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Abstract

We establish a priori upper bounds for solutions to the spatially inhomogeneous Landau equation in the case of moderately
soft potentials, with arbitrary initial data, under the assumption that mass, energy and entropy densities stay under control. Our
pointwise estimates decay polynomially in the velocity variable. We also show that if the initial data satisfies a Gaussian upper
bound, this bound is propagated for all positive times.
© 2017 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.

Résumé

Nous établissons des estimations a priori pour les solutions de I’équation de Landau non homogene en espace, dans le cas de
potentiels faiblement mous, pour toute donnée initiale, sous I’hypothese que la masse, I’énergie et la densité d’entropie restent
controlées. Nos estimations ponctuelles ont une décroissance polynomiale par rapport a la variable de vitesse. Nous démontrons
également que si la donnée initiale est bornée par une gaussienne, alors cette borne est propagée pour tous les temps positifs.
© 2017 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

We consider the spatially inhomogeneous Landau equation, a kinetic model from plasma physics that describes the
evolution of a particle density f (¢, x, v) > 0 in phase space (see, for example, [4,13]). It is written in divergence form
as

Wf+v-Vif=Vy-[at,x,v)Vyf]+bt, x,v)-Vyf+E(t,x,0)f, (1.1
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where ¢t € [0, Tp], x € R4, and v € R?. The coefficients a(t,x,v) € Rdxd E(t, X,v) € R4, and c(t,x,v) € R are given
by

w w
a(t,x,v) :=ad,y/ <I - —Q® —) lw|” 2 (1, x, v — w) dw, (1.2)
lw| — w
R4
b(t,x,v) ::bd,y/|w|wa(t,x,v—w)dw, (1.3)
R4
c(t,x,v) :=cd,y/|w|7’f(t,x,v—w)dw, (1.4)
R4
where y is a parameter in [—d, 00), and ag4 .y, b4y, and ¢4, are constants. When y = —d, the formula for ¢ must be
replaced by ¢ = ¢y, f. Equation (1.1) arises as the limit of the Boltzmann equation as grazing collisions predominate,
i.e. as the angular singularity approaches 2 (see the discussion in [2]). The case d = 3, y = —3, corresponds to particles

interacting by Coulomb potentials in small scales. The case y € [—d, 0) is known as soft potentials, y = 0 is known
as Maxwell molecules, and y > 0 hard potentials. In this paper, we focus on moderately soft potentials, which is the
case y € (—2,0).

We assume that the mass density, energy density, and entropy density are bounded above, and the mass density is
bounded below, uniformly in ¢ and x:

0<m0§/f(t,x,v)dv§Mo, (1.5)
Rd
/Ivlzf(t,x,v)dvao, (1.6)
Rd
ff(t,x,v)logf(t,x,v)dv§H0. (L.7)
Rd

In the space homogeneous case, because of the conservation of mass and energy, and the monotonicity of the entropy,
it is not necessary to make the assumptions (1.5), (1.6) and (1.7). It would suffice to require the initial data to have
finite mass, energy and entropy. It is currently unclear whether these hydrodynamic quantities will stay under control
for large times and away from equilibrium in the space inhomogeneous case. Thus, at this point, it is simply an
assumption we make.

We now state our main results. Our first theorem makes no further assumption on the initial data f;, : R*? — R
beyond what is required for a weak solution to exist in [0, Tp].

Theorem 1.1. Let y € (=2,01. If f : [0, To] x R* — R is a bounded weak solution of (1.1) satisfying (1.5), (1.6),
and (1.7), then there exists Ky > 0 such that f satisfies

Fltx,v) < Ko(l +t_d/2> 1+ )", (1.8)

forall (t,x,v) € [0, Tp] x R24. The constant Ko depends on d, vy, mo, My, Eo, and H.

Note that even though we work with a bounded weak solution f, none of the constants in our estimates depend
on || f|L. Note also that our estimate does not depend on 7. We use a definition of weak solution for which the
estimates in [8] apply, since that is the main tool in our proofs.

We will show in Theorem 4.3 that an estimate of the form (1.8) cannot hold with a power of (1 4 |v|) less than
—(d 4 2), which also implies there is no a priori exponential decay. On the other hand, if f;, satisfies a Gaussian
upper bound in the velocity variable, this bound is propagated:

Theorem 1.2. Let f : [0, Tp] x R2 — R be a bounded weak solution of the Landau equation (1.1) such that
fin(x,v) < Coe_“|”‘2,for some Co > 0 and a sufficiently small o« > 0. Then
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2
f(t,x,v) < Cre™@",

where C1 depends on Cy, «, d, y, mo, My, Eg and Hy. The value of o must be smaller than some oo > 0 that depends
ony,d, mg, My, Eg and Hy.

This estimate is also independent of Tj. As a consequence of Theorem 1.2, we will show in Theorem 5.4 that in
this regime, f is uniformly Holder continuous on [#y, 7] X R for any 19 € (0, Tp).

Note that under some formal asymptotic regime, the hydrodynamic quantities of the inhomogeneous Landau equa-
tions converge to solutions of the compressible Euler equation [3], which is known to develop singularities in finite
time. Should we expect singularities to develop in finite time for the inhomogeneous Landau equation as well? That
question seems to be out of reach with current techniques. A more realistic project is to prove that the solutions stay
smooth for as long as the hydrodynamic quantities stay under control (as in (1.5), (1.6) and (1.7)). The results in this
paper are an important step forward in that program.

1.1. Related work

It was established in [14] that solutions to (1.1) become C* smooth in all three variables conditionally to the
solution being away from vacuum, bounded in H® (in the d = 3 case) and having infinitely many finite moments.
It would be convenient to extend this conditional regularity result to have less stringent assumptions. In particular,
the assumptions (1.5), (1.6) and (1.7) are a much weaker assumption, which is also in terms of physically relevant
hydrodynamic quantities. In [8], the authors show how their local Holder continuity result for linear kinetic equations
with rough coefficients can be applied to solutions of the Landau equation provided that (1.5), (1.6) and (1.7) hold
and in addition the solution f is assumed to be bounded. While we also assume boundedness of f, our results do not
quantitatively rely on this and in addition tell us some information about the decay for large velocities.

The local estimates for parabolic kinetic equations with rough coefficients play an important role in this work.
Local L estimates were obtained in [16] using Moser iteration, and local Holder estimates were proven in [21,22]
using a weak Poincaré inequality. A new proof was given in [8] using a version of De Giorgi’s method.

Classical solutions for (1.1) have so far only been constructed in a close-to-equilibrium setting: see the work of
Guo [10] and Mouhot-Neumann [15]. A suitable notion of weak solution, for general initial data, was constructed by
Alexandre—Villani [2,19].

The global L estimate we prove in Theorem 1.1 is similar to an estimate in [17] for the Boltzmann equation. The
techniques in the proof are completely different. The propagation of Gaussian bounds that we give in Theorem 1.2 is
reminiscent of the result in [7]. That result is for the space-homogeneous Boltzmann equation with cut-off, which is
in some sense the opposite of the Landau equation in terms of the angular singularity in the cross section.

In order to keep track of the constants for parabolic regularization estimates (as in [8]) for large velocities, we
describe a change of variables in Lemma 4.1. This change of variables may be useful in other contexts. It is related to
one mentioned in the appendix of [12] for the Boltzmann equation.

For the homogeneous Landau equation, which arises when f is assumed to be independent of x in (1.1), the
theory is more developed. The C°° smoothing is established for hard potentials in [6] and for Maxwell molecules
in [20], under the assumption that the initial data has finite mass and energy. Propagation of L” estimates in the
case of moderately soft potentials was shown in [23] and [1]. Global upper bounds in a weighted Ll1 (LS) space were
established in [5], even for y = —3, as a consequence of entropy dissipation. Global L° bounds that do not depend
on f;, and that do not degenerate as t — oo were derived in [18] for moderately soft potentials, and this result also
implies C? smoothing by standard parabolic regularity theory.

Note that in the space homogeneous case our assumptions (1.5), (1.6) and (1.7) hold for all # > O provided that
the initial data has finite mass, energy and entropy. Both Theorems 1.1 and 1.2 are new results even in the space
homogeneous case. The previous results for soft potentials do not address the decay of the solution for large velocities.

1.2. Organization of the paper

In Section 2, we establish precise bounds on the coefficients a, b, and ¢ in (1.1). In Section 3, we derive the local
estimates we will use to prove Theorem 1.1, starting from the Harnack estimate of [8]. Section 4 contains the proof of
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Theorem 1.1 and a propagating lower bound that implies the exponent of (1 4 |v|) in (1.8) cannot be arbitrarily high.
In Section 5, we prove Theorem 1.2 and the Holder estimate, Theorem 5.4. In Appendix A, we derive a convenient
maximum principle for kinetic Fokker—Planck equations.

1.3. Notation

We say a constant is universal if it depends only on d, y, mo, My, Eg, and Hp. The notation A < B means that
A < CB for a universal constant C, and A ~ B means that A < B and B < A. We will let z = (¢, x, v) denote a point
in Ry x RY x RY. For any zo = (fo, X0, vo), define the Galilean transformation

S (t, x,v) 1= (to + 1, x0 +x + tvg, vo + V).
We also have
St x,v) i= (t — to, x — x0 — (t — o) o, v — p).
For any r > 0 and zo = (9, x0, vo), let
0r(20) 1= (to — r*,10] X {x : |x —x0 = (¢ = fo)vol < r*} x B, (v),
and Q, = 0,(0, 0, 0). The shift S;, and the scaling of O, correspond to the symmetries of the left-hand side of (1.1).
We will sometimes write 9; or 9;;, and these will always refer to differentiation in v.

2. The coefficients of the Landau equation

In this section we review various estimates of the coefficients a, b and ¢ in (1.1). In calculating these upper and
lower bounds, the dependence of f on ¢ and x is irrelevant, so in this section we will write f(v) and a(v), etc.

Lemma 2.1. Let y € [—2,0), and assume f satisfies (1.5), (1.6), and (1.7). Then there exist constants ¢ and C
depending on d, y, mo, Mo, Eo, and Ho, such that for unit vectors e € R?,

_ (1+ v, ee S,
aii(v)eje; >c 2.1
ij(vleie) = {(1—{—|v|))’+27 e-v=0, @b
and
1 r+2, sd-1,
Gy (Wee; <c {UHID ¢€ 2.2)
' (I+ )7, e-v=|v|,

where a;;(v) is defined by (1.2).

Proof. The lower bounds (2.1) are proven in [18, Lemma 3.1]. For the upper bounds, the formula (1.2) implies

2
aij(v)eiejZGd,yf (1 - (%) )le””f(v—w)dw

Rd
§/|wly+2f(v—w)dw
Rd
=/|v — 2" f(2)dz
R‘I
5/(|v|y+2+ 121" *?) f(z) dz
Rd

< Mo(1+ [v|" ™) + Ey,
since0 <y +2<2.
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The above bound is valid for all e € S~!. If ¢ is parallel to v, then

2 2
/ 1—(2) w2 o —wdu= [ 1—(M> =272 f(2)dz
lw| v —z|
R4 R4

= [ (lo=2P = vl =z-0?) o= 21 f@) ez
R4
= [ (kP - o) -z s

Rd

=/|zlzsin29|v—z|’”f(z)dz,
Rd

where 0 is the angle between v and z. Let R = |v|/2. If z € Br(v), then |sinf| < |v — z|/|v|, and

/|z|2sin20|v—z|”f(z)dzf / 12201 2w — 21”2 £ (2) dz
Bg(v) Bg(v)

lvl”

< -
— oy+2

/ |zI? f(z) dz < Eolvl”.
Bgr(v)

If |[v—z| > R =|v]/2, then |v — z|¥ < |v]”, and we have

[ Ersiow-crr@a sl [ 1P s i o
R4\ Bg(v) R7\Bg(v)
In the proof of Theorem 1.1, we will need to keep track of how the bounds on » and ¢ in the next two lemmas
depend on the local L norm of f.In Lemma 2.2 and Lemma 2.3, || f||Loo(a) means || f(z, x, -)|| Loo(a) for any set

ACRY,

Lemma 2.2. Let f satisfy (1.5), (1.6), and (1.7). Then c(v) defined by (1.4) satisfies

% —y/d —2d
I+ DY A+ N fllzes, @) , <y <0,
) < d+2
~ —2-2y/d —y/d —2d
(14 v]) (L+ 11Nz B,w)) , —d<y< i1

where the constants depend on d, y, My, and Ey, and
1, lv] < 2,
p= —2/d
[v] . =2
Proof. Assume first [v| > 2. Let r := |v| =24 (1 + ||f||LoO(Bp(U)))_1/d < p. Consider

I :/le’f(v—w)dw, L= f lw|” f(v—w)dw,

B, By 2\ Br
I; = / [w|” f (v —w)dw.
RI\Byy| 2
We have

2 —y/d
I S, S22 A o)
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h <l f v — wf 0 — w) dw < Eolo| 24 (14 || fll 5,007,
Bjui/2
Finally, for |w| > |v|/2, we have |w|¥ < |v|¥, and
LS vlY / f—w)dw < Mo|v|”.
RN\ Bjy| 2
Thus ¢(v) < (1+ || £l (8, ) /v 727274 + [v]” for [v] > 2.
—2d

When y € (—d, m), —2—2y/d > y and we get

e) S+ 1 fllLooes, @) 4| 7272/,

—2d
When y € [m, 0), y > —2 —2y/d and we get

cW) S A+ flzem,wm) 7.

This completes the proof in the case |v| > 2.
For |v| <2, y € (—d, 0], and any R € (0, 1] we have that

fleyf(v—w)dw=f|wlyf(v—w)dw+ / wl? (v — w) duw,
Br

R4 R4 \Bg

SR fllo(sy ) + RY Mo.
Choosing R = (1 + || f | oo, v))) ~ /¢, we then have
c) SR fllLewy + R Mo) S (L + 1| flloocaywn) 7%,
for |v| <2, completing the proof. O
Lemma 2.3. Let f satisfy (1.5), (1.6), and (1.7). Then b(v) defined by (1.3) satisfies the estimate
A+ D" A+ [ fllizom,w) YT,y e[-2,-1),

b(w)| < (2.3)
(1+v)hr+t, y €[-1,0]

where the constants depend on d, y, My, and Ey, and
L lv| <2,
PZ w2, =2
Proof. Taking norms, we have

II;(U)|§/Iw|1+Vf(v—w)dw.
]Rd

Ify e[-2,—1),then 0> 1 >_—1>
vel ),then0 > 1+y ar

x and the conclusion follows from Lemma 2.2. If y € [—1, 0], we have

B [ Qo o= w1 (= w)du
R4
S |v|y+1M0 + E(()1+V)/2M(§1_V)/2 5 (1 + |v|)y+1_ 0
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3. Local estimates

In this section we refine the local estimates in [16] and [8] for linear kinetic equations with rough coefficients.
Essentially, we start from their results and apply scaling techniques to improve the local L™ estimates.
We will need the following technical lemma. See [11, Lemma 4.3] for the proof.

Lemma 3.1. Let n(r) > 0 be bounded in [rg, r1] with ro > 0. Suppose for ro <r < R <ry, we have

A
W(Y)SQU(R)+W+B

for some 0 €10, 1) and A, B, o > 0. Then there exists c(«, 0) > 0 such that for any ro <r < R <ry, there holds

A
n(r) < cla, 6) <W +B>.

Proposition 3.2. If g(¢, x, v) > 0 is a weak solution of
og+v-Vig=V, - (AVyg)+ B -Vyg+s (3.1)
in Q1, with
O0< Al <A(t,x,v) <Al (t,x,v) € 01,
|B(1, x,v)| = A, (t,x,v) € Q1,
s € L¥(Q1),

then

supg < C (IIgIIL,o-;LMQI) + ”S”L“(Ql)) ; (3.2)
012 :

with C depending only on d, X, and A.

Proof. It is proven in [8] that if g(¢, x, v) solves (3.1) weakly with A, B, and s as in the statement of the proposition,
then

gl < C (I&ll2¢0,) + Islizecon) -

with C depending on d, 2, and A. Since [|gll;2(g,) = /@d ”g”L?OXL%(Ql)’ where wg = £4(By), we also have

lgh=com = € (Igllis 200 + Isli=con ) - (3.3)

t,x v

To replace ||g||L;>o’L2(Q1) with ||g||L;x> L1(0,)> We use an interpolation argument. For 0 <r < 1, define

gr(t,x,v):= g(rzt, r3x, rv), sq(,x,v):= s(rzt, r3x, rv),

Ar(t,x,v):= A2, r3x, rv), B.(t,x,v) = B@r?t,rx, rv), (3.4)
and note that g, satisfies
0gr +v-Vygr =Vy - (A Vyg) +7rBr - Vygr + rzsr (3.5)
in Q. Since r < 1, we may apply (3.3) to g,, which gives
1
lgllLo(Q,m) =C <m gl 20, + r2||5||L°°(Q,)> ; (3.6)

for any r € (0, 1]. Now, for 6, R € (0, 1), apply (3.6) in Q(1—g)r(z) for each z € Qg to obtain
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1 2
lgllLoe(gpr) < C <W|lg|lL’o‘?‘L%(gR) + R ||S||L°°(QR)>

1
<C <W”8”L?§L%(QR) + ||S||L°°(Q1)) -
By the Holder and Young inequalities, we have
1 172 172
gl (gun < C (W||g||Lw(QR)||g||L?_.;L5(QR) + lsllze(on)

1
< o0 C —_— %) e} .
< lglli~com + <[(1_Q)R]dnganL,g(Qm||s||L (Ql))

| =

Define n(p) = lgllL=(g,) for p € (0, 1]. Then for any 0 <r < R <1, we have

1 C
n(r) < EU(R) + m”g”LﬁiLb(Q,) + Clisllze(oy)-

Applying Lemma 3.1, we obtain

rxtv

C
n(r) < m”gnpc Licop T+ Clislizecoy)-

Let R — 1— and set r = 4 to conclude 3.2). O

Lemma 3.3. Let g(t, x, v) solve (3.1) weakly in Q g(zo) for some zo € R**! and R > 0, with
0<Al <A(t,x,v) <Al (t,x,v) € Or,
|B(t,x,v)| <A/R,  (t,x,v) € Ok,
s € L¥(QR).
Then the improved estimate

2/(d+2 d/(d+2 —
80, %0 v0) = C (Il IsIEA(ED + RNl ias 11on) (3.7)

t,x™v

holds, with C depending only on d, A, and A.

Proof. By applying the change of variables

t—ty x—xo0— (t—1y)vo v—v0>

RZ R3 " R
to g and s, we may suppose (fy, xo, vo) = (0,0,0) and R = 1.

For r € (0, 1] to be determined, we make the transformation (3.4) as in the proof of Proposition 3.2 and get a
function g, satisfying (3.5) in Q1. Then Proposition 3.2 implies

8(0.0,0) = C (Ilgrll s 101y + 175+ lcon)

txty

(t,x,v) — (

= (™ lgllizs Lion + 2 Islco )

txty

<C (r_d||g||L°CL1(Q1) +r2||S||L°°(Q1)) .

Ifllgllie Lico)) = IsllL=(g)), then the choice r = (”g”Lﬁ‘;LL(Q”/”s||L°°(Q1))]/(d+2) implies
2/(d+2) ||S||d/(0l+2)
L= ion e

On the other hand, if ||s||z=(g,) < ”g”L?‘iLL(Ql)’ the choice r = 1 implies g(0, 0, 0) < C”g”L?‘lLl(Ql)’ so we have

8(0,0,0) = Cligl

2/(d+2) d/(d+2)
80,000 = C (IglF A%, IS + 8l ycon)

t,x™v

in both cases. O
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4. Global estimates

In this section, we prove global upper bounds for solutions f of (1.1). Our bounds depend only on the estimates on
the hydrodynamic quantities (1.5), (1.6) and (1.7). Our bound does not depend on an upper bound of the initial data.
We also get that the solution will have certain polynomial decay in v for t > 0.

From Lemma 2.1, we see that the bounds on a;; (¢, x, v) degenerate as [v| — o0. In the first lemma, we show how
to change variables to obtain an equation with uniform ellipticity constants independent of |v|.

Lemma 4.1. Let zo = (f9, x0, vo) € Ry x R* be such that |vo| > 2, and let T be the linear transformation such that
lvo|'T¥/2e, e-v9=0
Te= 2
lvol”/?e,  e-vo=vgl.
Let T(t,x,v) = (t, Tx, Tv), and define
Tt x,v) =80 T(t,x, v)
=(to+1t,x0+ Tx +tvg,vo+ Tv).
Then,

(a) There exists a constant C > 0 independent of vo € R? \ By such that for all v € By,
C "ol < Jvo + Tv| < Clug).
(b) If fr(t,x,v) = f(T,(t, x,v)), then fr satisfies
O fr+v-Vofr =Vo [AQVufr]|+ BR) - Vo fr +C@) fr 4.1
in Qg forany 0 < R < min{,\/7o, c| |v0|_1_y/2}, where c1 is a universal constant, and

A < A(z) <Al

P L Muewan) 7y -2, -1),
o luo| 1772, Lol
Cw)| < ol” (14 11 £, x, Moz, ) 74 d——idz <y ig;l

lvol 2724 (14 |1 £ (2, x, ')||L°°(B,,(u)))_y/d, ey .

with . and A universal, and p <1+ |vo|_2/d-

Proof. Since |v| <1 and |vg| > 2,
1 2 1 2
lvol = [vol 772 < Jvo| — |Tv]| < |vg + Tv| < |vol + |Tv| < |vo| + Jvo| " T772.

Thus, (a) follows since y € (-2, 0).
For (b), by direct computation, f7 satisfies (4.1) with

AR =T 'a(T,y@)T™', B =T"'"6(T;(2)), C()=2e(T; ().

In order to keep the proof clean, let us write a;; and A;; instead of a;;(7;,(z)) and A;;(z) for the rest of the proof.
Fix z = (¢, x,v) € Qg, and let v = vg + T'v. From part (a), we know that |v| = |vg|. Applying Lemma 2.1, we have
that for any unit vector e,

I+ fwbh?,  e=v/lv],

4.2
(1+ )" ™2, ees?, 42

c_l,‘je,‘ej 5

and,
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ee §d1,
4.3
e-v=0. 4-3)

(I+JvoD?,

Giieie: >
1] ]N{(l+|v0|)y+2,

Our first step is to verify that we can switch v for vg in (4.2) and (4.3).
Let us start with (4.2). This is where the assumption |v| < R < Ci|vg|~!77/? plays a role. We can choose ¢ so as
to ensure that |Tv| < 1. Since vg = v — T'v and using the fact that g;; is positive definite,

a;; (v0)i (v0) j < 2a;;0;0; + 2a;;(Tv); (Tv); < Clvg|* .

Let eg = vo/|vo|. The computation above tells us that a;;(eo); (eo) j < vol” .
Let us now turn to (4.3). We will show that

5ijwiwj2(1+|vo|)”+2|w|2 if w-vg=0. (4.4)

Note that (1+ |vg |)2+7’ and (1+ |vg|)¥ are comparable when |vg| is small, so we only need to verify (4.4) for w-vg =0
and |vg| arbitrarily large. For such vector w, we write w = o + w’ with w’ - o = 0. Since |0 — vo| = |Tv| < 1, we
have |n| = |w - 3|/|3|> = |w - (8 — vo)|/|5]?> < |w]||5]| 2. Moreover, |w'| & |w].

Since a;; is positive definite,

aij (V200 — w'/N2); (V20D — w'/N2); > 0,
then we have
L_I,'jw,'wj > E&i./wl{w} — nzéijf)if)j
> (el + ool 2 = (1 + o) ) [wl 2 (1 -+ uo? *2 ],

as desired.
Let w € R? be arbitrary. We will estimate A;;w;w; from above. Writing w = j1eq + w, with - e = 0.

Ajjwiw; = |vo| ™ (Mzéij(eo)i(eo)j +2plvol i (e0)iw; + |UO|726_lij7biﬁ)j) ,
and using that a;; is positive definite,
Ajjwiwj < 2|vg|™ (Mzaij(eo)i(eo)j + |v0|_26_lijﬁ)i17)j>,
<cC (MZ n |a)|2) = Alw|>.

This establishes upper bound {A;;} < Al for some A > 0.

Now we will prove the lower bound for A;;. Again, we write w = peg + w with eg - w = 0. We need to analyze the
quadratic form associated with the coefficients a;; more closely. From (4.3), we have that for some universal constant
c>0,

cluol? (u? + 101%) < @jwiw; = p2a;j(eo)i(eo) j + 21naij (e0)iw;j + a;jwiw;.
Moreover, (4.2) implies that there is a universal constant § > 0 so that
clvol” (u? + [W[%) = 814%a;; (eo)i(eo) j + 8lvol 2a; i, .
Subtracting the two inequalities above,
(1 — 8)uajj(eo)i(eo) j + 2udij(e0)ih; + (1 — Slvol ~H)ajjwiw; > 0.
The same inequality holds if we replace w = e + @ with w = (1 —8/2) "2 peq + (1 — 8/2)'/2|vg| 1w, therefore

-8 ,_ - - _ I
mﬂzaij(eo)i(eo)j +2pfvol ™' aij(eo)itj + (1 = 8/2)(1 = 8lvol ) |vo| @i ; = 0.
Recalling the formula above for A;;jw;w;, and replacing it in the left hand side, we get

1-34 -y, 2= -2 —2—y- o~ o~
Ajwiw; = (1= =5 ) ol 7 1 eohite); = (1= (1 = 3/2)0 = 3Juol ™) w0l 7@y 2 0.
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Therefore, using (4.3) and (4.4),

R SRS S ¥ 12 (e (e s+ (1 — (1 — sl ua 2V G i
Aljwle > |1 1—6)2 [vol ™" 1 al](EO)I(EO)J + (1= (1 =48/2)(1 =8lvol™7) ) |vol aijwiw;,
> a(u? + ),

for some universal constant A > 0. This establishes the lower bound {A;;} > A1.
To derive the bound on B(z), Lemma 2.3 and conclusion (a) imply

1B ST I1B(Tz, ()]

< A+ DA+ fllees, @) TV v e (=2, -1,
A+ w2 y €[-1,0],

where p’ = |#|~%/¢. From the triangle inequality, we have that B, (V) C B, (vo), with p < (1 + lvoD) ™24 + R(1 +
o) *2/2 < 1+ (1 + |vo|)~%/“. The bound on C(z) follows in a similar manner, using Lemma 2.2. O

The key lemma in the proof of Theorem 1.1 is the following pointwise estimate on f:

Lemma 4.2. Let y € (—2,0], To > 0, and let f : [0, Ty] x R*? — R, solve the Landau equation (1.1) weakly. If
fx ) KA+ + )™
in [0, Tp] x R2df0r some o € [0, 1] and K > 1, then

Ft.x,0) = € (KA 41 dDI@ (| oy Pl 4 g0 (1 4 =) (1 4 1u) "), 4.5)
for some C universal and
—2d

—1-d(+4+a)/d+2), V€|:d—+2,0:|,
Pd,a,y)= Y

_[d 242y +ad)/(d +2), -2, ——),

[d4+y)+2+4+2y +ad]/(d+2) )’€< d+2)
0, e[_lvo]v

() = g

Proof. Case 1: y € [—1,0]. Let zg = (9, X0, vo) be such that such that |vy| > 2. Define ro = min{1, \/7}, and note
that ro_d ~(1+ t(;d/z). Letting f7 be as in Lemma 4.1, we will estimate fr(z, x, v) in Qg, where

R:=ci(ro/2)(1 + |vo)~*T1/2,
with ¢1 as in Lemma 4.1(b). We have that f7 solves (4.1) in Qg, and by Lemma 4.1(a) and our assumption on f,
fr,x,0) SKrg (14 |wol) ™ (4.6)
in Qg. Feeding (4.6) into Lemma 4.1(b), we have
0 <Al <A(x) <Al
IB@)| < (1+ v *T772, 4.7)
c@1 5 (k) " A+ oy @8

in QR.
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Let Qr, r be the image of Qg under z — 7;,(z), and note that

1frllzes Licor = T DI F e 110r.0

txty

= (L ugly =D ey

< (1 + oo~/ gy 4.9)

where the last inequality comes from the energy bound (1.6) and Lemma 4.1(a).
By (4.7) and our choice of R, we can apply Lemma 3.3 in Q with g = fr and s = C(z) fr to obtain

2/(d+2 d/(d+2 _
£ (t0, x0,v0) < C (||fT||Lg L0 IC@ FTITx g o (14 oD 2 frl LI(QR))

t,x™v
= € ((Krg HUm/D (1 4 Jug]) 1A D) od (14 g7, (4.10)

using (4.6), (4.8), and (4.9). Note that we derived (4.10) assuming that |vg| > 2. When |vg| < 2, the matrix a;;(z) is
uniformly elliptic and we can apply Lemma 3.3 directly to f to obtain (4.10) in this case as well.

Case 2: y € (—2, —1]. The argument is the same as in Case 1, but the estimates are quantitatively different as a
result of the different bounds on B(z) and C(z) in Lemma 4.1. The changes are as follows: the radius R of the cylinder
QR is chosen to be

R:= K" /2) (1 + Juol) =772,
the bound on B(z) becomes
IB(2)] S K~V 4 (14 o) /2 < AJR,  z€ Qg

and for C(z) we have

_N\—v/d —2d
(Krod) (1+|UO|)Va ye[ﬁ’_l}7
IC@)I < *
N (Kr‘d)_y/d(l o2, ye (-2
0 ’ "d+2)’

for z € Qr. After applying Lemma 3.3 and (4.9), we obtain
f (10 %0, v0) = € ((Krg =/ (1 ug Per) o k=070 (1 4 o 1)

as desired, with P(d, «, y) as in the statement of the lemma. O
We are now in a position to prove our main theorem.

Proof of Theorem 1.1. Define

K:= sup min{td/z, 1} f(t, x,v).
(O,To]XRZd

First, we will show that K < K, where K, is universal. We can assume K > 1. For each y € (=2, 0], define p, :
(1,00) > R by

C (f(dfy)/(dﬂ) + 1) ) y € (=101,

Py (K = C(—(d—y)/(d+2)

7 (4.11)
K +®)~), ye-2,-1,

d—
where C is the appropriate constant from Lemma 4.2 for each y. Then since —(14y) < 1 and 7 ; < 1fory > -2,

there is a K, > 1 such that

K. ZPV(K*),
K > py(E), if K > K.
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Let ¢ > 0. By the definition of K, there exists some (f, xg,vo) € (0,T] x R24 guch that f(to, x0, v0) >

(K —¢) max{to_d/z, 1}. Therefore, Lemma 4.2 implies that

K —¢ < p,(K).

Since this is true for all € > 0, we have that K < K.

Ify e [%, O], we apply Lemma 4.2 with @ = 0 to conclude (1.8) with Ko = CK,..If y € (—2, %), Lemma 4.2

with o = 0 implies
Fitx,0) = CK (14 17) (1 gy 124201/ @42)

so we can apply Lemma 4.2 again with o« = [d(4 + y) + 2 + 2y]/(d + 2). We iterate this step, and since for any
ae (0,1, wehave o <1 <d(@+ y)/2+ 1+ y, the gain of decay at each step, —P(d, o, y) — «, is bounded away
from 0. Therefore, after finitely many steps (with the number of steps depending only on d and y), we obtain (1.8) for
some Kg. O

The next result shows that the generating decay in Theorem 1.1 cannot be improved to polynomial decay with

power greater than d + 2, or to exponential decay. Note that since b; = —9 ja;j, for smooth solutions (1.1) may be
written equivalently in non-divergence form as
Btf—i—v-foztr(c"z(t,x,v)Dgf)—i—E(t,x,v)f. (4.12)

Theorem 4.3. Let y € [—2,0] and p > d + 2. Assume f solves (1.1) in [0, Tp] x R yith

fin(x,v) > co(1 + o))~ (4.13)
for v, x € R4, for some co > 0. Then there exist ¢; > 0 and > 0 such that

[, x,0) = cre P (14 )77 (4.14)
forall |v|>1,x eRY, and t € [0, Tp).
Proof. Let n : Ry — R be a smooth, decreasing function such that n(r) =2 when r € [0, %] and n(r) =r=?
when r € [1, 00). Note n(r) =~ (1 +r)~P. Let us define ¥ (r, x, v) = e P'5(|v]) with B to be chosen later. Choose
an arbitrary Ry > 1, and recall from Lemma 2.1 that a;;0;;¢ > —C(1 + |v|)7’+2|D21/f|. (Throughout this proof, a;;

and ¢ are defined in terms of f.) From our choice of 7, it is clear that | D?vr| /v is uniformly bounded from above in
Ry x R x {v:|v] < R + 1}, so for B > By sufficiently large, we have

=¥ + a0 + ¢ = By — C(1+ )’ 2 ID*Y| =0, || <Ro+1.

For |v| > Ry, we estimate ag;;0;;% more carefully. Since |v| > 1, we have

OrrYr oy Vv _ _ ViV _ _
al‘jl/fz |rvr|2 vivj+r—<8,-j— |;|zj>:|:p(p+1)|v| 4vivj—p|v| 2(5,‘j— |;|;)j|€ ﬁt|v| P,

v

and Lemma 2.1 implies
=00 + 0¥ = BY + [ p(p + DCIUIT = pCalul? |9 = (8= ClulY) v

For B > B, sufficiently large, the right-hand side is positive for all |v| > Rg. Since c¢(¢, x,v) > 0, this implies
Y(t,x,v) = e’ﬁ’n(|v|) with 8 = max(B1, B2) is a subsolution of (—d; + a;;0;; + ¢)g = 0 in the entire domain
Ry x R, By (4.13), there is some c¢1 > ¢g so that fi,(x,v) > c1¥ (0, x,v) in R4, Now we can apply the maxi-
mum principle (see Appendix A) to c1y — f to conclude (4.14). O

Remark. The bound on the energy f]Rd [v|2 f(t, x,v)dv < Ey < oo implies that fi,(x,v) cannot be bounded below
by colv|™P with p <d + 2 as |v| = oo.

Remark. In particular, Theorem 4.3 tells us that there is no generation of moments when y € [—2,0].
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5. Gaussian bounds

We show the propagation of Gaussian upper bounds. The first lemma says that a sufficiently slowly decaying
Gaussian is a supersolution of the linear Landau equation for large velocities. As above, the coefficients a;; and ¢ in
(5.1) are defined in terms of f.

Lemma 5.1. Let y € (—2,0]. Let f be a bounded function satisfying (1.5), (1.6), and (1.7). Let a and ¢ be given by
(1.2) and (1.4) respectively. If a > 0 is sufficiently small, then there exists Ry > 0 and C > 0, depending on d, y, My,
mo, Eo, Hy and || f|| Lo, such that

)= e "
satisfies

aijdij¢ +ép < —Clv|" ¢, (5.1)
for |v| = Ry.

Proof. Since ¢ is radial, we have

Oy 9 ¢ Vv, 402 |v|? — 2« vivi\T _aip
9= T v+ 8 — == v —2al s — Oflv\7
9= vt o % T e LR AT )

and the bounds (2.1) and (2.2) imply
Gijdis < [ 4a? v = 2a)C1 ol = 2aCalo]? 2] el
— ((40{2C1 —2aCy) v’ 2 = 2aC, |v|V) el
< —Clo["*2¢(v),
for |v| sufficiently large, provided o < C»/(2C1). With Lemma 2.2 (this is the point where || f| L~ plays a role), this
implies
Gijdiy b +¢ < [~Clol+? + Clo |2 g w).
For —2 < y <0, the first term on the right-hand side will dominate for large |v|, since y +2>0> -2 —-2y/d. O
Theorem 1.1 gives us an upper bound for a solution f to the Landau equation which is useful away from ¢ = 0. If

the initial data f (0, x, v) is a bounded function, we can improve our upper bound for small values of ¢ using the upper
bound for f (0, x, v). That is the purpose of the next lemma.

Lemma 5.2. Let f : [0, To] x R2? — R be a solution of the Landau equation (1.1) for some y € (—2, 01, and suppose
that g : [0, To] x R* — R is bounded from above and a subsolution to the equation

0 g(t, x,v) +v- Veg(t, x,v) <ajj(t, x,v)0;;8(t, x,v) + c(t, x,v)g(t, x, v), (5.2)
where a;j and ¢ are defined in terms of f as in (1.2) and (1.4). Let k (t) be defined by

B A+y/2
72! vi<o 0<r<l1

kKO =1 4 (5.3)
m'f‘ﬁ(l—l), t>1
where B > 0 depends only on d, vy, mo, My, Eo, and Hy. Then
sup e g (r,x,v) = sup g4 (0, x, v). (5.4)

[0, Tp] x R4 R
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Proof. By Theorem 1.1, we have that f(r,x,v) < Kot~%/? for 0 <t < 1. Hence by Lemma 2.2, we have that
c(t,x,v) S t¥/2. Since y > —2, for some universal 8 > 0, «(¢) satisfies ¢(¢, x,v) < «’(¢) for all # > 0. Thus
gt x,v) =e*Og(t, x, v) satisfies

8I§(tvx7 U)"‘U‘ng(t,x’v) S"—Zij(tv-xv U)aijg(t,X, U)+(E(tv-x7v) _K/(t))g(tv-xav)
<a;j(t,x,v)0;&(t, x,v).

We apply Lemma A.2 from the Appendix to g(z, x, v) — sup g(0, x, v) to conclude (5.4). O
R2d

Proof of Theorem 1.2. Applying Lemma 5.2 with g = f and ¢ € [0, 1] and Theorem 1.1 for # > 1, we have that there
is some constant C (depending on Cy, d, y, My, mg, Eo, and Hy) so that f(¢,x,v) < Cp forallt >0, x € R4 and
veRd

Let ¢ (v) := e‘“‘”'z. From Lemma 5.1, we have that there is a C, depending on C», d, y, My, mg, Eg, and Hy,
such that

sup a;j0ij¢ +cp < Co.
(0,To] x R4 x R4

Thus CoeC’¢(v) is a supersolution of the equation and f(z, x, v) < CoeCt¢(v) forall > 0, x € R? and v € RY.

This upper bound is good for small values of . We see that there is some time 79 > 0O so that CoeC’(’(ﬁ(v) > (Cy

for |v] < Ro. Here C; is the upper bound for f mentioned above and Ry is the radius from Lemma 5.1. Thus, the
function

g(t.x,0) = [ flt+1.x.v) — CoeP )]
+
is a supersolution of
g +v-Vig <a;oijg+cg.
Applying the maximum principle (Lemma A.2), we have that g <0 for all > 0, so f(¢,x,v) < Coe’ocqb(v) for all

t > to, and we conclude the proof. O

By combining Theorem 1.2 with the local Holder estimates proved in [8] or [22], we derive a global Holder estimate
for solutions of (1.1) under the assumption that f;;,(x, v) < Coe_‘)‘“’|2

same as Theorem 2 of [8]:

. The following local estimate is essentially the

Theorem 5.3. Let f be a weak solution of
O f+v-Vif=V,-(AVyf)+B-V,f +s (5.5)
in Q1, withAl < A<AI, |B|<A, ands € L*(Qy). Then f is Holder continuous with respect to (t, x, v) in 01,2,

and

[ f(z1) — f(z1)]
<C + S ) s
P 1 o —xalPP o ool = C U e T lIslizeen)

forall z1,z2 € Q1/2, where B and C depend on d, A, and A.

To state our theorem as a global Holder estimate, we will need an appropriate notion of distance in R x R x R?
which is invariant by Galilean transformations. A natural choice is the following

dp(z1,22) :=min{r: 3z e R x R! x R? : 2 € 0, (z) and 22 € 0, (2)}.
We can easily estimate the value of dp(z1, z2) by the simpler formula
dp(z1.22) ~ |tn — ] + |x1 — x2 = (11 — ) (W1 +v2) /2" + o1 — val.

It turns out that we need to deform this distance using the transformation 7, described in Lemma 4.1. We define
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dr(z1,2z2) =min{[v|"""?r e Rx R xR : T 7'z1 € 0, and T, '20 € 0, ).

(Here, we make the convention that 7, = S, when |v| < 2.) An explicit expression for dy (z1, z2) is messy. It involves
the affine transformation 7 which is anisotropic and affects both the x and v variables. In the case that we compare
two points with identical values of ¢ and x, it is straightforward to check that when d ((¢, x, vy), (¢, x, v2)) < 1, then
dy, is equivalent to the metric introduced by Gressman—Strain [9] in their study of the Boltzmann equation.

Theorem 5.4. Under the assumptions of Theorem 1.2, there exist C > 0 and 8 € (0, 1) depending on Cy, a, d, y, m,
Mo, Eo, and Hy, such that for any z1, z2 € [0, Tp] X R one has

£ @)= f@) =€ (e e Ymin 1, (14772 +72) a1, 207

Proof. If |v;| <2 or |vy| <2, the result follows by applying Theorem 5.3 directly to f, noting that 1 < el 4
e—alnl, So, we can assume that [v;| > 2 and |vp| > 2.

Let 7 = (7, X, 0) be the point achieving the minimum in the definition of dy (z1, z2). Thus Z| := 7;1zl € Qs and
7= ’Tz_lz] € Qs, where 8 = |0|717V/2d; (21, 22).

Let r := min (zll/z, 0”2+ |17|)—1—V/2). If § > /2, then we simply estimate | f(z1) — f(z2)| < C1(e=@"1* 4
e~y from Theorem 1.2. We need to concentrate on the case § < /2.

Let us consider the function f7 as in Lemma 4.1, with base point z. By our choice of r, fr satisfies an equation of
the form (5.5) in Q,, and since Theorem 1.2 gives us a bound on || f7 ||, we have that A is uniformly elliptic (with
constants independent of z), |B| < |0|1%7/2 and |s| = |C(2) fr| < | frl. Defining fr(t, x,v) := fr(r%t, r3x, rv), we
see that fr satisfies another equation of the form (5.5) with the new |B| bounded independently of |v|. Moreover,
the points (r_2fl,r_3i1,r_lf)1) and (r_zfg, 3%, r19,) belong to Q,-15 C Q1/2. Therefore, we can apply Theo-
rem 5.3 to fT in Q; to obtain

|f (1) — f(z2)] |ﬁ|ﬁ(1+y/2) _ |fr(Z1) — fr(@)l
r=Bdr(z1,22)P r—PsB
| fr (=200, r 350, 700 — frr 2, r 5, r T )|
- BB :

- - s 2 )
Sl + 1frliee) S sgp e HTVIE < pmalvl”,
velr2

We have used Theorem 1.2 to estimate the L°° norm of fT in Q1. Rewriting this estimate, we obtain
£ @) = f PRI Pdy 2y, 2P e
S (1 +177 4 fz_ﬁﬂ) dp(z1,22)" (e""“m2 + e""'ﬁﬂz) . O
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Appendix A. Maximum principle for weak solutions to kinetic Fokker-Planck equations

In this appendix, we give a proof of the maximum principle in a form that is convenient for our purposes.

The following proposition is perhaps a classical result. We prove it here, since we could not find any easy reference
and also for completeness. The result is for equations on a bounded domain with general coefficients (not necessarily

defined by integrals as above).

Proposition A.1. Let Q = [0, To] x 2, where Q2 C R s a bounded domain, and assume that g is a subsolution of
the equation

0rg+v-Vyeg <V, -lalt,x,v)Vygl+b(t,x,v) - Vyg +c(t, x,v)g, (A.1)
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in the weak sense in Q, where a is uniformly elliptic in Q with constants A and A, and b and c are uniformly bounded
in Q.
If g <0 on the parabolic boundary of Q, then g <0in Q.

Proof. Choosing the test function ¢ = g, the weak formulation of (A.1) gives

/g+ (8,g+v~ng)dxdvdt5/(—avava+—g+b-Vg+cg3_> dx dv dr,
0 0
or

1d
/EE(g+)2dxdvdt§/(—A|va+|2—bng++Cgi) dx dvdr
0 0

5] o 2
S(T—l—”C”Loo /g+dxdvdt,

by Young’s inequality. We apply Gronwall’s Lemma to fQ (g4+)*dx dv on [0, Ty] to conclude gy =0in Q. O

Next, we derive a maximum principle on the whole space for subsolutions of a Landau-type equation without a
zeroth-order term:

Lemma A.2. Let g be a bounded function on [0, Ty] x R*? that satisfies

g +v- Vg <tr(at, x,v)Dig), (A2)
in the weak sense. Here, a(t, x, v) is defined as in (1.2) in terms of a function f satisfying (1.5), (1.6), and (1.7). If
g0,x,v) <0in R4 then g(t,x,v) <0in [0, Tp] x R,

Proof. By the bounds on a given in Lemma 2.1, we have
aij9;j (14 ) < Cr (1 + )7,
for some constant C, and thus ¢; (¢, v) := €17 (1 + |v|) satisfies

0r1(t,v) > a;j(t, x,v)0;;91(t, v).

Let 1 > 0 be a small constant. Since g is bounded, there is R(¢1) > 0 such that g — e1¢1 < 0 whenever |v| > R(e1).
Let Ry > R(g1), and choosing C > 0 large enough depending on R;, we can define ¢ (7, x) := (1 + |x])e®?’, and we
have

02+ v - Vi >0,
whenever |v| < R;. Finally, for &, > 0 arbitrary, we define
g(t7-xv U) = [g(tv-xv U) - 8l¢l(t7 U) - 82¢2(t1x)]+'

It is clear that g is a subsolution as in (A.1) with ¢ = 0, whenever |v| < R;. For R(e;) sufficiently large, we have that
g — €101 — e2¢n < 0 for |x| > R(ey) or |[v| > R(e1). Then for any R, > R(g3), we have that g = 0 on the parabolic
boundary of [0, Tp] x Bg, X Bg,, so Proposition A.1 applied to g gives

g—ce1p1 —e2¢2 <0, |v|<Ry, x| <Ry
Take Ry — o0 and &2 — 0 to conclude
g—¢e1¢1 <0, |vl<Ry.

Take Ry — oo and ¢; — 0, and the proof is complete. O
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