.4)

The solution V¢ ;(|x|) forms the major part of the bubble near a regular point g;.
For bubble at the vortex point g;, we need to consider

AV + |x2eV (1 — |x|?¢Y) =0, V isradial, inRZ;

2,V 2,V (35)
fRZ |x|“e¥ (1 — |x|e )ZMs,i-

By Theorem 2.1 of [4], if M,; > 167, (3.2) has a solution V. ;(|x|), which has the same expansions as in (3.3)
and (3.4).

We will construct an approximate solution for (1.6) whose blow-up set is given by (3.1). For simplicity of the
notations, we denote x¢ j =¢q;, j=1,--- ,t.For j=t+1,--- , k, we let V¢ ; be the solution of (3.2). We define the
approximate solution for (1.6) near x, ; as follows.
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000 = Ve (000 b (3 (oo ) — G o)

&
+ ) Mei(Grxei) = Gxe xe ) — uo(xe ), j=t+1, k.
i), 1<i<k

(3.6)

For j=1,---,t, welet V, ; be the solution of (3.5). We define the approximate solution for (1.6) near x, ; by

|x — x¢ 1
‘Ps,j(x) = Ve,j(—) +21n; +M8,j(7/(xa xs,j) - V(xs,j,xa,j))

€
. 3.7
+ Y Mei(Grxei) = Gxein Xe ) —uj(Xe ), j=1,+.1,
i#j, 1<i<k
where uj (x) = uo(x) — 21In|x — x, j|.
Forx € @\ {xc1, "+, Xk}, we define the approximate solution as
k
9e0(X) =Y M iG(x,xei) + Le, (3.8)
i=1

where L, is a very negative constant, which is to be determined later.
To glue all the ¢, ; together to form an approximate solution for (1.6), we need to make ¢, ; = ¢, 0 on 9 Bs(xe, ;)
up to a small term. By (3.3), we let M, ; satisfy the following equations:

- 8>jy('x€,jvx€,j)_ Z Ms,iG(xs,jaxs,i)

i#j, 1<i<k 59
Mg 1 .
_ ln—+Is,j—u0(x5’j)=L£, j=t+1,--- k,
2 £
and
—M; jy(xe,j, Xe,j) — Z M, iG(xe j, Xe,i)
i (3.10)
Ma,j 1 )
_(27-[ —2>1ng+lg,]_uj(x€"])=l‘6, J=1,,t
Therefore, for j =¢t+1,--- ,k,
Ms,j - Ms,t+1
b4
+ |Ine| (Mg,j)/(Xg,j, x&j) — M1y (Xe 141, Xe p41) — I j + Ig,t+1>
k
ad (3.1
i (X MeiGlesmen = 3 MeiGluerii,xe))
i#j 1<i<k iAt+1,1<i<k
2w .
= (MO(X5J+]) — uo(xgyj)), j=t+1,--- k.
[Ineg|
Similarly,
ME,j - Ms,l
2
+ el (Ms,jy(xs,j,xs,j) — M1y (xe 1, Xe1) — I j + 15,1>
k
i (3.12)
+ |11’18| ' Z Ma,iG(Xa,j,Xg,i) - sz,iG(xa,l»xe,i))
i#j, 1<i<k i=2
2w

=|ln5|(ul(xe’l)_“j(xe,j))’ =1,
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On the other hand, it is easy to find
Mg’j — Mg,] +47T

2
|]n8|<M61y(x€J’x€J)_ Ely(-xé‘lv-x&‘l)_lé‘j"'lsl)
2 k
|Ineg]| Z M i G(xe, j,Xe,i) — ZM&iG(Xs,l,xg,,-)>
i#j,1<i<k >
2 .
B |1ng|(”l(x“)_“o(xe,j)), j=t4+1,--- k.

Furthermore, we take
Mgi+---+ Mg =4nN.
Noting that I, ; depends on M, ; smoothly, we can solve (3.11)—(3.14) to find

4o N +4n(k —t) 1
Mg!jz 3 -I—O(

|1n8|), ‘]:lv...,[’

and
4 N —4nt 1
;= (0] 5 =1 15"'7k'
o k ey /=14

It is easy to check that the constant L, determined by (3.9) is very negative.

1347

(3.13)

(3.14)

(3.15)

(3.16)

We are now ready to construct an approximate solution for (1.6). Let x (r) € C*°(R!) be a function satisfying x = 1

in [0,d], x =01in [2d, +00), and 0 < x < 1, where d > 0 is a small constant. Define
k

Pex = x(Ix = xe.jDee.j + ( qux—xg,n )@e.0-

j=1 j=1
Using (3.14), we see that for x € By(x¢ j), j=t+1,--- ,k,

=~

1 [x—. Xg, | ‘X*J"s,"
A(pex—47TN——26V5’( e ,)(evw'( sj)—]>.
&

On the other hand, from (3.6),

0ex(X) + O (x) = vs,,»('x_gi”") 4+ 0(1x — xe1).

which implies
[x—xg il [x—xg il
iev5~.f( & = )(evgv.f( & = ) — 1)

g2

x—xg jl
e g2

Combining (3.18) and (3.20), we are led to

Agex — 4N = lzews,xmwo(x) (ews,x(x>+uo(x> N 1)
&

lx—xg jl

_i_O(L;W"eVE,j( : )), x€By(xe ), j=t+1,-- k.
&

On the other hand, for x € Byg(x¢, ;) \ Ba(x, ), from (3.3) and (3.9), we obtain
(|X _xé‘,jl) . Ms,j
2 |x — xg

— > MeiG(xei xe ) — uo(xe ;) — Le = O(e%),
i), 1<i<k

©e,j — Pe,0 = Ve j — M, jy(xe ), Xe,j)

_ lzews,x<x)+uo<x> (ews,x(X)Jruo(x) _ 1) n 0(|x ‘x&ﬂevs,j(%))’ ¥ € Balxe.)).

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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and from (3.4), we also obtain
Dge j — Doe o= O(e?). (3.23)
Therefore,
A@ex — 4N = Ag, j — 47N + O(e%)

_ L exotuoo) (ewg,x<x)+uo(x) _ 1)

&2 (3.24)
X —Xe j (e :
+ 0('87287/|evs.]( = )>, X € Boa(xe,j) \ Ba(xe,j), j=t+1,--- k.
Similarly, we have
— .12 |x—xg il — .12 x—xg il
Aex—dnN = %%evm%)(wevm( = 1)
I3 I3 I3

_ ize%,x(x)Jruo(x) (e«:g,xoc)wo(x) _ 1) (3.25)

I3
v —xe gl —xe 1y e .
+ 828] 0( 8;1 eVei(—% )), x € Baa(xe,j) \ Ba(xe,j), j=1,---.1,
and

A@ex —4n N
1

— Qe x (X)+up(x) Wa.x(x)+“0(x) _

=2° C 1) (3.26)

2 Cx
X — Xe X — Xe ; \)cxe,\
+ | 828’]| 0(' 82”' eVs-f(Tj)), x€By(xej), j=1,---,t.
Moreover, using (3.14), we obtain
Agex —4nN =0
(3.27)

1
- 8_26%.;:()6)4-!40()6) (ews.x(x)+uo(x) _ 1) + 06D, xeQ\ U Bo(xem).

3.2. The reduction

Our objective is to find a solution for (1.6) near ¢, x. Let us = ¢¢ x + w, be a solution of (1.6). Then w, satisfies
Lewe = Awe — fe(X)we = ge(x, we), (3.28)

where

t 4 e 2 .y
1 |.x — X "| . lx=xg.il |x — X "| X lx—xg il
Fe) = 5 D2 allx = o) (2 ) - ES Va2

i=1 o2
& (3.29)
1 el =gl
5 D0 alr =) (262 ) — V().
i=t+1
and
1
ge(x, 1) = — fo(x)t + 9(62(‘ﬂs,x+u0+1) _ e‘Ps.x-‘ruo—H) Ao +47N. 530,

Let us introduce two function spaces Xy ¢ and Yy .. Define

1

p(x)=(1+xD'2, Hx) =
(1+ [xD)(In2 + |x]))

1+5°

where « > 0 is a fixed small constant.
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Let Q' = U'_, By(x; ;). We say a function £ is in X, ¢ if

k
1€1%,.. = D (18801 72n,, )+ 16iBl1T25,,,) + 186172010 + 16172 ) < F00. (3.31)

i=1

where §i (y) =&(ey + x¢.i), B = B;(0). On the other hand, we say & € Y, ¢ if

k
2 _ 4 o2 2
1§15, =¢ le 1&i 21725,y T 1€ 2000y < 00 (3.32)
1=
Define
IV (2 1y (5 Ve i(F=2
Zein=—A(x(x —»%ﬂ)M) T [ P At ) (333)
X € xp
forh=1,2,i=t+1,---,k,
E.={o:weXqp,, /z&i,hw=o, h=12i=t+1,-- k], (3.34)
Q
and
oV, ; X—Xe,i
F. = {w:a) € Ya,g,/‘x(|x —xg,i|)%w=0, h=1,2,i=t+1,--- ,k}. (3.35)
Xp

Q

We define the following projection operator from Y, . to F:

k 2
Qeu=u— Y cinZein, (3.36)

i=t+1h=1

where the constants c¢;;, are chosen in such a way that Q.u € F,. Then it is easy to check that

| Qeully,, < Cllully,,- (3.37)
We have

Proposition 3.3. There is an g9 > 0, such that for each ¢ € (0, e0] and (x¢ 141, , X¢ k) hear q, there exists we € Eg,
satisfying

Qe (Lews —ge(x, a)s)) =0. (3.38)
Moreover, wg is a C' map of (Xe t41, "+, Xe k) in Xo ¢, and

1
lwellLe() + lwellx,, < Celn o (3.39)

Proof. By Theorem A.1, (3.38) can be rewritten as

w=B.w=: (QsLs)_l Qe8:(x, w),

and

ae —

1
| Bewll Loy + | Bewl x,, < Clngllgs(x, D) ¥y -
Fix a small constant 6 > 0. Let
Se={w: we E,, ||lol~@g) + lolx,, <&}

We will prove that B, is a contraction map from S, to Sg.
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To prove that B, maps S, to S, we use the definition of g.(x, w) in (3.30) to obtain
lge(x, @)y, < Ce, (3.40)
which gives
| Bewoll o) + | Bewll x,,, < cméugau, o)y, < Celné <& (3.41)

So, B; maps Sg to S;.
To show that B, is a contraction map, for any w, n € Sg, we note

| Bs (@) — Be ()|l Lo (@) + [ Bs (@) — Be()lx,,, < Cln é ge (x, @) — ge(x, Mly,,- (3.42)
On the other hand, it is easy to check that
lge (v, @) = g:(x. Wy, < Ce'llw = nllx,.,
which, together with (3.42), gives
| Bs (@) — Be ()l (@) + [ Bs (@) — Be() Il x,,,. < %Ilw — Nl X (3.43)
So, we have proved that B is a contraction map.

By the contraction mapping theorem, there is a unique w, € S¢, such that w, = B.w,. Moreover, it follows
from (3.41) that

1
lwellLoo(@) + lwell xq, = | BewellLo(@) + | Bewellx, . < Celn o
From the uniqueness, it is standard to prove wy is a c! map of (Xg 41, -, Xe k)N Xge. O
3.3. Existence of bubbling solutions

By Proposition 3.3, there is w, € S¢, satisfying

k 2
Lewe —ge(x,w0) = Y > ceinZeih: (3.44)
i=t+1h=1

for some constants c¢ ;. If ¢ =k, Proposition 3.3 gives the existence of a solution for (1.6), whose blow-up set
consists of vortex points only. In the case ¢ < k, we need to choose (xg s+1, -, Xe k) in Xy, suitably, such that the
corresponding c; ; j are zero. So, @, x + w; is a true solution of (1.6). It is well known now that we just need to make
(Xe,1+1, -+ » Xe k) satisfy the following equations.

Ve (=
/@Mfﬂgm%nﬂu—%ﬂyiézilza =12, j=t+1,- k. (3.45)
Q

Proof of Theorem 3.2. We just need to solve (3.45). Similar to the calculations in [24], it is not difficult to show that
there is a constant a; # 0, such that

Ve, j (7=
/(Laws _88(x’w£))X(|x _xs,j|)%

Q (3.46)
=aj(Duo(xe.j) + Y MeiDiG(xe i xc.j)) + Oe),  j=t+1,-- k.
i#]
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So, by (3.15) and (3.16), we find that (3.45) is equivalent to

4N +dr(k — 1) <
Distg(xe,j) + = 3 DG e e )
i=1 (3.47)
+—4”N_47”ZDG( Y=o(l), I1=1,2, j=t+1,--k
Xe i Xg j) =0(1), =1,2, j= Lo k.
A 1 e,i» Xe,j J

i#j
By the assumption deg(DGz(q), 0) #0, (3.47) has a solution (xg 41, -+ , Xe k) near q if &€ > 0 is small. Thus the
theorem follows. O
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Appendix A. A linear equation
Consider the following linear operator L, defined in (3.28). In this appendix, we will prove the following result.

Theorem A.1. Suppose that w, € E. and h, € F; satisfy

k 2
Lewe=he+ Y Y cinZein: (A1)

i=t+1h=1

for some constants c;j,. Then there is a constant C > 0, independent of €, such that

1
lwe ll oo @) + llwellx,,. < C(In E) lhelly,, - (A2)

Moreover, QL is an isomorphism from E; to F,.

Proof. To prove (A.2), we argue by contradiction. Suppose that there are ¢, — 0, w, € E¢,, h, € Fy,, satisfying

ko2
Ls,, wy, =hy, + Z Zcihzen,i‘iﬁ (A.3)
i=t+1h=1
lwnllLe ) + lwallx,., = 1. (A4)
and
Vinllyys, = o(——)- AS)
o |Ing,|
Step 1. We claim
lcinl < CeZ|Inegy|. (A.6)

This can be proved by solving a linear system of c;,, which is obtained by multiplying (A.3) by x(Jx —
(Y e
Xe i) %l‘) and integrating this relation on €.
J

Step 2. For any R > 0, we have
max |w,(x)|—>0, i=t+1,--- k. (A7)

XEBgR(xe,i)
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Define W, (y) = wn(eny + X¢,.i). Then |w, | < 1. Moreover, w, satisfies

k 2

Aw, — nge(gny +xsn,i)1])n = 85hn(8ny +xs,,,i) + 82 Z chhzen,t,h(gny +xs,,,i)~
I=t+1 h=1

Using Step 1 and w, € E;,, we can prove that w, — 0 uniformly in any compact subset of R2.
Step 3. We claim that there is a constant b, such that for any small ¢’ > 0,

wa(x) =bo+o(1), ¥xeQ\U_ B(q). (A.8)

Since |w,| < 1, we find that w,, — wg on any compact subset of 2\ {g1--- , gx} and Awg = 0. As aresult, wy = by
for some constant b.
Step 4. Let w};(r) = [5" w(r.6)d6, r = |x — x,.;|. We claim

wy i (N=o0(), r=d i=1- k (A.9)

Note that w;':yi (r) satisfies the equation
1
Awe + 8—2f5’,~()c)a)‘S =h,(r), r=Ix—x.l<d, (A.10)
where 1 ,(r) = [ ha(r,0)d6

Jx—xg ;1 lx—xg ;|
X(|x_x“|)(2me Vei(—==) _ Me m(%))’ 1<i<t;

2
fei(x) = N N (A.11)
x (lx _xs,i|)<2€2V£'i( o) — Ve )>, t+1<i=<k.
Fori=1,--- k,lety, ;(r),r =|x — xg, |, be the solution of
1
—Av=— fei(x)v (A.12)
g2

satisfying ¥, ;(0) = 1. Then, v, ;(r) = —M; In M + O0(1) for some M; > 0, if |[x — x, ;| > ¢R, where R > 0 is
a large constant. See Remark 2.5 and Lemma 2.2 in [4] On the other hand, (A.12) has another solution which is given
by ¢n.i(r) = Yu.i(r) fo Wz o ds. Note that ¢, ;(r) ~Inr as r — 0. So we have the following relation

wy 1 (1) = wy ()Y i (r) + Uy i (r), (A.13)
where
Un,i(r) =¥, (r) / SGn.i (), ;(s)ds — ¢y i (r) / SYn.i ()hy, ; (s)ds. (A.14)
0 0

It is easy to show that
;
|Un,i(r)] = Cln(1 + S_)th”Ya,E- (A.15)
n

Integrating (A.1) over €2, we find

anl(O)/ — fei )i (r) = O(Ihnlly,,, +&xlIney). (A.16)

i=1

Noting that | [ S—ng,,‘(x)wn,,-(rﬂ > ¢’ >0andall [, fei(x)¥n,i(r) have the same sign, we obtain from (A.16)

1
lwy ; (0)| =0 (|1 |) (A.17)

which, together with (A.13) and (A.15), gives (A.9).
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Step 5. It follows from Step 4, the constant by in (A.8) must be zero.
Step 6. Let x;} be a maximum point of w,. Then from Steps 2 and 5, we have

xi—qi, e Mk — x| — +oo, (A.18)

forsome j=1,--- k.

It is easy to check that [|w, || L~ (@) — Co > 0. Otherwise, we can deduce from (A.3) and (A.5) that || wy || x,,, — 0.
This will contradict (A.4).

Let s, = |x} — x¢,, ;| and W, = wy (spx + Xg,, ;). Then Wy (s, (x — xe,. ;) = llwnllLo(@) and W, — o in any
compact subset of R2 \ {0}. In view of (A.18), wq satisfies Awg = 0. Thus, wg = Cp > 0. In particular,

1
wy(x) > ECO, Sn X — Xe, i1 < 28y

This is a contradiction to (A.9). So we complete the proof of Theorem A.1. O
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