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Abstract
In this work we are concerned with existence and asymptotic behaviour of standing wave solutions in the whole space R3 for
the quasilinear Schrodinger—Poisson system
1 ~
_EAM +(V+V)u+owu=0,
—div[(1+ e VVI2)VV] = ul? —n*,

when the nonlinearity coefficient € > 0 goes to zero. Under appropriate, almost optimal, assumptions on the potential V and the
density n* we establish existence of a ground state (ug, V;) of the above system, for all ¢ sufficiently small, and show that (us, Ve)
converges to (uq, Vp), the ground state solution of the corresponding system for ¢ = 0.
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1. Introduction and main results
Consider the Schrodinger—Poisson system

1 ~
10,u = _EAM + (V+ V)u,
—div[e(VV)VV] = [uf* — n*,
u(x,0) =u(x).

This system corresponds to a quantum mechanical model where the quantum effects are important, as in the case of
microstructures (see for example P.A. Markowich, C. Ringhofer and C. Schmeiser [13]). The charge density n(x, t)
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derives from the Schrodinger wave function u(x, ¢) by n(x,t) = |u(x, t)|2, while n* and V represent respectively a
dopant-density and a real effective potential which are time-independent. More details dealing with the phenomenon
may be found in R. Illner, O. Kavian and H. Lange [7], in R. Illner, H. Lange, B. Toomire and P. Zweifel [8] and
references therein.

We assume, as in [1] and [6], that the field dependent dielectric constant in Poisson equation has the form

e(VV)=go+¢|VV]?, & >0.

For V =0 and n* € L', R. Nlner, H. Lange, B. Toomire and P. Zweifel have proved in [8] existence and uniqueness
of global strong solutions subject to periodic boundary condition on the unit cube Q := [0, 11V, N =1,2,3.In[7] the
authors have showed an existence result for an infinite number of different standing waves, i.e. solutions of the form

iwt

ulx,t)=eulx); ow,u(x)elR

with periodic boundary conditions, assuming that V-elLr ([0, 11V) for some p > % ifN=2,3and p=1if N =1.

In this paper we are mainly concerned with the existence of standing waves (actually ground states) solutions for
the Schrodinger—Poisson system in the whole space R3 and with their asymptotic behaviour when the nonlinearity
coefficient in the Poisson equation &; goes to zero. For simplicity of notations, we set &9 = 1 and & = ¢* for & > 0.
Thus we are interested in the stationary problem

1 -
—EAu—i—(V—i—V)u—l—a)u:O in R3, (1.1)
—div[(1+ & VV[*)VV] = |ul* —n* inR>. (1.2)

As regards the behaviour of the system (1.1)=(1.2) when ¢ — 0%, the main difficulty here is the fact that Eq. (1.2) is
nonlinear in V and the equation is on the unbounded domain R3, so that the previous techniques used in the above
mentioned papers cannot be applied directly.

Let us recall the main result in a previous work [3] where one of the present authors has studied the case ¢ =0,
namely

1 ~
=5 Au+ Vo + Vyu+ou=0 in R, (1.3)

—AVy=|ul*> —n* inR3. (1.4)

More precisely, in [3] existence of a ground state solution for the system (1.3)—(1.4) is shown, under the hypotheses
(1.5)—(1.8) and (1.10) below. Recall that, for any fixed u € L1253 (R3), the unique solution of the linear Poisson
equation (1.4) in D2(R3), where

DL2(RY) :={veL6(R3);/|Vv|2dx<oo},

denoted by V := Vp(u) is the Newtonian potential of |u|> — n* and has the explicit formula (cf. [5] for instance)

1 2 %k
Vo(u)(x) = o 70“")6 _nyl)(y) d

R3
We should point out that here we are interested in nontrivial solutions of the system (1.1)—(1.2): indeed for ¢ > 0 if
we denote by V* is the unique solution of
—div[(1+&*VVI?)VVi]=—n* inR’

obtained via Lemma 3.1 (see Section 3), then (0, V%) is a solution of the system (1.1)—(1.2), but naturally in this paper
we are interested in solutions (i, V) so that u, £ 0.

For convenience, we shall denote throughout the paper by || - || the norm || - || ;2 on L%(R3). At this point we state
the hypotheses which will be assumed for our main results.

Hypotheses. In the sequel we assume the following on V and n*:

~ ~ 3
Ve Llloc(]R3), V™ e L1 (R + L¥*(R?), for some 3 < q] < o0. (1.5)
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Here as usual s~ := max(—s, 0) for s € R. Concerning the way in which this assumption enters our study see below
Remark 1.3 at the end of this section.
We suppose that the dopant density n™* satisfies

n* e LY R3) (1.6)

and that if we denote by

~ 1 n*(y)
o(x):=2V(x) — —/ dy (1.7)
27 J |x =yl
R3
we assume that the bottom of the spectrum of the linear operator u — —Au + ou is below zero, that is
inf{ /(|V<p|2 +o(x)¢?)dx;p e Ccl(R3),/ lp|? = 1} <0. (1.8)
R3

Our main results are the following. We begin by the solvability of the nonlinear Poisson equation showing that
for all ¢ > 0 and any fixed u in L'25(R3) Eq. (1.2) has a unique solution V := V() in the space DL2 N DLAR?)
equipped with the natural norm ||w||p12qp14 :=[|Vw|;2 + [|Vw| 4+ where we may define DL4(R3) as being

DLARY) :={veCo(R3);/|VUI4dx<oo}.

Next we substitute the solution V() in the Schrodinger equation (1.1) and solve the equation thus obtained in a
subset H of H'(RR?), defined by

H::{ueHl(R3): f‘7+u2dx<w}. (1.9)
R?

Note that H is a Hilbert space continuously embedded in H!(R?) when endowed with its natural scalar product and
norm

(ply) == /(Vw VY oy + Viey)dr,  leln = (plp)'/>.
R3

Finally, we study the asymptotic behaviour, when ¢ | 0, of the solution thus obtained of the system (1.1)—(1.2). More
precisely we prove the following results:

Theorem 1.1. Assuming (1.5)—(1.8) then:

(i) for u € H fixed and for all ¢ > 0, the nonlinear Poisson equation (1.2) has a unique solution V := V.(u) in
pL2 N D1’4(R3);

(ii) there exists wy > 0 such that for any 0 < w < wy and all ¢ > 0 sufficiently small, the system (1.1)—(1.2) has a
nontrivial ground state solution u, which minimizes on H the functional E.

E¢(ug) = min E.(p),
peH

where E is defined as

1 , 1 2 3et 4 l [~y o[ 5
Eg((p)izz |V(p|+1 |VVe()| dx+? |V V(o) dx+E Vo +5 [

Theorem 1.2. If u. denotes the ground state solution of the system (1.1)—(1.2) obtained via Theorem 1.1, then u,
is bounded in H and any limit point of u. in H-weak when ¢ | 0 is a solution of the Schrodinger—Poisson system
(1.3)—(1.4).
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Remark 1.3. Concerning the hypothesis on V= in (1.5), it is useful to point out what is actually needed. If V- =
Vi + Vo with V; € L9 (R?) and Vj € L3/2(R?), then for A > 0 we may write

Vo= {Vi+ Volyycon} + Volyyyza = Vi + Vi,

in such a way that Vi, := Vi + Voljjy, <x-1; € L"(R) and Vo, € L3/2(R3) is small, that is lim;_q || Vaallaj2 =0 as
A — 0T. As a matter of fact what is needed in our proof of the above theorems is that Ve LllOC (R3) and that for some
q1 € (3/2, 00) and for a family (Vy;, Va3); with A — 07 one may write V™~ as

Vo=V, +V, and Vi eLl R, lim | VoIl 3 =0. (1.10)
—

Indeed the decomposition (1.10) contains a large class of potentials of practical physical interest, for example the
cases in which

m

~ a;j(x)
V)= —
; lx — y;l1%
j_
for some 0 < o; <2, and y; € R3 while a j € L*®(R3) is nonnegative. As a matter of fact, upon using Hardy in-
equality, the latter example in which one or several of the exponents «;’s satisfy a; = 2 can be handled provided the

corresponding coefficient a; has a sufficiently small ||a; ||oc norm, but we do not explore this situation thoroughly.

The remainder of this paper is organized as follows. In Section 2 we present several lemmas, useful to the sequel.
In Section 3, we study the nonlinear Poisson equation (1.2). We prove existence of a unique solution V; := V. (u) (for
any u € L'?/3 arbitrarily fixed and all ¢ > 0) and give its behaviour when & \ 0. Finally, in Section 4 we conclude
our study by the proofs of Theorems 1.1 and 1.2.

2. Preliminary results

In this section we recall some definitions and inequalities of Sobolev type for the spaces D'2(R3) and D4 (R?),
and we establish a few preliminary lemmas. As in [11] or [14], we define for p > 1 the space Dl'p(R3) as the
completion of C2°(R?) for the norm

1/p
lvllpre =</|Vv|”dx) .

R3
Recall the Sobolev inequality with the best constant S,

101765y < Sl VUllZags) @.1)
and the Gagliardo—Nirenberg inequality
1/3 2/3

10l 3y < CIV g 1V st 22)

Recall also that D'2(R?) and D'#(R3) are continuously embedded respectively in LO(R?) and in Cy(R3) (the space
of continuous functions which converge to zero at infinity). Taking into account those embeddings, equivalent char-
acterizations are

D2(R?) = {v e LORY); [Vu| € LARY)},
DR = {v e Co(RY); Vo] € LYRY ).

In Section 4 we will establish and prove the expression of the energy functional E, corresponding to (1.1) (coupled
with (1.2)), for which we require the two following lemmas

Lemma 2.1. For any two functions u, v € DV? N DV4(R3) we have the monotonicity inequality

f{(l +IVu)Vu — (14 Vo) Vo) - Vi —v)dx > [V — )| + %”V(u "
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Proof. This is a well-known consequence of the fact that the operator
Agv = — div(|Vv|* V)

is strongly monotone on D4 (R3) (see [10] for instance). However for the reader’s convenience we reproduce here a
complete proof. For all x, y € R? we write

[T+ 1xP)x = (L+1yP)y} - =) =lx = yPP + (IxPx = [yPPy) - (x = y).
For the second term in the right-hand side, we set z := x — y and an elementary calculation gives

(IxPx = Y1) - c = ) = lz[* + 31z - 2) +20r - 2 + 2Pyl

>zt 43122 (y - 2) +3(y - 2%
By using Young’s inequality, we get
1

22> =l = (-2

and therefore
1
(PPx = 1y2y) - = ) > 121",

Consequently

1
[T+ 1xP)x = (1+1yP)y} - = > x =y + i -y

and this immediately yields the desired inequality by taking x := Vu and y := Vv for u,v e D"2ND"4R3). 0O
Now, in order to prove Theorem 1.1 we need the following inequality in some of our forthcoming estimates.

Lemma 2.2. Let 0 € L"(R?) for some r € [3/2,00]. Then for all § > 0, there exists Cs > 0 such that for any
(NS Hl(R3) one has

/9<x>\¢<x)\2dx <81Vgl? + Csligl. 23)
R3

This is a consequence of the fact that on the one hand H'! (R?) ¢ L%(R3), and that on the other hand § = 61 fe1>x +
010/ for any A > 0 and that A can be chosen large enough in order to have ||61(j9|>1ll3/2 as small as one may
desire (see [4] or [2] for more details).

Remark 2.3. Note that according to assumption (1.5), taking » = ¢q; and r = 3/2 in Lemma 2.2, one sees that V-
satisfies inequality (2.3), i.e. for all § > 0, there exists Cs > 0 such that for all ¢ € H 1(R3) one has

/‘77()6)|90(X)|2dx <8IIVell* + Csllell*. (2.4)
R3

To end this section, we state the following lemma which will be used to show that the functional E, is weakly
sequentially lower semi-continuous on H.

Lemma 2.4. Let € L” (R3) for some r > 3/2 and assume that v,, — 0 weakly in H L(R3) then
/I/I(X)v,%(x)dx —>0 asn— +oo.
R3

The proof is based on the fact that on the one hand v, — 0 strongly in L” (R3) for all p < 6, and that on the hand

loc
for any A > 0, which may be chosen as small as needed, meas([|yr| > A]) is finite and the measurable set [|y| > A]

can be approximated by compact sets; the details can be found in [2].
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3. Study of the nonlinear Poisson equation

In this section we shall prove existence of a unique solution V; of the nonlinear Poisson equation (1.2) and will
give its behaviour when the coefficient of the nonlinearity ¢ goes to zero.

Lemma 3.1. For all f € L% and all ¢ > 0, there is a unique weak solution W, (f) € D"2 N DV4(R3) for Eq. (1.2)
in the sense that for any ¥ € D> N DM*(R?) we have

/(l+£4|VW5|2)VWS-Vl//d)c:/ﬂﬁdx. 3.1)

R3 R3

Proof. By minimizing the corresponding energy functional we shall check that for all f € L%/ the equation
—div[(1+ & VWP)VW] = f (3.2)

has a unique weak solution W, (f) in the Banach space DL2NDI4(R3?) when equipped with the natural norm || Vv|| +
[IVv| 4. In fact, Eq. (3.2) is the Euler-Lagrange equation of the functional

1 2 84 4
Jew) =2 [ IVoPdvt— [ [Voltdy — [ fodx (3.3)

which we shall minimize on D> N'D14(R3). Let & = 1 for simplicity. It is not difficult to see that J; is strictly convex
and C! on D12 N D4, Moreover, it is standard to check that

1 12
Ji(v) > ||w||2+1||w||‘;4—s*/ 11 zers Vvl

1
2
1 1

> ZIVUl? + Z1Volizs = S f e

where in the first inequality we have used successively Holder’s inequality and the Sobolev’s inequality (2.1) while the
second follows from Young’s inequality. This implies that J; is coercive i.e. J1(v) — oo when ||v||p12qp14 = 00.

It is a classical result that (see for instance [9, Corollaire 3.1.4] or [15, Theorem 1.2]) J; achieves its minimum at a
unique Wj € D12 N DL4(R3) and therefore

(iw),¥)=0  vyeD" nDM®Y). O

Remark that Lemma 3.1 prove the part (i) of Theorem 1.1. Indeed, if u € H'(R?) then |u|*> € L%3(R3). So, taking
f :=|u|> — n*, and using the assumption (1.6) then Lemma 3.1 ensures that the Poisson equation (1.2) has a unique
solution Vy (1) := We(|u|* — n*) for all & > 0.

Now we shall prove the following lemma which deals with the behaviour of the solution V,(u) of (1.2) when
e— 0F.

Lemma 3.2. For ¢ > 0, consider f. and f in L%3(R3) and let Wo(f) be the unique solution of —AWy = f in R3.
Then:

Q) if f — f weakly in L%3(R3) then W, (fs) — Wo(f) in DV2(R3) as ¢ — 0.
(i) If fo — f strongly in L% (R3) then:

We(fe) —> Wo(f)  strongly in D'2(R?),
eWe(fe) —> 0 strongly in D*(R?).

Proof. Denote by W.(f:) and W.(f) the solutions to (3.2) respectively for f, and f. Multiplying (3.2), with f
replaced with f,, by the corresponding solution W, (f;) and integrating by parts we get

/IVWe(fs)|2dx+84/|VW5(fs)|4dx=/fsWs(fs)dx- (3.4)
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By Holder’s and Sobolev’s inequalities we obtain

/ FeWe(fe) dx < S22 fell Loss |V We (o) |-

Thus, it follows from (3.4) that, successively
1/2 4

VW] < S22 fell s and e[ VWe(f) |54 < Sill fell2s- (3.5)
Consider now Wy(f) € D2(R3) the unique solution of —AWj = f (see for instance [2, Lemma 2.1]). We will prove
successively that W, (f,) converges weakly in D'"2(R3) to Wo(f) (using only the fact that f, — f weakly in L5/3)
and that this convergence is in fact strong.
e Step 1. In a first step we show property (i) of our lemma. Indeed, since W, ( f;) is bounded in DL2(R3) there exists
W* e D2 and a subsequence denoted again by W, (f;) so that W.(f,) — W* weakly in ph2, Using (3.1) we have
for any ¢ € Cf"(]l@)

/VWs(fs)'VI/fdx+84/|VW8(fs)|2VW8(fs)'dex:/fewdx- (3.6)

Knowing by (3.5) that (eVW,(f;)) is bounded in L4(R3) we estimate

84/|VWs(fs)|2VWs(fs) : w’ <eleVWe(fo) |4V lle < eC

for some constant C > 0 independent of ¢. Passing to the limit in (3.6) and using only the weak convergence of f; to
f in L3 (R3), we obtain

/VW*~V1/fdx=/f1//dx Vi € C(RY).

Hence W* satisfies —AW* = f in D’ (R3). Thanks to the uniqueness of the solution of — AWy = f in DI'Z(R3), we
conclude that W* = Wy (f) and that all the sequence (W, (f:)) verifies

We(fs) = Wo(f) weakly in D2 (RY). (3.7)
o Step 2. Now we assert that W, (f;) — Wo(f) strongly in D2(R3) if f, — f strongly in L5/5.
Indeed, on account of the first step it suffices to show that f [VWe( f5)|2 converges to f IVWo(f )|2. Since
We(fe) = Wo(f) weakly in DL2(R3) we have in particular
2 . 2
[19wacr) <timint [ [ow. (ol (3:8)

On the other hand, consider (W({)j C CSO(R3) so that W({ — Wy(f) strongly in DL2(R3) as j — oo. Knowing that
W, (f:) is a minimizer on D2 N DL4(RR3) of the functional J, defined, as in (3.3) taking f; instead of f, by

- 1 4
J.(v) ::5/|Vv|2dx+%/|Vv|4dx—/fgvdx
we may write J;(WE (fe)) < fg(W({ ) and consequently we have
1 2 ~ et 4
3 |VWe(fo)| dx = Jo (We(fe) — T |VWe(fo)| dx + | feWe(fe)dx
<L+ [ Wi as
1 j2 g* j 4 J
< 3 VW4 |~ dx + ) IVWy"dx — [ feWydx+ | feWe(fe)dx.
Since We(f:) — Wo(f) weakly in L% and f, converges strongly to f in L% then

limsup(%/|VW8(f8)|2dx> <%f|VW({|2dx—[fW({der/fWo(f)dx.
e—0
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Letting j go to infinity, we obtain
. 2 2
hmsup/\vwg(fg)\ dx </|vwo(f)| dx.
e—0
This inequality, combined with (3.8), gives

/|VW5(fs)|2dx—>/|VWO(f)|2dx as £ \, 0.

Weak convergence and convergence of norms imply that W (f;) — Wy(f) strongly in D]’Z(R3).
Finally to see that e VW, (f;) — 0 strongly in L*(R3), we write from (3.4)

s“/ivwg(fg)i“dx=/fsws(fs>dx—/|ng(fg)|2dx.

Passing to the limit as ¢ — 0 we conclude easily that

et [lowel'as— [ rwacnar— [1vwoon[ as=o

which completes the proof of Lemma 3.2 O
4. The nonlinear Schrodinger equation

Our purpose in this last section is to study the Schrodinger equation after having showed existence and uniqueness
of the solution for the nonlinear Poisson’s equation (1.2). Precisely we solve Eq. (1.1) for ¢ small enough and establish
the behaviour of the solution thus obtained when ¢ | 0. In other words we will prove successively Theorems 1.1
and 1.2.

4.1. Proof of Theorem 1.1

(i) The first point in Theorem 1.1, is a direct consequence of Lemma 3.1 taking f := |u|*> —n* and setting V, (1) :=
We(Ju |2 — n*), as it was pointed out in the remark after the proof of Lemma 3.1.

(ii) After solving the nonlinear Poisson’s equation (1.2), we plug its unique solution V, (1) := We(Ju|* — n*) for
any fixed u € H (the space defined by (1.9)) into the Schrodinger equation (1.1). Hence we will prove existence of a
ground state for the equation

1 ~
—EAu+(Vg(u)+V)u+a)u=0 in R3. (4.1)
To this end we shall minimize the functional
1 5 1 ~ 5 w 5
Ec(p) =7 Vol dx+ls(<p)+5 Vo dx+5 @~ dx (4.2)

R3 R3 R3

on the space H, where

1 2 3¢t 4
JA)) ;=1/|VV£(¢)| dx+?/|VVg((p)| dx. (4.3)
R3 R3
However, we must first prove that the expression of E, in (4.2)—(4.3) corresponds exactly to the energy functional of

Eq. (4.1). More precisely, we just have to prove that the derivative of I, gives exactly the term V. (u)u in Eq. (4.1). So
we state the following

Proposition 4.1. For any ¢ > 0 the functional ¢ — I;(¢) is C Lon HY(R3) and its Fréchet-derivative satisfies

(Il(@), )= / Ve(@)p¥ dx Vo, € HY(R?). (4.4)
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Proof. For the sake of simplicity, and without loss of generality, we may set ¢ := 1. We shall follow the same steps
of the proof of [7, Lemma 2.2] i.e. we will show that ¢ — I1(¢) is Gateaux-differentiable on H'! (R namely

lim Ii(p +ty) — 11 (@) =/V1((p)(p1//dx Vo. v € H' (R

t—0t t

and that the Gateaux differential is continuous from H!(R?) into its dual space H —1(R3). However due to the fact
that here we are dealing with H L(R3) instead of H!((0, 1)3), the final step uses a slightly different argument (see in
particular below the proof of Lemma 4.10).

Denote by A the operator defined on D2 N D14 (R3?) by

AW = —div[(1 + [VW|?) VW]

and set for convenience V' := V(¢ + 1) and vo.=v (¢) which are respectively the unique solution in D2n
DL4(R3) of

AV =lp+ty> —n* and AV =|g|?> —n*. (4.5)
Let us remark first that multiplying (AV' — AV?) by (V! — V?) and using Lemma 2.1, we obtain

(AV = AVO, V= VO > Vv = VO | + %HV(VI V1. (4.6)
On the other hand we have
(AVE—AVO v —vO = f(thmﬁ + 2y (V= vOdx.

Hence, setting finally

vt —yo 012 — lol?
VARES — and m':= w =20y + 197,
inequality (4.6) becomes
2
t
IVZ? + vaz’n‘z4 < /m’z’dx. (4.7)

Note that since ¢, ¥ € H'(R?) then ¢, ¥ € L'*/3(R3) and therefore ||m'|| 5 is uniformly bounded for 0 < ¢ < 1.
Hence by Holder and Sobolev inequalities we have f m'Z"dx < C||VZ'| and taking into account (4.7) we get suc-
cessively

IVZ'|<C and ||VZ'|,a<Ct7Y/? (4.8)

for some constant C independent of . Going back to the Giteaux-derivative of /;, we may write

1 ty)—1 1
1(‘P+ I/f) 1((,0) __f(|vvt|2_|VVO|2)dx+%f(|vvt|4_|Vvo|4)dx

t 4t
Replacing V! by VO 4+ Z" and after elementary calculations, we obtain

Li(p+1y) — Li(p) _
t

%/(VVO~VZ’)+%/IVV0|2(VVO-VZ’)+tR(t) (4.9)
where we have set

R(1) := R (1) + Ra(1) + R53(1),

R (1) ::%/|V2t|2dx+ %/(VVO-VZt)de—I— §/|VVO|2|VZ’|2dx,

R _2 1,2 0 t
20 =5 [ IVZ'PVV0-VZax,

3
Ri(t) := §z2/ |VZ!|*dx.

The rest of the proof will be done in two steps: we prove in a first lemma that R(¢) is uniformly bounded for ¢ > 0
small enough. In a second lemma we show that Z’ converges weakly in a certain subspace of D!-2(R3).
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Lemma 4.2. The term R(t) in (4.9) is uniformly bounded for t > 0 small enough.

Proof. According to (4.8), the term R3(z) is obviously bounded for 0 < # < 1. On the other hand, multiplying AV’ —
AV by V! — V9 and replacing V! — V9 by 1 Z' we get after some calculations

8
/|VZ’|2+/|Vv°|2|vz’|2+2/(vv°-vz’)2+2R2(t)+§R3(t)=/m’zf. (4.10)

Now, using successively Holder and Young’s inequalities we get
1/2
2R (1)] < 3r||vzf||i4< /(vvo : VZ’)zdx)
<arIvZi+ [0 vz

§ 0 12
<3C1R3(t)+ (VV-=.VZ')“dx

< C2+f(VV0~VZ’)2dx, (4.11)
since we know already that R3(¢) is bounded. It follows from inequality (4.11) that
2Ry (1) > —Cy — /(vvo -VZH?dx
which, plugged into (4.10), gives
/(1 + |VVO|2)|VZ’|2dx+/(VV0-VZ’)zdx <C2+/m’zf.
Knowing that ||m'|| e/s and || Z"|| .6 are bounded for 0 < 7 < 1, then
/(1+|vv°|2)|vzf|2dx+/(vv°-sz)2dxgc3. (4.12)

Note that all constants C, C, and C3 are positive and independent of 7. The last inequality (4.12) shows that Ry (¢) is
bounded for 0 < ¢ < 1. Therefore R>(¢) is bounded too, since inequalities (4.11) and (4.12) imply in particular that

2R2(1)]| < C2 4 C3 (4.13)

and so the lemma is proved. O

Lemma 4.3. Let X be the Hilbert space, continuously embedded in D'*(R?), obtained upon completion of cx R3)
with the norm

1% = /(1 +IVVOPR) VY| Pdx + f(vv‘) V@)% dx.
R3 R3
Then there exists Z* € X such that all the sequence (Z"), satisfies
Z' —~7* weaklyin X ast\,0.

Proof. Multiplying both equalities in (4.5) by u € C2° (R3) and subtracting, we get
/(1 +IVVOR)(VZ' - Vu)dx +2/(vv° -VZH(VVY. Vuydx + S(t) = /mfudx (4.14)
where S(¢) := S1(t) + S2(¢) and

S1(1) == ZI/(VVO-VZ’)(VZ’-Vu)dx—l—tf|VZ’|2(VVO-Vu)dx,

0 :=z2/ |VZ'2(VZ! - Vu)dx.



K. Benmlih, O. Kavian / Ann. 1. H. Poincaré — AN 25 (2008) 449470 459

On the other hand, inequality (4.12) means that (Z"), is bounded in X. Hence there exists Z* € X and a subsequence
(Z™),, such that

Z™ —~ 7Z* weaklyin X as n — oo.

Now, we want to show that Z* verifies a certain equation by passing to the limit in (4.14). To this end, we will prove
first that in (4.14) the term S(z) converges to 0 as t — 0. Indeed, we may estimate easily

|S1()| <3t||W||oof|VV°||VZ‘|2dx

12
<3z||w||oo(/|VV°|2|VZ’|2dx) vz
gct,

for a positive constant C independent of ¢. Note that the last inequality holds thanks to (4.12) (for instance). Regarding
S>(t), using Holder inequality and (4.8) we have

|S2(0)| <t2/|VZZ|3|Vu|dx

2 3
<AIVZ I Vull
< Cot1/2.

Consequently lim,_, o+ S(¢) = 0. Letting n go to oo in Eq. (4.14) written for Z' = Z™ and knowing that Z» — Z*
weakly in the Hilbert space X and that m — 2¢1 strongly in L3 as n — +o0, then we obtain for all u € CSO(R3):

/(1 + |VV0|2)(VZ*-Vu)dx+2/(VVO -VZVVY. Vi) dx :2/¢¢udx. (4.15)

Furthermore, the variational problem (4.15) has a unique solution in X according to the Lax—Milgram theorem. Hence,
all the sequence (Z"); converges to Z* weakly in X ast \(0. O

Now, for the remainder of the proof of Proposition 4.1, we will pass to the limit in equality (4.9) as r N\ 0. To
this end, note that in the Hilbert space X defined in Lemma 4.3, the mapping ¥ +— f |VVO|2(VVO -VY¥)dx is a
continuous linear form on X. Hence, using Lemma 4.3 we infer that

/ IVVORvvl.vzhdx — / IVVO2(vV0.vZ*dx ast\, 0. (4.16)
Knowing that X is continuously embedded in D!?(RR?), we infer also that
/(VVO-VZ’)dx —> /(VV0~VZ*)dx as N\ 0. 4.17)

Letting ¢ go to 07 in (4.9) and using (4.16), (4.17) and Lemma 4.2, we get

i Lip+ty)—Li(p) 1
im =
t—0t t 2

3
/(vvo -VZ*)dx + E/|VV°|2(VV° -VZ*)dx.
On the other hand, taking u = V? in (4.15) we obtain
/(vvo -VZ*)dx +3/ IVVO(vvl.vz*dx =2/¢wvodx.

Consequently we have

lim Li(p +ty) — Li(p) :/W//Vde.

t—0t t

Recall that V0 := Vv, (¢), so we infer that the Gateaux-derivative of I satisfies (4.4).
In order to finish our proof of Proposition 4.1, we just have to verify that ¢ > ¢V (¢) is continuous from H L(R3)
into H~1(R3). Indeed, it is clear that ¢ — (|¢|> — n*) is continuous from H'(R3) into L% (R3). Moreover, the same
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argument leading to (3.5) by using Lemma 2.1, yields that for any f, g € L%3(R3) and all ¢ > 0 we have the two
following estimates

[VWe(f) = VWe(@) | < S22 17 = glloss, (4.18)
e|VWe(f) = VWe(®)| o < V2SI 7 — gl ). (4.19)

This means that f — W (f) is continuous from L5 (R3) into D2NDL4(R3). We conclude easily by remarking that
o Ve(p) := goW,s(|<,0|2 —n*) e L? for all peH I(R3). The proof of Proposition 4.1 is thus complete and consequently
the energy functional E, corresponding to (4.1) is exactly the expression (4.2)—(4.3). O

Now, we are in a position to prove part (ii) of Theorem 1.1 by minimizing the functional E,. For ¢ > 0 and c € R
we denote by [E; < c] the subset of the Hilbert space H defined as
[Ec <c]:= {90 €H: E(p) gc}
The proof will be done in four propositions as follows
Proposition 4.4. Let ¢ >0, w > 0, c € R and R > 0 given. There exists R, > 0 such that if the set [E; < c] is

ContaNined in the ball B;>(0, R) then it is also contained in By (0, R,) with a constant R, depending only on R, c
and V.

Proof. This is analogous to the a priori estimate obtained by P.L. Lions [12] for the quadratic case. For any ¢ > 0, the
inequality E;(¢) < c gives in particular

1/|v 1?d +1/\7+ Zdx 1/\7— dx <
4] VTS ¢ 2 prerse
]R3 ]R3 R3
On account of (2.4) with § = 1/4, there exists a constant K > 0, depending only on \7’, such that
1 1 [~
§f|V¢|2dx+ E/VJ“(pzdx <Klgl*’+ec. O
R3 R3

Proposition 4.5. For all w > 0, ¢ > 0 and ¢ € R, there is R = R(w, &, ¢) > 0 such that the set [E. < c] is contained
in the ball B;»(0, R).

Proof. Suppose by contradiction that there exist w > 0, g9 > 0, ¢ € R and (¢x)x C H such that E, (¢r) < ¢ and
lloxll = oo. Set

Pk
oy = llell, Y= ——
llox I

then we have oy — oo as k — oo and || || = 1 for all k. Using the expression of E,, given in (4.2), it follows from
E¢, (@) < c that v satisfies for all k

1 5 1 I [(~_ 5 w
1 IVY|“dx + — Leg(axp) — 5 | V Ypdx+ = < —. (4.20)
Olk 2 2 ak

We want to show, by the next two lemmas, that () contains a subsequence, noted again by (Y¢)x, such that ¥ — 0
weakly in H'!(R?) and that this implies & < 0 (which contradicts our hypothesis on ).

Lemma 4.6. Let V. be as above, then up to a subsequence, Yy — 0 weakly in H L(R3) when k — oo.

Proof. According to (2.4) with § = 1/4, we get for some constant Cg

o~ ) 1 )
/V ) | (0)| Mézllvwll + Co
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and therefore the inequality (4.14) implies

1 c
IVYl* dx + — Iy () < — + Co. (4.21)
Y ¥

This yields in particular that v is bounded in H'(R?). Consider ¥ € H'(R?) and a subsequence, denoted again
Y, such that Y, — ¢ weakly in H'(R?). We must show that ¢ = 0. To this end, fix arbitrarily k& and consider
Vi i= Voo (i) = Weo (2 [$x]* — n*) the unique solution of (3.2) with f := o?|x|> — n* which minimizes on
DL2 N DL4R3) the functional

JK() = %/ |Vo|?dx + ? / IVo|*dx — /(a,%wkﬂ —n*)gdx. (4.22)
Note that J¥ is the same functional Jey in (3.3) taking f 1= o 214 |2 — n*. The solution Vj verifies then
— div[(1 + &g VVi*) VVi] = af [y ]* — n*.
Multiplying this equation by Vj and integrating by parts we find that
JE (Vi) =—%/|VVk|2dx — %sgf |V Vie|* dx
= =2l (Vi) (4.23)

and therefore, in view of (4.21), we have the following estimate

I, c
—zo, S (Vi) < — +Co< (. (4.24)
2 a?

Consider on the other hand V. := W, ([¥¢|?) the unique solution in D'-* N D14(R?) of (3.2) with f := [y|?. Then
by (3.1), V satisfies

/|1/fk|2dex=f|ka|2dx+egf|ka|4dx. (4.25)

Since Vj is the minimizer of J¥ on D2 N DL4(R?) and using successively (4.22) and (4.25) we may write

TE(Vi) < I8PV
4/3 8/3
Q 2/3 200 12 oanT
gT IVV,] dx+—80/|VVk| dx —a; /(ak|¢k| —n*)Vydx
473
“k/ 8/3 = 2 3 83 4 = 4 23 [ s
< T—ak [VVi| dx—Zak g [ IVVE|"dx + oy n*Vidx.

By a standard argument using Holder, Sobolev and Young inequalities we can estimate

23 = 2/3 =
o f Ve dx < a2 o 1 Vil o

2/3 -
< Coa}” In* 1 1oss IV Vil
4/3
< "THVWF + s,

for some positive constants C» and C3 independent of k. Hence, we get
TV < @) - 8/3)/ IVV2dx — a,f/%gf |VVi|*dx + C3.

8/3

It is clear that (oc4/ 3 ) < _ZO‘ 83 for k large enough since oy — 400 when k — oo. Therefore we infer that

Jk(vk)s——a,fﬂ[/wm dx+80/|VVk| dx]—i—Cg
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which, combined with (4.24), implies that for k sufficiently large
/ IVVi|?dx +e§/ IVVi|*dx < g(zak‘mcl +o ¥ cy).
So
/|vx7k|2dx+83/|vx7k|4dx—>o as k — 00. (4.26)
Now, multiplying equation (3.2), with f := |y|?, by u € CLI. (R?) we have
/ka - Vu)dx + ag‘/ IVVi>(VVi - Vu)dx = / |V 2u. (4.27)
Knowing that ;. converges to y weakly in H'!(R?) and therefore strongly in L (R?) then
/ YlPu — f ¥ I%u
as k — oo. Moreover, (4.26) implies that when k — oo
/ka - Vu)dx + 88/ IVVi>(VVi - Vu)dx —> 0.
Consequently, passing to the limit in (4.27) we infer that | [/ |>u =0forany u € Cg (R3) which means that y =0. O
Next, we show the following lemma.
Lemma 4.7. The subsequence (Y )y satisfies

/Vfwfdx—>0 as k — oo.

Proof. Using the fact that V- hasa decomposition (1.10) (see Remark 1.3) we may estimate
/ Voyldx < / Vvt dx + / Vi vtdx
<ClVyllse + / Vi ¥ dx

where we have used the fact that (1) is bounded in H LR3) ancl thus in LO(R3) by the Sobolev embedding. Now
for an arbitrary § > 0, we fix at first A sufficiently small so that C||V,, || 32 < 6/2. Next knowing that ¥, — 0 weakly

in H'(R3) we use Lemma 2.4 with ¥ = f//ﬁ to deduce the desired convergence. O
In conclusion, by (4.20) we have in particular
1 [~ w c
— | V7 y2d — < —.
2 / Vi dx + 2 oz]%

Letting k — oo in this inequality, it follows by Lemma 4.7 that @ < 0 which contradicts our assumption. The proof of
Proposition 4.5 is thus complete. O

Proposition 4.8. For all > 0 and any ¢ > 0 the functional E is weakly lower semicontinuous on H and attains its
minimum in H at u, which is a weak solution of (4.1).

Proof. Let ¢ = 1 for convenience. In order to show that E; is weakly lower semicontinuous on H we just have to
prove it for the mapping

1 [ ~_
¢|—>11(¢)—5/V ¢*dx
R3
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since the other terms in (4.2) are continuous and convex (therefore weakly lower semicontinuous). The rest of the
proof will be done in two steps as follows:
o Step 1. At first, we claim

Lemma 4.9. If ¢; — ¢, weakly in H as j — oo then we have
V= T2
/ (pjdx—>/V @, dx.

Proof. We write

/V‘wf-—/v‘wf:/v—(wj —¢*>2+2f‘7‘¢*<¢j — 0. (4.28)
]R3 R3 R3 R3

As in the proof of Lemma 4.7, taking (¢; — ¢,) instead of ¥, we can show easily that the first term in the right-hand
side of (4.28) converges to zero.

For the second term, note first that as observed in Remark 1.3, the decomposition (1.10) yields in particular that
V-e L®(R3) + L3/2(R3). Consequently, we may write

Vo =0,+6,, 6;ecL®R?and®,c L *R?), (4.29)
and therefore

/‘7_%(% — @,)dx =/(")1<P*((ﬂj — @) dx +/@2¢*(¢j — @) dx. (4.30)

]R3 R3 R3

Since H'(R3) is continuously embedded in LP(R3) forall 2 < p < 6 then @; — ¢, weakly in L?(R?) and in LO(R?).
Furthermore as ¢, € L?N LY then O1¢. € L? and O, € LO/5 = (L6)/ . Hence both integrals in the right-hand side
of (4.30) converge to zero. O

e Step 2. Next, we prove that the mapping

1 3
o Ii9) = /!vv1<<p>|2 +3 /|vv1<<p>|“

is weakly lower semicontinuous on H. In fact, it suffices to show that if ¢ ; — ¢, weakly in H then Vi(p;) — Vi(¢.)
weakly in D2 N DL4R3) as j — oo. To this end we claim

Lemma 4.10. Let (f}) j>1 C LO/5(R3) such that || filless < C for some positive constant C independent of j. Assume
that there exists f € L3 (R3) so that when j — oo we have

6/5
loc *

fi—> f stronglyin L

Consider vj and v respectively the unique solution in DL2 N DLAR3) of Av; = f;j and Av = f where A denotes
the operator

Au := —div[(1 + |Vul?) Vu].
Then as j — oo we have

1,2 1,4
vj —> v strongly in D,;; ND .

Proof of Lemma 4.10. Note that v; and v are in fact respectively v; := Wi(f;) and v := W (f) obtained via
Lemma 3.1. In the same way, since || fjll¢/5 < C then v; is bounded in DL2NDL4(R3) and therefore there is Co > 0
such that

vjlize + vjlloo < Co Vj>1.



464 K. Benmlih, O. Kavian / Ann. I. H. Poincaré — AN 25 (2008) 449-470

Let & € Ccl. (R) suchthat 0 <&y < 1,& =1o0n [0, 1] and & (¢) =0 for t > 1 4+ R for some R > 0 and consider ¢,
defined by

(]
on(x) i= &(—)
n

for n > 1. Multiplying the equation Av — Av; = f — f; by (v — vj)cpg and integrating by parts we get

/[(1 + Vo) Vo — (14 |Vv;|*)Vy,] - (Vv = Vv))gp dx = G| + G2 (4.31)
R3

where we have set

G\ :=f(f — FeRw —vj)dx,
R%

Gyi= —2/(1} —v)[(1+ V) Vv — (1 +|Vv;1*) Vv;]e. Ve, dx.
R3
We denote also the left-hand side in (4.31) by

Gy := /[(1 +|Vo*)Vo — (14 |Vv;1*) Vy,] - (Vv — Vu,)g; dx
R3

and as in the proof of Lemma 2.1 we obtain

o o 4 Cun2)2
Go> 4|Vv V[ + Vv = Vu; |7 |, dx

]R3
1 2
21 / |Vv—ij|4dx+[/|V((pn(v—vj))| dx
lx|<n R
—2/<p,,Vg0n(v—vj)V(U—vj)dx —f(v—vj)2|V¢,,|2dx:|, (4.32)
R3 R3

since ¢, = 1 on [|x| < n]. On the other hand, we have
G < [[(f = Fdliwi<arrm [ goss v = vl e
SCi|(f = Flixi<a+rom | Lo (4.33)
for some positive constant C1 independent of n, j, R. Furthermore we decompose G, as where
Gy :=Ga1 + G,
Go1 = —2/(1) —v;)(Vv = Vv;)¢, Vo, dx,
R3
Gy = —2/(1} —v)(IVo*Vu — [Vv;[*Vv;) g, Ve, dx.
R3
Then we may estimate, with a constant C» > 0 independent of n, j, R,
1G22] <20 = vjlloo (IV VI3 4 + IV V5115 ) I Venl 14
< GVl

However a standard calculation gives
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4
IVeull}s = f Ve (x)|” dx
n<lx|<n(1+R)

SR

n<lx|<n(14+R)

dx

14+R

_1 / 4 _l rey |42
= [ laonte=; [lgolce
1

I<IYIS+R)
1 /
=—-C3(R, &),
n

and therefore we get, for a constant C4(R, &) depending only on R and &;,

C4(R,&))
|G| < — T (4.34)
Now, inequality (4.32) can be written as
/ IV — Vo, |* + f|v (onw—v))|* = /(v —v)*|Vgal* dx + G2
\x|<n
which implies that
1 2
i / Vo — Vo, [* + / [V (en(v —v)))|" < Go— G +/<v —v;)*|Ven|* dx
Ix|<n Ix|<n R3
<G1+Gn -I—/(U —v,)?| Vg, |* dx,
R3
since Go = G| + (G321 + G22). Using (4.33), (4.34) and Holder’s inequality, we obtain
1 2
2 / Vo — Vu,[* + / [V(enw = o))" < C|[(f = FDlpmi<asrrm] Lo
[x|<n lx|<n
Ca4(R. &) 23
F e =i [ 1velar)
R3
By an elementary calculus, we have
1 |x|
3
/|V¢n| dx=— / ‘so< ) dx
R3 n<|x|<n(14+R)
1+R
- / |‘§6(t)|3t2 dr
1
and therefore for a constant C5 independent of n, j, R we have
! Vv — Vo, [*dx Vv —Vu;|*d
1 Vv — V| + Vv — V|~ dx
[x|<n [x|<n
C4(R -‘3
< Ci||(f = ) lixi<asrm | o5 + " — / |§o(t)| . (4.35)

To conclude we use the following lemma
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Lemma 4.11. Let B be the nonnegative real number defined by
[e ¢
B 3=inf{ f‘f'(t)|3t2dt; £eCl([1,00[).£(1)=1,'(1)=0,0<& <1
1

then g =0.
Before showing this lemma, we finish the proof of Lemma 4.10 as follows. Let ¢ > 0:

e First, according to Lemma 4.11, we may choose &, = &, € Ccl.([l, oo[) such that &, (1) =1,£,(1) =0,0< &, < 1

and
0o 2/3
"2 dr <2
(/Is*( )| 30
1

Let R > 0besothat (§,) C]1,14+ R[and &y € Ccl([O, oo[) such that £ =1 on [0, 1] and £y = &, on [1, oo[. Then
we have

14R 2/3
CS(/\g(g(t)Przdz) <
1

e Next, we take ng € N* so that

Cy(R.E) ¢
- v g —
1/4 3
o
and we fix some n > ny.

¢ Finally, we consider jp € N* such that for all j > jo

e
Ci|[(f = ) liwi<a+rom | o < 3

Consequently for all ¢ > 0 there are ng € N* such that for any n > ng fixed we can find jy € N* such that j > jg
we have (according to (4.35))

L\ Vo= o 4 Vo — v 2 ) dx <
Z| v—Vu;|" + Vv — V| x <e.

lx|<n

This means that v; — v strongly in pL2npl#

loe loc » @nd so the proof of Lemma 4.10 is complete. O

Proof of Lemma 4.11. Consider &, (¢) :=exp(1 — %) fort > 1 and o > 0. We have

]

(0.¢]
./|§‘;‘(t)|3t2dt2“363/CXP(—3t"‘)t3u‘_1dr
! 1

o

=a?e? / 52 exp(—3s)ds
1
where we have used the substitution s := ¢*. It is clear that

o0
li "P2dr =0,
Jim flecol

1

and upon considering &(¢) := &, (¢) x (t), where y € C2°([1, 00)) is a truncation function, one sees that 8 =0. O
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Next, we finish the proof of Proposition 4.8. According to Lemma 4.10 with
fi=leiP=n* f=le>=n* vj=Vilgp, v=Vi(p.)
and using the uniqueness of the solution of Au := |<,0*|2 —n* in D2, we infer that all the sequence Vi(g;) verifies
Vi(pj) = Vi(p,) weakly in D12 n D!, (4.36)

Since 71 (¢) can be written as

1 3
1) = 7 [Vi@) [+ V1@ .
the weak convergence (4.36) implies

Li(py) < hmmfll (@)).

We conclude that £ is weakly lower semicontinuous on H.
Finally, let

w=inf{E1(p); ¢ € H}

and let () ; be a minimizing sequence in H. According to Propositions 4.4 and 4.5, (u;); is bounded in H. Since H
is a Hilbert space, we may assume that u ; — u weakly in H for some u € H. But E; is weakly lower semicontinuous
on H then

Ei(uw) <liminf Ey(u;) = 1,
J—>+0o0

and therefore E1(u) = . As Eq is C! on H then Ei(u) = 0. This implies, in view of (4.4), that u satisfies Eq. (4.1)
in the weak sense and the proof of Proposition 4.8 is thus complete. O

Proposition 4.12. There exist w, > 0 and €, > 0 such that if 0 < w < w4 then E.(u:) < E.(0) and therefore u, # 0
forall) < e < g.

Proof. Remark first that by Lemma 3.2, with f, = f := |p|> — n* for all £ > 0, we can easily check that when & — 0
we have

Ec(p) — Eo(p) Ve H'(RY). (4.37)

On the other hand, according to assumption (1.8) there is 1 <0 and ¢; € cj. (R3) such that f lo1 |2 =1 and

f V1 [* dx + f o)} (x)dx < g1 <0 (4.38)
R3 R3
where o is given by (1.7). As it is proved in [2] (or [3]), we may show that for all 0 < w < wy := —u1/2 there is

t. > 0 sufficiently small such that Eq(¢.¢1) < Ep(0). Indeed, following to Lemma 2.2 in [2], the energy functional E(
corresponding to Eq. (1.3) (coupled with (1.4)) is written explicitly as Eo(¢) = Eo1(¢) — Ep2(¢) + Eoz(¢) + Eo(0)
where

1 1 ~ w
Eoi(p) := Z/|V<p|2dx+ —/V+<p2dx+ E/wzdx,

1
Ep(p) = 2/V ¢ dx+—// |n "W wz(x)dxdy,

Eq3(p) = // COCW g,
167r |x — y|

nrOn*y)
B0 = 1o [ - ey,




468 K. Benmlih, O. Kavian / Ann. I. H. Poincaré — AN 25 (2008) 449-470

Then we may write

/ Vo[> de + f 0@} (x) dx = 4Eqi (¢1) — 4E2(¢1) — 20,
R3 R3
and therefore inequality (4.38) gives

0w
E —E =<2
o1 (1) 02(e1) > <2

For ¢t > 0 we verify easily that

Eo(t¢1) — Eo(0) = 1> Eo1 (91) — t* Ea (1) + * Eo3(91)
2
t

< Z[(,U«l +2w) + 4t2E03(<ﬂ1)]~

Hence, if (1 + 2w) < 0 there exists ¢, > 0 small enough such that

(1 +2w) + 412 Epz(¢1) < 0.

In other words, setting w, := —u1/2 then if 0 < w < w4 we have Ey(t.¢1) < Eo(0). Now, from (4.37) it follows that
E.(t.¢1) and E(0) converge respectively to Eo(t.¢1) and Ep(0) as ¢ — 0. Hence, there exists &, > 0 small enough
such that forall 0 < & < ¢,

E(t:01) < E£(0).
Since E, attains its minimum on H at u,, it suffices to observe that ¢; € H and hence
Ee(ug) < Ec(tep1) < Ec(0) (4.39)

for all 0 < ¢ < &4, which implies that u, = 0. This completes the proof of Proposition 4.12 and consequently that of
Theorem 1.1. O

Remark 4.13. We would like to point out that if n* is nonnegative then we may replace the assumption (1.8) by the
following

inf{/|V(p|2dx+2/‘7(x)(p2dx;/|(p|2:1} <0

which does not depend on n* and implies obviously (1.8).
4.2. Proof of Theorem 1.2

Here we conclude our study by the proof of Theorem 1.2 which deals with the behaviour of the solution u, obtained
via Theorem 1.1.

First of all, we claim that (u.). is bounded in H. Indeed, using (4.39) and convergence (4.37) for ¢ = 0, there
exists ¢ € R independent of ¢ such that E;(u.) < c. Following to Proposition 4.4, we just have to show that (u;); is
bounded in L2(]R3) in order to assert that it is also bounded in H. Now to prove that [ju.|| is bounded, assume by
contradiction that there exists a subsequence, noted again by u,, satisfying

Ec(ug) <c and  |ugl —> oo.

Set a; := ||ue|l and ¥, :=u./ae. Then || || = 1 for all € and from E,(u.) < c it follows

1 2 1 1 ~_ 1 w c

Z/|VI//£| dx + gle(ael/fe) - E/V I//g dx + 5 < @
An argument similar to the one used in the proof of Proposition 4.5 allows us to conclude that the last inequality
implies w < 0 even if here I, depends on & which goes to O (instead of the fixed &¢). Indeed, a simple inspection of the
proof of Lemma 4.6 shows that all the constants C, C> and C3 are also independent of &¢, provided for instance ¢ < 1.
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But w < 0 contradicts our assumption on w. Hence ||u. || is necessarily bounded and therefore by Proposition 4.4, ().
is also bounded in the Hilbert space H. Therefore there exists # € H such that, up to a subsequence, we have

u; —u weaklyin H ase | 0.

Lety € CSO(R3) and a compact subset K such that supp(ir) C K then according to (4.1) we have

a(us,lﬂ)—{-/Vg(ug)ugl/fdx—/V_usl//dxz() (4.40)
K R3

where we have set

1 ~
a(ug, ) = 3 /(ws Vi) dx +/ VYtugprdx +a)/u8wdx.
R3 R3 R3
We would like to pass to the limit in Eq. (4.40), so we observe:
e Since u, — u weakly in H then

a(ug, ¥) — %/(Vu~V1/f)dx~|—f\7+u1ﬂdx+a)/ul//dx ase — 0. (4.41)
R3 R3 R3

o For the second term in the left-hand side of (4.40), recall that V, (u;) := W (Ju, |2 — n*) and remark at first that we
may see that lug|> — |ul? weakly in L5 (R3). Indeed let 6 € L = (L%/3)" and write

f@u?dx—/@uzdxzfé(us—u)zdx+2/9u(u8—u)dx.

R3 R3 R3 R3
Since u, — u weakly in H 1(R3) it follows from Lemma 2.4 that ng 0 (ug —u)?dx converges to 0. On the other hand,
having 6 € L% and u € L3, we have 6u € L?(R3), and the weak convergence in H L(R3) of (u, — u) implies that
Jg3 Ou(ue — u) dx converges also to zero. We infer that [p; Ou? dx — Jrs Ou?dx as e — 0. Next, since |ug|> — |u|?
weakly in L% (R?) and using property (i) of Lemma 3.2, we assert in particular that

Ve(ug) — Vo(u) weakly in LO(R?).
Furthermore, knowing that u, — u weakly in H'(R3) then by Sobolev embedding we have
Ug —> U strongly in L1253 (K).
Hence we infer that
/ Ve(ue)ugy dx — / Vo(u)uyr dx. (4.42)
K K
e Finally by the same argument as in (4.29), (4.30) and knowing that u, — u weakly in L?>(R?) and in L°(R?) we
verify easily that
/V_ugwdx — / V- uy dx. (4.43)
R3 R3
Consequently, letting & go to 0 in (4.40) and according to (4.41), (4.42) and (4.43), u satisfies for all v € C2° (R3)

1 ~
5/(Vu -Vr)dx +/ Vo(w)uyr dx +/ Vuyr dx +a)/u1ﬁdx =0.
R3 R3 R3 R3
We conclude that u, converges weakly in H to u which is a solution of the system (1.1)—-(1.2) withe =0. O
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